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Section 1
Constructive Tools of Nonsmooth Analysis

Geometric Conditions of Reduction of Coexhausters
Abbasov M.
abbasov.majid@gmail.com
St. Petersburg State University, SPbSU, 7/9 Universitetskaya nab., St.
Petersburg, 199034 Russia

Let f: X — R is a continuous function, where X C R™ be an opened set,
and let f be directionally differentiable (not necessary differentiable).

The function f is called Dini directionally differentiable at = € X if for
all g € R™ there is the finite limit

£ (0 g) — 1 12 00) — F@).

al0 (6]

The quantity f},(z, g) is called the Dini derivative of f at z in the direction g.
The function f is called Hadamard directionally differentiable at x € X
if for all g € R™ there is the finite limit

f@+ag) - f@)

lim
[a,g']—[+0,9] «

fu(z,9) =

The quantity f}(x,g) is called the Hadamard derivative of f at x in the
direction g.
Let
S={geR"||lgll =1}

be a unit sphere centered at the origin. Since functions h,(g) = fj(z, g) and
hs(g) = fy(x,g) are positively homogenous (p.h) as functions of g we can
consider them only on S.

For a wide class of nondifferentiable functions optimality conditions can
be described via directional derivatives [1], but to formulate these conditions
in more constructive way a special representation for these objects is needed.

In [1, 2] the notion of exhausters was introduced. Denote h,(g) = f'(z,9),
rae f'(x,g) is directional derivative in the sense of Dini or Hadamard. Let
h(g) is contineous and Lipshitz, then for all g € S it can be represented (see
[3, 4]) in the form

ha(g) = hi(z,g) = o eﬂ;gw)gleag@y% (1)
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as well as in the form

he(g) = ha(z,9) = o min(v, g), (2)
where E*(x), E.(z) are families of convex compact sets in R™, called upper
and lower exhauster of the function f at = respectively.

There is well developed calculus of exhausters [1], optimality conditions
were obtained in their terms [5, 6]. This paved a way to build new
optimization algorithms. But these families are not unequally defined. So
the problem of finding “smaller” exhauster arises. First this problem was
considered by V.A. Roshchina [7, 8, 9].

The functions hi(x,g) and he(x,g) in (1) and (2) are discontinuous as
functions of x and therefore their application for computational purposes is
difficult. To overcome this problem notion of coexhausters was introduced.

We say that at the point x the function f has an upper coexhauster in
the sense of Dini iff the following expansion holds:

fle+A)=f(z)+ min max [a+ (v, A)] + 0.(A), 3)
CEeE(z) [av]eC

where E(z) is a family of convex compact sets in R"*1, and o, (A) satisfies

0 (aA)

lim 22220 — 0, WA € R™, (4)
al0 [0
If 0, (A) in (3) satisfies
. 0.(A)
lim =0, 5
lafj—o ||A]| ®)

then we say that at the point = the function f has an upper coexhauster in
the sense of Hadamard.

The set E(x) is called an upper coexhauster of f at the point z.

We say that at the point x the function f has a lower coexhauster in the
sense of Dini iff the following expansion holds:

flo+A)=f(z)+ max  min [b+(w, A+ 0.(A), (6)

where E(x) is a family of convex compact sets in R"*1, and o, (A) satisfies (4).
If 0,(A) in (6) satisfies (5), then we say that at the point = the function f
has a lower coexhauster in the sense of Hadamard.

The set E(x) is called a lower coexhauster of the function f at the point .

The function f is continuous, therefore from (3) and (6) (for A = 0,,) it
follows that

min max a= max min b=0.
C€eE(x) [a,v]eC CeE(z) [bw]eC
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Let

hz(A) = hz(x,A) = min max [a+ (v,A)],
CeE(z) la,v]eC

he(A) = hy(z, A) = C?}%f;) [b%]irelc[b + (w, A)].

Note that an upper (lower) coexhauster of a function f at a point z
coincides with the upper (lower) coexhauster of the function h,(A) at
0p,. Therefore we can consider the function h,(A) at the origin and use
designations h(A), E, E.

The notion of coexhauster was introduced in [2, 1]. There is well
developed calculus of coexhausters. Optimality conditions were derived in
terms of these families [1, 10]. One can introduce the notion of the class
of functions which have continuous upper and lower coexhauster mappings.
The usage of continuous coexhauster mappings allows one to guarantee
stability and convergence of numerical algorithms. But coexhausters are not
uniquely defined too. It is obvious that the smaller the family, the less
are computational costs when using optimization algorithms. So again the
problem of finding minimal family arises. We will use the definitions of
minimality introduced by V.A. Roshchina.

Definition 1. We say that the upper (lower) coexhauster Fj(h) of the
function h is smaller by inclusion than the other upper (lower) coexhauster
E5(h) of the same function h, if Ey(h) C Ex(h).

Definition 2. We say that the upper (lower) coexhauster E(h) of the
function A is the minimal by inclusion if there is no other upper (lower)
coexhauster E(h) of the function h so that E(h) C E(h).

However, it is clear that such a definition does not affect the structure of
sets themselves, although the structure plays a major role in many cases.

Definition 3. We say that the upper (lower) coexhauster E;(h) of the
function h is smaller by shape than the other upper (lower) coexhauster Eo(h)
of the same function h, if

VC € Ey(h) 3C € Ey(h): C C C.

Definition 4. We say that the upper (lower) coexhauster E(h) of the
function h is the minimal by shape if there is no other upper (lower)
coexhauster E(h) of the function h so that

vC € E(h) 3C € E(h): C C C.

Remark. Note that an coexhauster, minimal by shape, is also minimal
by inclusion, but the converse is not true. Therefore, necessary conditions for
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the minimality by inclusion are also necessary for the minimality by shape,
whereas sufficient conditions for the minimality by shape are also sufficient
for the minimality by inclusion.

In this work a problem of reduction of coexhausters is considered. New

geometric conditions of minimality are described which allow to reduce
coexhausters. Illustrative examples are provided.

(1

2]
3]
[4]
(5]

[6]
(7l
(8]
[
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Covering Mappings and Their Applications
Arutyunov A., Zhukovskiy S.
arutun@orc.ru, s-e-zhukQyandex.ru
RUDN University, 6 Miklukho-Maklaya st, Moscow, Russia, 117198

In the talk, the covering mapping theory and its applications to implicit

integral equations are discussed. Recall the definition of covering mapping.
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Let (X, px), (Y, py) be metric spaces, a > 0 be given. Denote a closed ball
centered at x € X with radius R > 0 by Bx(z,R). A mapping ¥ : X - Y
is called a-covering if

By (¥(z),ar) C ¥(Bx(z,7)) VzeX, Vr>0.

The concept of covering plays important role in nonlinear analysis. It is
used for obtaining necessary optimality conditions, sufficient conditions for
nonlinear equations to have a solution, sufficient solvability conditions for
functional equations and control systems (see, for example, [1, 2, 3]).

In the talk, we discuss recent results on solvability of nonlinear equations
in metric spaces. Namely, we present conditions for coincidence points
existence. Given two mappings ¥, ® : X — Y, recall that a point £ € X
is called a coincidence point of mappings ¥ and ® if ¥(§) = P(£). We
also discuss the stability of coincidence point and stability of covering
under Lipschitz perturbation. In addition, we consider applications of the
mentioned results to implicit differential and integral-differential equations.
The following problem is discussed.

Given functions f : [a, )] x R" xR" xR™ — R!, K : [a, b] x[a, b] xR™ — R™,
and a vector o € R", assume that f is measurable in the first argument
t € [a,b] and continuous in the collection of other arguments (z,,v) €
R™ x R™ x R™, K is measurable in the collection of the first and the second
arguments (¢, s) € [a,b] X [a,b] and continuous in the third argument x € R™.
The Cauchy problem

f(t,m,jc,/lC(t,s,x) ds) =0, z(0)=uxp (1)

is called locally solvable if there exists 7 > 0 and an absolutely continuous
t
function z : [0,7] — R™ such that f(t,d(t), z(t), [ K(t,s,2(s))ds) = 0 for

a.a. t € [0,7] and x(0) = xo. Here @(t) stands for the derivative of x at
t. In the talk, we present sufficient conditions for the Cauchy problem (1)
to be locally solvable. These conditions are stated in terms of covering and
Lipschitz mappings of metric spaces.

Acknowledgement. The investigation was supported by a grant from the
Russian Science Foundation (project no. 17-11-01168).
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Demyanov—Rubinov Subdifferentials of Real-Valued
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In the last years Vladimir Fedorovich Demyanov paid much attention
to studies exhaustive families of the upper convex and lower concave
approximations of real-valued functions, and objects dual to them, now
known as exhausters. He personally and his students and followers have
published a great deal of papers on this topic (see [1] and the bibliography
therein). This talk is also devoted to the same subject.

The notion of the upper convex approximation of a real-valued function
was introduced by Pshenichnyi [2]. In [3, Theorem 2.1] (see also [4,
Lemma 4.3]) Demyanov and Rubinov proved that a real-valued positively
homogeneous function, defined on R™, is upper (lower) semicontinuous if
and only if it can be represented as a lower envelope of a some family of
its sublinear majorants which takes finite values on the whole space R™.
Such families were called exhaustive families of upper convex (lower concave)
approximations. Using this characterization of (semi)continuous positively
homogeneous functions and the Minkowski duality, Demyanov [5] introduced
dual objects called by him exhausters and thus he extended in fact the
Minkowski duality to much more broader classes of functions than sublinear
or even difference-sublinear ones. Exhausters being dual counterparts of
semicontinuous positively homogeneous functions can effectively be used
for global analysis of those. When an arbitrary real-valued function is
directionally differentiable in some sense, exhausters corresponding its
directional derivative generalize the notions of subdifferentials [2, 6] and
quasidifferentials [4] and, hence, are tools of local analysis of such functions.
Uderzo [7], following the main idea of the proof given by Demyanov and
Rubinov in [4], extended the above characterization of semicontinuity to real-
valued positively homogeneous functions defined on uniformly convex Banach
spaces.
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In this talk we develop the ideas of Demyanov and Rubinov, relating to
exhaustive families of upper convex and lower concave approximations, and
extend them to sets and functions defined on arbitrary normed spaces.

First of all, for sets belonging to a real vector space, we introduce the
notion of the convex component, under which is meant a maximal (by
inclusion) convex subset of the given set. The family, consisting of all convex
components of a set, forms a covering of this set and, in this sense, it can
be considered as an exhaustive family of convex approximations of the set.
Moreover, we prove that the recession cone of a nonempty set coincides with
the intersection of the recession cones of all its convex components. Since
a set is globally epi-Lipschitzian if and only if the interior of its recession
cone is nonempty [8], we can use the family of convex components to analyse
epigraphs (or hypographs) of Lipschitz continuous functions.

Then, for extended-real-valued functions defined on real vector spaces we
introduce the notions of minimal convex majorants and maximal concave
minorants, which extend the notion of the convex component to functions.
So, the convex components of the epigraph of a function are the epigraphs of
minimal convex majorants, while the convex components of the hypograph
are the hypographs of maximal concave minorants. It is proved that an
extended-real-valued function which doesn’t take the value —oo, in particular,
any real-valued function, defined on a real vector space, is the exact lower
envelope of all its minimal convex majorants, whereas a function which
doesn’t take the value +oo is the exact upper envelope of the family of
all its maximal concave minorants. The drawback of such representations
is that, even when a function is real-valued, among its minimal convex
majorants and maximal concave minorants can be functions taking values
—00 or +00. At the same time the following theorem is true: a real-valued
function defined on a real normed space is Lipschitz continuous on the whole
space if and only if each its minimal convex majorant (or, equivalently,
each its maximal concave minorant) is real-valued and Lipschitz continuous
on the whole space. Thus, the class of real-valued functions, defined on a
real normed space and admitting the representation as the lower (upper)
envelope of the subfamily of Lipschitz continuous on the whole space minimal
upper majorants (maximal lower minorants), is nonempty. It is shown that
this class contains all bounded above (below) real-valued functions which
are upper (lower) semicontinuous on the whole space. If we restrict our
cosideration by positively homogeneous functions, the following criterium
is true: a real-valued positively homogeneous function defined on a real
normed space is upper (lower) semicontinuous on the whole space if and
only if it is the lower envelope of the family of all its minimal continuous
(equivalently, Lipschitz continuous) sublinear majorants (maximal continuous
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superlinear minorants). This criterium extends to arbitrary normed spaces
the characterizations of semicontinuity of positively homogeneous functions
proved previously by Demyanov and Rubinov [3, 4] in the finite-dimensional
setting and Uderzo [7] in the setting of uniformly convex Banach spaces.

For each upper (lower) semicontinuous positively homogeneous function
an exhaustive family of upper convex (lower concave) approximations
corresponding it is defined nonuniquely. To avoid this non-uniqueness we
introduce the following definitions.

By the Demyanov-Rubinov superdifferential (shortly, D R—superdifferential)
of an upper semicontinuous positively homogeneous function we call
the exhaustive family of upper convex approximations consisting of all
minimal continuous sublinear majorants of this function. Likewise, by the
Demyanov-Rubinov subdifferential (shortly, DR-subdifferential) of a lower
semicontinuous positively homogeneous function we call the exhaustive
family of lower concave approximations consisting of all maximal continuous
superlinear minorants of this function.

The D R-subdifferential of any continuous sublinear function coincides
with its subdifferential in the sense of convex analysis, while the DR-
superdifferential of any continuous superlinear function coincides with its
superdifferential in the sense of convex analysis. Moreover, for any continuous
positively homogeneous function the Frechet subdifferentia is included in
the D R-subdifferential and the Frechet superdifferential is a part of the
D R—superdifferential. Note, that for each continuous positively homogeneous
function both its D R-superdifferential and its D R-subdifferential are
nonempty. The relationships between the D R-subdifferential (D R-superdiffe-
rential) and the ®-subdifferential (®-superdifferential) introduced by Rolewicz
[9] also are discussed.

We give a comprehensive description of characteristic properties of
D R-subdifferentials and D R-superdifferentials of different subclasses of
continuous positively homogeneous functions. Besides, a method for
converting D R-subdifferentials of continuous positively homogeneous func-
tions into D R-superdifferentials and conversely is proposed.

The research was supported by the Belarussian State Research Programm
(grant “Conversion — 1.04.017).

References

[1] Gorokhovik V.V., Trafimovich M.F., “Positively homogeneous functions
revisited”, Journal of Optimization Theory and Applications, 171, No. 2, 481-503
(2016).

[2] Pshenichnyi B.N., Convezr analysis and extremal problems, Moscow: Nauka
(1980) (in Russian).



20 Grzybowski J., Pallaschke D., Urbarski R.

[3] Demyanov V.F., Rubinov A.M., “Elements of Quasidifferential Calculus” , In
Demyanov V.F. (Ed.) Nonsmooth problems in the theory of optimization and
control, Leningrad: Leningrad Univ. Press, 5-127 (1982) (in Russian).

[4] Demyanov V.F., Rubinov A.M., Foundations of Nonsmooth Analysis and
Quasidifferential Calculus, Moscow: Nauka (1990) (in Russian).

[5] Demyanov V.F., “Exhausters of a positively homogeneous functions”,
Optimization, 45, No. 1, 13-29 (1999).

[6] Rockafellar R. T., Convex analysis, Princeton: Princeton University Press
(1970).

[7] Uderzo A., “Convex approximators, convexificators and exhausters: applications
to constrained extremum problems”, In: Demyanov V.F. and Rubinov A.M.
(eds.) Quasidifferentiability and Related Topics, Dordrecht: Kluwer Academic
Publishers, 297-327 (2000).

[8] Gorokhovik V.V., Gorokhovik S.Ya., “A criterion of the global epi-
Lipschitz property of sets”, lzvestiya Akademii Nauk Belarusi, Ser. Fiziko-
Matematicheskikh Nauk, No. 1, 118-120 (1995) (in Russian).

[9] Pallaschke D., Rolewicz S., Foundations of Mathematical Optimization,
Dordrecht: Kluwer Acad. Publ., (1997).
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We present necessary and sufficient conditions for a positively homogenous
function defined on a plane to be a difference of sublinear (convex) functions.
In a case of such a function we give the formula for producing two inclusion-
minimal compact convex sets such that given function is equal to the
difference of support functions of these sets. We also show several examples
of application of our results.

Differences of sublinear functions or ds-functions are represented by pairs of
closed bounded convex sets, called respectively sub- and superdifferential.
Quasidifferential calculus, an important part of nonsmooth analysis, was
developed by many authors, especially Demyanov and Rubinov [1, 2].
Minimal representation of quasidifferentials were studied by authors in, for
example, [4, 5].

Minimal representation of ds-function as a difference of two support
functions
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Let h : R? — R be a positively homogenous (p.h.) function. Let ¢ :
[0,27] — R be defined by ¢(t) = h(e'). Here we write e = cost + isint
instead of (cost,sint) for the sake of brevity. We identify the plane R? with
the plane of complex numbers C whenever it is convenient.

We consider right derivative ¢'(t) = lim M. We assume that

s—0

¢’ (2m) = ¢’(0) so that the domain of ¢’ is the interval [0, 27]. The existence
of all directional derivatives of h is equivalent to the existence of right and
left derivatives of ¢. Namely,

W (z:0) = lim h(z + tv) — h(x) 1

t—0+ t - m

((v, 2)p(Arge) + (v, iz) ' (Arg))

for (v,ix) > 0, where (v, x) is the inner product of vectors (v1, v2), (z1, z2) and
(v,4x) is the inner product of vectors (v1,vs2), (—x2,x1). Our considerations
are limited to the right derivative. Analogous results can be obtained for the
left derivative.

Theorem 1. Let h : R? — R be a positively homogenous (p.h.) function. Let
¢ :[0,27] — R be defined by ¢(t) = h(e'). If the function h is continuous
and the right derivative @' of ¢ exists and has bounded variation then h is a
difference of sublinear functions, namely h = ha — hp, where hy and hp are
support functions of compact convex sets A and B described as follows. Let

£(t) = / o(s)ds + /(1) — /(0),

FHO) = GG + 70 + FO), £ () = £(6) — £(0),
where Vi (f) is the variation of f on the interval [0,t]. Denote b =
- f027r ieldf*(s). Let

() = 0 0 <t < Arg(ib)
TEOZ el Arg(ib) <t <27

FH(t) = / e d(f* + g)(s), F~ (1) = / ied(f~ + g)(s)
and
A = ¢(0) + iy’ (0) + conv ([0, 27]), B = conv F ([0, 27]).

Moreover, (ha,hp) is a minimal pair of sublinear functions such that h =
ha—hp. If also (hy, ha) is such a minimal pair then hy = ha+1, ho = hp+I,
where 1 is a linear functional.
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Necessary and sufficient conditions for a difference of two sublinear
functions

The idea of the following theorem is based on the notion of bounded convexity
of functions of one variable [6].

Theorem 2. Let h : R?> — R be a positively homogenous (p.h.) function.
Let  : [0,21] — R be defined by ¢(t) = h(e™). The following statements
are equivalent:
(a) The function h is a difference of sublinear functions.
(b)  The function h is continuous and the right derivative ¢’ of ¢ exists
and is a function of bounded variation.

|L,0 tit1)—p(ti) _ e(ti)—p(t:
tiy1—t; ti—ti—

(c) sup = 1)| < 00.

P={0= t0<f1< <tp=27} i=1

(d)  lim nZ lp(tivr) = 20(t:) + p(ti1)| < oo

Moreover if any of these statements holds true, then h = ha — hg, where A
and B are compact convex sets described above and (A, B) is an inclusion-
minimal, unique up to translation pair of sets such that h =ha — hp.

Examples

Max-min functions were first ds-functions studied in quasidifferential calculus
[1, 2]. Our examples are not of this type. Several examples are rational
functions.

Example 1. Let

oy =) Ve @00
0 (z,y) = (0,0)

Using notations from Theorem 1 we obtain cp( ) = 3sin2t, ¢'(t) = cos2t,
fot o(s)ds = —Lcos2t+ 1, f(t) =3 cos2t — 3
0 telo, 3] 3 _3cos2t tel0,%]

3 3 us 3 s
iy ) geos2t+y te(F,T ) — 5 t€(§77r]
) 3 te(m3] @) 9 —3cos2t te (m 3]
Scos2t+ 3 te (3, 2] 3 te (31, 2]
Thei image or trajectory of the function F'(¢ fo ie'sdf (s fo ietsd(3 4 cos 25—
3) = (3sint — 1sin3t, 3 cost + 4005325 -1) = ize‘“ + 1ie*" — i is an

astroid. Trajectorles of the functions F*(t) and F~(t) produce boundaries,
respectively, of the sets A and B.



Grzybowski J., Pallaschke D., Urbariski R. 23

Example 2. Let h(z,y) = ian |y cos & — xsin 7|. The function h is positively
ne
homogenous, piecewise linear and nonnegative. We have p(t) = ing | sin(t —
ne

7)|. For all t € [0,27) the right derivative ¢'(t) exists and belongs to [—1,1].
The function ¢ is continous and Lipschitzian with a constant 1. Also the
function A is continous and Lipschitzian with a constant 1. For all n > 2, we
have ¢’(Z) = 1. Moreover for each > 2 the function ¢’ is negative in some left
neighborhood of 7. Hence the variation of ¢’ is infinite. By Theorem 2 the
function h is not a difference of sublinear functions. In [3] Gorokhovik and
Trafimovich gave another similar function with more complicated definition.
Example 3. For ¢t € [Z, T=], n > 2 let us define

n’n—1

.1 m 1 . s
o(t) = mm(ﬁ sin(t — ﬁ)’ 1) sin(

—t)).

n—1

Let us put ¢(t) = ¢(t — ) for t > 7 and ¢(0) = 0. We define

ey = 1 VR yte(Arg(z +iy))  (z,y) # (0,0)
e = { 0 (9) = (0,0)

Again the function h is positively homogenous, piecewise linear and
nonnegative. Moreover, the right derivative ¢'(t) exists and belongs to the
interval [—1,1]. We can calculate that the variation of ¢’ is finite and equal
to

=1 72 N
8Zﬁ —4 =8 —4~9,1504725.
n=1

By Theorem 2 the function h is a difference of sublinear functions.
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In the present paper we continue research started in [1] and [2]. Let X and
P be Banach spaces and h: X x P — RU {+o0} be a lower semicontinuous
function. Consider the problem

Pr: to minimize h(z,p) over x € X

with parameter p € P. The optimal value of Py, at p € P is hiy(p) =
in}f{ h(z,p) and © € X is called a solution of P, at p € P if h(z,p)
e

hint(p) € R. A sequence {z} C X is called minimizing for P, at p € P if
im h(zy,p) = hint(p).
k—o0
Let Py, admits at py € P a unique solution x¢. Define the function Ay, ,, :
P — [0,400) as
A = inf lim inf - , e P.
h-po (p) {z} is minimizingnslequence for Py, at p lkn—l>£ ||Ik {E()” p
The problem Py, is called approzimately well-posed (AWP) at py € P if it
admits a unique solution at pg, hin¢(p) is finite for p in some neighborhood

of pg and
lim Ay p,(p) = 0.

pP—Po
If, in addition, there exists a constant L > 0 such that Ay, ,, (p) < L|lp — pol|
for all p in some neighborhood of pg, then the problem Py, is called Lipschitz
approzimately well-posed (LAWP) at po with constant L.
We elaborate some subdifferential calculus of the optimal value (marginal)
function hin(-) provided that P, is AWP or LAWP. Then we state some
sufficient conditions for P; to be AWP and LAWP.

Given a function f : X — R U {400} and ¢ > 0, the Fréchet e-
subdifferential of f at xop € dom f:={zx € X : f(x) e R} is

e flag) ={z* € X*: ¥n>030>0: V€ Bs(xo)
(@, x —20) < f(2) — fz0) + (e + 0|z — 2ol[},



Ivanov G. 25

where Bs(zg) = {x € X : ||z — 20| < §}. If ¢ = 0, then 97 f := 9P f is
called the Fréchet subdifferential.

The Mordukhovich limiting subdifferential OF f(xq) at xo € dom f is the
set of z* € X* such that there exist ex | 0,  — xo with f(xx) — f(z0),
and z} — x* weakly star and x} € 01" f(zy) for all k € N.

We use 0%¢h(x,p) and 0%h(z,p) to denote correspondingly the Fréchet
e-subdifferential, and the limiting subdifferential of h at (z,p) € dom h with
respect to the norm ||(z, p)|| = ||z| +||p| in X x P. We denote by d5*¢h(z,p)
the Fréchet e-subdifferential of the function h(-,p) at the point x. We shall
use OLh(x,p) to denote the set of x* € X* such that there exist g5 | 0,
(xk,pe) — (xo,po) with h(xg,pr) — h(z,p), and zf — z* weakly star
and xj, € 9F*h(xy,py) for all k € N. Similarly we define 9/**h(z,p) and
O h(x,p).

A function f : X — RU{+4oc} is called lower regular at a point « € dom f
(see [4]) whenever O f(x) = 0F f(z).

Theorem 1. Let xg € X be a solution of Py, at pg € P. Then for all
e>0

{0} x 0" hint (po) € 8" =h(wo,po) C 07 (0, p0) X B, h(x0, po)-
If, in addition, Py, is AWP at py, then
{0} x 0% hint(po) C 0" h(x0, po) C O% h(xo,po) X Oy h(zo,po)-

Theorem 1 correlates with results of Thibault |7, Proposition 3.1] and
those of Ngai, Luc and Théra [8, Theorem 2.5].

We say that the function h : X x P — R U {400} satisfies mized second-
order condition (MSOC) at (xg,po) € X x P if for any € > 0 there exists
0 > 0 such that

h(zy,p2)+h(ze, p1) < h(zy, p1)+h(xe, p2)tellpi—p2||  Voi,22 € Bs(zo),
Vpl7p2 S B(S(po)

with usual convention +o0o + C = C + (+00) = 400 for all C € RU {+o0}.

The following lemma gives a sufficient condition for function h to satisfy
MSOC.

Lemma 1. Assume that hg : X x P — R U {400} is continuously
differentiable at some neighborhood of (xg,pp) € domhg. Let f : X — R U
{+o0} and g : P — RU {400} be arbitrary functions such that xy € dom f,
po € dom g. Then the function

h(x,p) = ho(z,p) + f(x) +g(p), x€X, peP

satisfies MSOC at (xq, po)-
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Theorem 2. Assume that xo € X is the solution of Py, at pg, the problem
Pr is AWP at pg € P and h satisfies MSOC' at (xq,pg). Then

Oy h(zo,po) = 0" hing(po) Ve =0,

apLh(Tfo,po) = 0% hint (po).-

If, in addition, h is lower regular at (zg,po) (or at least 81’;“h(300,p0) =
8£h(1:0,p0)), then hine(+) is lower regular at pg.

Given a function « : [0, +00) — R, a function f : X — RU{+o0} is called
a(+)-midconvex if

xr1 + T2
2

flan 4 fen) 220 (P52 ) 4 2aller —aal) Ve X.
In case a(t) > 0 for all t > 0 the class of a(-)-midconvex functions is akin
to the class of uniformly convex functions introduced by Levitin and Polyak
[3]. In case «a(t) < 0 for all t > 0 the notion of «(-)-midconvexity is a slight
modification of «(-)-paraconvexity due to Rolewicz [6].

The next two theorems provide sufficient conditions for Pj, to be AWP
and LAWP.

Theorem 3. Let xg € X, pg € P and A\ > 0, u,v € R be such that for
all p in some neighborhood of py and for all x € X

h(z,p) = h(zo,po) + Allx — xo|| — pllp — poll,

h(xo,p) < h(z0,po) + 7/l — poll-
Then Pn admits a unique solution xo at pg and Py is LAWP at py with
constant L = %

Theorem 4. (i) Let pg € P and the function h(-,po) be a(-)-midconvex
with a(t) > 0 for all t > 0. Let h(x,-) be continuous at py uniformly with
respect to x € X, that is

lim sup |h(z,p) — h(z,po)| = 0.
P—P0 e X
Then Py, is AWP at pg.
(ii) Let pg € P and the function h(-,po) be a(-)-midconver with «(t) =

apt? for all t > 0 and some o > 0. Let there is a constant C > 0 such that
for all p in some neighborhood of py and for all x € X

h(zo,p) + h(z,po) < h(z,p) + h(x0,p0) + Cllz — 20 ]| - [[P — PO

Then Py, is LAWP at pg.
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The rest of the paper is devoted to the infimal convolution problem.

The Moreau-type infimal convolution of two functions f,g : X — RU
{400} is
(fB9)p) = it (f@)+9p—2)), pex.

The infimal convolution problem Py, at a point p € X is the problem Pp,
with
h(z.p) = f(z) +g9(p—2), =z,peX.

From now on we assume that functions f and g are lower semicontinuous,
that guarantees lower semicontinuity of h(z,p) = f(z) + g(p — ).

Theorem 5. Let xy € X be a solution of Py g at po € X. Then for all
e=20

OF<(f B g)(po) € (974 (@) ()(0™9(po — 0) ).
If, in addition, Py g is AWP at pg, then

O (F B g)(po) < (9% (o)) V(9" 9(po — 20))-

If, in addition, f is continuously differentiable in some neighborhood of xo or
g is continuously differentiable in some neighborhood of (po — xg), then the
latter two inclusions are equalities.

Theorem 6. Suppose that xo € X is the solution of Py 4 at po € X and
the problem Py 4 is LAWP at po with constant L. Then for all e > 0

(97 £(20)) N (9"“g(p0 — o)) € " CLXD%(1 B g) (po).

If, in addition, f and g are lower regular at points xo and (py — o)
correspondingly, then f B g is lower reqular at py.

Theorem 7. Suppose that g,z9 € X, a,3,7yER, a+8>0, f: X —
RU {400} and g : X — R are such that for all x,z € X

f(@) = f(zo) = el — woll, (1)

9(2) = g(20) = Bllz = =l (2)

9(2) = g(z0) <71z — 20l (3)
Then Py g admits a unique solution xg at po = xo + 20 and Py 4 is LAWP at
po with constant L = ‘gl%g

If, in addition, f and g are lower regular at points xo and z
correspondingly, then f B g is lower reqular at py.
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Theorem 8. Let the function f be ay(-)-midconver and the function g
be oy (-)-midconvex with oy (t) + ag(t) > 0 for allt > 0 and 1ti£>n+inf(ozf(t) +

ay(t)) > 0. Let f or g be uniformly continuous. Then Py, is AWP at any
po € X.

Theorems 5-7 improve Theorem 5.5 in [5], Theorems 3.1, 3.2 in [1] and
Theorems 3.1, 4.2 in [2].

Acknowledgement. The investigation was supported by the Russian
Foundation for Basic Research, grant 16-01-00259-a.
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Weakly Convex Sets in Asymmetric Normed Spaces
Lopushanski M.
Moscow Institute of Physics and Technology, Institutski str. 9, Dolgoprudny,
Moscow region, Russia 141700

Weakly convex sets are often considered in literature under different
names — sets with positive reach in R™ ([1]), proximally smooth sets ([2]),
prox-regular sets ([3], [4]). The term "weakly convex sets"was introduced by
Vial [5]. The motivation for studying weakly convex sets is that the class of
weakly convex sets is much wider than the class of convex sets, but shares
many useful properties with the latter. The weakly convex sets may be used,
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for example, in differential inclusions (see, e.g. [6]), in the gradient projection
method ([7]), in differential games ([8]), set valued mappings theory ([9]).

We consider weakly convex sets with respect to (w.r.t.) a quasiball in a
Banach space. A quasiball is a convex closed (may be unbounded) set that
contains a neighbourhood of zero. Such an approach allows us to apply the
methods of proximal analysis to the epigraphs of functions and to obtain
the conditions of well-posedness for optimization problems of the infimal
convolution type (see [10], [11], [12], [8]).

A quasiball in a Banach space E is a convex closed set M C E such that
0€int M and M # E.

The Minkowski functional s (x) = inf {¢ > 0| € tM} of the quasiball
is the asymmetric seminorm.

The M -distance from a set C to aset A is opr(C, A) = ecinfeA pun(c—a).
ceC, a
The M -projection of x onto A is the set Py(z, A) = A((z—on(x, A)M).

The Minskowski sum of sets A C E and B C E is A+ B =
{a+b| a €A, bGB}.

The ball with center ¢ and radius r is B,(a) ={r € E: ||z —al < r}.

The set C' C E is called strongly convex w.r.t. a quasiball M C E if C is
convex, closed and there exists a set C; C F such that C + C; = M.

A set A C F is called weakly conver with respect to the quasiball M C FE
if

a € Py(a+z,A), Ya € A, Vz€ Nia,A),

where Ni (a,A) ={2 € OM|3t>0: a€ Pyla+tz, A)}.

A set M C F is called parabolic, if for any vector b € E the set (b + %M)\
M is bounded.

A set M C FE is called boundedly uniformly conver, if it is
convex and tl—ig-lo om(t,R) = 0 for any R > 0, where op(t,R) =

sup {||a =

The problem mig f(z) is called well posed, if every sequence {xy} C F
x€
such that

abe MABHO), inf |22 o <t}, £> 0,

Jim, o) = o (o).

converges to the solution of this problem.

In [10] we proved the well-posedness of the nearest points problem of two
sets, one of which is weakly convex w.r.t. the quasiball M, and the other one
is strongly convex w.r.t. —rM.

Theorem 1. Let the quasiball M in a Banach space E be parabolic and
boundedly uniformly convex. Let the set A C E be closed and weakly convex



30 Lopushanski M.

w.r.t. the quasiball M. Let the set C C FE be strongly convex w.r.t. the
quasiball —rM, where 0 < r < 1. Let 0 < op(C,A) < 1 — r. Then the
problem glin C/,L]\/[(C — a) is well posed.

acA, ce

A set A is called M-quasibounded, if for any point © € E \ A we have
om(xz, A) > 0 and for any R > 0 the inequality

sup sup  |lz]] < o0
a€dANBR(0) zeN}, (a,A)

holds.

Theorem 2. Let the quasiball M in a Banach space E be parabolic and
boundedly uniformly convex. Let the set A C E be M-quasibounded and
weakly convex w.r.t. M. Let the set C C E be strongly convex w.r.t. the
quasiball —rM, where r € (0,1) and int C # &. Let o (C,A) < 1 —r,
A(Nint C = @. Then the problem aeglirclecuM (c — a) is well posed.

The Hahn-Banach theorem on the separation of two convex disjoint sets
with a hyperplane is well-known in functional analysis. The duality theory,
based on this theorem, has many applications in optimization and other
branches of mathematics. It is easy to see that two non-convex disjoint sets in
a general case can’t be separated by a hyperplane. But, under some additional
assumption, we may separate a weakly convex from strongly convex w.r.t. a
quasiball M, using its boundary [14].

The quasiball M C E is called boundedly uniformly smooth, if

5M (t> R)

Jim SIS =00 VR > o, (1)

where o) is such that B,,,(0) C M and for any ¢ > 0 and R > oy

Bu(t,R) = sup{'uM(x—i_ty) —;—,uM(m i) —1: 2€dMNBpR, y< %1} .
(2)

Theorem 3. Let E be a Banach space and the quasiball M C E be
parabolic and boundedly uniformly convex. Let 0 < r < R, the sets A,C C E
be closed, A be weakly convex with respect to the set RM, C be strongly
convex with respect to the set (—rM), A+ Rint M # E. Let at least one of
the following statements hold

1) om(C,A) > 0 or

2)int C # @, ANint C' = @ and the quasiball M is boundedly uniformly
smooth, the set A is M-quasibounded.

Then there exist a,c € E such that int C C ¢ —int rM C a —int RM C
E\ A.
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Further we studied the normal regularity of weakly convex sets w.r.t. a
quasiball M [15]. The applications of regularity of sets in Hilbert spaces may
be found in [6]. In a Banach space the normal regularity may be used, for
example, to prove the necessary conditions for the existence of the linearly
suboptimal solution of multiobjective problems [16].

The Fréchet normal cone to the set A at x € A is

NF(z,A) =

={£€E"| Vy>0 36>0:(,a—xz) <y ||a—acHVa€%5(gc)ﬂA}.
The support function of the set M C E is

s(p, M) = sup(p,x), pe€LE"
xeM

Given a functional p € E*, if p € b(M) \ {0} we define

Ju) ={z e E: (p,x) =s(p,M)un(z), s(p,M)=pn(z)},

otherwise we put J3,(p) = {0}.
The proxzimal M -normal cone to the set A at a point a € 0A is

Nir(a,A) = {p € b(M)|3z € Ji;(p), It >0: a € Pyla+tz, A}
The Mordukhovich limiting cone is

NE (2, A) =" ~* limsup Ni,(y, A) =

Yy—x

={" — lim =} : € Nij(zn,A), 2z, € A, x,, — x,n — 00},
n—oo

where *” — lim means the limit with respect to weak* topology.

Theorem 4. Let E be a reflexive Banach space. Let the quasiball M be
boundedly uniformly smooth, boundedly uniformly convex and parabolic.
Let the set A C E be M-quasibounded and weakly convex w.r.t. M. Then

NE(z,A) = NE(z,A) = NE (2, A), Yz A

The results were obtained under the supervision of professor G.E. Ivanov.
The work was supported by the Russian Foundation for Basic Research,
grant 16-01-00259.
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Critical Multipliers in Variational Systems via
Second-Order Generalized Differentiation
Mordukhovich B.
boris@math.wayne.edu
Wayne State University, Detroit, MI 48202, USA

We introduce the notions of critical and noncritical multipliers for
subdifferential variational systems extending to a general framework the
corresponding notions by Izmailov and Solodov developed for classical
KKT systems. It has been well recognized that critical multipliers are
largely responsible for slow convergence of major primal-dual algorithms
of optimization. The approach of this paper allows us to cover KKT
systems arising in various classes of smooth and nonsmooth problems
of constrained optimization including composite optimization, minimax
problems, etc. Concentrating on a polyhedral subdifferential case and
employing recent results of second-order subdifferential theory, we obtain
complete characterizations of critical and noncritical multipliers via the
problem data. It is shown that noncriticality is equivalent to a certain error
bound for a perturbed variational system and that critical multipliers can
be ruled out by full stability of local minimizers in problems of composite
optimization. For the latter class we establish the equivalence between
noncriticality of multipliers and robust isolated calmness of the associated
solution map and then derive explicit characterizations of these notions via
appropriate second-order sufficient conditions. It is finally proved that the
Lipschitz-like/Aubin property of solution maps yields their robust isolated
calmness.Based on joint work with Ebrahim Sarabi (Miami University, USA)

Calculation of Subdifferentials for the Difference of Two
Convex Functions
Polovinkin E.
polovinkin.es@mipt.ru
Moscow Institute of Physics and Technology (State University), Institutsky per.,
9, Dolgoprudny, 141700, Russia

In the study of non-smooth continuous functions f : X — R! at a
local minimum at some point xy € X the necessary extremum condition
takes the form of inclusion 0 € O¢f(xp), where O¢f(xg) is the Clarke
subdifferential ([1, 2]). In more complicated problems of mathematical control
theory sometimes it is necessary to calculate subdifferentials of Clarke’s type
[2, 3, 4]. However, the calculation of these subdifferentials for non-smooth
and non-convex function is not a very simple task. In this paper we obtain
fairly simple formulas for calculation of various directional derivatives, and
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consequently subdifferentials, including Clarke subdifferential for nonsmooth
functions which can be represented as the difference of two locally Lipschitz
continuous convex functions.

Note that the differential calculus for functions, which include the class of
functions under study, were created by V. F. Demyanov and A. M. Rubinov
[5]. They introduced the concept of the quasidifferential of the function, which
can be represented as a pair of convex compact sets, the first of which is the
subdifferential (in the sense of convex analysis) of the first convex function,
and the second is the hypodifferential of the second concave function.
However, we need to calculate Clarke subdifferential for the difference of
convex functions.

Let X be real Banach spaces. We denote by B,(zg) the open ball of
the radius » > 0 with the centre zg in the space X. As usual, the classical
directional derivative of a function f: X — R! at the point zg in the direction
u € X is defined by the following expression

J'(wo,u) = 1/\1?(} A (f (w0 + Au) — f(w0)).

Also let us consider following definitions of derivatives of locally Lipschitz
continuous function f: X — R at the point zg in the direction u € X, where
"U” means upper [4, 5, 6], ”L” - lower [4, 5, 7], 7C” - Clarke [1, 2, 4], ”AL”
- asymptotic lower [4, 7], ” M P” - Michel - Penot [8, 4].

Definition 1. The M - derivatives (where M € {U, L, C, AL, MP} ) of
a function f at the point x¢g € dom f in the direction uw € X are defined as
follows

D f (o) (u) = lifiliionf A7 (f (o + Au) — f(0)), (1)
D} f(xo)(u) = liH;f(}lp A (f (2o + M) — flzo)), (2)
D¢ f(xo)(u) = linxlyiup AN f (@4 M) — f(x), (3)
DY, f (o) (u) = Slelg(fo(xo)(u +w) = DY f(z0)(w)), (4)

Dirpf(o)(u) = Sgg{lirilfoup(xl(f(wo + Mu+w)) = flzo + Aw)))}. (5)

Definition 2. The M- subdifferential of a function f: X — R at the point
xg € dom f (for any M € {C, MP,AL}) is the subset of the dual space X*
defined by the formula

05 f(x0) = {p € X* | (p.) < Dfyf(wo)(x) Va € X)
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Lemma 1. Let f: X — R! be a locally Lipschitz continuous at the point
xg € dom f function. Suppose that for all vectors u € X there exist finite
classical directional derivatives at the point xq, that is

f(zo,u) = DZ’ fzo)(u) = D§ f(zo)(u), VYueX.

Then the M- derivatives D}, f(xo)(u) for M € {MP, AL} coincide for all
u € X, and the following formula holds

Dy f(wo)(u) = Slég(f’(dfo,wrw) = f'(zo,w)). (6)
Theorem 1. Let f: B,(x9) — R! be a function such that there exist two
continuous convex functions fi, fa : Br(z0) — R that f(x) = fi(z) — fa(2)
for all x € B,(zo) and for which, for some u € X, one of the functions
fis k € 1,2, satisfies the following condition f; (xo,u) + f.(x0, —u) =0 (for
example this function is Gateauz differentiable at the point xo). Then, for
suchu € X and for any M € {C, M P, AL}, the M- derivatives D3, f(xo)(u)
coincide and the following formula is true

Dy f(zo)(u) = fi(zo, u) + f3(wo, —u). (7)

Definition 3. For a continuous function f : B.(x¢) — RY, which has finite
classical directional derivatives at the point g € X, we define functions g
and ¢ by formulas

9(z) = f(zo) + f'(z0, 7 — 20), @(z) = f(z) — 9(), (8)

that is the function f in the neighborhood B, (z¢) of the point z( is
represented as a sum of its quasilinear part g and a remainder ¢. It is
obvious that the functions g and ¢ at the point zy have classical directional
derivatives, and besides

J' (zo,u) = f'(xo,u), ¢ (vo,u)=0 VueX.
hence for all © € X the following inequlities hold
D¢ f(xo)(u) = Dy f(x0)(u) = Dipg(x0)(u) = D g(wo)(u) > f (w0, ),

Dy pp(wo)(u) =0,

from which, in particular, the inequality follows 0 < Dfp(z0)(u) for all
u € X, which is equivalent to the inclusion 0 € 97 ¢ (o).

Definition 4. A continuous function f : B.(zg) — R! is called
semiregular at the point x¢ € X, if it has finite classical directional derivatives
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along any vector at the point zg, corresponding function ¢ defined by (8) is
Lipschitz continuous in some neighborhood of the point ¢ and the equality
is true 9% p(zo) = {0}, that is Do (xo)(u) =0 for all u € X.

Here are some classes of semiregular functions.

1) Any positively homogeneous Lipschitz continuous function is semiregular
at the point 0 € X, as ¢(u) = 0.

2) A function which has finite directional derivatives along any vector at
the point xg, and for which corresponding function ¢ from (8) is convex and
bounded in some neighborhood of the point g, is semiregular.

3) A convex function f is semiregular at the point zg, if the equalities
holds f/(zo,u) + f'(zg, —u) = 0 for all u € X. In particular, every convex
Gateaux differentiable at the point ¢ function f is semiregular at this point.

4) For non-convex function f : X — R! to be semiregular at the point
it is sufficient that it is strictly differentiable at the point zg € X.

At the same time non-convex differentiable function can be not
semiregular. For example, function f : R! — R! of the form f(z) = x? sin%
for x # 0 and f(0) = 0 is differentiable, but it is not semiregular at zero.
Here f'(0,u) = 0, ¢(x) = f(x) and DE¢(0)(u) = |u| for all u € RL.

Also we show that not every Lipschitz continuous function, which is
regular by Clarke at some point, is semiregular at this point.

Theorem 2. Let f : B.(zg) — R' be a semiregular at the point xg
function. Then all M- derivatives of the function f coincide, that is VM €
{C,MP,AL}

D, fzo)(u) = sgl))((f'(zo,u+w) - f'(zo,w)), VueX,

which is equivalent to coincidence of all subdifferentials (93]”(370) =
Oprpf (o) = 041, f (o).

Theorem 3. Let a function f: X — R! be a difference of two convex
semireqular at the point xo functions fi and fo, that is f = f1 — fa. Then all
M -derivatives of the function f coincide, that is (VM € {C,M P, AL})

Di;f(zo)(u) = Slell))((f/(ﬂfmu +w) = f'(zo,w)), VueX,

which is equivalent to coincidence of all subdifferentials (’%f(xo) =
Oprpf (o) = 041 f (o).
Some examples of calculations of M- subdifferentials of functions
representable as a difference of two convex functions are considered.
Acknowledgement. The investigation was supported by the Russian
Foundation for Basic Research, grant 16-01-00259-a.
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The Subdifferentials of the Second Orders for Lipschitz
Functions
Prudnikov I.
pim_10@hotmail.com
Smolensk Branch of Sanct Petersburg Railway Institute, Krupskaya 39, Smolensk,
214000, Russia

Construction of an united theory of the subdifferentials of the first and
second orders is interesting for many specialists in optimization. In this paper
the rules for construction of the subdifferentials of the first and second orders
are introduced. The constructions are done with the help of the Steklov
integrals of Lipschitz functions over the images of set-valued mappings. It is
proved that the subdifferential of the first order, consisting of the average
integral limit values of the gradients of a Lipschitz function, calculated
along the curves from an introduced set of the curves, coincides with the
subdifferential of the first order, introduced by the author, constructed using
the Steklov integral. If a function is twice differentiable at some point, then
the subdifferentials of the first and second orders coincide with the gradient
and the matrix of the second mixed derivatives of this function at the same
point. The generalized gradients and matrices are used for formulation of
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the necessary and sufficient conditions of optimality. The calculus for the
subdifferentials of the first and second orders is constructed. The examples
are given. The main results are published in [1].

Define the function ¢(-) : R® — R
1
o) = ey o S (1)

where D(-) : R" = R" is a continuous set-valued mapping (SVM) in the

Hausdorft metric with convex and compact images, 0 € int D(x), u(D(x)) > 0

is the measure of D(x). The function ¢(-) depends on the chosen SVM D(+).
Let us consider SVM D(-) satisfying the following conditions.

1. zp € int (z + D(z)) for all z € S, S C R™, is a neighborhood of z;

2. the diameter of D(x) which we denote by diam D(z) = d(D(x)), tends to
zero as ¢ — xg and satisfies the inequality d(D(z)) < k||z — x| for some
constant k;

3. for some sequence {;},&; | 0, as i = oo SVM D(-) is constant for all
from the set €2i+1 <|| T — Xo ||< €925

4. the boundary of D(x) for all x € S, x # xy, is defined by continuously
differentiable function of z.

We will consider SVM D(+) satisfying the above mentioned conditions
for any sequences {e;}, ¢; | 0, and constants k. Denote the defined set of
SVM by E. D(:) is constant SVM, i.e. D(x) = Do;, for any z, satisfying
€2i41 <|| T — 2o ||< €2;. The derivative ¢'(-) is a Lipschitz function with a
constant Lo;(Da;).

We will consider the function ¢(-) : R® - R

1
w(D(x)) \/D(:z:) plz+y)dy

to construct the subdifferential of the second order, where ¢(-) was defined
before for SVM D(-) € E. The function ¢(-) depends on the chosen SVM
D(-) eE.
Introduce the set of the matrices
0*Yp(zo) :=co{A€ R : A= lim ¢ (z;)},

Ti—T0

() =

where the points z; belong to the regions of constancy of SVM D(:) € =.
Lemma 1. 9%¢p(xg) is a convex and closed set.
Define SVM W2 f(-) : R" = R"*" with the images

U2 f(z0) := co U 0*pp(xo),

D(")
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where the union for all SVM D(+) € = is taken. The set W2 f(x) is called the
subdifferential of the second order of the function f(-) at the point x.

Remark. Remark, that the sets 9*Yp(zg) and W2f(zg) may be
unbounded without some additional assumptions for the function f(-).

The following theorem can be a sufficient condition of optimality.

Theorem. If the necessary condition for the minimum of f(-) at xg is
true and there exists $(g) > 0 for all suspicious directions g € G that the
inequality

(Ag,9) = B(9)llgll* VA € W2 f(z)

is true, then xq is the minimum of f(-).
Example 1. Let be f(z) = |z|,z € R. Then

0£(0) = Df(0) = [-1,1] = 0cf(0).

The functions #(-) are convex for any constant SVM D(-) according to the
qualities of such functions proved before. During decreasing of the diameters
of the images D(x) the functions 9(-),¢’(-) tend to the functions f(-), f'()
uniformly on any compact set. Therefore, the second derivatives ¢’ (z) tend
to 400 when x — 0. From here we have W2 f(0) = {0, +00}.

