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Àííîòàöèÿ. Â äîêëàäå èññëåäóåòñÿ çàäà÷à ïîñòðîåíèÿ ïðîãðàììíîãî

óïðàâëåíèÿ è ñîîòâåòñòâóþùåãî åìó ïðîãðàììíîãî äâèæåíèÿ. Ýòà çàäà÷à ñâî�

äèòñÿ ê âàðèàöèîííîé çàäà÷å ìèíèìèçàöèè íåêîòîðîãî íåãëàäêîãî �óíêöèîíà�

ëà íà âñ¼ì ïðîñòðàíñòâå. Äëÿ äàííîãî �óíêöèîíàëà âûïèñàíû ñóáäè��åðåí�

öèàë è ãèïîäè��åðåíöèàë, íàéäåíû íåîáõîäèìûå óñëîâèÿ ìèíèìóìà, êîòîðûå

â ñëó÷àå ëèíåéíîñòè èñõîäíîé ñèñòåìû ïî �àçîâûì ïåðåìåííûì è óïðàâëåíèþ

îêàçûâàþòñÿ è äîñòàòî÷íûìè. Íà îñíîâàíèè ýòèõ óñëîâèé îïèñûâàþòñÿ ìåòîä

íàèñêîðåéøåãî ñïóñêà è ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà.

1

◦
. Ïîñòàíîâêà çàäà÷è. Ïóñòü çàäàíà ñèñòåìà îáûêíîâåííûõ äè��åðåí�

öèàëüíûõ óðàâíåíèé â íîðìàëüíîé �îðìå

ẋ = f(x, u, t) (1)

ñ íà÷àëüíûì óñëîâèåì

x(0) = x0 (2)

è êîíå÷íûì óñëîâèåì

x(T ) = xT . (3)

Ñ÷èòàåì ñèñòåìó (1) óïðàâëÿåìîé [1℄ èç íà÷àëüíîãî ïîëîæåíèÿ (2) â êîíå÷�

íîå ñîñòîÿíèå (3). Çäåñü T > 0 � çàäàííûé ìîìåíò âðåìåíè, f(x, u, t) � âå�

ùåñòâåííàÿ n-ìåðíàÿ âåêòîð-�óíêöèÿ, x(t) � n-ìåðíàÿ âåêòîð-�óíêöèÿ �à�

çîâûõ êîîðäèíàò, êîòîðóþ áóäåì ñ÷èòàòü íåïðåðûâíî äè��åðåíöèðóåìîé íà

ïðîìåæóòêå âðåìåíè [0, T ]. Ïðåäïîëàãàåì f(x, u, t) íåïðåðûâíîé ïî âñåì òð¼ì

àðãóìåíòàì è íåïðåðûâíî äè��åðåíöèðóåìîé ïî x è u.

∗
Ñåìèíàð ïî êîíñòðóêòèâíîìó íåãëàäêîìó àíàëèçó è íåäè��åðåíöèðóåìîé îïòèìèçàöèè
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Ïóñòü m-ìåðíîå óïðàâëåíèå u ïðèíàäëåæèò ñëåäóþùåìó ìíîæåñòâó äîïó�

ñòèìûõ óïðàâëåíèé

U =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt 6 C
}

, (4)

ãäå Pm[0, T ] � ïðîñòðàíñòâî m-ìåðíûõ âåêòîð-�óíêöèé, êóñî÷íî íåïðåðûâ�

íûõ íà ïðîìåæóòêå [0, T ], C � çàäàííàÿ êîíñòàíòà,

∫ T

0

(v1, v2)dt � ñêàëÿðíîå

ïðîèçâåäåíèå âåêòîð-�óíêöèé v1, v2.

Òðåáóåòñÿ íàéòè òàêîå óïðàâëåíèå, êîòîðîå ïðèíàäëåæèò ìíîæåñòâó äîïó�

ñòèìûõ óïðàâëåíèé (4) è ïåðåâîäèò ñèñòåìó (1) èç íà÷àëüíîãî ïîëîæåíèÿ (2)

â êîíå÷íîå ñîñòîÿíèå (3) çà âðåìÿ T .

2

◦
. Ñâåäåíèå ê âàðèàöèîííîé çàäà÷å. Ïîëîæèì z(t) = ẋ(t), çäåñü

z ∈ Cn[0, T ]. Òîãäà ñ ó÷¼òîì (2) èìååì x(t) = x0 +

∫ t

0

z(τ)dτ .

