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Àííîòàöèÿ. Â äîêëàäå èññëåäóþòñÿ óñëîâèÿ ìèíèìóìà ¾ïîëèíîìèàëüíî�

ãî¿ �óíêöèîíàëà. Äëÿ ¾ïîëèíîìèàëüíîãî¿ �óíêöèîíàëà âûïèñàí ãðàäèåíò

�àòî, íàéäåíû íåîáõîäèìûå óñëîâèÿ ìèíèìóìà, êîòîðûå èñïîëüçóþòñÿ ïðè

îïèñàíèè ìåòîäà íàèñêîðåéøåãî ñïóñêà äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è.

Äîïîëíèòåëüíî èññëåäóåòñÿ çàäà÷à ìèíèìèçàöèè ¾ïîëèíîìèàëüíîãî¿ �óíêöè�

îíàëà, êîãäà ïðèñóòñòâóþò îãðàíè÷åíèÿ. Ñ ïîìîùüþ òåîðèè òî÷íûõ øòðà��

íûõ �óíêöèé çàäà÷à ïðè íàëè÷èè îãðàíè÷åíèé ñâîäèòñÿ ê çàäà÷å áåçóñëîâíîé

ìèíèìèçàöèè. Ïîëó÷åíû óñëîâèÿ ìèíèìóìà, êîòîðûå ïîçâîëÿþò îïèñàòü ìå�

òîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ ðàññìàòðèâàåìîé çàäà÷è.

1

◦
. Ââåäåíèå è ïîñòàíîâêà çàäà÷è. Â äàííîì äîêëàäå âûâîäÿòñÿ íåîá�

õîäèìûå óñëîâèÿ ìèíèìóìà �óíêöèîíàëà (äàëåå áóäåì íàçûâàòü åãî ¾ïîëè�

íîìèàëüíûì¿) âèäà

Pk

[

I1(x), . . . , In(x)
]

(1)

ñ çàäàííûì íà÷àëüíûì óñëîâèåì

x(0) = x0. (2)

Â âûðàæåíèè (1) Pk � ïîëèíîì çàäàííîé êîíå÷íîé ñòåïåíè k ∈ N (åãî îáùèé

âèä áóäåò âûïèñàí íèæå), à Ij, j = 1, n, � èíòåãðàëüíûé �óíêöèîíàë âèäà

Ij(x) =

∫ T

0

fj
(

x(t), ẋ(t), t
)

dt,

ðàññìàòðèâàåìûé â êëàññè÷åñêîé çàäà÷å âàðèàöèîííîãî èñ÷èñëåíèÿ [1℄. Çäåñü

T > 0 � íåêîòîðûé �èêñèðîâàííûé ìîìåíò âðåìåíè, fj � âåùåñòâåííàÿ ñêà�

ëÿðíàÿ �óíêöèÿ, íåïðåðûâíàÿ ïî âñåì òð¼ì àðãóìåíòàì è íåïðåðûâíî äè��

�åðåíöèðóåìàÿ ïî x è ẋ, x(t) � n-ìåðíàÿ âåêòîð-�óíêöèÿ, íåïðåðûâíî äè��

�åðåíöèðóåìàÿ íà ïðîìåæóòêå [0, T ].

∗
Ñåìèíàð ïî êîíñòðóêòèâíîìó íåãëàäêîìó àíàëèçó è íåäè��åðåíöèðóåìîé îïòèìèçàöèè
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Ïîëîæèì z(t) = ẋ(t), z ∈ Cn[0, T ]. Òîãäà ñ ó÷¼òîì (2) èìååì

x(t) = x0 +

∫ t

0

z(τ)dτ .

Òðåáóåòñÿ íàéòè òàêóþ âåêòîð-�óíêöèþ x∗ ∈ C1
n[0, T ], óäîâëåòâîðÿþùóþ

îãðàíè÷åíèþ (2), êîòîðàÿ äîñòàâëÿåò ìèíèìóì ¾ïîëèíîìèàëüíîìó¿ �óíêöè�

îíàëó (1).