Example 2. Let be f(-) : R — R with a graph lying between two curves
y = 22 and y = —2? and consisting from slopes +£1 with the limit point at
zero. Then

We can conclude from here that the point zero is not the optimal point.
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Lagrange Duality and Saddle Point Optimality Criteria for
MPEC via Convexificators
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In this paper, we consider a mathematical programming problem with
equilibrium constraints (MPEC). We formulate Lagrange type dual model
for MPEC and establish weak and strong duality results under convexity
assumptions in terms of convexificators. Further, we investigate the saddle
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point optimality criteria for the mathematical programming problem with
equilibrium constraints. We also illustrate our results by an example.
Keywords: Mathematical programming problems with equilibrium constraints,
Nonsmooth analysis, Duality, Convexity.
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Introduction

In the problems of modern nonsmooth analysis and nonsmooth
optimization, the multivalued sublinear operators play, as is known, ever
more important role. In particular, the concepts of the subdifferential and
the subsmoothness are jointly connected to multivalued sublinear operators,
that take convex compact values.

The questions on the nonsmooth form of the implicite function and on
the inverse function theorems are very actual for any kind of subdifferential
calculus and this question was researched long ago in the nonsmooth analysis.
However, in order to obtain developed tools of the nonsmooth invertibility,
it seems that first an adequate invertibility theory for multivalued operators
should be constructed.

The present work represents an outline of such theory. We describe
the compact-valued sublinear operators by means of the packets of single-
valued so-called basis selectors. This makes it possible to introduce a
concept of the multivalued sub-invertibility through the concept of the
corresponding selectors. The construction and the properties of sub-invertible
multioperators are described explicitly. Special attention is given to the
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problem of extremal points of selector representation and corresponding
application of the Krein—-Milman theorem.
Sublinear K—operators and their simplest properties

Definition 1. Let F' be a real normed space. Denote by Fx the convex cone
consisting of all non-empty convex compacts in F', equipped with element-
wise addition, non-negative scalar multiplication and the cone-norm:

ICll = sup |lyl| (C C F).
yeC

This norm generates in Fx a locally convex cone-topology by means of
the following e—neighborhoods:

U. ={C'|C cC'"cC+ D,where||D| < ¢}

Definition 2. Let F and F be the real normed spaces, A : E — Fx. We
say that A is a sublinear K —operator if the following properties

(i) A(h+ k) C Ah+ Ak (subadditivity);

(ii) A(Mh) = A- Ah (A > 0) (positive homogeneity);

are satisfied. The cone—norm for K—operator is introduced in the standard
way:

|Al = sup [AR].
Inll<1

We say that the K—operator A is bounded if ||A|| < co. The normed cone of
all bounded K—operators A: E — Fi is denoted by Lk (E; F).

Constructing of the packet of basis selectors for a given K—operator

In what follows, H = {h;};csr is a fixed normed Hamel basis in a real
Banach space F.

Definition 3. Let A € Lg(E; F). Choose an arbitrary element a; € Ah;
for each 7 € I and set

Ahy=a;(Viel), Ah=> \a, (h =3 Aehy, € E) :
k=1

k=1
Let us call the set Ax = {A®} the packet of basis selectors (or s—

representation) of a sublinear K—operator A.

Theorem 1. Let E and F be the real Banach spaces, H be a Hamel basis
in £ and A € Lg(FE;F). Then for every selector A* € Ay the following
properties:

A* e L(E;F);  [|[Al < sup [|[A%] < C-[|All; (1)
As€eAk
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are valid. Here the constant C' = C(H) in the right-hand side of (1) depends
only on the choice of a Hamel basis H in E.

Remark 1. It is possible to identify the packet of basis selectors Ax = {A°}
and the K—operator Axh = {A®h| A® € Ak}. Then estimate (1) can be
rewritten in the form of norm equivalence for the K—operators A and Ak:

JAl < Axll < Cu - [[All (VA € Lr(E; F)),

where the constant C'y depends only on the choice of a Hamel basis H. In
addition, Ah C Agh (Vh € E) and the correspondence A — Af is sublinear.
Note that, under such representation, Ay € Lg(F; F).

Note also that the packet of basis selectors Ax forms a convex compact.

Theorem 2. For every K—operator Ax € Li(F;F) its packet of basis
selectors A is a convex compact in L(E; F).

K—invertibility of K—operators

In what follows, F and F are real Banach spaces, E & F, Isom(FE; F) is
the set of all isomorphisms between F and F, A € Li(E;F), H is a fixed
Hamel basis in £ and all s-representations of the K—operators £ — F are
considered with respect to H.

Definition 4. We say that the K-operator A is K—invertible if Ax C
Isom(FE; F). In this case, we introduce K—inverse K—operator Al}l as follows:

At =70 {(A%)7 1 A® € Ak} (Ax'k={Bk|B” € A}'}).

The set of the all K-invertible K-operators A : E — Fg is denoted by
Isomg (E; F).

Consider some properties of K—invertible K—operators.

Theorem 3. If a K—operator A is K—invertible, then A;(1 forms a convex
compact in L(E; F).

Finally, let us explain the question on the repeated K—invertibility.
Theorem 4. If A € Isomg (F; F) then Ay € Isomg (F; E). Moreover

Axhc (A h (VheERE).
Extremal points of the packets of linear selectors
Theorem 5. Let A€ Li(E;F), Ax = {A®} be its s—representation. Then

(A* € Extr(Ag)) & (Vh; € H : A°h; € Extr(Ah;)). 2)
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Corollary 1. Denote by Af% the set of all basis selectors from A, that
satisfy the condition in the right-hand side of (2). Then

Ax =co(A%).
Theorem 6. If A € Isom(F; F), then the following inclusion
(Extr Ag) ™! C Extr(Ag").
takes place.

Now let us consider a question on sufficient condition of K—invertibility,
namely, on K—analogue of the classical von Neumann theorem.

Theorem 7. Let A € Lg(F). If A =1 — B, where ||Bg|| < 1, then A is
K-invertible. Moreover, the following estimate

Ah (I + i BY)h (YheEE) (3)

n=1

takes place. Here in (3) the power of the K—operator is meant with respect
to the K—product (see [1]), and the convergence of the power series in (3) is
meant with respect to the cone-norm in Lk (E).

By applying the Krein-Milman theorem, now it is easy to obtain

Theorem 8. Let, under the assumptions of Theorem 7, the inequality
[Ac = I|| < 1—¢

hold for all extremal points A, € Extr Ax. Then A is K-invertible.
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Consider the optimization problem:
fo(z) l min, z €S cC R,
x

(P): filz) <0, ieT:={1,...,m}, (1)
filz) =0, i€&:={m+1,...,1},
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where all f;(z) = gi(z) — hi(z), ¢ € ZTUE U {0} with nonsmooth convex
functions g;(+), hi(-), gi,hi: R™ = IR, i € ZUE U {0} [1, 2, 3, 6, 13, 14, 15].

Let introduce the following penalty function [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 16, 17|

W (x) := max{0, fi(x),..., fm(2)} + > |f5(2)]- (2)

jEE
Further, consider the penalized problem as follows (o > 0)
(Ps): Oo(2) := fo(z) + oW (z) | min, =z €S (3)

As well-known [1, 4, 5, 7, 8, 9, 10, 13, 16], if z € Sol(P,), and z € F :=
{xeS: fi(x) <0, fi(z) =0, ieZ, je &}, then z € Sol(P). On the other
hand, if z € Sol(P), then under supplementary conditions [2, 5, 7] for some
. >0, 0 = || A2]l1 + |lptzlloo (where (A;, p2) is the KKT-multiplier vector
corresponding to z), the inclusion z € Sol(P,) holds. Moreover [14, 15],
Sol(P) = Sol(P,), so that Problems (P) and (P,) turn out to be equivalent
Vo = o..

It can be readily seen that the penalized function ©,(-) is a d.c. function,
since the functions f;(-), i € ZUE U {0}, are as such. Actually, since o > 0,
(assume, for simplicity, £ = @)

Oo(z) = Go(x) — Ho(x), (4)
Hy(x) :=ho(z) + 0 Y hi(x) (5)
€T

Ga(x) = ea(x) + Ha(x) = 90($) +
JFi

+ o max Zh maxgz +Zh . (6)

JjeET

It is clear that G,(-) and H,(-) are convex functions.

For z € F denote ¢ := 0,(2) = fo(z).

Theorem 1. Suppose z € Sol(P) and ¢ > o. > 0, where o, is the
threshold value of exact penalty parameter o.

Then, for all pair (y, ) such that

Ha(y) :6_<7 (7)
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and for any collection of subgradients hi(y) € Ohi(y), i € {0}UZ, the following
inequality holds

Go(z) — B> (ho(y) + 0 Y _hi(y),x —y) Yz €S. ()

i€l

It can be readily seen that Theorem 1 reduces nonconvex (d.c.) Problem
(P,) to a solving the family of convex linearized problems of the form

(H;(y) € 0Hy(y))

(PoL(y)):  Go(x) = (Hy(y),x) { min, =z €S, (9)

depending on the parameters (y, 8) fulfilling the equation (7).
If for such a pair (y, 8) and some u € S (u may be a solution to (P, L(y)))
the inequality (8) is violated, i.e. for some H/ (y) € 0H,(y)

Go’(u) < 6 + <H</7(y)a U — y>a (10)
then due to convexity of H,(-) we obtain with the help of (7) that
Go(u) < f+ Hy(u) — Hy(y) = Hy(u) + C.

The latter implies that O, (u) = G, (u) — Hy(u) < ¢ := ©,(2), so that u € S
is better than z, i.e. z ¢ Sol(P,).

It means that Global Optimality Conditions (7), (8) of Theorem 1 possess
the constructive (algorithmic) property allowing to construct local and global
search methods for solving Problem (P,) [18, 19, 20, 21].

In particular, they enable us to escape a local pit of (P,) and to reach
a global solution. The question arise about the existence of such a tuple
(y, B8,u). The answer is given by following result.

Theorem 2. Let for a point z € S there exist v € IR"™ such that

(H): O,(v) > O,(2).

If z is not a solution to Problem (P,), then one can find a pair (y,5) €
R™ Y, satisfying (7), and a point u € S such that the inequality (10) holds
for some H! (y) € 0H,(y).

Now let us set y = z in (9). Then from (8) it follows that

B=0,(2)+ Hy(z) = G,(2).

Furthermore, from (9) we derive (H. (y) € 0H,(y))

Go(r) — Gy(2) = (HL(2),z —2) Vz €S,
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that yields that z is a solution to the convex linearized problem
(PyL(2)): Go(x)—(H.(2),2) L min, z€8S.

As well-known [3, 6, 18|, due to the presentation (6) the latter problem
amounts to the next one

go(x) — (H.(2),z) + ot | I(nir;, x€S, teR,
x,t

i#i (11)
> hi(z) <t, gi(x)+ X hi(z) <t, 1€
ieT jeT

Moreover, one can show that the KKT-conditions to Problem (11) provide
for the KKT-conditions at z for the original Problem (P).

So, the Global Optimality Conditions (7), (8) of Theorems 1 and 2 are
connected with classical optimization theory [1, 2, 3, 6, 13, 14, 18, 20].

This research is supported by the Russian Science Foundation (project
No. 15-11-20015).
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Metric Problems for Algebraic Manifolds: Analytical
Approach
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The problem of finding the value of the geometric (i.e., Euclidean) distance
from a given point Xy to a given manifold in R"™ is of great importance for
several branches of mathematics, statistical data analysis, astronomy, particle
physics and image processing. Considering the case of an algebraic manifold
G(X) = 0, we are looking for an analytical solution to the problem, i.e. we
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need the expression of the distance as a function of the involved problem
parameters (coefficients of the polynomial and coordinates of the point).
The problem in such a statement arises in image processing, multi-object
movement simulation and in the scattered data approximation problems
(such as, for instance, ellipse or ellipsoid fitting problems).

We develop an algebraic approach consisting first in computation of the
so-called distance equation [1], i.e. an algebraic univariate equation F(z) =0
whose zero set coincides with that of critical values of the objective function of
the stated constrained optimization problem. Since the latter is an essentially
algebraic one, the required equation can be obtained in the framework of
Elimination Theory methodology involving computation of the resultant R,
and the discriminant D, of the polynomials [2] (the subscript denotes the
variable w.r.t. which the argument polynomials are treated).

‘We mostly concern ourselves with the problems involving quadrics due to
their importance for the image processing in 2D and 3D spaces. Consider an
ellipsoid in R™ given by the equation in X:

G(X):=XTAX +2BTX -1=0 where A,,x,, = AT and BcR". (1)

Theorem 1. Let G(Xy) # 0. The square of the distance from X, to the
ellipsoid coincides with the minimal positive zero z, of the distance equation

F(2) = Du(®(p, 2)) = 0 (2)

where

o A B -1 Xo
D, 2) .det({BT _1]+M[XOT 2~ XX, ])

provided that this zero is not a multiple one. Under the last condition, the
nearest to Xy point in the ellipsoid is

Xo = (mI— Ay (B + p.Xo) . 3)

Here p. stands for the multiple zero of the polynomial ®(y, z,) and I is the
n x n- identity matrix.

Remark 1. Under the condition of Theorem 1, the multiple zero p = p.
of the polynomial ®(u,z.) can be expressed as a rational function of the
coeflicients of this polynomial.

Corollary 1. The leading term of F(z) in (2) equals generically
2?"(det A)?D,,(det(A — ul)).
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Example 1. For the point Xy = [29, 4] and the ellipse G(z,y) := 22 /a® +
y?/b?> — 1 =0 one has ®(u,2) = p® + A1 (2)p? + Az (2)p + Az(z) where

A1(2) =T — z,A3(2) = a2b2{<1 + bl2> z— Go} ,Az(2) = —a®b? 2 .

a?

The distance equation (2) takes the form

0=L%2"— 2L{L(a2 + 0 a2+ yd) + Pyl — b%g}z?’
+{0 Liats-+ s - 0108 - Pl 4 LR+ )]+ 22— o+ P 2

—2a?b? {aQbQMG?)— {(a2+b2)M2+3 a’b’ M —6 a4b454} Go+2 a2b2M254}z+

+ a*b*G§ (M? + 4a°b*Go) .
Here L := a?>—b?, Gy := G(z0,y0), M = 2d+y3—a®—b?, Sy := x%/a*+y2/b*.
If z, denotes the least positive zero of the distance equation and this zero is
not a multiple one then the nearest to Xy point in the ellipse is

[ a’zg b%yo 9 As(ze) — A1 (24)A2(24)

X, = ,
a? — .’ b2 — 2 A2(z,) — 6 Aa(z4)

} where ., =

We next focus on resolving the distance equation, i.e. at finding
approximate but explicit expressions for its zero providing the squared
distance value. On representing the latter as the formal series z, =
Z?’;l 0;G7(Xy) in powers of the algebraic distance G(Xp) (which can be
treated as a small parameter in a vicinity of the considered quadric), we
substitute it into the distance equation (like the one given in Example 1) and
equate to zero the coefficients of successive powers of G(Xj). This procedure
results in the following approximations for the distance value:

Theorem 2. For the distance from the point Xy # —A~!B to the quadric
(1), the first approximation formula is given by

1 1G(Xo)|

2 /(AXo+B)T(AX,+B)’

diy = (4)

while the second one by

1 (AXo+BTA(AXy,+ B
di)y = d(l)\/l + 3 ( 0 )T A( 0 )G(Xo) (5)

[(AX,+ B)T(AX, + B))?

provided that the radicand is nonnegative.
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Formula (4) is known as Sampson’s approximation [3]. Our next aim

consists in establishing the tolerances of the discovered approximations. This
is carried out via evaluation of the deviations of the manifolds {d;y =
h}j=1,2:ner, from the approximated quadric. The problem can be reduced to
the general problem of distance evaluation between the point and algebraic
manifold of an arbitrary order. The treatment of the planar case is performed
via the construction of an appropriate distance equation.
Theorem 3. Let G(0,0) # 0 and the G(x,y) be an even polynomial in y.
Expand G in powers of 32 and denote é(:c, y?) = G(z,y). Equation G(z,y) =
0 does not have real zeros if

(a) the equation G(x,0) = 0 does not possess real zeros and

(b) the equation

F(2) = Do(G(x, 2 — 22)) =0 (6)

does not possess positive zeros. If any of these conditions fails then the
squared distance from Xy = [0, 0] to the curve G(z,y) = 0 equals either the
square of the minimal in absolute value real zero of the equation G(z,0) =0
or the minimal positive zero of the equation (6) provided that this zero is not
a multiple one.

The treatment of the general case of an arbitrary polynomial G(x,y) can
be reduced to the just treated one via artificial evenization of the problem:

Theorem 4. Let G(0,0) # 0 and G(z,y) be not an even polynomial in
y. Split G into the sum of even and odd parts of this variable: G(z,y) =
Gi(z,92) + yGa(x,y?). Denote G(z,y?) := G(x,y)G(z, —y) = G3(z,y?) —
y?G3(x,y?) and compute the polynomial F(z) by (6). The latter can be
factorized over R as

F(2) = Fi(2)F2(2) where Fa(z) := Ru(Gi(z, 2 — 22), Go(x, 2 — 27)).

Equation G(z,y) = 0 does not define a real curve if

(a) the equation G(x,0) = 0 does not possess real zeros and

(b) the equation Fi(z) = 0 does not possess positive zeros.

If any of these conditions fails then the squared distance from Xy = [0, 0]
to the curve G(z,y) = 0 equals either the square of the minimal in absolute
value real zero of the equation G(x,0) = 0 or the minimal positive zero of
the equation F7(z) = 0 provided that this zero is not a multiple one.

Remark. Generically, one has: deg F; = (deg G)2.
Example 2. For the cubic =223 +62y? +y3 — 1322 — 242y —7Ty* + 32+
9y — 6 = 0, the polynomial F;(z) from Theorem 4 has the form

Fi(z) = 234000 2% — 16231720 2% + 424939357 27 — 5350750701 2% +
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+ 34854257973 2° — 113424352224 2* + 148842276936 23 —
— 13100614064 2% — 25191108960 z — 7233825600 .

Its minimal positive zero z, = 0.737416. Distance to the cubic from the origin
equals /z, ~ 0.858729.

The approach outlined in the present paper can also be extended
for solution of the quadric-to-linear-manifold and the quadric-to-ellipsoid
distance evaluation problems in R™ [1].
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ConpsixkeHHast 3KCTpemasibHasi 3agada Aas Hernagkux
dyHKUMOHaNnoB

B nanuoit paboTe CTaBUTCS M MCCJE/YyeTCs TaK HAa3blBAeMasl COLPSIZKEH-
Hasl 9KCTpeMaJIbHAasl 38/1a9a [OMCKa «OINTHUMAJIBHOI0» HalpaBJeHus! ( B HEKO-
TOPOM CMBICJIE), BJIOJIb KOTOPOro (QYHKI[MOHAJ IEPEXOIUT Yepe3 TOUYKY yIiKe
HafiJICHHOIO paHee 9KCTpeMyMa. [IOHSATHe ONTUMAJBHOCTH MBI CBSI3BIBAEM C
JIByMSI JIOKAJIbHBIME XapaKTePUCTHKaMU (DYHKIMOHAJA, KOTOPbIE SBJISIOTCS
JIOKAJIbHBIME AHAJIOTaMU M3BECTHBIX B TEOPUH BEPOSTHOCTH IIOHSATHI aCHM-
MeTPHH U IKCIECCa PACIPEeJIeHNs] CIIydaiiHoil BeamauHb! [3].

ycrs E — 6anaxoso npocrpanctso, ® : £ D U(y) — R meupepbiBHbIH
dyHKIMOHA, KOTOPLI JOCTUrAeT JOKAILHOIO SKCTpeMyMa B Touke Y, h €
— so6oe nanpassenue B E(||h|| = 1). Hazosem sokaavrot acummempuet; @
B TOUKE Y 110 HAIIPABJICHUIO I CIIeAYIOMuil Ipeet:

100y = g ([ BreThlir)

t—+0\ 2t T
Zt
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OKa3bIBaeTCs, YTO 3TO IOHSTHE TECHO CBA3AHO C ITOHATUEM CHMMETPHU-
YeCKOIl IIPOU3BOJIHOII 110 HAIIPABJIEHUIO, & TAKXKe CUMMETPUYECKOro cyomud-
depeHInaia M0 HAIIPABJIEHUIO. 3aMETUM, ITO HEKOTOPOEe BpeMsi Ha3al ObLIO
BBEJIEHO MTOHSATUE KOMIIAKTHOTO cyOmnddepeH imaia, KoTopoe HAIIO CePbe3-
HBI€ IIPUJIOXKEHUS B TEOPUM BEKTOPHOI'0 MHTEIPUPOBAHUS U B BAPUAILMOHHOM
ncuucyiennn [1]. B nanpreiimen ectecTBeHHON cTama 3a1a9a 0600MIEHNST TEO-
pPHUI KOMIAKTHBIX CyOanddepeHmanos Ha CMMMETPIIECKAX CIydait [2].

Teopema. Eciiu ¢ cummempuuecku dugdeperyupyem B TOUKE T 110 Tape
nanpassenuit (h, —h), To

AD(y, h) = od(y, h).

Takum 06pa3oM, MEPBYIO CONPSIKEHHYIO IKCTPEMAIBHYIO 3879y B 9TOM
CJTydae MOXKHO ¢(DOPMY/TUPOBATD CJIEAYIONMM 00PA30M: OTHICKATH HAIIPABJIC-
uus h, B1oab KoTopeix |A®(y,h)| — min, 1o OTHICKATE IOCIIEOBATEb-
HocTb Hanpasienuit {hy,}, Baons koropeix |A®(y, h)| — inf.

BameruM, uTo B ragkoM ciaydae (korga @ cuibno guddepennupyem B
rouke), B cuiy jiemMbl Pepma, AP(y, h) = 0. Takum obpaszom, 3amada sB-
JIsleTCsl HETPUBHUAJIBHOM JIUIIb B HEIVIaJIKOM ciydae. B aToMm ciydae MbI ucC-
cJle/lyeM TOHATHE CUMMeTpudeckoro cybmuddepennuaa (COOTBETCTBYOIIEE
[OHSITHE MHOIO3HAYHOIrO cybnpeena u3ydeHo B [1]-[2]):

1 _ . D(y+th)— d(y —th)
Aot = "

M COOTBETCTBEHHO IMOHATUE MHOTO3HAYHOU Cy6—aCI/IMMeTpI/II/I

t
1 [ ®(y+7h)dr
Asup®(y, h) = subli — | ).
bl ) = i (35 [ *
CupageyinBa Teopema.
Teopema. Eciim ® cummerpudecku cyOauddepeHupyeM B TOYKE Y IO

HanpaBJjeHuio h, TO
A ®(y, h) € Y, @y, h) € [01D(y, h); O (y, ).

Ilox mepBoOit CONpPSIKEHHOM SKCTPEMAJIBHON 3ajadeil B 9TOM ClIydae
MBIl Oy/ieM [IOHHUMATH 3aJa9y OTBICKAHWUS OITUMAJIHHOIO HAIpPaBJIEHUS
WIN TIOCJIEI0BATEIbHOCTA HAMPABJICHUH, BIIOJIb KOTOPHIX MUHUMHU3UPYETCS
max | Ay ®(y, h)|.

Paccmorpen psii IprMepOB IIOMCKa ONTUMAJIHLHOTO HAIIPABJIEHUST JIJTsI CY0-
TJIaJIKHUX BapI/Ia.L[HOHHbIX dpyHKHI/IOHaHOB C HelvIaJIKMMHN I/IHTeraHTaMI/I pa3—
JmaHOro Tuma. Ilpm 3ToM MBI paccMarpuBaeM CJIydan, KOTJa HErJIaJIKOCTh
co371aeTcst 00 MOMYJIsIMeld, TubO OCIUJIIAINEld, TUO0 NX KOMOMHAIHEH.



Bapau 1.B. 53

Paccmorpum, HampumMep, MOLYIHPOBAHHBINA TAPMOHIMYECKUAN OCIUILIATOD
BHUJQ

/2
s \/i s
P(y) = / ly"? — y?|da y(0) =0,y (5) = et
0
Ha skcrpemanu (yo € C[0; 5])
sinz, 0 <z < Z;
wlr) =1\ 2 T

-7
= x

—e «e,Z\x\

2 2’

dyHKIMOHA J0CTUrAET CTPOroro JOKaJbHOro mMunuMmyma (cu. [1], npumep
5.4).

HermocpeicTBeHHBIE BBIYUCIIEHUS TIPUBOJAT K ToMYy, uTo |AD(y, h)| noctu-

us
raer HyJieBoro munumyma mpu h | — | = 0.

4

HazoBsem Temepnb n0karvHvimM IKcueccom dyHKIMoHAMa ® B TouKe MUHN-
MyMa Yy 110 HampaBjeHuio h € F ciemyromuii mpeest:

E®(y)(h)? = lim (1/@(y+7h)_@<y)m>.

t—+0\ t T2
—t

BTOpyI0 CONpPSIKEHHYIO SKCTPEMAJBHYIO 3aJady MOXKHO chOpMympo-
BaTh CJEJYIOIMM 00pa30M: OTHICKATH HANpaBJIeHUs h, BJOJb KOTOPBIX
|E®(y)(h)?| — min, smb0 OTHICKATH MOC/IEIOBATEILHOCTh HAlpABJIeHUi
{hn}, Broms kotopwix |E®(y)(h)?| — inf.

3ameTnM, 9TO B CUILy HEOOXOJMMOrO YCI0BUA MUHAMYMa BTOPOTO IOPsiJi-
ka, ®"(y)(h)? > 0 (V h). Takum obpasom, B C?-riajkoM ciydae 3a/1a€a
CBOJUTCS K OThICKaHUsl HanpasiaeHuit h (||h] = 1), B7ogb KOTOPBIX MUHUMU-
supyercsa ®”(y)(h)2.

B wacTHOCTH, TpW BBIIOMHeHHH octatodnoro yeiosus @7 (y)(h)? >
7?||h||?, 3amaua cBOMUTCA K OTBICKAHHWIO HAIIPABJIEHMI, BIOTH KOTOPBIX MH-
HIMU3HUPYeTCs KOHCTAHTa, 2.

B HersagkoM cIydae Mbl PACCMOTPHM JBe cuTyaruu. [lepBasi cOCTOUT B
tom, uro cymecrsyer ®I)(y)(h)2. Torma E®(y)(h)? = ®")(y)(h)? u 3amaua
CBOINTCS K MUHMMH3AIMN KOHCTAHTBI TIOJIOKUTEIHLHON OIIPEIETEHHOCTH JIJIsT
21 (y)(h)?.

B paccMOTpEeHHOM BBILIE HPUMEPE MOXKHO IIOKA3aTh, YTO

. 2
HéﬂLE@(y)(h) =0.
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Bo Bropoit curyarun cyriecTByeT BTOpOil cuMmeTpudecKuii cybaudde-
PpeHIa

y P 2 — 29 Py — 2
a[’ ]bq)(y>(h)2 — sublim (y + th) (y) + (y th)
su t—+0 t2

B sToMm cityuae Mbl paccMATpUBAEM MOHSITAE MHOTO3HAYHOIO JIOKAJIHHOTO
cyb-aKcrecca:

t
. 1 O(y+7h) — D(y)
2 _ o -
Esup®(y)(h)” = sublim (t / = dr |

Nmeer MecTo ciiepyromasi TeopeMa.
Teopema. Eciin dynrmmonan ¢ cummerpuvecku cyomuddepeHimpyeM B
TOUKe Yy 10 Hampasjaeruio h € E, to
Eos®(y)(h)* € 9y ®(y)(1)* € [0 (y) (1) 971D (y) (h)’].
B stoMm citydae 1101 BTOpO#l COIpPsI?KEHHON 3KCTPEMAaJILHOM 3a/1adeil Mbl

[OHUMAEM 33/1a4y OTHICKAHUsSI ONTUMAIBHOIO HAIIPABJIEHHs], BJIOJIb KOTOPOIO
vuHIME3HpPYeTcs max Fg, ®(y)(h)?2.
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Lagrange Multipliers Theorem for a General Optimization
Problem with an Infinite Number of Constraints
Amumpyx A.B., Ocmonosckuti H.II.
dmitruk@member.ams.org, osmolovski@uph.edu.pl
II9MU PAH, Poccus 117418, Mocksa, Haxumosckuit mpocrekT, 47; YHUBEpCUTET
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MpaBuno mHoxuTenen JlarpaH>ka ans obweii 3aga4vmn Ha
3KCTPEMYM C DECKOHEYHbIM YMCAOM OrpaHUYeHuni
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IIycts X, Y, u Z;, ¢« =1,...,v, ecTb OaHaxoBbI IpocTpaHcTBa, D C
X — otkpbiToe MHOXKecTBO, K; C Z;, ¢ = 1,...,V, — 3aMKHYTbIe BbI-
MyKJIble KOHYCHI C HEIyCTOl BHYTPEHHOCTHIO. IlycTh 3aambl 0TOOpaskeHust
Fo:D—->R, g:D—Y ufi:D—Z,1=1,...,v. Paccmorpum
CTIEYIOILY IO 3a1a<y Ha IKCTPEMYM:

Fy(z) — min, file) e Ky, i=1,...,v, g(x) =0. (1)

Yepes K? :={z; € Z} : (2}, K;) <0} obosna1nm mosiapHbIii Konyc K K,
t=1,...,v.

Ormerum, uro o6bI9HOE Orpanundenue HepasencrBa fi(x) < 0, rme f; :
D — IR — sazanable DYHKIUOHAJLI, TAKXKE MOXKHO IIPEJICTABHTL B BHUJIE
fi(z) € K;, ecim monoxuts K; = R_ = (—00,0]. Torma K? = R, =
[0,00). C mpyroii cTopoHBI, Bee orpannvenust HepaseHcTBa f;(z) € K; Moxk-
HO 3amucaTh Kak ofHo orpanmvenne f(r) € K, ecim 3a1aTh 0TOOpaXKEHHE
f X —>Z=Zx...x2Z,, f(x) = (fi(z),..., fu(x)). Oxsako MbI pac-
cMaTpuBaeM 3aaqy B Buje (1), 9T06bI COXPaHUTh BU3YATbHYIO CBI3b C TPa-
JUIAOHHBIME TTOCTAHOBKAMH.

IIpennosioxkenusi. 1) lenesas byuknus Fy u orobpaxkenns f; nud-
depennupyemsr 1o Pperrie B HEKOTOPOIt TOUke Ty € D; omeparop g CTporo
nudpdepeniupyeM B Zg (IPeIIOIOKEHHs MIaJAKOCTH), 2) 00pa3 Mpou3BOi-
Ho#t ¢' (7o) samxEyT B Y (OChabeHHAsT PeryJsipHOCTh OTPAHUYIEHUS] PABEH-
cTBA).

Hecmorpst Ha TO, 94TO BCe 0OTOOparkeHust 3j1eChb TudHEPEHIUPYEMBI, 3318~
qa (1) He sBJIFETCS CTAHAAPTHON IVIANKON 3ajadeil, TaK KAK KayKJ0e Orpa-
uuuenue f;(x) € K; MOxkeT 3a7aBaThCsl GECKOHEYHBIM YHCJIOM CKAJISIPHBIX
HepaBeHCTB (u60 HpocTpaHCcTBa Z; MOrYT ObITh OecKoHedHOMEpHBbIMH). 1o
9T0i prurHe 3ama1y (1) MOXKHO HA3BATH NOAY2AGIKOU.

Teopema. Ilycrs xg ecTh TOYKa JIOKAJIBHOIO MUHHMYyMa B 3ajade (1).

Torna mafimyrca Muoxurenu Jlarpamxka oo 2 0, 27 € ZF, i=1,...,v, &
y* € Y*, He Bce paBHBIe HyITIO, Takue uto 2; € KY u (27, fi(z0)) =0, i=
1,...,v (T.e. KaxApIi 2] €CTh BHEIIHss HOpMaJb K KoHycy K; B TOuUKe

Zo), u upu sroM dyHkwms Jlarparxka L(x) = agFp(x) + Z;f:l<z;’ fi(z)) +
(y*, g(z)) cramuonapua B Xy :

L(z) = aoFg(wo) + Zﬁfi(xo) +y7g'(z0) = 0. (2)

[Tocenree paBeHCTBO HA3BIBaETCH ypaBHeHUEeM Jditepa—J/larpamxka.

DTy TeopeMy yIOOHO HCIIOJIB30BATH, HAIIPUMED, B 38a9aX ONTUMAJIBLHO-
ro ympaBjieHus ¢ (PAa30BBIMU U CMEINAHHBIMUA OTPDAHUYEHUSIMYU HEPABEHCTBA
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O(t,x(t) <0 u @(t,x(t),u(t)) < 0. Ix MOXKHO TPAKTOBATH KAK IIPHHAJI-
sexxnoctb D (¢, x(t)) m o(t, 2(t), u(t)) KOHycaM HEMOIOKUTENHHBIX (DYHKIHI
B npocrpanctBax C' u Lo, coorsercTBeHHO (cM. [3]).

HokazarenbcrBo nposezieM 10 cxeme Jy6osuikoro-Muioruna [1]. Ona
COCTOUT U3 JIBYX maros. Ha mepBoM 1mrare jiesiaercs mepexoj, OT JIOKAJTbHOTO
MHMHUMYMa K HECOBMECTHOCTHU CHCTeMBI (Cy0)IMHENHBIX AlIPOKCUMAIIIH BCEX
OTpaHUYEHHHT U 11e71eBOro (DYHKIIMOHAJIA 3818, & HA BTOPOM IIIare 9Ta HeCOB-
MECTHOCTD IEPEIUCHIBACTCH B BUIE COOTBETCTBYIONIErO yPAaBHEHUS Dilyiepa—
Jlarpamxa.

Bes napyIeHns oOIIHOCTH CYUTAEM, YTO BCE OIPAHUYEHUs HEpaBEHCTBA,
AKTUBHBI B TOUKE Tg, T.e. Bce f;(x) € OK;. Iljis KaxIoro i BBEJEM KOHYC
BHYTPEHHUX HATIpABJIEHUIT K Kouycy K; B Touke z; = fi(xo):

Ci=1{z€Z; | Ja>0: filxg)+az € int K, }.

Herpymo Buyers, uro C; = int K; —IR; 2, 1 9TOT KOHYC HEIIYCTOIA, BBITYK-
JIBI U OTKPBITHI. BBesieM Tak:ke BBITYKJIbIH OTKPHITHIN KoHye $); = {Z €
X| fl(zg)T € C;} — npoobpas xonyca C; npu JMHEHHOM OTOOparKeHUN
fl(zo) : X — Z;.

Pacemorpum cueremy anmpokenmanuii st 3agaan (1) B Touke xg :
fé(l‘o)f<0, zeQ;, i=1,...,v, g’(mo)i:O. (3)

JleMMa 0O HECOBMECTHOCTU CHCTE€MbI amnmnpokcuMmanuii. Ilycrs B
TOYKE Ty WMMeeTCs JIOKaJbHBIH MuHuMmyM, U ¢ (29)X = Y (yciosue pe-
rynspraoctu Jliocrepuuka). Torma me cymecrsyer T € X, sl KOTOPOro
BBINOJIHSIACH OB crucrema (3).

HdokazaresabcTBo. lomyctum, Takoit & ecTth. PaccMoTpuM TOUKY X +
ex mpu € — 0. s mee g(xg + €x) = g(xo) + ¢'(x0)eT + o(e) = o(e), m
Tor/a 10 TeopeMe JIocTepHuKa 06 OlEeHKe PACCTOAHUSA 10 MHOXKECTBa, HyJIeil
HeJIMHeHOro omepartopa (2] cymectByer monpaska r. = o(g), Takas 4TO
glxog+ex +r.)=0.

Hanee, qyst Beex ¢ umeeM fi(xo) € K; n fi(zo) + af!(xo)Z € int K; npn
HekoropoMm « > 0, nosromy Bech nomyunrepsan (fi(zo), fi(zo) + af!(x0)Z]
aexur B int K; . Orciona fi(xo+eZ+71:) = fi(xo) +efl(x0)T+o(e) € int K;
JUTs JIOCTATOYHO Masibix € > 0. Ananormnuno, Fy(xo+eZ+r.) < Fo(zg) mus
Masbix € > 0, rak Kak Fj)(29)Z <0 u ||| = o(e).

Takum obOpazom, mpu AOCTATOYHO MaJbiXx € > 0 Touka xg + €T + 7.
Y/IOBJIETBODSIET BCEM OrpaHuYeHusiM 33a4u (1) W jaer MeHblIee 3HAYEHHE
JyHKIMOHANA, YeM Ty, YTO NPOTHBOPEYHT JIOKAJILHOMY MUHAMYMY B I .

O
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Ilepexon kK ypaBHenuto diisniepa—Jlarpanxka. Paccmorpum cragasa
peryJsipHblii caydai, korga ¢'(xzg)X = Y. Ilycrs, kpome Toro, Fj(xg) #0 n
Im f/(zo)NC; # O st Beex @ = 1,...,v (OCHOBHOI, HEBBIPOXKIEHHBII CITy-
qaif). Toryia Bece KoHychl B cucreMe (3) Hemycrbl. ITo Teopeme JyGosuikoro—
Musorusa o HenepecedeHun KOHycOB [1| Haiiziercst onopHbIil (yHKIMOHAI
xg k mosmynpocrpancrsy o = {Z : Fj(x0)Z < 0}, onopuble dyHKImOHA-
JBl X B TOUKe Xy K KoHycam (2;, ¢ = 1,...,v, U OnOpHbIl dOyHKIMOHA
x* k noxnpocrpancty 2 = {Z : ¢'(z9)Z = 0}, He Bce U3 KOTOPHIX PABHBI
HYJIIO, CyMMa KOTODBIX paBHa Hymo: x4 + 27 + ... +x, + 2 = 0. Kak
n3BeCcTHO, Tl = —apF{(xg) npm HekKoTOpOM vg = 0, 1o Teopeme Paprarma—
Munkosckoro Kaxaplii «; = 2z} f/(x¢) upm Hekoropom z; € K} Takom, 4ro
(zF, fi(xo)) = 0, u mo jileMMe 00 aHHYJIATODE siipa CIOPHEKTUBHOIO OIepa-
Topa z* = y*¢'(z¢) npm HekoTopoMm y* € Y*. Takum obpazom, mosydaem
PABEHCTBO v
—agFy(xo) + > 2 f{(wo) + y*¢'(w9) = 0.

i=1
SAcHo, uro ag+Y . |27 ]|+]|y*|| > 0 (unaue Bce onopHbIe HYHKIMOHAIBI PABHBL
Hyso). 3amenus Tenephb Bee 2z na —zf € K? u y* ma —y*, momyuaem
ypasuenue Ditnepa—Jlarpamxa B Tpebyemom Buje (2).

PaccmorpuM BeIpoXKieHHbIe caydan. Ecau Ff(xo) = 0, momoxumM ap = 1
a BCe oCTasbHBIE (DYHKIUOHAIBI BO3bMEM HyJIeBbIMH. Ecam 3¢ sy KOTO-
poro Im f/(xo) N C; = O, maiimerca HeHyneBOH 2}, DPa3IEAIOMUN TO-
npocrpancrso Im f/(zg) m orkperreit xkonyc C;. Torma (zf K;) < 0 m
(2F, fi(xo)) = 0. Ilomaras Bce ocTanbHbC (DYHKIHOHAJBI HYJIEBBIMH, HOJLY-
qum (2). Haxomen, ecim ¢'(x0)X # Y, TO, HOCKOJBKY MOIIIPOCTPAHCTBO
9’ (20)X samkuyTo B Y, umeercsa menyneBoil dpynkuuonan y* € Y* zamyig-
omuiics HA TOM HojIpocTpancTse, T.e. y* g (xg) = 0. Ilonarasa Bce ocrasib-
Hble QYHKIMOHAJIBI HYJIEBBIMU, I10JIy4aeM OLAThb (2). O
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CybnuHeiiHoe pacluumpeHue anrebpanyeckoii K-teopun
poTeHguka
Opaos U.B.
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CybnuHeiiHoe pacwupeHune anrebpauvyeckoin K-teopuu
'poTeHguka

Crponrcst KOMMYTATHBHAS TUATPAMMA, CBSA3BIBAIOIIAS TPU HA30BBIX 00b-
€KTa KOMMYTATUBHON aJsrebpa (abesieBbl MOIyTPYIIbL, PETYIsIDHBIE abese-
BBI [IOJIyI'PYTIIBL, a0€JIeBbl TPYIIIbI) ¢ TPeMsi 6a30BBIME OObEKTAMU KOMMY Ta-
TUBHOTO aHAJMU3a (BBIILYKJIbIE KOHYCHI, PETYJISPHBIE BBILIYKJIbIE KOHYCHI, JIM-
HelHble IPOCTPAHCTBA) € MOMOIIBIO [ATH THIOB KAHOHUYECKUX BJIOXKEHUIA.
Tem cambiM BO3HUKAET pacimupenne aaredbpamdeckoit K-reopun I'porenanka,
BKJIIOUaronee 0a30Bble OOHEKTHI HE TOJILKO JIUHEHHOTO, HO U CYOJMHEHHOTO
aHaJIM3a.

Ba3oBble 06bekTbI: TepMuHONOrus, 0003Ha4eHUs1, BCNOMOraTesbHble
pe3ynbraTbl

AGeneBa mosyrpynna: X = {z}. lna ymoGcTBa MBI paccMaTpHBa-
eM abeJsieBbl TIOJIYTPYMMBI ¢ HyJieM (MOHOUBI). TepMUHOIOr s a/IATHBHASI.
O6o3nauenne kareropun: (S).

Perynspaas (abGesieBa) mosyrpynmna: abesesa HOLyIPYIIIa ¢ 3aKOHOM
cokpamenns (cancellation law): (x +y = 2 + 2) = (y = z). O6ozHaueHue
kareropuu: (RS).

AGenesa rpynna. O6Gosuadenue kareropuu: (G).
Broinykiblit KoHyc: abeeBa MOTYyTPYIIa MO CJA0KEHUIO BEKTOPOB, 00-

pasyomast MOAysIb Haj Ry IO yMHOXKEHHIO CKassipoB u3 R; Ha BEKTODBL
O6osnauenue kareropuu: (Con).

PerynsapHbiii BBIMYKJIBIIT KOHYC: BBIIYKJ/IBII KOHYC, y/IOBJIETBOPSIIO-
muit 3akoHy cokpaienusi. O6osnadenne kareropum: (RCon).

JIuneiinoe npocrpaucrBo Hag R: O6osnauenue kareropuu: (Lin).

Teopema o BioxxkeHUU. AbejeBa MOIyrpyIna MOKeT ObITh H30MOP(hHO
(MH'BEKTUBHO ¥ JJIUTUBHO) BJIOXKEHA B abesieBy HOJLyTIPYIILY TOLJA U TOJIBKO
TOT/Ia, KOTJIa OHA PeryJisipHa.

CuanencrBue. Boirykibiii KoHyc MOxkKeT ObITh 130MOPGhHO (MHBEKTHBHO
u R —mneiino) BiaoxeH B jinHeiiHOe pocTpancTBO (Haz R) Torma u ToIbKO
TOrJA, KOIJla OH PEryJ/isipHA.
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Omnpenenenne. Munnmanbhas abemeBa TpyIa, cofepKalias TAHHYIO
peryJsipHyto mojyrpyiiy X, HasbiBaercs epynnot I pomenduka Jjist 1OJIY-
rpynnsl X u obozraunm Gr(X). CooTBeTcTBEHHO, MUHMMAJBHOE JIMHEHHOE
MIPOCTPAHCTBO, COJEPKAIIEE JIAHHBIA PETYJISIPHBIN BBITYKIBIN KOHyC X, Ha-
3oBeM npocmparcmeom I'pomenduka nig xoryca X u obosnauum Grr, (X).

MpomexyTouHble 00BEKTLI: TEpMUHONOrNA, 0603HAYEHNS, BCNOMOra-
TeflbHble pe3yNnbTaTbl

Henumvas abeneBa mosyrpymnmna: abejieBa MOJIyTPya, YI0BJIETBOPsI-
fOIasl yCJIOBHUIO

VmeXVnENHyeX:y+~-~+y::Zy:x,
—_—

n
n

O6osznauenue kareropun: (DS) (coorBercrsenno, (DRS), (DG)).

OpaHo3HauHO geauMas abejsieBa IOJIyrpynmna: JeauMasi  abe-
JieBa TOJIyTPYIIIA,yIOBJETBOPSIONIas ycaoBuw: Vri,xe € X, VYn €

N(Zn T = Zn 1‘2) = (l‘l = Ig).
Cnencrsue: ((>,,z=>, %,z #0)= (m =n)). Oboznauenue Karero-
pun: (US) (coorsercrsenno, (URS), (UG)).

Teopema. Jliobas abesesa mosyrpymia (perysusipHas abesieBa oLy rpyI-
na, abejieBa rpymia) MOXKeT ObITh U30MOPMHO BJIOKEHA B JAIUMYIO abeseBy
oIy rpyniy (peryiasipHyo abesieBy HOIyrPYIILy, abeeBy IPyIILy ).

OcHoBHble BnoXeHuUs

Perynsipuzamusi: R : (S) — (RS), (DS) — (DRS), (US) —
(URS), (Con) — (RCon).

Beenem daxrop-oromenne 8 X = {z} : (y1Ry2) & (Jz € X :
r+y1 =z +y2). llycrs Xp = {7} = X, — daxrop-nomyrpymma (rpymma) c
COOTBETCTBYIOMIIMU (hAKTOP-Olepanusami, Toraa R : X — X — KaHOHHYecKoe
prowkenme: £ 3 X 25 7 € Xg.

®opmanbaas pasHocte: F : (RS) — (G), (DRS) — (DG), (URS) —
(UG), (RCon) — (Lin).
Beenem dakrop-ornomenue 8 X x X = {y, z|ly,z € X} :

((y1,21)F(y2,22)) & (y1 + 22 = y2 + 21) .

IIyctes Xp = X X X,r —perynsapHas (GpakTOp-TOIyTrpyma ¢ COOTBETCTBYIO-
UMy (haKTOP-OIEPAIUSIMU CJIOXKEHUsT ¥ YMHOXKEHHUSI Ha HEOTPHUIATEThHBIE
CKAJIAPDI.
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Bsedem onepayuto svivumanun 6 Xp 4EPE3 UHBOMOUUIO:

7(y7 Z) = (Zvy)

Kanonnueckoe Bnoxkenue: F'x — Xp onpeennM paBeHCTBOM
Re = (2,07 =A{(y, )|z +y = 2}; X = {(2,0]}.

Takum obpazom, Xp = X-X- dopmasibHasT pa3HOCTD X ¢ coboit.
Hemumocts: D : (S) — (DS), (RS) = (DRG), (G) — (DG).
Beemem daxrop-orHomenune B X X N :

((xl,nl)D(xg,ng)) = (Z T, = Zl’g) .

[Iycrs Xp = X XN, p — dakrop-nosryrpymnna ¢ cOOTBeTCTBYIOIIMI PaKTOp-
omeparusaMu, TOTIa KaHoHmdeckoe Bjiokenme D : X — Xp ompenessiercs

paBeHCTBOMZ
Dz = (z,17= {(y,n)|lz = > _y}.

Ognosnauynasi gesmmvocts: U : (DS) — (US), (DRS) —
(URG), (DG) — (UG).

Beenem dakrop-orHomenne B X = {z} (r1Uxs) &
(FneN: Y x =3, x2).

IMycre Xy = X,y — AenmumMag GaxTOp-TOJIyTpyIIIa ¢ COOTBETCTBYIOMUMH
dakTop-onepauaMu; Toraa Kanonndeckoe Biaoxkenue U : X — Xy omnpene-
JISIeTCST PABEHCTBOM:

Ur=3={yeXneN:Y o=3 y.[#]

Mopynsusa: M : (US) — (Con), (URS) — (RCon), (UG) — (Lin).

Beenem B TouHO mesmmoit abesreBoit mosyrpymnme X "ajmuruBHOE
yMHOXKeHUe " HeOTPUIATE/IbHBIX CKAJIIPOB Ha BEKTODPBI, BHAJYaJje JJjis palli-
OHAJIBHBIX CKAJISTPOB.

. Eemz e X, r=" € Qy, o momoxxum (y =7+x) = (3, o= 7).
2. Ecim v € Ry onpenensiercs ceuennem lenexkuuna A/B B Q4 T0 moso-
KIM
vxx=(A*xx/Bx*x).
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3. Ompenenum X); Kak aUIMTHBHYIO 0060J109Ky MHOXKecTBa R * X oTHOCH-
TE€JIbHO CJIOZKEHUA I10 MI/IHKOBCKOI\/IyZ

Xu = {Z’Yk x kv €Ry, 2k € X, n€ N};
k=1

TIPY 3TOM MOJLYJISIIUS TTPOJIOIZKaeTCsa Ha X jy OUEBUIHBIM 00PA30M:

n

Q * (Z'yk * Tp) = Z(a'yk) * Tg.
k=1

k=1

Kanonnaeckoe Bimoxkenne X B X )y ONpeneIseTcss paBEHCTBOM:
Mz =1xz = ([0,1]g*z|(1,+00)g *z) .

CsoiicTBa OCHOBHbIX BJI0XKEHUNA

Teopema: Buoxenune R-ammurusnbiii romomopdusm ("wa"); npu srom:
R:(S)— (RS), (DS)— (DRS), (US) = (URS), (Con) — (RCon).

Teopema: Bioxkenue F-ajyurusnbiii uzomopdusm ("B")(B ciayuae

(RCon) — (Lin) — mmmeitnsiii msomopdusm); mpu srom: F : (RS) —
(@), (DRS) — (DG), (URS) — (UG), (RCon) — (Lin).

Teopema: Buoxenune D-anaurusabiii uzomopdusm ("B"); upu srom:D :

(S) = (DS), (RS) = (DRG), (G) — (DG).

Teopema: Buoxenue U-ajyurusabiii romomopdusm ("na"); npu srom:
U:(DS)— (US), (DRS) — (URG), (DG) — (UG).

Teopema: Buoxenune M-agpurusnbiii uzomopdusm ("B"); upu srom:
M :(US) — (Con), (URS) — (RCon), (UG) — (Lin).

