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Àííîòàöèÿ. Â äîêëàäå ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëå�

íèÿ â êëàññè÷åñêîé ïîñòàíîâêå. Ñ ïîìîùüþ òåîðèè òî÷íûõ øòðà�íûõ �óíê�

öèé èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê çàäà÷å áåçóñëîâíîé ìèíèìèçàöèè íåêîòîðîãî

íåãëàäêîãî �óíêöèîíàëà. Äëÿ íåãî íàéäåíû íåîáõîäèìûå óñëîâèÿ ìèíèìóìà

â òåðìèíàõ ñóáäè��åðåíöèàëà è ãèïîäè��åðåíöèàëà. Âûäåëåí êëàññ çàäà÷,

äëÿ êîòîðûõ ýòè óñëîâèÿ îêàçûâàþòñÿ è äîñòàòî÷íûìè. Äëÿ ðåøåíèÿ ðàññìàò�

ðèâàåìîé çàäà÷è ïðèìåíÿþòñÿ ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà è ìåòîä

ãèïîäè��åðåíöèàëüíîãî ñïóñêà. Àíàëèçèðóåòñÿ ñõîäèìîñòü ýòèõ ìåòîäîâ.

1

◦
. Ïîñòàíîâêà çàäà÷è. �àññìîòðèì ñèñòåìó îáûêíîâåííûõ äè��åðåí�

öèàëüíûõ óðàâíåíèé â íîðìàëüíîé �îðìå

ẋ(t) = f(x, u, t), t ∈ [0, T ]. (1)

Òðåáóåòñÿ ïîäîáðàòü óïðàâëåíèå u∗ ∈ Pm[0, T ], óäîâëåòâîðÿþùåå èíòåãðàëü�
íîìó îãðàíè÷åíèþ

∫ T

0

(

u(t), u(t)
)

dt 6 1, (2)

êîòîðîå ïåðåâîäèò ñèñòåìó (1) èç çàäàííîãî íà÷àëüíîãî ïîëîæåíèÿ

x(0) = x0 (3)

â çàäàííîå êîíå÷íîå ñîñòîÿíèå

x(T ) = xT (4)

è äîñòàâëÿåò ìèíèìóì �óíêöèîíàëó

I(x, ẋ, u) =

∫ T

0

f0(x, ẋ, u, t)dt. (5)

∗
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Ñ÷èòàåì, ÷òî îïòèìàëüíîå óïðàâëåíèå u∗ ñóùåñòâóåò. Â ñèñòåìå (1) âåëè�

÷èíà T > 0 � çàäàííûé ìîìåíò âðåìåíè, f(x, u, t) � âåùåñòâåííàÿ n-ìåðíàÿ
âåêòîð-�óíêöèÿ, x(t) � n-ìåðíàÿ âåêòîð-�óíêöèÿ �àçîâûõ êîîðäèíàò, êîòî�

ðóþ áóäåì ñ÷èòàòü íåïðåðûâíîé ñ êóñî÷íî íåïðåðûâíûì íà èíòåðâàëå [0, T ]
ãðàäèåíòîì, u(t) � m-ìåðíàÿ âåêòîð-�óíêöèÿ óïðàâëåíèé, êîòîðóþ ñ÷èòàåì

êóñî÷íî íåïðåðûâíîé íà ïðîìåæóòêå [0, T ]. Ïðåäïîëàãàåì f(x, u, t) íåïðåðûâ�
íî äè��åðåíöèðóåìîé ïî x è u è íåïðåðûâíîé ïî âñåì òð¼ì àðãóìåíòàì.

Åñëè t0 ∈ [0, T ) � òî÷êà ðàçðûâà âåêòîð-�óíêöèè u(t), òî äëÿ îïðåäåë¼í�

íîñòè ïîëàãàåì

u(t0) = lim
t↓t0

u(t). (6)

Â òî÷êå T ñ÷èòàåì, ÷òî

u(T ) = lim
t↑T

u(t). (7)

Ïðè ýòîì ẋ(t0) � ïðàâîñòîðîííèé ãðàäèåíò âåêòîð-�óíêöèè x â òî÷êå t0,
ẋ(T ) � ëåâîñòîðîííèé ãðàäèåíò âåêòîð-�óíêöèè x â òî÷êå T .

Â �óíêöèîíàëå (5) f0(x, ẋ, u, t) � âåùåñòâåííàÿ ñêàëÿðíàÿ �óíêöèÿ, êîòî�

ðóþ áóäåì ñ÷èòàòü íåïðåðûâíîé ïî âñåì ÷åòûð¼ì àðãóìåíòàì è íåïðåðûâíî

äè��åðåíöèðóåìîé ïî x, ẋ è u.

2

◦
. Ñâåäåíèå ê âàðèàöèîííîé çàäà÷å. Ïîëîæèì z(t) = ẋ(t), òîãäà

z ∈ Pn[0, T ]. Ñ ó÷¼òîì (3) èìååì x(t) = x0 +

∫ t

0

z(τ)dτ . Îòíîñèòåëüíî âåêòîð�

�óíêöèè z(t) ñäåëàåì ïðåäïîëîæåíèå, àíàëîãè÷íîå (6)�(7). Èìååì

f(x, u, t) = f(x0 +

∫ t

0

z(τ)dτ, u, t) = f(z, u, t),

f0(x, ẋ, u, t) = f(x0 +

∫ t

0

z(τ)dτ, z, u, t) = f0(z, u, t).

Ââåä¼ì â ðàññìîòðåíèå �óíêöèîíàë

Fλ(z, u) = I(z, u) + λ
[

ϕ(z, u) +

n
∑

i=1

ψi(z) + max{0,
∫ T

0

(

u(t), u(t)
)

dt− 1}
]

, (8)

ãäå

ϕ(z, u) =

√

∫ T

0

(

z(t)− f
(

z, u, t
)

, z(t)− f
(

z, u, t
))

dt,

ψi(z) =
∣

∣ψi(z)
∣

∣, ψi(z) = x0i +

∫ T

0

zi(t)dt− xT i, i ∈ 1 : n,

à x0i � i-ÿ êîìïîíåíòà âåêòîðà x0, xT i � i-ÿ êîìïîíåíòà âåêòîðà xT , i ∈ 1 : n,
λ > 0 � íåêîòîðàÿ êîíñòàíòà.
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Îáîçíà÷èì

Φ(z, u) = ϕ(z, u) +

n
∑

i=1

ψi(z) + max{0,
∫ T

0

(

u(t), u(t)
)

dt− 1}. (9)

Íåòðóäíî âèäåòü, ÷òî �óíêöèîíàë (9) íåîòðèöàòåëåí äëÿ âñåõ z ∈ Pn[0, T ]
è äëÿ âñåõ u ∈ Pm[0, T ] è îáðàùàåòñÿ â íîëü â òî÷êå [z, u] ∈ Pn[0, T ]× Pm[0, T ]
òîãäà è òîëüêî òîãäà, êîãäà âåêòîð-�óíêöèÿ u(t) óäîâëåòâîðÿåò îãðàíè÷å�

íèþ (2), à âåêòîð-�óíêöèÿ x(t) = x0 +

∫ t

0

z(τ)dτ óäîâëåòâîðÿåò ñèñòåìå (1)

ïðè u(t) = u(t) è îãðàíè÷åíèÿì (3)�(4).

Ââåä¼ì ìíîæåñòâà

Ω =
{

[z, u] ∈ Pn[0, T ]× Pm[0, T ]
∣

∣ Φ(z, u) = 0
}

,

Ωδ =
{

[z, u] ∈ Pn[0, T ]× Pm[0, T ]
∣

∣ Φ(z, u) < δ
}

,

ãäå δ > 0 � íåêîòîðîå ÷èñëî. Òîãäà

Ωδ \ Ω =
{

[z, u] ∈ Pn[0, T ]× Pm[0, T ]
∣

∣ 0 < Φ(z, u) < δ
}

.

Èñïîëüçóÿ òó æå òåõíèêó, ÷òî è â [1, 2℄, ìîæíî ïîêàçàòü, ÷òî èìååò ìåñòî

ñëåäóþùåå óòâåðæäåíèå.

ÒÅÎ�ÅÌÀ 1. Ïóñòü íàéä¼òñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî λ0 < ∞, ÷òî

äëÿ âñåõ λ > λ0 ñóùåñòâóåò òî÷êà [z(λ), u(λ)] ∈ Pn[0, T ]×Pm[0, T ], äëÿ êîòî�

ðîé Fλ

(

z(λ), u(λ)
)

= inf
[z,u]

Fλ(z, u). Ïóñòü òàêæå �óíêöèîíàë I(z, u) ÿâëÿåòñÿ

ëîêàëüíî ëèïøèöåâûì íà ìíîæåñòâå Ωδ \ Ω. Òîãäà �óíêöèîíàë (8) áóäåò

òî÷íîé øòðà�íîé �óíêöèåé.

Òàêèì îáðàçîì, ïðè ñäåëàííûõ â òåîðåìå 1 ïðåäïîëîæåíèÿõ ñóùåñòâóåò

òàêîå ÷èñëî 0 < λ∗ < ∞, ÷òî äëÿ âñåõ λ > λ∗ èñõîäíàÿ çàäà÷à ìèíèìèçàöèè

�óíêöèîíàëà (5) íà ìíîæåñòâå Ω ýêâèâàëåíòíà çàäà÷å ìèíèìèçàöèè �óíêöè�

îíàëà (8) íà âñ¼ì ïðîñòðàíñòâå. Äàëåå áóäåì ñ÷èòàòü, ÷òî â �óíêöèîíàëå (8)

÷èñëî λ �èêñèðîâàíî è âûïîëíåíî óñëîâèå λ > λ∗.

