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THE DIFFERENTIAL CORRECTION ALGORITHM FOR
RATIONAL 7/ _-APPROXIMATION*

I. BARRODALE,t M. J. D. POWELL] anp F. D. K. ROBERTSY

Abstract. The version of the “differential correction algorithm” that is most used at the present
time is a modification of the original version, perhaps because it has been proved that the modified
version has sure convergence properties. However, the purpose of this paper is to direct attention
back to the original version. It is now proved that the original version also has sure convergence
properties. Furthermore, we prove that its rate of convergence is quadratic. This makes it superior
to the more popular, modified version of the algorithm. Some numerical examples are given to compare
the two versions, and these leave little doubt that the original algorithm is much better in practice.

1. Introduction. We consider the problem of approximating a given real-

valued function f(x), on a discrete point set X = {x;, x,, ---, xy}, by a rational
function

(L.1) R(x) = P(x)/Q(x) = Z pix / > a4,

where the integers m and n are given. We wish to calculate the values of the
coefficients p;, i =0,1,---,m, and ¢q;, j=0,1,---, n, that, subject to the
condition

(1.2) 0(x,) > 0, t=1,2,---, N,

minimize the quantity
(1.3) max [f(x) — RGe)l = [lf = Rl

This problem need not have a solution, but where necessary we assume that the
function f(x) is such that a solution exists.

In this paper we study and compare two versions of the differential correction
algorithm for minimizing the expression (1.3). Both versions of the algorithm
generate a sequence of approximations, Ry(x) = P(x)/Qu(x), k=1,2,---.
Of course, the two versions generate different sequences, but we prefer not to use
a notation that distinguishes the two sequences. For either version we let A, be
the current maximum error

(1.4) A, = max [f(x) — Pux)/Qulx)ls
and in both cases A, k = 1,2, -- -, converges to the minimax error

(1.5 A* = infmax | f(x) — P(x)/Q(x.)
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where Q(x,) > 0,t = 1,2, ---, N. Even when the given problem has no solution,
A* is well-defined, and A, still converges to A*.

The popular version of the differential correction algorithm (DC say) is
described by Cheney and Loeb [3], Cheney and Southard [4], Cheney [1] and by
Rice [6]. It calculates P, ;(x) and Q,, ;(x) by minimizing the expression

(1.6) max {|f(x)Q(x) — P(x)| — AQ(x))},

where A, is defined by (1.4). However, in the original version (ODC say) P, , ((x)
and @, ((x) are calculated to minimize the expression

. { 1/ (x)Qx) — Plx) = AkQ(x,)}

1.7
(7 040x)

(Cheney and Loeb [2]).

Unless A, = A*, it happens that P(x) and Q(x) can be found such that expres-
sions (1.6) and (1.7) are negative. Therefore, because these expressions are
homogeneous in the required coefficients p;,i = 0,1,---,m,and gq;,j = 0,1,-- -, n,
a normalization condition is necessary. In this paper we impose the condition

(L8) max |g,| = 1, j=0,1,,n.
J

There are three main advantages of the differential correction algorithm
over the Remes algorithm (see Rice [6] for instance) for computing rational
¢ »,-approximations. The first is rather weak, and it is that the subproblem of
minimizing expression (1.6) or (1.7) is a finite calculation, because it yields to
linear programming methods. The second advantage is guaranteed convergence
from any starting approximation subject to condition (1.2). Thirdly, on every
iteration the condition (1.2) is maintained automatically by the definition of
Py 1(x)/Qpe+ 1(x).

In spite of these last two properties, the Remes algorithm is in more frequent
use at the present time, probably because the iteration (1.6) converges only
linearly. However, we show in § 2 that the iteration (1.7) converges quadratically.
Therefore it is likely that the ODC algorithm will be especially useful for solving
some of the problems that are awkward for the Remes algorithm.

As well as the quadratic convergence theorem, the guaranteed convergence
from any starting approximation subject to condition (1.2) is proved in § 2. Then
in § 3 some numerical examples are given that show very clearly that the ODC
algorithm is better than the DC algorithm.