Bameuanmne: Teopembr 4.1 u 4.2 (110 HENOYKE: TOJIYTPYIIILI — PErYJIAP-

HbI€ [OJIYIPYIIbl — IPYIIIIBI) COCTABJISIOT KJIACCUIECKYIO Teopuio ['porenu-
Ka.

OcHoBHoii pe3ynbTat

Teopema. Cnenyromasi quarpaMmMa KOMMYTaTABHA.
3ameuyanue. KpacHbIMHU cTpelkamMu Ha JuarpamMmMe obO3HaYeHa KJiac-

CHUYeCKad cXeMa IMMOCTPOEHUA I'PYIIITbL FpOTeH,ZLI/IKa JJId 3aJaHHOTO IIPOCTPpaH-
CTBa.

JINTEPATYPA

[1] Opaos H.B. O BioxKeHHUM OJHO3HAYHO JEIUMOI abesieBOil IOIyTrpyINbl B BbI-
HmyKJblii KopHyc.// Marem. 3amerku., —2017(8 neuarn).

[2] Ch. Weibel The K-book: an introdution to algebraic K-theory.//Grad. Studies
in Math., 145pp, AMS, 2013.



62 Opusos U.B.

Constructing of Subdifferential Calculus on the Base of
Sublinear Operator Theory
Opaos U.B.
igor_v_orlov@mail.ru
Kpwivckuit denepanbubiit yansepcurer numenn B.U. Bepragckoro, mpocmekt
Bepnaackoro, 4, Cumdepomnons, 295007, PD

MocTpoerne cybanddepeHumnanbHOro ncHUCIEHUA Ha
0a3e Teopun cybnuHeliHbIX OoNepaTopos

Beepetne

AKTHuBHOe pa3BUTHE, HAUMHAsI, B OCHOBHOM, ¢ 60x-70X I'T. IPOIILJIOTO BEKa,
MeTo0B HeaudepeHnpyeMoil ONITUMU3AIUN [IPUBEJIO K PA3JIMYHBIM KOH-
crpykimsiM cybuddepennuaabHoro ucauciaenus. [Ipu arom MHOro06pasue
MOJIXOJIOB HE 3aKPBLIO HEKOTOPBIE CYIIECTBEHHbIE MOMEHTHI, TAKHUE, HAIPU-
Mep, KaK OTCYTCTBHUE MMOJTHOMACIITAOHOTO cybanddepeHnnaaIbHOro NCInucie-
HUs BBICIero nopsijika. C 1e/ibio IpUMeHeH!s B BEKTOPHOM MHTErPUPOBAHUM,
HEKOTOPOE BpeMsl Ha3a/[ HaMu ObLI BBeJIeH B coBMecTHBIX paborax ¢ @.C. Cro-
HSIKAHBIM ITOJIPOOHO M3yYeH TaK HA3BIBAEMBIN Komnakmmoil cybdudpeperiu-
ax. Tlepexon K ¢jIydaro BEKTOPHOrO apryMeHTa (MHCIMPUPOBAHHLIA HEIJIall-
KUMU BApPUAIMOHHBIMU 33/Ia4aMK) €CTeCTBEHHBIM O0Pa30M IPUBEJ HAC OT
cyommddepenimana KaK KOMIAKTHOTO BBIMYKJIOTO MHOXKECTBA K CUADHOMY
cybdupdeperyuany Kax MHONO3HAYHOMY CYOJIMHEHHOMY OIIEPATOpPY € KOM-
[AKTHBIMU BBIIYKJIBIMUA 3HAYeHusIMU (cM. Hamu coBMmecTHble ¢ 3.1, Xamu-
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Jsooit, U1.B. Bapan, pa6orsr). Takum 06pa3oM, 06pHCOBAIICH DAMKHA HOBOI'O
OJIX0/1a, B KOTOPOM MECTO CHJIBbHOTO cyOmuddepennnana (uHeHOTO Orpa-
HUYEHHOI'O OIIEPATOPa) 3aHUMET CUJIbHBIN cybauddepennuan (cybanHeibii
MHOIO3HAYHBIA OMPAHUYEHHBIN OIEPATOD), & MECTO DAHAXOBBIX IIPOCTPAHCTE
— TaK HA3bIBAEMbBIE OGHATO8bL KOHYCbL.

IIpumeneHHbBI TOAX0/T TO3BOJIMJI HE TOJBKO IOCTPOUTH OCHOBHBIE KOH-
CTPYKIINN UCYHUCJIEHNs IIEPBOTO MOPSIIKA — OT OOIIUX CBONCTB CHJILHBIX CyO-
b depeHIuaioB U TEOPEMBI O CPEJIHEM JI0 HEIJIAJIKONH BEPCUU TEOPEMBI O
HEesIBHOI (DyHKIMUHU, TeopeMbl 00 0OpaTHON (DYHKIINU, HO U TO3BOJIWI, 0Oe3
0CODOBIX 3aTPY/IHEHU, NaTh UHIyKTUBHOE OIPe/e/IeHne CIIbHBIX cyOmudde-
PEHIMAJIOB BBICIIHUX IIOPSAJIKOB (KAK II0JIUCYOIMHERHBIX KOMIIAKTHOZHATHBIX
OLIEPATOPOB) U IOCTPOUTH OCHOBHBIE KOHCTPYKIIUH UCYUCIIEHHs BBICIIETO [10-
psiaka — ot Teopembl FOura 110 popmyisisr Teitsopa, Teopun cyOKBaIpaTUIHBIX
¢dopM U TeopuU HErJIAJAKUX IKCTPEMYMOB.

IIpunoxkenns: K HEIIAIKUM 3IKCTPEMAJbHBIM 3aJadaM, B OCOOEHHOCTH
K BApPUAIMOHHBIM, IPOSBUJIN BAaXKHYIO POJIb aCCOIMHUPOBAHHOIO C CyOmmd-
bepeHIpyeMOCTbIO OHATUS CyOIIaKocTU (COOTBETCTBYIOMIErO HOPSIIKA).
VcsoBre cyOriaKocT MO3BOJISAET, KAK BBIICHUIIOCH, IIEPEHTH OT KJiaccude-
CKUX YCJIOBHIT SKCTPEMyMa B TepMHUHAX YACTHBIX IPOU3BOJHBIX K COOTBET-
CTBYIOIIAM OIEHKAM B TEPMUHAX HUYKHUX M BEPXHUX YACTHBIX IPOU3BOIHBIX.

Pestomupyst, oTMeTuM B3aMMOCBsSI3aHHBIE POJIM PA3BUTONH CyOJMHENHOM
TEOPHUH ONEPATOPOB M PA3BUTOrO cydauddepeHnuaabHoro ucancienns. e-
MOHCTPAIIUS TI0JIE3HOCTU IIOCTPOEHUS HETVIQIKOTO MATEMATHYECKOTO aHAJIU-
3a W HEIJIa KON TeOpHuH ONTUMU3AIUU Ha, 6a3e CyOJIMHEIHOIO MHOIO3HAYHOTO
GYHKIIMOHAIBHOIO AHAJIN3a, SBJISETCs TJIABHOM IEJIbI0 HACTOSIENH JIEKITIH.

Huxke npesncrasiien oapoOHbBIi IJIAH JIEKITUH, BMECTE ¢ (POPMYIAPOBKAMMA
BaXKHEUINNUX MOHATHUN, Pe3yAbTaTOB, IPUMEPOB.

Mnan nekyuun.

CybOHOpMUpOBaHHbI/i KOHYC

Beinykisiit konye X = {x}, crabxkenusiit cy6HOpMOii ||z]| < 0 ¢ yciou-
amnt: (([[z]] = 0) & (z = 0), lz +yl <[zl +llyll, [[Az] = A- =[] (A =0).
BBoggTest coorBeTcTByOMINE MOHATUS CYbpyrdamernmarvrhocmu U cyb-
noaromat. Banaros xonyc — cyONOTHBI CyOHOPMUPOBAHHBIN KOHYC.
IIpumep: KOHYC BBIITYKJIBIX KOMIIAKTOB B OAaHAXOBOM IIPOCTPAHCTBE C CyO-
nopiofi [[C|| = sup [l
yeC

CybnuHeiiHbie onepaTopsl

Ilycts X, Y — 6anaxoswl kouychl, Y yropsigoden. Omneparop A : X — Y
cybauneen, ecmu A(xy + x2) <X Awq + Axe, A(Axz) = XAz (A < 0). 4
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oepanuven, ecau ero cybuopma ||A|| = sup ||Az| xomeuna. Lg.,(X,Y) —
z||<1
KOHYC OTPaHUYEHHBIX CYOIMHEHHBIX OIEPATOPOB.

Teopema 1. Eciu Y — 6anaxoB konyc, 10 Lg,u,(X,Y) — rakzke Ganaxos
KOHYC.

CybonepaTtopbl 1 cybdyHKLMOHaNDbI

Iycrs Y — KOHYC BBIIYKJIBIX KOMIIAKTOB HaJl AHAXOBBIM IIPOCTPAHCTBOM
E :Y = C(F). Torma oneparopsl A € Ly, (X,C(FE)) Ha30BeM cybonepamo-
pamu, a oueparopbl [ € Lop(X,C(R)) = X* , — cybpynryuonaramu.

sub

B ciygae X Ay 2 Z, Y =C(E), Z =C(F), BBEIeM cYybKoMNo3ulu10:

(B A)sup(z) = m(yeuA xBy).

Teopema 2. (A € Lgy(X,Y), B€ Lywp(Y,2)) =
= (B A)sup € Lsun(X, Z); (B~ A)supl < [IB][ - [|A])-

Teopel;/la 3. (feXr,) < (f(x) =[f(), f(x)], rae f napmneen, f cyo6-
JIHHEEH).

Bucybnuneiinbie n nonucybnuHeiiibie onepaTopsi

Omneparop B : X; X Xo — Y 6ucybaurneen, eciu OIepaTopbl
B(-,z2) (Vzo € Xo) u B(x1,-) (Va1 € X1) cybmmueitunr. Cybuopma: ||B|| =

sup |B(x1,z2)||. B oepanuuen, ecu ||B]| < 00. Lgup(X1, X2;Y) —
lzaI<1,]lz2 <2
COOTBETCTBYIOIINI KOHYC.

Teopema 4. (Y —6anaxos konyc) = (Lsup(X1, X2;Y) — 6anaxos xonyc).

Teopema 5. Hmeer MecTo KAHOHUIECKAS H30METPHSI:
Lsub(Xh Lsub(XQa Y)) = Lsub(Xla XQ; Y)

Bucybaunetinan gopma: p € Lgup(X1, Xa;C(R)).
Cybrsadpaunnas popma: q(x) = p(x,z), p € Leup(X1, X2;C(R)).
Tonooicumenvras cybonpedesernocmy:

sub

(¢ > 0) & (q(z) = [g(2);q(@)]; g(x) =~ ||=[*).
Ompuuamenvrasn cybonpedesernrocmo:

sub

(¢ < 0) & (qz) < =7 ||=]?).



OpJios 1.B. 65

BasucHblie cenekTopbl n cybobpaTumocTb

Iycrs E,F — 6anaxossl upocrpanctsa, A € Lg,(E,C(F)) — cy6ome-
parop, H = {h;} — 6azuc T'amesa B E. Beibepem npoussoibao a; € Ah;,
ojioxkuM Agh; = a; n upogoskuM A, o smHeiiHocTu. Oneparopsr Ag Ha-
30BeM Gasuckbimu ceaexmopamu 1ist A, Agp = {As}tses — naxem 6asuchoix
CENEKMOPOB.

Teopema 6. (i) (A€ Ly (E,C(F))) = ( Bce A € (E; F));
(i) Ve > 03 marer Agyp = {As}ses : Ah C Aguph C O(AR) (V||A|| < 1).

(Cy6-tiepatop A cy6-obpamum) < (FAgup : Bce As € Isom(E; F)).
Cy6-06pammbiti onepamop: As_ulb =conv{A;!: Ay € A}
Cybnpepensi n cydoauddepeHymnansl nepsoro nopsgka

Hycrs E,F — 6anaxosbl npocrpadcrsa, ¥ : E D O(xzg) — exp(F) —
MHOTO3Ha4IHOE OoTOOpakenue, h — mHampasienne B F. Ckaxem, uro C C F
ecTb cybnpedea ¥ 6 mouke xq:

C = sublim¥ (z),

Tr—x0

ecyu:

1. C — memycToil BBIIYKJIBIIT KOMIIAKT;

2. Ve >030 >0 (0 < |[z—a <0) = (C Ceonv(Upecos(a)¥(r) C
0:(0))).

Komnaxmmnviti cybouppepenyuan @ : E D O(xg) — F B TOUKe T 110 HAIIPaAB-

JIeHwio h ecTh cyompeaes

Osup®(z, h) = S}lblim(b(x tth) - CI>(x) (1)

—+40 t
Eciu cymecrByer Ogupy®(z,h) 1o Jr060My HAIPABIIEHUIO, OLNEPATOD
Osup®(z) : h = Osup®(x, h) cybmuneen o h, u cybupenen (1) cxomurest pas-
HOMepHO 110 ||h|| < 1, To cyG-omepaTop Js,, P () HAZOBEM cusbHbLM CYGIUP-
depernyuarom P B TOUKE .
3aMeTHM, 9TO, ¢ COOTBETCTBYIOMAMYI H3MEHEHHAMHE, OIpeIe/eHue mepe-
HOCHUTCST Ha OTOOPaKeHNsT B OAHAXOBBIX KOHYCAX.

Cybaunddeperymnpyemocts, cybrnapkocrs, auddepeHymnpyemocTs,
rnagkocTb
Iycts ® : £ D (’)(mo) — F cy6muddepeniupyemo B (’)(mo). Hazosem ¢

cybenadxum B Touxe z (& € CL , (xo)), ecan cymecrsyer sggligrlﬁsub¢(x).

Teopema 7. (® € Cl ,(z0)) = (cymecrByer 05, ®(20)).

sub
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Teopema 8. Ilycts ® : E D U(xg) — R. Torma (® € CL ,(x0)) & (09(z, )

= sub
nostynenpepbisHa causy, OP(x, -) noJyHenpepbiBHa CBepXy B TOUYKE Tp).
IIpu srom Oy ®(x9)h C [0P(x0,h); 0P(x0,h)]. B wactHOCTH, 1HpH

® :R* - R (¢ € Cl,(x0)) & (Bee gi’; [IOJTyHEIIPEPBIBHBI  CHH3Y,

0P,
sz

[IOJIy HEIIPEPBIBHBI CBEPXY ).
IIpu sTOM

n

sus® (0, h) © [ (V2 (0), VO(x0)], h).

i=1

1 1 :
Ormernu, uTo B 9ToM caydae C* C C,,, C Lip.

Teopema 9. (i) (F09(z)) & (F0sup®(z) = {0®(2)}) & (F0sup®(x) =
).

(ii) O6parno, ectu @ : R D [a;b] — F nenpepriro Ha [a;b] 1 (KoMIAKTHO)
cyonuppeperuupyemo mourn Beroay Ha [a;b], To ® nourn erogy guge-
peHnupyeMo Ha [a;b] B 06BIMHOM CMBICITIE.

(i) Ecim @ : R D [a;b] — F menpepbiBaO cy6mucepennupyemo B ToUKe
x € [a;b], 1o (Dsup®(z) = {0P(2)}).

O6wme cBoiicTBa cunbHbix cydauddbeperuymvanos

(1) Osun(f1 + f2)(@)h C Osun(f1)()h + Osun(f2)()h;

(i) Osupr(Af)(@)h = A Osur(f)(@)h;

(lil) asub(fla f2)(x)h C (8subf1(x)h) X (asube(x)h)a

(iv) Osupf(x1,z2)(h1,h2) C (a%fl)sub (1, 22)h1 + (%)Sub (@1, z2)ho;

(v) Ecma f : [[L Bi — T2, Fy, 10 Osunf (21, s xn)(Pa,. .o hy) C
H;'n:1 E?:1 (gii )Sub (1,...,2n)hs;

(Vi) asub(g o f)(fﬂ)h C (asubg(f(x)) : 8subf(x))subh-

Teopema o cpegHem n nemma ®Pepma ana cunbHbix cybaudepen-
uunanos

Teopema 10. Ilycrs f: E D O([z;x +th]) — F HenpepwiBHO Ha [x;x + th]
u (cuibrO) cybaugdepeniupyemo Ha (z;x + th), Torga

flx+th) — f(z) € conv (Up<g<10supf(x +6-h) - h).
B gacroocru

1f (@ +th) = f()| < || sup Osunf(x+OR)|-|A].

0<o<1
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Teopema 11.

Ecmm f : E D O(z) —» R cybauddepenimpyeMo B TOYKe T U JIOCTHrAET
3KCTpeMyMa B 9TOil TOYKe, TO

0 € Osupf(z)h (Vh € E).

Cybrnapkas cdopma Teopem 06 obpaTHOW N HesiBHOW (hyHKLUMN

Hanee E u F — nzomopdube 6anaxossl npocTpanctsa, f : £ D O(z) —
O(y) C F.
Teopema 12. Ecan f € CL ,(O(x)) u cy6-omeparop Osup, f () cyb-obparnm,
To f obparumo B HekoTopoii okpectnoctu O'(z) C O(x). Ipu stom f~1 €
Cup(O'(y) 1 sun(f ) ()1 C Osunf () h

IIycrs renepy E,F u G — 6anaxoBbl npoctpancTsa, FF =2 G, & : E X F D
O(z0,90) = O(0) C G, F(zo,y0) = 0.

Teopema 13. Ecin ® € C},,(O(zo,y0)) u cy6-oneparop (2—3) \ (zo,Y0)
Su

cy6-obparum, To ypasaenue ®(x,y) = 0 3a7aeT B HEKOTOPOIf OKPECTHOCTH
O'(z0,90) C O(wo,y0) mHespryto dynknmio y = y(z). Ipu srom y(-) €
Cyup(O(20)) 1

Dsupy(0)h C [((gj)sub (xo’yo)l:b' ((21;)5“;1 (mo’yo))wb] "

ub

CunbHble cybauddeperumans! BbICIINX NOPSAKOB

Hasee E,F — 6anaxossl kouycel, ® : £ D O(z) — F cuibno cybuudde-
pernupyemo B U(z). Ecam orobpaxkenne 05y ® : E D O(z) = Lsuwp(E; F)
cybauddepeHnupyemMo B TOUKE T, TO HOJIaraeMm

6§ub¢(aj) = Osub(Osub®) (%) € Lsup(E; Lsup(E; F)).
AHAJIOTUYHO, TI0 WHLyKIUH,

Oy (2) 1= Dot (075 @) (),
Teopema 14. (Teopema IOnra). C TOYHOCTHIO /IO KAHOHHIECKOH H30-
MeTpuH, MOXKHO cumutarh, 4ro 02,®(x) € Lgw(E,E;F). Ilpu stom
02,2 (x)(h, k) = 02,9(x)(k, h). Anasornuno, 07, ®(x) € Lyyw(E, ... E; F).
———

n

OTrMernM BaXKHBIH YaCTHBIN CJrydail.
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Teopema 15. Eciu ® auddepennupyemo (n — 1) pas B O(zx), 1o
95, ®(2) = (0" @ (x)).
B gacrraOocTH, ecom mpu stom ® — ymrKIIHOHAT, TO

n d"® n, @ n
0 o @) G @) )

Su

y®(z) C

CybrnagkocTb BbICLLMX MOPSAKOB

ycrs @ : E D O(xg) — F n pa3 cybauddepennupyemo B O(xq). Torua
(®eCl,(x0):= (3 sul_o)limagﬁl,b@(x)).
x ZTo

sub
Teopema 16. (i) (¢ € C7, . (x0)) = (307, L (z0)).
(ii) B ciygae @ : R™ = R : (@ € CF,,(z0)) < ( Bce 6’21,1?7{2” ITOJTy HEIIpe-
DBIBHBI CHH3Y; BCE % MTOJTYHEIIPEPBIBHBI CBEPXY B Iy ).
i1 T,
®opmyna Teinnopa

ITycts @ : E D O(z) — F (n—1) pa3 quddepennupyenmo B O(z) u n pa3
cybauddepenmupyemo B Touke x. Torma:

n—1 ok x
a(a+) - S L2D e Lon ety +olnl")
2 |

WccnepoBanue Ha akcTpemym

(A) Jlokambuobiii sxcrpemy™m, & : E D O(z) - R
1. Heobxomumoe ycmosue 1-ro nopsiika (memma ®@epma): 0 € Osupy P(2)h

(Vh € E).
2. Heobxomumoe yesosue 2-ro nopsiixa (MunuMyM): max 92, ®(x)h? > 0
(Vh € E)

3. Tocrarounoe ycjosue 2-ro nopsiiaka (Mumumym): min 92, ®(z)h? >
V?[IRII* (Vh € E)
(B) Vcaosmwiit sxerpemym:®(z,y) — extr., G(x,y) = 0. (& : EX F —
R,G:ExF —G=F).
Heobxomumoe ycnosue (jemma @Pepma mis dbynkiun Jlarpamnxka):

0c (%)sub C (%)sub + A [(%%)sub] )

0< (50) 0 © (8). () L)

G =0.
rae Fz,y) = ®(z,y) + AG(z,y)], (A € G7).
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BapuauuonHbie npunoxeHns K 3agadam c cybrnagkmm mHTerpaHTom

(i) Coywait HenonBIKHOMN rpaHuIE! (BaokeHne Ditnepa-Jlarpamxa, mpocroe
ycnosue Jlexkanzpa, qocraTounble yeiaosust Jlexkarapa- Akobm).

(ii) Cuayuait nmompuKHOI rpanuibl (060GIEHHbBIE YCIOBUSI TPAHCBEPCAJBHO-
cTH).
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On the Relationship Between the Structure
Superdifferentials Piecewise Smooth Solution of the
Hamilton-Jacobi-Bellman Equation with the Properties of
the Singular Set
Poodun A.C.
alexey.rodin.ekb@gmail.com
MMM ¥YpO PAH, yua. Codsu Kopasesckoit, 16, r. Exkatrepunbypr, 620219, Poccus

O cBsa3u cTpykTypbl cynepauddepeHumanos
KYCOYHO-I/1aJKOro peLlieHnst ypaBHeHust
MNamunnbToHa-Akobu-bBennmaHa co ceocTBamMu
CUHTYNISIPHOrO MHOXXECTBa

PaccvorpuBaercst kpaeBas 3amada Ko gy ypasuenns ['aMuibToHa -
dAxobu - Bemnmana
dp(t, x)

—ar THE Dop(t,2) =0, @(T,2) = o(2), (1)

re t € 0,T], 2 € R, Dyo(t,z) = (&ggf% Qplta) f’ggﬁ) =

O6oznaunm Il = {(¢t,z) : t € [0,T] ,x € R"}.

Bamaua (1) paccMaTpuBaeTCs UPU CIIEAYIOIUX [IPEIIOJIOKEHUSX:

Al) byuxiusa H(t,z, s) HenpepbiBHA 110 ¢, HenpepbiBHO JuddepeHnupy-
eMa I10 IEPEMEHHBIM I, § U BOTHYTA 110 IEPEMEHHOI S;

A2) dynkimst DgH (t, x, ) ABIsIeTCs JTOKAJIBHO JUIIIUIEBOH 110 TIEPEMEH-
HOM1 s, Ju1a jmroboro KommnakTa D C R™ cymecTByeT KoHCTaHTa L:

IDsH(t,s ) — DH(t, s )| < L([ls —s )

st moGeix s, s € D, Yt € [0,T);
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A3) BBIIOJIHEHO yCJIOBUE IOIJIMHEHHOIO POCTa: CYIIECTBYeT TaKas KOH-
craTa o > 0, 9TO
IDSH(t, s)|] < a1+ [[s])),

Jutst Jioboit roukn (¢, s) € [0,7] x R™. 3nech cumpout ||-|| obosHauaer eBKiIn-
JIOBY HOPMY KOHETHOMEDPHOI'O BEKTODA.

A4) dyukuus o(x) nenpepbiBHO nudbepeHImpyeMa;

IIpu 3TUX TPEAIOMTOKEHUAX CYIIECTBYET 0000IEHHOe, MUHIMAKCHOE, BI3-
kocTHOe perrenne 3aia4u (1)(cm. [1]). B naspHeiimem npemoaaraeM, 4To 910
peIlleHne CONEPIKUTCA B CJIEYIONEM KJIacce KyCOYHO-TIIaIKUX (DyHKIAHA.

Ounpegesnenne 1 Oyuknus ¢(-) : [Ir — R HA3BIBAETCs KYCOUHO-IIAIKON
B llpr, ecn

(1) O6nacrs oupenesenus 310t dyaruuu Il uMeeT ciemyoMyo cTpyK-

TYpY

ity = | JM;, Mi(\M; =@, ecm i#j, ijel, I={1,2,.N}
el

rae M; — muddepenmupyembie noamuoroodpasus B Ilr.
(2) Cyxxenne Kycouno-rmaaxoil dbyuxmun ¢(-,-) Ha M;, j € J, apisercs
HelpepbIBHO nuddepeHupyeMoii hyHKIMeid, re

J:={iel:M;— (n+1)— mepaoe mHOrootpasue},

cumBost M ; o3HauaeT 3aMblKaHne MHOXKecTBa M.
(3) dust seobbix @ € I, (t1,21), (to,z2) € M; Bbmoaneno J(t1,x1) =
J(ta, x2), TOE
J(t,x):={j € J:(t,z) € M;}.

Do perterne () MOKET ObITH HOCTPOEHO C HOMOIIBIO METOJA XapaKTe-
puctuk Komm. Beinumiem XapakTepucTHUecKyIo CUCTeMY ¢ KpaeBbIMHU yCJIO-
Busivmu ripu t = T' st 3azaqm (1):

i=D,H(t,%,3), §=-D,H(t,%35), 2= (3, DH(t,7,58)) — H(t,7,5), (2)

z(T,¢) =&, §(T, 6) = DEO'(f), (T, 5) = 0(5)7 V§ € R". (3)

Cumpou (-, -) 0603HAUAET CKAJISIPHOE [IPOU3BEICHNE.

Onpenenenne 2 CuHTYJISIDHBIM MHOXKECTBOM () Jjisi OOOOIIEHHOTO pe-
mrenus ¢(+) 3anaun (1) HasbiBaerca MHOKECTBO ToUeK (t, ) € Ily, B KOTOPBIX
dyuknus ¢ meauddepeHupyemMa.

B naHHOM COOOIIEHNN IIPe/ICTaBIEHHbl PE3YILTATHI UCCJIEIOBAHNN CBA3N
cTPYKTYpHI cynepauddepenmana [2, 3] u CHHTYISIPHOTO MHOYKECTBA.

Sadurcupyem mHoroobpasue M;, i € I, paszmeproctu n+ 1 — k, tie k €
1, n, n 0603HAYMM €r0, /Il HPOCTOThI U3JIOKEHUs], CJIeIy oM oOpasom M.
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[Tycrw Ly (t, 2) Gymer KacaTeIbHBIM HOAIPOCTPAHCTBOM K MHOI000Da3uio
My B TouKe (t,).

Badukcupyem touky (t,z) € Q. Cumposom Index (¢, ) 06o3HAUUM MHO-
JKECTBO cojiepxKalnee JBa min Oojiee mapamerpoB & € R™ takoe, 9To st
Jo6oii maper £*, £** € Index (¢, ) BBINOJIHEHO CJIEYIOIIEE YCIOBHE:

i(t’g*) = j(tag**) =, Z(tag*) = 2(t7€**) = @(tvx)a
5(t,67) #35(t,6™), &£

CrpaBeyIUBbI CJleIyoye yTBePXK IeHUs]
Teopema 1 Bekrop | € Ly (t,x), e | € R™! Torma u TOJBKO TOIIA,
KOTJIa, BLIIIOJHEHO CJIeAyIolee yCIOBHe

(Dei(t, x), 1) = (Dpj(t, x), 1) ,

(4)

Vi,j € J(t,x).

Teopewma 2 Ilycrs B 331a4e (1) Bemosnens: yeiosust (Al)—(Ad) u (¢, z) €
Q. Torna nya Toro urober (t,x) € My, rae dim My =n+1—k, k € 1,n,
HEeOOXOIMMO 1 JIOCTATOYHO, YTOOBI cylecTBoBasu pernenns (-, &F), §(-, &)
Z(-,&}) xapakTepucTrdeckoii cucremsl (2), (3), & € Index (¢t,z), i € 1,k + 1,
Takue, 4To BbiIosHeHo (4) u k X (n + 1)-marpuna D Buzna

=

1l 2 _ 2
—(Hy — Hy) 5%75% s%fs% ce. S —sh
n n
D —(Hs — Hy) S5 — 81 s5—87 ... s§—s] (5)
1 1 2 2 n n
—(Hgt1— Hi) spy — 81 Sip1— 51 -+ Spaq — 57

irSis s S;L) = g(t,fi) u Hi = H(t, i‘(t,fi), 5(?5,51))
If one adds any row of the form

nmena panr k. 3xech (si,s?

(—(Hgt2 — Hi) 311€+2_5% 3%+2_3% SZ+2_571L)7

rae (S]1c+1a5%+1a-~-asz+1) = §(ta§k+1)7 H:’H-l = H(t7i‘(t7£k+1)a g(tvfk-i-l))a
Ek+1 € Index (¢, ).

Teopema 3 Eciu Bomosnensr ycaosust (Al)—(A4), (t,x) € Q u H =
H(s), Torma cyneprpajuenTsl

(—H(5(£)),5(¢7)), & €Index(t,2), V(t,z)€@,
SBJIAIOTCA YTJIOBBIMU TOUKAMHU BBITYKJIOT0 MHOXKecTBa DT (1, 7).
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Applications of Subdifferential Calculus to Bochner
Integral Theory
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MpunoxeHusn cybanddepeHumnanbHOro ncHnucaeHms
K Teopuun nuterpana boxvepa

B nokmaze 6yaeT paccMoTpeHo HOBOe moHsTHE CyOauddepentinasia 0Tob-
paKeHuii B 6ECKOHEYHOMEPHBIX ITPOCTPAHCTBAX, & TAKKe €ro MPUJIOKEHUsT K
TeOpUU BEKTOPHOI'O0 WHTErpUpOBaHUs. TemMarnka JIOKJIaJa OCHOBaHA HA UC-
CJIeJTOBAHUSX, MPOBeAEHHBIX HamMu B mepuo, ¢ 2007 mo 2016 rompl, KoTopbie
0POGHO OIMCAHBI, B 9aCTHOCTH, B [1].

B ciyuae ckamsspHOTo aprymMenTa, Mbl CBSI3aJIM HOBBIH Tum cyoauddepen-
1uaJia ¢ u3BecTHoi npodsemoit Pajona—Hukonuma st marerpasa Boxuepa.
XopoIro u3BecTHO, UTO HanboJiee 3 DEKTUBHBIN aHaJIOr nHTErpasia Jlebera B
6GeCKOHEeIHOMEPHOM CJIydae — HHTerpaJs Boxuepa — He coxpamnsieT, BOOOIIe ro-
BOPSI, OJTHO U3 IPUHITUIUAIBHBIX CBOICTB nHTEerpasa Jlebera: He Besikoe abCco-
JIIOTHO HEIIPEPBIBHOE O0TOOPAXKEHNE SBJISIETCS HEOIPEIEIEHHBIM HHTEIPAJIOM
Boxuepa [2]. Hanbosee usBecTHBII OAX0/ K 9TOH MpoGJIeMe 3aKII0IAeTCS B
BBIJICJIEHUU CIEINAJIBHOIO KJIACCa MPOCTPAHCTB co cBoiictBoM Pamona—Hu-
konuma (RN P), B KOTOPBIX BCAKOE abCOIOTHO HENPEPBIBHOE OTOOPAKEHNEe
SIBJIIETCS HEOIIPEJIeJIEHHBIM uHTerpajioM Boxuepa [3]. Taxosbl, Hanpumep,
Bce peditekcuBHBIE DaHAXOBBI mpocrpancTBa. OjHako cBoiicrBoMm Paona—
Hukomuma ze 061a1ai0T IpocTpancTsa ¢, Li[a;b] u Cla;b]. Dto osnauaer,
YTO KJIACC TaKUX IPOCTPAHCTB HEJOCTATOYHO IIMPOK JJIsi MHOI'MX KOHKPET-
HBIX 33Ja4 aHAJIA3A.

MpsrI mogxoauM K yKa3aHHOM mpobsieme Ha 6a3e HOBOTO TMOHSITUS KOMIIAKT-
Horo cybmuddepennuana OTOOpaKeHl BEIECTBEHHOTO OTPE3Ka B IIPOU3-
BOJIBHBIE OTJIEJIMMbIE JIOKAJIBHO BBIIYKJIble HpocTpancTBa (naaee — JIBIT).

Hasiee 1o cybnpedensom yOBIBAIOMIEH CHCTEMBI 3aMKHYTBIX BBIIIYKJIBIX
nmoaMHOKecTB HekoToporo JIBII F' Mbl moHMMaeM Iipesiesi B MeTpuKe Xay-
¢yiopda pu YCJIAOBUU HEILYCTOTHI U KOMIAKTHOCTH TIEPECEUEHUSs, 10T COA MbI
Oy/ieM TIOHUMATh BBIMTYKJIOe 3aMbikanne muoxkecrsa A B JIBIT E.
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Omnpenenenne 1. Eciau cybnpemen

O.unF (z) = sublim (co{F(x i h})l — () ‘ 0 < |h| < 5})

CYILECTBYET, TO OH HA3BIBAETCH Komnakmuovm cybouddepenyuanom (nmu K-

cyboupdepenyuanom) orobpazkenus F' B rouke x € I. Eciu gy F'(x) cyme-

CTByeT, TO oToOpakeHne F' HA3BIBACTCS KOMNAKMHO cybouddepenyupyemvim

(nmm K-cybougpepenyupyembim) B TOUKE .

Ecin F nquddepennupyemo B Touke x, 10 Osup F'(2) = {F'(z)}. B 1o ke
BpeMsl HETPYIHO MOCTPOUTH MPUMEPBI KOMIAKTHO CyOmuddepeHimpyemMmbix
0TODpaKeHni, He MMEIONNX OOBITHOMN Mpon3BoaHoil. Hampumep, Takoit 6ymet
dbyuxus Bemecrennas dbyakuus f(x) = |z| B Touke 2y = 0. Ipuseném
boJiee HETPUBHAJILHBII HpHI}lep.

x-sin= , ecom x #0;

Myers f(z) = { 0, ’ ecmmx=0.

HermocpenerserHo nposepsiercst, 910 Jgyp f(0) = [—1; 1].

CreslaeM 3aMedaHne O CBSI3U KOMITAKTHOH cyOnnddepeHImpyeMocTa ¢
KJIACCHIeCKOil fuddepeHnupyeMocTsio Ha orpe3ke. Jloka3aHo, 9TO B CIyda-
sIX KOHEIHOMEepHOTO u OeckoreanomepHoro JIBII E curyarnust B 3T0M Bompoce
noJitpHa: ecjau F KOHEIHOMEPHO, TO U3 KOMITAKTHOH cyOmuddepenupyemo-
CTH Ha OTpe3Ke BBbITEKaeT OObIdHAasT AudHepeHImpyeMocTh MOYTH BCoay. B
TO Ke BpeMsI JjIsi OECKOHETHOMEPHBIX F MOYKHO MOCTPOUTH IIPUMEDP BCIOLY
KOMIAKTHO cyGauddepenimpyemoro orobpazkenust Ha [a; b], KoTopoe Hure
He muddepeHnupyemMo, KpoMe Kak B OTHON TOUKE.

OTmernM, 9TO OmmcaHa CBS3b KOMIIAKTHOTO cyOmud depennuaia ¢ apy-
rumu Tunamu cyomudddepennuanos (tuna Kinapka, Mumens—Ileno, @pere,
B.H. ITmenununoro u ap.). [lonpo6ree sTomy nocssimenst pabors: [4, 5]. Ue-
CJIeJTOBaHBI apudMeTUIeCKne CBOMCTBA KOMIIAKTHOTO cyOauddepeHinaa,

Teopema 1.

(1) Ecim orobpaxkennme F : [a;b] — E K-cy6muddepeniupyemo B TOU-
Ke X, TO Jjisd BCakKoro qmcia A € R orobpaxkenme N - F  rTak-
xe K-cybmuddepeHimpyeMo B TOYKe I, NPUYEM BEPHO PABEHCTBO

(#3) (cybaddumuernocmy) ecium orobpaxkenns Fio : [ajb] — E K-
cy6muddepennupyemsl B Touke x, To uX cymma Fy + Fy @ [a;b] — E
Takxke K-cyomuddepennupyeMa B TOUKE T U BEPHO BKJIIOYECHIE

asub(F‘l + FQ)((E) C asubFl(x) + 8subF2(x) .

Teopema 2. Eciu byukuusa f : [a; ] — R u orobpaxenue F : [a;b] — E
K-cybmuddepenmmpyemMbl B TOUKe &, TO ux mpousseaenne f - F Ttakxke K-
cyoanddepeHImpyemMo B TOUKE &, TPUIEM

asub(f : F)(x) C F(x) 'asubf(x) + f(x) : aeubF(x) . (1)
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Teopema 3. Ecom dbyukmus [ : [a; 0] — R K-cybmuddepenmupyema B
Touke z, a orobpaxenue F : [a;b] — E K-cy6muddepennupyemo B TOUKe
y = f(x), To komnosunus f o F K-cy6muddepeHnupyemMo B TOUKe &, IPUIEM

DsubF'(f (7)) C OsubF'(y) - Osun f () - (2)

Eciu xors 661 ogpo u3 orobpaxkenuii F'u f B (1) u (2) asasiercsa nqudde-
PEHIUPYEMBIM B OOBITHOM CMBICTIE, TO BKtodeHust (1) u (2) 3ameHstrorest Ha
paBeHCTEA.

ITosyyen Tak»ke aHaJIOr TEOPEMBI O CPEJHEM Jjisi KOMIIAKTHO Ccybaudde-
PEHIUPYEMBIX OTOOParKEHMIA.

Teopema 4. Eciu orobpazkenue F' : [a;b] — E senpepsiBHO Ha [a;b] n
K-cy6nuddepennupyemo na (a;b), To

W €co U OsupF(c) . (3)
ce(asd)

Hanee, uccienoBan psiji CBOWCTB ceueHUii (CEJIEKTOPOB) 5subF I = F
MHOTO3HAMHBIX 0TO6pazKkennii Oz F @ I — 2P Bxmouas mourtu Bciogy cema-
pabesIbHO3HAYHOCTh. JTO MO3BOJIUJIO HOJYIUTh CJIEIYIOIINi PE3YIbTAT.

Teopewma 5. Ilycrs F : I = [a;b] — E cusibHO abCOJIOTHO HEIIPEPHIBHO U
II0YTH BCIOJly KOMIIAKTHO cy6auddepennupyemo na I. Toraa siroboe cevenne
Osub F' € Osyp F' uaTErpUpyeMO 110 BoxHepy Ha I U BEPHO PaBeHCTBO

F(z) = F(a) + (B) / e F(t)dt (a <z <D). (4)

Janee, MbI BBOAUM KJIACC KOMMAKMHO AGOCOMOMHO HENPEPOIEHBLT 0MOD-
pascenut F : I — E. Yepes Ec = (spanC,| - ||¢) Gynem obosnatars Ga-
HAXOBBI IIPOCTPAHCTBA, TOPOXKIEHHBIE aDCOIIOTHO BBITYKJ/IBIMA KOMIIAKTAMU
CeC(E).

Onpepgenenne 2. Orobpaxkenue F' : I — E Ha30BEM kKomnaxmmo abco-
AOMHO HENPEPBLLEHLIM HA |, ecim

(i) F: I — F(a)+ Ec st HeKOTOPOro abCOJIIOTHO BBIMYKJIOIO KOMIIAKTA
C eC(E);
(ii) F saBngercs abCOMIOTHO HENpepbiBHBIM B npocrpancrse Eo (F €
AC(I,E¢)).
ITpumem obosnadenue: F' € ACk (I, E).
Tlony4aen ciemytoruit KpuTepuii KOMIAKTHON abCOTIOTHON HEIpepbIBHO-
CTH.
Teopema 6. IIycrs E — oraenumoe JIBII. Torna F € ACk (I, E) <
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(i) F — wueoupezenéHublii nHTErpaJ DBoxXHepa HEKOTOPOro 0TODpayKeHHst

f:1—E:

F() = F@) +(B) [ 10 (@<a<b);

b
(it) [ If(t)|lcdt < co mus mexkoroporo C' € C(E).

B kiacce npoctpancTs @periie cripaBeyinBoO TaKxKe 00paTHOE YTBEPKIe-
HUE.

Teopema 7. [lycte E — mpocrpanctBo @Pperre. Torma st j1060ro nH-
Terpupyemoro 1o Boxuepy orobpaxkenus f : I — E cymecrByer Takoil abco-
JIIOTHO BBIYKJIBIH KommakT C' C E, ato orobpazkenne

F(z) = F(a) + (B) / F(t)dt

npunaexutr kiaaccy AC(I, E¢).

OTMeTrM WHTEPECHOe CJIEJCTBUE W3 MPEeIbIIAYyIIeil TeopeMbl — aHAJIOor
dopmyuisr Jlarpamka mjist orobpaxkenuit B mpoctpancrsa Operre. Ocoberno-
CTBIO ITOrO PE3YJILTATA SBJISIETCS WUCIOJb30BAHUE 3aMBIKAHUSI B TOMOJOIUH
HEKOTOPOTO MPOCTPAHCTBa K¢ BMECTO HMCXOTHON TOIOJIOIMH MPOCTPAHCTBA
FE, 970 HECKOJILKO YTOUHSET OIEHKY 110 CPABHEHUIO C TEOPEeMOit 4.

Teopewma 8. [Tycrs E — npocrpancrso Operrte, orobpaxkenue F : [a; b —
E wenpepbiBrO Ha [a;b] n nuddepernnupyemo Ha [a;b]\e, rme mes(e) =
mes,F(e) = 0, a mHO)kecTBO F'([a;b]\e) orpanmdeno. Torma cymiecrByer
TakKoii abCOJIIOTHO BBIMTYKJIbIH KommakT C' C E, arto

F(b) = F(a)

o~ e op. Fjasb\e). 5)

Pabora moaroromeHa mpum YacTUIHONW MOAAep:KKe rpaHTa lIpesumen-
Ta. Poccuiickoit Pemeparun [y MOJIOABIX KaHIUAATOB HayK, kom MK-
176.2017.1.
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Subdifferential Calculus in Abstract Convex Cones
Cmonaxun @.C.
fedyor@mail.ru
K®Y mm. Bepragckoro, np-t Bepnajickoro, 4, Cumdeponons, 295007, PO

CybanddepeHumnanbHoe ncumcnieHne B abCTpakTHbIX
BbINYKJIbIX KOHYyCaX

B mocnennne necstuneTuss aKTUBHO PA3BUBAETCS TEOPHUsT abOCTPAKTHBIX
JIOKAQJIbHO BBINYKJIBIX (M, B 9QCTHOCTH, HOPMUPOBAHHBIX) KOHYCOB (CM., Ha-
npumep, (1, 2]). Bunykavimu KoHYycamu IPUHITO HA3BIBATH HAOOD JIEMEHTOB
X ¢ 33aHHBIME OTIEPAIMSIME CJIOYKEHUSI, & TAKXKe YMHOXKEHUS HA HEOTPUIIA-
TeJbHBIH cKaadap, npudéM X — KOMMYTATHUBHAs MTOJIYTPYIIA IO CJIOYKEHIIO
U JJIs TIPOU3BOJIBHBIX amces A, u > 0, a Takke 3/1eMeHTOB ¥,y € X BEpHBI
COOTHOIIIEHUS:

l-x=x; Az =Apz); 0-2=0; Maz+y) =Ax+Ay; (A+p)x =+ pe.

[TomyTHO, KaK MpaBUJIO, TaKyKe TPEOYETCs BBIIIOJHEHNE TaK HA3BIBAEMOI'O 3a-
xona coxpawenus «cancellation laws: x +y = y + z BepHO TOrIa M TOJIHKO
TOr/a, KOrjua & = z.

BroinykibiMu KOHycaMu ¢ 3aKOHOM COKPAIIEHUs OY/IyT, B 1aCTHOCTH, HADO-
PbI BEKTOPOB C HEOTpUIlaTe€JIbHBIMU KOODJIWHATAMU, Ha60pr HeoTpulaTeib-
HBIX (DYHKIU, HEYOBIBAIOIUX (DYHKIHI ¢ €CTECTBEHHBIME OIEPAIUIMU CJIO-
JKEHUsI W YMHOYKEHUsI Ha CKaJIsp, 8 TaKKe HAOOPBI BBIMYKJIBIX KOMIIAKTOB
bGaHaxoBa IPOCTPAHCTBA CO CJIOKeHueM 110 MuHKOBCKOMY. B HEKOTOPBIX BbI-
IIYKJIBIX KOHycax X BO3MOXKHO BBeCTH aHajior HOpMHI || || : X — R:

lz[l = 0, [[z]| = 0 & = = 0; [[Az]| = Alle][; [l +yll < [lz|| +lyl[ (1)

It BCAKUX 2,y € X u npousBoJbHOrO A = 0.

Harmra pabota mocssiiena uUCCaeTOBAHUIO MOHITHIO cyOanddepeniuaia
B CIIEIMAJIbHOM KJjacce abCTPaKTHBIX BBIMYKJIBIX HOPMUPOBAHHBIX KOHYCOB
(masmee — BHK) X, 101ycKaionmx HHHEKTUBHOE U30METPUYIHOE BJIOKEHUE B
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6aHaxoBO MPOoCcTpaHcTBO. OTMETHM, YTO MBI OTIIPABJISEMCST OT TIOHATHS KOM-
nakTHOTrO cy6mddepennunana (nm K-cybnuddepennmana), panee ncciemo-
BaHHOrO Hamu comecTHO ¢ V. B. OpjioBbiM Jij1st 0TOOpaXkeHuit B OaHAXOBBIX
npocrpancrsax [3]. iy 9Toro nomxoia HEOOXOAUMO BBECTH B KJIACCE Bbi-
MyKJIBIX KOHYCOB C HOPMOI TaKue MOHATHS, KAK KOMIAKTHOCTH MHOYXKECTBA,
HEIPEPBIBHOCTH OTODOPAYKEHUST U T.II.

B cBsi3u ¢ aTHM MBI OyleM pacCMATPHUBATH KJIACC BBIMYKJIBIX KOHYCOB,
WHBEKTUBHO M30METPUYHO BJIOYKEHHBIX B HEKOTOPOE HOPMHUPOBAHHOE IIPO-
crparcTBo. OKa3bIBAETCsI, IYTO TAKO KJIACC KOHYCOB YJI00OHO BBeCcTH Ha Oa-
3€ CBOHCTBA OTIEJUMOCTH 3JIEMEHTOB JIMHEHHBIMU OIPAHUYEHHBIMEI CBEDXY
dyuxnmonanamu £ : X — R.

Omnpepesienne 1. Byjiem roBopuTh, 9TO BBIMTYKJIbI HOPMUPOBAHHBINA KO-
Hyc X C 3aKOHOM COKpAIleHUsI 0mdesum, eClIu JJjisl BCAKAX Pa3IUIHbIX dJIe-
MEHTOB X1, T2 U3 X, CyIIeCTByeT Takoil juHeitHbil pynkmuonas £ : X — R,
aro {(x) < ||z|| anst Beex x € X u

Uxq) # U(z2), npuaém (zq) > 0 mmm £(x2) > 0. (2)

XOpOIIIO U3BECTHO, YTO BBIMYKJIbIH KOHYC X C HOPMOI JUHEHHO, NHBHEK-
TUBHO U30METPUTHO BJIOXKEH B HOPMUPOBAHHOE IIPOCTPAHCTBO TOIIA U TOJIBKO
TOr/Ia, KOrja B X CyIIECTBYET OJIHOPOJIHAs W MHBAPHAHTHAS OTHOCHUTEIHHO
capuros Merpuka d : X X X — R rmakag, uro d(0,2) = ||z|| qns Beskoro
x € X. Beakuit BbImyKiIblil Konyc X € TAKOW METPHUKOI MbI HA30BEM AUHET-
Howm Hopmuposarrvim konycom (JIHK). Beskuit (JTHK) Gyzer otmenumbiv
BHK. Oxnako moxkHO mpuBecTu npuMepbl oraesuMmbix BHK, koropblie me
OyayT JIMHEHO WHBHEKTUBHO M30METPHUYHO BJIOXKEHBI HH B KaKoe DGAHAXOBO
[IPOCTPAHCTBO (OJIMH U3 HUX PACCMOTPEH B [4]).

Mpur pacemorpum emé 1 mpumep Takoro tumna. Hopma, 3a/anHasi HA BbI-
IIyKJIOM KOHyce X, MOXKeT He ObITh MOJIyHOPMOI HUA B KAKOM JIMHEHTHOM ITPO-
crpanctBe F, B KoTopoe JIMHEITHO MHHEKTUBHO BiioykeH X . B kadecTBe mpu-
Mepa MOXKHO IIpHBECTH HABOop uuciaoBbix nap (a,b):a=0<b=0wua,b > 0:
X ={(0,0)}U{(a,b)|a > 0wub>0}. co creayiomeit HOpPMOIi:

b2
(o0l = masx {a. -} wpra 2.0 10,00 0.

Mozxkno nogobpars takue napsi (a,b) (¢, d), mas KOTOpbIX
[(a, D)[| +[I(a + ¢, b+ d)|| < [[(c, d)]],

9TO yKa3bIBAET HA HEBO3MOYKHOCTD JIMTHEHOTO MHHEKTUBHOTO H30METPUTHOTO
Baoxkenus: nanHoro BHK Hu B Kakoe 6aHaxoBo mpocTpaHcTBo. Ilepeiigém K
MIEPEINCICHUIO TIOJIYYeHHBIX Pe3yaIbTaToB. Bo Beskom oraenumom BHK mbr
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Jokazau cyiecrBoBanue Takoit Merpukn d : X X X — R, uro d(0,z) = ||z||,
9TO TMO3BOJISIET paccMaTpuBaTh X Kak MeTpuueckoe mnpoctpaHctso (X, d).
CupaBejyinBa CJIeyonas

Teopema 1. Beakwmit otanenmumbiit BHK X MOXKHO MHBEKTUBHO HM30MET-
PUYHO U d-HEIPEPHIBHO BJIOYXKUTH B HEKOTOPOE BAHAXOBO MPOCTPAHCTBO.