3

◦
. Íåîáõîäèìûå óñëîâèÿ ìèíèìóìà. Ââåä¼ì ìíîæåñòâà

Ω1 =
{

z ∈ Pn[0, T ]
∣

∣ x0 +

∫ T

0

z(t)dt = xT
}

,

Ω2 =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt 6 1
}

,

Ω3 =
{

[z, u] ∈ Pn[0, T ]× Pm[0, T ]
∣

∣ ϕ(z, u) = 0
}

.
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Íèæå íàì òàêæå ïîòðåáóþòñÿ èíäåêñíûå ìíîæåñòâà

I0 = {i ∈ 1 : n | ψi(z) = 0},

I− = {i ∈ 1 : n | ψi(z) < 0},
I+ = {i ∈ 1 : n | ψi(z) > 0}

è ñëåäóþùèå ìíîæåñòâà óïðàâëåíèé

U0 =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− 1 = 0
}

,

U− =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− 1 < 0
}

,

U+ =
{

u ∈ Pm[0, T ]
∣

∣

∫ T

0

(

u(t), u(t)
)

dt− 1 > 0
}

.

Ïóñòü ¾

′
¿ îçíà÷àåò òðàíñïîíèðîâàíèå, ei, i ∈ 1 : n, � êàíîíè÷åñêèé áàçèñ â

R
n
, || · || � íîðìà â L2[0, T ]. Äàëåå èíîãäà áóäåì ïèñàòü f âìåñòî f(z, u, t) è f0

âìåñòî f0(z, u, t). Èñïîëüçóÿ òó æå òåõíèêó, ÷òî è â [1, 3℄ íåòðóäíî óáåäèòüñÿ

â ñïðàâåäëèâîñòè ñëåäóþùèõ äâóõ òåîðåì.

ÒÅÎ�ÅÌÀ 2. Ïðè [z, u] /∈ Ω3 �óíêöèîíàë Fλ(z, u) ñóáäè��åðåíöèðóåì, è åãî

ñóáäè��åðåíöèàë â òî÷êå [z, u] ïðèíèìàåò âèä

∂Fλ(z, u) =
{[

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

w(t)−
∫ T

t

(∂f

∂x

)′

w(τ)dτ +
∑

i∈I0

ωiei +
n

∑

j=1

µjej
]

,

∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

w(t) + 2νu(t)
]

]
∣

∣

∣
ωi ∈ [−1, 1], i ∈ I0,

µj = 0, j ∈ I0, µj = 1, j ∈ I+, µj = −1, j ∈ I−,

ν ∈ [0, 1], u ∈ U0, ν = 1, u ∈ U+, ν = 0, u ∈ U−,

w(t) =
z(t)− f(z, u, t)

ϕ(z, u)

}

.(10)

ÒÅÎ�ÅÌÀ 3. Ïðè [z, u] ∈ Ω3 �óíêöèîíàë Fλ(z, u) ñóáäè��åðåíöèðóåì, è åãî

ñóáäè��åðåíöèàë â òî÷êå [z, u] ïðèíèìàåò âèä

∂Fλ(z, u) =
{[

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ +
∑

i∈I0

ωiei +

n
∑

j=1

µjej
]

,

∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + 2νu(t)
]

]
∣

∣

∣
v ∈ Pn[0, T ], ||v|| 6 1

}

,(11)

ãäå ωi ∈ [−1, 1], i ∈ I0, µj, j ∈ 1 : n, ν îïðåäåëåíû â (10).
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ÑËÅÄÑÒÂÈÅ 1. Åñëè [z, u] ∈ Ω3, z ∈ Ω1, u ∈ Ω2, òî �óíêöèîíàë Fλ(z, u)
ñóáäè��åðåíöèðóåì, è åãî ñóáäè��åðåíöèàë â òî÷êå [z, u] ïðèíèìàåò âèä

∂Fλ(z, u) =
{[

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ +
∑

i∈I0

ωiei
]

,

∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + 2νu(t)
]

]
∣

∣

∣
ωi ∈ [−1, 1], i ∈ 1 : n,

ν ∈ [0, 1], u ∈ U0, ν = 0, u ∈ U−, v ∈ Pn[0, T ], ||v|| 6 1
}

. (12)

ËÅÌÌÀ 1. Åñëè ñèñòåìà (1) ëèíåéíà ïî �àçîâûì ïåðåìåííûì x è ïî óïðàâ�

ëåíèþ u, à �óíêöèîíàë I(z, u) âûïóêëûé, òî �óíêöèîíàë Fλ(z, u) ÿâëÿåòñÿ

âûïóêëûì.

Äîêà ç à ò å ë ü ñ ò â î. Ïðåäñòàâèì �óíêöèîíàë (8) â âèäå

Fλ(z, u) = I(z, u) + λϕ(z, u) + λF1(z) + λF2(u),

ãäå I(z, u), F1(z), F2(u) � ñîîòâåòñòâóþùèå ñëàãàåìûå èç ïðàâîé ÷àñòè (8).

Ôóíêöèîíàëû F1(z) è F2(u) âûïóêëû êàê ìàêñèìóìû âûïóêëûõ �óíêöèîíà�

ëîâ. Ôóíêöèîíàë I(z, u) âûïóêëûé ïî óñëîâèþ. Ïîêàæåì âûïóêëîñòü �óíê�

öèîíàëà ϕ(z, u) â ñëó÷àå ëèíåéíîñòè ñèñòåìû (1).

Ïóñòü ñèñòåìà (1) èìååò âèä

ẋ = A(t)x+ B(t)u+ c(t),

ãäå A(t) � n × n-ìàòðèöà, B(t) � n × m-ìàòðèöà, c(t) � n-ìåðíàÿ âåêòîð�

�óíêöèÿ. Ñ÷èòàåì A(t), B(t), c(t) âåùåñòâåííûìè è íåïðåðûâíûìè íà [0, T ].
Ïóñòü z1, z2 ∈ Pn[0, T ], u1, u2 ∈ Pm[0, T ], α ∈ (0, 1). Ââåä¼ì îáîçíà÷åíèå

ϕ(z, u, t) = z(t)− f(z, u, t). Èìååì

ϕ2
(

α(z1, u1) + (1− α)(z2, u2)
)

=
∣

∣

∣

∣αz1(t) + (1− α)z2(t)−

−A(t)
[

x0 +

∫ t

0

(

αz1(τ) + (1− α)z2(τ)
)

dτ
]

−B(t)
[

αu1(t) + (1− α)u2(t)
]

− c(t)
∣

∣

∣

∣

2
=

=
∣

∣

∣

∣αϕ(z1, u1) + (1− α)ϕ(z2, u2)
∣

∣

∣

∣

2
= α2

∫ T

0

(

ϕ(z1, u1, t), ϕ(z1, u1, t)
)

dt+

+2α(1− α)

∫ T

0

(

ϕ(z1, u1, t), ϕ(z2, u2, t)
)

dt+

+(1− α)2
∫ T

0

(

ϕ(z2, u2, t), ϕ(z2, u2, t)
)

dt, (13)

à òàêæå
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(

αϕ(z1, u1) + (1− α)ϕ(z2, u2)
)2

= α2

∫ T

0

(

ϕ(z1, u1, t), ϕ(z1, u1, t)
)

dt+

+2α(1− α)

√

∫ T

0

(

ϕ(z1, u1, t), ϕ(z1, u1, t)
)

dt

∫ T

0

(

ϕ(z2, u2, t), ϕ(z2, u2, t)
)

dt+

+ (1− α)2
∫ T

0

(

ϕ(z2, u2, t), ϕ(z2, u2, t)
)

dt. (14)

Â ñèëó íåðàâåíñòâà �¼ëüäåðà äëÿ âñåõ z1, z2, u1, u2 ñïðàâåäëèâî
∫ T

0

(

ϕ(z1, u1, t), ϕ(z2, u2, t)
)

dt 6

6

√

∫ T

0

(

ϕ(z1, u1, t), ϕ(z1, u1, t)
)

dt

√

∫ T

0

(

ϕ(z2, u2, t), ϕ(z2, u2, t)
)

dt,

ïîýòîìó èç (13) è (14) ïîëó÷àåì, ÷òî

ϕ2
(

α(z1, u1) + (1− α)(z2, u2)
)

6
(

αϕ(z1, u1) + (1− α)ϕ(z2, u2)
)2
. (15)

Òàê êàê ϕ
(

α(z1, u1) + (1 − α)(z2, u2)
)

> 0, αϕ(z1, u1) + (1 − α)ϕ(z2, u2) > 0, òî
èç íåðàâåíñòâà (15) äëÿ âñåõ z1, z2, u1, u2 è α ∈ (0, 1) ñëåäóåò

ϕ
(

α(z1, u1) + (1− α)(z2, u2)
)

6 αϕ(z1, u1) + (1− α)ϕ(z2, u2),

÷òî è äîêàçûâàåò âûïóêëîñòü �óíêöèîíàëà ϕ(z, u) â ñëó÷àå ëèíåéíîñòè èñõîä�
íîé ñèñòåìû.

Òåïåðü îñòà¼òñÿ çàìåòèòü, ÷òî �óíêöèîíàë Fλ(z, u) ÿâëÿåòñÿ âûïóêëûì (â

ñëó÷àå ëèíåéíîñòè èñõîäíîé ñèñòåìû) êàê ñóììà âûïóêëûõ �óíêöèîíàëîâ.

Ëåììà 1 äîêàçàíà.