Ââåä¼ì â ðàññìîòðåíèå �óíêöèîíàë

I(z, u) =
1

2

∫ T

0

(

ϕ(z, u, t), ϕ(z, u, t)
)

dt +

+max
{

0,

∫ T

0

(

u(t), u(t)
)

dt− C
}

+
n

∑

i=1

ψi(z), (5)

ãäå

ϕ(z, u, t) = z(t)− f
(

x0 +

∫ t

0

z(τ)dτ, u, t
)

,

ψi(z) = |ψi(z)|, ψi(z) = x0i +

∫ T

0

zi(t)dt− xT i, i = 1, n,

à x0i � i-ÿ êîìïîíåíòà âåêòîðà x0, xT i � i-ÿ êîìïîíåíòà âåêòîðà xT , i = 1, n.
Íåòðóäíî âèäåòü, ÷òî �óíêöèîíàë (5) íåîòðèöàòåëåí äëÿ âñåõ z ∈ Cn[0, T ]

è äëÿ âñåõ u ∈ Pm[0, T ], è îáðàùàåòñÿ â íîëü â òî÷êå [z
∗, u∗] ∈ Cn[0, T ]×Pm[0, T ]

òîãäà è òîëüêî òîãäà, êîãäà x∗(t) = x0 +

∫ t

0

z∗(τ)dτ � ïðîãðàììíîå äâèæåíèå,

ñîîòâåòñòâóþùåå èñêîìîìó ïðîãðàììíîìó óïðàâëåíèþ u∗(t).

3

◦
. Íåîáõîäèìûå óñëîâèÿ ìèíèìóìà �óíêöèîíàëà I. Ââåä¼ì ìíî�

æåñòâî

Ω =
{

z ∈ Cn[0, T ]
∣

∣ x0 +

∫ T

0

z(t)dt = xT
}

.

Íèæå íàì òàêæå ïîòðåáóþòñÿ èíäåêñíûå ìíîæåñòâà

I0 = {i = 1, n | ψi(z) = 0},
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I− = {i = 1, n | ψi(z) < 0},

I+ = {i = 1, n | ψi(z) > 0}

è ñëåäóþùèå ìíîæåñòâà óïðàâëåíèé

U0 =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− C = 0
}

,

U− =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− C < 0
}

,

U+ =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− C > 0
}

.

Ïóñòü ¾

′
¿ îçíà÷àåò òðàíñïîíèðîâàíèå, à ei, i = 1, n, � êàíîíè÷åñêèé áàçèñ â

R
n
. Èñïîëüçóÿ òó æå òåõíèêó, ÷òî è â [2℄, íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè

ñëåäóþùåé òåîðåìû.

ÒÅÎ�ÅÌÀ 1. Ôóíêöèîíàë I(z, u) ñóáäè��åðåíöèðóåì, è åãî ñóáäè��åðåí�

öèàë â òî÷êå [z, u] âûðàæàåòñÿ ïî �îðìóëå

∂I(z, u) =

=
{[

z(t)− f(z, u, t)−

∫ T

t

(∂f(z, u, τ)

∂x

)′
(

z(τ)− f(z, u, τ)
)

dτ + co
{

∑

i∈I0

ωiei

}

+

+

n
∑

j=1

µjej ,−
(∂f(z, u, t)

∂u

)′
(

z(t)− f(z, u, t)
)

+ 2νu
]
∣

∣

∣
ωi ∈ [−1, 1], i ∈ I0,

µj = 0, j ∈ I0, µj = 1, j ∈ I+, µj = −1, j ∈ I−,

ν ∈ [0, 1], u ∈ U0, ν = 1, u ∈ U+, ν = 0, u ∈ U−

}

.