2

◦
. Íåîáõîäèìûå óñëîâèÿ ìèíèìóìà ¾ïîëèíîìèàëüíîãî¿ �óíê�

öèîíàëà Pk. Ñíà÷àëà ðàññìîòðèì ÷àñòíûé ñëó÷àé, êîãäà ìèíèìèçèðóåìûé

�óíêöèîíàë èìååò ñëåäóþùèé âèä

P2(z) =
[

∫ T

0

f
(

x0 +

∫ t

0

z(τ)dτ, z(t), t
)

dt
]2

, (3)

îáùèé ñëó÷àé áóäåò ðàññìîòðåí äàëåå. Íàéä¼ì ïðîèçâîäíóþ P ′
2(z, v) ïî íà�

ïðàâëåíèþ v ∈ Cn[0, T ] �óíêöèîíàëà (3). Èìååì

P2(z + αv) =
[

∫ T

0

f
(

x0 +

∫ t

0

z(τ) + αv(τ)dτ, z(t) + αv(t), t
)

dt
]2

=

=
[

∫ T

0

f
(

x0+

∫ t

0

z(τ)dτ, z(t), t
)

+α

∫ T

0

{

(∂f

∂x
,

∫ t

0

v(τ)dτ
)

+
(∂f

∂z
, v(t)

)

}

dt+o(α)
]2

=

= P2(z)+2α

∫ T

0

{

(∂f

∂x
,

∫ t

0

v(τ)dτ
)

+
(∂f

∂z
, v(t)

)

}

dt

∫ T

0

f
(

x0+

∫ t

0

z(τ)dτ, z(t), t
)

dt+o(α) =

= P2(z)+2α

∫ T

0

{

(

∫ T

t

∂f

∂x
dτ, v(t)

)

+
(∂f

∂z
, v(t)

)

}

dt

∫ T

0

f
(

x0+

∫ t

0

z(τ)dτ, z(t), t
)

dt+o(α),

(4)

ãäå

o(α)
α

→ 0 ïðè α ↓ 0 è

∫ T

0

(v1, v2)dt � ñêàëÿðíîå ïðîèçâåäåíèå âåêòîð-�óíê�

öèé v1, v2. Èç (4) äàëåå ïîëó÷àåì

P ′
2(z, v) = lim

α↓0

P2(z + αv)− P2(z)

α
=

= 2

∫ T

0

{

(

∫ T

t

∂f

∂x
dτ, v(t)

)

+
(∂f

∂z
, v(t)

)

}

dt

∫ T

0

f
(

x0 +

∫ t

0

z(τ)dτ, z(t), t
)

dt. (5)

Èç (5) ñëåäóåò, ÷òî �óíêöèîíàë P2(z) äè��åðåíöèðóåì ïî �àòî [2℄ â òî÷êå z
è åãî ¾ãðàäèåíò¿ âûðàæàåòñÿ ïî �îðìóëå

∇P2(z) = 2
[

∫ T

t

∂f

∂x
dτ +

∂f

∂z

]

∫ T

0

f
(

x0 +

∫ t

0

z(τ)dτ, z(t), t
)

dt. (6)
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Îòñþäà çàêëþ÷àåì, ÷òî äëÿ òîãî, ÷òîáû âåêòîð-�óíêöèÿ z∗ ∈ Cn[0, T ] áûëà
òî÷êîé ìèíèìóìà �óíêöèîíàëà (3), íåîáõîäèìî âûïîëíåíèå ñîîòíîøåíèé

[

∫ T

t

∂f

∂x
dτ +

∂f

∂z

]

∫ T

0

f
(

x0 +

∫ t

0

z∗(τ)dτ, z∗(t), t
)

dt = 0n ∀ t ∈ [0, T ],

∂f(x∗, z∗, T )

∂z

∫ T

0

f
(

x0 +

∫ t

0

z∗(τ)dτ, z∗(t), t
)

dt = 0n,

(7)

ãäå 0n � íóëåâîé ýëåìåíò ïðîñòðàíñòâà Cn[0, T ]. Âòîðîå ðàâåíñòâî â (7) ïðåä�
ñòàâëÿåò ñîáîé óñëîâèå òðàíñâåðñàëüíîñòè íà ïðàâîì êîíöå.

Òåïåðü ïîëó÷èì âûðàæåíèÿ, àíàëîãè÷íûå (5) è (6), è íåîáõîäèìîå óñëîâèå

ìèíèìóìà, àíàëîãè÷íîå (7), äëÿ ¾ïîëèíîìèàëüíîãî¿ �óíêöèîíàëà

Pk

[

I1(x), . . . , In(x)
]

.

