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Àííîòàöèÿ. Íà ïðèìåðå çàäà÷è êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ ïîêà�

çûâàåòñÿ, êàê ïîëüçîâàòüñÿ êðèòåðèåì îïòèìàëüíîñòè â �îðìå Êóíà�Òàêêåðà.
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◦
. �àññìîòðèì çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ:

Q(x) := 1

2
〈Dx, x〉+ 〈c, x〉 → inf

A[M1, N ]× x[N ] > b[M1] (1)

A[M2, N ]× x[N ] = b[M2].

Ïðåäïîëàãàåòñÿ, ÷òî ìàòðèöà D ñèììåòðè÷íà è íåîòðèöàòåëüíî îïðåäåëåíà.

Îáîçíà÷èì M = M1 ∪M2 è ñ�îðìóëèðóåì êðèòåðèé îïòèìàëüíîñòè (ñì.,

íàïðèìåð, [1, ñ. 91℄).

ÒÅÎ�ÅÌÀ (Êóí�Òàêêåð). Äëÿ òîãî, ÷òîáû ïëàí x∗ çàäà÷è (1) áûë îïòè�

ìàëüíûì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íàø¼ëñÿ âåêòîð u∗ = u∗[M ],
òàêîé, ÷òî

Q′(x∗) =
∑

i∈M

u∗[i]× A[i, N ]; (2)

u∗[i]×
(

A[i, N ]× x∗[N ]− b[i]
)

= 0, i ∈ M1; (3)

u∗[i] > 0, i ∈ M1. (4)

Óñëîâèå (2) íàçûâàåòñÿ óñëîâèåì Ëàãðàíæà, óñëîâèå (3) � óñëîâèåì äîïîë�

íèòåëüíîñòè, à óñëîâèå (4) � óñëîâèåì íåîòðèöàòåëüíîñòè. Âìåñòå óñëî�

âèÿ (2)�(4) íàçûâàþòñÿ óñëîâèÿìè Êóíà�Òàêêåðà.

Äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ áîëåå óäîáíîé ÿâëÿåòñÿ ýêâèâàëåíòíàÿ

�îðìóëèðîâêà òåîðåìû Êóíà�Òàêêåðà, â êîòîðîé îòñóòñòâóþò ìíîæèòåëè

u∗[i], ãàðàíòèðîâàííî ðàâíûå íóëþ.

∗
Ñåìèíàð ïî êîíñòðóêòèâíîìó íåãëàäêîìó àíàëèçó è íåäè��åðåíöèðóåìîé îïòèìèçàöèè
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ÒÅÎ�ÅÌÀ. Âåêòîð x∗ ∈ R
N
áóäåò ðåøåíèåì çàäà÷è (1) òîãäà è òîëüêî

òîãäà, êîãäà íàéäóòñÿ ïîäìíîæåñòâî I ⊂ M1 (íå èñêëþ÷àÿ I = ∅) è ÷èñëà

u∗[i], i ∈ I∪M2, òàêèå, ÷òî âåêòîð

(

x∗[N ], u∗[I∪M2]
)

óäîâëåòâîðÿåò ñèñòåìå

ëèíåéíûõ óðàâíåíèé

Q′(x) =
∑

i∈I∪M2

u[i]× A[i, N ], (5)

A[i, N ]× x[N ] = b[i], i ∈ I ∪M2, (6)

ïðè÷¼ì

A[i, N ]× x∗[N ] > b[i], i ∈ M1 \ I, (7)

u∗[i] > 0, i ∈ I. (8)

Ïðîâåðèì ýêâèâàëåíòíîñòü óñëîâèé Êóíà�Òàêêåðà (2)�(4) è óñëîâèé (5)�(8).

Ïóñòü â òî÷êå x∗, ÿâëÿþùåéñÿ ïëàíîì çàäà÷è (1), âûïîëíåíû óñëîâèÿ

Êóíà�Òàêêåðà, òî åñòü íàéä¼òñÿ âåêòîð u∗ ñî ñâîéñòâàìè (2)�(4). Ïîëîæèì

I =
{

i ∈ M1 | A[i, N ]× x∗[N ] = b[i]
}

.