Tewm ne menee, TeopemMa 1 MO3BOJISIET PACCMATPUBATD BCSIKHUIA OTIETMMBII
BHK kaxk 1acTh HEKOTOPOTo OaHaxoBa MPOCTPAHCTBA IIPU HEKOTOPOM BJIOKE-
HUJ U COOTBETCTBEHHO BBECTH IIOHSITUE £-OKPECTHOCTH TOUYKU (JIJIsl TIOJIOXKH-
TEJILHOTO YUCIA €)

U(r) = Ue(z) = {y € X |d(z,y) <e}, 3)

a TaKyKe COOTBETCTBYIOIIME MOHSITUS KOMIIAKTHOCTH, 3aMKHYTOCTH TIOJIMHO-
kecTBa B X. DTO JaeT BOZMOKHOCTb BBECTH IIOHATHE KOMIIAKTHOIO CyOaud-
depennmaia orobpaxenusi f: X — Y rne X u Y — ornesmvbre BHK.

Hanee noy cybnpedesom yOBIBAIOMIEH CUCTEMBI 3aMKHYTBHIX BBITYKJIBIX
mommuo)kecTB HeKoToporo BHK X wmbr mormmaem mpenesn B meTpuke Xay-
cropda (OTHOCUTEIBHO CUCTEMBI OKPECTHOCTE (3)) IIPU YCJIOBUY HEIlyCTOTHI
U KOMITIaKTHOCTHU IlepecevdeHunsd, 110/ @A MBI 6y‘]lel\l IIOHUMAaTb BBIITYKJIOE 3a-
mbikarne MHoxkecrBa A B BHK X. Ilycers B HekoTOpoil okpectroctu U(x)
rouku x € X zamano orobpaxenue f : X D U(x) — Y u durcuposano
nanpasyenne h € X.

Omnpenesienne 2. Hazosem (komnaxmmoim) cybouddeperyuanom (uau
K-cyboudpeperyuarom) f no nanpasaenuro h ciemyromuit cybupemes:

Osunf(x, h) = sublim <co{ [t ﬁ? EACI Ry 5}) . (4)

Eciu Qs f (2, h) cybmuneen mo h, cybiauHeiHbI KOMIAKTHO3HAYHBIA Ollepa-
10p Osup f(T)h = Osupf(z, h) orpanuyen no sup-HopMe U CXOAUMOCTH B (4)
pasHOMepHa 110 ||h]| < 1, To Haz0BeM Osyp f (Z) cusbHOLM KOMNRAKMHOM CYO-
dugpeperyuanom f B Touke x. Ecim Osyp f(2)h — 0HOTOUEIHOE MHOKECTBO
s Besgkoro h € X, to f Oymem HaswBarh auddEpeHIUPYEMbIM B TOYKE T
(rorma Ogup f (x)h = f/(x)h). ~
B ciyuae byaxkumonana f : E — R BepHO: Ogyp f (2, ) = [Of (z, h); Of (z, h)],

I/le KOHIIBI OTpe3Ka — HIKHee U BepxHee IIpom3BojHble uncia Jluau dyHk-
nuoHaJia f 10 HampapjeHuto h:

Jt M) = F@) g e JE AR @)
A ALO A

f (z,h) = hl}\lfonf

WccnenoBanbl mpocTeiinine CBOACTBAa KOMIIAKTHBIX CcyOnauddepeHimaaon
B oraesmmbix BHK: ogHOpomHOCTD, Cy6a iuTHBHOCTD, AHAJIOT IIEIHOI'O IIPa-
BUIa U T.II. YCJIOBHE JIOKAJLHOrO MUHUMyMa (MakcumyMa) DyHKIMOHAJA
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f: X — R B TOouRe ¢ € X TpUHUMAET CJIEAYIONIHIA BUT:
8subf(x7 h) >0 (asubf(xa h) < 0)

s Beskoro h € X. OrMmerum, 910 B OTJIMYHE OT CJIydas JUHEHHOTO IPO-
CTPAHCTBA, B BBIYKJIOM KOHyce X IIPU 9TOM BO3MOX2KHO, 9TO HYJIEBOI Omepa-
TOp 0 € asubf(xO)'

Tlosryaen Tak:ke aHaJOT TEOPEMBI O CPEJIHEM JIjIs KOMITAKTHO cybaudde-
PEHITUPYEMBIX OTOOpaKEeHU BENeCTBEHHOTo oTpe3ka B oTaenumbie BHK X
KOTOpasi IPUHUMAET HECKOJIbKO CIeruUIHBII B,

Teopema 2. Eciu orobpazkenue f : [a;b] — X uenpepsisuo na [a;b] n
KOMIAKTHO cybauddepeniupyemo Ha (a;b), o

IO 2 Loy e (a0} (5)

b—a
rae asubf((a; b)) = U asubf(c)'
c€(asb)

OrmernM, 9T0 BOOGIIE TOBOPs, HENIb3sl yoparh Touky {0} cupasa u3 (5).
OnHako Ipu HEKOTOPHIX JIOMOJHUTEILHBIX YCJIOBUAX (HampuMep, ecan X —
JIHK) onerky (5) MOXKHO 3aMEHHUTH Ha

f(b) — f(a)
b—a

Paccmorpenbl pUIoKeHus MOCTPOEHHON Teopuu JuddepeHnuaabrHoro
u cyomuddepenimanbuoro ucuucienus B oraeaumbix BHK k ciemyiomemy
anaJsiory uzBectHoil 3as1aun Pepma-Toppuaennu-IlTeitnepa 0 HaAXOXKIEHUN
TOYKN, MEHIMU3UPYIOMENR CyMMy DPACCTOSHUI 10 N (DUKCHPOBAHHBIX TOYEK
ILIOCKOCTH.

MpbI paccMOTPHUM CJIJYIONIYIO BapHAIUio 9Toi 3aiadn. [Ipe/mosoxum,
9TO 3a/laHa HEKOTODAasl 30HA JOCTHUKHUMOCTH U PACCTOsiHME OT myHKTa A 710
MMyHKTa B MOXXHO BBIYHCIUTH TOJBKO B €€ IMPEJEaxX, a BHE dTOU 30HBI OHO
paBHO +00. ByseMm canrarh, 9T0 30HA JOCTUKUMOCTH BCSIKOM Touku A orpa-
nuvena Kouycom A + K, rne K zagan jgydamu y = 0 u y = kx B HEOT-
puratesabHoM KBagpante (x > 0 mw y > 0) mekaprosoit miockoctn X OY
npu dukcuposannoMm k > 0, T.e. paccrosiaue or Touku A(ai,as) 10 TOUKH
B(b1,bs) BBOMUTCS TAK:

S @{asubf((a; b))} :

\/(al —b1)?+ (a2 — b2)?, eciu B € A+ K;

d(A,B) =
( ’ ) +00, B IPOTUBHOM CJIydae.

Bynem paccmaTpuBaTh 3a71a1y 0 HAX0XKJIEHUN ONITUMAJIHLHOM CeTH CBsI3eil TOU-
ku O ¢ HeKOTOpbIMU IyHKTamMu Ay, Ag, ..., A, , PACIONOKEHHBIMYA B HEOTPH-
nareabaoM KBagpanTe X QY . IloctaHoBKa €€ 3aKII09aeTCsS B TOM, BO3MOYXKHO
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JIX 3TO CllesIaTh, ec/Id pa3pelleHo 106aBjdaTh He Gojiee OJHOIO «IepeBaJiot-
HOoro» myHkTa Xo(Zo,Yyo)? VIHBIME cioBaMH, HY»KHO JIJIsl JIAHHBIX IIYHKTOB
Aq(ay,b1), Az(az,b2), ... Ap(an,by,) HaliTH Takyo TOUKy Xo(Z0,Y0), ITO

d(0,z0) + Y _ d(wo, Ax) — min. (6)
k=1

ITocraBnennast 3aa4a MOKET ObITH pellleHa PACCMOTPEHHON BBIIIE METO-
JUKO# JnddepeHnraabHOrO B BBITYKJIBIX KOHycax ¢ HopMmoii. IlpaBma, mpu
9TOM He BCSIKHUIl JIOKAJbHBIN KCTpeMyM Oyaer riiobaspHbIM. [losTomy cite-
JIyeT pa3andarh 3aJa9i HAXOXKJEHUS TOYEK JIOKAJTBLHOTO U TJIO0ATBLHOTO IKC-
TPEMYMOB.

Beimumenm otser x 3asade (6). st 3T0ro BBEIEM JIONOJHATEIBHbBIE 060-
snadenus. Paccmorpum Bce Takme KoHychl Bujia X + K, rme X — Touka u3
konyca K, uro Bce Touku Ay, (k= 1,n) nexxar B X + K. Eciu Ay € K npnu
Bcex k = 1,n, TO mepecedeHne 3TUX KOHYCOB HEIYCTO W SBJISETCS KOHYCOM
Buga X1 + K myia wekoropoii Touku X1 (21, y1). O603nauum yepe3 P dury-
DY, OrpaHuyeHHyI0 npsiMbiMu y = 0, y = 1, y = kx uy = z1 + kz (P
MOKET OBITh HMapaJuIeIorpaMMoM Jubo orpeskoM). VIMeHHO cpejn ToueK u3
P (dynknus (6) koHewHA) 1 cieyer uckarh penierne 3agadn (6). O6o3nHa-
qum yepe3 Xo u X3 Bepumnnl P, ormanbie or O(0,0) u X (Bo3MOXKHO, 9TO
Xo = Xj wm X3 = O). CupasejiuBa cieyroas

Teopema 3. O, X1, X3, X35 — TOYKH JIOKAJIBHOTO 9KCTPEMyMa (DyHKITNO-
naja (6). I'nobanbublii sxerpemyM 3azadu (6) cosnazaer ¢ Toukoi O 6o
Xy,

PaccmarpuBaiorcesi Takxke GoJsiee HeTpuBHAJIbHBIE aHajord 3agadd (6),
NpuBOLIIe K HeauddepeHIMPYEMbIM MIeJIeBbIM (GYHKIUAM. B sTnx 3ama-
qax 3(HEKTUBHO pabOTaeT TOCTPOESHHBIH alapaT UCINCTEHNST KOMITAKTHBIX
cy6auddepeHInaioB B BHILYKJIBIX KOHYCaX. DTO 3a/a49d, B YACTHOCTHU, Pa3-
BUBAIOT MOJXOJIbI pasyena b u3 [5].

Pabora BeimosiHeHa mpu mogAepKKe rpanTa IIpesumenta Poccuiickoit Pe-
Jiepaliy Jjsi MOJIOJIBIX KaHIUIaTOB Hayk, kom MK-176.2017.1.
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Anbca-MHOXKECTBa B KOHEYHOMEPHbIX €BKJINA0BbIX
NPOCTpPaHCTBaxX U X CBOWCTBA

IMonsite a-MHOXKeCTBa ObLIO BBEAeHO B Hauade 2000-x roygos B [1], oHO
cOpPMUPOBAJIOCH [IPU PACCMOTPEHUH HEKOTODPBIX 33J(@4 yIPaBJIEHHUs, OTHO-
CSIUXCS K U3YYEHUI0 MHOXKECTB JJOCTIZKIMOCTH yIIpaBiIsieMbIX cucreM. Muo-
JKECTBA JOCTIZKIMOCTH, KaK [PABHJIO, HEBBITYKJ/BL. JIJIs OMHUX CHCTEM 9TH
MHOKECTBA MAJIO OTJIMYAIOTCH OT BBIIYKJIBIX, JJIS JIPYTUX — BEChMa OILyTH-
MO. B CBSI3U ¢ 9THM BO3HHKJIA eCTECTBEHHASI TOTPEOHOCTH B HABEJIEHUN OIIpe-
JIJIEHHON KJacCHUKAIIMKM STUX MHOXKECTB 10 CTENeHsIM MX HEBBINYKJIOCTH.
Tax mogsuocs nmonaTue a-MHOXKecTBa B R™. Ilpencrasiser camMocToATe b
HBIl MHTEpEC, He CBA3AHHBIA ¢ KAKUMU-JIN0O0 33/ [a9aMy YIIPABJICHUST, BOIIPOC
0 TOM, HACKOJILKO MOKHO IIPOJIBUHYTLCS B PACIPOCTPAHEHUH TEOPEM BBIILYK-
JIOT'O aHaJIn3a IIPpU I1epexo/ie OT BBIIIYKJIbIX MHO2KECTB K (x-MHO2KeCTBaM.

ITpuBesiEM ompeiesieHne q-MHOYKECTBA U HAIIM OCHOBHBIE PE3YJIBTATHI.

ITycts A — MHOXKECTBO B N-MEPHOM €BKJIMJIOBOM IpocTpaHcTse R™ u z* €
R™\A. ITox npoeknueit p(z*) Toukn z* Ha A MBI IOHEMaeM OJIMKAMIIYIO K
z* Touky B A.

ITonaraem:

Qa(z*) = {p(z*)} — mHO)KeCTBO BCex npoekuuit p(z*) Toukn z* Ha A;
cof24(z*) — BelyKIast 060109Ka MHOKECTBA (24 (2*);

con(coQa(z*) —z*) ={h=Az—2"): XA 20,z € coQ4(z*)} — konyc B R",
HATAHYTHIH Ha MHOXKECTBO cOfl4(2*) — 2" = {2z — 2% : 2 € coQ4 (%) };
H,(2*) — MHOXKecTBO BCeBO3MOXKHBIX Hap (h., h*) HeHyJIeBbIX BEKTODPOB i,
u h* u3 con(coQy(z*) — 2*);

: (e, 1)

(hs, h*) = arccosW € [0,7] — yroa mexmy BekTopamu h, u h*,
*
(hi, h*) € Ha(2%);
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) = h*;h* € 07 5
aa(z") (h*,hf?é‘ﬁf,(z*)( ) €[0,7]

<h*, h*> — ckaJsipHoe npoussenenue h, u h* uz R™, ||h.|| = <h*, h*>1/2.

IMosmaraem ag = sup aa(z*) € [0, 7).
z*€R"\ A
Onpenenenne 1. Ilycts ay = «a, Torma muOXKecTBO A Ha30BEM (-
MHOZKECTBOM.

Ormerum, 910 (-MHOMKECTBO $IBJISIETCS OOBIYHBIM BBIMTYKJIBIM MHOYKE-
ctBoM. [IpuMepaMu mT-MHOXKECTB SIBJISIIOTCS KOJIBIIO MJIM MHOXKECTBO, COCTOSI-
mee u3 JByX TOYEK.

CgoiictBo 1. @yHKIWMs a4 (2) MOTyHEIPEPBIBHA CBEPXY IO MEPEMEHHOI
z € R™M\A.

Onpegenenune 2. 3amkayToe MHOXKeCTBO A n R™ Ha30BEM pe2yaapHvim
muootcecmeom B R™, ecam s jo6oit Touku z* € R™\ A Boinosasiercs yciio-
Bue z* ¢ coQu(z%).

SamMerumM, 4TO €ciau g < T, TO A — peryjaspHoe MHOXKECTBO, OIHAKO,
obpaTHoe HeBepHO. [IpuMepoM peryssipHOro T-MHOXKECTBA SIBJISIETCS MHOMKE-
CTBO, COCTOSIINEE U3 JIBYX 3aMKHYTBHIX IIAPOB, KACAIONUXCA B OJHON TOYKE.

Onpepgenenne 3. 3amkuyroe MHOXKecTBO A B R™ HazoBéM Hepezyaap-
HoLM MHOdCECMEom B R™, eciin OHO He SIBJISIETCST PETYJISIPHBIM MHOXKECTBOM
B R”, re., aa(z*) = 7 g Hekoropoii Toukn z* € R™\ A.

Ecmu cunrarh, uro 0-MHOXKECTBA COCTABJAIOT JIEBBI Kpail CIieKTpa -
MHOKECTB, TO HEPETYJIsIPHBbIE MHOYKECTBA MOYKHO CUMTATD [IPABBIi Kpail criek-
Tpa.

JIemma 1. Ilycrs uncna a < ¢ < d < b, f € Cla,b], I' = {(z1,22)
xo = f(x1),a < xp < b}, v = {(z1,22) : 22 = f(x1),¢c < x1 < d}. Torma

sup ar(z) > sup oy (2).

Zz€R2\T' 2€RZ\y

Jlemma 2. Ilycrs dbyukius f € Cla,b], rpadux T' = {(z1,22) : 2 =
flz1),a < x1 < b}, @ = sup ar(z). Torna max z — min x5 <

2€R2\T" (z1,2)€l (z1,22)€D
o

JIemma 3. Ilycrs f € Cla, b, nonrpaduxk I'_ = hypo f(-) = {(z1,z2) :

29 < f(z1),a < 21 < b}, a = sup ar_(z). Torma min{f(a), f(b)} —
z€R2\T'_

i < |b—alt 2
min X —a —_.
(z1,z2)€T 2 & 2

Onpenenenue 4. Ilycts M — muoxectso B R2. HazoséM saxynot yua-
CTOK rpaHutipl v C OM, roMeoMOPMHBIH OTPEe3Ky MPSIMOl U TaKOM, 4TO ero
KpaiiHue TOYKY cofepKaTbes B 0 co M, a ero BHyTpeHHue TOUKKM — B int co M.

Teopema 1. Ilycts M — a-mmuozkectBo B R2. Torma ecim Bce JTaKyHBI
rpanunel OM 1pejcTaBuMbL B Bujie rpadOUKOB HEIIPEPBIBHBIX (DYHKINI, J1J1st



KOTOPBIX OCh abICC HapaJljiesibHa OTPE3KY, COeIUHSIONIEMY KpPailHe TOYKHI
JIAKYH, TO Xayc/opdOBO paccTosiHue

d(M,co M) < N(M) - tg %

riae \(M) — muamerp MHO)KecTBa M.
Byzem ucnosbzoBarh o6o3HaveHus: p(z, A) = migl ||z —al|* — paccrosnue
ac

OT TOYUKH JI0 MHOXKeCTBa, B(zg,d) = {x : R™ : ||z — z¢|| < §} — 3amKHyTHII
map ¢ IeHTPOM B TOUKe Xo u pajuycoMm 6, A, = A+ B(0,e) ={a+b:a €
A,b € B(0,e)} — e-okpecTHOCTH MHOXKECTBa, A.

Teopema 2. ITycts A — peryusiproe muoxkectso B R™. Torma jiyist j1ii060ro
zamkrHyTOro muoxecrsa B B R" (B D A, B # A), ajist KoToporo rgleag(b, A)

JocTuraeTcd Ha B, Bce TOUKM b MHOXKeCTBA B, MAKCUMAJIBLHO yIAJIEHHBIE OT
A, yIOBJIETBOPSIOT BKJIOUeHUIo b € 0B.

Teopema 3. IIycrs A — 3amkuyToe MHOXKeCTBO B R™ 11 £ € (0, 00). Torma
o, <oy

Samernm, 9TO JHOOBIE JIBA HEIIEPECEKAIONHECs 3aMKHYTBIE BBIIYKJIbIE
MHOZKECTBa MOTYT OBITb OTIEJIEHBI JAPYr OT Jpyra HEKOTOPOW THIEPILIOC-
KOCTBIO. ABTOpaMU JOKJaJa ObLI MOJIYYEH aHAJOT JAHHOIO YTBEPKICHUS
JIst a-MHOKeCTB. Hike cdopmymupyeM pe3ysibraThl M0 OTAETUMOCTH (v MHO-
)KecTB [2,3].

O6o3naunm vepes A, u B, COBOKYIHOCTH BCEX 3aMKHYTBIX MHOXKeCTB A
B R™ COOTBETCTBEHHO € IMCIOM (4 = @ U (g < @, Tae « € [0, 7).

dAcno, uro Ay, CBouBy= U Aa.

Be[0,a]

Onpenenenne 5. a-runepiuiockocTbio I' B R™ HazoBéM Takoil romeo-
MopdHBIH 06pa3 runepiuiockoctu B R™, 9aro

1.T € Ay;

2. I' pazbuBaer R™ Ha aBa 3aMKHYTBHIX MHOXKeCTBa B R"™, ToMeoMOppHBIX
3aMKHYTOMY IOJIyIIPOCTPAaHCTBY B R™.

BamkuyThle MHO)KeCTBa B R™ u3 oupenesenns 5 o6o3nadum depes ¢~ (I)
u &1 (I'). Uz onpesiesienns: 5 BbITEKAET, UTO 9TU MHOXKECTBA €CTh 3JIEMEHTBI
u3 B, u XoTd Obl OQHO U3 HUX €CTh 3JIeMeHT u3 A,.

Ounpepenenune 6. Ecin ag- (I') = a (ae+(T') = a), To GyneM Ha3bIBATH
¢~ (T') (27(T")) a-momynpocTpancTBOM.

Onpenenenne 7. Byaem rosoputh, uro mHOKectBa A u B uz R" a-
oraenumbl (B,-OTIeJMMBI), €CIIH CYIIECTBYET TaKasl q-TUIePINIOCKOCTh [ (Tu-
nepiutockocts I' € B,) B R”, uto A C @ ('), B C ®1(T) smto A C &H(I),
B c o (D).

Onpenenenne 8. Bymem rosopurb, uro mHoxkectBa A m B uz R”
CHJIBHO (-OTHEJUMBI (CHIIBHO Bo-OT/Ie/IUMBI), €CJU CyHIeCTBYeT Takas -
runeprutockocts ' (runepiutockocts I' € B,) B R™ n ¢ € (0,00), uro

A. C ®(T'), B. C ®+(T") ymbo A. € ®H(I"), B. ¢ &~ (I).
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Teopema 4. Ilycrs cranspusle Gyukuuu f(x) u g(x) oupemneseHsl Ha
3aMkHyTOM MHOXKecTBe M C R™, srummunesst Ha M ¢ korcTanToit L € (0, 00)
u inj& (f(x) — g(z)) =~ > 0. Torna 8 R"™! cymecrsyer rumepmiockocts

kIS

I'* € B,, tga/2 = L, cunbao B,-pasuensiomas MHoxkecTBa A = epi f(+) u
B = hypog(-) B npocrpancTse R™+1,

UceneioBanme BBIIOJHEHO 38 CUET CPEJICTB IPanTa Poccuiickoro Hay 9HOro
dbonga (npoekr Nel5-11-10018).
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O HeO6XO,£I,I/leIX yCcnoBusax 3KCTpeMyma 014 Hernagkmx
chyHKuMA
Xavwampsan P.A.
khachatryan.rafik@gmail.com
Epesanckuii rocynapcrBennslit yuupepcurer, Epesan, Apmenust

B crarbe mosydeno mpaBuiio MHOXKuTeNEH JlarpamKa s 9KCTpeMaJib-
HBIX 33/[a9aX C HEIVIAJKUMI OIPAHUIEHUSIME TUIIA paBeHCcTBa. Heobxommbre
YCJIOBUSI BBIPAXKAIOTCS B TEPMUHAX ACHMIITOTUYIECKUX CyOauddepeHimaios.

IIpuBesieM HEKOTOpBIE OINPEJIEIEHNs] U3 BBIILYKJIOIO aHAJII3A.

< a,b > — ckajlgpHOE IPOU3BOAEHUE BEKTOPOB a,b € R™.
cl{M}— zambikanne MHO>KecTBa M C R™.

[Tosmoxxum

con(M) def {z:2=Xv1, 11 € M, \>0}, LinM o cl{conM — conM}.

d(x, M)— paccrosinue oT TOYKHU X 10 MHOKecTBa M.
. def
M, — My = {z € R"/M5 + x C M, }— reomMeTpuyeckasi pa3HOCTH MHOKe-

crBa My u Ms.

Hanrpadukom dyukiun f: R® — R Ha3bpIBa€TCS MHOXKECTBO

d

epi(f) € {(z,a) € R /a > f(x)}).
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Omnpepenenune 1 [2]. O606mennas npoussonuas Mumens- [Teno dyHk-
nuu f [0 HAIPaBJIEHUIO T B TOUKe T, obo3navaeMas fi,p(xo,T), oupeness-
eTcsl TaK:

flz+ AT+ w)) — f(z+ \w)

Fhop(e )™ sup (i sup )
wER ALO A

Omnpepenenune 2 [2|. MuoxecTBo

Oupflz) ™ {z* € R/ fiyp(2,7) >< 2*,T > VT € R"}

HasbiBaeTcs cybauddepennuanom Mumens-Ileno st dyskmun f B TOuke
T.

Ounpepenenune 3 [1]. Bektop T € R"™ HasbiBaeTcs: KacaTenbHOl kK M C
R™ B Touke x € cl{M}, ecau

limd(z, A\~ (M — z)) = 0}.
lim d(z, A~ (M — x)) = 0}
MHozkecTBO Beex KacaTeldbHBIX K M B @ oboznavaercs Thr(x).

IIpuBemem orpeseserne acCUMITOTHIECKOTO cybauddepenuadia.
Ounpepeinenne 4 [1]. Ilycrs f : R™ — R— JoKaabHO Junmmnesast GyHK-
s M = epi(f). Thyers K = Tog (2, £(2)) — Tag(, £(2)), a iy ()~
MIOJIOYKUTEJIBHO OJHOPOIHAS BBITYKJIas (pyHKINs, HAArpadUK KOTOPOil SBJIsI-
ercs kouyc K.
MHuozxecTBO

Onrf(z) < {a* € R/ {4y (2, 7) >< 2*,T > VT € R"}

nasbBaerca M L- cyomuddepenrmaniom dyukimn f B TOUKe .

Bepmunr cieytonne TeopeMsbi.
Teopema 1. I[Tyemo xog— mouka murumyma ynryuy fo(z) npu vasuwuu
oeparuerul
filx)=0,i=1,2,...,k, x € R",

2de fi, 1 = 0,1,..., k aokasvno aunwuyesor gynrkyuu. Hycmov cyuecmsy-

tom makue eexmopos Wi, wmo fiyp(zo,w;) <0, i =1,2,...,k, a pyrnryuu
!

flyp (T, w;) noaynenpepusrv, ceepry no x 6 mowke xo.

Tozda cywecmeyrom wucao Ag = 0 u eexmopwvs x7,...,T}, He 6ce PasHvie

HYA0 00HOBPEMEHHO, MAKUE, YO

k

0 € Xodurfolwo) + Y a}, x} € Lindypfi(xo), i=1,....k.
=1



86 Xgronmu /J1.B.

Teopema 2. IlycTh o— TOYKa MUHUMYyMa JIOKAJILHO JIUIIIUIIEBOH DYyHK-
mn fo(2) nIpu HaJIMYUYM OrpaHUYeHu

file)=0,i=1,2,...,k,

rae fi(x), i =1,2,...,k JOKaIBHO JUNIIANEBBI (DYHKIN, UMEFOIIUE TIPOU3-
BOJIHBIE 10 HAIIPABJIEHUSIM.
Torna cymecTByOT 9ucia Ag, A1, . - . , Ak, HE BCE PABHBIE HYJIIO OJTHOBPEMEHHO,

Takue, ITO

k
0 € Oz (Aofo)(wo) + Z AL fi(o).

i=1
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On Transversality Condition for Infinite Horizon Control
Problem and Subgradients of the Limit of Smooth
Functions
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O6 ycnoBuu TpaHcBepcasibHOCTU B 3agavax ynpasJieHus
Ha OecKoHe4YHOM MpomMeXxxyTkKe u cybrpagueHTax npegena
rnagkux pyHKuni

OcHoBHAa T1eJ1b JIOKJIa/1a — 00CYKJIEHNE YCIIOBUS TPAHCBEPCATBHOCTH KaK
HEOOXOIMMOr0 YCJIOBHUS ONTUMAJIBLHOCTH B CJIEIYIONIEH 3a/1a8e MUHUMU3AIIAN
Ha, OECKOHEYHOM ITPOMEXKYTKE

/ fo(t,z,u) dt — min

0

'i;:f(t7z7u)’ uEU?
z(0) = w,.

3neck GyHKIUE T, fy CKAJSPHBI; T — 9TO0 (Ha30Basi NepeMeHHasl, IPUHIMA-
olasi 3HAYCHUS] B KOHEYHOMEPHOM EBKJIMJIOBOM TPOCTPAHCTBE X; a U —
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YOPaBJSIIOMUN apaMerp. ByaeMm Takxke mpesnosararb, 9ro U sBisieTcst
3aMKHYTBIM IT0JIMHOYKECTBOM KOHEYHOMEPHOI'O €BKJIMJIOBOIO IMPOCTPAHCTBA.
[Tosx momycTUMBIME yIPaBICHUAMA OyJIeM MOHUMATH JIEMEHTHI MHOYKECTBA
L2 (Rs0,U). Hanoxum rakke Ha dynkmun f, fo BMecTe €O CBOMME IIPO-
U3BOJIHBIME 10 & CTAHJIAPTHBIE JJIs TPUHIIANA MAKCUMYMa [PEJITOIOXKEHST,
HanpuMep yciaoBusi tuia Kapareogopu, JOKaJIbHYIO JIMIIIUIEBOCTD 110 T, a
TakKe IOJINHENRHbIA pocT dyHKIUU f 110 .

Beesiem moHsitre obrossitoredi ontumanabHocTH (overtaking optimality).
Byzaem ropopurb, 4ro jgomycTuMoe yiupasjienue ¢ (BMecTe co CBOeil TpaeKTo-
pueii &, £(0) = x,) ONTUMAJILHO B CMBICJIE OOTOHSIOIIEr0 KPUTEPUST, €CIIH JJIst
BCSIKOTO JIOILYCTUMOTO YIIPABJIEHUS U U COOTBETCTBYIOMIEH €if TPAeKTOPUHU X
BBITIOJTHEHO

T T
hminf[/ fo(t,m(t),u(t))dt—/ fo(t, &(t),a(t))dt] = 0.
T—o0 0 0

IIycts Takoe ympasienue U cyrmecTByeT. KaxXaoMy HaYaJIbHOMY 3HATEHUIO
¢ € R BMecTe ¢ HOPOXKJIEHHOIT 9THM yIpaBienneM Tpaekropueil ¢ (z¢(0) =
&) comocrasum dbyukuuio T +— J(§,T) npasuiom

T
J(E,T) = /0 folt,ze(t),a(t))dt T > 0.

JIj1s1 IPOCTOTHI BCIOAY Jajiee OrPAaHMYUMCST CJIydaeM, KOTa BCe TPOU3BOIHbIC
g—g(f ,T) paBuomepuo o T > 0,£ € R orpanuyensl.

Kaxk cneayer us [1], /st Takoro ynpapiieHUsl HafiJleTcsi pelleHne npuH-
nura MakcuMyMa [IOHTpSATMHA; MOXKHO IOKa3aTb, UTO B HAIIUX YCJIO-
BHUAX 3TO pelieHne OygeT HOPMAJbHBIM, 4 HWMEHHO, JJIs TaMHAJILTOHUAHA
H(z,u,p,t) := pf(t,x,u) — fo(t,:v,u) yupasienue 4(t) € U mMakcumusu-
pyer H(Z,u,p,t), e p € C(Rxo, X*) — pelrenne coOUpsAKEHHOIO ypPaBHEHUS
p = —%—f(i(t),d(t), p,t). B naHHO! cucTeMe HEOOGXOAMMBIX JIJIsl OIITUMAJIb-
HOCTH COOTHOINEHMI HE XBaTaeT eIle OJHOrO KPaeBOro YCJIOBHS HA COIpS-
JKEHHYIO MEPEMEHHYT0, COOTBETCTBYIOMIErO yCAOBUIO TPAHCBEPCATBLHOCTH HA
6ECKOHETIHOCTH.

[IpuHIMNUATIBHON CIOKHOCTBIO JIJIsl TOJyYEeHUsT B TAKUX 331a9aX 00
HUTEJIbHBIX YCJIOBHI Ha GECKOHEYHOCTH, YCJIOBHI TPAHCBEPCAJLHOCTH, SBJIs-
eTCsl HEOOXOUMOCTh HAXOXKJICHHsI [T COIPSI?KEHHOIO ypaBHEeHus (TO eCTh
JIJIsL JIMHEHHOM CHCTeMbl) TAKOH aCUMIITOTHKH, 9TO Obljia Obl BBIIOJHEHA XO-
Ts1 OBI JJIsT OJIHOTO, HO W HE JIsi KOHTHHyaJbHOTrO umciaa pemennii. Camoe
upocroe JonosnuTeiasHoe yeaosue, p(T) — 0 upu T — 0o, B obieM ciry-
Jae He siBJsIeTCs HeobxomuMmbiM [1, § 5(iii)],[2, § 6], m mocTarouno wacTo OHO
TPUBHAJILHO, TO €CTh BBIIIOJIHEHO HA BCEX PEIICHUAX CUCTEMbI IPUHIAIIA MaK-
cumyma. OHAKO OHO MMeeT MOAUDUKAIIUIO, BLIIEJSIONLYIO He 6oJiee OIHOro
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perienust conpsizkernoit cucremsr: A.B. Kpsokumckuit u C.M. AceeB jiist co-
IPSIPKEHHOM TTepeMeHHOM petoxkuin [2] morpeGosarh

) 0o ain s

50 = [ (a0, a0) A ar, W
0 Oz

rIe A(t) — warpuna Kommm i TuHeapu30BaHHON, BIOIb ONTHUMAJILHON

Tpaekropun, guHamuku f. To e ycioeue moxHO [6],[9] sammcars kak

p(T)A(T) — 0 mpu T — 0o, HO ;s Hammx Leseil Ham Gojlee HHTEPECHO

Gyzer elle OIHO SKBUBAJICHTHOE IIPEACTABIICHIE:

R . 0J
—p(0) = lim - (., T).

DTOMY YCJIOBHUIO BCETJa COOTBETCTBYET He 00Jiee OHOTO PEIEHNsT COIPSI2KEH-
HOIl CUCTEMBI, & IPU CYIIEeCTBOBAHNN HYKHBIX IIPEJEIOB — B TOYHOCTHU OJIHO.
[TousaTHo TakKe, 9TO U ITO YCJIOBUE MOXKET HE OKA3aThCH HEOOXOIMMBIM YCJIO-
BHEM ONTHUMAJIBHOCTHU €CJIM HE CYIIECTBYeT COOTBETCTBYIOIIETO IIPeJiesia, Ha-
[IpUMEp ITO TaK, €CJIU IIPUHIMII MAKCUMYMa B HOPMAaJIbHOI (bopMe He mmeer
mecra. Kak nokaseiBaer npumep B [6], camo no cebe cyriecrBoBanue HecoO-
cTBeHHOro mHTerpasa B (1), rapaHTupyst KOPPEKTHOCTH TOH (hopMyJIbl, He
rapaHTupyer ee HeOOXOIMMOCTb, OJHAKO IIOCTPOEHHE ITOro IpuMepa (pas-
HO KaK BO BCEX U3BECTHLIX PaHee aBTOPY TAKHUX [PUMepax) OHHMPAJIOCh Ha
HEOT'PAHUIEHHOCTH %(w, T) B OKPECTHOCTU HAYAJIBHON TOYKH.

IMokaxkem, uaro ycaosue (1) MoxKeT He ObITH HEOOXOAMMBIM, JIAZKE €CJIM BCe
orobpaxkenus x — J(x,T) asisiiorcsa 1-mmnunessiMu. PaceMorpum 3aady

21 <y 1
/ fsin2:cdt+/ {fcostxf—sint:c dt — min
L2 , Lt 2

i =uljpqy(t), wel-11],
z(0) = 0.

Bamernm, uto mus (£, 4) = 0 mpt umeenm J(z,T) = & sin Tz st seex T > 2,
z € R. Iockonbky f(t,z,u) =0 upu t > 1 u J(z,T) — 0 paBHOMEPHO IO
x € R crpemures k 0 ipu T — 00, TO ONTUMAIBHO (B CMBICTIE DPABHOMEPHO
OOIOHSIIOIEro KpuTepust) Jroboe NOIyCTUMOe YIPABJIEeHHe, B YACTHOCTH 9TO
tak g (2,4) = 0. B cuny f(t,z,u) = u,fo(t,z,u) = 0 npu ¢ < 1, npunmn
MaKCHMyMa JTst (&, U) MOXKeT GBITh BBITOIHEH TOMLKO ¢ Plj,1] = 0. OTrcroma

p(0) = 0. Ho ycaosue (1) norpe6osasio Gbl

oJ
—p(0) = lim 22(0,T) = Ii ~1.
p(0) T 00 Oz 0.7) Tl—IgoCOSO
Urak, ycnosue (1) He sIBIsIeTCS B 9TOM IIpUMepe HEOOXOIMMBIM yCJIOBUEM

OIITUMAJIBHOCTH.
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[IpuBeiernbit Boile puMep (GaKTHIECKH OCHOBAH HA TOM, UTO MPEJIEN
[IPOM3BOJHBIX MOXKET HMKAK He COOTHOCHTBHCSI C IPOM3BOJIHON IIpejesia Jia-
JKe eCJIM BCe IPOU3BOJHBIE U BCE IpeJesibl JocTarodno xopomue. C apyroi
CTOPOHBI, Hy?KHO€ CBOICTBO mMeeT MecTo it cybauddepenmnuanio Pperre
U TIPEJIEIbHBIX CyOmuddepeHInaios, Haupumep ecjan riaaakune Gyukinn F,
PaBHOMEDPHO CXOJATCS K JIMIMIIUIEBOH dyHKnnu, 10 u3 0 € a(nlirr;o Fn)(x*)

caemyer, 9T0 0 sIBISIeTCsT YACTUIHBIM IIPEIEIOM %(x”) JIJIsT HEKOTOPOI TI0-
CJIEJIOBATENBHOCTU Ty, — Ty (cM., Hampumep, [5]). Takum obpazom, Gosee
obuiee, yeM (1), ycaoBre MOXKHO UCKATH JIJIS AHAJIOTA IIPEIEJIbHBIX CyOaud-
depenmuaios mpu 1T — oo.

Ob6iee Kpaepoe ycjoBue Ha OECKOHEYHOCTH OBLIO COPMYJIUPOBAHO B
TEepPMUHAX IPEIENbHBIX CyOmuddepeHInaios Mo-BUMMOMY BIEpBbIe B |8,
Theorem 3.1], Tam ke Gblia IOKa3aHa €ro HEOOXOAUMOCTH JIJisi PABHOMED-
HO OOTOHSIIONIEr0 KpuTepus 0e3 KAKUX-JIHOO0 JIOTOJHATEHHBIX IIPE/IIT0I0Ke-
HUIl HA ACHMOTOTHKY OTOOpaxkeuwuit f, fo, J, A nim ‘g—i. To ke ycsioBue Takxke
MOKeT ObITb BBIDAXKEHO B BHJE HecoOcTBeHHOro muTerpasa [8],[6], ero um-
TepIrpeTalus B TEPMUHAX IIPEJEIHLHOTO IOBEJIEHUs] PEIIeHNH COIPSXKEHHOTO
ypaBHeHus MOKeT ObITh Haiimena B [3, Theorem 6.1]. B pamkax panzoro jo-
KJI3JIa MOYKHO aHOHCUPOBATH CJIEJYIONEe YTOYHEHNE ITUX PE3YIbTaTOB.

Teopema. Ilycmsv ynpasaenue 4 ONMUMANDHO 8 CMBICAE 0020HANOULE20
xpumepus. Ilycmv das ecex T > 0,6 € R sexmopa %(f,T) PABHOMEPHO
02PANUMENDL.

Tozda naiidemces nopmaavioe pewenue (I, U, D) NPUHUUNG MAKCUMYMG
Honwmpseuna, das xomopozo —p(0) 6ydem wacmuunvim npedeiom g—i({,T)
npu & — ., T — oo.

Hannas teopema mossodser, seaes 3a [2],[4],[6],[7],[8] yrounurs ycnosus
npumernmoctu (1)

CaencrBue. Ilycmo 6 Yycaosuar meopems, cywecmeyem npeden

lim Q(f, T).

T—00,8—Tx ox
Tozda natidemcs Hopmasvroe peuwerue npuryunae makcumyma Iowmpa-
2una ¢ kpaesvim ycaosuem (1).
CaMo JTIOKa3aTeIbCTBO TEOPEMbI CBOJMTCS K IIPUMEHEHWIO TPUHITATIA MaK-
cumyma [louTpsruna mis 3aga4qu Bosbiia Ha KOHEYHOM IIPOMEXKYTKE BPEMEHU
1 UCHOJIB30BAHUIO TIPEJIETBHBIX CBOHCTE cyOnnddepeHnuanos, Takux Kax [5].
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Section 2

Nonsmooth Problems of Calculus of Variations
and Control Theory

Sufficient Saddle-Point Conditions for Terminal Control
Problems: Methods for Solving
Antipin A.
asantip@yandex.ru
Federal Research Center "Computer Science and Control"of Russian Academy of
Sciences, Dorodnicyn Computing Centre, Vavilov st. 40, Moscow, 119333, Russia

We consider the problem of optimal control with linear dynamics and a
boundary-value problem in the form of linear programming:

x] € Argmin{{p1,21) | A121 < a1, ©1 € R"}, (1)
%x(t) — D(W)a(t) + Bu(t), to <t <t @)
x(tg) =xo € R",2"(t1) = 2] € X; C R", (3)

u(-) € U = {u(-) € Lyfto, ta]| [|u(-)]| 1, < const}. (4)

Here D(t), B(t) are n X n,n x r-continuous matrix functions, A4; is fixed
matrix of size m x n (m < n), a1, xo are given vectors. The controls u(-) are
elements of space Li[tg, t1]. The convex closed (in particular, polyhedron) set
of admissible controls U does not depend on time. The vector ¢; € R"™ is
fixed and defines a normal to a linear function. We will treat this problem as
a linear programming problem, formulated in Hilbert space.

The problem can be scalarized by writing out the Lagrange function for

it
L(pr,z1,¥(), 2(-),u()) = (p1,21) + (p1, A121 — a1)
+ (0. DO + Byt - Fale) )

for all P11 € R , x1 € R™, 1ﬁ() S \I/g[to,tl], (.%‘(),’U,()) S AC"[to,tl} x U,
where Uy [to,tl] is a linear variety of absolutely continuous functions from
the space adjoint to L [to,t1] X Li[to, t1].
By definition, the saddle point (
Lagrangian, formed by primal (z7,2*(), u
satisfies the system of inequalities

Lipy, 27, 9(), 21(:), u™ () < Llpr, 21, 91 (), 21 (), ui () <
< Lpts 21, 1 (), 21(), ua () (1)

L), @, a*(),u*(-)) of the
*(+)) and dual (p7,1*(:)) variables,
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for all p1 € R}, x1 € R", ¥(-) € ¥[to,t1], (x(-),u(-)) € AC™[to,t1] x U,
x(tp) = xo. In the regular case, the saddle point of the Lagrangian is a
solution to system (1)-(4).

Using the formulas for the transition to conjugate operators, we can write
out the dual form of Lagrangian

LT (1, 900,200, u()) = (o1 + ATpr,n) — {ar, 1)
h T d h T
+ [ DT Ou0+ 500 2O [ BTOU0 O, )+, 0)
0 (0] (6)
for all p1 € RT, r1 € R", ¢() S \I/g[to,tl], (m(),u()) S Acn[to,tﬂ x U,

zo = x(to), Yo = Y(to), Y1 =P(t1).
Both Lagrangians (primal and dual) have the same saddle point (pf, ¢¥*(-);
xf,2*(+),u™(+)) which satisfies the saddle-point conjugate system

LTt 00,21 () (0) < K7 (1,7 (0,01 (), () <
< LTl 0,97 (), 21 () () (2)
for all p1 € Ri, r1 € R, 1/}() € \Ijg[toatl]a (.7}()711,()) € ACn[t07tl] xU.
Lagrangians generate a pair of mutually dual problems:

The primal problem follows from the analysis of the saddle-point system
for primal Lagrangian (5)

x] € Argmin{{p1,z1) | A1x1 < a1, 1 € R,

%x(t) = D(O)a(t) + B(t)u(t), to <t < t,
I(to) = Io,x*(tl) = LET € Xl, U() S U}, (7)

The dual problem follows from the saddle-point inequalities for dual
Lagrangian (6)

(75, 9°() € Argmax{{—a1,p1) + / (), B)u* (0)dt | py >0,

to

¥() C Whlto, ta], o1+ ATpr — 1 =0, DT (H)y(t) + %w(t) =0}

/ 1<BT(75)¢*(75),u*(t) —u(t)dt <0, u(-) € U. (8)

to
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If there is no dynamics in system (7)-(8) then the system takes the form
of primal and dual linear programming problems which are well known in
finite-dimensional optimization

x] € Argmin{{p1,z1) | A1x1 < a1, 1 € R"},

pi € Argmax{(—a1,p1) [ o1+ A{p1 =0, p1 >0 }.

Primal and dual problems allow us to form a differential system, which is
a sufficient saddle-point condition for the terminal control problem

d

2% (&) = D(®)2"(t) + B()u™(t), 2" (to) = 2o,

(p1 —p1, A1z} —aq) <0,

d
DT () (t) + 0" (1) = 0, 1+ ATp} — 0] =0,

ty
| @ e 0.0 0 - unde <o o)
to

for all p; € R, u(-) € U.

Terminal boundary-value system (9) has been received, starting from
the necessary and sufficient conditions for the saddle point of the Lagrange
function. Equally, an analogous system can be obtained based on the
Pontryagin maximum principle. In view of the linear dynamics of the problem
under consideration, the Hamiltonian for the optimal control problem takes
the form of a variational inequality.

Taking into account the convexity of set U, the Pontryagin maximum
principle can be written in the form

Dot (1) = D (0) + B (1), #*(to) = 0,

<p1 7p>|1<7A1:E>|1< - CL1> < 07
* d * >k *
DT (t)*(t) + %w (t)=0, o1+ ATpt —4} =0,

(BT (0)y* (t),u" (t) — u(t)) <0 (10)

for all p; € R, u(-) € U and almost all t € [to,#;]. If we compare both
systems obtained, we can see that the «saddle-point principle» is a sufficient
condition for the problem, and the maximum principle is only a necessary
condition. We can develop methods based on one or another principle. The
results will be very different.
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Therefore, to solve the saddle-point problem, we use a saddle-point
extragradient approach [1,2]. Other sufficient conditions were considered by
many authors, for example [3].

The saddle-point extragradient method for solving problem (9) is a
controlled process where each iteration breaks up into two half-steps.

The formulas of this iterative method have the form:
1) predictive half-step

D(t)z"(t) + B(t)u"(t), =" (to) = o,

Py = my(p} + a(Ar1af — a)),
d
SV + DE@PH () =0, ¥r =1+ ATpY,

at(t) = my (u*(t) — aBT (1)) (1)) (11)
2) basic half-step

ek () = DOk (e) + By (1), 2 (to) = o,

Pitt = (pf + (A1 Zf — ay)),

d -, _ _
V@) +DT@WR(E) =0, UF = o1 + ATPY,

uF (1) = mp (uF (t) — aBT ()95 (1), k=0,1,2, ... (12)

Here, in each half-step, two differential equations are solved, and an iterative
step in controls is performed.

Note that in this process the iterations in primal variables (z*(-),u*(-))
always belong to admissible sets for all k. We mean that at each iteration
the primal variables are solutions to the differential equations from (11),(12).
This process can be considered as internal, or admissible, since each member
of iterative sequences always belongs to an admissible set.

Theorem. If the set of solutions to problem (1)-(4) is not empty and
belongs to space R™ x R" x AC™[to,t1] x U x Wh[to, 1], the terminal problem
on the right-hand end is a linear programming problem, then the sequence

(xf, pk, 2k (), uF (), ¥ (")), generated by the method (11),(12) with the step
length chosen from the condition 0 < a < ﬁ, where K > 0, weakly

converges to the solution of the problem in controls, converges in the uniform
norm in phase and conjugate trajectories, as well as in terminal variables.
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In conclusion, we can say that to solve the same minimization problem one
can use methods based on necessary or sufficient conditions. In the first case,
the iterative process will generate a limit point in which only the necessary
conditions will be satisfied. Therefore this point, generally speaking, will not
be a solution of the problem. The latter means that such a method is not
justified for solving the optimization problem. This method should naturally
be called heuristic.

In the other case, sufficient conditions will be satisfied at the limit point,
and this means that the point obtained is the solution of the problem. In this
case, the method has evidentiary, or a reasonable, character.

The study was carried out with the financial support of the Russian
Foundation for Basic Research (project 15-01-06045), and the Program of
State Support for Leading Scientific Schools (project NSh-8860.2016.1).
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Nonsmooth Analysis for Control Problem in the Space of
Probabilities
Averboukh Yu.
ayv@imm.uran.ru
Krasovskii Institute of Mathematics and Mechanics, 16, S. Kovalevskaya str.,
Yekaterinburg, 620990, Russia

This talk in concerned with the viability problem for the mean field type
control problem for deterministic case. For simplicity we consider the case
when the phase space is T = R?/Z9. The deterministic mean field type
control is a dynamical system on a space of probabilities P(T?), where the
state of the system is given by the probability m(t) obeying the following
equation: for all p € C(T9),

d

2 | e@)m(t,dz) = {f(z,m(t), ult, ), V(z))m(t, dz).
']l‘d

Here u(t,x) is a control policy.
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This equation can be rewritten in the operator form

d
&m(t) = <f('7m(t)>u(tv ))a V)m(t), (1)

Control system (1) describes the evolution of a large population of agents
when the dynamics of each agent is given by

d
Zo(t) = f((t),m(t), u(t)).