Èçâåñòíî, ÷òî íåîáõîäèìûì, à â ñëó÷àå âûïóêëîñòè è äîñòàòî÷íûì óñëîâè�

åì ìèíèìóìà �óíêöèîíàëà (8) â òî÷êå [z∗, u∗] â òåðìèíàõ ñóáäè��åðåíöèàëà
ÿâëÿåòñÿ âêëþ÷åíèå

0n+m ∈ ∂Fλ(z
∗, u∗),

ãäå 0n+m � íóëåâîé ýëåìåíò ïðîñòðàíñòâà Pn[0, T ]×Pm[0, T ]. Îòñþäà ñ ó÷¼òîì
ëåììû 1 çàêëþ÷àåì, ÷òî ñïðàâåäëèâà

ÒÅÎ�ÅÌÀ 4. Äëÿ òîãî ÷òîáû óïðàâëåíèå u∗ ∈ Ω2 ïåðåâîäèëî ñèñòåìó (1)

èç íà÷àëüíîãî ïîëîæåíèÿ (3) â êîíå÷íîå ñîñòîÿíèå (4) è äîñòàâëÿëî ìèíè�

ìóì �óíêöèîíàëó (5), íåîáõîäèìî, à â ñëó÷àå ëèíåéíîñòè ñèñòåìû (1) è

âûïóêëîñòè �óíêöèîíàëà (5) è äîñòàòî÷íî, ÷òîáû

0n+m ∈ ∂Fλ(z
∗, u∗), (16)

ãäå âûðàæåíèå äëÿ ñóáäè��åðåíöèàëà ∂Fλ(z, u) èìååò âèä (12).
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4

◦
. Ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà. Íàéä¼ì ìèíèìàëüíûé ïî

íîðìå ñóáãðàäèåíò h = h(t, z, u) ∈ ∂Fλ(z, u) â òî÷êå [z, u]. Äëÿ ýòîãî ðåøèì

çàäà÷ó ||h||2 −→ min
h∈∂Fλ(z,u)

.

Çà�èêñèðóåì òî÷êó [z, u] è ðàññìîòðèì äâà ñëó÷àÿ.

À. Ïóñòü ϕ(z, u) > 0. Â ýòîì ñëó÷àå

min
h∈∂Fλ(z,u)

||h||2 =

= min
ωi, i∈I0, ν

[

∫ T

0

(

s1(t) + λ
∑

i∈I0

ωiei
)2
dt+

∫ T

0

(

s2(t) + 2λνu(t)
)2
dt
]

, (17)

ãäå

s1(t) = s1(t) + λ
n

∑

j=1

µjej,

s1(t) =

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

w(t)−
∫ T

t

(∂f

∂x

)′

w(τ)dτ
]

,

s2(t) =
∂f0
∂u

− λ
(∂f

∂u

)′

w(t),

à âåëè÷èíû ωi, i ∈ I0, µj, j ∈ 1 : n, ν è âåêòîð-�óíêöèÿ w(t) îïðåäåëåíû â

(10).

Çàäà÷à (17) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé è ìîæåò áûòü ðåøåíà îäíèì èç èçâåñòíûõ

ìåòîäîâ [4℄. Îáîçíà÷èì ω∗
i , i ∈ I0, ν

∗
å¼ ðåøåíèå. Òîãäà âåêòîð-�óíêöèÿ

G(t, z, u) := h∗ =
[

s1(t) + λ
∑

i∈I0

ω∗
i ei, s2(t) + 2λν∗u(t)

]

(18)

ÿâëÿåòñÿ íàèìåíüøèì ïî íîðìå ñóáãðàäèåíòîì �óíêöèîíàëà Fλ â òî÷êå [z, u]
(ïðè ϕ(z, u) > 0). Åñëè ||G|| > 0, òî âåêòîð-�óíêöèÿ −G(t, z, u)/||G|| ÿâëÿåòñÿ
íàïðàâëåíèåì ñóáãðàäèåíòíîãî ñïóñêà �óíêöèîíàëà Fλ â òî÷êå [z, u].

Á. Ïóñòü ϕ(z, u) = 0. Â ýòîì ñëó÷àå

min
h∈∂Fλ(z,u)

||h||2 := min
[

||h1||2 + ||h2||2
]

=

= min
ωi, i∈I0, ν, v

[

∫ T

0

{

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+

+λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ +
∑

i∈I0

ωiei +

n
∑

j=1

µjej
]

}2

dt+

+

∫ T

0

{∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + 2νu(t)
]

}2

dt
]

, (19)
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ãäå h1 = h1(t, z, u), h2 = h2(t, z, u), à âåëè÷èíû ωi, i ∈ I0, µj, j ∈ 1 : n, ν è

âåêòîð-�óíêöèÿ v(t) îïðåäåëåíû â (11).

Ñîñòàâèì �óíêöèîíàë

Hµ(v, ω, ν) =

= ||h||2 + µ
[

max{0, ||v||2 − 1}+max{0, ν2 − 1}+
∑

i∈I0

max{0, ω2
i − 1}

]

, (20)

ãäå ν = 2ν − 1, à âåêòîð ω ∈ R
|I0|

ñîñòîèò èç êîìïîíåíò ωi, i ∈ I0.
Îáîçíà÷èì

Ψ(v, ω, ν) = µ
[

max{0, ||v||2 − 1}+max{0, ν2 − 1}+
∑

i∈I0

max{0, ω2
i − 1}

]

.

Ââåä¼ì ìíîæåñòâà

Ω =
{

[v, ω, ν] ∈ Pn[0, T ]× R
|I0| × R

∣

∣ Ψ(v, ω, ν) = 0
}

,

Ωδ =
{

[v, ω, ν] ∈ Pn[0, T ]× R
|I0| × R

∣

∣ Ψ(v, ω, ν) < δ
}

.

Òîãäà

Ωδ \ Ω =
{

[v, ω, ν] ∈ Pn[0, T ]× R
|I0| × R

∣

∣ 0 < Ψ(v, ω, ν) < δ
}

.

Òàêæå ââåä¼ì ñëåäóþùèå ìíîæåñòâà

V0 =
{

v ∈ Pn[0, T ]
∣

∣

∫ T

0

(

v(t), v(t)
)

dt− 1 = 0
}

,

V− =
{

v ∈ Pn[0, T ]
∣

∣

∫ T

0

(

v(t), v(t)
)

dt− 1 < 0
}

,

V+ =
{

v ∈ Pn[0, T ]
∣

∣

∫ T

0

(

v(t), v(t)
)

dt− 1 > 0
}

,

N0 =
{

ν ∈ R | ν2 − 1 = 0
}

,

N− =
{

ν ∈ R | ν2 − 1 < 0
}

,

N+ =
{

ν ∈ R | ν2 − 1 > 0
}

,

Wi0 =
{

ωi ∈ R | ω2
i − 1 = 0

}

,

Wi− =
{

ωi ∈ R | ω2
i − 1 < 0

}

,

Wi+ =
{

ωi ∈ R | ω2
i − 1 > 0

}

,

ãäå i ∈ I0.
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ËÅÌÌÀ 2. Ïóñòü íàéä¼òñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî µ0 < ∞, ÷òî

äëÿ ëþáîãî µ > µ0 ñóùåñòâóåò òî÷êà [v(µ), ω(µ), ν(µ)] ∈ Pn[0, T ]× R
|I0| × R,

äëÿ êîòîðîé Hµ

(

v(µ), ω(µ), ν(µ)
)

= inf
[v,ω,ν]

Hµ(v, ω, ν). Ïóñòü òàêæå �óíêöèî�

íàë h(v, ω, ν) ÿâëÿåòñÿ ëîêàëüíî ëèïøèöåâûì íà ìíîæåñòâå Ωδ \ Ω. Òîãäà
�óíêöèîíàë (20) áóäåò òî÷íîé øòðà�íîé �óíêöèåé.

Òàêèì îáðàçîì, ïðè ñäåëàííûõ â ëåììå 2 ïðåäïîëîæåíèÿõ ñóùåñòâóåò òà�

êîå ÷èñëî 0 < µ∗ < ∞, ÷òî ïðè âñåõ µ > µ∗ çàäà÷à (19) ýêâèâàëåíòíà çàäà÷å

ìèíèìèçàöèè �óíêöèîíàëà (20) íà âñ¼ì ïðîñòðàíñòâå. Äàëåå áóäåì ñ÷èòàòü,

÷òî â �óíêöèîíàëå (20) ÷èñëî µ �èêñèðîâàíî è âûïîëíåíî óñëîâèå µ > µ∗
.

ËÅÌÌÀ 3. Ôóíêöèîíàë (20) ñóáäè��åðåíöèðóåì, è åãî ñóáäè��åðåíöèàë â

òî÷êå [v, ω, ν] ïðèíèìàåò âèä

∂Hµ(v, ω, ν) =
{

[

hv + 2µξv(t), hω1
+ 2µζ1ω1, . . . , hω|I0|

+ 2µζ|I0|ω|I0|,

hν + 2µζ0ν
]
∣

∣ ξ ∈ [0, 1], v ∈ V0, ξ = 1, v ∈ V+, ξ = 0, v ∈ V−,

ζ0 ∈ [0, 1], ν ∈ N0, ζ0 = 1, ν ∈ N+, ζ0 = 0, ν ∈ N−,

ζi ∈ [0, 1], ωi ∈ Wi0, ζi = 1, ωi ∈ Wi+, ζi = 0, ωi ∈ Wi−, i ∈ I0

}

. (21)

Âû÷èñëèì ñëåäóþùèå âåêòîð-�óíêöèè, âõîäÿùèå â �îðìóëó (21),

hv = h1v + h2v,

ãäå

h1v = 2λ
[

λv(t)−λ
∫ T

t

(∂f

∂x

)′

v(τ)dτ−λ∂f
∂x

∫ t

0

v(τ)dτ+λ
∂f

∂x

∫ t

0

∫ T

τ

(∂f

∂x

)′

v(ξ)dξdτ+

+

∫ T

t

∂f0
∂x

dτ+
∂f0
∂z

+λ
(

E−t∂f
∂x

)(

∑

i∈I0

ωiei+

n
∑

j=1

µjej

)

−∂f
∂x

∫ t

0

{

∫ T

τ

∂f0
∂x

dξ+
∂f0
∂z

}

dτ
]

,

h2v = −2λ
∂f

∂u

(∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + νu(t) + u(t)
]

)

,

è E � åäèíè÷íàÿ ìàòðèöà â R
2n
. Äàëåå

hωi
= 2λ

∫ T

0

{

(

q(t) + λωiei
)′
ei

}

dt, i ∈ I0,

ãäå

q(t) =

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ +
∑

k∈I0/{i}

ωkek +

n
∑

j=1

µjej
]

.
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Íàêîíåö,

hν = 2λ

∫ T

0

{

(

r(t) + λνu(t)
)′
u(t)

}

dt,

ãäå

r(t) =
∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + u(t)
]

.