Îòìåòèì, ÷òî

A[i, N ]× x∗[N ]− b[i] > 0 ïðè i ∈ M1 \ I. (9)

Â ñèëó óñëîâèÿ äîïîëíèòåëüíîñòè (3)

u∗[i] = 0 ïðè i ∈ M1 \ I. (10)

Ïîêàæåì, ÷òî íà âåêòîðå

(

x∗[N ], u∗[I ∪ M2]
)

âûïîëíÿþòñÿ óñëîâèÿ (5)�(8).

Äåéñòâèòåëüíî, (5) ñëåäóåò èç (2) è (10), (7) � èç (9), (8) � èç (4), à (6) � èç

îïðåäåëåíèÿ I è òîãî �àêòà, ÷òî x∗ � ïëàí çàäà÷è (1).

Íàîáîðîò, ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (5)�(8). Äîîïðåäåëèì âåêòîð u∗, ïî�

ëîæèâ

u∗[i] = 0 ïðè i ∈ M1 \ I. (11)

Â ñèëó (6) è (7) âåêòîð x∗ ÿâëÿåòñÿ ïëàíîì çàäà÷è (1). Óñëîâèÿ (5) è (11)

ãàðàíòèðóþò âûïîëíåíèå ðàâåíñòâà (2). Íåðàâåíñòâî (4) ñëåäóåò èç (8) è (11).

×òî êàñàåòñÿ óñëîâèÿ äîïîëíèòåëüíîñòè (3), òî ïðè i ∈ I îíî ñëåäóåò èç (6),

à ïðè i ∈ M1 \ I � èç (11).
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◦
. Âòîðàÿ òåîðåìà ïîçâîëÿåò îïèñàòü êîíå÷íûé àëãîðèòì ðåøåíèÿ çà�

äà÷è (1) ïðè óñëîâèè, ÷òî ìàòðèöà D ñèììåòðè÷íà è íåîòðèöàòåëüíî îïðå�

äåëåíà. Íóæíî ïîñëåäîâàòåëüíî ïåðåáèðàòü âñå ïîäìíîæåñòâà I èíäåêñíîãî

ìíîæåñòâà M1 (âêëþ÷àÿ I = ∅) è ïðè êàæäîì I ðåøàòü ñèñòåìó ëèíåéíûõ

óðàâíåíèé (5)�(6), ïîêà íå âñòðåòèòñÿ ðåøåíèå (x∗, u∗), óäîâëåòâîðÿþùåå óñëî�
âèÿì (7), (8). Âåêòîð x∗ áóäåò îïòèìàëüíûì ïëàíîì çàäà÷è (1).

Äëÿ êîíòðîëÿ ïðàâèëüíîñòè âû÷èñëåíèé ìîæíî èñïîëüçîâàòü ðàâåíñòâî

〈

Q′(x∗), x∗

〉

=
∑

i∈I∪M2

u∗[i]× b[i],

êîòîðîå âûâîäèòñÿ òàê: ñîãëàñíî (5) è (6)

〈

Q′(x∗), x∗

〉

=
∑

i∈I∪M2

u∗[i]×
(

(

A[i, N ]× x∗[N ]− b[i]
)

+ b[i]
)

=

=
∑

i∈I∪M2

u∗[i]× b[i].

Åñëè òðåáóåìîãî ïîäìíîæåñòâà I íå íàéä¼òñÿ, òî çàäà÷à êâàäðàòè÷íîãî

ïðîãðàììèðîâàíèÿ (1) íå èìååò ðåøåíèÿ.

3

◦
. �àññìîòðèì íåñêîëüêî ïðèìåðîâ. Âî âñåõ ñëó÷àÿõ êâàäðàòè÷íàÿ �îð�

ìà, âõîäÿùàÿ â öåëåâóþ �óíêöèþ, áóäåò íåîòðèöàòåëüíî îïðåäåë¼ííîé. Ýòî

ïðîâåðÿåòñÿ âûäåëåíèåì ïîëíûõ êâàäðàòîâ. Íàïðèìåð,

x2

1
− x1x2 + x2

2
= (x1 −

1

2
x2)

2 + 3

4
x2

2
.

1) Q(x) := x2

1
− 2x1x2 + 3x2

2
→ inf

2x1 − x2 > 2

−x1 + x2 = −1.

Èìååì M1 = {1}, M2 = {2} (îãðàíè÷åíèÿ íóìåðóþòñÿ â ïîðÿäêå èõ çàïè�

ñè). Âîçüì¼ì I = ∅. Ñèñòåìà ëèíåéíûõ óðàâíåíèé (5)�(6) ïðèìåò âèä (óðàâ�

íåíèå (5) çàïèøåì â òðàíñïîíèðîâàííîì âèäå � â âèäå ðàâåíñòâà ñòîëáöîâ):

(

2x1 − 2x2

−2x1 + 6x2

)

= u2

(

−1
1

)

,

−x1 + x2 = −1.