To study the viability problem we will use the relaxation of the original
control system. The main idea of the relaxation is to replace the original
control system with the corresponding differential inclusion. Applying this
method to the mean field type control system, we formally replace system (1)
with the mean field type differential inclusion (MFDI)

d
Som(t) € (F(m(t)), Vm(t) (2)

Here F(z,m) £ co{f(z,m,u) : u € U}.
We say that the function [0,7] > t = m(t) € P(T9) is a solution to (2)
if there exists a probability x on AC(]0, 7], T¢) such that
1. m(t,G) = x{z(-) : 2(t) € G} for any measurable G C T%;
2. if z(-) € supp(x), then, for a.e. t € [0, 77,

x(t) € F(x(t), m(t)).

We put the following conditions:

1. F(z,m) = co{f(z,m,u) : uw € U}, where f is a continuous function

defined on T? x P(T?) x U with values in R

U is compact;

3. there exists a constant L such that, for all z1, 79 € T¢, my, my € P(TY),
ue U,

o

[ f(z1,m1,u) — f(x2, ma,u)|| < L(||z1 — 2| + Wi(m1,ma)).

We say that K C P(T9) is viable under MFDI (2) if, for any mo € K, there
exist T' > 0 and a solution to MFDI (2) on [0,7] m(-) such that m(0) = mq,
and m(t) € K for all t € [0,T.

To characterize the viable sets we introduce the notion of tangent
probability to a set. First, denote by L£(m) the set of probabilities S on
T¢ x R? such that its marginal distribution on T is equal to m and

[ el ) < o
TdxR4
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Further, for 7 > 0, define the operator ©7 : T¢ x R? — T¢ by the rule:
for (z,v) € Texptd,
07 (z,v) £ x + T0.
If B € £(m), then OT4p is a shift of m through S.
We say that 3 € £(m) is a tangent probability to K at m € P(T4) if

lim inf —dlSt(G #0, K)
710 T

=0.
Denote by F(m) the set of probabilities 8 € L(m) such that
/ dist (v, F(z, m))B(d(z, v)) = 0.
T4 xR4

The main result of the talk is the following.
Theorem. A closed set K C P(T?) is viable under MFDI (2) if and only if,
for any m € K,
T (m) N F(m) # @.

Application of the Steepest Descent Method to Solving
Differential Inclusions with Either Free or Fixed Right End
Fominyh A.
alexfomster@mail.ru
Saint-Petersburg State University, 7-9, Universitetskaya nab., St. Petersburg,
199034, Russian Federation

The report explores the differential inclusion
iz € F(z,t), tel0,T).

Here F(x,t) is a given continuous multivalued mapping, z(t) is a n-
dimensional vector-function of the phase coordinates, which is supposed to
be continuous with partially continuous derivative in the final interval [0, T,
T > 0 is a given moment of time. We assume that the function F'(z,t) puts
in correspondence a certain convex compact set from R™ for every moment
of time ¢ € [0, 7] and for every phase point x € R™.

It is required to find a solution of the differential inclusion, which satisfies
the initial condition

z(0) = g

and the final state
x(T) =z,

here xg, zp € R™ are given vectors.
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With the help of support functions [1] the original problem is reduced to
minimization of a functional in the space of partially differentiable functions
in the interval [0,7]. In case of continuous differentiability of a support
function of the set-valued mapping in phase variables this functional is
Gateaux differentiable [2].

So we find the Gateaux gradient of this functional and obtain necessary
and sufficient conditions for a minimum. On the basis of these conditions the
numerical method for solving the original problem is described. Numerical
examples illustrate the method realization.
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Generalization of the Models Maki—Thompson and
Dale—Kendall of the Rumour Spreading
in Continuous Time
Karelin V., Bure V., Svirkin M.
vlkarelin@mail.ru, vlb310154@gmail.com, irisha.yagolnik@mail.ru
Saint Petersburg State University, Universitetskii prospekt 35, Saint
Petersburg,198504, Russia

In this work, the Maki - Thompson model and the stochastic Daley -
Kendall model are generalized using the probability approach for dynamics of
spreading of rumour in a continuous time. New generalization model depends
on a parameter p representing the probability of the outcome of interaction
between the two spreaders. The process of spreading rumors is described by
a system of linear differential equations. The general solution for dynamics
of spreding rumours is obtained and the dependence of the solution on the
parameter is investigated numerically.

The main results and generalized model. In this report, which
is based on articles [1, 2], we consider three subpopulations: I - subgroup
“ignorants” who have not heard the rumour yet, S - subgroup “spreaders”
who know the rumour and spread the rumour among the population, R -
subgroup “stiflers” who as former spreaders knew the rumour but either forget
the rumour or give up to spread the rumour among population.

The model is defined by the following transition probability scheme:
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Interactions Transitions
S—1 (i—1,s+1,r)
S—=S {(i,s=1,r+1),p =2}V {(i,s —1L,r+1),(1—p)=2L
Maki — Thompson Daley — Kendall
S—R (i,s — 2,7+ 2).

The total population size is given by ¢ + s +r = n+ 1 = N. We introduce
the initial conditions i(0) = a-n, s(0)=pF-n, r(0)=~-n, a,f,7 €
0,1), a+B8+vy=1, B-n=>1

The conditional expected change in the number of subgroups of I, S, R
is evaluated by a system of differential equations

3

Y
(-1

)

+1,

U

@

|
—~ N
©

‘w
N

|

—

S

V)
—~
~
~
w T
—

generalizes Maki-Thompson model and Daley-Kendall model.
The general solution for i(t), s(t), r(¢) and p € (0,1) has the form

i(t)=a-n-e .

_(-p-n) 2-an _. o, (l-p-n) 2-a-n _aps
olf) = (1-p) P o i-p | ) '
e mnan. | Azp=n) 20 (1-p)
0=t [0 . |+
olg G=p=—n) 2.\ [(-p-n) 2-a-(1-p 1 _:+

" (6 (1—1))%+ p> [ n p ]

- (5_ (l=p-m) M) S e L

(I=p)n — p n
In this paper, a new generalized model for dynamics of rumour spreading in
a continuous time is suggested. The model generalizes the classical Maki -
Thompson model for continuous time [1] and the classical stochastic Daley
- Kendall model on the basis of a probability approach for the outcome of
the interaction between the two spreaders. Our model may serve as a tool
understanding the social phenomenon of rumour better. When the rumour
process stops, we have s(T') = 0. We obtain a new general solution in
continuous time for dynamics of spreading of the rumour in the rumour
process.



100 Khoroshilova E.

References

[1] Selma Belen, Erik Kropat, “Gerhard-Wilhelm Weber On the classical Maki-
Thompson rumour model in continuous time”, Central European Journal Of
Operations Researches, No. 19, 1 - 17 (2011).

[2] D.P. Maki, Thompson M. Mathematical models and applications. Prentice-Hall,
Englewood Cliffs, (1973).

Optimal Control by Boundary-Value Problem with
Minimizing the Sensitivity Function
Khoroshilova E.
khorelena@gmail.com
Lomonosov Moscow State University, CMC Faculty, Leninskiye Gory, Moscow,
119991, Russia

Introduction. In this talk, a problem of terminal control with linear
dynamics on a finite time interval is considered. The right-hand end
of the trajectory is defined implicitly as a solution of boundary-value
problem. A finite-dimensional optimization problem for sensitivity function
under constraints acts as a boundary-value problem. Sensitivity function is
generated by the parameter, which is a right-hand part of the functional
constraints in the convex programming problem. This parameter is a variable
for the sensitivity function. Properties of this function were studied in the
paper [1].

To solve the problem of terminal control with implicitly given boundary-
value condition, we use an approach based on reducing the problem to finding
a saddle point of the Lagrange function [2]. Linear dynamics is regarded as a
restriction of equality type. In the convex case, both components of the saddle
point form the primal and dual solutions of the original dynamic system. Both
components satisfy the saddle-point inequalities. The inequality in primal
variables plays the role of the Pontryagin maximum principle. Together with
the inequality in dual variables this saddle-point system can be considered as
a strengthening of the maximum principle. The proposed approach allows us
to construct new iterative methods for solving the saddle-point type problems
and prove their convergence to problem solution in all components.

Finite-dimensional boundary-value equilibrium problem. We
consider the problem of minimizing the sensitivity function as a finite-
dimensional problem on the right-hand end of time interval. The boundary-
value problem is a system of two problems. One of them is a parametric
convex programming problem, where the vector y € ¥ C R acts as a
parameter and is a right-hand part of functional constraints. Regarding this
parameter, we construct the optimal value function that will be called the
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sensitivity function, due to the alleged regularity constraints (such as Slater
condition).

Construction of the sensitivity function leads us to the formulation of the
second problem, which is a problem of minimizing the sensitivity function
on the set Y of admissible values of y. Together, both problems generate
a finite-dimensional system, the solution of which will implicitly define the
boundary-value condition of the controlled dynamics:

o(y) = f(z*) = Min{f(z) | g(z) <y, z € X CR"}, (1)
y* € Argmin{p(y) |y € Y C R} (2)

Here f(x) is a scalar convex function; Y = {y > 0 | G(y) < d, d € R'};
g(z), G(y) are vector functions, each component of which is also convex; D
has a fixed vector; R’ is a positive orthant; X C R™, Y C R’ are convex
closed sets.

We introduce the Lagrange function for problem (1)
¥ € Argmin{f(x) | g(z) —y* <0, z € X}, y* €Y,
for an arbitrary fixed vector y = y*:

L(z,y*,p) = f(z) + (p,g(x) — y").

This function is defined for all z € R"”, p € R}, y* € R. Saddle point
(z*,p*) of this function satisfies the saddle-point inequalities

f@)+(pg(@") —y") < f(2")+ (% 9(2") —y") < f(2)+ " 9(z) —y") (3)
for all z € X, p € RT". We rewrite system (3) in the form
a" € Argmin{f(z) + (p*, g(z) —y") [z € X}, y" €Y,

(p—p"9(x")—y") <0, p=0.

for all z € X, p € R
Until now, the vector y* € Y was arbitrary in our reasoning. Now we will
choose this vector so that it minimizes the sensitivity function, that is the
solution of (2). This solution satisfies the necessary and sufficient condition
for a minimum
(Vo ),y—y*) 20, yey,

where V(y*) is subgradient of sensitivity function, Y = {y > 0 | G(y) <
d}. We have Vp(y*) = —p*, then the last system of inequalities can be
represented as
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z* € Argmin{f(z) + (p*,g(z) —y") |z € X}, y* €Y,
(p—p"9(x") —y") <0, p=0,
(P y—y) <0, yeY. (4)

It follows that the solution of (4) satisfies (1),(2), and vice versa. In turn, the
vectors triplet (z*,p*,y*) is a solution of extreme problems:

x* € Argmin{f(z) | g(z) < y*, z € X},

p* € Argmax{(p, g(z*) —y") | p > 0},
y* € Argmax{(p*,y) |y € Y}. (5)

We emphasize that the system (4) or (5) is a necessary and sufficient condition
for the solution to problems system (1),(2).

Rewriting variational inequalities in the form of operator equations, we
present the problem as

o € Argmin{ f(z) + (p*, g(x) — y")) | z € X},
p"=mp(p" + alg(z™) —y")),

v =my(y" + ap), a > 0.

It is reasonable to regularize it and write out in the equivalent form of the
proximal operator. The system then takes the form

¥ e Argmin{;x—x*Q—i—a(f(ac) + {p*g9(x)—y")) |z e X},

P =m(p" + alg(z™) —y")),
y* =7y (y* +ap”). (6)

The dual extraproximal method. We apply a dual form of
extraproximal method to solve (6):

ﬁk = 7T+(pk + Oé(g(xk) - yk))7
Y =7y (vt 4+ ap®),
1 .
41 = angmin { 1o — 247+ al(0) + 0, ole) — o) [ € X,

P =m0+ alg(@h) = ). (7)



Kvitko A., Firyulina O., Maksina A. 103

The theorem of convergence of (7) to the solution was proved.
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Solution of Control Problems for Nonlinear Stationary
System Taking into Account the Non-Stationary
Perturbation
Kvitko A., Firyulina O., Maksina A.
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The paper presents an algorithm for constructing of synthesizing
control function. This algorithm is sufficiently convenient for numerical
implementation and a wide class of nonlinear systems of ordinary differential
equations, provide the passage from initial state into an arbitrary given state.
We obtain a constructive condition for the choice of finish state for which the
passage is possible with regard of the constraints imposed on the control.

1. Introduction

One of the important and complicated aspects of the mathematical
control theory is related to the development of methods for constructing
of synthesizing control functions ensuring that solution of various types of
systems of ordinary differential equations join given points in the phase space.
The papers [1]-[11] deal with this issues.as present the problem of boundary
value problems have been studied in detail for linear and nonlinear systems
of special kind. However, the theory for solving boundary value problem for
nonlinear systems of general form have not been sufficiently development
yet, and the difficulties in its creation are very large. The main efforts
of the authors this of the present work focused on developing method of
constructing control control function guaranteeing the transfer of wide class of
nonlinear stationary control systems from the initial state to a given point in
phase space taking into account constraints control and previously unknown
disturbances, as well as on finding a constructive sufficient condition that
guarantee the existence of solution of the problem formulated and illustrate
the effectiveness of the suggested algorithms for the solution of a specific
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practical problem. This goal is achieved by reducing the original problem to
stabilization of linear non-stationary system and solving the Cauchy problem
for the auxiliary system of ordinary differential equation.

2. Statement problem and main result

We consider the control system of ordinary differential equation:

z = f(z,u) + pF(t), (1)
here x = (z1,...,2,)T, 2 € R*, u = (uy,...,u,)T, u € R", 7 < n, t €[0,1],
N>0,ucR, F=(F,.. F),

Jul < N.

Here F(t) — disturbance.
feEC™R" xR R™), f=(f,....f)", F)ec™0,1. (2

f(0,0) =0, 3)
_of _of
A=55(0,0), B=5(0,0),
rankS = n, (4)

S = (B,AB,A’B,..., A" 'B).

Problem. Find functions z(t) € C[0,1], u(t) € C[0,1], that satisfy the
system (1) and the conditions

z(0) =0, (1) = xo. (5)

xo — given vector. The functions z(t) € C[0,1], u(t) € C[0, 1], that are

satisfying system (1) and conditions (5), we shall call as solution problem
(1),(5).

Theorem. Let conditions (2)-(4) be satisfied for the right part of system
(1). Then there exist ¢ > 0 and po > 0 such that for all zg, ||| < €
and for all p, |u| < po there exists the solution of the Problem, which can
be obtained by solving the stabilization problem for a linear non-stationary
system followed by solving the Cauchy problem for an auxiliary system of
ordinary differential equations.

The main idea of the proof of the theorem is to change dependent and
independent variables, and thus to reduce the original problem to a problem of
stabilization of auxiliary system of nonlinear ordinary differential equations
with permanent disturbances. To solve the auxiliary problem, we found a
synthesizing control function, which provides the exponential decrease of the
fundamental matrix of the linear part of the auxiliary system. At the final
stage we return to the origin variables.
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3. Conclusion

Analysis of the proof of the theorem obtained in this paper and results of

numerical simulation suggest that the algorithm proposed in the paper can
be used in solving problems of controlling and other technical objects.

(1

2]
3l
(4]
(5]
[6]
7]
(8]
9
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INTRODUCTION

The problem of the charged particle beam dynamics optimization is
studied in various works [1-14].
In the current paper the approach to the beam dynamics optimization, based
on the use of smooth and non-smooth functionals for the evaluation of the
dynamics of the charged particles, is futher developed.
The problem of simultaneous optimization of the program motion and the
ensemble of trajectories is formulated considering the particle distribution
density.
The analytical form of the variation of the combination of the functionals
and the nessesary optimum conditions are obtained.

MATHEMATICAL MODEL
Let us consider the following system of differential equations

dzx

i ft,x,u), x(0) = xp. (1)
dy
E :F(tazyyvu)a y(o) =Y € MO' (2)
Here ¢ € [0,7] — independent variable; & — n—dimensional phase-vector;

u = u(t) — r—dimentional piecewise continuous control vector-function from
a class D; f(t,z,u) — n—dimentional reasonably smooth vector-function; y —
n—dimensional phase-vector; F' (¢, z,y, u) — n-dimensional reasonably smooth
vector-function; My — a compact set.

The solution of sub-system (1) is called program motion and the trajectories
of system (2) are called disturbed motions.

Let us also consider the equation for the particle distribution density p =
p(t,y(t)) alongside the trajectories of the sub-sysytem (2)

dp _
dt

On the solutions of system (1) we will consider an integral functional

—p - divyF(t,x,y,u), p(0) = po(yo)-

T
I (u) = / o1 ((t, x0, w))dt + g((T)),
0
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and on the trajectories of system (2) a minimax functional, that allows to
take particle distribution density along the solutions of sub-system (2) into
consideration

I5(u) = max @s(yr, p(yr)),
yr €Y
where Y is the set of terminal positions of the sub-system (2)
Y = {y(Ta Zo, y07u) | S D,J}(O) = 0, Yo S MO}
In the present paper the following functional is studied
I(u) = I (u) + Iz (u).

The variation of the above functional can be used for development of
directional methods of minimization for the problem of charged particle beam
dynamics optimization in various electro-physical structures.
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We study two types of clustering in dynamical systems (treated as the
existence of sets of trajectories with similar behavior).

1. Time clustering.

Consider an autonomous system of ordinary differential equations
&= F(x) = (fi(2),..., [n(x)), «€RY. (1)

Let (¢, ) be the trajectory of (1) with initial data ¢(0,2) = x defined
fort > 0.
We fix a sequence of numbers

TZ{to,tl,...}, O=to<ti1 <...,

and a sequence S = {Sp, S1,...} of nonempty subsets S C {1,...,N}.

Denote o = (T, S). We call o a clustering sequence.

Let us define a “cluster flow” ¢, corresponding to a clustering sequence o
as follows.

Fix a point 2° € RN and let ¢, (t,2°) be defined for t € [0,#1] as the
solution of the system

xZ:fZ(x)a iES()? .’EZ:O, i¢50u

with initial data (0, ).
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In a sense, we “freeze” the components z;, i ¢ Sp, making them constant.
After that, we define o, (t,2°) for t € [t;,ts] as the solution of the system

&; = fi(x), i€ S1, @ =0,1i¢ 5,

with initial data (¢1, o, (t1,2°)), and so on.

We show that

— even for simple systems (1), the structure of “cluster flows” may become
very complicated (for example, chaotic regimes are possible);

— stability and asymptotic stability of single trajectories and invariant
sets may be lost;

— nevertheless, it is possible to find conditions of dissipative behavior of
“cluster flows.”

2. Space clustering.

We study the dynamics of curves that are the graphs of functions
V(t) ={vs(t) € R: s €0,1]}, (2)

where t > 0. We fix:
—an open set D C R;
— a functional J on functions of the form (2);
— a scalar function f.

The dynamics is described by the system

bs(t) = fF(J(V(2))), ws(t) €D,

Bs(t) =0, vy(t) ¢ D.

Thus, pieces of curves outside D are fixed, while pieces of curves inside
D have, in a sense, similar behavior.
We describe some qualitative properties of the dynamics.

Supported by the Russian Foundation for Basic Research (project 15-01-
03797a) and the joint program “Modeling of nonlinear dynamical systems
arising in problems of various applied fields” of St.Petersburg University and
Freie Universitaet Berlin (IAS 6.60.1355.2016).
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Constructive Nonsmooth Analysis to the Theory of
Hamilton-Jacobi Equations
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Krasovskii Institute of Mathematics and Mechanics, S.Kovalevskaya str. 16,
Ekaterinburg 620990 Russia

Many practical problems lead to the need to consider solutions of
boundary problems for Hamilton - Jacobi equations. Typically, the solutions
are understood in a generalized sense.

The modern theory of generalized solutions of Hamilton-Jacobi equations
has received significant development in the 80-th years of the 20-th century,
getting at its disposal new tools and methods of Nonsmooth Analysis. The
outstanding contribution to the formation and development of Nonsmooth
Analysis made works by V.F.Demyanov and his scientific school. See, for
example, [1, 2].

Different types of directional derivatives, subdifferentials, superdifferentials,
tangent cones and other tools of Nonsmooth Analysis were applied to define
and study generalized solutions for two known conceptions: minimax solutions
suggested by A.L.Subbotin [3] and viscosity solutions suggested by M.Crandall
and P.-L.Lions [4].

Many new practical problems lead to the need to consider solutions of
Hamilton - Jacobi equations in bounded regions of phase space. Typically,
the solution is known on a part of the border of considered phase constraints.
It is required to determine the solution within the domain including the
remaining part of the border.

In the presentation, a boundary value problem with state constraints is
under consideration for a nonlinear noncoercive Hamilton-Jacobi equation.
The problem arises in molecular biology for Crow — Kimura model of genetic
evolution [5]. Dynamics of Crow — Kimura model for molecular evolution can
be analyzed via the following HJE

Ou/ot + H(x,0u/dx) =0, (1)
where the Hamiltonian H(-) has the form

1+:c€2p7 l1—x

H(a,p) = —f() +1— — ;

e %P, (2)

The function f(-) in (2) is given and called fitness. Equation (1) is considered
for t > 0, —1 < x < 1. It is also assumed that an initial function ug : R —+ R
is given such that

u(oax) = UO(x)a T < [_1; 1] (3)



Subbotina N. 111

The Hamiltonian is nonlinear. It is also noncoercive, because the
coercivity condition

H
M%oo, as [p| = oo
p

does not hold at x = £1. So, one can foresee that solutions of the problem
(1)-(3) should be understood in a generalized sense.

In the HJEs’ theory various concepts of generalized solutions have been
introduced (see, e.g. [3, 4]). Note that definitions of generalized solutions
to HJEs in open areas were applied to problems with state constraints
as additional imposed requirements to solutions on the border. These
requirements play a role of boundary conditions. Unfortunately, results of
the theories of generalized solutions are inapplicable to the problem (1)-(3).
In particular, one of the key conditions under which the known theorems
on existence of a generalized viscosity solution [4] has been proved is the
coercivity of the Hamiltonian. And the theory of minimax solutions [3] is not
developed for problems with state constraints. So, below a new definition of a
generalized solution is presented [6]. This definition is based on the minimax
and viscosity approaches and uses the following tools of Nonsmooth Analysis.

Let W be a bounded set in R2. Denote by W the closure of this set, by
C(W) — the class of functions continuous on the set W.

Let u(-) € C(W) and (t,z) € W. The subdifferential of the function wu(-)
at (t,z) is the set

D-u(t,z) = { (a,5) ERx R | liminf ~“lrslouebtoslios) 5
(Ty) = (t,x)

(T,y)EW
The superdifferential of the function u(-) at (¢,x) is the set

Dtu(t,z) = ¢ (a,s) e Rx R | limsup u(T’y)_uﬁi’f)tm;T:;‘)_S(y_g”) <0
(7,y)—=(t,2)
(1,y)eW

Let Dif(u) be the set of points where the function u(-) € C(W) is

differentiable. For a given set M C R2 the symbol coM means its convex

hull. Let us introduce also the set
au(tﬂ CU) - CO{(G, 8) a = 1141)1'15.10 W

au(ti ,wi) .
ox

bl

, s = lim
i—00

(ti, ;) — (t,2) as i — 00, (ti,71) € Dif(u)}.
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We consider problem (1)-(3) on the restricted closed domain Iy = [0; T x
[—1;1], and also use the notations Il = (0;T) x (—=1;1), T'p={(t,x)| t €
(0,T7), z ==+1}.

Definition 1. A continuous function u(-) : Iy — R? is called
a generalized solution to problem (1)—(3) iff it satisfies the initial condition
(3) and the following relations are true

a+ H(x,s) <0, ¥(a,s) € DYu(t,x),¥(t,z) € I, (4)

a+ H(z,s) 20, V(a,s) € D7u(t,x),V(t,x) €I, (5)
a+ H(x,s) >0, V(a,s)€ D u(t,x) Nou(t,x),V(t,x) e Tyr.  (6)

A comparison of the definition with the definition of viscosity solution was
made. Existence of the solution in problem (1)-(3) was proven using tools of
Nonsmooth Analysis and results of the Calculus of Variations. It was also
shown that the generalized solution is not unique.

Now the problem is considered for the case of additional requirements
to structure of solutions. A construction of the solution with properties
prescribed in a bounded sub-domain is provided and justified via dynamic
programming and calculus of variations [6]. Properties of the construction
are studied. Results of simulations are shown to illustrate the construction.

The work was supported by RFBR (project 17-01-00074) and UrB RAS
(project 15-16-1-11).
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Introduction

The proliferation of information technologies and devices connected to
the Internet creates opportunities to spread information more conveniently
but has also created a large attack surface for the malware to exploit existing
vulnerabilities of the devices and spread malicious codes over the Internet.
Internet connection provides a wide channel of propagation malicious software
and increases risks of cyber attacks.

The recent spreading of ransomware (e.g. CryptoLocker, CryptoDefense
or CryptoWall) has propagated using spam emails to extort money from
home users and businesses alike by locking files on a PC or network storage
(see [11]). However, the timing and the adoption level of the patches play
a major role in the spreading of the malware. It is critical for the device
manufacturers to develop patches periodically and advise their device users
to install them to mitigate further infections.

Several studies have shown [14], [19] that malware can remain in a
global network for 9-14 months and cause repeated epidemics with the
same characteristics. It leads to the application of analogous technologies
to protect the network. According to these reasons, we can consider such
epidemic process as a periodical events and model it in special discrete form.
Protection of hosts during repeated malware epidemics resembles the process
of application of preventive measures during annual epidemic of influenza or
SARS [1].

Following mathematical models [1, 5, 7, 18], we suppose that epidemics
occur periodically and consider impulses of protection strategies. We
investigate controlled multi-strain epidemic model for heterogeneous popula-
tions over a large complex network and compare two different approaches to
defining protection policies. One approach is to construct special conditions
which help to eradicate a number of infected nodes in the network. The
second approach establishes a control-theoretic model to design malware
control strategies through using special antivirus software to mitigate the
impact of epidemics on the network. We estimate total costs received by both
approaches and corroborate all theoretical results by numerical simulations.
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Impulse control problem

In this section, we present a discussion and describe a controlled epidemic
model where the network of N nodes is protected from the propagation of
malicious software using a series of impulse application of antivirus patches.
We consider a multi-virus case in which two forms of malicious software
spread in the network at different speeds. Additionally, we assume that an
epidemic process in the network occurs periodically. Hence, the iterative
epidemic process can be formulated as a combined multi-virus model with a
series of impulses which suppress the increasing trend of the infected nodes.
We use the modification of classical SIR-model to present an impulse control
problem for episodic attacks of the viruses and obtain the impulse controls
to eradicate malware epidemics for different cases.

We formulate a model with the application of a series of impulse control
strategies to restrain the spreading of viruses. We suppose that these impulses
occur at time 7y, ..., Tg,, where k; describes a number of activation of impulse
controls, index ¢ indicates the type of malware. We also assume that on the
time intervals (7;_1,7;] system (1) define the behavior of malware in the
network. We have extended the simple SIR model to describe the situation
with two virus types for all time period except the sequence of time moments
L i=1 ks

S =S + Li2) — B25(12 + I12),
Iy = B1S(I + Ihz) — eali(I2 + Lha),
Iy = BoS(Ix + In2) — Lo (L + Lh2),
Lo = eali(Ia + h2) + e1l2(11 + T12),

(1)

where R(t) = 1—5(t) — I1 (t) — I2(t) — I12(t). Then we define S(1;) = S(7;" ),

() = L(7]), Io(7) = Io(7;), Tia(7i) = La(7;7), R(7i) = R(7;"). States of
the system after time moments 7; are

Li(7;7) = (7)) — () (7)),

Iy(7;7) = Ia(75) — va(7) Ia(75), (2)
La(m}") = La(7y) — va(ry) ha(7)),

R(7}") = R(7y) + 1 () 11 (75) + va(1j) Ia(75) + v3(7) 112 (7).

Here, variables v;(-), ¢« = 1,2, 3, correspond to control parameters which
describe the application of special antivirus patches at discrete time moments

Tiy. .o, Tk ¢ = 1,2, 3. At each time, v; is a fraction of treated nodes. Here vy =
(Wi, ..., ), vy = (Vd,...,v5?) and v3 = (v3,...,Va?) are the components of

control vectors correspond to the set of time moments 74, ..., 7, , c]f € [o, ﬂf],



Taynitskiy V., Gubar E., Zhu Q. 115

ch € [0,u)], & € [0,%)] where uw}’, u} and u} are maximum values of

ki .
control. Functions v; = Y ¢d(t — 75), i = 1,2, 3, where 6(t — 7;) is a Dirac
j=1
function, ¢; is the value of impulse [1] that causes discontinuous jumps in the

state of the systems.

The objective function of the combined system (1) is constructed to
evaluate the aggregated costs on the time interval [0, T] including the costs of
control impulses. The aggregated costs for continuous system (1) are defined
as follows: at any given ¢ # 7;, p = 1,...,k;, the overall system costs
include infected costs f1(I1(t)), fo(I2(t)) and f5(I12(t)). Functions f; are
non-decreasing and twice-differentiable, such that f;(0) = 0, f;(L;(¢)) > 0,
for I;(t) > 0 for t € (7,_1, 7], for all i. For system (1), we define the infected
costs as functions hi(qg(rf)), p=1,...,k;, where hi(qu(T;)) >0, qf(T;r) >0
for i = 1,2, 3, which are generated by the consumption of the resources for the
application of antivirus or stationary security patches. Infected costs consist
of damages caused by viruses. The aggregated system costs are defined by
the following functional:

J= [y fi(L®) + fo(B) + f5(ha(t) — g(R(1))dt+
k 3 k
> ha () + X ha(va(r7F)) + X halva(r ™))
i=1 i=1 i=1
In this work, we seek to minimize the aggregated system costs J and find

optimal impulsive strategies to protect the network against periodical waves
of malware attacks.

3)
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1. Introduction. Modern marine ships are extensively influenced in its
sailing by external disturbances, which are produced mostly by sea waves and
winds action. To provide a safety of sailing, marine autopilots are widely used
to support automatic guidance and control of the ship [1, 2, 3]. The autopilot
mission is to reduce an action of disturbances, ensuring a ship steering in
accordance with given course.

Many problems of autopilots design for marine vessels have already been
extensively researched; however, many issues are not fully investigated until
now. In particular, a significant interest is attended to the flexibility of
a control low: such flexibility can be reached using special multipurpose
approach [4] to feedback control design. The problem of external disturbances
rejection is considered in this paper for motion control systems of marine ships
on the base of H,.-optimization approach. It is supposed that a ship is steered
by autopilot under the action of sea wave disturbances, mainly determined
by bias terms and high frequency components. The essence of the problem
is to find mathematical models of adjustable corrective items for control law
with a special multipurpose (MP) structure, to provide desirable values of
correspondent functionals, which characterize accuracy and intensity of a
ship’s rudders action. It is shown that minimax representation, supplied by
H-approach, is quite suitable to reflect multipurpose orientation of control
system tuning. Specialized method of control laws design is proposed based
on the original spectral approach to SISO LTI H.-optimization problem.

2. Problem statement. To formalize the problem of an autopilot design,
let us introduce a linear model of the ship motion, which describes the
processes of course maintenance using autopilots. Such a model is a result of
initial nonlinear dynamical equations linearization in the neighborhood of an
equilibrium position for a constant speed of motion:

X = AQX + b06 + hQCZ7 Yy = CpX. (].)

Here, x € ~R3 is the state space vector, scalar § € R! denotes rudder
deflection, d € R! presents external disturbance, y € R' is the yaw angle,
which is treated as a measured and controlled variable. All the components
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of the following matrices are real constants:

air a2 O by hi
Ag=| a1 ax 0 |, bo=| b2 |, ho=| hs |,
0 0 1 0 0

co=(0 0 1).

We shall believe that the system (1) is controllable and observable, and that
the variables y, and ¢ can be measured with the help of correspondent sensors.
Let accept that controller to be designed has a form

§ = Ws(s)y, (2)

where Wy = W, /Ws, Wy, W are polynomials. The transfer function Wy of
the controller (2) should be found as a solution of the analytical synthesis
problem. If any, we obtain a closed-loop connection (1), (2) with transfer
functions F,(s) and F,(s) from d to y and u correspondingly:

Foy(s) = Ho(s)/(Ao(s) — Bo(s)Ws(s)),

Fou(s) = Ho(s)Wis(s)/(Ao(s) = Bo(s)Ws,

where Ag(s) = det(Es — Ay), Bo(s) = Ag(s)co(Es — Ag)~tbg, Ho(s) =
AQ(S)C()(ES — Ao)_lho.

Suppose that the external disturbance d = J(t), which is generated by sea
waves, can be treated as a random stationary process with rational spectral
power density

Sa(w) = 51(5)91(=5) =, » 51(5) = N(5)/T(s), 3)

where polynomials N and T" are Hurwitz, deg N < degT = ny.
To describe a quality of control processes for the closed-loop system, let
us introduce a correspondent performance index as the following functional:

T(Ws) = || Fo(s, Ws)Si(s)|1%, = max |Fo(jew, W) (jw)[*,

w€[0,00]

where the generalized transfer function Fj of the system (1),(2) is determined
by the formula

|Fo(jw)[* = [Foy (jw)|* + & | Fou(jw)|*, & = const. (4)

The essence of the issue to be discussed below is to find any solution of
the following minimax optimization problem, which is presented in framework
of H-theory [5, 6]:
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— 2 _ j ] 2 i
T(Ws) = |FoS1]% = Jnax | Fo (jw, Ws)S1(jw)|* — nin (5)

with the admissible set Qoo = { Ws : Fo(s, Ws) € RHx} of the controllers
(2).

3. Spectral method of synthesis. To solve the problem (5), it is
possible to implement well-known methods such as "2-Riccatti approach"or
"LMI-technique"[5]. However, this cannot be done directly since the
mentioned problem has some specific features, which hamper similar
implementation. As an alternative, the spectral approach [6] can be used
as the most convenient and suitable instrument of synthesis for this case.

Let us address to the spectral approach, introducing the following
additional notations for matrices of expanded LTI plant of control: ¢ =

( Co 01><nf )a

AO hon bO 03><1
A= b= ,h= ,
Conts 57 )= Lo ) m= (5

Cr (Enfs - Af)_l bf = Sl(s)

One can check that (5) is equivalent to the H..-optimization problem

_ 2 . 2 .
I(<I>)—IIFHoo—wgl[gﬁo]\F(Jw,‘I’)l — min, (6)

where ® = (a + fW5) / (A — BW;), o and § are arbitrary polynomials such
that  the  polynomial @ = AB + Ba is  Hurwitg,
Q={®:W;=(AD — )/ (B®+ f8) € Qs }. The variables |F|* = |F,|* +
K2 |F,%, F, = H/(A— BW;), F, = HWs/(A — BW;s), A = det(Es — A),
B = Ac(Es — A)7'b, H = Ac(Es — A)~'h represent the expanded plant.
It is a matter of simple calculations to prove the relationships I(®) < 72,

P date £20, 4o = o B/1GGW) = /16wl
we|0,00

wo = arg max k*/|G(jw)|*, ()
w€[0,00)
where Hurwitz polynomial G(s) is a result of the factorization

k*A(s)A(—s) + B(s)B(—s) = G(5)G(—s).

Definition 1. We say that the irregular situation takes place with respect
to the problem (6) if there exist such functions ® € Q that the equality
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I(®) = J, holds in (7). Otherwise, we shall say that the situation is regular
if for any ® € Q we havel(®) > J,.
Theorem 1. Irregular situation takes place for the problem (6) if and

only if
gm =0,

where g, is the minimal eigenvalue of the Pick matriz II = {I;;} ([5]),
lij=(1—did;)/(9: +75), di=—B(—9:)/[A(g:)R(g:)], i.5=T1nm;

here g; are the roots of G(—s) (assume that all of them are distinct), R is a
Hurwitz result of the factorization

R(s)R(—s) = J,G(s)G(—s) — k2.

Additionally, if ¢, > 0 then the problem (6) has no unique solution.

Theorem 2. Let suppose that the irreqular situation occurs. In that case,
solutions of the problems (6) and (5) correspondingly are determined by the
formulae

) = arg min I(®) = (DQR — k*aA+ BB) /(GG),
Wso = arg Wléneigw J(Ws) = Wio/Wao,

Wi = (AmiR + Bmy) /G, Wao = (B R — k*Amy) /G.

Here D(s) = mi(s)/ma(s) is the solution of the following interpolation
Nevanlinna-Pick problem [5]:

ID(s)|% <1, D(g)=di, i=Tn.

Remark 1. The rational function D(s) can be obtained by well-known
numerical methods [5].

4. Optimal controller with MP structure. Let us assume that we
have the irregular situation with no unique solution of the problems (6),
(5). This non-uniqueness allows to obtain a certain benefit in the sense of
structural and dynamical features of the optimal controller. In particular,
there is a possibility to use a controller with the following MP structure:

7z = Aoz + bod + gy — cz), §=u, (8)
E=K(s)(y—coz), u=pz+vy+E&.

Here z € R3 is the state space vector of the observer, u € R' is the control
signal for the actuator, £ € R' is the output of a dynamical corrector.
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Significant features of the controller (8), and base issues, connected with
a choice of its tunable elements g, i, v and K (s), are discussed in detail in
[4, 7, 8]. Let us suppose that the matrices g, uu, v are given initially on the
base of correspondent requirements, providing stability and integral action
of the closed-loop connection. In that case, a choice of the corrector transfer
function K (s) can be directed to the solution of the aforementioned minimax
problems.

Theorem 3. If the transfer function Wy(s,K) from y to 6 of the
controller (8) with MP structure satisfies the following two conditions

@) Wi (jwo, K) = —B(=juwo)/ (K*A(=jwo)) : ) max [ Fos(jeo, K)[* = Ja,
)

where Fos(s, K) is the generalized transfer function (4) of the system (1),(2)
for the controller (8), then this controller is one of the solutions of the
optimization problem (5).

Remark 2. It is a matter of simple calculations to show that the
simplest variant of K, which can be used to provide (9), is as follows:
K(s) = (115 + pos) / (5° + 015 + ¢0).-

5. Example of synthesis. Let us illustrate proposed approach by the
example of the course-keeping autopilot synthesis for the transport ship with
a displacement of approximately 6000 t. Assume that a model (1) is given
for the ship motion with a constant speed V' = 8 m/s under a sea wave with
intensity 5 Beaufort number: a;; = —0.0454, a12 = 0.560, as; = 0.0267,
age = —0.408, by = —0.0132, by = —0.00742, hy = —1.82, and hy = —0.128.
The spectrum (3) is determined by the polynomials T'(s) = 20s* + 17.3s% +
11.95% + 3.87s + 1.08, N(s) = 0.216s>. For given value k = 0.03 in (4) the
irregular situation occurs, and solving the problem (5) by direct using of
the spectral approach, we arrive at the optimal controller (2), which gives
J = J, = 2.95-10~*. However, disadvantages of the obtained transfer function
Wso initiate us to use the controller (8) with MP-structure. On the base of
Theorem 3 we achieve the same optimum value J, with the help of a corrector,
having the transfer function K (s) = (16.5s* — 16.0s) /(s® + 1.40s + 0.490).
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AdunckpeTHas annpokcMmaums MHOXeCTBa A0CTUXMMOCTHU
HeJIMHEeNHO NMNYNbCHO yNpaB/SieMOil CUCTEMBbI

WNudopmanust 0 MHOXKeCTBE JIOCTUKUMOCTH YIIPABJISIEMON CHCTEMBI, T.€.
MHOXKECTBE COCTOSIHMIA, B KOTOPBIE CHCTEMa MOYKET OBITh IepeBeeHa BCEBO3-
MOXKHBIMH JIOIYCTUMBIMU YIIPABJIEHUSIMA, MOXKET CJIYKUTb, K IIPUMEDY, I
CBEJIEHUS 33/[a9M ONTHMAJIGHOIO YIIPABJIEHUs] C TEPMUHAIHHBIM (DYHKIIHO-
HAJIOM K 3aJ/lade MaTeMaTU4eCKOro IPOI'DAMMHUPOBAHUS HA MHOXKECTBE J10-
crrzKuMOCTU. JlJist HeJIMHEHBIX cUCTEM, 38 PEIKUM UCKJIFOYEHHEM, IPAHUILY
MHOXKECTBa JIOCTUXKUMOCTH He YIAeTCs HANTH aHAJATHIECKU, HO CYIIECTBY-
FOT METOJIBI, ITO3BOJISIONINE HAXOAUTH BHYTPEHHUE W BHEITHUE OIEHKHU ITOTO
mHOKecTBa. OJMH M3 BO3MOXKHBIX MOAXOIO0B (METO/bI IIOBEPXHOCTU YPOBHII,
B aHIJIOA3BIUHOM smTepaTrype — level set methods) 3akmouaercs B npubiu-
JKEHHOM pellleHnn ypapHeHus | amuiibroHa-kobu-BejiMana; moBepXHOCTH
YPOBHsI 00ODIIEHHOTO PEIeHNs SIBJISIETCS] TPAHUIIEN MHOYXKECTBA JOCTUXKIMO-
ctu. COOTBETCTBEHHO, MHOYXKECTBO Y3JIOB CETKH, B KOTOPBIX (DYHKIHS ICHBI
HE [IPEBOCXOINT 33/ IAHHON KOHCTAHTHI, MOXKET CJIY?KUTh JUCKPETHON alIpoK-
cuMamueii.

B nanHOM J10KJIa e TIPEJIOXKEH METOJI IIOCTPOEHUs JIMCKPETHOMN allllpOK-
CUMAIIMY MHOXKECTBA, JIOCTUKUMOCTHU MUMILYJIbCHOM yIIPABJISEMOIl CUCTEMBI, OC-
HOBAHHbII HA CJIEIYIOMNX UIEsX:
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1) IpoU3BOJIbHYIO TPAEKTOPHIO CHCTEMbBI MOXKHO IPUOIU3UTH TPAEKTOPH-
el cucreMbl IpU YUCTO UMILYJIbCHOM YIPaBJICHUH;

2) ypaBuenue [amuiabrona-kobu-Besimana s 1peiebHO (JH/IHefI—
Hoﬁ) CUCTEMBI UMeeT BUJ ypaBHEHUs 3MKOHAJIA;

3) upu nepenoce 3HAYEHUI PEIEHUs BJIOJIb TPAEKTOPHUIl CUCTEMBI C HyJIe-
BBIM YIIPABJEHUEM TIOTPEITHOCTD JINHEHHA 110 TTapaMeTpy pa30ueHusi BpeMeH-
HOI'O UHTEPBAJIA.

B pabore [1] JUIs OJIM3KON 110 MOCTAHOBKE 3a/a9u (HO IIPU MATPUIE
K03 DUIMEHTOB [P yIPABJICHUM, 3aBUCAIICH TOJBKO OT BPEMEHH) ObLI
OPEJJIOYKEH aJITOPUTM IOCTPOEHUS JUCKPETHON AlllPOKCUMAIAU MHOXKECTBA
JIOCTUZKUMOCTH, B KOTOPOM IPOU3BOJIbHAA TPACKTOPHUA MMILYJIbCHON CUCTe-
MBI aIIIIPOKCUMUPYETCA TPACKTOPHUEll, COOTBETCTBYIONICH YMCTO UMILYJIbCHOMY
yipasjieauio. Kpome BbIOOpa ceTKU B (ha30BOM IPOCTPAHCTBE U Pa30OUEHUs
BPEMEHHOI'0 MHTEPBaJia, BBOJAUTCA AUCKPETU3aIlUs MHOXKECTBA HAIIPABJIEHUN
WMITYJIbCOB. B HACTOSIIIEM JIOKIa/Ee IPEICTABICHA CXOXKas 10 (hOpMe OIEHKA
Ha paccrosHue Xaycaopda, HO 10 CPABHEHUIO C IIOCTAHOBKON 3ajzaqu B [1]
HaKJIa/IbIBaeTCAd OIPAHUYCHNE Ha PA3MEPHOCTDb YIIPABJICHUS.

PaccvaTpuBaeTcst aBTOHOMHAST IMITYJILCHAST YITPABJIsieMasi CUCTEMA C TPa-
€KTOPUAMHU OI'PAHNYEHHON Bapualuu

dx = f(x)dt + G(x)m(p), ©(0—) = x0, (1)

rie f, G — nmunmunessl GYHKINA, YIOBJIETBOPSIOIINE YCIOBUIO He OoJjiee deM
JIMHERHOrO pocTa; (n X n)-marpuna G(x) HeBbIpoXKaAeHa npu & € R™; 7(p) =
(v, v(p)) — mapa, cocrosinast U3 BEKTOPHOI GOPEJIEBCKON MephI (i HA OTPE3Ke
T = [0, t1] n HaGopa m3mepumbIx dbyukumii v = {w, . OyHKINET W, ABISIIOTCS
VIIpaBJIEHUSIMU B IIPEIEeIbHON CHCTEME

dys(7)

“dr G(ys(T))ws(7), ys(0) = z(s—), (2)

OIIUCBHIBAIONIEH UMITYJILCHbIE BO3IEHCTBUA B TOYKAX HEHyJeBOi Mepbl [2,3].
Orpanudenue Ha DPecypc HMILYJIBLCHOIO yupasienus umeer Bun |ul(T) =

S|l (T) < M, tne M € R, M > 0.
OrpeiesiuM MHOYKECTBO JIOCTUZKUMOCTU CUCTEMBI (1) B MOMEHT t = {7:
R(T, M) = {z(T+) [2(-) = 2( p,v(1); |pl(T) < M}.

IpencraBieHHBI B JOKJIaJe aArOpUTM HO3BOJSIET AJis JaHHOro & > 0
HafiTH KOHEYHOE MHOXKeCTBO R, yioBieTBopsiolee yeiaosuio d(R., R(t1, M))
g, rae d(-,-) — paccrognue Xaycaopda.

Beenem dynkuumio nenst V (¢, zp) = ( nf ) || Bnecs undumym Geper-

i
x, (1
sl IO BCEM TPAaeKTOpUsAM crucTeMbl (1), yI0BIETBOPSIIONIMM KOHIIEBBIM OIDa-
Huuenusm x(0) = zg, (T) = zp. Torma npu bukcupoBanHoM t = t1
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V(t1,x) ABIsSETCA MUHIMAKCHBIM (BSI3KIM) DEIIEHHEM CTAI[HOHAPHOTO yPaB-
Herust [ammibrona- Ako6u-Bemvana (B Ipyroit TEpMUHOIOIMN — yPaBHEHHE
5fiKOHAJIA ¢ AHU30TPOIHON CKOPOCTBHIO PACIIPOCTPAHEHNS] CUIHAJIA):

H(z,VV(t,z)) =0. (3)

Bri6epem B hazosom nipocrpancrse cerky I' = {hw |w € Z™}, rue h > 0 —
napamerp pasbuenus. [Iycrs 6 = T/N — napamerp pasbueHusi BDEMEHHOI'O
narepsana; A = {0,4,...,T}. Hauansroe ycnosue nmeer sug V(0,z9) = 0.
Yucrennoe pentenne (3) 103Bosster npub/uzKenHo Haiitn suadenus V (0, z) B
roukax I' x {0}.

Hnst xkaxoit toukn z € I' x {0}, mius koropoit V(0,2) < M Haiinem
pemenue 3anauun Komm & = f(x), (0) = z ma orpeske [0,6]. Ilycrs upu
t = 0 s1o0 pemienue npuHuMaer sHadenue x(z,9), u p(x,I') — Gauxkaiimas
(nm sr0Gast n3 Gukaiimux) K o Touka cetku I'. TIpumem

V(21,6) = min{V (z,0) | p(2(2,6)) = 21}
34 HOBOE I'PAHMYHOE YCJIOBUE, 3a[aAHHOE HA HEKOTOPOM KOHEYHOM MHOYKECTBE
TOYEK CeTKH; HaiijieM Ipub/IMKeHHbIe 3HaYeHus 0000meHHoro penerus (3)
B Toukax z € I' x {6} u 1. &

B pa6ore [4] mokazano, 9TO IpM HEKOTOPOM YCJIOBUM, HAKJIABIBAEMOM HA
B3aUMHOE DACIIOJIOXKEHNEe XapAKTEPUCTUK ypaBHeHus (3) u rpajmenTta 0606-
IIIEHHOT'O PEIeHUs] B y3J1aX CETKU YNCJIEHHOE PellleHne ypaBHEHUs SHKOHA A,
[5] TpebyeT BpeMeHH, IPOIOPIMOHAIBHOIO YUCIY y3JI0B CEeTKHU.

[TorpentHoCTh TUCKPETHOI AIIPOKCUMAITNN UMEET B

d(Re,R(t1,M)) < C1h + 02%7

e Cp > 0,C5 > 0 — HEKOTOpbIe KOHCTAHTHI.
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O Bblbope napametpos NMN[-perynsatopa kBagpokonTepa

MocraHoBka 3agayin

Oco0ObIit nHTEpEC B HACTOSIIIIEE BPEMSI IIPEICTABJISAIOT 3a/1a91 YIIPaBJICHUsI
KBaJIPOKOIITEPAME B PEAJIbHBIX YCJIOBHUAX IKCILIyATAllUU, B TOM YUCJIE B aBa-
PUITHBIX pEXKUMaX. DTO OOYCJIOBJIEHO PA3JIMIHBIMU IOTOIHBIMA YCIOBUSIMHU,
OTPAHUYIEHUSIMU 110 MECTY TOCAJIKN — HAJMINE BOIHON TOBEPXHOCTH U IPYTUX
npengrcTBuil. I cTabuIm3anum mMOJI0KEHUsT allapaTa B TPeX IIOCKOCTSIX
npeyiaraercsa ucnosb3oBaTh Tpu I/ I-perynsropa. Beibop mapamerpor B
9TOM CJIydae uMeeT OCOOEHHOCTH, CBS3aHHBIE C OCHOBHBIMM TEXHUYIECKUMU U
reOMETPUYECKIME XaPAKTEPUCTUKAME KBaIPOKOIITEPA.

Paccmorpum ypasrenue Boixogaoro curnasa [TUI-perymsropa [1]:

de

¢
u(t) :P—|—I—|—D:er(t)+Ki/ e(T)dT—FKddt,
0

rne K, K;, Kg — K03 @UIUEHTHI yCHIeHnsT TPONOPIMOHATBHON, NHTErPH-
pytoineit u guddepennupyonieil COCTABIIAIONIMX PEryIsTOpa.