ÑËÅÄÑÒÂÈÅ 2. Åñëè ||v||2 6 1, |ωi| 6 1, i ∈ I0, |ν| 6 1, òî �óíêöèîíàë

(20) ñóáäè��åðåíöèðóåì, è åãî ñóáäè��åðåíöèàë â òî÷êå [v, ω, ν] ïðèíèìàåò
âèä

∂Hµ(v, ω, ν) =
{

[

hv + 2µξv(t), hω1
+ 2µζ1ω1, . . . , hω|I0|

+ 2µζ|I0|ω|I0|,

hν + 2µζ0ν
]
∣

∣ ξ ∈ [0, 1], v ∈ V0, ξ = 0, v ∈ V−, ζ0 ∈ [0, 1], ν ∈ N0,

ζ0 = 0, ν ∈ N−, ζi ∈ [0, 1], ωi ∈ Wi0, ζi = 0, ωi ∈ Wi−, i ∈ I0

}

. (22)

Ç àì å ÷ à í è å 1. Ñóáäè��åðåíöèàë ∂Fλ(z, u) ÿâëÿåòñÿ âûïóêëûì êîìïàêò�

íûì ìíîæåñòâîì, ïîýòîìó íåîáõîäèìîå óñëîâèå ìèíèìóìà �óíêöèîíàëà

Hµ(v, ω, ν) áóäåò è äîñòàòî÷íûì.

ËÅÌÌÀ 4. Äëÿ òîãî ÷òîáû òî÷êà [v∗, ω∗, ν∗] ∈ Pn[0, T ]× R
|I0| × R äîñòàâ�

ëÿëà ìèíèìóì �óíêöèîíàëó (20) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

0n+|I0|+1 ∈ ∂Hµ(v
∗, ω∗, ν∗), (23)

ãäå 0n+|I0|+1 � íóëåâîé ýëåìåíò ïðîñòðàíñòâà Pn[0, T ]×R
|I0|×R, à âûðàæåíèå

äëÿ ñóáäè��åðåíöèàëà ∂Hµ(v, ω, ν) èìååò âèä (22).

Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ñóáãðàäèåíò h = h(t, v, ω, ν) ∈ ∂Hµ(v, ω, ν)
â òî÷êå [v, ω, ν]. Äëÿ ýòîãî ðåøèì çàäà÷ó

min
ξ, ζ0, ζi, i∈I0

||h||2 =

= min
ξ, ζ0, ζi, i∈I0

[

∫ T

0

{

hv + 2µξv(t)
}2
dt+

+
∑

i∈I0

{

hωi
+ 2µζiωi

}2
+
{

hν + 2µζ0ν
}2
]

, (24)

ãäå âåëè÷èíû ξ, ζ0, ζi, i ∈ I0, îïðåäåëåíû â (21).

Çàäà÷à (24) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé è ìîæåò áûòü ðåøåíà îäíèì èç èçâåñòíûõ

ìåòîäîâ [4℄. Îáîçíà÷èì ξ∗, ζ∗0 , ζ
∗
i , i ∈ I0, å¼ ðåøåíèå. Òîãäà âåêòîð-�óíêöèÿ

G(t, v, ω, ν) := h
∗
=

=
[

hv + 2µξ∗v(t), hω1
+ 2µζ∗1ω1, . . . , hω|I0|

+ 2µζ∗|I0|ω|I0|, hν + 2µζ∗0ν
]
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ÿâëÿåòñÿ íàèìåíüøèì ïî íîðìå ñóáãðàäèåíòîì �óíêöèîíàëàHµ â òî÷êå [v, ω, ν].
Åñëè ||G|| > 0, òî âåêòîð-�óíêöèÿ −G(t, v, ω, ν)/||G|| ÿâëÿåòñÿ íàïðàâëåíèåì

ñóáãðàäèåíòíîãî ñïóñêà �óíêöèîíàëà Hµ â òî÷êå [v, ω, ν].

Îïèøåì ñëåäóþùèé ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà äëÿ ïîèñêà òî�

÷åê ìèíèìóìà �óíêöèîíàëà Hµ(v, ω, ν).
Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [v1, ω1, ν1] ∈ Pn[0, T ]× R

|I0| × R.

Ïóñòü óæå ïîñòðîåíà òî÷êà [vk, ωk, νk] ∈ Pn[0, T ]×R
|I0|×R. Åñëè âûïîëíåíî

óñëîâèå ìèíèìóìà (23), òî òî÷êà [vk, ωk, νk] ÿâëÿåòñÿ òî÷êîé ìèíèìóìà �óíê�
öèîíàëà Hµ(v, ω, ν), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå ïîëîæèì

[vk+1, ωk+1, νk+1] = [vk, ωk, νk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, vk, ωk, νk) ïðåäñòàâëÿåò ñîáîé íàèìåíüøèé ïî

íîðìå ñóáãðàäèåíò �óíêöèîíàëàHµ â òî÷êå [vk, ωk, νk], à âåëè÷èíà αk ÿâëÿåòñÿ

ðåøåíèåì ñëåäóþùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
α>0

Hµ([vk, ωk, νk]− αGk) = Hµ([vk, ωk, νk]− αkGk). (25)

Òîãäà Hµ(vk+1, ωk+1, νk+1) 6 Hµ(vk, ωk, νk). Äàëåå ïðîäîëæàåì àíàëîãè÷íî.

Ç àì å ÷ à í è å 2. Åñëè ïîñëåäîâàòåëüíîñòü {[vk, ωk, νk]} êîíå÷íà, òî ïîñëåä�

íÿÿ å¼ òî÷êà ÿâëÿåòñÿ òî÷êîé ìèíèìóìà �óíêöèîíàëà Hµ(v, ω, ν) ïî ïîñòðîå�
íèþ. Åñëè æå ïîñëåäîâàòåëüíîñòü {[vk, ωk, νk]} áåñêîíå÷íà, òî îïèñàííûé ïðî�
öåññ ìîæåò è íå ïðèâåñòè ê òî÷êå ìèíèìóìà �óíêöèîíàëà Hµ(v, ω, ν), ïîñêîëü�
êó ñóáäè��åðåíöèàëüíîå îòîáðàæåíèå ∂Hµ(v, ω, ν) íå ÿâëÿåòñÿ íåïðåðûâíûì
â ìåòðèêå Õàóñäîð�à.

Ïóñòü â ðåçóëüòàòå ðàáîòû îïèñàííîãî ìåòîäà ïîëó÷åíî ðåøåíèå çàäà�

÷è (19). Îáîçíà÷èì åãî v∗, ω∗
, ν∗. Òîãäà âåêòîð-�óíêöèÿ

G(t, z, u) := h∗ =

=
[

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v∗(t)−
∫ T

t

(∂f

∂x

)′

v∗(τ)dτ +
∑

i∈I0

ω∗
i ei +

n
∑

j=1

µjej
]

,

∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v∗(t) + 2ν∗u(t)
]

]

(26)

ÿâëÿåòñÿ íàèìåíüøèì ïî íîðìå ñóáãðàäèåíòîì �óíêöèîíàëà Fλ â òî÷êå [z, u]
â äàííîì ñëó÷àå (ïðè ϕ(z, u) = 0). Åñëè ||G|| > 0, òî âåêòîð-�óíêöèÿ

−G(t, z, u)/||G|| ÿâëÿåòñÿ íàïðàâëåíèåì ñóáãðàäèåíòíîãî ñïóñêà �óíêöèîíà�

ëà Fλ â òî÷êå [z, u].
Òàêèì îáðàçîì, â ïóíêòàõ À è Á ðåøàëàñü çàäà÷à ïîèñêà íàïðàâëåíèÿ

ñóáãðàäèåíòíîãî ñïóñêà �óíêöèîíàëà Fλ â òî÷êå [z, u]. Â ñëó÷àå ϕ(z, u) > 0
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(ïóíêò À) äàííàÿ çàäà÷à ðåøàåòñÿ ñðàâíèòåëüíî ïðîñòî, òàê êàê ïðåäñòàâëÿåò

ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ ïðè íàëè÷èè ëèíåéíûõ îãðà�

íè÷åíèé. Â ñëó÷àå ϕ(z, u) = 0 (ïóíêò Á) ïîìèìî íåèçâåñòíûõ âåëè÷èí ω, ν
òðåáóåòñÿ òàêæå íàéòè âåêòîð-�óíêöèþ v(t). Ýòî áîëåå ñëîæíàÿ çàäà÷à, ðå�

øàòü êîòîðóþ ìîæíî ÷èñëåííûìè ìåòîäàìè, íàïðèìåð, ìåòîäîì ñóáäè��å�

ðåíöèàëüíîãî ñïóñêà, êàê ýòî îïèñàíî â ïóíêòå Á.

Ç àì å ÷ à í è å 3. Îòìåòèì, ÷òî â ñèëó ñòðóêòóðû �óíêöèîíàëà Hµ çàäà�

÷à (25) ïîèñêà øàãà ñïóñêà ðåøàåòñÿ àíàëèòè÷åñêè. Êðîìå òîãî, çàäà÷à (24)

íàõîæäåíèÿ íàïðàâëåíèÿ ñïóñêà ñ ïîìîùüþ ìåòîäîâ êâàäðàòè÷íîãî ïðîãðàì�

ìèðîâàíèÿ ìîæåò áûòü ðåøåíà çà êîíå÷íîå ÷èñëî èòåðàöèé.