ÑËÅÄÑÒÂÈÅ. Åñëè z ∈ Ω, u ∈ U , òî ñóáäè��åðåíöèàë �óíêöèîíàëà I(z, u)
âûðàæàåòñÿ ïî �îðìóëå

∂I(z, u) =

=
{[

z(t)− f(z, u, t)−

∫ T

t

(∂f(z, u, τ)

∂x

)′
(

z(τ)− f(z, u, τ)
)

dτ + co
{

n
∑

i=1

ωiei

}

,

−
(∂f(z, u, t)

∂u

)′
(

z(t)− f(z, u, t)
)

+ 2νu
]
∣

∣

∣
ωi ∈ [−1, 1], i = 1, n,

ν ∈ [0, 1], u ∈ U0, ν = 0, u ∈ U−

}

. (6)



4

Èçâåñòíî, ÷òî íåîáõîäèìûì, à â ñëó÷àå âûïóêëîñòè è äîñòàòî÷íûì óñëîâè�

åì ìèíèìóìà �óíêöèîíàëà (5) â òî÷êå [z∗, u∗] â òåðìèíàõ ñóáäè��åðåíöèàëà
ÿâëÿåòñÿ óñëîâèå

0n+m ∈ ∂I(z∗, u∗),

ãäå 0n+m � íóëåâîé ýëåìåíòà ïðîñòðàíñòâà Cn[0, T ]× Pm[0, T ].

ËÅÌÌÀ. Åñëè ñèñòåìà (1) ëèíåéíà ïî �àçîâûì ïåðåìåííûì x è ïî óïðàâ�

ëåíèþ u, òî �óíêöèîíàë I(z, u) ÿâëÿåòñÿ âûïóêëûì.

Èç óñëîâèÿ ìèíèìóìà è ëåììû çàêëþ÷àåì, ÷òî ñïðàâåäëèâà

ÒÅÎ�ÅÌÀ 2. Äëÿ òîãî, ÷òîáû óïðàâëåíèå u∗ ∈ U ïåðåâîäèëî ñèñòåìó (1)

èç íà÷àëüíîãî ïîëîæåíèÿ (2) â êîíå÷íîå ñîñòîÿíèå (3) çà âðåìÿ T , íåîáõîäè�

ìî, à â ñëó÷àå ëèíåéíîñòè ñèñòåìû (1) è äîñòàòî÷íî, ÷òîáû

0n+m ∈ ∂I(z∗, u∗), (7)

ãäå âûðàæåíèå äëÿ ñóáäè��åðåíöèàëà ∂I(z, u) áåð¼òñÿ èç �îðìóëû (6).

4

◦
. Ìåòîä íàèñêîðåéøåãî ñïóñêà. Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ñóá�

ãðàäèåíò h = h(t, z, u) ∈ ∂I(z, u) â òî÷êå [z, u], òî åñòü ðåøèì çàäà÷ó

min
h∈∂I(z,u)

||h||2 = min
ν, ωi, i∈I0

[

∫ T

0

(

s1(t) +
∑

i∈I0

ωiei
)2
dt+

∫ T

0

(

s2(t) + 2νu
)2
dt
]

, (8)

ãäå

s1(t) = s1(t) +

n
∑

j=1

µjej ,

s1(t) = z(t)− f(z, u, t)−

∫ T

t

(∂f(z, u, τ)

∂x

)′
(

z(τ) − f(z, u, τ)
)

dτ,

s2(t) = −
(∂f(z, u, t)

∂u

)′
(

z(t)− f(z, u, t)
)

,

à âåëè÷èíû ωi, i ∈ I0, µj, j = 1, n, ν îïðåäåëåíû â òåîðåìå 1.

Çàäà÷à (8) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé è ìîæåò áûòü ðåøåíà îäíèì èç èçâåñòíûõ

ìåòîäîâ [3℄. Îáîçíà÷èì ω∗
i , i ∈ I0, ν

∗
å¼ ðåøåíèå. Òîãäà âåêòîð-�óíêöèÿ

G(t, z, u) := h∗ =
[

s1(t) +
∑

i∈I0

ω∗
i ei, s2(t) + 2ν∗u

]

ÿâëÿåòñÿ íàèìåíüøèì ïî íîðìå ñóáãðàäèåíòîì �óíêöèîíàëà I â òî÷êå [z, u].