JLJ1sT BBIMMCIIEHNST YIIPABJISIIONIEI BEJINYNHBI HEIIOCPE/ICTBEHHO B OOPTOBOM
BBIYHUCJINTEJIE AIIAPaTa B Pe’KUMeE PeabHOI'0 BDEMEHH UCIIOJIb3YeTCsl PEKYP-
penTHas dopmysia:

u(n) =u(n —1) + Kp((E(n) — E(n — 1))+
+K5 5 E(n) + K¥*(E(n) — 2E(n — 1) + E(n — 2)),

rjie n — NOPAJKOBBIA HOMep mara, F(n) — BeJuduHa PacCOrIaCOBAHMS MEXK-
Iy TEKYIIUM 1 TPeOyeMbIM 3HAYEHUEM PEeryJIupyeMOro mapamMeTpa.

Ota dhopMysa MO3BOJISIET CHU3UTH PA3PSIHOCTh 3HAYEHUN XPAHUMBIX Be-
JINYMH ¥ MUHUMU3UPOBATH KOJMYECTBO BBINOJIHSIEMbIX oreparuii. CraBurcst
3aja4a BEIOOpa mapameTrpos K, K;, K4 s cTabminsanuy 3a1aHHBIX 3Ha-
qeHuit yrioB @g, 0o, Yy, OIPENeISIIONIX OPUEHTAIINIO KB IPOKOIITEPA..
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Pe3synbtathl MmogenupoBanunsa. Pekomengauun

Haunbomee wacTo BCTpedaroTcs ammaparhl ¢ JJIAHON Ijeda | B Ipe-
memax 0,1 < I < 0,2 m [2]. Jas Takux KBaJIpOKONTEPOB B KadeCTBe
6a30BbIX MMApaMEeTPOB DPEryJIsTOpa UPEJIaraeTcs HCHOoab30BaTh P = 5;
I = 0,1; D = 3. [IN-perynsitop ObLI BCTPOEH B CHCTEMY yIPABJIEHUS
kBasipokornTepoM. OmuineM pe3yJabTaThl YHCJIEHHOTO MOJEIMPOBAHUS IIPO-
necca crabmmmsaruu st [INJI-perysisitopa ¢ yKa3aHHBIMA TapaMeTPaAMH.
VBennyenne 3HadeHus P npuBoguT K OOJIbINEH yCTOWYMBOCTUA IO TEX IIOP,
IIOKa CJIMIITIKOM 6OJ'H)IHO€ 3Ha4YeHHue P He IIpuBeJIeT K KOJ'Ie6aHI/IHI\/I n rorepe
yIIpaBJIsieMOCTH. Y MeHbIlleHre 3HadeHusi P mpusejieT K Jpeiidy B yrpasie-
wnn. Cremyer cHUKATh P J1J1s NCKJTIOYeHUsT BUOPAIUil U TIOJIy YeHUST [LJIABHOTO
BHUEOCUTHAJIA ¢ OOPTOBOI KaMephl. ¥ Beimdenne | CrocoOCTBYET yIIy IIIeHITIO
KYPCOBO#l YCTOWINBOCTH W YMEHBITIAET Apeitd, HO TaKKe YBEJIUIUT 3aIePiK-
Ky BO3BpaTa B Ha49aJbHOE [TOJIOXKeHre. Y BeJinueHne 3uadenns D yBenanBaer
CKOPOCTh, C KOTOPOIl BCE OTKJIOHEHUSI OY/IyT KOMIIEHCUPOBAHBI. DTO O3HAYA~
eT TaKKe YBeJIMYeHrNe BEPOATHOCTH MOSBJICHIS IEPEPErYINPOBAHUS U OCIIUI-
Janumit. YMmenbiieane D ymeHbIaeT KojebaHus P BO3BpaTe B HAYAJIbHOE
ojioykenre. Bo3BpaT B HAYAJIHHOE MOJIOYKEHIE ITPOUCKO/INT Me IJIEHHEe. Y Ka-
3aHHbIE PEKOMEHIAIINN IIOJIyIEHbI B PE3yJIbTaTe IPUMEHEHUS IPOrPAMMHOTO
KOMILJIEKCA, CHENUAIHHO Pa3pabOTAHHOTO Jisi HOPTOBOTO BBITHCJINTENS, Pe-
3yJIBTATHI IIPEJICTABJIEHbI B BUJE COOTBETCTBYIONIUX IPA(UKOB U PUCYHKOB.
JlaHHBIE BBIBOIBI I PEKOMEHIAIINH COTJIACYIOTCS C OIBITOM JIPYTUX HCCIIEI0-
Bareseil U npelbLIyuMu paboramMu aBTopos [2-9].
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On the Problem of Control of Continuous-Discrete
Systems with Changing Dimensions of Phase Space and
Vector of Control
Bapcezan B.P.
barseghyan@sci.am
EpeBanckuit rocynapcrsennniii yuusepcurer, Mucruryr mexanuku HAH Apmenun
Apwmenus, r. Epesan, 0019, np. Barpamsna 24/2

O 3apaye ynpaBneHusi HenpepbiBHO-ANCKPETHbLIX CUCTEM C
n3mMeHeHMeM pa3mepHOCTU ¢pa30BOro NPOCTPAHCTBA 1
BEeKTOpa ynpaBJsieHus

Problems of controllability of continuous-discrete systems with changes
in dimensions of phase space and of control vector are considered. Motion
of continuous-discrete system is built. A constructive approach of solution
to control problems of such systems is proposed. Necessary and sufficient
condition for complete controllability of continuous-discrete linear stationary
systems with changes in dimensions of phase vector and of control vector,
expressed directly by system initial parameters is obtained. Qualitative
properties of controllability of such systems are revealed. An example of a
continuous-discrete linear stationary system is constructed, which in certain
intervals of time of functioning is not completely controllable, but as a whole
in the entire interval of time is completely controllable.

UccnenoBanne MHOTMX TPUKJIAJIHBIX 3a71a9 YIPABICHUsS] IIPOIECCOB U3
pa3IMIHBIX 00/1acTell HAYKM U TEXHUKHU [TOKA3bIBAIOT, YTO MI'HOBEHHBIE U3Me-
HEHUS COCTOSTHUS CUCTEMBI IIPOUCXOJISIT 3HAYUTEBHO OBICTPEe, YeM COOCTBEH-
Hble JUHAMUYECKHUE (HEelPepPbIBHBIE) IPOLECcChl. B MaTeMaTn4ecKux MOJEJISIX
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MMOIOOHBIX CHUCTEM €CTECTBEHHO 3aMEHUTH 9TH OBICTPbIE M3MEHEHUs CKAIKO-
obpasubivu. [Ipu coBMecTHOM DYHKIIMOHNPOBAHNN HEIPEPBHIBHON U INCKPET-
HOM (MMILYJIbCHOM) YacT! MPUBOJAST K CYIIECTBEHHOMY M3MEHEHUIO XapaKTe-
PUCTHK U CTPYKTYP CUCTEMBI, I MOXKET ITPOUCXO/INTH U3MEHEHUE IUCeT KOOD-
ouHAT (GA30BOr0O BEKTOPA U BEKTOPA YIIPABJIEHNUs], & TAKYKE OSBJICHIE HOBBIX
CBOICTB.

HexoTopble BOIpochl yIpaBiieHnsi, BIIOJIHE YIIPABISEMOCTH HEIIPEPBIBHO-
JIUCKPETHBIX CUCTeM (MM KyCOYHO-JIMHEHHBIX UMILYJIbCHBIX CHUCTEM) MCCIIe-
JIOBaHBI, B 9aCTHOCTH, B paborax [1-12]. JIBurKeHue yrnpaBiseMbIX CUCTEM CO
cMeHO#t haz0BOIro MPOCTPAHCTBA U3y YeHbl, Haupumep, B [2-4, 7). B [7] upuse-
JIEHBI JIOCTATOYHBIE YCIOBUS YIPABJIAEMOCTH B 3aJ[ad€ CO CMeHO# (a30BOro
IIPOCTPAHCTBA.

B pannoit pabore paccMaTpuBaeTCs yIIpaBiisieMasi HelIPEPBhIBHO-TUCKPET-
Hasg JMHAMHUYECKasl CHCTeMa C H3MEHEHHEM pPa3MepHOCTH (ha30BOrO BEK-
TOpa ¥ BEKTOpa YIPABJIEHUsl, IBUKEHME KOTOPOWl HA WHTEPBAJE BPEMEHU
tre1 <t < tg, k = 1,...,m OUUCHIBAETCI Nj-MEPHBIMU JTUHEHHBIMI M-
depeHInAIBHBIMI YPABHEHUSIMUI

i® = A, (6)z® + By (t)u®, (1)
a IPEeEeMCTBEHHOCTb MeXKIy cucreMamu (1) B IIPOMEXKYTOYHBIE MOMEHTHI BPe-
menu tg (k= 1,...,m — 1) obecriednBaeTCst BBIIOJHEHUEM CJIEILYIOIIUX YCJIO-
BUit

l‘(k+1)(tk) = ka(k) (tk> + G- (2)

Baecs x*)(t) € R™ - cbazossrii Bexop cucremsr; ul®) (t) ympasmsiomnee
Bozeiicreue (k = 1,...,m). Marpuner napamerpos cucrems! (1)-(2), umeror
crepyomue pasmeprocti: Ag(t) — (ng X ng), Br(t) — (ng x i), uF(t) —
(re X 1), D, — (ng+1 X ng), Gk — (ng+1 X 1). B obuiem ciaygae 6ymem npes-
[OJIAraTh, ITO 3eMeHThl MaTpunbl-byukuuit A (t), By (t) 1 BekTop-cTONOIA
u®) () ssrOTCH HENPEPHIBHBIME (DY HKITASMI.

Tpebyercs HalTH yCJIOBUS, NMPU KOTOPBIX CyINECTBYIOT MPOrPAMMHBIE
yupassomue Bozzeiicrus u®) (t) (k = 1,...,m), mepeBoisIe IBIKEHNS
2(F) (t) menpepeiBHO-mICcKpeTHOit cucrembl (1)-(2) U3 HAYAILHOTO COCTOSHUS

)

M (ty) = 20" B komeunoe cocrosmme (™ (T) = 7™ na mpomerxyTke
BpeMeHH [to, T, a TaKKe IMOCTPOUTH UX.
B pa6ore mocrpoeno apmxenne (M) (t) t_; < t < ti(k = 1,...,m)

HeIPEePbIBHO-TUCKpeTHOl cucteMbl (1)-(2). Tlomydeno Heobxoaumoe U JocTa-
TOYHOE YCJIOBHE IIPU KOTOPOM CYIIECTBYIOT IPOrPAMMHBIE yIIPABJISIOIIIE BO3-
neiicteust u®) () (k = 1,...,/m), pemraomnue MOCTABICHYIO 3844y U TPEJIO-
2KEH KOHCprKTHBHbeI MMOAXO/L penieHnsd 3a/1a49 yIIpaBJI€HUA TaKUX CUCTEM.
Ompe/iesieHO NOHSITHE BIOJIHE YIPABJISIEMOCTU HENPEPBIBHO-MCKPETHO
sHeitHoN cucrembl (1)-(2). ChopMymmpoBaHO HEOOXOJUMOE U JIOCTATOUHOE



Bapceran B.P. 129

YCJIOBHE BIIOJIHE YyIIPABJISAEMOCTH HEIIPEPBbIBHO-IUCKPETHBIX JINHEHHBIX HeCTa-
roHapHbIX cucteM (1)-(2). B 9ToM cMbICiIe OHO Ia€T OTBET Ha BOIIPOC BIIOJIHE
YIPABJISIEMOCTH CTAIlMOHAPHOM cucTeMbl. OHAKO MPaKTUYECKOe MpUMeHe-
HU€ YKa3aHHOI'O YCJOBUS CBS3aHO C HEOOXOIMMOCTHIO TOCTPOEHUS MMILYJIbC-
HBIX MEPEXOIHBIX MATPHUI] PACCMATPUBAEMBIX CHCTEM, UTO HeymobHo. Boob-
e CyKJIEHNe O CyIIeCTBOBAHNM DEIIeHNd 3aa4l YIIPABJICHNA HEIIPEPBIBHO-
JIUCKPETHON JIMHEWHOW CUCTEMBI 11e1eco00pa3HO MMETh, ONMUPAsICh JIUIIb Ha,
HUCXOJIHBIE JIAHHBIE 33Ja49H, T.€. II0 MaTPpUIlaM IIPUCYTCTBYIOINIUM B CUCTEMAax.

[Toy1eno HEOOXOMMOE U JTOCTATOYMHOE YCJIOBUE BIOJIHE YIIPABJIAEMOCTH
HEIIPEPBbIBHO-JUCKPETHBIX JIMHEMHBIX CTAIMOHAPHBIX CUCTEM C H3MEHEHHEM
pa3mepHOCTH (DA30BOTO BEKTOPA U BEKTOPA YIIPABJIEHUS, BHIPA2KEHHOE HEIIO-
CPEJICTBEHHO 4Yepe3 UCXOMHbIC IapaMeTPbl CUCTEMBbI.

BrisBieHbl KadecTBEHHBIE CBOMCTBA, YIIPABISIeMOCTH Takux cucteM. [lo-
Ka3aHO, 4TO Ha OTJ/E/IbHbIX WHTEpPBaJjax BPeMeHH (DyHKIIMOHUDOBAHUS BCE
HEIIPEPBIBHBIE MTOJICUCTEMBI TI0 OTJIEIBHOCTH MOTYT OBITH HE BIIOJIHE YIIPAB-
JISI€MBIMU, OJTHAKO, BCJICJCTBIE NCIIOJIb30BAHNS MOJIE3HBIX CBOMNCTB KazKI01 U3
HOJCUCTEM, B IIEJIOM Ha BCEM HHTEPBaJe BPEMEHM HeIPEePbIBHO-IUCKPETHAS
cHCTeMa MOYKeT OBITh BIIOJIHE YIIPaBJIsieMOi. A ecyn XOTst ObI OJTHA MTOJICUCTE-
Ma Ha CBOEM HHTepBaJjie BpeMeHU (DYHKIIMOHUPOBAHUS BIIOJIHE YIIPaBJIsieMa,
TO HEeIPEPBIBHO-IUCKPETHAS CHCTEMA TaKKe OyIeT BroJiHe yipasisiemoii. [To-
CTPOEH IIPAMEP HeIIPePBIBHO-AUCKPETHON JIMHEITHON CTaIlMOHAPHON CUCTEMBI,
KOTOpasi Ha OTJIEJIbHBIX NHTEPBAJIAX BPeMeHN (DYHKIIMOHUPOBAHUS HE BIIOJTHE
yhIpasjigeMa, & B IIeJIOM Ha BCEM OTPe3Ke BPEMEHU ABJIACTCA BIIOJHE YIIPAB-
JIACMUH.
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In the article the task of suboptimal control in the stochastic nonlinear
dynamic systems, based on a spline approximation of nonlinear functions, is
examined.

Cy60nTmmaanoe ynpaBsieHne B CTOXaCTu4eckux
HEeNMNHENHbIX ANHAMUNYHECKUX cncrtemax

IIycts modeau obsexma ynpasaenus u usmeperuti OMUCHIBAIOTCS CTOXA-
crudecKuMu JindepeHInaIbHbIMU YPABHEHUSIMIE:

{Zf=f<x)+V<t>u+y1<t>m<t>, z (to) = o, O
z=C{)z+y2(t)n2(t), z(to) =0.

Ilonaras, aro f (J:) SIBJISIETCsl HeJIMHENHO! Trakoil (byHKImeit, mpeacra-
BUM €€ B BUJIe KyCOYHO-jIoManoil dbyukiuu (cusiaiina mepsoro nopsiaka) [1].
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Torna Beipazkenue (1) MOXKHO 3anmcaTh KaK CUCTEMY yPaBHEHUIA:

{ AW z+BEO)+V ) u+y () (t), z(to) = o,

Yo Ot (B)na(t), z(to)=0 @)

n

Ai = Zh(xivxi+l)ai - K;, Bi= Z h(zi, zit1)bi,

i=1 i=1

1, =€ x;,xiq1)
h(z:. — ) 1y L+
(@5, Tit1) { 0, x¢[xiwit1),
e * = (x1,Ta, ..., Tym)— 6ekMOp cocmoanus, x € R™; 2z = (x1,2a,...,Tm)
- gexmop usmepenul, z € R™; Bpemsa t € T = [to, t1] Momen-
Tl BpEMEeHH tg, t; HadajJa W OKOHYAHUS IIPOIECCA 3aJaHbl; MATPUIIHI
A@), B(t), Ct), V), y1(t), y2 (¢) HMEIOT Pa3sMepHOCTD

(nxn), (nxq), (mxn), (nxgq), (nxk), (mxl) coorBercrBeHHo, a
UX 3JIEMEHTBI HENPEPIBHBI Ha T'; OJOKAM TaKzKe, ITO Ha YIPABJICHUE OIPa-
HuveHuil He HasioXKeHo, u € RY; ny (t), ne (t) — HesaBucuMbie Gelibie TayccoB-
CKHE TIyMBI:

<ni(t) >=0, <ny(t) >=0, < ny () ny (t —7) >= N6 (7),

<n2(t)n2(t77') >:J\7’1(5(7')7 <n1(t)n2(t77') >=0.

Havanbaoe cocTosinme Xy ONpEJIeIEHO TayCCOBCKOHN IIOTHOCTHIO BEPOSIT-
HOCTH C MaTeMaTHIeCKAM OXKIJIaHUEM 1My U KOBapHAIMOHHOI Marpuneit Df.
HauganpHoe 3HaUeHne BEKTOPa M3MepeHnii pasHo Hy/o. Obo3HaYNM:

2y ={2(7), to <T<t}, Ri(t)=w1 ()i (), Ra(t) =12 (t)ys (1)

IIpeamono:kuM, 9TO HPW YIPaBICHUM B MOMEHT BPEMEHU t HCIIOJIb3Y-
ercst nHMOPMAIHS zfo 0 BCEX M3MEPEHMX, [IPOU3BOAUMBIX HA IIPOMEXKYT-
Ke BpeMeHN [tg, t1]. MHOXKeCTBO JOMyCTUMBIX yIpaBJeHui o0pasyor dbyHK-
mwm u(t) = u (t, zfo), 3aBUCAIINE OT HPEAbLIYIIUX U3MEPEHUil, IpuIeM
VteT, u(t) € RY, upu Koropbix cucreMa (1) UMeeT eUHCTBEHHOE PelIeHre
(x(0), = (1))

SamaauM DYHKITHOHAT KAIeCTBa yIpaBjeHus B hopme

1M 1
J =< 5/ (2" () S )z (t)+u” (1) Q) u(t)] dt+ §mT (t1) Az (t1) >,
to
(3)
rae S (t), A — HeOTPHUIATEIBHO ONpe/IeJIeHHbIE CUMMETPHUYIECKUE MATPUIIHI
pasmepa (n xm); @ (t)— IOJIOXKUTEJIBHO OIpeJeJIeHHas] CUMMETPUIECKast
Marpuna pasmepa (¢ X q); < . > — 3HAK MaTeMATUYECKOrO OKHJIAHWS,
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KOTOPOE BBIMUCJISAETCA KaK M0 HAYAJLHBIM YCJIOBUSAM, TaK U 1O PEaTA3aIH-
M cayuaiinoro nponecca  (t). Tpebyercs Haiitu ynpasienue u* (¢, 2 ) n3
MHOXKECTBa, JIOIYCTUMBIX, ObecrieqnBaoiiee MUHIMYM (byHKIHOHANa, (3).

B cOOTBETCTBUHM C IPUHITUIIOM Pa3IeIeHHIs ONTUMAIBLHOE YIPABICHHAE CTO-
XaCTHYECKOH CHCTEMOI ¢ KBAJIPATHYHBIM KPUTEPUEM OMNIMOKH IIPH TayCCOB-
CKUX BXOJHBIX BO3JCHCTBHAX MOYKHO IPEJCTABUTDL B BHIE ITOCICI0BATEIHHO-
CTH omepanuii: ONTUMaIBHOTO oneHnBanus cocrostaus JIC cocrosaust & (t)
ONTUMAJIBHOTO JIMHEHHOTO JleTepMUHUpOBaHHOro ynpassienus u* (¢). Ilapa-
MeTPBI 3THX JBYX HYacTell CHCTeMbl YIIPABICHHs ONPEIE/ISIOTCS pPa3IesbHo.
JloKazaTebeTBO yTBEpKIACHs (TEOPEMbl PA3JIEICHUs) TIPUBEIEHO, HAPU-
Mep, B [3].

Onrumansnoe ynpasnenne u* (t, z{ ) B 3a1ade, chopMympoBannoii BbI-
e, umeer BU/L [2]:

ut (t) =u*(t, 2f,) = Q 'BTK> (t) & (t), (4)

rae &(t) =< x(t)|z}, > — oneHka BekTOpa COCTOSHHS MOJENH OOBEKTA
YTIPABJICHUSA [0 PE3YJIbTATaM HAOJIIOJIEHUM, YIOBIETBOPSIONAA yPABHEHHIO:

%= A2 +BOu]+ K () [z~ C0)d], &(to)=mo,  (5)

K> (t) — cummerpuyeckas Marpuna Ko3bOUIMEHTOB yCUIEHUs OITUMAIBHO-
IO PeryasaTopa, yA0BJIEeTBOPAIONAs YPABHEHUIO:

K2 AT (1) ey (8) — Koo (8) A (1) —

dt
Ky () B({t) Q™" (t) BT (t) Ky (t) + S (t), (6)
Ky (t) = —A.

K (t)- marpuna kosbdunuentos yeuienus: dbuibrpa pasmepa (n X m),
ompe/iessieMasi 110 hopmyIie:

K(t)=T@6)CT () Ry" (t). (7)

L(t) =< [z(t)—2@®)][z@)—&@#)]" > - xosapuanmonnas marpuua
OMMOKHN ONEHWBAHWSI, YIOBJIETEOPSIONASA YPABHEHHIO:

dr (¢

% = AT +TAT —TCTR;'CT + Ry, T (ty) = D§. (8)

Ourumanbaoe yupasienue (4) ¢ HakomaenueM uHGOPMAIMU SBJISIETCH
dyuknmonasmoM u3Mepenuii, Tak Kak OleHKa BeKTopa z () 3aBUCHT OT zﬁo.
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3aeco ypasuenus (5)-(8) sapisiorces ypaBaenusiMu duibrpa Kanvana, obec-
IIeYUBaIOIIeI'o HaXO0zKJ/IeHue ONTUMAJILHOM OII€EHKHN BEKTOPpa COCTOAHUA HEJIN-
HEIHON MoJiesn 00bEKTa YIIPABICHNs] ¢ MUHIMAJILHON HOPMOiT KOBAPUAIINOH-
Hoit Marpuiel omubku onenusanus. Coornomenus (4), (5) coorBercTByIOT
CJIyYalo OIpeesIeHIs OINTUMAJILHOIO YIPABJIEHUS JIMHEHHOW JeTepMUHUAPO-
BAHHOW CHCTEMOIl MpW MOJTHOW WH(MOPMAINKA O BEKTOpe cocTosiams. Heobxo-
JIIMO OTMETUTH, YTO TOJYUEHHBIH AJITOPUTM, SIBJISIETCS JIMHEHHBIM TOJIHKO
HA OTJIEJIbHOM MHTEPBAJIE W TOJHKO HA HEM IIMyM MOXKET PacCMaTPUBATHCS
Kak Gesbiii rayccosckuit. CrenoBaresibio, u onenka & (t) Oymer uMeTs rayc-
COBCKUIl 3aKOH pactpefiesienus. Ha apyrom mHTEpBajie mapaMerpbl (uiib-
Tpa OyIyT APYTUMH, IOTOMY OLeHKA & (t) XoTd u OyueT UMeTh HOPMAJIbHOE
pacriipejiejieHue, HO C JPYTUMU MATEMATHIECKUM OXKUJAHUEM W JTUCIIEPCHEN.
B 1esnom, ecam paccmarpuBaTh (DUIABTD HA BCEX MHTEPBAJIAX, OH COXPAHHUT
CBOIO HEJIMHEHHOCTH, TaK KaK OT MHTEPBAJIa K HHTEPBAJLY €r0 XapaKTEePUCTH-
KU OyayT MeHsiThbcst. MOXKHO €Ka3aTh, 9TO HEJIMHEHHBIH (DUILTP AIIPOKCH-
MUDYETCsl COBOKYIIHOCTBIO JIMHEHHBIX (TaKyKe KaK HeJuHelHas DyHKIUs ali-
[IPOKCUMUPYETCsl JIMHeHHbIMU ciiiafinamu). O6001enne Ha napaboniecKue
CIUTAHBI He TPEJICTABIISAET IPUHINIUAIBHBIX CJIO2KHOCTEN.
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O uyncneHHbIx MeToadax B 3a4a4ax onTtmmMmasjibHOro
ynpaBJieHnsa C Hernagknm Kputepmnem

ITocranoBka 3a7a4n OITUMAJIBEHOTO YIIPABJICHUA B OOIIEM CJIydae TAKOBA:
MMeeTCsl HEKOTOPBIN yIIPaBJIsieMbIil 00bEKT, COCTOsIHIE KOTOPOI'O XapaKTePH-
3yercs JABYMsl BUJIAMU ITapaMeTpPOB - IIapaMeTpaMU COCTOsIHUSI U IapaMeT-
pamMu yIpapjeHus. B 3aBUCHMOCTH OT BBIOOpa MapaMeTpOB YIIPABJIEHUS -
byHKIMI U3 HEKOTOPOIO MHOYXKECTBA - MPOIECC yIIPABJIeHNs OObEKTOM IIPO-
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TeKaeT TeM WM WHBIM oOpa3oMm. IlycTs KadecTBO yHpaBieHus XapaKTepusy-
€TCsl HEKOTOPBIM (DYHKITMOHAJIOM. 3aJ[a4a COCTOUT B TOM, YTOOBI HAUTH TaKoe
yIIpaBJIeHNe, IPA KOTOPOM 33 IaHHBIN (DYHKIIMOHAJ TPUHUMAET IKCTPEMAJTh-
HOe 3HaveHue. VlckoMoe ympaBiieHre HA3BIBAETCST ONTUMAJIHHBIM.

WccremoBanne oOIMMUPHOTO KIACCA IKCTPEMAIBHBIX 381 C HETVIAIKOM Tie-
JieBoit (DYHKITMEH, B YACTHOCTH, MUHUMAKCHBIX 3a/1a9, MOYKHO IIPOBOJUTH B
pasHBIX HApaBIeHusX. HeKOTOpBIE M3 BO3MOYKHBIX MOJIXOJIOB OIMCAHbI B [1].

B nociieaHue rompl yCuIniICs MHTEpeC KakK MaTeMaTHKOB, TAK U WHIKe-
HEPOB K 3aJ[aUaM HEIJIaJIKOW ONTUMHU3BAIMKA B TEOPUU YIIPABJIEHUs, T.€. K 3a-
JagaM, KOTOPbIE OMUCHIBAIOTCH € TIOMOIIIBIO HeauddepeHupyeMbix pyHKITAT
i GyHKIHOHAIOB. [IpUBIeKaIOT K peleHnio, HalrpuMep, TAKIe MOCTAHOBKH
3a/1a4, KaK 33/la9a O MUHUMYMe MaKCHMaJIbHOIO OTKJIOHEHU, 33/1a49a IIPOTHU-
BOYJIAPHOI ONTUMU3AINK, 33129l O MUHUMYyMe HauOOJIbIIEro 3HAYEHUs IIe-
perpysKu Ipu BXOJle KOCMHUYECKOro almapara B arMocdepy 3emym U T.1.
Henuddepenmmpyemocts nesreBoro byHKIUOHAIA B 3HAYATEIHHONW CTEIEHN
YCJIOXKHSIET pellleHre MOM00HbBIX 3a/1a49. ATIIPOKCUMAITUS YKe TIeJIEBOr0 (DyHK-
nroHas1a TuddepeHnupyeMbIM MOXKET CYIIIECTBEHHO UCKA3UTH COIEPIKATEb-
HBI CMBICJI 33a491.

JloKJta 1| TIOCBSIIIAETCsT PEIIEHNI0 HEKOTOPBIX BOIIPOCOB, CBA3aHHBIX C MU-
HUMU3aIel HeraaKknx (bYHKIMOHAJIOB B 3a/a9aX ONTUMAJIHLHOIO yIIpaBJe-
Husd. B gacTHOCTH, TIpeIaralTcs HEKOTOPbIe HeOOXOIWMbIE YCJIOBUS U IIO-
CTPOEHHbIE HA UX OCHOBE YHCJIEHHBbIE METOHIbI perrenus. llpu paspaborke
THUX BOIPOCOB CJEIYeT YIUTHIBATH CHENUMUKY, BOSHUKAONIYIO U3-32 HAJIU-
qns JuddepeHImaIbHbIX CBA3EH.

Wrak, paccMoTpuM 3a1a49y ONTUMAIBLHOTO yIIPABJIEHNS OO bEKTOM, JBUKE-
HI€ KOTOPOTO 33/IaeTCs CUCTEMOM OOBIKHOBEHHBIX JudHepeHIInaIbHBIX YPaB-
HeHuil, paccMarpuBaeMbix Ha npomexyTke [0, T, (T' > 0 — duxcuposano):

x(t) = f(a:(t),u(t),t,z), (1)

x(0) = zp. (2)

Baecw © = (x1,...,24), [ = (f1,-.., [n), BekTOp-byHKIMs [ HEIpEPbIBHA

BMeCTe C 5o TI0 COBOKYIHOCTH TIEDEMEHHBIX B OOJACTH JIOMyCTHMBIX 3Have-

Huit z,u, t, z. Bekrop-byuknus u(t) mpesmosaraercs KyCcOUHO-HEIPEPBIBHOM

r—wmepHoii (B obmmem caydae — cymmmpyemoii Ha [0, 7] ¢ KBagparTom), npu-

Hajtexkareit knaccy U. B kagectBe U MOXKHO BBIOMPATD PA3IMIHBIE KJTACCHI
yupagisiomux (yrknmit. Hanprmep:

1) U = {u(t) |u(t) e V.C E,, Vt € [O,T]} — BHJ[ IOTOYETHOTO OTPAHUYIE-

HUst, TJe V — BBIYKJIOE OTPAHAYEHHOE MHOXKECTBO TPOCTPAHCTBA . ;
2) Uy = {u(t) | fOT u ()N (t)u(t)dt < A} — BUJ| MHTEIPAJILHOIO OIDAHUYE-

Hust, e N () — 7 X r-MaTpuIa, HoJIoKUTeIbHO onpeenentas Ha [0, 7] ¢
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KyCOYHO-HerpepblBHbIMU 31eMenTamu. Pyukiuu u(t) € U, Kak 06bI9HO,
Ha30BeM JJOIIYCTUMBIMHU YIIPDaBJICHUAMU.

IycTte 2 € Z, e Z C E, — KoMIakTHOE MHOXKecTBO. 1a mroboro gorry-
crumoro u € U, z € Z cucrema (1),(2) oupenensier pemtenne z(t, u, z). 1o
pelienue sBJsieTcsi abCOTIOTHO HEITPEPBIBHON BEKTOP-DYHKIHMEH, YI0OBIETBO-
psromneii ypasaenuio (1) BCrogy B 06/1aCTH ONPEIEIeHNs 38 UCKJIIOUEHUEM TO-
4Jek paspbiBa. [10/103KuM, 9TO Ka9eCTBO PabOThI CUCTEMBI OIIEHUBAETCsT (DY HK-
[IHOHAJIOM TAKOTO BUJIA:

T
J(u) = Iznea%/o g(x(t,u, 2),u(t), t, z)dt, (3)

re ckassipHas QyHkiws g(z,t, u, z) BMecTe ¢ % olpeJiesieHa W HellpePhbIBHA
B 00JIACTH JIOILYCTUMbBIX 3HAYEHUN T, U, L, 2.

Cdopmynupyem 3aady: Jjid 3aJaHHO0l cucTeMbl (1) ¢ HAYAILHBIME YCJIO0-
puavu (2) maiita ynpasaenne u’ € U, ecim OHO CyIIecTBYeT, 9TOOBI (DyHK-
roHaJ Kadecrsa J(u) [10CTUra] MUHUMAJIBLHOIO 3HAYEHHUS, T.€.

T
%) = mi t t),t, z)dt. 4
J(u”) glelIrjernea%(/o g(xz(t,u, 2),u(t),t, z) (4)

HormycTumoe yrupasJieHne, JA0Iee PEIeHrne IIOCTABJICHHON 3a/1a4e — ONTHU-
MaJIbHO€E yIIPaBJIEHUE.

TpynHOoCTh perieHrs TakKoil 3aJ@adu COCTOUT B TOM, YTO (DYHKIIMOHAJ
J(u) B cujy omepanuu B3ATUS MaKCUMyMa He sBijsiercd juddepennupye-
mbiM. [Ipubimmkentoe perenne 3aa4d ¢ HeguddepeHImpyeMbiM BOYyHKITMOHA-
JIOM - JIOCTATOYHO CJIOYKHASI BBIYUC/IMTENbHAS TpobyeMa. 3a/1a9u TaKOro TH-
a paccmarpubajinch A 9. JIybosunkum, A.A. Muntoruasim, P. ['abacoBbiM,
®.M. Kupusuiosoii, B.®. /lembsinoBeiM, B.B. Besudenko, FO.M. Epmosbe-
oM, B.H. [Timennunbiv, P. BejuivmanoMm u psiiom 1pyrux aBTopoB. 3aMeTuM,
9TO, XOTS TeOpHusl perneHuns 3aaa4d ¢ HeauddepeHmpyeMbiM GyHKIITOHATIOM
pas3paboTaHa JOCTATOUHO [OJHO U IJIYOOKO [2], METOIbI YUCIIEHHOIO PElIeH s,
3bPEKTUBHOCTD KOTOPBIX ObLIa ObI OATBEPKIeHA (DAKTUIECKIM PEIIeHIeM
JIOCTATOIHO CJIOZKHBIX IIPUKJIQIHbIX 3a/1a4, €l1e HeJIb34d CINTaTh OKOHYaTeJIb-
HO YCTAHOBUBIIUMUCS.

Urax, pacemorpum 3aa4y (1)—(4). Ormernm, 9To ecsiu f U g He 3aBUCIT
OT z, TO pacCMaTpUBaeMas 3aa9a CBOIUTCH K OOBITHOM 3a/a4e OMTHMAJIHHO-
ro yupasienus. KiaccumiecKknM pe3ysibTaToM B 9TO 00JIACTH ABJISETC IPUH-
i MakenmyMa [ToHTpsirnHa [3], oy YeHHBIH JyIst Kiacca yrnpasiaenuii Uy .

C nomormipto uroapdaThix Bapuaruii B [4] GbLIO TOJMYUYEHO cieyromee
HEOOXO/IMMOE YCJIOBUE.
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Teopema. [l Toro, urobn ynpasiaerne u’ € U 6bUI0 ONTHMATLHBIM,

HeoBX0MMO, 9T00bI TIouTH Jyist Beex t € [0, T] BBIIOIHSIOCh COOTHOIIEHNE

i H(z(t,u° t,2) — H(z(t,u° @), t,2)] =0. (5
%1323?50)[ (x(t,u’, 2),0,t, 2) = H(z(t,u’, ), u" (), t, 2)] (5)

31ech t — Touka HenpepbiBHOCTH u(t) cupaBa,

ov(t,z) Of (x(t,u®, 2),u’(t), t,2)\ "
75% = — O w(t’z> -

Ag(x(t,u,2),u’(t),t, 2)
B Ox » (6)

¢(T7 Z) =0,

H(z(t,u’,2),v,t,2) = (w(t,z),f(m(t,uo,z),v,t,z)) +
+g(z(t,u’, 2),v,t,2). (7)

Haszosewm ycsioBue (5) moToYedHBIM IPUHIUIIOM MAHUMAKCA. VICIIONb3ys Bapu-
AUy PA3JIMIHOTO BUJA, OBLIN MOJIYY€HbI TAKYKEe MHOTOTOYETHBINA, TAKETHBIN
U UHTEI'PaJIbHBIN IPUHIUIIL MUHUMAKCA.

Ilepeunciiennbie BbINIE YCIOBUS ONTUMAJBHOCTU O0JIAIAIOT PA3IUIHON
crenenbio "HeobxomumocTu". Hanbosiee CHIIBHBIM B 9TOM CMBICJIE SIBJISIETCS
WHTErpaJbHbI IPUHIUI MUHUMAKCA. 3aMETHUM, UTO HEITOCPE/CTBEHHOE ero
WCITO/Tb30BAHUE [IJIsi PAa3pPabOTKM IUCJIEHHBIX METOJIOB 3aTPYIHUTEBHO, IO~
sToMy B [5] HpUBOAMTC aHAJIOr STOrO yCJIOBHs, KOTOPBIA € YCIEXOM MOXKHO
IIPUMEHATD IIPU IIOCTPOEHUN PA3JIMYHLIX YMCJIEHHBIX METO/IOB.

Jist cydast BBIMYKJIBIX (DYHKITMOHAIOB M BBIMYKJIBIX KJIACCOB YIIpaBJie-
HUIl WHTErPAJIbHBII IPUHITUAI SBJISETCS TaKXKe U JIOCTATOYHBIM.

BosmokHBIM fenaeTcs pernenne 33,194, CBI3aHHBIX ¢ TOCTPOECHUEM yIIPaB-
JICHNd YYUTBIBAIONINM BHEIIHEE BO3/IefICTBHE Ha CUCTEMY, KPOME YIIPaBJISIO-
mero. B sToMm cirydae npejiaraeTcs MeTO/] BhIMUCIEHNS OITUMAIBHOTO 3HATE-
Hus QyHKIMOHATA IPU BCEX 3HAYEHUAX IIapaMeTPa U3 HEKOTOPOT'O 33 [aHHOTO
MHOYKECTBa. PaccMaTpuBaiOTCs TaKXKe 33J[a9d ONTUMAJILHOTO YIIPABJIEHU,
OCJIO’KHEHHBIE HAJIMYNEM [OCTOSIHHOIO HJIM TIEPEMEHHOrO 3amas3/ipBanus [6].

ot ciayvas BbiyKIIbIX DyHKInoHAIOB (ecau J(u, 2) BBILYKJIbL IO U JIJIs
BCeX z € Z) U BBIIYKJBIX KJIACCOB yIPABJIEHUH HEOOXOIMMOE YCJIOBUE B BUJIE
WHTErpaJbLHOrO MPUHITUIIA, MUHIMAKCA SIBJISETCS TAKKe U JoCTaTOIHBIM. OJ1-
HAKO, HEIOCPEJICTBEHHOE WCIIOJIF30BaHUE STOTO PE3YJIbTaTa JJIs Pa3pabOTKH
YUCJIEHHBIX METOJIOB 3aTPYIHUTEIHHO, TO3TOMY Pa3pabOoTaHbl METOIBI IIOC/Ie-
JOBaTEIbHBIX TPUOJIMKEHUI ¢ ITPUBJIEICHUEM IPYTUX PE3YJIbTaTOB.
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PaccmaTpuBaeTcs 3aa9a CAHTE38 ONTUMAJILHOTO YIIPABICHUSA O0BEKTOM,
MOBEJIeHHEe KOTOPOI'O OIUCHIBAETCS CUCTEMO OOBLIKHOBEHHBIX auddepeniy-
aJIbHBIX ypaBHEHUil

z = f(t,z,u,0),

e © — N-MepHBI (HPa30BbIii BEKTOP, 0 — k-MEPHBII BEKTOP BO3MYIIECHMIA,
U — M-MEPHBIII BEKTOP ylIpaBieHns. BeKTOp ¢ MOKeT ObITH CIIydailHbIM (TO-
IJl@ OH 3aJ]aH CBOUM CTATHCTHYECKUM ONMCAHUEM ), JIMOO HEOIPeeJeHHBIM
(XapaKTepu3yoIUM HEeJOCTATOYHOCTh HAIINX 3HAHUNA 00 M3yJaeMOM siBie-
Hun). B obonx cirydasix BekTop o () 3ajaercst cBoeil NPHHAIE)KHOCTBIO K
HEKOTOPOMY MHOKECTBY:

o(t) € 3,(t) Vt, u€ G, Vtx,o, € G, Vit

Tpebyercst HAlTH CHHTE3MpYIOIee yupasienne u = u(z, o,t), ONTUMU3H-
pyroee 3aaHHbIi GyHKIwoHaT J(u, ). IIpeayaraercs HECKOJIBKO TI0/IX0I0B
K PEIeHnO 3a/[a9i MPUOJINKEHHOTO cuHTe3a. VTak, paccMaTrpuBaeTcs 3a/a-
Ya O HNOCTPOCHUHN CHUHTE3UPYIOIIEro YIPAaBJIEHNA, OCHOBAHHOI'O Ha IOCTPOe-
HUU aIIIIPOKCUMHUPYIONIEI0 MHOXKECTBa JJOIyCTUMBIX yIIpaBJIEHUH I1apaMmer-
pudeckuM ceMeiicTBoM (dyHKIM. Perrenve 3amadm cuHTE3a MIPOBOJIUTCH B
HECKOJIBKO 9TAIIOB: HAXOXKJEHIe [IPOrPAMMHOTO YIIPABJIEHUS JIJIsi BEIOpAHHO-
ro Habopa JaHHBIX, 3aJ@HUE MMAPAMETPUIECKOrO CEMelCTBA YIIPaBJISTIONINX
dbyHKIMI, 3aTeM OTHICKAHNE ONTUMAJIHHBIX 3HAYEHUN mapaMeTrpoB. B Takoii
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IIOCTAHOBKE CHHTE3UPYIOIee yIPaBJIeHNe MPUOINKEHHO MOXKET OBbITh Hali-
JIEHO B TeX 3aJlajdax, JJisi KOTOPBIX Pa3pabOTaHbl METO/Ibl HAXOXKIEHUS TTPO-
rpaMMHOTO yIIpaBjeHus. B uccieryemoit 3aatde MOTYT PACCMaTPUBATHCS KaK
IJIaJIKVe, TaK U Herjia ke (OYHKIMOHAJIBL; PA3IUIHBIMU MOTYT OBITh U Or'pa-
HUYEeHUsI Ha ylpaBjeHue u Gpa3oBble KOOPAMHATHL [1].
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Buwhesckuti B.3.
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Nsy4waercs cucrema
&= Ar + B(x,x), t€R' xecC",

B(z,2) 2 (z|BVz >,..., < z|B™M)T. )

IIpexmonaraercs, 4ro ||z(t,xo)]|] < R < oo npu ¢t € [0,+00), rae || - || —
nosmkpyrosasi HopMa B C". PaccMaTpuBaeTcst £-lapaMeTpuiecKoe ceMeiicTBO
3aa4 Komm

i =Ax+e(B(z,2) — Az), 2(0) =20, 0<ec€ R, (2)

KOTOPOE BBEJIEHHEM HOBOI JIONOJIHUTEILHON IIEPEMEHHON Xp,41, IPeodpasy-
ercs B e-IlapaMeTpudecKoe ceMmeiicTBo 3ama4d Ko Buma:

&= Az +e(Br,r)+Al@,7), Ent1 = Ap1Zas1 — EXnp1 sy,

3
Ap1 € CNO,  2(0) =2°,  2,11(0) =1, ®)

e A2 (A1, .., AT, A £ Ay T1Tn g1 + oo+ UenTp Tyt

ITpu sTom Spec A u npasast 9acTh (3), BXOAAMAS B BOSMYIIEHAN 3aBUCIT
OT TPy HapaMeTPoB, UCKYCCTBEHHO BBEJICHHBIX B 3ajady. BBoas ramMmiib-
rounan H = (p| A|q) +&{p| B(q,q) ), crpoum dopmaibHOe Ipeobpa3oBaHue
Jlu—enpu [3] ¢ reneparopom

S = Z (m!)iléfmSerl(pv Q)a

m=0
rae ¢ = q¢(Q,P,e), p=p(Q,P,e) ynoBierBopsieT cucreMe

dg 89S dp S
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Haknazpsas TpebGoBanusi, 9To0bl npeobpasosanus ¢ = ¢(Q,P,e), p =
p(Q,P,e) ceommm cucremy (3) K BUILY Q = AQ ¥ CXOLUINCH B HEKOTOPOil
obaactu U(0,r) x [0,&p), HOIydaeM COOTHOIIEHNUST JJIs BBEJEHHBIX B (3) na-
pameTpos. QOpMyIUPYeTCst PSAJ] YTBEPIKACHUI O CXOAUMOCTH TeHepaTopa S
n omenke obactu cxomuMmoctu. Ilokazano (2, 3|, aTo pemaiommm sBIsIeTCst
MIPUHAJJIEXKHOCTH Spec A obractu HyaHKape ¥ OTCYTCTBUE HU3IINX PE30HAH-
coB (cooTHOIeHU Buga \; = <m|/\> miA1+- - - +muA,). [Ipeobpazosanus

q(Q,P,e) up(Q,P,e) cxousites Torga B cuity Teopembl Komm. Ecim obnacrsb
cxopumocTH npeobpaszosanuii Id: ¢ = ¢(Q,P,e) u p = p(Q,P,e) He 3axBa-
THIBAIOT 3HAYEHUH Tp11 = 1, € = 1, TO KOHCTPYUPYeTCS AITPOKCUMAITHS
[Mage-Ienkca [1]. Pemenne 3anaan Komm muist (3) umeer Bug,

q(t.¢°) = Q(, Q") + Y (k1) '¢™M(Q(t, Q")) (5)
k=1

Mycrs § € C™, ¢ € CT wpnm [0 < 1 6¢© =¢° 2 (@, .., d% 1, 1).
PaccMoTpuM  aHAJIMTUYECKYIO TpaMyto Lg = {6¢: ¢ € C'}. Mycers

AN AN _ k o
flg) = ¢+ ZZO:1 (@), felq) = (k) IQE )(q). Torna BOIPOC OTOYEIHONA
armpokenmarun q(t, ¢°) u3 (5) 3a kpyrom cxopumoctu psija (5) permraer ciie-
JIyIoIIas TeopeMa.

Teopema 1. Oyuxnus fe(m’n) (¢) sBasiercst (m, n)-piM npubsmkenneM Ilage
byt f5(C), T,

Fo(Quy™™ (€) —v§™™(¢) = O(¢™HY), ¢ect,

m,n A m,n m,n — m,n m,n
riae fa( ’ )(C) = Ué ' )(C)(ué ’ )(C)) 1 a ¢pysxmun vé )y ué ™) pveror
TpebyeMmyto ¢opmy

C’"fm( ) M fma(9)
=

(m,1) m
w0 ka O Y RO |
k=0

L) 8 | M n(0) ¢ f i (6)
g 1 1
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On the Asymptotic Stability of a Class of Nonlinear
Difference Switched Systems
Bosaowurn M.B.
st023432@spbu.ru
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06 acMmnTOoTMYECKOW YCTOMYMBOCTU OAHOrO Kfacca
HEe/INHENHbIX PAa3HOCTHbIX CUCTEM C NepeKNYeHUusIMun

B mammnoit pabore mcciemyercst mpobiemMa yCTOWIMBOCTH PEIIeHI OHO-
ro KJIacca HeJMHEHHBIX PA3HOCTHBIX CHCTEM C nepeksodenusamu. [Ipemnmona-
raeTcsi, YTO HEJMHEHHOCTH YJIOBJIETBOPAIOT OTPAHUYEHUSIM CEKTOPHOTO TH-
na. CrucreMa ¢ IIEPEKITIOUEHUSIMEI COCTOUT U3 CeMefICTBa MTOJICUCTEM U 3aKOHA
ux nepeksitodenusi. CUCTEeMbI TAKOTO BUJA MOSIBJISIOTCS TIPU MOJEJIMPOBAHII
MHOIUX DeasibHbIX mporeccos [1, 2|. PaccmarpuBaeMble pasHOCTHBIE CHCTe-
MBI MOT'YT IHOJIYYAThCS IPU YUCJEHHOM UHTETPUPOBAHUE COOTBETCTBYIOIIIX
cucreM OOBIKHOBEHHBIX JnddepeHInaIbHbIX ypaBHeHnii. Pa3HocTHbIe cucTe-
MBI TaKKe IPEJICTABISIOT CAMOCTOATEJLHBI MHTEPEC, TaK KaK COCTOSHUS
MHOTUX PeajibHBIX IIPOIECCOB U3MEHSIIOTCS B JIMCKPETHBIE MOMEHTHI BPEMEHN
[3-5].

IIycrs N — muOkecTBO Harypasbubix ynces, M = NU {0} — muoxkecTBO
MOMEHTOB BpeMeHHU, N € N — KOJIM4YecTBO IIepeMEHHBIX COCTOSIHUS CHUCTEMBI,
I={1,...,n}, N € N — xonmuecrso nozcucrem, @ = {1,...,N}.

Paccmorpum cucremy

w(k+1) — x(k) = hPy ) f (2 (k). (1)

Buecw f(x) = (fi(z1),..., fol2n))T; ckanaprse bynkmuu fi(r;): R — R
HeNpepBbIBHBL U 00JazaoT cofictBoM z; fi(z;) > 0 npu x; # 0, i € I;
o(k): M — @Q — xycouno-nocroguHag (DYHKIHs, ONPEIEIAIONAT 3aKOH
nepeksiouerus; Pg: @ — R™ ™ — nocrostauble MaTpunpr; h > 0 — mar
JINCKPETU3AIIAN.

Takum o6pa3oM, B KarK/blil MOMEHT BpeMeHu pabora cucreMmbl (1) omu-
CBIBAETCS OJIHOI U3 MOJCUCTEM

x(k+1)—x(k) =hPsf(x(k)), se€Q. (2)
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Paccmorpum coorBercTByIomue noacucreMaM (2) cucreMbl OOBIKHOBEHHBIX
nuddepeHIuaIbHbIX yPaBHEHUIH

&=P,f(z), s€cQq. (3)

U3 coiicts dyukuuu f(x) ciaemyer, aro cucrembr (1-3) umeror HyJseBble pe-
MIEHUS.