Èòàê, òåïåðü ìîæíî îïèñàòü ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà äëÿ ïî�

èñêà ñòàöèîíàðíûõ òî÷åê �óíêöèîíàëà Fλ(z, u).
Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [z1, u1] ∈ Pn[0, T ]× Pm[0, T ].
Ïóñòü óæå ïîñòðîåíà òî÷êà [zk, uk] ∈ Pn[0, T ] × Pm[0, T ]. Åñëè âûïîëíåíî

óñëîâèå ìèíèìóìà (16), òî òî÷êà [zk, uk] ÿâëÿåòñÿ ñòàöèîíàðíîé òî÷êîé �óíê�

öèîíàëà Fλ(z, u), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå ïîëîæèì

[zk+1, uk+1] = [zk, uk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, zk, uk) ïðåäñòàâëÿåò ñîáîé íàèìåíüøèé ïî íîð�

ìå ñóáãðàäèåíò �óíêöèîíàëà Fλ â òî÷êå [zk, uk]. Çíà÷åíèå äëÿ �óíêöèîíàëà

Gk áåð¼òñÿ ëèáî èç �îðìóëû (18) ïðè ϕ(z, u) > 0, ëèáî èç �îðìóëû (26) ïðè

ϕ(z, u) = 0. Âåëè÷èíà αk ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è îäíîìåðíîé

ìèíèìèçàöèè

min
α>0

Fλ([zk, uk]− αGk) = Fλ([zk, uk]− αkGk).

Òîãäà Fλ(zk+1, uk+1) 6 Fλ(zk, uk). Äàëåå ïðîäîëæàåì àíàëîãè÷íî.

Äëÿ ïîñëåäîâàòåëüíîñòè {[zk, uk]} ñïðàâåäëèâû ðàññóæäåíèÿ, àíàëîãè÷íûå

ïðèâåä¼ííûì â çàìå÷àíèè 1.

5

◦
. Ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà.Êàê óæå îòìå÷àëîñü, îïè�

ñàííûé â ïðåäûäóùåì ðàçäåëå ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà ìîæåò íå

ïðèâåñòè ê ñòàöèîíàðíîé òî÷êå �óíêöèîíàëà Fλ(z, u) â ñèëó ðàçðûâíîñòè ñóá�
äè��åðåíöèàëüíîãî îòîáðàæåíèÿ ∂Fλ(z, u). ×òîáû ãàðàíòèðîâàòü ñõîäèìîñòü

ðàññìàòðèâàåìîãî ÷èñëåííîãî ìåòîäà, ïåðåéä¼ì ê ãèïîäè��åðåíöèàëüíîìó

îòîáðàæåíèþ dFλ(z, u).
Ïîëüçóÿñü �îðìóëàìè êîäè��åðåíöèàëüíîãî èñ÷èñëåíèÿ [5℄, ìîæíî ïîêà�

çàòü, ÷òî èìåþò ìåñòî ñëåäóþùèå äâå òåîðåìû.
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ÒÅÎ�ÅÌÀ 5. Ïðè [z, u] /∈ Ω3 �óíêöèîíàë Fλ(z, u) ãèïîäè��åðåíöèðóåì è

åãî ãèïîäè��åðåíöèàë â òî÷êå [z, u] èìååò âèä

dFλ(z, u) =
[

0, s1(t), s2(t)
]

+

+λ

n
∑

i=1

co
{[

ψi(z)− ψi(z), ei, 0m
]

,
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+λco
{[

∫ T

0

(

u(t), u(t)
)

dt−1−max{0, ||u||2−1}, 0n, 2u(t)
]

,
[

−max{0, ||u||2−1}, 0n, 0m
]}

,

ãäå âåêòîð-�óíêöèè s1(t) è s2(t) îïðåäåëåíû â çàäà÷å (17).

ÒÅÎ�ÅÌÀ 6. Ïðè [z, u] ∈ Ω3 �óíêöèîíàë Fλ(z, u) ãèïîäè��åðåíöèðóåì è

åãî ãèïîäè��åðåíöèàë â òî÷êå [z, u] èìååò âèä

dFλ(z, u) =
{[

λ
[

∫ T

0

(

z(t)− f(z, u, t)
)′
v(t)dt− ϕ(z, u)

]

,

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+

+λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ
]

,
∂f0
∂u

− λ
(∂f

∂u

)′

v(t)
]

+

+λ
n

∑

i=1

co
{[

ψi(z)− ψi(z), ei, 0m
]

,
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+λco
{[

∫ T

0

(

u(t), u(t)
)

dt− 1−max{0, ||u||2 − 1}, 0n, 2u(t)
]

,

[

−max{0, ||u||2 − 1}, 0n, 0m
]}

∣

∣

∣
v ∈ Pn[0, T ], ||v|| 6 1

}

. (27)

Èçâåñòíî, ÷òî íåîáõîäèìûì, à â ñëó÷àå âûïóêëîñòè è äîñòàòî÷íûì óñëîâè�

åì ìèíèìóìà �óíêöèîíàëà (8) â òî÷êå [z∗, u∗] â òåðìèíàõ ãèïîäè��åðåíöèàëà
ÿâëÿåòñÿ âêëþ÷åíèå

0n+m+1 ∈ dFλ(z
∗, u∗),

ãäå 0n+m+1 � íóëåâîé ýëåìåíò ïðîñòðàíñòâà Pn[0, T ]× Pm[0, T ]× R. Îòñþäà ñ

ó÷¼òîì ëåììû 1 çàêëþ÷àåì, ÷òî ñïðàâåäëèâà

ÒÅÎ�ÅÌÀ 7. Äëÿ òîãî ÷òîáû óïðàâëåíèå u∗ ∈ Ω2 ïåðåâîäèëî ñèñòåìó (1)

èç íà÷àëüíîãî ïîëîæåíèÿ (3) â êîíå÷íîå ñîñòîÿíèå (4) è äîñòàâëÿëî ìèíè�

ìóì �óíêöèîíàëó (5), íåîáõîäèìî, à â ñëó÷àå ëèíåéíîñòè ñèñòåìû (1) è

âûïóêëîñòè �óíêöèîíàëà (5) è äîñòàòî÷íî, ÷òîáû

0n+m+1 ∈ dFλ(z
∗, u∗), (28)

ãäå âûðàæåíèå äëÿ ãèïîäè��åðåíöèàëà dFλ(z, u) èìååò âèä (27).
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Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ãèïîãðàäèåíò g = g(t, z, u) ∈ dFλ(z, u) â
òî÷êå [z, u]. Äëÿ ýòîãî ðåøèì çàäà÷ó ||g||2 −→ min

g∈dFλ(z,u)
.

Çà�èêñèðóåì òî÷êó [z, u] è ðàññìîòðèì äâà ñëó÷àÿ.

À. Ïóñòü ϕ(z, u) > 0. Â ýòîì ñëó÷àå

min
g∈dFλ(z,u)

||g||2 = min
βi∈[0,1], i=1,n+1

∣

∣

∣

∣

[

0, s1(t), s2(t)
]

+

+λ

n
∑

i=1

{

βi
[

ψi(z)− ψi(z), ei, 0m
]

+ (1− βi)
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+λβn+1

[

∫ T

0

(

u(t), u(t)
)

dt− 1−max{0, ||u||2 − 1}, 0n, 2u(t)
]

+

+λ(1− βn+1)
[

−max{0, ||u||2 − 1}, 0n, 0m
]
∣

∣

∣

∣

2
. (29)

Çàäà÷à (29) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé è ìîæåò áûòü ðåøåíà îäíèì èç èçâåñò�

íûõ ìåòîäîâ [4℄. Îáîçíà÷èì β∗
i , i ∈ 1 : n + 1, å¼ ðåøåíèå. Ïóñòü g = [g1, g2],

ãäå âåêòîð-�óíêöèÿ g2 ñîñòîèò èç ïîñëåäíèõ n + m êîìïîíåíò g. Òîãäà âåê�

òîð-�óíêöèÿ

G(t, z, u) := g∗2 =

=
[

s1(t), s2(t)
]

+ λ

n
∑

i=1

{

β∗
i

[

ei, 0m
]

+ (1− β∗
i )
[

− ei, 0m
]}

+

+ λβ∗
n+1

[

0n, 2u(t)
]

+ λ(1− β∗
n+1)

[

0n, 0m
]

(30)

ñîñòîèò èç ïîñëåäíèõ n+m êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðàäèåíòà

�óíêöèîíàëà Fλ â òî÷êå [z, u] (ïðè ϕ(z, u) > 0). Åñëè ||G|| > 0, òî âåêòîð-�óíê�

öèÿ −G(t, z, u)/||G|| ÿâëÿåòñÿ íàïðàâëåíèåì ãèïîãðàäèåíòíîãî ñïóñêà �óíêöè�

îíàëà Fλ â òî÷êå [z, u].
Á. Ïóñòü ϕ(z, u) = 0. Â ýòîì ñëó÷àå

min
g∈dFλ(z,u)

||g||2 = min
βi∈[0,1], i∈1:n+1, v

∣

∣

∣

∣

∣

∣

[

λ
[

∫ T

0

(

z(t)− f(z, u, t)
)′
v(t)dt− ϕ(z, u)

]

,

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ
]

,
∂f0
∂u

− λ
(∂f

∂u

)′

v(t)
]

+

+λ
n

∑

i=1

{

βi
[

ψi(z)− ψi(z), ei, 0m
]

+ (1− βi)
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+λβn+1

[

∫ T

0

(

u(t), u(t)
)

dt− 1−max{0, ||u||2 − 1}, 0n, 2u(t)
]

+
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+λ(1− βn+1)
[

−max{0, ||u||2 − 1}, 0n, 0m
]

∣

∣

∣

∣

∣

∣

2

=

= min
βi∈[0,1], i∈1:n+1, v

∣

∣

∣

∣

∣

∣

[

λ
[

∫ T

0

(

z(t)− f(z, u, t)
)′
v(t)dt− ϕ(z, u)

]

,

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ
]

,
∂f0
∂u

− λ
(∂f

∂u

)′

v(t)
]

+

+λ

n
∑

i=1

{

βi
[

2ψi(z), 2ei, 0m
]

+
[

− ψi(z)− ψi(z),−ei, 0m
]}

+

+λβn+1

[

∫ T

0

(

u(t), u(t)
)

dt− 1, 0n, 2u(t)
]

+ λ
[

−max{0, ||u||2 − 1}, 0n, 0m
]

∣

∣

∣

∣

∣

∣

2

.