2. Theory. The theorems given in this section apply to the ODC algorithm,
which defines P, | ;(x)/Q4+ 1(x) by minimizing expression (1.7), subject to condition
(1.8). Theorem 1 states that each iteration improves the current approximation,
Theorem 2 shows that the sequence A,, k = 1,2, ---, converges to A*, and
Theorem 3 proves that the rate of convergence is at least quadratic. (For the DC
algorithm we can also show that Theorems 1 and 2 hold, but that now the rate
of convergence is at least linear. Cheney [1] proves these results for the DC
algorithm in the case of approximation on an interval.)
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Before proving these convergence theorems for the ODC algorithm, we shall
first provide some insight into the derivation of expression (1.7). This motivation,
which comes about by expressing a product of two quantities by the linear terms
in a Taylor series expansion, also suggests that the rate of convergence of the

algorithm is quadratic.
For any choice of P(x) and Q(x) satisfying (1.2) and (1.8), let A be a number
for which the inequality

(2.1) 1f(x) = P(x)/Q(x)| = A

holds for all t. Expression (2.1) can be rewritten as

1f(x)Q(x) — P(x,)l = AQ(x,)
2.2) S AQulx) + (A = AQul(x,) + (Q(x) — Qulx)A,

for each value of t. Finally, canceling the first and last products on the right
side of (2.2) and rearranging the remaining terms, we observe that

max {lf(xt)Q(xt) — P(x,)| - AkQ(xt)} + A, S A
t Qulx,)

Thus, from (2.3), the quantity A is minimized approx1mately by computing the

minimum of (1.7).
THEOREM 1.1 If Qi(x) satisfies conditions (1.2) and (1.8), and if A, # A*, then

Aypy <Apand Qpyy(x)>0,t=1,2,---, N.
Proof. Let P*(x)/Q*(x) be any approximation, satisfying conditions (1.2)

2.3)

and (1.8), whose maximum error on {x;,x,, -, Xy} is less than A, and let
this maximum error be A*. We let #* be the number
(2.4) n* =min Q¥ (x,),

t
and we note that it is positive. Moreover we require the definition

n

2.5 M =max Y |x},

t j=0

because M is the greatest number that can be attained by a polynomial Q(x) of
degree n on the point set {x,,X,, ---, Xy}, subject to the normalization condi-
tion (1.8).

The proof of the theorem depends on the remark that, because of the definition
of P, 1(x)/Qk+ 1(x), the inequality

{If(xt)QIH- 1(x) = Py (x| — AQisr 1(’%)}
‘ Oilx,)

<m {If (x)Q " (x) — PT(x)| — AQ (xt)}
- t Qk(xt)

(2.6)

! The proof of this theorem is similar to that given in [2] for the DC algorithm.
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holds. Now, from the notation given in the last paragraph, the right-hand side
of this inequality satisfies the condition

P*(x,) Q" (x,) + Q% (x,)
e {[ T = 57|~ A"J Qk(x,)} = mx {[A - A Qk(x,)}
_ o O (%)
= —[A,— A ]mtm{Qk(x,)}
27 < —n'[A - ATM.
Therefore, from expressions (2.6) and (2.7), it follows that for all ¢ the inequality
(2.8) AQicr 1(x)/Qilx) Z ™ [Ay — ATYM

holds, so we have proved that Q,, ,(x) > 0,t=1,2,.--, N.
To prove the other half of Theorem 1, we note that inequalities (2.6) and (2.7)
also imply that the condition

(2.9) {1/ () Qs 1(x) — Py 1(x))] — AQv 1(x)}/Qulx,) < O

holds for all values of t. Therefore, because Q,(x,) and Q,, ,(x,) are positive, we
deduce the inequality

(2.10) [f (%) = Py 1(x)/Qper 1 (x| < A, t=1,2,---, N.

The statement of the theorem, A, ; < A,, is now an immediate consequence of
the definition of A, ., (see (1.4)).