Â îáùåì ñëó÷àå ¾ïîëèíîìèàëüíûé¿ �óíêöèîíàë èìååò âèä

Pk =
ℓ

∑

i=1

aiFi,

ãäå

Fi =
(

∫ T

0

f1dt
)mi

1 × . . .×
(

∫ T

0

fndt
)mi

n .

Çäåñü fj = fj(x, z, t), j = 1, n, k := max
i=1,ℓ

(mi
1+. . .+mi

n),m
i
j ∈ N∪{0}. Îáîçíà÷èì











f i
1 =

(

∫ T

0

f1dt
)mi

1
−1

×
(

∫ T

0

f2dt
)mi

2 × . . .×
(

∫ T

0

fndt
)mi

n , åñëè mi
1 > 1,

f i
1 = 0, åñëè mi

1 = 0,

.

.

.



























f i
j =

(

∫ T

0

f1dt
)mi

1 × . . .×
(

∫ T

0

fj−1dt
)mi

j−1 ×
(

∫ T

0

fjdt
)mi

j−1
×

×
(

∫ T

0

fj+1dt
)mi

j+1 × · · · ×
(

∫ T

0

fndt
)mi

n , åñëè mi
j > 1,

f i
j = 0, åñëè mi

j = 0,

.

.

.



4











f i
n =

(

∫ T

0

f1dt
)mi

1 × . . .×
(

∫ T

0

fn−1dt
)mi

n−1 ×
(

∫ T

0

fndt
)mi

n−1
, åñëè mi

n > 1,

f i
n = 0, åñëè mi

n = 0,

ãäå f i
j = f i

j(z), i = 1, ℓ, j = 1, n.
Âíà÷àëå íàéä¼ì âàðèàöèþ �óíêöèîíàëà Fi. Ïðîâîäÿ âû÷èñëåíèÿ, àíàëî�

ãè÷íûå (4), (5), ïîëó÷àåì

Fi(z + αv) =
[

∫ T

0

f1
(

x0 +

∫ t

0

z(τ) + αv(τ)dτ, z(t) + αv(t), t
)

dt
]mi

1

× . . .×

×
[

∫ T

0

fn
(

x0 +

∫ t

0

z(τ) + αv(τ)dτ, z(t) + αv(t), t
)

dt
]mi

n

=

=
[

(

∫ T

0

f1dt
)mi

1+αmi
1

∫ T

0

(

∫ T

t

∂f1
∂x

dτ+
∂f1
∂z

, v(t)
)

dt
(

∫ T

0

f1dt
)mi

1
−1
+o(α)

]

×. . .×

×
[

(

∫ T

0

fndt
)mi

n+αmi
n

∫ T

0

(

∫ T

t

∂fn
∂x

dτ+
∂fn
∂z

, v(t)
)

dt
(

∫ T

0

fndt
)mi

n−1
+o(α)

]

=

=
(

∫ T

0

f1dt
)mi

1 × . . .×
(

∫ T

0

fndt
)mi

n + αmi
1f

i
1

∫ T

0

(

∫ T

t

∂f1
∂x

dτ +
∂f1
∂z

, v(t)
)

dt+

+ . . .+ αmi
nf

i
n

∫ T

0

(

∫ T

t

∂fn
∂x

dτ +
∂fn
∂z

, v(t)
)

dt+ o(α), (8)

F ′
i (z, v) = mi

1f
i
1

∫ T

0

(

∫ T

t

∂f1
∂x

dτ +
∂f1
∂z

, v(t)
)

dt+ . . .+

+mi
nf

i
n

∫ T

0

(

∫ T

t

∂fn
∂x

dτ +
∂fn
∂z

, v(t)
)

dt+ o(α). (9)

¾�ðàäèåíò¿ �àòî äëÿ �óíêöèîíàëà Fi èìååò âèä

∇Fi =

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j . (10)

Äëÿ ¾ïîëèíîìèàëüíîãî¿ �óíêöèîíàëà Pk ñ ó÷¼òîì (8)�(10) çàïèøåì

Pk(z + αv) = Pk(z) + α

ℓ
∑

i=1

ai

n
∑

j=1

mi
jf

i
j

∫ T

0

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

, v(t)
)

dt+ o(α),
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P ′
k(z, v) =

ℓ
∑

i=1

ai

n
∑

j=1

mi
jf

i
j

∫ T

0

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

, v(t)
)

dt.