Ýòî âûðàæåíèå ìîæíî ïåðåïèñàòü òàê:

min
g∈dFλ(z,u)

||g||2 = min
[

||g1||2 + ||g2||2 + ||g3||2
]

=

= min
βi∈[−1,1], i∈1:n+1, v

[{

λ
[

∫ T

0

(

z(t)−f(z, u, t)
)′
v(t)dt−ϕ(z, u)

]

+λ

n
∑

i=1

ψi(z)
(

βi+1
)

+

+λ

n
∑

i=1

(

−ψi(z)−ψi(z)
)

+
λ

2

(

∫ T

0

(

u(t), u(t)
)

dt−1
)

(βn+1+1)−λmax{0, ||u||2−1}
}2

+

+

∫ T

0

{

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ +
n

∑

i=1

βiei
]

}2

dt+

+

∫ T

0

{∂f0
∂u

− λ
(∂f

∂u

)′

v(t) + λβn+1u(t) + λu(t)
}2

dt
]

, (31)

ãäå g1 = g1(t, z, u), g2 = g2(t, z, u), g3 = g3(t, z, u), βi = 2βi − 1, i ∈ 1 : n + 1, à
âåêòîð-�óíêöèÿ v(t) îïðåäåëåíà â (27).

Ïóñòü âåêòîð β ∈ R
n+1

ñîñòîèò èç êîìïîíåíò βi, i ∈ 1 : n + 1. Ñîñòàâèì
�óíêöèîíàë

Hµ(v, β) = ||g||2 + µ
[

max{0, ||v||2 − 1}+
n+1
∑

i=1

max{0, β2

i − 1}
]

. (32)

Îáîçíà÷èì

Ψ(v, β) = µ
[

max{0, ||v||2 − 1}+
n+1
∑

i=1

max{0, β2

i − 1}
]

.
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Ââåä¼ì ìíîæåñòâà

Ω =
{

[v, β] ∈ Pn[0, T ]× R
n+1

∣

∣ Ψ(v, β) = 0
}

,

Ωδ =
{

[v, β] ∈ Pn[0, T ]× R
n+1

∣

∣ Ψ(v, β) < δ
}

.

Òîãäà

Ωδ \ Ω =
{

[v, β] ∈ Pn[0, T ]× R
n+1

∣

∣ 0 < Ψ(v, β) < δ
}

.

Òàêæå ââåä¼ì ñëåäóþùèå ìíîæåñòâà

Bi0 =
{

βi ∈ R
∣

∣ β
2

i − 1 = 0
}

,

Bi− =
{

βi ∈ R
∣

∣ β
2

i − 1 < 0
}

,

Bi+ =
{

βi ∈ R
∣

∣ β
2

i − 1 > 0
}

,

ãäå i ∈ 1 : n+ 1.

ËÅÌÌÀ 5. Ïóñòü íàéä¼òñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî µ0 <∞, ÷òî ïðè

âñåõ µ > µ0 ñóùåñòâóåò òî÷êà [v(µ), β(µ)] ∈ Pn[0, T ] × R
n+1

, äëÿ êîòîðîé

Hµ

(

v(µ), β(µ)
)

= inf
[v,β]

Hµ(v, β). Ïóñòü òàêæå �óíêöèîíàë g(v, β) ÿâëÿåòñÿ

ëîêàëüíî ëèïøèöåâûì íà ìíîæåñòâå Ωδ \ Ω. Òîãäà �óíêöèîíàë (32) áóäåò

òî÷íîé øòðà�íîé �óíêöèåé.

Òàêèì îáðàçîì, ïðè ñäåëàííûõ â ëåììå 5 ïðåäïîëîæåíèÿõ ñóùåñòâóåò òà�

êîå ÷èñëî 0 < µ∗ < ∞, ÷òî äëÿ âñåõ µ > µ∗ çàäà÷à (31) ýêâèâàëåíòíà çàäà÷å

ìèíèìèçàöèè �óíêöèîíàëà (32) íà âñ¼ì ïðîñòðàíñòâå. Äàëåå áóäåì ñ÷èòàòü,

÷òî â �óíêöèîíàëå (32) ÷èñëî µ �èêñèðîâàíî è âûïîëíåíî óñëîâèå µ > µ∗
.

ËÅÌÌÀ 6. Ôóíêöèîíàë (32) ãèïîäè��åðåíöèðóåì è åãî ãèïîäè��åðåíöèàë

â òî÷êå [v, β] èìååò âèä

dHµ(v, β) =
[

0, gv, gβ1
, . . . , gβn+1

]

+

+µ
[

co
{[

||v||2−1−max{0, ||v||2−1}, 2v(t), 0n+1

]

,
[

−max{0, ||v||2−1}, 0n, 0n+1

]}

+

+ co
{[

β
2

1 − 1−max{0, β2

1 − 1}, 0n, 2β1, 0n
]

,
[

−max{0, β2

1 − 1}, 0n, 0n+1

]}

+ · · ·+
+co

{[

β
2

n+1−1−max{0, β2

n+1−1}, 0n, 0n, 2βn+1

]

,
[

−max{0, β2

n+1−1}, 0n, 0n+1

]}

]

.

(33)
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Âû÷èñëèì ñëåäóþùèå âåêòîð-�óíêöèè, âõîäÿùèå â �îðìóëó (33),

gv = g1v + g2v + g3v,

ãäå

g1v = 2λ2
{

∫ T

0

(

z(t)− f(z, u, t)
)′
v(t)dt− ϕ(z, u) +

n
∑

i=1

βiψi(z) +

n
∑

i=1

ψi(z)+

+

n
∑

i=1

(

−ψi(z)−ψi(z)
)

+
1

2

(

∫ T

0

(

u(t), u(t)
)

dt−1
)

(βn+1+1)−max{0, ||u||2−1}
}

(

z(t)−f(z, u, t)
)

,

g2v = 2λ
{

λv(t)−λ
∫ T

t

(∂f

∂x

)′

v(τ)dτ−λ∂f
∂x

∫ t

0

v(τ)dτ+λ
∂f

∂x

∫ t

0

∫ T

τ

(∂f

∂x

)′

v(ξ)dξdτ+

+

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
n

∑

i=1

βiei −
∂f

∂x

∫ t

0

[

∫ T

τ

∂f0
∂x

dξ +
∂f0
∂z

]

dτ − λt
∂f

∂x

n
∑

i=1

βiei,

g3v = −2λ
∂f

∂u

(∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + βn+1u(t) + u(t)
]

)

.

Äàëåå

gβi
= g1βi

+ g2βi
, i ∈ 1 : n,

ãäå

g1βi
= 2λ2

{

∫ T

0

(

z(t)− f(z, u, t)
)′
v(t)dt− ϕ(z, u) +

n
∑

i=1

βiψi(z) +
n

∑

i=1

ψi(z)+

+

n
∑

i=1

(

−ψi(z)−ψi(z)
)

+
1

2

[

∫ T

0

(

u(t), u(t)
)

dt−1
]

(βn+1+1)−max{0, ||u||2−1}
}

ψi(z),

g2βi
= 2λ

∫ T

0

{

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v(t)−
∫ T

t

(∂f

∂x

)′

v(τ)dτ
]

+ λ

n
∑

i=1

βiei

}′

eidt,

Íàêîíåö,

gβn+1
= 2λ

∫ T

0

(∂f0
∂u

+ λ
[

−
(∂f

∂u

)′

v(t) + βn+1u(t) + u(t)
]

)′

u(t)dt.

Ç àì å ÷ à í è å 4. �èïîäè��åðåíöèàë dFλ(z, u) ÿâëÿåòñÿ âûïóêëûì êîì�

ïàêòíûì ìíîæåñòâîì, ïîýòîìó íåîáõîäèìîå óñëîâèå ìèíèìóìà �óíêöèîíàëà

Hµ(v, β) áóäåò è äîñòàòî÷íûì.
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ËÅÌÌÀ 7. Äëÿ òîãî ÷òîáû òî÷êà [v∗, β
∗
] ∈ Pn[0, T ] × R

n+1
äîñòàâëÿëà

ìèíèìóì �óíêöèîíàëó (32), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

0n+n+2 ∈ dHµ(v
∗, β

∗
), (34)

ãäå âûðàæåíèå äëÿ ãèïîäè��åðåíöèàëà dHµ(v, β) èìååò âèä (33).

Íàéä¼ì ìèíèìàëüíûé ïî íîðìå ãèïîãðàäèåíò g = g(t, v, β) ∈ dHµ(v, β) â
òî÷êå [v, β]. Äëÿ ýòîãî ðåøèì çàäà÷ó

min
g∈dHµ(v,β)

||g||2 = min
γi∈[0,1], i∈1:n+2

∣

∣

∣

∣

∣

∣

[

0, gv, gβ1
, . . . , gβn+1

]

+

+µ
[

γ1
[

||v||2−1−max{0, ||v||2−1}, 2v(t), 0n+1

]

+(1−γ1)
[

−max{0, ||v||2−1}, 0n, 0n+1

]

+

+γ2
[

β
2

1−1−max{0, β2

1−1}, 0n, 2β1, 0n
]

+(1−γ2)
[

−max{0, β2

1−1}, 0n, 0n+1

]

+· · ·+

+γn+2

[

β
2

n+1 − 1−max{0, β2

n+1 − 1}, 0n, 0n, 2βn+1

]

+

+ (1− γn+2)
[

−max{0, β2

n+1 − 1}, 0n, 0n+1

]

]
∣

∣

∣

∣

∣

∣

2

. (35)

Çàäà÷à (35) ïðåäñòàâëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ

ïðè íàëè÷èè ëèíåéíûõ îãðàíè÷åíèé è ìîæåò áûòü ðåøåíà îäíèì èç èçâåñò�

íûõ ìåòîäîâ [4℄. Îáîçíà÷èì γ∗i , i ∈ 1 : n + 2, å¼ ðåøåíèå. Ïóñòü g = [g1, g2],
ãäå âåêòîð-�óíêöèÿ g2 ñîñòîèò èç ïîñëåäíèõ n + n + 1 êîìïîíåíò g. Òîãäà
âåêòîð-�óíêöèÿ

G(t, v, β) := g∗2 =
[

gv, gβ1
, . . . , gβn+1

]

+

+µ
[

γ∗1
[

2v(t), 0n+1

]

+(1−γ∗1)
[

0n, 0n+1

]

+γ∗2
[

0n, 2β1, 0n
]

+(1−γ∗2)
[

0n, 0n+1

]

+ · · ·+

+γ∗n+2

[

0n, 0n, 2βn+1

]

+ (1− γ∗n+2)
[

0n, 0n+1

]

]

ñîñòîèò èç ïîñëåäíèõ n + n + 1 êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðà�

äèåíòà �óíêöèîíàëà Hµ â òî÷êå [v, β]. Åñëè ||G|| > 0, òî âåêòîð-�óíêöèÿ

−G(t, v, β)/||G|| ÿâëÿåòñÿ íàïðàâëåíèåì ãèïîãðàäèåíòíîãî ñïóñêà �óíêöèîíà�

ëà Hµ â òî÷êå [v, β].