THEOREM 2. The sequence of maximum errors A, k= 1,2, -, converges
to A* (see (1.5)).

Proof. Theorem 1 shows that the sequence A,, k = 1,2,---, decreases
monotonically, and it is bounded below, so it has a limit A say. To prove the
theorem we suppose that A > A* and we arrive at a contradiction. Following
the notation of Theorem 1, let P*(x)/Q*(x) be any approximation, satisfying
conditions (1.2) and (1.8), whose maximum error in X, A" say, is less than A.

Inequalities (2.6) and (2.7) imply that, for t = 1,2, ---, N, the condition

Py (%) —n'[A = AT] Qyx)
(2.11 ’ (x) — = —A S
) Jx) O+ 1(x,) ¢ M Qr+1(x)
holds. It is convenient to introduce a notation, &, say, for the member of the set
{x1,%5, -+, xy} for which Qu(x,)/Qy(x,) is least. Therefore expression (2.11)
implies the inequality
—n"[A = A*] Qu&)
2.12 A1 — A .
212 v A M 0@
Since the sequence A,, k = 1,2, ---, converges and A > A*, we have that
()
(2.13) lim = 0.
k> Qs 1(E)

We now show that this statement leads to a contradiction.
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From inequality (2.8) we deduce the bound
Qus10x) Z Qe [A, — ATI/MA,
(2.14) = cQy(x), t=1,2,---,N,
where c is the positive constant
(2.15) c=min[},n"(A — AT)/MA],

and, believing statement (2.13) for the moment, we let K be an integer such that
the inequality

(2.16) Q&) = Q1)

holds for all k = K. Then from expressions (2.14) and (2.16) we deduce the
inequality

CN—l

N N
IJI Qe+ 1(x:) 2 N I=—[1 Oulx,)

N
(2.17) 22 ljl Qulxy).

It follows that | | Qu(x,) diverges as k tends to infinity, but this statement con-
tradicts the normalization condition (1.8). Theorem 2 is proved.

THEOREM 3. If N = n + m + 1, if a best approximation exists, and if the
best approximation is “normal,” then the rate of convergence of the ODC algorithm
is at least quadratic.

Proof. We let the best approximation be the function

218) R¥(9) = PH/Q0) = 3 pix / ¥ ap,

and, following condition (1.8), we let its normalization be

(2.19) max |g¥| = 1.
J

The minimax error, A*, is defined by (1.5). The statement that the best approxima-
tion is normal means that the polynomials P*(x) and Q*(x) have no roots in
common, and that the coefficients pX and g are not both zero. In this case, because
N = m + n + 1, Cheney’s [1, p. 165] “‘strong unicity theorem” holds.? It states
that there exists a positive constant y such that the inequality

(2.20) If =Rl 2 ILf = R¥|lo, + 7IR = R¥|,

is satisfied, where R is any rational function of the form (1.1) satisfying the condi-
tion (1.2), and where the norm is defined by (1.3). To use expression (2.20) we
require the following lemma.

2 Although Cheney [1] states this theorem for approximation on an interval, it is only necessary
that the domain X be compact.
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LeEMMA. There exists a constant 6 such that the inequality
(2.21) 19 — Q*ll = OIR — R*||,,

holds, for all rational functions of the form (1.1) that satisfy condition (1.2), and
that are normalized to give the equation

(2.22) max |q;| = 1.
J

Proof of lemma. Let 6 be the quantity
(2.23) 0=|R— R*|,.
The definition of M (see (2.5)) and (2.23) imply the inequality
(224 max |P(x)Q*(x,) — Q(x)P*(x)| = M?3.
t
For the remainder of the proof we assume that p}: # 0. However if p} = 0, then

qF # 0, and an argument that is analogous to the one that follows can be used.
We let o be the ratio p,/p}, we define the polynomials