Cucremsl Buja (2) u (3) IIIPOKO NPUMEHSIOTCS IIPH M3YYEHHH CHCTEM
ABTOMATHYIECKOTO perynupoBanust [1, 3|. OHE TakKe MCIOIB3YIOTCS TIPH MO-
JIeJINPOBAHNY HEHPOHHBIX cereil [6].

B pabore [7] 6bUIM NOIYYEHBI JOCTATOYHBIE YCJIOBHS, IPU BBINOJIHEHIN
KOTOPBIX i cemeiicTBa mojcucreM (3) cymecrByer obrmas dynkuums Jlsmy-
HOBA, yJIOBJIETBOPSIOIIas TpeboBaHusM TeopeMbl JlamynoBa o6 acmMOTOTH-
qeckoit ycroausoctu. [Ipu 3TOM paccMaTpuBaoCh HECKOJIBKO BO3MOYKHBIX
BapUAHTOB ITOCTPOEHUs TAKON (DyHKITUH.

IIpeamonokum Temnepb, 9T0 FaApAHTUPOBATH CYIIIECTBOBaHUE 00Ieil (DyHK-
muu Jlanynosa juist mogcucrem (3) me ynaerca. Torma obecrieduTsb acumIi-
TOTUYIECKYIO YCTONIMBOCTH MOXKHO 38 CYET HAJIOXKEHUS CIEIUAJBHBIX J10-
[IOJTHUTEJIbHBIX OIPAHUYeHUil Ha 3aKoH lepeksiodenus (dwell-time approach
2, 8, 9]).

O6ozuaunm yepes 0; : N — N MOMEHTBI IEpeKJIFOUeHH MeXKLy IOJICH-
cremMaMu, TO eCTh Bee Takue uucaa 6;, aro o(0; — 1) # 0(60;), 61 < 62 < ...
Bynem cumraTh, 9TO 9TH MOMEHTHI U3BECTHBI, & MOPSJIOK, B KOTOPOM IPO-
HCXOJUT CMEHA PEXMMOB (DYHKIIMOHUPOBaHWs cucTembl, Her. Ilycrs 0y =
0. Bysem paccMaTpuBaTh TOJIBKO TaKWe 3aKOHBI IMEPEKJIIOUEHUs], ISl KO-
Topbix dyHkims o(k) Ha npomexkyTke [0,+00) umeerT GECKOHEIHOE KOJIU-
qecTBO mepeksirodeHnii. OBO3HAUNM ITPOMEXKYTKUA MEXKJLY MEPEKTFOYEHUIMI
T, =0; —0;,_1,i € N.

Hasiee HAJIOXKUM Ha MpaBble 4acTH ypasHeHuii (1) HeKOTOpbIE orpaHuye-
HUS.

ITpennomnoxkenme 1. Ilycth st KaxkJioro 3HadeHHs WHIEKcCa s € Q)
CYIIECTBYIOT TOJIOKUTEIHLHBIE YUCTIA )\gs), e /\gf), pU KOTOPBIX MATPHUIIA
P?AS + AP, orpuniaresibHO OlpeiesieHa. 31ech

A, = diag(AY,... AW,

Vcii0Bus CyIIECTBOBAHUS TAKUX 3HAYEHUN )\gs)’ ceey ,\Sf) WCCJIEIOBAJINCH B
paborax [7, 10].

Ecau BbInosiHEHO Tpearoiozxkenre 1, To Jyist KaxKJaoro s € () HyJeBoe
pelienue $-oi mojcucTeMbl U3 (3) aCUMIITOTMYECKHM YCTORYMBO MPH JIOOBIX
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monycTuMbIx GyHKImAX f;(x;), IpuaeM Jyis 9Tod mogcucTeMbl QyHKITHS
n Ti
Vs(x) = Z)xz(-s) /fZ(T) dr: R" >R
i=1
0

VIIOBIIETBOpsieT TpeboBaHusiM TeopeMbl JIamyHoBa 00 aCHMITOTHYIECKO
. S S

ycroitunBoctu. Ecim 661 Tpebyemble 3HAMEHUs /\g )7 .. .,)\%) VAAJIOCH TIO0-
6paTh OJIMHAKOBBIMU JJIsI BCeX § € (), TO 9TO ObI O3HAYAJIO, UTO JJIs [OJICH-
creM (3) Oy InII0Ch TOCTPOUTh 0011y byHKIuio Jlganynosa. Onuako, yc/io-
BHUSI CYIECTBOBaHMs TaKOil obmieil dpyHkimn JIsamyHOBa SBIISIIOTCS TOPA3Io
boJtee KECTKUMU, HEXKEJIH YCJIOBUsI CYIIECTBOBAHUS CBOEH IaCTHON (DYyHKITIH
JIsamyHoBa a1 KaXKI0# OTIe/IbHOM MOACUCTEMBI.

IIpennosioxkenue 2. Ilycrs dynkuuu f;(2;) yIOBIETBOPSIOT YCIOBHIO
Jlummwuia, To ecTh CyIIeCTBYeT MOJIOKUTEIbHOe IUC/IO L, TP KOTOPOM st
Beex x, o) € R

|filwi) = fila)] < Llag — 7], i€l

IIpenmnosnoxxenue 3. [lycTsb cymecTBYOT HOMIOXKATEIBHBIE YnCIa 3, IpA
KOTOPBIX DyHKIWMH f;(x;) yIOBIETBOPAIOT YCIAOBUAM

/f,;(T)dTéﬂ,;ff(xi), z; €R, iel.
0

B uactHOCTH, IpeIonoKerne 3 Gy/eT BBINOIHEHO, ecan hyHKmu f;(x;)
MOHOTOHHO BO3PacTaloT IpHU ; € R, U CyIecTBYIOT IOJIO0XKUTEIbHBIE YUCIIA
vi, upu KOTOPbIX MyHKIWMK f;(2;) YIOBIETBOPAIOT yCIAOBUAM

|fi(xs)| = vilwi], z; €R, iel.

Vcnonbayst n3sectHble yactHble dbyakuun Vi(x), ..., Vy(z) ana noxcu-
creM (3), mocTpoum cocrasuyio dynkmuio Jlamynosa V) (x) ama cucrembr
(1), coorBercrByIONyI0 3aKoHY mepekimodennst o(k). C IMOMOIIBIO OIEHKH
npuparieHus 3toit GyHkmu B cuity cucrembl (1) u mocieryromeil oneHKn
HODPMBI DeIleHnil 3TOi CUCTEeMBI TIOJIYIUM CJIEIY 0NN Pe3yJIbTAT.

Teopema. IlycTh BBITTOTHEHBI TIPEITOOXKeHUA 1-3, U

15
— ZTm+l — 0 (4)
P

npu p — oo npu Bcex m € N. Torna Haiijiercss Takoe MOJOKUTEIBHOE IUCTIO
ho, 9T0 HyJIeBOE perieHure cucTeMbl (1) aCUMITOTUYIECKU YCTONYUBO B 1I€70M
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upu Beex h € (0, hg). Ecu npu sToMm npefensroe cooTHorenne (4) BbIIOIHE-
HO PABHOMEPHO TI0 OTHOIIEHUIO K M € N, TO HOJI0KHUTEIBHOE TUCIIO hg MOXKHO
BBIGpATh Tak, HyJIeBoe pernerne cucteMbl (1) Oymer paBHOMEPHO aCUMIITOTH-
4JecKn ycroiunso npu Beex h € (0, hg).

B mammoit pabote Ha 0OCHOBE MPsiMOTO MeTo1a JISITyHOBA MOy IeHbI JOCTa~
TOYHBIE yCJIOBUA ACUMIITOTUYECKUNA YCTOMYMBOCTUA PEIICHUN pacCMOTPEHHO-
ro KJIACcCa HEJMHEHHBIX PA3HOCTHBIX CHCTEM C IIepeKjodeHusMu. [Ipu arom
ACHMIITOTHYECKAs YCTOMIMBOCTD MMeEET IVIOOAIBHBIN XapakTep U 0becredn-
BaeTCs C IOMOIIBIO HAJIOXKEHUSI OTPAHUYICHUN Ha 3aKOH IIePEKIOUCHNUS.

Pabora Bemosinena npu noggepxke POOU, mpoekt Ne16-01-00587.
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On the Question of Zero-Controllability of Nonstationary
Bilinear Systems
Exumos A.B., Baavkuna FO.E., Ceupxun M.B.
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K Bonpocy 0 Hynb-ynpaBasieMOCTV HeCTaunoHapHbIX
OununHelHbIX cncrtem

PaccmorpuM HecTannoHapHyIO OHIMHEHHYIO CHCTEMY
&= (A) + B({t)u) x + b(t)u + f(2), (1)

rue A(t), B(t) — nenpepbiBHble U orpadudentbie upu ¢ > 0 (n X n)-mMarpuipl,
BekTop-byukimu b(t) u f(t) Takzke HelpepbIBHBIE U OrpaHuydeHHble upu ¢t > 0.
JlomycTHMBIMU CYMTaeM CKaJISIpHBIE yTpaBJjeHust 4(t), KOTOPbIE SBJISIOTCS
HeNpepbIBHBIMA (DYHKIUAMHA Ha, JTAHHOM ITPOMEKYTKE.

Omnpepesnienne 1. Cucremy (1) Gyzem HasbBaTh IVIO0AJBHO HYJIb-
yIpaBageMoii, eciu jyig Jioboro xyp € E™ u jynoboro tg > 0 cymecrByer
JoiycruMoe yipasienne v = u(t), nepesogsiiee cucremy (1) u3z nosoxkenus
Zo B HOJIb 38 KOHCYHOE BPEMsI.

Omnpegesierne 2. ITonoxkenne x = 0 HA3BIBAECTCA ACHMITOTUICCKAM I10-
JIO?KEHHEM ITOKOSI CHCTEeMbI

i = f(t,x), (2)
€CJIM CYIIECTBYeT HEKOTOpasi OKPeCTHOCTD ||z|| < & mosoxkenust @ = 0 Takasi,
qTo Jiroboe pertenue x(t, o, ), HAYUHAIOMIEECH B 9TON OKPECTHOCTH IIpH =
to, to = 0 Byzner orpanuyeno upu t > to u, Kpome toro, ||z (¢, to, zo)|| — 0 upu
t — +oo.

Econ syis mo6e1x 29 € E™ n sobbix tg > 0 pernenne z(t, to, o) orpanmde-
Ho 1 ||z(¢, o, x0)|| = O mpu t — +00, T0 £ = 0 HA3LIBAETCA ACUMITOTHICCKUM
I[IOJIO’KEHUEM IIOKOsI B 1ieJIoM cucreMsl (1).

B pa6ore [1] mokazana cieyiomas reopemas

Teopema 1 (B.U. 3y6os). s roro, 4robsl = 0 GbLIO ACHMIITOTHYE-
CKUM TIOJIOXKEHUEM TIOKOsI CHCTEMBI (2), JIOCTATOTHO BBIOJHEHHSI CJIETYFOIIIX
YCJIOBUL:

1. CyImecTByeT ONpeneseHHoO-TIOIOKATeMbHass byHkmsa v(t, ) Takas, 9TOo
v(t,z) — 0 upu x — 0 paBHOMEPHO OTHOCUTEJLHO ¢ > 0;

2. mosHas mpomssogHas dyHKuun v(t,x) B cuiry cucremsbl (1) mmeer Bug
o(t, @) [(1) = w(t,z) + wi(t, ), rae dyrxnus w(t, x) OTPULATENBHO Olpe-
nmeena u wi(t,x) — 0 upu ¢ — +00 PABHOMEDPHO OTHOCHTEJIHBHO X BO
BCSIKOI OMpAHWYEHHO 00J1acTH, cojepkKareit Touky = = 0;
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3. cymectBylor umciia €1 > 0, e > 0, €1 < €9 Takme, UYTO
iNfg|=ea,t00(t, ) > SUP|z|=c; ,t200(t, ) 1 D(L, 2) |(1) < 0 mpu g1 <
lz]] < e2.

Teopema 2. [dnga toro, urobbl cucrema (1) Obuta rI06aIbHO HYJIb-

YIPABJISAEMOii, JOCTATOTHO, YTOOBI BBIIOTHAIACH CJIEAYIONIAE YCIOBUS:

1. cucrema

&= A(t)z (3)
ObLIa SKCIOHEHITUAIHLHO YCTONINBOI;

2. f(t) = 0 upu t = +o0;

3. muist jioboro tg = 0 cymectByer T > 0 u HeNpepbIBHbIE CKAJISIPHBbIE (DYHK-
un vy (t), va(t), ..., v,(t) Takue, 9TO MaTPULA

to+T
G = /t Y1(r) (B()2(r) + b(r)) v(r)dr,

rje Y (t) — HopmupoBaHHas pu t = to byHIAMEHTATIbHAST MATPHUIA CH-
cremsl (3),

2(t) =Y (1) (w0 + [, Y HA (7)), 0(t) = (02(8), v3(8), o va(8) "

HokazaresnbcTBo: 3amkaeM cucremy (1) ympasienuem u = 0. Ilomyanm
JINHEHHYIO HEOTHOPOJHYIO CHCTEMY

&= A(t)z + f(t). (4)

B cuity 9KCIIOHEHIMAIBHOl yCTOYuBOCTH cucTeMbl (3) CyNIeCTBYIOT JBe
IIOJIOXKUTEILHO OIIPeieJIEHHbIE KB IpATUIHbIEe (DOPMBI

V(t,z) =T P(t)z, W(t,z)=2TQ(t)z,

yrosnersopsuomue onenkam: ap ||z]|? < V(tx) < aollz]?, b llz]]® <
V(t,x) < bs ||m||2, rae a1, as, by, by — MOIOKUTEIHLHLIE KOHCTAHTEL.
IIpu sTom

o(t,z) |3y = —W(t ).

Iponuddepenrupyem byuximo V (¢, ) B cuiy cucremsr (4).

O(t, x) 4y = =W (t z) + Wi(t, 2), rne Wi (t, z) = 22T P(t) f(1).

ITocnemoBaTeIbHOI TPOBEPKOIi JIETKO yOeIuThLCS B TOM, YTO BBLIIIOJIHEHBI
Bce ycnoBusd Teopembl 1 1 x = (0 ABJIsI€TCS ACUMITOTUYECKUM ITOJIOXKEHIEM
nokosi cucreMsl (4). U3 mro6oit HavaibHO Toukn g € E™ cucrema (4) 3a
KOHEYHOE BpPEMS MONAJeT B CKOJb YIOJHO MAJYH OKPECTHOCTH Hysist. Jljist
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Toro, 4ToObI nepesecTu cucreMy (1) U3 OKPECTHOCTH B HOJIb, BOCHIOJIB3YEMCsT
MEeTOJIOM, TIPEJJIO’KEHHBIM B pabote [2]. YupasieHue BbiOepeM B BUJIE

u(t) = c1v1(t) + cova(t) + ... + cpvn(t).

Paccmorpum HesiBHOe ypasrenue x(to + T, to, 2o, ¢) = 0 1y1s1 onpe/iesieHust
¢ = ¢(xg). YenoBue 3) obecrieqnBaeT CymecTBOBAHUE U €IUHCTBEHHOCTD HesIB-
Hoit dynkuuu ¢ = ¢(xg) rakoii, uro ¢(xg) — 0 upu x¢o — 0. Ilpu noxcranos-
Ke T0JIy4eHHBLIX K03 (DUINEHTOB yCUIeHUs TI0IyYlM UCKOMOe IPOrpaMMHOe
yIpaBJIeHHeE.

Teopema nokazana.
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In this article we present an extension of the prediction scheme proposed
in Smith (1959) for the compensation of the input delay to the case of
linear difference systems with constant coefficients. As a result we research a
possibility to stabilize such systems and construct the stabilizing control.

Crabunusaumsa nuHeiinbix auddepeHymnanbHO-pPa3HOCTHbIX
CUCTEeM C SIMHEeNHO BO3pacTalowmumM 3anasgbiBaHnuem
KYCOYHO-NOCTOSIHHbLIM ynpaBieHnem

IIpu cocraBieHNM MaTEMATUIECKAX MOJECH PA3TUIHBIX PEAJTHHBIX TE€X-
HUYeCKUX, OMOJIOTHIEeCKUX, SKOHOMUIECKUX U JAPYTUX CHCTEM MHOTIA IPUXO-
uTcs puberath He K AuddepeHnuaababiM, a K PA3HOCTHBIM YPABHEHUSIM,
NIPUIEM POJIb IIOCTEHAX B MATEMATHIECKOM MOJEINPOBAHNN ITIOCTOSTHHO BO3-
pactaet. K pa3sHOCTHBIM ypaBHEHUSM ITPUBOISIT, HAIIPUMED, METO/Ibl IUCIEH-
HOI'O MHTEIPUPOBAHUS B BBIYUCJIUTEIbHON MaTeMaTUKe, METO/IbI CETOK U KO-
HEUYHBIX 3JIEMEHTOB B MATEMATHIECKON (DU3NKE, PA3TUIHbIE SKOHOMIUIECKUE 1
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9KOJIOTUYIECKHUE 33 Ia4U. BOJIBINOo HHTEpeC TP STOM IIPEJICTABIISIIOT PA3HOCT-
HbIE yIIPaBJIsieMble U HAOJII0/[aeMble CUCTeMbI. /lucKpeTusaiius B 3TOM CIydae
HOCHT €CTECTBEHHBII XapaKTep, IIOCKOJIbKY HAOJIO/IEHUsT OCYIIECTB/ISIFOTCS HE
HEIIPEPBIBHBIM 00Pa30M, a ¢ KAKUM-TO KOHETHBIM BpEMEHHBIM HHTEPBAJIOM. B
OTIEIbHBIN KJIACC TAKUX CUCTEM MOYKHO BBIJIEJUTH PA3HOCTHBIE YIIPABJIsIEMbIE
cucTeMbl ¢ 3ana3apiBanusiMu. OHI OMUCHIBAIOT CUTYAIIH, KOTJIa WH(MOPMAITHS
0 XOJIe TIPOTIECCa MOCTYIAET K PEryJsisiTopy €O 3HAUMTEHLHON BPEMEHHO 3a-
JIEP2KKOIA, YTO MHOI[A BJIEUET 3a OO0l HEYCTONINBOCTD 3aMKHYTOM CUCTEMBI.
CrieicTBIEM TOTO MOYXKET OBITH HEBO3MOYKHOCTH IIPAKTUIECKON Peasn3aliuu
pacuéTHOro mnporecca paboThl WK Jlaxke aBapus. I3BecTHO, 9TO 1eM HoJbIe
3aIa3/IbIBAHNE, TE€M CJIOXKHEEe JOOUThCsI TPeOyeMOro KadecTBa PeryaInpoBa-
aust. OfHIM 13 c110cOO0B MOBBINIEHNsT KAYECTBA YIIPABJIEHUS SIBJISICTCS TTPH-
MeHeHHue 6oJjiee CJIOXKHON CTPYKTYPBI CHCTEMBI YIIPABJIEHUsI, MTO3BOJISIIOIIE
YMEHBIIIATH HETATUBHOE BJIMSTHYE 3al1a3/IbIBaHUsI. B YacTHOCTH, JIJIsl yIIpaBJe-
HUS CUCTEeMaMU ¢ GOJILIIUME 3ala3IbIBAHUIMA OPUMEHsIeTCst upeaukTop [1],
1eJIb KOTOPOTo - "mpecka3ars " BBIXOMHOM CUTHAJ JI0 er0 HEIOCPEICTBEHHO-
ro TOsIBJIEHUS. B HacTOsIIIIee BpeMst N3BECTHBI PA3JINIHBIE CXEMbI [IOCTPOEHIUST
PeryJIsiTOpoB, KaK JiJIsl JIMHEHHBIX, TAK U JIJIsI HEJIMHEHHBIX CHCTEM 3alla3/[bl-
BaKoIIero Tuna [2, 3|, a Tak¥xKe i CuCTEM HEHTPaJbHOrO TUIa [4].

B nmammoit pabore paccMoTpeHa JimHelHasi ynpabjsiemas guddepeHtu-
AJIbHO-PA3HOCTHAS CUCTEMA YPABHEHUH ¢ COM3MEPUMBIMHU 3aITIA3/ILIBAHUSIMUA B
YIpaBJICHUU, KOTOPad B JIAJIbHEHIIEM CBOJUTCA K YIIPaBJIAEeMON PAa3HOCTHOIR
cucreme. Onmpasich Ha pe3ysbTarhbl, nonydenusie B. JI. XaputoHoBbM [5,
6], aBTOPBI IIPeJIAraloT IPUMEHUTH IIPEJJIOYKEHHBIH UM MeTOJ KOMIIEHCAITN
3ama3bIBAHUS JJIsi PA3HOCTHBIX CHCTEM.

Pacemorpum cieyromntyto guddepeHnuaibHO-pa3sHOCTHYIO CUCTEMY

i(t) = Aoa(t) + Ar(B(1)) + Bu,

e & — M-MEPHBI BEKTOP (Pa30BBIX COCTOSHU, % — CKAJAPHBLIA BEKTOP
yupasienuii; Ay, A1, B — BellleCTBEHHBIE IOCTOSIHHBIE MATPUIIBI COOTBETCTBY-
IOIUX pasMepHocTedl. 3aMeHnM TponsBoaHyio 4(t) pasHocrbio (z(t + A) —
z(t))/A, cnenaem 3ameny aprymenta T = A - { U BBEAEM HOBYIO UCKOMYIO
dyukuuio y(7) = (A - 1).

Ipeaplaynas cucreMa IPUMET TOTIA, BUJL

y(r + 1) = Py(r) + Pry(B(7)) + Du,

e P=I+A-Ay, P,=A-A,D=A"-B.

Honoxum cuadana P; = 0 u sBeaéM marpuny S = (D, PD, ..., P" D).
Bymem camrars, aro rangS = n. s npeobpa3oBaHHON PASHOCTHON CHCTEMBI
6yeM CTpOUTh cTabummsupytomiee yrnpasienne suga u(7) = CTy(r—N), rae
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N > 1, CT — BemecTBeHHbII TIOCTOSHHBIH BEKTOP pa3MepHOCTH 1 X n, mome-
sKamuii onpenesnenno. Beeném nasee sektop z(7) 1o dopmyie y(1) = Sz(7).
O6o3HauasT KAK 2z, (T) HOCIEHIOI KOMIIOHEHTY BEeKTOpa z(T), HOJIYINM, U3-
BECTHBIM 00pa30M, CJIe/IyIolee CKAIAPHOE YPaBHEHNe

zn(TH+n)+przn(tHn—1)+. . .4 pr_12n(T+1) + Ppzn(r) =u(r —N), (1)

IJie BeIMIHUHEL Pj, j = 1,...,n — KO3 UIIEHTH XapaKTepUCTUISCKOTO yPaB-
Henus Marpunsl P. Jlajee HeTpy/IHO MOKAa3aTh, UTO yIPABJIECHUE

u(t) = CTS2(1) = Eran(T 4+ 1 — 1)+ azn(T+ 1 —2) + ... + Enzn(T)

BOODIIE TOBOPsI, HE SABJISIETCS CTAOMIN3UPYIOMUM. B camMom fesie, ypaBHEHHe
(1), 3aMKHyTOe TAaKUM yIpaBJeHHeM, OyJIeT UMeTh BUJL

zn(T+n)+prza(t+n—1D+ . .+ pa12n(T+ 1) + Dpzn(r) =
=¢zp(t+n—1—N)+cGazp(t+n—2—N)+... 4 épz,(7 — N).
Mozkro 3aMeTuTh, uto ipu N = 1 n n = 1 mosydaeTcs ypaBHeHme
201+ 1) = —p12(7) + C1zn(r — 1),

KOTOpOe HeycToitunso, ecsn |p1| > 2. Ilpu N = 1 Gyznem uckars crabuimsu-
pylolliee yIpaBJieHue B BUJIE

u(T) = CGrzn(T+n—1)+Cazp(T+n—2)+.. .+ Cn12(7+ 1)+ EE(T+n), (2)

rae
E(r+n)=dil(t+n—1)+do(T+n—2) 4+ 2, (T +n — 2). (3)

B yupasiernu (2) moJ0XuM Gp—1 = PpyCn—2 = Dn—1,...,C1 = Pa U pac-
CMOTPUM CUCTEMY YIBOEHHOU pPa3sMEpPHOCTHU

{ 2n(T4+n) +prza(t+n—1) —&E(r+n—1)=0 @
E(r+n)—di&(t+n—1)—do(t+n—2) — 2,(1+n—2)=0.

(&7)-r(3)

pTJrnll +p1p‘r+nfll1 _ 5np‘r+n7112 =0
p7'+n12 _ dlpT"'"_llg _ d2p7+n—212 _ pr+n—211 =0.

ITostaras 3mech

3alnIIeM,
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nJm, I10CJjie COKpalleHud

pli +pily — ¢,la =0
p2l2 - dlplz — dglg — ll =0.

CoOTBETCTBEHHO, XaPAKTEPUCTUIECKOE yDABHEHNE UMEET BT

p+p1 —Cn _ 3 _ 2
det( -1 p27d1p7d2 > =p +(p1 dl)p

— (p1dy + d2)p — (prda + ¢,) = 0,

Temepnb, 3Has BETUIUHY P, BEIOEPEM TIOCIEI0BATEIHLHO BEJIUIUHBI d1, do U Cpy
TakK, 9TOObI BCe KOPHM XapaKTEePUCTUIECKOI0 YPaBHEHUs PACIojarajuch Ha
KOMIUIEKCHO} TJIOCKOCTH B Kpyre eauHuIHOro pasjmyca. Cucrema (4) Gyzer,
CJ1€40BATE/ILHO, ACUMIITOTUYECKHU YCTOMYNBOI, a 3T0 3HAYUT, YTO YIIPABJICHUAC
(2) ¢ yuérom panee onpeeéHHbIX KOadhduimenTos é;, ¢ = 1,...,n—1, Gyzer
crabuiansuposarh ypasuenue (1).

AnaslornaHbIM 06Pa30M MOXKHO CTPOUTDH CTAOMIN3UPYIOIIee yIIPABJICHIE B
ciaydae, korma N > 1. B obmiem cirydae uieM cTabuin3upyomiee yipaBIeHne
B BUJE

u(rt—=N)=c&(t+n—1)+&{(T+n—2)+ ...+ &:E(7),

rme {(t+n)+dié(t+n—1)+dl(t+n—2)+...+disnl(t+n—1—-N)+
Zn(T+n—1—N)=0.

[ToyueHHBINT pe3ybTaT MEPEHOCUTCS TaKyKe Ha CJIydail BEeKTOPHOT'O
yupasJieHust. Kpome Toro, MoKHO ITOKa3aTh, ITO TIOCTPOCHHBII 3aKOH yIIPaB-
JIEHUsI sIBJII€TCsI POOACTHBIM TI0 OTHOIIEHUIO K HEOIPEIETEHHOCTH B KOIbDu-
[IHEHTAX UCXOMHOM CHUCTEMBI.
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PacueTHas ycTon4mBoCTb HEKOTOPOro 0bObLIKHOBEHHOrO
AvndpdepeHumnanbHOro ypaBHeHUs NepBoro nopsigka

Paccvorpum muddepennuanbuoe ypaBHeHNE BUIA

X e N f@) <0, M

rje T - CKaJsdpHas BEIMYUHA, A - 9YUCI0BOil napamerp, f(z) - ckassp-
Has HenpepbiBHast DYHKIMs, 3aJaHHas B HeKoTopoM uurepsase (—I,1), | =
const > 0, yIOBIETBOpSIONIAsl TaM YCJIOBUIO JIMMIIKAIA, & TaK¥XKe YCJIOBUIO
zf(x) > 0, z # 0. Bynem Tak:ke npejmosararsb, 9T0 CKajsdpHasd (ByHKIH
g1(t) onpenenena u HemnpepbiBHa Tpu Beex ¢ < 0, g1(t) Z 0mpu ¢t < O m
TaKOBa, YTO BBIIIOJIHSIETCSI YCIOBHE

“+o0
/ gi(t)dt < +oo.
0

Ouesnao, uto f(0) = 0 B cuuty HenpepbiBHOCTH dyHKIUN f(2), HO IBUYKEHHE
x = 0 He peasmsyercs: ypasHenueM (1), T.x. g1(t) Z 0 npu ¢t < 0.

Teopema. [Ipu BoioaHeHNN yKa3aHHBIX yesoBuil Ha Gyakuun f(x), g1 (t)
B ypasaenuu (1) npuzkenne x = 0 gBJIsIeTCs PACUETHO YCTONYUBBIM.

HokazareabcTBo. C 11e/1610 000CHOBAHMS CJIEJTAHHOTO YTBEPKIEHUS 10~
crpouM Jyist ypasHenust (1) dynknuio tuna Jlsnysosa V (2, t), yaoBieTBops-
fonryio teopeme 1.5 [1], u Torga pacdyerHas ycTORIMBOCTD JBHKeHus & = 0
ypasrenus (1) Gyaer cieoBaTh U3 yKA3aHHON TEOPEMBI.

Bozbmem

V(z,t) = /Ow flr)dr + f1(t),t <0, (2)

rie dyukims f1(t) samana qst Beex t < 0 u guddepernupyema 1o ¢ npu ¢ <
0. Ona Gyger onpeenena HUKe. BeIMucIuM IOJIHY 0 TPOU3BOIHYIO (PyHKITUH
V(z,t) B cuny ypasuenus (1). Iloxygaem

% = (@) (-2 () + 1 (1)) + (1) =

2 2
= 22f2(2) + 22 f(x) Bl — gD 4 9l 4 ) =

=~ (M) - 20) 49 ). @)
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ITepsoe ciaraemoe B (3) nenosokuresnbHo. Boibepem Terneps dbyukimo f1(t)
CJIEJTY IOIIAM 00Pa30OM:

+o00o +o0
Fi(t) = o / g (r)dr + / W(r)dr, (4)

rie Hekoropas dbyHkima h(t) omnpenesena u HempepbiBHa Jisa Beex ¢ < 0,
yaossersopsier HepaBeHcTBy h(t) < 0 upu ¢ < 0 u TakoBa, 4TO Bropoil Hecob-
crBenHblit uaTerpadt B (4) cxomurcs. Torga npu quddepennupopanuu GyHK-
muu f1(t) B (4) momyuaem, aTo

2
a8 L fi(t) = —h(t) =0

st Beex t < 0, T.e. cyMMa JBYX [OCJIEJHUX CIaraeMbiX B (3) TakzKe Heloso-
kuresabHa. Takum obpasoM, npu naHHoM BbiGope dyukuuu fi(t) usz coorHo-
menmnit (3), (4) brrexaer, aro 4 > 0 npu seex t < 0. ITo camomy mocTpoennio
dbyuxun f1(t) nomyuaem, uro cupaseyuBo HepaseHCTBO f1(t) < 0 npu Beex
t < 0. Kpome Toro, u3 cBoiicts dbyukiun f() BBITEKAET CIPABEIIUBOCTD
COOTHOIIIECHUS

/Ow f(r)dr >0

st Beex ¢ # 0. Takum obpasom, onpenesnennas B (2) dyukuus V(xz,t) yao-
BJIETBOPSIET BCEM yCJIOBUAM TeopeMbl 1.5 [1], m3 xoTopoit u cremyer, uto nBu-
xkerne x = 0 ypasaenus (1) pacuerno ycroiamso. Teopema mokazaHa mos-
HOCTBIO. ’

IIpumep. Ecim B3ath f(x) = x4, e p u q - HesIble TOTOXKATEIHHBIE
HeueTHble "ncHa, £ > 1, a g1(t) = (1+ )", o= const > %, 10 Bee ycioBus
JIOKA3aHHOI TeopeMbl BBINOJIHSAIOTCA. B Kadecrse h(t) MOXKHO B3dTh (DYHK-
o (141) 72
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CneuymanbHble MaTpnyHble Npeobpa3oBaHUs CyLECTBEHHO
HeNNHelHbIX CMCTEeM ynpaBieHus

CroxHbIe HeJIMHEWHBIE CUCTEMbI YIIPABJICHNS, IPUHITNITHAIBHO HE TOJIIa~
oIIuecs JIMHeapu3auu (CojepzKaliye, HalpuMep, HeoAHO3HAYHbIE HeJIMHel-
HOCTH), KaK IIPABUJIO, HEJIb3s JI0 KOHIA UCCIe0BaTh aHaguTndecku. C npy-
roii CTOPOHBI, IIPUMEHEHHE TOJIBKO KOMIIBIOTEPHBIX TEXHOJIOTHI JIJIs KX UCCJIe-
JIOBaHUsSI 9aCTO JAeT TOBOJ, COMHEBATHCS B JOCTOBEPHOCTH IOJIYIEHHBIX Pe-
3ysbTaToB. [109TOMY, METO/IBI, OCHOBAHHBIE HA JIEKOMIIO3UIIUN IIPOCTPAHCTBA
mapaMeTrpoB CyIIECTBEHHO HEJTMHEHHBIX MHOTOMEPHBIX CUCTEM IPHOOPETAIOT
ocoboe 3HAYEHUE.

JlekoMIIo3uInst, KaK IIPaBUJIO, IPOM3BOIUTCS C IOMOIIBIO JIMHEHHBIX IIpe-
00pa30BaHuil ¢ HEBBIPOXKIEHHBIMY ITOCTOSTHHBIMU MaTpunamu. llpuvenenue
TaKuX MPeodPa30BAHUN PACIIEIIISIET MHOTOMEDPHYIO CUCTEMY Ha MOICUCTEMBI
6oJiee HU3KUX PA3MEPHOCTEN JIOCTYIIHBIE [IOJHOMY U CTPOroMy aHasusy [l -
14].

W3zm0k1M MeTO/ HAX0XK IeHNsT MATPHUIbI KAHOHMYECKOT'O IIPe00Pa30BaHUs,
[Ip¥ KOTOPOM MAaTPUIlA JUHEHHON YACTH MCXOJHON CHCTEMBI MPUBOJIUTCS K
[IePBOIl eCTEeCTBEHHOI HOPMAJIbHOI (hopme.

Paccvorpum cucremy Buma

@(t) = A-x(t)+ B-{N[y(t) + @)}, x(0) =0, y(t) = C-x(t), (1)

rae A, B, C' — BeIIECTBEHHBIE MATPUIBI PAZMEPHOCTH 12 X 11, T X 1M, M X 1,
coorBeTcTBeHHO; % (1), £(t) n y(t) — BEKTOPBI pasMepHOCTH 1, n U m (n = m)
COOTBETCTBEHHO; (1) — BEKTODP BHENIHUX BO3MYINAIOIIUX BO3jeicTBuil pas-
MepHocTH m. HejluHeiiHas 9acTh CUCTEMBI IIPEJICTABIEHA BEKTOPOM HeJIMHEeTi-
ueix dbyrkuunit N[y(t)] pasmeproctn m. Diements: marpun B u C BbIcTyna-
I0T B Ka4ECTBE MapaAMETPOB HACTPONKHU U MOTYT U3MEHATHCS NI IPUIAHUS
cucreme (1) TpeGyeMbIX CBOHCTB.

ITpeobpazosannem z(t) = T - z(t) ncxonuyro cucremy (1) HEOGXOIUMO
[PUBECTU K BUILY

() = An - 2(t) + Br - {N[y(t) + ¥(8)}, 2(0) = 20, y(t) = Cr-2() . (2)
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ITycrs marpuna A JsmneiiHoit acTu cucreMbl (1) TakoBa, YTO CyIIECTBYeT
HEBBLIPOKIeHHast Marpuna 1', Takast, 410 npeobpazosanue x(t) = T - z(t)
npusouT MaTpuny A x suny A, = T~ '-A-T, rae A, - nepBas eCTeCTBEHHASI
HOpMaJIhbHas hopMa MaTpuisl A.

Marpura 1" npu 3ToM Beibupaercs HeomgaozHadHo. [lycrs T'= S - @y, Tae
S 1 @, - HEBBIPOK ICHHbIE MATPHILI Takue, uto S~ 1 A-S = A, a Q, - MaT-
PHUIIa, OIHUCHIBAIONIAsT HEOHOZHATHOCTh BBIOOpA MATPHUIILI 1, OlpesesisieTcst
us yeqosust Ay, = Q- Ay - Q.

TakumM obpazoM, B IpeobpasosanHoii cucreme (2) By = Q.1 - S~ 1. B,
Cr=C-S Q. Pacmenienue npeobpazoBannoil cucrembl (2) Ha mojcucre-
MBI 60JIee HU3KOM Pa3MEPHOCTH, Y€M 12 MOYKHO TIOJIYYUThH TPUPABHUBAHUEM K
HYJIIO OIIPEJIeJIEHHBIX 3J1eMeHTOB MaTpul] Bt u Cr.

O6o3HaunM P, MHOKECTBO HEBBIPOKIEHHBIX MATPHUIL (Q,, KOTOpPbLIE PU
Ipeobpa30BAHUN TIOJ0OUsT OCTABJIAIOT MATPUILY A, HEU3MEHHOM, T.e. TAKUX,
qTo Q;l ' An . Qn = An~

OueBnaHO, 9TO Takume (Q, OOPA3YIOT TPYIIY OTHOCUTEIHLHO OIEPAIUN
YMHOYKEHUS TAKUX MaTPUII.

CnemoBarenvuo P, — rpymma, KOTOPYI0O MOYXKHO Ha3BATh I'PYIIION aBTO-
MopdusMos MaTpuiibl A, . IIpu sToM rpynma P, siBIsieTCs MOArPYIIIOi rpyTi-
[Tl HEBBIPOXKIEHHBIX MATPUIL 1-T0 MOPSIJIKA.

B gaBuOM Buje rpynmna P, HAXOAWTCS W3 CUCTEMBI ypaBHeHuit A, - Q, =
Qn - A, OTHOCUTEJILHO 3JIEMEHTOB MaTPULBL ().

Hanpumep: rpyiimra aBromopdusmon Ps 11 MaTpuiisl Ao — AByXIapaMer-
pudeckast; rpymmna aBToMopduaMoB P3 jyia A3 Ipu pa3judHbIX YCIOBUAX HA
ee K03 DUIMEHTHI MOYKET OBITH OHONAPAMETPUYIECKOI, IByXIIapaMeTpude-
ckoii u Tpexnapamerpuyeckoii. [Iponece mocrpoenus rpyui P, (n > 3) moxer
OBITH MPOJIOJIPKEH TIPU HEM3MEHHOM ycJIoBuu mpu jioboM n: det @y, # 0.

[TapameTpsi, BXojisImpe B MATPUILY @y, TO3BOJISIIOT MEJIEHAIIPABICHHO Ba-
PBUPOBATH JEKOMIIO3UIIN CHCTEMBI (2).
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On the Minimax Approach in a Singularly Perturbed
Control Problem
Muvwuros C.K.
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O MUHMMaKCHOM NoaxoAe B CUMHIYNSIPHO BO3MYLLLEHHOM’
3apaye ynpasnieHus

PaccmarpuBaercs ciemyromasi CHHTYJISPHO BO3MYINEHHAS JIMHEHHO-
KBaJIpaTUIHaA 3a/la4a YIIPaBJICHUA:

B(u)i = P(u)e + Q(u)u,  #(0) = o, 1)
2(t) = H(p)a(t) = Hy ()1 (1), 2)

u= Mz, (3)

J(u) = [7 (z* A(w)a+a* B(p)utu* B* (p)z+u*C(p)u)dt, (4)

rme z€R™ x = col(r1,22) — BEKTOp KOODJMHAT COCTOsHUHA, T1ER™,
To€ER™ — «MemjieHHbIe» (JOMHUHUDYIOMUE) U «OBICTPBIE» KOOPIUHATHI,

ni+ng=n; E(u) = diag(En,, p En,), En, — ¢MHIYHBIE MATPHUIBL; UER" —
yupasienue; z€ R™ — m3amepenne, m<ni; u>0 — masbiit napamerp; t0 —
BpeMs. Bce MaTpuibl He 3aBUCAT OT BPEMEHHM U PA3JIAralOTCsl B PSAJBI 110
CTeneHsIM 1, abCOIOTHO CXOfsimecs: npu |u| < [i; Hanpumep, Juisi GJI0KOB
P;;, 4,7 = 1,2 marpunsl P(p) UMeeT MeCTO pas3jioxKeHne

X  k
5 I k ..
k=1

IIpeamonaraeTcst, ITO MOAUHTErPATbHAS KB IPATHIHAS (hOPMA OJIOZKHATE b
Ho nostyonpeenentasi, C(u) > 0, Py (p)-rypsunesa u rank(H(pu))=mVpy €
[0,). U3 (2),(3) coenyer, 910 B KaHade yIPABICHASA UCIOJIb3YIOTCH TOJb-
KO JIOMUHHUDYIOIINE KOODJIMHATHI U IpU m<ni HHDOpMaIUsd O HAX HEIOJ-
nag. Ilycte MCR™™ - muoxecrBo marpur, M rtakux, aro cucrema (1),
3aMKHyTas ynpasienueM (3), acumnrornaeckn ycroitausa n M # @. Torga
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J(u) = 2§O(M)xo, VMM, tae ©(M)-perenne ypasuenus JIamynosa s
zazaun (1)-(4). B peryssipHOM cirydae ONTUMAJIBLHOTO 3HaveHust MaTpuIipt M,
HE 3aBUCSIIETO OT I, He cyIiecTByeT. [loaToMy HeoOXomMa MOXO/IsIIas MO-
nuukanusi ICXOMHON 3aadn. Hike MCIOIb3yeTcsi MUHUMAKCHBIH [TOIXOJ,
[P KOTOPOM ONTUMU3UPYETCsi (DyHKITHOHAT

J(u) = e 7GO(M)m0=as (). (6)
o =1
PemeHHe ug = MOZ 3aJa9 OIITHMU3AIIUN (6) 6yﬂeT MMWHUMaKCHBIM

yrupasiaeaueMm. Heobxomumble yc/ioBrst CyIIIECTBOBAHIS MUHAMAKCHOTO YIIPAB-
JICHUA UMEIOT BUJI:

OP, + PO+ W(M) =0, (7)
LP; +P.L+v*v" =0, (8)

Ov = v, 9)

CMHLH* + (Q*©+B*)LH* = 0, (10)

rae A, v- MaKCUMaJIbHOE COOCTBEHHOE 3HAYEHHE U COOTBETCTBYIOMIMH COO-
CTBEHHBIIl BEKTOp MaTpuibl ©; L-TIOJOKHUTEIBHO TIOJTYOIPEIeJeHHAsT N~
matpuia; P = B~ () [P+ QMH],Q. = E~'(1)Q — matpumpr 3aMkryTOif
cucremst (1)-(3); marpuna W(M) = A+ BMH + (BMH)*+ (MH)*CMH.

C HOMOIIIBIO METO/Ia ACHMITOTHIECKUX IIPECTABIEHII JOKA3bIBACTCS, ITO
Mo = Ms+01(p),  I(uo) = As + O2(p). (11)

31ech M, s 5\5 — pelenne COOTBETCTBYIOINIEH peayimpoBanuoil 3amadn. [Tory-
YeHBbI YCJIOBUSI CYIIECTBOBAHUSI U €IMHCTBEHHOCTH MUHUMAKCHOTO YIIPaBJIe-
HUsI U pa3paboTaH aJlOPUTM PENIeHUsI CHHIYJISPHO-BO3MYIIIEHHON JIMHEHHO-
KBaIPATUIHON 33 1a4m ynpasiaenus. Ha npumepax cucrem 3-5-ro mOpsIKa B
cpere MatLab anammsupyiorcs HEKOTOPbIE OCODEHHOCTH MCIIOJIB3YEMOTO UTe-
PaTUBHOTO METO/IA.
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Synthesis of Optimal Boundary Control of Parabolic
Systems with Distributed Parameters on the Graph
IIposomopos B.B., Ilodsaavruit C.JI.
wwprov@mail.ru, spodvalny@yandex.ru
Boponexckuit rocy1apcTBeHHbBIN YHUBEPCUTET, Y HUBEPCUTETCKAS IO b, 1,
Boponex, 394006, Poccuiickaa Penepanust; BopoHeKCKUi TOCYIaPCTBEHHBIH
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CuHTe3 onTMManbLHOro rPpaHNUYHOro yrnpasaeHust
napabosimyeckoii cucrtemMbl C pacnpeaeneHHbIMK
napameTtpamu Ha rpace

PaccmaTpuBaeTcs 3a7a9a OITHMAJILHOTO TPAHIUYHOTO YIIPABJICHHS Mapa-
6oJInIeCKOil crCTeMOil ¢ pacipeeieHHbMu apamerpamu Ha rpade. Cocro-
SHUE CHCTEMBI ONPEJEIAETCA CIa0BIM pelleHneM HadaaIbHO-KPaeBoil 3a1aau
JUIs TApabOIMIeCKOrO ypaBHEHNsI, YIIPABJISAIONIEE BO3EHCTBUE Ha CHCTEMY 1
HaOJIIO/IEHNE 38 €€ COCTOSIHUEM OCYIECTBJISIIOTCS. B MPAHUYHBIX y3JIaX T'pa-
da Ha BceM BpeMeHHOM poMekyTKe. [loydersl He0OX0IMMbIE U JI0CTATOY-
HBIE YCJIOBUS CYIIECTBOBAHMS OITHMAJILHOTO yIIPAB/IEHUS € UCIOJb30BAHIEM
COIIPSIZKEHHOI'O COCTOSAHMSI CUCTEMBI, PEIeHa 33/1a9a CUHTE3a ONTUMAJILHOTO
yupagjieHus. [IpeacTaBieHable pe3yIbTAThI SBISIOTCS OCHOBOIIOIATAIOIAMEA
[P MCCIIEJOBAHNY 38184 IPAHUIHOIO YIIPABJIEHUs] JUHAMUAKOMN JIAMIUHAPHBIX
TeYeHnit MHOrOMA3HBIX CPEJ.

Hcnonbayrores oHsiTHsI 1 0603HAYEHWs!, IPUHSTHIE B [1, 2]:

I' — orpaHMYeHHbII OPUEHTUPOBAHHBII reoMeTprYIecKuii rpad ¢ pebpaMn
7, napamerpu3oBaHHbiMu oTpeskoM [0, 1];

OI' u J(I') — mMHOXKeCcTBa I'DAHUYHBIX U BHYTPEHHUX Y3JI0B rpada, cooT-
BETCTBEHHO;

Ty — obbenunenue Bcex pebep, HE COMAEPKAITNX KOHIIEBBIX TOYEK;

I, =T x (0,), T, = AT x (0,1) (¢ € [0,T)).

HeobxoauMbie TpOCTPaHCTBA 1 MHOXKECTBA!

C(T') — upocrpaHcTBO HENPEPLIBHLIX Ha I dyHKIMI;

L,(T) (p=1,2) — 6anaxoBo IPOCTPAHCTBO U3MepuMbIX Ha 'y dbyHKIWMII,
CYMMHUDYEMBIX C p-ii CTENeHbI0 (AHAJOTUYHO ONPEJIEIISIFOTCS IIPOCTPAHCTBA
LP(FT));

Ly 1 (T'r) — mpocrpancrso dynxmmit uz Ly (I'r) ¢ mopmoit (|ullz, 0y =

([ u?(x, t)dx)'/ 2dt;
r

o g

W3(T') — npocrpancrio dbyuxmuit uz Lo(I'), umeomux o6006IeHHY O Tpo-
u3BoaHyI0 1-ro mopsaaka Takxke u3 Lo(T);
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Wé’O(I‘T) — npocrpancTto dhyuknuii u3 Lo (I'r), nmeromux 06001eHHy 0
IPOU3BOJHYIO 1-T0 mopsika no z, upuHaexanyo Lo(T'r) (anamormano
BBOZUTCA TIpocTpancTso W(I'r);

Vo (D) — muozkectso Beex dynkumii u(x,t) € Wy ' (I'p) ¢ koseunoi Hop-
Mot

ullo,rr = Orél&XT ||u("t)||L2(F) + ||um||L2(FT) (1)

U CWJIbHO HenpepbiBHBIX 110 ¢ B HopMe Lo(T).
Beesem mpocTpaHCTBO COCTOSIHUY TApabOIUIECKON CHCTEMBI W BCIIO-
MOTaTeJIbHBIX MpocTpancTB. st 3TOoro paccmorpum OunwmHeitHyio dopmy

Up,v) = !(a(x)d’;—?dl;(;) + b(x)u(x)u(m)) dx ¢ PUKCUPOBAHHBIME HU3Me-

PUMBIME U OrpaHuveHHbIME Ha [ yHKImsavmu a(x), b(z), cymmupyembl-

mu ¢ kBagparom. [pocrpancteo W3(T) comepkur muoxectso 2, (') byHk-

du(1),,
mmit u(z) € C(I'), ynosnersopsiomux coornomenusam — »,  a(l),, uillw)” =

75 €R(E)
% Bo Beex yaaax £ € J(T') (R(§) u r(§) — MHOXKecTBa pe-

Z a(O)W
vi€r(€)
6ep, COOTBETCTBEHHO OPUEHTUPOBAHHBIX «K Y3IIy {» U «OT y3ia &», u(-)y
cyxenne gyukium u(-) na pebpo 7). 3ambikanue B Hopme W3(T') muOMKe-
crBa Q, (T') obosnaumm gepes Wl(a,T') (ecim mormyeruts, uro bynkmmm u(r)
u3 Q,(T) ynosaersopsior eme n kpaesomy yeaosuio u(x)|or = 0, TO momy-
anm ripoctpanctso Wi(a, ). Ilyers namnee Q4 (I'r) — MHOKecTBO dyHKIMIA
u(x,t) € Vo(T'r), 9bm ciiepl onpeieiennl Ha cedeHuax obsactu ['p IIocKo-
croio t =ty (to € [0,7]) xak dbynxuun kiaacca Wl(a,T') u ynosiersopsior
COOTHOTIEHHSIM

8u(1,t),yj . 8u(0,t),yj

> a(l)y,—5; > a(0)y, —5 (2)
v ER(E) v5 €7(8)
qtst Beex y3nos € € J(I'). Bambikanne muoxkectBa (') mo HopMme (1) 060-
spaunm gepes V10(a,T'r); V10(a,I'7) C W;’O(I‘T). Jpyrum mojpocTpaH-
crom npocrpancrsa Wy (I'p) ssisiercs W10(a, D) — 3aMblkanne B HOpMe
W3 (I'p) MuOKecTBA riaKux ByHKIWM, YIO0BIETBOPSIONIIX COOTHOMEHISIM
(2) mst Beex yzaos € € J(T') u juist mo6oro ¢t € [0, 7] (aHATOrHYHO BBOIUTCS
npocrpancteo Wl(a,I'r)); V19 (a,T'r) — mpocrpancTso cocrosnuii mapabo-
mraeckoit cucremsl, W0(a, I'z) m W(a,'r) — BenoMorare bHbIE TPOCTPAH-
CTBa.
B npocrpancrse V1 (a,I'r) paccmorpum ypasnenue

et) — 2 (a(a) 250 ) + ba)y(e,t) = fla.), 3)

IpeJIcTaBJIsIoNnee coboii cucreMmy muddepeHuaIbHbIX yPAaBHEHUIA C pacipe-
JIeJIEHHBIMU [TapaMeTpaMu Ha Kaxk1oM pebpe v rpada I'. Cocrostaue cucrembr
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(3) B obnactu I'r onpemensercss ciabuiv pemtenueM y(z,t) ypasnenus (3),
Y/IOBJIETBOPSIOIIIM HAYAJIBHOMY U KPA€BOMY yCJIOBUSAM

Y |t:0: (p(l‘), rel, a(‘r)% |I€8FT: <P($7t)' (4)

Oyukiust p(x,t) gBJISeTCI PAHUYHLIM yIPABJIEHUEM cHCTeMbl (3), mpej-
HOJIOXKEHNUsT OTHOcUTeabHO byHKumit a(z) u b(z) ykasassl Bbime; f(x,t) €
L1 (I'r), ¢(x) € Lo(I).