Îïèøåì ñëåäóþùèé ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ ïîèñêà òî�

÷åê ìèíèìóìà �óíêöèîíàëà Hµ(v, β).
Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [v1, β1] ∈ Pn[0, T ]× R

n+1
.
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Ïóñòü óæå ïîñòðîåíà òî÷êà [vk, βk] ∈ Pn[0, T ]×R
n+1

. Åñëè âûïîëíåíî óñëî�

âèå ìèíèìóìà (34), òî òî÷êà [vk, βk] ÿâëÿåòñÿ òî÷êîé ìèíèìóìà �óíêöèîíàëà
Hµ(v, β), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå ïîëîæèì

[vk+1, βk+1] = [vk, βk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, vk, βk) ïðåäñòàâëÿåò ñîáîé âåêòîð-�óíêöèþ,

ñîñòîÿùóþ èç ïîñëåäíèõ n+ n+ 1 êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðà�
äèåíòà �óíêöèîíàëà Hµ â òî÷êå [vk, βk], à âåëè÷èíà αk ÿâëÿåòñÿ ðåøåíèåì

ñëåäóþùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
α>0

Hµ([vk, βk]− αGk) = Hµ([vk, βk]− αkGk). (36)

Òîãäà Hµ(vk+1, βk+1) 6 Hµ(vk, βk). Äàëåå ïðîäîëæàåì àíàëîãè÷íî.

Ç àì å ÷ à í è å 5. Åñëè ïîñëåäîâàòåëüíîñòü {[vk, βk]} áåñêîíå÷íà, òî ìîæíî

ïîêàçàòü [6℄, ÷òî ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà ñõîäèòñÿ â ñëåäóþùåì

ñìûñëå

||g(vk, βk)|| → 0 ïðè k → ∞.

Åñëè ïîñëåäîâàòåëüíîñòü {[vk, βk]} êîíå÷íà, òî ïîñëåäíÿÿ å¼ òî÷êà ÿâëÿåòñÿ

ñòàöèîíàðíîé òî÷êîé �óíêöèîíàëà Hµ(v, β) ïî ïîñòðîåíèþ.

Ïóñòü â ðåçóëüòàòå ðàáîòû îïèñàííîãî ìåòîäà ïîëó÷åíî ðåøåíèå çàäà�

÷è (31). Îáîçíà÷èì åãî v∗, β∗
. Ïóñòü g = [g1, g2], ãäå âåêòîð-�óíêöèÿ g2 ñîñòîèò

èç ïîñëåäíèõ n +m êîìïîíåíò g. Òîãäà âåêòîð-�óíêöèÿ

G(t, z, u) := g∗2 =

=
[

∫ T

t

∂f0
∂x

dτ +
∂f0
∂z

+ λ
[

v∗(t)−
∫ T

t

(∂f

∂x

)′

v∗(τ)dτ
]

,
∂f0
∂u

− λ
(∂f

∂u

)′

v∗(t)
]

+

+λ
n

∑

i=1

{

β∗
i

[

ei, 0m
]

+ (1− β∗
i )
[

− ei, 0m
]}

+

+λβ∗
n+1

[

0n, 2u(t)
]

+ λ(1− β∗
n+1)

[

0n, 0m
]

(37)

ñîñòîèò èç ïîñëåäíèõ n+m êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðàäèåíòà

�óíêöèîíàëà Fλ â òî÷êå [z, u] (ïðè ϕ(z, u) = 0). Åñëè ||G|| > 0, òî âåêòîð-�óíê�

öèÿ −G(t, z, u)/||G|| ÿâëÿåòñÿ íàïðàâëåíèåì ãèïîãðàäèåíòíîãî ñïóñêà �óíêöè�

îíàëà Fλ â òî÷êå [z, u].
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Òàêèì îáðàçîì, â ïóíêòàõ À è Á ðåøàëàñü çàäà÷à ïîèñêà íàïðàâëåíèÿ ãè�

ïîãðàäèåíòíîãî ñïóñêà �óíêöèîíàëà Fλ â òî÷êå [z, u]. Â ñëó÷àå ϕ(z, u) > 0
(ïóíêò À) äàííàÿ çàäà÷à ðåøàåòñÿ ñðàâíèòåëüíî ïðîñòî, òàê êàê ïðåäñòàâ�

ëÿåò ñîáîé çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ ïðè íàëè÷èè ëèíåéíûõ

îãðàíè÷åíèé. Â ñëó÷àå ϕ(z, u) = 0 (ïóíêò Á) ïîìèìî íåèçâåñòíûõ âåëè÷èí βi,
i ∈ 1 : n+ 1, òðåáóåòñÿ òàêæå íàéòè âåêòîð-�óíêöèþ v(t). Ýòî áîëåå ñëîæíàÿ
çàäà÷à, ðåøàòü êîòîðóþ ìîæíî ÷èñëåííûìè ìåòîäàìè, íàïðèìåð, ìåòîäîì

ãèïîäè��åðåíöèàëüíîãî ñïóñêà, êàê ýòî îïèñàíî â ïóíêòå Á.

Ç àì å ÷ à í è å 6. Îòìåòèì, ÷òî â ñèëó ñòðóêòóðû �óíêöèîíàëà Hµ çàäà�

÷à (36) ïîèñêà øàãà ñïóñêà ðåøàåòñÿ àíàëèòè÷åñêè. Êðîìå òîãî, çàäà÷à (35)

íàõîæäåíèÿ íàïðàâëåíèÿ ñïóñêà ñ ïîìîùüþ ìåòîäîâ êâàäðàòè÷íîãî ïðîãðàì�

ìèðîâàíèÿ ìîæåò áûòü ðåøåíà çà êîíå÷íîå ÷èñëî èòåðàöèé.

Èòàê, òåïåðü ìîæíî îïèñàòü ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ

ïîèñêà ñòàöèîíàðíûõ òî÷åê �óíêöèîíàëà Fλ(z, u).
Ôèêñèðóåì ïðîèçâîëüíóþ òî÷êó [z1, u1] ∈ Pn[0, T ]× Pm[0, T ].
Ïóñòü óæå ïîñòðîåíà òî÷êà [zk, uk] ∈ Pn[0, T ] × Pm[0, T ]. Åñëè âûïîëíå�

íî óñëîâèå ìèíèìóìà (16) èëè (28), òî òî÷êà [zk, uk] ÿâëÿåòñÿ ñòàöèîíàðíîé

òî÷êîé �óíêöèîíàëà Fλ(z, u), è ïðîöåññ ïðåêðàùàåòñÿ. Â ïðîòèâíîì ñëó÷àå

ïîëîæèì

[zk+1, uk+1] = [zk, uk]− αkGk,

ãäå âåêòîð-�óíêöèÿ Gk = G(t, zk, uk) ïðåäñòàâëÿåò ñîáîé âåêòîð-�óíêöèþ, ñî�
ñòîÿùóþ èç ïîñëåäíèõ n+m êîìïîíåíò íàèìåíüøåãî ïî íîðìå ãèïîãðàäèåíòà

�óíêöèîíàëà Fλ â òî÷êå [zk, uk]. Çíà÷åíèå äëÿ �óíêöèîíàëà Gk áåð¼òñÿ ëèáî

èç �îðìóëû (30) ïðè ϕ(zk, uk) > 0, ëèáî èç �îðìóëû (37) ïðè ϕ(zk, uk) = 0.
Âåëè÷èíà αk ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è îäíîìåðíîé ìèíèìèçàöèè

min
α>0

Fλ([zk, uk]− αGk) = Fλ([zk, uk]− αkGk).

Òîãäà Fλ(zk+1, uk+1) 6 Fλ(zk, uk). Äàëåå ïðîäîëæàåì àíàëîãè÷íî.

Îòíîñèòåëüíî ñõîäèìîñòè ïîñëåäîâàòåëüíîñòè {[zk, uk]} ñïðàâåäëèâî çàìå�
÷àíèå, àíàëîãè÷íîå çàìå÷àíèþ 5.

6

◦
. ×èñëåííûå ïðèìåðû. Ïðèâåä¼ì ïðèìåðû çàäà÷ ïîñòðîåíèÿ îïòè�

ìàëüíîãî óïðàâëåíèÿ, â êîòîðûõ ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà ïðèâ¼ë

ê òî÷êå ìèíèìóìà �óíêöèîíàëà (8).

Ï�ÈÌÅ� 1. �àññìîòðèì ñèñòåìó



















ẋ1 = x2,

ẋ2 = u1,

ẋ3 = x4,

ẋ4 = u2 − 9.8
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ñ ãðàíè÷íûìè óñëîâèÿìè

x(0) = [−1, 0, 0, 0], x(1) = [0, 0, 0, 0].

Òðåáóåòñÿ ìèíèìèçèðîâàòü �óíêöèîíàë

I =

∫ 1

0

u21(t) + u22(t) dt.