�åøåíèå ýòîé ñèñòåìû íàéòè ëåãêî: x∗

1
= 1, x∗

2
= 0; u∗

2
= −2. Óñëîâèå (7) â

äàííîì ñëó÷àå âûïîëíÿåòñÿ:

2x∗

1
− x∗

2
= 2 > 2.
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Ïî òåîðåìå Êóíà�Òàêêåðà âåêòîð x∗ = (1, 0) ÿâëÿåòñÿ îïòèìàëüíûì ïëàíîì.

Êîíòðîëü:

〈

Q′(x∗), x∗

〉

= 2 = u∗

2
b2.

2) Q(x) := 3x2

1
− 2x1x2 + x2

2
− 4x1 + 3x2 → inf

x1 − 3x2 > −3

−x1 + 2x2 > 1.

Èìååì M1 = {1, 2}, M2 = ∅.

Âîçüì¼ì I = ∅. Ñèñòåìà (5)�(6) ïðèìåò âèä Q′(x) = O èëè â ïîäðîáíîé

çàïèñè

6x1 − 2x2 − 4 = 0,

−2x1 + 2x2 + 3 = 0.

Å¼ ðåøåíèå x = (1
4
,−5

4
) íå óäîâëåòâîðÿåò óñëîâèþ (7) (íå ÿâëÿåòñÿ ïëàíîì).

Âîçüì¼ì I = {2} è çàïèøåì ñèñòåìó ëèíåéíûõ óðàâíåíèé (5)�(6):

(

6x1 − 2x2 − 4
−2x1 + 2x2 + 3

)

= u2

(

−1
2

)

,

−x1 + 2x2 = 1.

Å¼ ðåøåíèå x∗

1
= 2

3
, x∗

2
= 5

6
, u∗

2
= 5

3
óäîâëåòâîðÿåò óñëîâèÿì (7), (8). Çíà÷èò,

x∗ = (2
3
, 5

6
) � îïòèìàëüíûé ïëàí.

Êîíòðîëü:

〈

Q′(x∗), x∗

〉

= 5

3
= u∗

2
b2.

3) Q(x) := x2

1
− x1x2 + x2

2
− 3x1 + 5x2 → inf

2x1 + x2 > 0

−x1 + 3x2 > −1

x1 > 0

x2 > 0.

Èìååì M1 = {1, 2, 3, 4}, M2 = ∅.

Âîçüì¼ì I = {2, 4} è çàïèøåì ñèñòåìó (5)�(6):

(

2x1 − x2 − 3
−x1 + 2x2 + 5

)

= u2

(

−1
3

)

+ u4

(

0
1

)

,

−x1 + 3x2 = −1,

x2 = 0.

Å¼ ðåøåíèå x∗

1
= 1, x∗

2
= 0, u∗

2
= 1, u∗

4
= 1 óäîâëåòâîðÿåò óñëîâèÿì (7), (8).

Çíà÷èò, x∗ = (1, 0) � îïòèìàëüíûé ïëàí.
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Êîíòðîëü:

〈

Q′(x∗), x∗

〉

= −1 = u∗

2
b2 + u∗

4
b4.

4) f(x) :=x2

1
+ x1x2 + 2x2

2
+ 3|x1 + x2 − 1| → inf

x∈R2

.

Ýòà çàäà÷à ýêâèâàëåíòíà ñëåäóþùåé çàäà÷å êâàäðàòè÷íîãî ïðîãðàììèðî�

âàíèÿ:

Q(x, t) :=x2

1
+ x1x2 + 2x2

2
+ 3t → inf

−x1 − x2 + t > −1

x1 + x2 + t > 1.

(Ïî ïîâîäó ýêâèâàëåíòíîñòè ýêñòðåìàëüíûõ çàäà÷ ñì. [1, ñ. 11�12℄.)

Ïðèñòóïàÿ ê ðåøåíèþ çàäà÷è êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ, âîçüì¼ì

I = {1, 2}. Ñèñòåìà (5)�(6) ïðèìåò âèä:




2x1 + x2

x1 + 4x2

3



 = u1





−1
−1
1



+ u2





1
1
1



 ,

−x1 − x2 + t = −1,

x1 + x2 + t = 1.