Ïðèõîäèì ê �îðìóëå

∇Pk =
ℓ

∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j .

Äëÿ òîãî ÷òîáû âåêòîð-�óíêöèÿ z∗ áûëà òî÷êîé ìèíèìóìà �óíêöèîíàëà

Pk, íåîáõîäèìî [3℄ âûïîëíåíèå ñîîòíîøåíèé

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j = 0n ∀ t ∈ [0, T ],

ℓ
∑

i=1

ai

n
∑

j=1

∂fj(x
∗, z∗, T )

∂z
mi

jf
i
j = 0n,

(11)

ãäå âòîðîå ðàâåíñòâî ïðåäñòàâëÿåò ñîáîé óñëîâèå òðàíñâåðñàëüíîñòè íà ïðà�

âîì êîíöå.

Çàìåòèì, ÷òî â ñëó÷àå n = ℓ = 1, a1 = 1, m1
1 = 1 ïåðâûé ñîìíîæèòåëü â

(11) ðàâåí 1, è ìû ïðèõîäèì ê íåîáõîäèìûì óñëîâèÿì ìèíèìóìà

∫ T

t

∂f1
∂x

dτ +
∂f1
∂z

= 0n ∀ t ∈ [0, T ], (12)

∂f1(x
∗, z∗, T )

∂z
= 0n. (13)

Äè��åðåíöèðóÿ (12) íà èíòåðâàëå [0, T ], ïîëó÷àåì óðàâíåíèå Ýéëåðà â äè��

�åðåíöèàëüíîé �îðìå äëÿ êëàññè÷åñêîé çàäà÷è âàðèàöèîííîãî èñ÷èñëåíèÿ.

Âûðàæåíèå (13) ïðåäñòàâëÿåò ñîáîé óñëîâèå òðàíñâåðñàëüíîñòè íà ïðàâîì

êîíöå.

3

◦
.Ìåòîä íàèñêîðåéøåãî ñïóñêà. Îïèøåì ìåòîä íàèñêîðåéøåãî ñïóñêà

äëÿ ïîèñêà ñòàöèîíàðíûõ òî÷åê �óíêöèîíàëà Pk.

Ôèêñèðóåì ïðîèçâîëüíîå z1 ∈ Cn[0, T ]. Ïóñòü óæå ïîñòðîåíî zp ∈ Cn[0, T ].
Åñëè âûïîëíåíî íåîáõîäèìîå óñëîâèå ìèíèìóìà (11), òî zp ÿâëÿåòñÿ ñòàöèî�

íàðíîé òî÷êîé �óíêöèîíàëà Pk, è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå

ïîëîæèì

zp+1 = zp + γpqp,

ãäå qp = q(zp) ïðåäñòàâëÿåò ñîáîé àíòèãðàäèåíò �óíêöèîíàëà Pk â òî÷êå zp,
êîòîðûé âû÷èñëÿåòñÿ ïî �îðìóëå

qp = −

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j ,
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à γp ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
γ>0

P (zp + γqp) = P (zp + γpqp). (14)

Ñîãëàñíî (14), Pk(zp+1) < Pk(zp). Åñëè ïîñëåäîâàòåëüíîñòü {zp} áåñêîíå÷íà, òî
ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ìåòîä íàèñêîðåéøåãî ñïóñêà

ñõîäèòñÿ â ñëåäóþùåì ñìûñëå [4℄:

||q(zp)|| =

√

∫ T

0

q2pdt → 0 ïðè p → ∞.

Åñëè ïîñëåäîâàòåëüíîñòü {zp} êîíå÷íà, òî ïîñëåäíÿÿ å¼ òî÷êà ÿâëÿåòñÿ ñòàöè�
îíàðíîé òî÷êîé �óíêöèîíàëà Pk ïî ïîñòðîåíèþ.

4

◦
. Çàäà÷à ñ îãðàíè÷åíèåì íà ïðàâîì êîíöå. Âåðí¼ìñÿ ê èñõîäíîé

ïîñòàíîâêå çàäà÷è. Ïóñòü ïîìèìî íà÷àëüíîãî óñëîâèÿ (2) çàäàíî îãðàíè÷åíèå

íà ïðàâîì êîíöå

x(T ) = xT . (15)

Òðåáóåòñÿ íàéòè âåêòîð-�óíêöèþ x∗
, óäîâëåòâîðÿþùóþ îãðàíè÷åíèÿì (2),

(15) êîòîðàÿ äîñòàâëÿåò ìèíèìóì ¾ïîëèíîìèàëüíîìó¿ �óíêöèîíàëó (1).