P() = Plx) — aP*(x) = 3, pix'
(2.25) ‘:0
0(x) = Q(x) — aQ*(x) = ;0 g,

and we obtain from condition (2.24) the inequality

m—1 n
(2.26) max| . pxiQ*(x) — Y, gxiP*(x)| = M?4.
t li=o0 j=0
Next we show that the functions x'Q*(x), i =0,1,---,m — 1, and x/P*(x),

j=0,1, .-, n, are linearly independent on X. If they were dependent, then there
would exist nonzero polynomials A(x) and B(x), of degrees at most m — 1 and n
respectively, such that the equation

(2.27) A(x)0*(x,) — B(x,)P*(x,) =0, t=1,2,---,N,

holds. Since N = m + n + 1, the polynomial {A(x)Q*(x) — B(x)P*(x)} would be
identically zero, and therefore A(x)Q*(x) would be zero at the m zeros of P*(x).
Now the degree of A(x) is at most m — 1, and therefore P*(x) and Q*(x) would
have at least one zero in common, which is contrary to the conditions of
Theorem 3. It follows that the functions of expression (2.26) are independent
on X, so we deduce that there exists a constant, d say, such that the bounds

F.<ds, i=0,1,--,m—1,
qjédé, j=0,1"”5n’

are obtained for all P(x)/Q(x).
Next we show that the value of « is close to one when 0 is small. Equation

(2.25) gives the identity
(2.29) 4;=q; — oq¥, j=0,1,---, n,

(2.28)
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and therefore, if we let j have the value for which |g;| = 1, we find |g; + ag}| = 1,
and from expressions (2.19) and (2.28) it follows that |¢| = 1 — do. Further if in
(2.29) we let j have the value for which |g¥| = 1, then from expressions (2.22) and
(2.28) we deduce that |o| < 1 — dd. Thus we obtain the inequality

(2.30) —ds <1 —|of < do,

which implies that when 0 is small, then either « is close to + 1 or it is close to — 1.
We expect a to be positive when 0 is small, because condition (1.2) has to hold.
Specifically we deduce from expressions (1.2) and (2.25) the bound

(2.31) 0 < Qxy) = Q(xy) + 0Q*(xy),

and statements (2.5) and (2.28) give the inequality

(2.32) 101, = Mds,

so it follows that « > —Mdé/Q*(x,). This inequality and expression (2.30) imply
that the bounds

(2.33) —dd £ 1 — o < do[3 + 2M/Q*(x,)] = dod,

say, hold for all § > 0.
To complete the proof of the lemma, we note that expressions (2.25), (2.32)
and (2.33) imply the inequality

12 = Q*llo = 1Qll + ll(x = DO,
< Mds + dd[|Q*|.,

and therefore the truth of the lemma follows from the definition (2.23).
In (2.20) we let R(x) = Ry(x), and we obtain the condition

(2.34)

(2.35) IRy — R*[l, = (A — A%)/y.
Therefore (2.21) implies the bound
(2.36) 10k — @Il = 0(A, — A¥)/y,
so, letting n* be the number
(2.37) n* = min Q*(x,),
t

we deduce the inequalities

. Q*(xt)} n*
2.38 min >
239 : {Qk(x,) 2+ O — A
and

min
t

{ Qu(x) } o M = (A = AMOfy
Qur1(e)) — 1% + (A — A0y
n* — (A — AM)0/y

(2.39) .
n* + (A — A%)0/y
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We now substitute (2.38) in the middle line of (2.7), and obtain from (2.6)
the bound

f(xt) -

Py 1(x) O v1(x) —n*A, — A¥*)
24 k _ k < k
(240) { Qo) A"} 0ix) =1 T (A — A%0)y

which holds for t = 1,2, ---, N. By multiplying both sides of this expression by
0u(x)/0, + 1(x,), and by using statements (1.4) and (2.39), we deduce the bound

—1*(A — AN {n* — (A — A%/}
{n* + (A — A%/}

from which it follows that the inequality

(2.41) Appr — A=

(Aer — A% < (A, - A*)[l U C A*)G/v}]

{n* + (Ac — AMOp}?

_ (A = A (30* + (A — A%0/y}0/y
{n* + (A — A%y}

is satisfied. Now 0, y and #* are all positive constants, and therefore this expression
shows that the rate of convergence of the sequence A,, k = 1,2, ---, to A* is at
least quadratic. Theorem 3 is proved.