Å¼ ðåøåíèå x∗

1
= 3

4
, x∗

2
= 1

4
, t∗ = 0, u∗

1
= 5

8
, u∗

2
= 19

8
óäîâëåòâîðÿåò óñëîâèþ (8).

Çíà÷èò, (x∗, t∗) = (3
4
, 1

4
, 0) � îïòèìàëüíûé ïëàí.

Ïî ýêâèâàëåíòíîñòè, x∗ = (3
4
, 1

4
) � ðåøåíèå èñõîäíîé çàäà÷è.

5) f(x) :=x2

1
+ x1x2 + 2x2

2
− 3|x1 + x2 − 1| → inf

x∈R2

. (12)

Ïðè¼ì, êîòîðûé ìû èñïîëüçîâàëè ïðè ðåøåíèè ïðåäûäóùåé çàäà÷è (ó íåå

èçìåíèëñÿ òîëüêî çíàê êîý��èöèåíòà ïåðåä ìîäóëåì) ïðèâîäèò ê çàäà÷å êâàä�

ðàòè÷íîãî ïðîãðàììèðîâàíèÿ

Q(x, t) :=x2

1
+ x1x2 + 2x2

2
− 3t → inf

−x1 − x2 + t > −1 (13)

x1 + x2 + t > 1.

Îäíàêî çàäà÷è (12) è (13) íå ýêâèâàëåíòíû. Çàäà÷à (13) íå èìååò ðåøåíèÿ.

Ýòî ñëåäóåò èç òîãî, ÷òî ïðè �èêñèðîâàííûõ x1, x2 è ïîëîæèòåëüíûõ t, ñòðå�

ìÿùèõñÿ ê +∞, âåêòîð (x1, x2, t) óäîâëåòâîðÿåò îãðàíè÷åíèÿì çàäà÷è (13), à

öåëåâàÿ �óíêöèÿ íà í¼ì ñòðåìèòñÿ ê −∞. Â òî æå âðåìÿ, êàê ìû ïîêàæåì,

çàäà÷à (12) èìååò ðåøåíèå.

Îáîçíà÷èì

P1 = {x ∈ R
2 | x1 + x2 − 1 > 0},

P2 = {x ∈ R
2 | x1 + x2 − 1 6 0}.
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ßñíî, ÷òî P1 ∪ P2 = R
2
, ïîýòîìó

inf
x∈R2

f(x) = min
{

inf
x∈P1

f(x), inf
x∈P2

f(x)
}

. (14)

�àññìîòðèì çàäà÷ó ìèíèìèçàöèè �óíêöèè f(x) íà P1:

f(x) :=x2

1
+ x1x2 + 2x2

2
− 3x1 − 3x2 + 3 → inf

x1 + x2 > 1.
(15)

Óñëîâèå f ′(x) = O ïðèâîäèò ê ñèñòåìå óðàâíåíèé

2x1 + x2 = 3,

x1 + 4x2 = 3.

Å¼ ðåøåíèå x1 = 9

7
, x2 = 3

7
óäîâëåòâîðÿåò îãðàíè÷åíèþ çàäà÷è (15). Çíà÷èò,

x̂∗ = (9
7
, 3

7
) � îïòèìàëüíûé ïëàí. Ïðè ýòîì f(x̂∗) =

3

7
.

�àññìîòðèì çàäà÷ó ìèíèìèçàöèè �óíêöèè f(x) íà P2:

f(x) :=x2

1
+ x1x2 + 2x2

2
+ 3x1 + 3x2 − 3 → inf

−x1 − x2 > −1.
(16)

Óñëîâèå f ′(x) = O ïðèâîäèò ê ñèñòåìå óðàâíåíèé

2x1 + x2 = −3,

x1 + 4x2 = −3.

Å¼ ðåøåíèå x1 = −9

7
, x2 = −3

7
óäîâëåòâîðÿåò îãðàíè÷åíèþ çàäà÷è (16). Çíà÷èò,

x̌∗ = (−9

7
,−3

7
) � îïòèìàëüíûé ïëàí. Ïðè ýòîì f(x̌∗) = −39

7
.

Íà îñíîâàíèè �îðìóëû (14) çàêëþ÷àåì, ÷òî x̌∗ = (−9

7
,−3

7
) � ðåøåíèå

çàäà÷è (12).
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