Ââåä¼ì �óíêöèþ

ϕ(z) =

n
∑

i=1

ϕi(z), (16)

ãäå

ϕi(z) =
∣

∣x0i +

∫ T

0

zi(t)dt− xT i

∣

∣.

Çäåñü x0i � i-ÿ êîìïîíåíòà âåêòîðà x0, à xT i � i-ÿ êîìïîíåíòà âåêòîðà xT ,

i = 1, n. Íåòðóäíî óáåäèòüñÿ, ÷òî ϕ(z) = 0, êîãäà (15) âûïîëíÿåòñÿ, è ϕ(z) > 0,
åñëè (15) íå èìååò ìåñòà.

Òåïåðü ìîæíî ñîñòàâèòü �óíêöèîíàë

Φ(z) = Pk(z) + λϕ(z). (17)

Çäåñü λ � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî. Íèæå áóäåò ïîêàçàíî,

÷òî ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ýòî òî÷íàÿ øòðà�íàÿ

�óíêöèÿ. Òîãäà çàäà÷ó ìèíèìèçàöèè (1) ïðè íàëè÷èè îãðàíè÷åíèé (2), (15)

ìîæíî ñâåñòè ê áåçóñëîâíîé ìèíèìèçàöèè �óíêöèîíàëà (17).
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5

◦
. Äè��åðåíöèàëüíûå ñâîéñòâà �óíêöèîíàëà ϕ(z). �àññìîòðèì

�óíêöèîíàë ϕ(z) ïîäðîáíåå. Îáîçíà÷èì

ϕi(z) = x0i +

∫ T

0

zi(t)dt− xT i, i = 1, n.

Ââåä¼ì èíäåêñíûå ìíîæåñòâà

I0 = {i = 1, n | ϕi(z) = 0},

I− = {i = 1, n | ϕi(z) < 0},

I+ = {i = 1, n | ϕi(z) > 0}.

Íèæå íàì òàêæå ïîòðåáóþòñÿ ìíîæåñòâà

Ω = {z ∈ Cn[0, T ] | ϕ(z) = 0},

Ωδ = {z ∈ Cn[0, T ] | ϕ(z) < δ},

Ωδ/Ω = {z ∈ Cn[0, T ] | 0 < ϕ(z) < δ}.

Ïóñòü ñíà÷àëà ϕ(z) = 0. Â ýòîì ñëó÷àå ϕ(z) ñóáäè��åðåíöèðóåìà, è å¼

ñóáäè��åðåíöèàë ñ ó÷¼òîì (16) èìååò âèä

∂ϕ(z) = o

{

n
∑

i=1

ωiei | ωi ∈ [−1, 1], i = 1, n
}

, (18)

ãäå ei � åäèíè÷íûé âåêòîð, â êîòîðîì åäèíèöà ñòîèò íà i-îì ìåñòå, i = 1, n.
Ïóñòü òåïåðü ϕ(z) > 0. Â ýòîì ñëó÷àå ϕ(z) òàêæå îêàçûâàåòñÿ ñóáäè��å�

ðåíöèðóåìîé, è å¼ ñóáäè��åðåíöèàë ñ ó÷¼òîì (16) âûðàæàåòñÿ ïî �îðìóëå

∂ϕ(z) = o

{

∑

i∈I0

ωiei +
n

∑

i=1

µiei | ωi ∈ [−1, 1], i ∈ I0,

µi = 0, åñëè i ∈ I0, µi = 1, åñëè i ∈ I+, µi = −1, åñëè i ∈ I−

}

.

Èñïîëüçóÿ òó æå òåõíèêó, ÷òî è â [5℄, ìîæíî ïîêàçàòü, ÷òî èìååò ìåñòî

ÒÅÎ�ÅÌÀ 1. Ïóñòü inf
z∈Ω

Pk(z) = Pk(z
∗) > −∞ è íàéä¼òñÿ òàêîå ïîëîæè�

òåëüíîå ÷èñëî λ0 < ∞, ÷òî ∀λ > λ0 ñóùåñòâóåò z(λ) ∈ Ω, äëÿ êîòîðî�

ãî Φλ(z(λ)) = inf
z∈Ω

Φλ(z). Ïóñòü òàêæå �óíêöèîíàë Pk(z) ÿâëÿåòñÿ ëîêàëü�

íî ëèïøèöåâûì íà ìíîæåñòâå Ωδ/Ω. Òîãäà �óíêöèîíàë (17) áóäåò òî÷íîé

øòðà�íîé �óíêöèåé.
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Òåïåðü ìîæíî ñ�îðìóëèðîâàòü íåîáõîäèìûå óñëîâèÿ ìèíèìóìà ¾ïîëèíî�

ìèàëüíîãî¿ �óíêöèîíàëà.