Note that from the quadratic convergence of the sequence Ay, k = 1,2, -+,
and from inequalities (2.20) and (2.21), it may be proved that, if the conditions of
Theorem 3 hold, then the coefficients of the polynomials P,(x) and Q,(x) converge
quadratically to the coefficients of the polynomials P*(x) and Q*(x), in the sense
that the differences in the coefficients are bounded by quadratically convergent
sequences.

(2.42)

3. Numerical results. The implementation of the ODC algorithm is straight-
forward. We have to calculate the coefficients of P(x) and Q(x) that minimize
expression (1.7), and therefore we require the least value of w subject to the
constraints

[f(x) + AJQ(x) — P(x) + Qulxjw 20,  t=1,2,---, N,

3.1

( ) [_f(xt) + Ak]Q(xt) + P(xt) + Qk(xt)w g 0’ = 1’2’ Tt N’
and

(32) max g = 1,

where the coefficients of P(x) and Q(x) are variables. Since the constraints (3.1)
and (3.2) are linear in w, p;, i =0,1,---, m, and ¢q;, j = 0,1, -- -, n, linear pro-
gramming methods are applicable.

In practice it is more convenient to replace (3.2) by the inequality

(3.3) —1<¢, 21, i=0,1,--,n.

Expressions (3.2) and (3.3) are equivalent in the present calculation, because the
inequalities (3.1) are homogeneous in the variables. Moreover it is more convenient
in practice to solve the dual of this linear programming problem.
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To compare the ODC and the DC versions of the differential correction
algorithm, six sets of data are used, each set being a table of values of a function
f(x). These functions and data points are specified in Table 1. The data is fitted
by the rational polynomials P;(x)/Q1(x), P5(x)/Q,(x), Py(x)/Qs(x) and P,(x)/Q,(x),
where now the subscripts denote the degrees of the polynomials. Thus twenty-four
different approximations are calculated.

TABLE 1
The six data sets for the numerical examples

Function Abscissas Number of points
f(x) fxixg, L xy) N
A. e* —1.0(0.1)1.0 21
B. sinx —3.0(0.3)3.0 21
C Jx 0.0(0.05)1.0 21
1 0.0(0.05)0.45
D. { 0 0.5 } 21
-1 0.55(0.05)1.0
X 0.0(0.1)1.0
E {O.SX + 0.4 1.1(0.1)2.0 2
0.0(1/7)6/7
F. cos(x) {1.0(0.2)1.8 } 21
2.0(1/8)3.0

To begin the iterations the starting values po =¢qo =1 and p; = q; =0,
i=1,2---,mj=12,---,n, are used. However, to calculate P,(x)/Q,(x) two
other sets of starting coefficients are also used. In one set g, = 1 and the remaining
coeflicients are zero, and in the other set g, = 1 and the remaining coefficients
are obtained by a random number generator. The different starting approxima-
tions do not influence the final approximation, but they do affect the number of
iterations that are required by the ODC and DC algorithms. (Consequently,
in practice we would normally supply either algorithm with starting values based
on good initial rational approximations.)

The number of iterations is reported in Tables 2 and 3. For both algorithms
the test used to terminate the iterative process is the inequality

(3.4) Ay — Apsq < 107%A,.

These tables also give the coefficients of the best approximations and the minimax
errors A* calculated by the ODC algorithm. All the computations were performed
in double precision arithmetic on an IBM 360/44.

The numerical examples do confirm that the final convergence rate of the
ODC algorithm is very rapid, and in fact we tried changing the constant in
inequality (3.4) to 107 °, and there was no increase in the number of iterations
required by the ODC algorithm. However, this fast rate of convergence is not
shared by the DC algorithm, and we note that Tables 2 and 3 show that in nearly
every case the DC algorithm requires substantially more iterations than the
ODC algorithm.
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We have checked the equioscillation property that characterizes the error of
the minimax approximation (Cheney [1], for instance), and we find that for the
results obtained by the ODC method, equioscillation is present to ten or more
significant figures. However on the average we find about six figures of accuracy
in the errors calculated by the DC algorithm, due to the fact that the rate of
convergence of the DC algorithm is only linear.