Åñëè ||G|| > 0, òî âåêòîð-�óíêöèÿ −G(t,z,u)
||G||

ÿâëÿåòñÿ íàïðàâëåíèåì íàèñêîðåé�

øåãî ñïóñêà �óíêöèîíàëà I â òî÷êå [z, u].
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Îïèøåì ñëåäóþùèé ìåòîä íàèñêîðåéøåãî ñïóñêà äëÿ ïîèñêà ñòàöèîíàð�

íûõ òî÷åê �óíêöèîíàëà I(z, u). Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [z1, u1] ∈
∈ Cn[0, T ]× Pm[0, T ]. Ïóñòü óæå ïîñòðîåíà òî÷êà [zk, uk] ∈ Cn[0, T ]× Pm[0, T ].
Åñëè âûïîëíåíî íåîáõîäèìîå óñëîâèå ìèíèìóìà (7), òî òî÷êà [zk, uk] ÿâëÿåòñÿ
ñòàöèîíàðíîé òî÷êîé �óíêöèîíàëà I(z, u), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâ�

íîì ñëó÷àå ïîëîæèì

[zk+1, uk+1] = [zk, uk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, zk, uk) ïðåäñòàâëÿåò ñîáîé íàèìåíüøèé ïî íîð�

ìå ñóáãðàäèåíò �óíêöèîíàëà I â òî÷êå [zk, uk], à âåëè÷èíà αk ÿâëÿåòñÿ ðåøå�

íèåì ñëåäóþùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
α>0

I([zk, uk]− αGk) = I([zk, uk]− αkGk).

Òîãäà I(zk+1, uk+1) 6 I(zk, uk). Åñëè ïîñëåäîâàòåëüíîñòü {[zk, uk]} êîíå÷íà, òî

ïîñëåäíÿÿ å¼ òî÷êà ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé �óíêöèîíàëà I(z, u) ïî ïî�
ñòðîåíèþ. Åñëè æå ïîñëåäîâàòåëüíîñòü {[zk, uk]} áåñêîíå÷íà, òî îïèñàííûé

ïðîöåññ ìîæåò è íå ïðèâåñòè ê ñòàöèîíàðíîé òî÷êå �óíêöèîíàëà I(z, u), ïî�
ñêîëüêó ñóáäè��åðåíöèàëüíîå îòîáðàæåíèå ∂I(z, u) íå ÿâëÿåòñÿ íåïðåðûâ�

íûì â ìåòðèêå Õàóñäîð�à.

5

◦
. Ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà. Íàéä¼ì ãèïîäè��åðåí�

öèàë �óíêöèîíàëà I(z, u). Äëÿ ãèïîäè��åðåíöèàëà �óíêöèîíàëîâ ψi(z),
i = 1, n, èìååì ñëåäóþùåå âûðàæåíèå [4℄

dψi(z) = o

{[

ψi(z)− ψi(z), ei
]

,
[

− ψi(z)− ψi(z),−ei
]}

.

Ïóñòü

I2(u) = max
{

0,

∫ T

0

(

u(t), u(t)
)

dt− C
}

.

Äëÿ ãèïîäè��åðåíöèàëà �óíêöèîíàëà I2(u) èìååì âûðàæåíèå

dI2(u) = o

{[

∫ T

0

(

u(t), u(t)
)

dt− C − I2(u), 2u
]

,
[

− I2(u), 0m
]}

.

Òîãäà ãèïîäè��åðåíöèàë �óíêöèîíàëà I(z, u) âûðàæàåòñÿ ïî �îðìóëå

dI(z, u) =
[

0, s1(t), s2(t)
]

+

+

n
∑

i=1

o

{[

ψi(z)− ψi(z), ei, 0m
]

,
[

− ψi(z)− ψi(z),−ei, 0m
]}

+ (9)

+o
{[

∫ T

0

(

u(t), u(t)
)

dt− C − I2(u), 0n, 2u
]

,
[

− I2(u), 0n, 0m
]}

.
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Èçâåñòíî, ÷òî íåîáõîäèìûì, à â ñëó÷àå âûïóêëîñòè è äîñòàòî÷íûì óñëîâè�

åì ìèíèìóìà �óíêöèîíàëà (5) â òî÷êå [z∗, u∗] â òåðìèíàõ ãèïîäè��åðåíöèàëà
ÿâëÿåòñÿ óñëîâèå [4℄

0n+m+1 ∈ dI(z∗, u∗).