ÒÅÎ�ÅÌÀ 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Äëÿ òîãî, ÷òîáû òî÷�

êà x∗(t) = x0+
∫ t

0
z∗(τ)dτ óäîâëåòâîðÿëà îãðàíè÷åíèÿì (2), (15) è äîñòàâëÿëà

ìèíèìóì �óíêöèîíàëó (1), íåîáõîäèìî, ÷òîáû äëÿ âñåõ t èç ïðîìåæóòêà

[0, T ] âûïîëíÿëîñü âêëþ÷åíèå

0n ∈

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j + λ co

{

n
∑

i=1

ωiei | ωi ∈ [−1, 1], i = 1, n
}

.

(19)

Äîê à ç à ò å ë ü ñ ò â î. Ïî òåîðåìå 1 �óíêöèîíàë (17) � òî÷íàÿ øòðà�íàÿ

�óíêöèÿ, ïîýòîìó ñóùåñòâóåò òàêîå ÷èñëî λ∗
, ÷òî äëÿ âñåõ λ > λ∗

çàäà÷à ìè�

íèìèçàöèè �óíêöèîíàëà (1) ïðè íàëè÷èè îãðàíè÷åíèé (2), (15) ýêâèâàëåíòíà

çàäà÷å áåçóñëîâíîé ìèíèìèçàöèè (17). Äëÿ òîãî, ÷òîáû x∗
áûëà òî÷êîé ìèíè�

ìóìà (19), íåîáõîäèìî [3℄ âûïîëíåíèå ñîîòíîøåíèÿ

0n ∈ ∂Φ(x∗). (20)

Ïîñêîëüêó ïðè z ∈ Ω ñóáäè��åðåíöèàë �óíêöèè ϕ(z) âûðàæàåòñÿ ñîîòíî�

øåíèåì (18), à �óíêöèîíàë Pk(z) äè��åðåíöèðóåì ïî �àòî è åãî ãðàäèåíò

âûïèñàí â (11), òî óñëîâèå (20) çàïèøåòñÿ â âèäå

0n ∈
ℓ

∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j + λ co

{

n
∑

i=1

ωiei | ωi ∈ [−1, 1], i = 1, n
}

,

è âêëþ÷åíèå (19) äîêàçàíî.

6

◦
.Ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà. Íàéä¼ì ãèïîäè��åðåíöè�

àë �óíêöèîíàëà Φ(z). Äëÿ ãèïîäè��åðåíöèàëà �óíêöèîíàëîâ ϕi(z), i = 1, n,
èìååì âûðàæåíèå [6℄

dϕi(z) = o{[ϕi(z)− ϕi(z), ei], [−ϕi(z)− ϕi(z),−ei]}.

Òîãäà ãèïîäè��åðåíöèàë �óíêöèîíàëà Φ(z) âûðàæàåòñÿ ïî �îðìóëå

dΦ(z) =
[

0,

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j

]

+ λ

n
∑

i=1

dϕi(z).

Èçâåñòíî, ÷òî íåîáõîäèìûì óñëîâèåì ìèíèìóìà �óíêöèîíàëà (17) â òî÷êå x∗

â òåðìèíàõ ãèïîäè��åðåíöèàëà ÿâëÿåòñÿ óñëîâèå [6℄

[0, 0n] ∈ dΦ(x∗). (21)
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Ïåðåõîä îò ñóáäè��åðåíöèàëà ê ãèïîäè��åðåíöèàëó îáóñëîâëåí òåì �àê�

òîì, ÷òî ãèïîäè��åðåíöèàëüíîå îòîáðàæåíèå, â îòëè÷èå îò ñóáäè��åðåíöè�

àëüíîãî, ÿâëÿåòñÿ íåïðåðûâíûì â ìåòðèêå Õàóñäîð�à [6℄, ÷òî ïîçâîëèò ãà�

ðàíòèðîâàòü ñõîäèìîñòü â íåêîòîðîì ñìûñëå ðàññìàòðèâàåìîãî ÷èñëåííîãî

ìåòîäà.

Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ãèïîãðàäèåíò u ∈ dΦ(z), òî åñòü ðåøèì

çàäà÷ó

min
u∈dΦ(z)

||u||2 = min
βk∈[0,1]
k=1,n

||u(β1, . . . , βn)||
2, (22)

ãäå

u(β1, . . . , βn) =
[

0,
ℓ

∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j

]

+ λ
(

β1[ϕ1 − ϕ1, e1]+

+(1− β1)[−ϕ1 − ϕ1,−e1] + · · ·+ βn[ϕn − ϕn, en] + (1− βn)[−ϕn − ϕn,−en]
)

=

= [λ(2β1 − 1)ϕ1 + · · ·+ λ(2βn − 1)ϕn − λϕ,
ℓ

∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j+

+λ(2β1 − 1)e1 + · · ·+ λ(2βn − 1)en] =

=
[

λ

n
∑

i=1

(2βi − 1)ϕi − λϕ,

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j + λ

n
∑

i=1

(2βi − 1)ei
]

.

Òàêèì îáðàçîì, çàäà÷ó (22) ìîæíî ïåðåïèñàòü â âèäå

min
βk∈[0,1]
k=1,n

{

(

λ
n

∑

i=1

(2βi − 1)ϕi − λϕ
)2
+

+

∫ T

0

[

ℓ
∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j + λ

n
∑

i=1

(2βi − 1)ei

]2

dt
}

. (23)

Çàäà÷à (23) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ ïðè

íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé [7℄. Îáîçíà÷èì å¼ ðåøåíèå (β∗
1 , . . . , β

∗
n).

Âåêòîð-�óíêöèÿ

q∗(z) =
ℓ

∑

i=1

ai

n
∑

j=1

(

∫ T

t

∂fj
∂x

dτ +
∂fj
∂z

)

mi
jf

i
j + λ

n
∑

i=1

(2β∗
i − 1)ei (24)

ñîñòîèò èç ïîñëåäíèõ n êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðàäèåíòà �óíê�
öèîíàëà Φ(z). Åñëè ||q∗(z)|| > 0 (â ýòîì ñëó÷àå z íå ÿâëÿåòñÿ ñòàöèîíàðíîé
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òî÷êîé �óíêöèîíàëà Φ), òî − q∗(z)
||q∗(z)||

ïðåäñòàâëÿåò ñîáîé íàïðàâëåíèå ñïóñêà

�óíêöèîíàëà Φ â òî÷êå z.

Ïåðåéä¼ì ê îïèñàíèþ ìåòîäà ãèïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ íà�

õîæäåíèÿ ñòàöèîíàðíûõ òî÷åê �óíêöèîíàëà Φ(z). Âûáåðåì ïðîèçâîëüíîå

z1 ∈ Cn[0, T ]. Ïóñòü óæå íàéäåíî zp ∈ Cn[0, T ]. Åñëè ϕ(zp) = 0 è âûïîëíåíî

íåîáõîäèìîå óñëîâèå ìèíèìóìà (19) èëè (21), òî òî÷êà zp ÿâëÿåòñÿ ñòàöèîíàð�
íîé, è ïðîöåññ ïðåêðàùàåòñÿ. Åñëè æå óñëîâèå ϕ(zp) = 0 íå âûïîëíåíî èëè

ϕ(zp) = 0, íî íå âûïîëíåíî íåîáõîäèìîå óñëîâèå ìèíèìóìà (19) èëè (21), òî

ïîëîæèì

zp+1 = zp + γpq
∗
p,

ãäå q∗p = q∗(zp) îïðåäåëÿåòñÿ �îðìóëîé (24), à γp ÿâëÿåòñÿ ðåøåíèåì ñëåäóþ�

ùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
γ>0

Φ(zp + γq∗p) = Φ(zp + γpq
∗
p). (25)

Ñîãëàñíî (25), Φ(zp+1) < Φ(zp). Åñëè ïîñëåäîâàòåëüíîñòü {zp} êîíå÷íà, òî

ïîñëåäíÿÿ å¼ òî÷êà ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé �óíêöèîíàëà Φ ïî ïîñòðî�

åíèþ.
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