Finally we note that both versions of the differential correction algorithm
can be used to calculate rational approximating functions that are more general
than the ratio of two algebraic polynomials. It is only necessary that the adjustable
parameters appear linearly in the numerator and denominator of the approx-
imating function, and therefore we can approximate functions of several variables.

For example, Fox, Goldstein and Lastman [5] calculate the coefficients
pi» i=0,1,---,5, and q;, j=0,1,---,5, that minimize the error of the
approximation

f"" e_"dz} P+ P1y + paX + paxy + pay? + psx?
z

(3.5) Re{ ~ 5 5
qo + q1y + q2X + q3Xy + quy° + gsX

on a set of twenty-five discrete data points. We applied the ODC algorithm to
this problem, using the starting approximation and convergence criterion specified
above, and we found convergence in ten iterations. For our calculated best
approximation the equioscillation property holds to eleven significant figures.

The theory and numerical examples given in this paper show that the
differential correction algorithm, in its original form, is an excellent method for
computing discrete minimax rational approximations.

x+iy

Acknowledgments. It is a pleasure to acknowledge the programming assistance
of Mr. K. B. Wilson of Victoria. Also we are grateful to Dr. J. K. Reid, for he
studied a draft of this paper and suggested many improvements to the manuscript.

REFERENCES

[1] E. W. CHENEY, Introduction to Approximation Theory, McGraw-Hill, New York, 1966.

[2] E. W. CHENEY AND H. L. LOEB, Two new algorithms for rational approximation, Numer. Math.,
3 (1961), pp. 72-75.

[3] , On rational Chebyshev approximation, 1bid., 4 (1962), pp. 124-127.

[4] E. W. CHENEY AND T. H. SOUTHARD, A4 survey of methods for rational approximation, with particular
reference to a new method based on a formula of Darboux, SIAM Rev., 5 (1963), pp. 219-231.

[5] P. Fox, A. A. GOLDSTEIN AND G. LASTMAN, Rational approximations on finite point sets, Approxima-
tion of Functions, H. L. Garabedian, ed., Elsevier, Amsterdam, 1965, pp. 56-67.

[6] J. R. RICE, The Approximation of Functions, vol. II, Addison-Wesley, Reading, Mass., 1969.

This content downloaded from 62.122.78.43 on Tue, 17 Jun 2014 07:37:46 AM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 493
	p. 494
	p. 495
	p. 496
	p. 497
	p. 498
	p. 499
	p. 500
	p. 501
	p. 502
	p. 503
	p. 504

	Issue Table of Contents
	SIAM Journal on Numerical Analysis, Vol. 9, No. 3 (Sep., 1972), pp. 379-521
	Front Matter [pp. ]
	A Sequential Method Seeking the Global Maximum of a Function [pp. 379-388]
	Some Explicit Runge-Kutta Methods of High Order [pp. 389-405]
	The Backward Beam Equation: Two A-Stable Schemes for Parabolic Problems [pp. 406-434]
	On a Class of Finite Elements Generated by Lagrange Interpolation [pp. 435-445]
	Improved Error Bounds for the Eigenvalues of Certain Normal Operators [pp. 446-453]
	Generalizations of Property a and Consistent Ordering [pp. 454-463]
	Noninterpolatory Quadrature Formulas [pp. 464-475]
	A General Theory of Convergence for Numerical Methods [pp. 476-492]
	The Differential Correction Algorithm for Rational l<sub>∞</sub>-Approximation [pp. 493-504]
	An Improved Estimate of the Accuracy of Trigonometric Interpolation [pp. 505-508]
	Uniform Approximation of Functions Through Optimal Partitioning [pp. 509-517]
	Two Fifth Degree Harmonic Interpolation Formulas for the n-Box [pp. 518-521]
	Back Matter [pp. ]