Îòñþäà è èç ëåììû çàêëþ÷àåì, ÷òî ñïðàâåäëèâà

ÒÅÎ�ÅÌÀ 3. Äëÿ òîãî, ÷òîáû óïðàâëåíèå u∗ ∈ U ïåðåâîäèëî ñèñòåìó (1)

èç íà÷àëüíîãî ïîëîæåíèÿ (2) â êîíå÷íîå ñîñòîÿíèå (3) çà âðåìÿ T , íåîáõîäè�

ìî, à â ñëó÷àå ëèíåéíîñòè ñèñòåìû (1) è äîñòàòî÷íî, ÷òîáû

0n+m+1 ∈ dI(z∗, u∗), (10)

ãäå âûðàæåíèå äëÿ ãèïîäè��åðåíöèàëà dI(z, u) áåð¼òñÿ èç �îðìóëû (9).

Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ãèïîãðàäèåíò g(t, z, u) ∈ dI(z, u) â òî÷êå

[z, u], òî åñòü ðåøèì çàäà÷ó

min
g∈dI(z,u)

||g||2 = min
βi∈[0,1], i=1,n+1

∥

∥

∥

∥

[

0, s1(t), s2(t)
]

+

+
n

∑

i=1

{

βi
[

ψi(z)− ψi(z), ei, 0m
]

+ (1− βi)
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+ βn+1

[

∫ T

0

(

u(t), u(t)
)

dt− C − I2(u), 0n, 2u
]

+ (1− βn+1)
[

− I2(u), 0n, 0m
]

∥

∥

∥

∥

2

.

(11)

Çàäà÷à (11) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé. Îáîçíà÷èì β∗
i , i = 1, n+ 1, å¼ ðåøåíèå.

Ïóñòü g = [g1, g2], ãäå âåêòîð-�óíêöèÿ g2 ñîñòîèò èç ïîñëåäíèõ n+m êîìïîíåíò

âåêòîð-�óíêöèè g. Òîãäà

G(t, z, u) := g∗2 =
[

s1(t), s2(t)
]

+
n

∑

i=1

{

β∗
i

[

ei, 0m
]

+ (1− β∗
i )
[

− ei, 0m
]}

+

+β∗
n+1

[

0n, 2u
]

+ (1− β∗
n+1)

[

0n, 0m
]

ÿâëÿåòñÿ âåêòîð-�óíêöèåé, ñîñòîÿùåé èç ïîñëåäíèõ n+m êîìïîíåíò íàèìåíü�

øåãî ïî íîðìå ãèïîãðàäèåíòà �óíêöèîíàëà I â òî÷êå [z, u]. Åñëè ||G|| > 0,

òî âåêòîð-�óíêöèÿ −G(t,z,u)
||G||

ÿâëÿåòñÿ íàïðàâëåíèåì ãèïîãðàäèåíòíîãî ñïóñêà

�óíêöèîíàëà I â òî÷êå [z, u].



7

Îïèøåì ñëåäóþùèé ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ ïîèñêà ñòà�

öèîíàðíûõ òî÷åê �óíêöèîíàëà I(z, u).
Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [z1, u1] ∈ Cn[0, T ] × Pm[0, T ]. Ïóñòü óæå

ïîñòðîåíà òî÷êà [zk, uk] ∈ Cn[0, T ]× ×Pm[0, T ]. Åñëè âûïîëíåíî íåîáõîäèìîå

óñëîâèå ìèíèìóìà (7) èëè (10), òî òî÷êà [zk, uk] ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé
�óíêöèîíàëà I(z, u), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå ïîëîæèì

[zk+1, uk+1] = [zk, uk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, zk, uk) ïðåäñòàâëÿåò ñîáîé âåêòîð-�óíêöèþ, ñî�
ñòîÿùóþ èç ïîñëåäíèõ n+m êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðàäèåíòà

�óíêöèîíàëà I â òî÷êå [zk, uk], à âåëè÷èíà αk ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé

çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
α>0

I([zk, uk]− αGk) = I([zk, uk]− αkGk).

Òîãäà I(zk+1, uk+1) 6 I(zk, uk). Åñëè ïîñëåäîâàòåëüíîñòü {[zk, uk]} êîíå÷íà, òî

ïîñëåäíÿÿ å¼ òî÷êà ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé �óíêöèîíàëà I(z, u) ïî ïî�
ñòðîåíèþ. Åñëè ïîñëåäîâàòåëüíîñòü {[zk, uk]} áåñêîíå÷íà, òî ìîæíî ïîêàçàòü

[5℄, ÷òî ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà ñõîäèòñÿ â ñëåäóþùåì ñìûñëå

||g(zk, uk)|| → 0 ïðè k → ∞.
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