Â äàííîé çàäà÷å èçâåñòíî [7℄ àíàëèòè÷åñêîå ðåøåíèå, êîòîðîå èìååò ñëåäó�

þùèé âèä

u∗1(t) = −12t+ 6,

u∗2(t) = 9.8,

z∗1(t) = −6t2 + 6t,

z∗2(t) = −12t+ 6,

z∗3(t) = 0,

z∗4(t) = 0,

I(z∗, u∗) = 108.04.

Â Òàáëèöå 1 ïðèâåäåíû ðåçóëüòàòû ðàáîòû ìåòîäà ñóáäè��åðåíöèàëü�

íîãî ñïóñêà. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âçÿòà òî÷êà u = [0, 1],
z(t) = [1, 0, 0, 0], à òîãäà x(t) = [−1 + t, 0, 0, 0]. Èç Òàáëèöû 1 âèäíî, ÷òî íà

30-é èòåðàöèè ïîãðåøíîñòü íå ïðåâûøàåò âåëè÷èíû 3× 10−3
.

Òàáëèöà 1.

k I(zk, uk) Φ(zk, uk) ||u∗ − uk|| ||z∗ − zk|| ||G(zk, uk)||
1 1.06044 3.47062 3.21367 197.96324
2 0.94422 3.20293 3.22259 707.22868
10 0.34105 1.15682 1.38112 848.13142
20 0.20739 0.72749 0.69893 256.2921
30 108.0425 0.05774 0.02886 0.425

Íà ðèñóíêàõ 1�3 èçîáðàæåíû óïðàâëåíèÿ, �àçîâûå êîîðäèíàòû è èõ ïðî�

èçâîäíûå ñîîòâåòñòâåííî íà íåêîòîðûõ èòåðàöèÿõ. Ïîñëåäíèå äâå �àçîâûå

êîîðäèíàòû è èõ ïðîèçâîäíûå íå îòîáðàæåíû, òàê êàê èõ çíà÷åíèÿ íå ìåíÿ�

ëèñü â õîäå èòåðàöèé. Êðàñíûì öâåòîì âûäåëåí îïòèìàëüíûé ïðîöåññ.
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u1(t) u2(t)

�èñ. 1. Çíà÷åíèÿ u(t) íà íåêîòîðûõ èòåðàöèÿõ.

x1(t) x2(t)

�èñ. 2. Çíà÷åíèÿ x(t) íà íåêîòîðûõ èòåðàöèÿõ.

z1(t) z2(t)

�èñ. 3. Çíà÷åíèÿ z(t) íà íåêîòîðûõ èòåðàöèÿõ.
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Ï�ÈÌÅ� 2. �àññìîòðèì åù¼ îäèí ïðèìåð. Ïóñòü çàäàíà ñëåäóþùàÿ ñèñòå�

ìà

{

ẋ1 = x2 + u1,

ẋ2 = u2

ñ ãðàíè÷íûìè óñëîâèÿìè

x(0) = [2, 0.5], x(1) = [x1(1), 0]

è îãðàíè÷åíèåì íà óïðàâëåíèå

∫ 1

0

u21(t) + u22(t) dt 6 1.

Òðåáóåòñÿ ìèíèìèçèðîâàòü �óíêöèîíàë

I =

∫ 1

0

z1(t) dt.

Â äàííîé çàäà÷å òàêæå èçâåñòíî [8℄ àíàëèòè÷åñêîå ðåøåíèå, êîòîðîå èìååò

ñëåäóþùèé âèä

u∗1(t) = −
√

9

13
,

u∗2(t) =

√

9

13
t− 1

2

√

9

13
− 1

2
,

z∗1(t) =
1

2

√

9

13
t2 − 1

2
(

√

9

13
+ 1)t+

1

2
−
√

9

13
,

z∗2(t) =

√

9

13
t− 1

2

√

9

13
− 1

2
,

I(z∗, u∗) =
1

4
(1−

√
13).

Â Òàáëèöå 2 ïðèâåäåíû ðåçóëüòàòû ðàáîòû ìåòîäà ñóáäè��åðåíöèàëüíîãî

ñïóñêà. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âçÿòà òî÷êà u = [0, 0], z(t) = [0, 0],
à òîãäà x(t) = [2, 0.5]. Èç Òàáëèöû 2 âèäíî, ÷òî íà 7-é èòåðàöèè ïîãðåøíîñòü

íå ïðåâûøàåò âåëè÷èíû 5× 10−3
.

Òàáëèöà 2.

k I(zk, uk) Φ(zk, uk) ||u∗ − uk|| ||z∗ − zk|| ||G(zk, uk)||
1 1.0 1.00004 0.86826 188.77058
2 0.51873 0.91483 0.90879 76.71471
5 0.00243 0.79148 0.85081 112.2858
6 −0.61768 0.23167 0.23273 0.70711
7 −0.6464 0.08873 0.1132 0.21357
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Íà ðèñóíêàõ 4�6 èçîáðàæåíû óïðàâëåíèÿ, �àçîâûå êîîðäèíàòû è èõ ïðî�

èçâîäíûå ñîîòâåòñòâåííî íà íåêîòîðûõ èòåðàöèÿõ. Êðàñíûì öâåòîì âûäåëåí

îïòèìàëüíûé ïðîöåññ.

u1(t) u2(t)

�èñ. 4. Çíà÷åíèÿ u(t) íà íåêîòîðûõ èòåðàöèÿõ.

x1(t) x2(t)

�èñ. 5. Çíà÷åíèÿ x(t) íà íåêîòîðûõ èòåðàöèÿõ.

z1(t) z2(t)

�èñ. 6. Çíà÷åíèÿ z(t) íà íåêîòîðûõ èòåðàöèÿõ.



25

Ï�ÈÌÅ� 3. Â çàêëþ÷åíèå ðàññìîòðèì îäèí íåëèíåéíûé ïðèìåð. Ïóñòü

çàäàíà ñëåäóþùàÿ ñèñòåìà

{

ẋ1 = u,

ẋ2 = x21

ñ ãðàíè÷íûìè óñëîâèÿìè

x(0) = [0.25, 0], x(1) = [0.25, x2(1)]

è îãðàíè÷åíèåì íà óïðàâëåíèå

∫ 1

0

u21(t) + u22(t) dt 6 1.

Òðåáóåòñÿ ìèíèìèçèðîâàòü �óíêöèîíàë

I =

∫ 1

0

z2(t) dt.

Äàííûé ïðèìåð ðàññìîòðåí â ðàáîòå [9℄ ïðè áîëåå æ¼ñòêîì îãðàíè÷åíèè

íà óïðàâëåíèå |u(t)| 6 1, t ∈ [0, 1], ãäå òàêæå óêàçàíî îïòèìàëüíîå çíà÷åíèå

�óíêöèîíàëà

I(z∗, u∗) =
1

96
.

Â Òàáëèöå 3 ïðèâåäåíû ðåçóëüòàòû ðàáîòû ìåòîäà ñóáäè��åðåíöèàëü�

íîãî ñïóñêà. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âçÿòà òî÷êà u = 10t − 5,
z(t) = [10t − 5, (0.25 + 5t2 − 5t)2], à òîãäà x(t) = [0.25 + 5t2 − 5t, 5t5 − 12.5t4+
+9.1(6)t3 − 1.25t2 + 0.0625t]. Èç Òàáëèöû 3 âèäíî, ÷òî íà 8-é èòåðàöèè ìåòîä

ïðèâ¼ë ê çíà÷åíèþ, îòëè÷àþùåìóñÿ îò çíà÷åíèÿ I(z∗, u∗) íå áîëåå, ÷åì íà

âåëè÷èíó 5× 10−3
, îäíàêî â ñèëó ðàññìàòðèâàåìîãî ìåíåå æ¼ñòêîãî îãðàíè÷å�

íèÿ íà óïðàâëåíèå è íåëèíåéíîñòè ñèñòåìû íåëüçÿ ãàðàíòèðîâàòü, ÷òî äàííîå

çíà÷åíèå ÿâëÿåòñÿ ãëîáàëüíûì ìèíèìóìîì â ýòîé çàäà÷å.

Òàáëèöà 3.

k I(zk, uk) Φ(zk, uk) ||G(zk, uk)||
1 8.3333 486.44
2 0.43953 102.93801
5 0.10272 130.33683
7 0.00025 99.303
8 0.01579 0.1127

Â ðàññìîòðåííûõ ïðèìåðàõ ìåòîä ãèïîäè��åðåíöèàëüíîãî ñïóñêà ïîêàçàë

àíàëîãè÷íûå ðåçóëüòàòû.
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7

◦
. Çàêëþ÷åíèå. Òàêèì îáðàçîì, â äàííîì äîêëàäå çàäà÷à ïîñòðîåíèÿ

îïòèìàëüíîãî óïðàâëåíèÿ ñâîäèòñÿ ê âàðèàöèîííîé çàäà÷å ìèíèìèçàöèè íåêî�

òîðîãî íåãëàäêîãî �óíêöèîíàëà íà âñ¼ì ïðîñòðàíñòâå. Äëÿ ýòîãî �óíêöèîíà�

ëà âûïèñàíû ñóáäè��åðåíöèàë è ãèïîäè��åðåíöèàë, íàéäåíû íåîáõîäèìûå

óñëîâèÿ ìèíèìóìà, êîòîðûå â ñëó÷àå ëèíåéíîñòè èñõîäíîé ñèñòåìû ïî �àçî�

âûì ïåðåìåííûì è óïðàâëåíèþ îêàçûâàþòñÿ è äîñòàòî÷íûìè. Íà îñíîâàíèè

ýòèõ óñëîâèé îïèñûâàþòñÿ ìåòîä ñóáäè��åðåíöèàëüíîãî ñïóñêà è ìåòîä ãè�

ïîäè��åðåíöèàëüíîãî ñïóñêà äëÿ äàííîé çàäà÷è. Ïðèâåäåíû ÷èñëåííûå ïðè�

ìåðû ðåàëèçàöèè îïèñàííûõ ìåòîäîâ.
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