Onpepenenune 1. Crabvim peweruem vauaavro-kpaesots sadavwu (3), (4)
nasweaemea dynxuua y(x,t) € V39(a,T'r), ydosaemeopaowas urmezpans-
HOMY Modtcdecmey

[yl (e e = [ y(a.t )25t Gt + 4(y, ) =

fcp n(z,0)dx + f <p z, t)n(z, t)dedt + [ f(z,t)n(x, t)dzdt
T Iy

npu mobom t € [0,T] u daa moboti dynrxyuu n(x,t) € Wi(a,Tr);

l(y,m) — Ouaunetinan Popma, onpedeaennas coommowernuem Li(y,n)
Ff(a(x)f"ygi D O (), (e, )) dadt.

Teopema 1. Hauasvno-xpaesas 3adaua (3), (4) odnosnauno caabo pas-
pewuma 6 npocmparcmee V10(a, T'r).

st mokazarenbcTBa wmcmoab3yercs meron Pasmo-lasepkuHa co cre-
NUAJBHBIM 0a3MCOM — CHCTEMOIT OOOOINEHHBIX COOCTBEHHBIX (DYHKITHIT
{un(2)}n>1 Kpaesoit sanaum — - (a(z) dZiw)) + b(z)u(z) = du(x), dlil(;) =0
B Wi(a,T), T. e. MHOXKECTBO |mCeNT ), KasKJIOMYy U3 HUX COOTBETCTBYeT TI0
Kpaiineil Mepe 0J1HO HeTpHBUAJILHOE 060bImenHoe pentenue u, (z) € Wi(a,T'),
yaosersopsitoniee Toxaectsy L(u,n) = Au,n) ¥V n(z) € Wi(a,T) ((,-) —
ckasisipHoe nipousBesierne B Lo(TY), Lo(OTr) wmu Lo(T'r)).

[Ipubmmazxennsie pemenns y~ (z,t) cTpoaTcsa B Buje

N

=3 N uila),
=1
N

¢;' (t) — abcomorro Henpepbiuble Ha [0, 1] dyHKIMY, OUpeaeIdeMble U3 CU-

CTEeMbI

(%5 )+ [ () 2209 iy, o)) o = (),

N (0) = (P, u;), i =L, N.
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HasnpHefime paccyzK/eHns OCHOBAHBI HA ANPHOPHBIX ONEHKAX HOPM Cla-
Obix pemennit 3amaun (3), (4) m mocTpoeHNn cyabo CXOIAMIEHCST 10 HOP-
me WHO(I'r) momnocaenosarensroctn {y™V }k>1 K pemernto y(x,t) €
WtO9(a,T'r). Tlokasbiaercs, uro smement y(z,t) ABIsgeTCs CIaBBIM perie-
muem s3agaun (3)—(5), npunamexanmm V3O(a, I'r).

B cuty siureiinoctr 3a1a49u (3), (4) 10Ka3aTeIbCTBO €MHCTBEHHOCTH [IPO-
BOJIUTCS CTAHJAPTHBIM 00PA30M: IIPEJIONATAETCS CYIeCTBOBAHUE JIBYX Das3-
AMMHBIX perenuit ¥y (x,t), ya(x,t) kiaacca V19(a, I'r) u mokasssaercst cipa-
BEUINBOCTH HepaBeHCTBa ||yll2,r, < 0 (y(z,t) = y1(x,t) — y2(x, 1)), a sHauwr,
coprniasienne penteHnit yi(x,t), yz(x,t).

Cuaexncrue. Ciaboe pellleHne Hada bHO-KpaeBoii 3agaun (3), (4) Henpe-
PBIBHO 3aBUCUT OT MCXOAHBIX gaHHbIX f(2,t), p(x) u ¢(x,t), TeM cambim
[IOKa3aHa KOPPEKTHOCTH 110 AzaMapy HavaJbHO-KpaeBoii 3amaun (3), (4) B
npocrpanctee V10(a, I'r).

Cocrosimme y(z,t) € Vo°(a,T'r) cucremsr (3) ompesensiercsi ciabbiv
pemenuem y(v)(z,t) 3amauu (3), (4) (v(z,t) = v(x,t)); La(OTr) — upo-
CTPAHCTBO HAOJIOICHNH, HAOIIOMEHNE UMEET BaKHBINH M1 TPUTOXKEHUA BUT
Cy(v) = My(v)lor, (M : L2(0T'r) — Lo(0T'p) — siMHEHHBIH Henpepbis-
HBI oneparop, C' — omepaTop rpaHnIHOTO HabmoneHnus). 31ech y(v)|ory —
caen dynknun y(v) Ha noepxunoctu Ol'7; dyaxumonan J(v), TpeGyrommit
MUHHMU3AIMA HA BBIIYKJIOM 3aMKHyTOM MHOX)ectBe Uy C U, mmeer Buj
J(v) = [[My(v) — ZO||2L2(6FT) + (Nv,v)y, tae zo(x,t) € L2(0T'r) — 3amanHOE
HaOJIIOAEHIE.

Hns cucrempr (3) ompefenmm conpsikeHHOe cocrosinue w(v)(x,t) €
Wt(a,I'r) kax bYHKIMO, yIOBIETBOPSIONLYI0 HHTETPATBLHOMY TOXKIECTBY
(BapHAaIIOHHOE COOTHOIIIEHNE)

7/W§(x,t)dxdt+&p(w(v),é): /M*(My(v)(fv,t)*

Iy or'r
— zo(x,t))((x, t)dzdt

npu 066X bynxmmit ((z,t) € W9 (a, I'r). Jaa qokazaTembcTBa CyIecTBo-
BaHUs €IUHCTBEHHOIO cjaboro pemenus w(v)(z,t) ZOCTATOYHO NPUMEHUTH
pe3yabTaThl TeopeMbl 1, 3amenus t Ha T — t. [Ipu 3TOM HEOOXOTUMO YIUTHI-
BaTh cenapabesbHOCTh npoctpancTsa Wi(a, I'r).

Teopema 2. s mozo wmobos snemernm u(x) € Uy Gvia onmumansvivum
ynpasaenuem cucmemdvt (3), neobrodumo u docmamouno, ¥mobs, yoos.aemeo-
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DANUCD CAEOYOULUE COOMHOUEHUA:

fy (z,t)dx — f y(u)(z t)%dwdtJrﬂt(y(u),n) =
= fyo n(x, h)dr + f n(z, t)dzdt + [ f(z,t)n(z,t)dzdt
ol Ty

npu mobom t € [0,T] u das woboti dynxyuu n(z,t) € Wi(a,T'r);

ot
Ir arr

- [ 2D o, v+ e, = [ MOty -

— zo(x,t))(x, t)dxdt
ona mobvx dynxyut ((x,t) € WH0(a,T'r);

J (w(u)(z,t) + Nu(z,t)) (v(z, t) — u(z,t)) dedt =0

ol'r

ons mobwz v € Us. 3decy y(u) € VI19a,I'r), w(u) € Wha,I'r) u
w(w)(z, T) =0,z €T.

3ajady cuHTE3a ONTHMAJHLHOIO TPAHUYIHOIO YIPABJIEHUS PACCMOTPUM
JJIsE CIydasi OTCYyTCTBUS orpanmdennit Ha yupasienne: Uy = U. Torma onru-
MaJIbHOE YIIPABJIEHUE OIPEJIEIISETCS U3 PENIeHsT CUCTEMbI JIBYX WHTErDAJIb-
HBIX TOXK/IeCTB (BapI/IaLLI/IOHHI)IX COOTHOIIIGHI/IfI) BHJIA:

fyas t) (ztdz—fya: t an(“)dxdt—l-ﬁt(y n) =

= fyo n(z,h)de — [ N lw(z, t)n(z, t)dzdt + [ f(x,t)n(z,t)dzdt
ory Ty

npu jiobom t € [0, T u aua moboit byuxmun n(x,t) € Wl(a,I'r);

—Ff %C(m,t)dmdt +lr(w,¢) = JM*(My(u)(x,t) — 20(z,t))¢(z, t)dz

nuist o6bx dynkmmit ((x,t) € W0(a, T'r). Ontumanbaoe ypasienue umve-
er sug u(z,t) = —N ~tw(z,t). Coornomenue (10) ocymectsiser cunres (06-
PATHYIO CBS3b) ONTUMAJIBHOIO TPAHUYHOTO YIIPABJIEHUsI CUCTEMBI (3): OITH-
MaJIbHOE YIIPABJIEHUE OIPEJIESISIeTCS depe3 COMPs>KEHHOE COCTOSTHUE JTOM CH-
CTEMBI.
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Generalized Solutions of Bounded p-Variation of Nonlinear
Control Systems and Nonsmooth Optimal Impulsive
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O60buieHHble peLleHns orpaHUYeHHOol p-Bapuauum
HeJINHENHbIX YNpPaBisieMbIX CUCTEM M Hernagkue 3agaqu
onTMManbHOro ynpassieHus

Paccmorpum ynpaBiseMyo IUHAMHYECKYIO CHCTEMY BHIA

T = f(ta (ﬂ) + G(t,x)v, x(a’) = Zo, (1)
v(t) e R™, teT, (2)
rae T = [a,b] — 3a7aHHbBII KOHEYHBI OTPE30K BpeMeHH U xg € R™ — 3a-

JAHHBI BEKTOP Ha4YasbHBIX ycsoBuil. Tpaekropun z(-) — abCosoTHO Helpe-
peiBHble byHkunu T — R™ a ynpasienus v(-) — U3MepUMbIe CYIIECTBEHHO
orpannvennbie pyukimu 1 — R™. Kak HETPYIHO BUIETH, MHOYKECTBO Pellle-
uuit Kapareogopu cucrembr (1), (2) He 3aMKHYTO B «€CTECTBEHHON» TOIIOJIO-
IUU PABHOMEPHON CXOIUMOCTH: TOCJIEIHIE MOTYT OBITh CKOJIb YTOIHO OJTU3KH
MOTOYEYHO K PA3PBIBHBIM (DYHKIUAM. 39 ONTHMU3AINN, TTOCTABJIEHHBIE
B TAKUX CHCTEMAaX, KaK IIPAaBUJIO, He UMEIOT PEIIeHUs] U OTHOCITCS K KJIacCy
T.H. BBIPOKJIEHHBIX 38189 OIITUMAJILHOTO yrpaBJenust [1].

B nepBoit wactu goks1aja u3ydaercs npodaemMa UMILYIbCHO-TPAECKTOPHOIO
pacmmpenus cucreMbl (1), (2). DTa npobiiema COCTOUT B MOCTPOCHUU 3aMbi-
KaHUsI MHOYXKECTBA TPAECKTOPHUIl B HEKOTOPOH OCIAOJIEHHOW TOIOJIOTUU, TTO
COOTBETCTBYET IEPEXOy K IMOIXOIANIMM 00Pa30M OIPEIEIEHHBIM 0000UeH-
HbLM YIIPABIEHUSIM U COOTBETCTBYIOIINAM ODOOOIIEHHBIM DEIITEHUSIM.

O606miennble pemternust (nanee — “06. pemenns”) cucremsl (1), (2), ume-
fOlFie OTPAHMYEHHYIO [TOJIHYIO BAPUAIMIO HA OTpe3Ke T U OTBevYalone M-
MyJIbCHBIM BO3JIEHCTBUSIM TUIIA OIPAHIIEHHON GOPEIEBCKO MEPbI, M3y YeHbI B
GOJIBIIIOM KOJIMIeCTBe mybmKarmit (eM., Hanpumep, (3, 4, 5, 6, 9, 13, 17]). Oun
Bo3HUKaT B cucreMe (1), (2) npw HaJMYUM anmpPUOPHOrO OrPAHWYEHHs Ha
ynpasJienusi v (1 COOTBeTCTBYOIME &) B npocTpancTse L. Ocnabierne 310~
o OrpAHWYEHUsI IPUBOUT K IMOSIBJICHUIO 00. PEIleHnii HeOTPAHUIEHHOU Ba-
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PHUAINHT, UCCIIeIOBAHNE KOTOPBIX HA CETOIHSATITHII JIeHb NCIEPIIBIBACTCS 9aCT-
HBIME CJIyJasiMH CUCTEM, Koria MarpudHas GyHKnus G — MHOXKUTEIb [PU
VIPaBJIEHUN U — YJIOBJIETBOPSIET YCJIOBUIO WHBOJIIOTUBHOCTU CTOJIOIOB, WJIH
GoJiee KECTKOMY yCJIOBUIO KomMMyTaTuBHOCTH Tuna Ppobenuyca [1, 2, 4, §].
Ha sTom doHe BbLaeauM HelaBHIO pabory [7], rie B KauecTBe HOTeHIUA b
HOTO 00'bEKTA MCCIIEIOBAHNUST YKA3aHbI IMITYJIBCHBIE CHCTEMBI C TPAEKTOPUSIMU
orpaHnvdeHHOl p-Bapuanuu, p > 1. Takoil moaxo1 TO3BOJISIET OXBATUTH CYIIe-
CTBEHHO 0oJjiee IMMPOKUI KJIACC BXOJHBIX BO3JEHCTBHII M, KAK OXKHJIAETCS,
MMO3BOJIUT YATH OT YKA3AHHBIX KECTKUX IIPEJIITOJIOKEHNN HA BEKTOPHOE II0JIe
G. C apyroit cTOpOHBI, TIOHOOHBIE MOJIEJN E€CTECTBEHHO BO3HUKAIOT B Psijie
3a71a4 TeopuM cJiydaitabix mporeccos [14, 15, 16]. IIpu srom cama reopus
YIPABJISIEMBIX CHCTEM C PEIIEHUSIMI OTPAHUYEHHON p-BAPUAIUU OTIUIACTCS
BeCbMa OPUTMHAJIBHBIM U Pa3BUTBIM MAaTEMATHYECKUM armaparoM. Mcciemno-
BaHUsl JIMHAMUYIECKUX CUCTEM C HEIPEPBIBHBIMU PEIeHUsIMA ONPAHUIEHHOMN
P-BAPUAIINHU, TO-BUIUMOMY, WHCIIUPUPOBAHBI UMEHHO TEMATHUKON CTOXaCTHU-
qeckux uddepeHInaabHbIX yPaBHEHWIA, TJ1e JIOKaIbHAsT HEOTPDAHNIEHHOCTh
[IOJTHOM BapHallii «BXOJHOI'O CUTHAJIA» SIBJIETCS THUIUIHON curyamueii. O -
HAKO, KAK OTMEYAeTCs B PsiJieé UCTOUYHUKOB, OCHOBHBIE PE3YJIHTATHI B ITOM
HaIpaBJIEeHUH HOCST MMEHHO JIeTePMUHUPOBAHHBIN XapaKTep U COCTABJISIIOT
SIIPO OTHOCUTEJILHO HOBOI'O HAIIPABJIEHUS] TEOPUU JUHAMUIECKUX CUCTEM, Ha-
3BIBAEMOIO B MHOCTPAHHOI jinreparype «rough path theory» (cm., nanpumep,
paborsr [12, 14, 15, 16]). 3amerum, 4ro cirydaii p = 2 gBJISETCsI, B HEKOTOPOM
CMBICJIE, TIOTPAHUIHBIM: TIpU p € [1,2) peleHne yrnpaBiseMOl CHCTEMBI OITH-
CBIBAETCsl IIOCPEICTBOM IIPSIMOro obobienust nurerpaJa Jlebera-Crunrneca,
HasbIBaeMoro uHTerpaioMm $lura [11, 19], B To Bpemsi Kak mpu p > 2 perie-
Hus TPeOyIoT 60JIee TOHKOTO, aJredpamdecKoro IpeICTaBIeHUs TIOCPEICTBOM
dopmanabHbIX psioB YeHa U T.H. UTEPUPOBAHHBIX WHTETPAJIOB.

[ycrs p > 1. Crepys [18], p-sapuanueit byukmun g : T — R na orpeske
T nazoseM Besuauny V,(g; T), onpeeeHHyo IPaBUIOM:

N l/p
Vo(g;T) = SUDZ Hg<ti) - g<ti71)‘|p
Toi=1
31ech sup Gepercst 10 BceM KOHeUHbIM pasbuenusiM m = {tg,t1,...,tN} OT-
peska T, a = tp < t1 < ... < ty = b. Benuuuna V,(g;T) Moxker OBITH

KoHewHOi nin Geckoneunoit. Eciu V,(¢;T) < 0o, TO roBopAT, IT0 DyHKITHS
g uMeeT orpannyeniyio p-sapuarnuio. O6osnaunm uepes BV, (T, R¥) Ganaxo-
BO IIPOCTPAHCTBO (DYHKIWIT OrpaHmdeHHOl p-Bapuarmu g : 1T — R¥ ¢ mopmoit
ll9llBv, = l19lloc + Vu(g; T). Ormernm, uro mobas Gynknus g € BV, (T, R¥)
nMeeT OJHOCTOPOHHUE Tpeiensl g(t—), g(s+) Bo Beex Toukax a < § < t < b,
[pUYeM YUCJIO TOYEK ee pas3pbiBa He Gosiee yeM cuerHo [10].
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OCHOBHO# pe3yabTaT MEPBOl YaCTH JIOKJI&Ja — KOHCTPYKTHUBHOE IIPEJI-
CTaBJIeHNE 3aMbIKAHUs MHOYKECTBA TpaekTopuii cucremsl (1), (2) B Tonosorun
norouedHol cxoqumocty B npocrpancrse BV, (T, R™). Kak Gyzxer mokasaHo,
B caydae p € [1,2) Takoe 3aMbIKaHHE — MHOXKECTBO OBOBIIEHHBIX PelleHuit
— ONMCBIBAETCS CIENUATBHOTO BHJA JUCKPETHO-HENPEPLIBHBIM Tuddepen-
UaJbHBIM ypaBHeHueM fura. Posb 06001IeHHBIX yIIPaBIeHN 3/16Ch NTPAIOT
dbyukuun w € BV, (T,R™), HenpepblBHbIE ClIpaBa Ha IPOMexKyTKe (a,b] u
yaosserBopsitomue yesosuo w(a) = 0 (IpeznosokeHne 0 HENPEPBIBHOCTH
CIIpaBa HOCUT TEXHUYIECKUI XapaKTep U HE CHUKAET OOIIHOCTH).

Ipumem npeznosnoxenus (H): dyuxkmuu f, G wenpepsisubl, f(t,x) Jo-
KAJbHO JIMIIIAIEBA IO NEPEMEHHON I W yJOBJIETBOPSIET YCJIOBHIO HE 0OJIee
4yeM JimHeitHoro pocra; dyukims G(t, z) orpanudena, upu Bcex t € T umeer
OIPAHUIECHHYTO YACTHYIO IIPOU3BOIHYIO %G 0 TIEPEMEHHOI X, YI0BJIETBODS-
orLyio yeaosuio [€1baepa ¢ nokasareneMm « > p — 1, Kpome Toro G umeer
OTPaHUYIEHHYIO ¢-BaPUAIAIO 10 IEPEMEHHOM ¢ paBHOMepHO 1o * € R™ ¢ Heko-
TopbIM ¢, 1/p+1/q > 1; HakoHeIl, BBIIIOJHEHO yCaoBre KoppekTHOCcTH Ppobe-
HHyCA: a%GiGj — a%GjGZ- =0V (t,z) € T xR", rae Gy, i = 1,n, — croabust
marpurpl G. OTMeTuM, 9TO Mbl HE TIPENIOJIAraeM [VIaJKOCTh (QyHKIWMEA [ U
HeIIPePBIBHOCTL YACTHOI IIPOU3BOIHOM %G.

ycrs mano o6obiennoe ynpasienue w(-). PaccMoTpuMm auckperHO-
HETIPEPBIBHOE MHTETPAJILHOE yPABHEHUE

z(t) = xo +/ f(t,z(t))dt +/ G(t,z(t))dw,(t)
+ Z (zs(l) - :c(s—)), t € (a,b], z(a)=xp.

s<t, s€Sq(w)

3)

Baech Sqg(w) = {s € T | [w(s)] := w(s) — w(s—) # 0} — MHOKeCTBO TOYEK

ckadra w(-). aTerpan mo mempepeBHON cocrasmsmomeit w, € BV,(T,R™)

dyukuun w(-) B npasoit yacru (3) noHumaercs B cMmbicse Slura, a dyHKuum

zs(+), s € Sq(w), onpenenensr Kak pemterns quddepeHInaIbHBIX yPaBHEHNI
(

dze(T)
dr

ITox pemennem ypasHeHust (3), OTBEUAIONIMM 33JAHHOMY OOOGIIEHHOMY
ynpapieHno w(-) ¥ HAYAJBHOMY YCJIOBHIO I(, [OHUMAETCs HEIpepbIBHAsI
cupasa Ha (a,b] dyukmua x € BV,(T,R"), moncranoska KoTopoit B (3) 06-
paIaeT ypaBHEHUE B TOXKIECTBO.

Teopema 1. IIycmo p € [1,2), u ewnoanens npednoaosicerus (H). To-
2da:

1) ypasnenue (3) umeem eduncmeennoe pewenue r € BV,(T,R™) npu
3adarrom ynpasaeruu W(-) U HAUAALHOM YCAOBUL T(;

= G(s7 ZS(T))[U}(S)], 25(0) = z(s—), T € [0,1].
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2) cywecmeyem nocaedosamenvrocms ynpasaenuti {vg(-)} C Loo(T,R™),
NEPEO0OPAZHDIE INEMEHTNOE KOMOPOTl UMEIOM PASHOMEPHO 02PAHUYEHHDLE P-
BAPUALUU, MAKAA WMo coomsememsyrousue pewenus Tk (+) cucmemss (1), (2)
MaKHCE UMEIOM. PASGHOMEPHO 02DAHUMEHHDBIE P-BAPUGUUL U NOTNOYEUHO CTO-
dames k x(-) na T.

Bo BTOpOii 9acTh mOKJIaJa PACCMATPUBAETCS HETVIAJKAS 3a/a9a OITH-
MAaJIbHOTO YIPAaBJIeHWs Ha MHOXKecTBe 00. pernenuii cucremsl (1), (2) ¢ rep-
MUHAJbHBIME OrPAHUYEHUSIME THIA BKJoYeHusi. Vccremyercs cBa3b JaHHOM
3aJa49d C COOTBETCTBYIOINIEN BBIPOXKICHHON 3a4a49eil ONTUMAJILHOIO yIIpaBJe-
HUst (MOCTABJIEHHON Ha OOBIMHBIX TPAEKTOPUSX STOU CHCTEMBI, OTBETAIOIIIX
yupasyierusmM v € Lo (T, R™) npn HaIuaum paBHOMEPHOTO OTDAHWYEHUs HA
HOJIHYIO P-BapUAIMIO TIePBO0OpasHbIX, p € [1,2)).

Pabora sBbimosiHena mnpu  wactuuHOU momuepkke PODU,  mpoekT
Ne16-31-60030, u mommep:kke KomitekcHoit mporpaMmbl (byHIAMEHTATBHBIX
uccnemoBannit CO PAH “Unrerpanust u passurue”’ na 2017 roj, mpoekT
NeTI.211/1.1-2.
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Impulsive Optimal Control Problems with Hysteresis
Camconrox O.H., Tumowun C.A.
samsonyuk.olga@gmail.com, sergey.timoshin@gmail.com
NJICTY CO PAH, 134, yu. Jlepmonrosa, Upkyrck, 664033, Poccus

3apayu oNTUManNbHOro UMNY/ILCHOIO YNpaBaeHUst C
rmcrepesncom

PaccmarpuBaercst Hernaikast 3a/1a9a ONTUMATBHOTO UMITYJILCHOTO YIIPAB-
JIEHUSI C TUCTEPE3UCOM, 3aJaHHBIM YBOJIIOIIMOHHBIM BapPUAIMOHHBIM HEPABEH-
CTBOM B TIPOCTPAHCTBE (DYHKIMI OrpaHUTIEHHON BapUAIAN.

Iycrs T = [a,b] — 3amansbiii orpesok Bpemenu, BV (T;R) — Ganaxoso
npocTpaHcTBo dyHKIMI orpanndenHoil Bapuanuu 1 — R. Ilycts manbr x €
BV(T;R) ur > 0. PaccMoTpuM BapUallMOHHOE HEPABEHCTBO

b
/(<<t)fz<t+>—y<t+>)dy<t><o V(e BV(Ti[-rr)), (1)

z(a) —y(a) =z —yo € [-r, 7],  a(t)—y(t)e[-rr] VieT. (2)

3zech uHTErpasl HOHUMAeTCsl B CMblcsie nHTerpana fura [7]. Bapuanmonnoe
HepaseHcTBO (1), (2) umeer enuncTBeHHOE pemenue y € BV (T; R), coorser-
cTByIOIIee Bxoiy Z(+) U HaYaIbHOMY YCJIOBHIO Y. Oneparop pemenus (1), (2)
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y = F(x;yp) ABisiercsl OlIepaTOpOM I'MCTEpe3uca Tula 0boOIeH b JIodT,
ero cpoficTBa u3y4ensl B [4, 5, 6].
PaccMoTrpuM 3a1ady ONTUMAJIBHOTO UMITYJIBCHOTO yrpasierus (P):

b
Jm%mz/m@ummmmﬂwﬂ%mm 3)
TP YCIIOBUAX
de = f(t,z,y)dt + g(t,z)p, z(a) = xo. (4)

31ech x(+) — HenpepbIBHAs CIPaBa HA MPOMEXKYTKe (a, b] dyHKIuUs orpaHu-
4YeHHOi Bapuaruu, y(+) — penieHue BapuanuoHHoro Hepasenctsa (1), (2), co-
OTBeTCTByIOmEee (+) U 3aJaHHOMY HATATHLHOMY 3HATCHUIO o, YIPABJIAIONIAs
Mepa p — R-3HauHasg orpaHuveHHas OOpejeBCKas Mepa, |u| — nosHas Ba-
puanus Mepsl i. [Ipennonaraercs, uro dbyukuuu fo(t, x,y), f(t, z,y), g(t, x)
HellpepbIBHbI, JIOKAJILHO JIUIIIUIIEBLI 110 IepeMEeHHBLIM T, 4§ U YI0BJICTBOPSIIOT
YCJIOBHIO He 6oJjiee 9eM JIMHEHHOrO pocTa 110 &, y 1upu Beex ¢ € T

Pemenue ypasuenus (4) moHuMaercsi Kak pelieHne HHTErPAJILHOTO ypaB-
HeHus

uw=m+/f@ﬂmmmﬁ+/gmamm@
+ Z (zs(1) —a(s—)), te€(ab], x(a)=w.

s<t, s€Sq (1)
(5)
Bueck Sq(p) = {s € T | p({s}) # 0} — MHOKeCTBO ATOMOB MepBI i, fic
— HEeNpepBIBHAS COCTABJIAIONAS [t B pasnokennu JleGera, dpynkmmm z,(-),
s € Sq(u), — pemenus coorsercTByOmMuX AuddepeHIanIbHbIX yPaBHEHU

dzs(T)
dr

=g(s,2s(7))cs,  25(0) = z(s—), T €[0,1],

TJe Cg i= ,u({s}), s € Sa(p).

3ajiaua ONTUMAIBHOIO UMILYJILCHOIO yipasieHusi (1)—(4) sisisiercst pe-
JIAKCAIIMOHHBIM DACHINPEHUEM BBIPOXKICHHON 3871891 ONTHMAJILHOTO YIIPAB-
senns (Pp):

b
Jo(z,y,v) = / (fo (t,2(t), y(1)) + \v(t)|)dt — inf (6)
Ipu yCJIOBUAX

T = f(t7xvy) + g(t7a:)v7 x(a) = 2o, (7)
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RS a-[[—r,r] ({E - y)a y(a‘) = Yo. (8)

Buecs z,y € WHHT,R), v € Loo(T,R), 20 — yo € [-r,7], I|_;,,) — unauxa-
TopHast GyHKIWMsT OTpe3Ka [—r, 7], T. €.

_ 07 z € [7713 T]a
I[ir’T] (Z) o { +00, %2 ¢ [_Ta ’I"],

Olj_y1(2) — cybuuddepennuai I[_, ), BBIMUCIEHHBIH B TOYKE .

Bamaua (Pp) B obmiem ciydae He HMeeT DelleHHsl B Kjacce abCOJIoT-
HO HENPEPBIBHBIX TPAGKTOPHUH W U3MEPUMBIX CYIIECTBEHHO OrPAHMYEHHBIX
yIpaBJIeHUil. ITO CBA3AHO C MOTOYETHON HEOTPAHUIEHHOCTHIO MPABOM JacTh
cucremsl (7). Muoxkectso pemtennit (7), (8) He 3aMKHYTO B TOIOJIOTHH DaB-
HOMEPHOH CXOAMMOCTH, TPAEKTOPHBIE KOMIIOHEHThI MUHUMUBUPYIOIMHUX II0-
CJIeJI0BATE/IbHOCTEN! MOI'YT IOTOYEYHO CXOAUTHCA K Pa3PbIBHBIM (DYHKIMAM,
& COOTBETCTBYIOIIME YIIPABJIEHUS — B CMBIC/IE paclpejeseHnii Kk obobIeH-
vbIM (yHKIuaM. [Ipu srom crenumanpHbiil Bu dyHKInoHaIa Jo obecrevn-
BAeT CYIIECTBOBAHME ONTHMAJILHOIO PEIIeHHMs B PACIHIUPEHHON 3ajade, CO-
OTBETCTBYIOMICH 3aMBIKAHIIO MHOXKECTBA TPACKTOPHl B ciraboit™ Tomosornn
B IIpOCTpaHCTBe (PYHKIMI ONPAHUYEHHON BapHallud. 334K OINTHMAaJIbHO-
ro UMITYJILCHOTO YIPABICHUS € TPACKTOPHUSAMU OTPAHUYEHHON BapUAINU U
YIPaBJICHUSMU-MEPAMU TIPU OTCYTCTBUM TUCTEPE3UCHON HEJMHEHHOCTH U3Y-
YeHbl B GOJIBIIOM KoJmuecTBe 1rybsmkanuii (M., Hanpumep, 6ubamorpaduio
B [1, 2]).

B nokutaze OyayT HpecTaBieHbl Pe3yJIbTaThl 110 IHOTOYEYHON AIIPOKCH-
Manuu perneHnii comectHoit cucrembr (1), (2), (4) nocnenoBaTesbHOCTSIMI
abCOJIIOTHO HeNpPepbIBHBIX perenuit (7), (8), moKasaHa TeopeMa CyIIecTBO-
BaHWs ¥ ejuHCTBeHHOCTH permenus (1), (2), (4), cooTBeTcTByIOMIErO 3a/1aH-
HOH yUpaBJAONEil Mepe [ U HAYAJIBHBIM YCIOBUSM Xy, Yo. OCHOBHOI pe-
3yJIbTAT JOKJ&J1a IPEICTABISIOT HEOOXOAUMbIE YCJIOBHS OINTUMAJBLHOCTU B
dbopme 06061enHOrO HprHIUIA MakcuMmyMa Ui 3agaan (P). Unes nokasza-
TEJIbCTBA YCJIOBUN ONTUMAJIBLHOCTA OCHOBBIBAETCS HA COYETAHUM M3BECTHOIO
MeTO/Ia PA3pPBIBHOM 3aMeHbl BpEMEHU [2] U alllIpOKCHMAINY BAPHAIOHHOIO
HEPABEHCTBa MOAXOAAIMM juddepennuajbabiM ypaBaenueM [3].
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KoMOVHMpOBaHHbLIW anropuTm cuHTE3a ynpasJieHuii

Paccmorpum sinmeiinyio yrpaBiisieMyio CHCTEMY
i = P(t)r + Qt)u, (1)

rie £ — BeKTop (ba30BOI0 COCTOSHUS Pa3MEPHOCTH M U — T-MEPHBII BEKTOP
yupasjenus; marpunbl P(t), Q(t) pasmepunocreit (n X n), (n X 1), uMme0T
BEIECTBEHHBIC, HEIIPEPBIBHBIC U OIPAHUYCHHBIE IPH ¢ > () 3JIeMEeHTEI.

W3BecTHO, 9TO TpOrpaMMHOE yIIPABJICHUE JJIsl JIMHEHHOM OHOPOIHOM CHIC-
Temsr (1), mepeBopsiiee ee B HAYAIO CUCTEMBI KOODJIMHAT 38 KOHETHOE BPEMS,
MOYKET OBITH IPEJICTABICHO B 3KBUBAJCHTHON (hOpME IOBUIMOHHOTO yIIPaB-
senus [1, c. 218]:

w= M)z, M(t)=—BT(t)A" (t, T)Y (1), 2)

rue Y (t) — dbynmamenranbaas Marpuna cucrembl (1) mpu u = 0,

T
B(t) = Y-'()Q(t), A(LT) = /t B(r) BT ()dr.

ITpemmosnoxkum, 9ro yupasieHue (2) CymecTByeT U IMOCTPOEHO, TOT/a 3a-
MKHeM UM cucremy (1):

&= (P(t) +Q()M(t)) = 3)

OTMeTHM OCHOBHOE CBOMCTBO MO3UIMOHHOTO yrpasieHus (2). 3aMKHyTast
cucrema (3) npu sro6om HavanbHOM BekTope x(0) = 2 (B TOM umcIe u BO3MY-
MIEHHOM II0 OTHONIEHUIO K HEKOTOPOMY (DHKCHPOBAHHOMY 3HAYECHHIO) MMEET
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petrienue, npoxozsiiee dyepe3 Touky (1) = 0. 1o o3HAUAET, ¢ OIHOI CTOPO-
HBI, ITO HET HEOOXOIUMOCTHU JIOTIOJTHUTEIFHO PENIaTh 3a/1a9y CTaOMIN3aIlii.
C pyroit cTopoHBI, HOpMa MaTpuipl Kodddurmentos ycuienus M (t) 1o-
3UIMOHHOIO YIIPABJIEHUsI HEOTPAHUIEHHO BO3PACTAET 110 Mepe TPUOJIMKEHUS
K (uHAIBHOI TOYKe. DTO TAK, MOCKOJIbKY IIPU TAKOW KOHCTPYKIIUU YIIPAB-
Jlennst Touka & = () gBJseTCs 0COOON TOYKON 3aMKHYTON CHCTEMBI, TAK KaK
qepe3 Hee IIPOXO/IUT OECKOHEYHO MHOI'O MHTErPAJIbHBIX KPUBBIX.

JLJisl TIpeoIoJIeH s STOTO HETATUBHOT'O CBOMCTBA IMO3UIIMOHHOTO YIIpaBJie-
HUsT U 00eCIedeHnsi ero KOHCTPYKTUBHOIO IIPUMEHEHUs] B IPUKJIATHBIX 38,2~
9axX BO3HUKJIA WJiesi KOMOMHUPOBAHHOTO aJITOPUTMA, KOTJA Ha IIEPBOM JTAIle,
oka HopMma MarTpuibl M (1) He HPEB30ILIA JIOMYCTUMbIX 3HAYEHUH, IPUMe-
HSIeTCs [O3UIMOHHOE yrpasieHue. OHO rapaHTUPOBaHHO (6e3 JIONOIHUTEI b
HOM CTAOMIIN3AINN) IEPEBOJIUT CUCTEMY B JOCTATOYHO BJIM3KYI0 OKPECTHOCTD
Ha4aJjIa KOOPAUHAT, & 3aTeM BKJIIOYACTCA CTAHJAPTHOC IPOIPAMMHOE YIIPaB-
JIEHEe, KOTOpOe TEPEBOJUT 3aMKHYTYIO CHCTEMY B HOJIb M, TAKUM 00pa3oM,
3aBepINaeT pelleHne MOCTABIeHHON 3aa4un. Kak moka3asan ducjeHHbIe KC-
[IEPUMEHTHI, JInHA (DUHAIHHOIO yIACTKA HEBEJIMKA, T. €. IPOI'DAMMHOE JIBU-
JKEHUE TaKKe He TPeOyeT JIONOTHUTELHON CTaOMIN3aIuI, XOTsI CUCTEMa CTa-
OMIM3aIuN U MOYKET IIPUCYTCTBOBATH Ha CJIydail «(dOpc-MaskKOPHBIX» 006CTO-
ATEJIbCTB.

Janee B pabore MOKa3aHBl BO3MOXKHOCTU IPUMEHEHUs IIPE/JIOZKEHHOTO
nmonxoza. 1Iperkiie Bcero 9To 3aa4n cuHTE3a YIIPABIEHUN B KIacce OuimHel-
HBIX CHUCTEM

@ = P(t)z + Q()U(t)x, (4)

rje © — n-MepHbIil BeKTop (azoBoro cocrosnus; marpunpsl P(t), Q(t) pas-
mepHocreit (n x n), (n X r); U(t) — (r X n)-marpuna ynpasienuit. Marpuua
U(t) MOXKeT MMeTh PA3IWIHYI0 CTPYKTYPY B 3aBUCHMOCTH OT KOHKDETHOIT
IPUKJIQIHOM 3aa9u. Hamnpumep, HEMOCPEICTBEHHO BCE €€ 3JIEMEHTHI MOT'YT
ObITH yIPABJISEMBIME APAMETPAMU, JIUOO MPEICTABIATH CO0OH HEKOTOPBIE
(uneiinbie win HesuHeHbIe) DYHKIMN 38JaHHON0 HAOOPa yIPAB/IAEMbIX I1a-
PAMETPOB, KarKIBIil N3 KOTOPBIX YOBJIETBOPSIET CBOUM OrpanmIeHusM [2-12].
3asaua ynpasIeHnst COCTOUT B TOM, ITOOBI iepeBecTn cucteMy (4) u3 3aman-
Horo azoBoro cocrosuud rg upu t = 0 B KoHedHOe cocrosinne © = 0 mpu
t = T. HaiifeHn! yc/IOBUS, DU BBIOJTHEHUN KOTOPBIX JaHHASA 331898 UMEET
pelleHre ¢ MPUMEHEHUEM BCIIOMOTraTe/IbHOM JHelinoi cucremsr (1) u mosu-
I[MOHHOTO yIpasieHust (2).
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K HNCNEeHHOMY pelleHNi0 HeEKOTOPbIX 3a4da4Y MUHUMAKCHOIO
ynpaBiaeHuns

B noknaze ¢ mosuruit MTepanmoOHHOTO YIIYyUIIEHUs JTOMYCTUMBIX yIPaB-
JIEHU# B KJIacce BapUAIUi UTOJIBIATOr0 THUIA U3YJAIOTCS JABe MIHUMAaKCHBIE
3a/1a9u:

1) mpocreiimas 3aja4a OTHOCUTEJIHLHO CUCTEMbI MHTEIDAIBHBIX (DYHKIMOHA~
JIOB, 3aBUCAIINX TOJBKO OT YIIPABJICHUSI;

2) Momy/bHas 3a7ada (MUHUMU3ANUA MAKCUMyMa MOJYJIel) OTHOCHTEIHHO
HabOpa CTAHIAPTHBIX (DYHKIIMOHAJIOB, CBA3AHHBIX C HEJIMHEHHON JIUHAMUYIE-
CKOIl CHCTEeMOI.

B kauecTBenHOM I11aHe (YCJIOBUS OITHMAJIBHOCTH) YKA3aHHbIE 33/[A4U HC-
CJIEJTOBAHBI JIOCTATOYHO TIOJHO KAK B CAMOCTOSITE/IHLHON IMMOCTAHOBKE, TaK W
Yepe3 PeAyKIMIO K CTAHJAPTHBIM 3a7a4aM ¢ OrPAHUYEHUsSIMH (CM., HAIPH-
Mmep, [1, 2]). Ilpu 9T0M COOTBETCTBYIONIHE YCAOBUSA ONTUMAIHLHOCTH [IPEICTAB-
JIAIOTCsL OIISITh-TAKA B MUHUMAKCHOM (hopMe (II0TOUEUHBINH U UHTErPAJIbHBII
[IPUHIMIBl MUHAMAKCA), YTO 3aTPYAHsET UX YUCJIEHHYIO PEAJM3AINIO U [10-
CTPOEHME IIPOLIELYD YLy dlIeHUs.

B namnoM moksajie it pereHusi Mpob/IeMbl YIIyUIIeHUsT UCIIOIb3YeTC s
KOHCTPYKTHUBHAaSI IIPOIE/ypa BApbUPOBaHUsi B (hopMe 0DODIIEHHOI BBITYKJTOH
KOMOWHAIIMY TIAapbl yIpaBieHuil ¢ MyHKIMel BADbUPOBAHUS XAPAKTEPUCTHU-
qeckoro tuna. s momcka (pyHKITMOHAIBHBIX JIEMEHTOB BAPbUPOBAHUS C
[EJIBIO YIIYUIIeHUsT PACCMATPUBAEMOrO YIIPABJIEHNS] KOHCTPYUPYIOTCS CIIEIU-
aJIbHbIE BCIIOMOTATEbHBIE 33/Ia9H C TTapaMEeTPOM, KOTOPbIE BKJIIOYAIOT B CeOsT
CUCTEMY MHTETIPAJLHBIX YPAaBHEHUN BMeECTE C JIOMOJHUTEIbHBIMU OI'DAHIYE-
HUSIMHU TIOTOYEYHOT0 Xapakrepa. AHATU3UPYeTCs BOMPOC O Pa3pernmMOCTH
BCIIOMOTATEIbHBIX 337a4. [Ipu 9T0M HEOOXOMUMbBIE yCIIOBUAS ONTUMAJIHEHOCTH
(ycioBus HeyJrydIIeHns) CBSI3aHbI C OTCYTCTBUEM DEIEHUIT BCIIOMOTIaTeIbHBIX
3a/1a49 I JI000T0 3HAYeHUs [IapaMeTpa.

B pamkax mnpepjaraemoii (popMaJsin3anyuy IUCJIEHHOE PeIleHrne BCIIOMO-
raTeJbHbIX 33JIa9 €CTeCTBEHHO IPOBOJUTL HA OCHOBE METOJIa HAMMEHDLIITHIX
KBaIpaToB. B pe3ysbrare urepaiius yaydIlieHns: CBA3aHAa C PEIIEHUEM CITeIn-
AJIBHBIX 33/1a9 ONTHMAJIHHOIO YIIPABJIEHUA HA MUHAMYM €BKJINIOBOW HOPMBI
KOHEYHOTO COCTOsTHWSI B IpocTeiirieil cucreme (ha30BbIX ypaBHEHUI, TpaBast
YaCTh KOTOPBIX 3aBUCUT TOJIBKO OT YIIpaBJIeHUsI U BpeMmeHu. JdheKkTuBHbIe
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METO/IBI TJI06aILHOTO PEIeHNs] TAKOTO COPTa 3a/a4 IIPEJICTABJCHDI, HAIIPU-
mep, B [3].

IIpocreiimiast 3a/1aa MUHUMAKCHOTO YIPaBJICHUS

Ha MHOXKecTBe JIOIIyCTUMBIX yUpaBieHuil (r-MepHble n3MepUMbIe BEKTOD-
dbyHKIMEU ¢ OrpaHUUEHNeM THUINA BKIIOUYEHUS)

W= {ue L (T): ut) eV, t €T = [to,0]}

OIIpeIe/TUM HADOP MHTErPABHBIX (DYHKITMOHAIOB

®i(w) = [ gi(u(t) 1), i = Tm.

T

Obpa3zyem GYHKIOHAT MaKCHMyMa
®(u) = max P;(u)

1<i<m

" IIOCTaBUM 3339y MHUHUMaKCHOI'O yIIpaBJICHUA

®(u) — min, u € W. (P)

Ilponieaypa urosb9aToro BapbUpPOBaAHUS

OrpetesiuM Ipore Iy py JOIYyCTUMOI'O BADBUPOBAHUSI JIJIsl YIIPABJIEHUS U €
W caenyiomum ob6pazom:

Uy (B) = u(t) + x () (v(t) —u(?)), t €T,
veW, x € X,, a €]0,1].

3xecn
xﬁ:fom@wxwzovL/nwﬁzam—m>
T

— MHO>KeCTBO (DYHKIIU BapbUDOBAHMUSI.
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MO,HyJ'I])Haﬂ 3aZlada MUHHUMAaKCHOI'O yIIipaBJI€eHUA

Ha muo)kecTBe momyctumbix yrnpasienuit W onpemenmny vHabop OyHKITHI-
OHAJIOB

¢m0=%@m»+/mu@wwﬁamsz,
T
rie cBs3b u(t) = x(t) OIUCHIBAETCS C MOMOIIBIO TMHAMUIECKOH CHCTEMBI
T = f(xaua t)v (E(to) = xo'
Obpa3syem GyHKIIMOHATI-CBEPTKY KaK MaKCUMyM MOJLyJIeit

®(u) = max |P;(u)

1<i<m

U IIOCTABUM 337y OUTUMAJILHOIO yIPABJICHUS
®(u) — min, u € W. Q)

ITposeém urojbIaTOe BapbupoBanue yrnpasienus u(t) Ha OCHOBe ceMmeii-
CTBa Uy (t) ¢ mapamerpamu v € W, x € X,, a € [0, 1]. IIpupamenus byHK-
muonasioB ®;, ¢ = 1, m NpeCTaBJIsIOTCs CJIeLYIOMUM 06pPa3oM:

D (Uyy) — Pi(u) = —/X(t)AU(t)Hi[t, u] dt + o; ().

31ecn
A H'[t,u] = HY (YN (t), x(t), v, 8) — H (Y (t), 2(t), u(t), t).

CdopmupyeM MHOXKECTBO MHIEKCOB aKTUBHBIX (DYHKIIMOHAJIOB

I(w) = {i =Tm s |@:(u)| = B(u)}.

BcnomoraresibHad 3aja4a Iy dIieHus

C yuérom HOpMyJIbI IPUPAIIEHHUS U OIPEJIEeHNsT MHOXKECTBa Xy TIOJIY-
JaeM BCIOMOIATEeJIbHYIO 3aJady € IapaMeTpoM « (CHCTeMa MHTEerPaJbHbBIX
YPABHEHUI OTHOCUTENILHO U, X C JOIOJHUTEIbHBIMU yCIOBHUSIMHU)

/X(t)AU(t)Hi[t, u] dt = a®;(u), i € I(u),

/Mﬂﬁza@—%%dﬂeaxwemJ}
T
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Benomoraresbnas 3amaua (Q,) IO3BOJISIET I[IOCTPOUTH JOMYCTHMbIE
yIpaBJIeHus Uy (t), t € T co CBOHCTBOM JIOKAJIBHOTO CIycKa 1Mo (byHKINO-
Hay P.
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HEO6XOAVIMOG ycnosmne onTuMasibHOCTU NO3NLUNOHHOIO
TNNa ana Hernagkux 3agaad ontumMajibHOro nMmnynbCHOro
ynpaBaeHuns

Jloka1 TOCBSAIIEH WCCACTOBAHUIO HEIVIQJIKON 3389l ONTHMAJIHLHOTO
VIIpaBJIEHUsT BUJIA

I=1(x(T)) = {c,z(T)) — min; (1)

dr = f(t,.’L') dt + g(t,.’L’) dIU/7 m(O_) = 2o, (2)

|p([0,T]) < M. 3)

Baecy [0,7] — 3amamsbiii orpesok spemenu, f : [0,7] x R" — R" u
g: [0,T] x R" — R™ — 3ajanHble BeKTOP-DYHKINN, U3MEPUMBIE 1O t U

Y/IOBJIETBOPAIOIIAE YCJIOBHIO HE GoJjiee 4eM JIMHEHHOr0 pocTa MO IIePeMEeHHOi
2 (DIaIKOCTh UX He TpeJIoaaraercs); o € R — saganubiit BekTop, £(07) —
JIeBbIit pejiest YHKIWMK & B HyJie (TPAeKTOPUU [IPEIIOJIAralOTCd HellPEePhIB-
HBIMU CIPAaBa). YIIPABJIECHUE (4 MOXKET YCJIOBHO TPAKTOBATHCH KAK CKAJISIPHASI
3HaKonepemenHast Mepa JleGera-CTunTheca, U || uMeeT CMBICT ee TTOTHOM
Bapuaruu. Bermanna M > 0 3a71aeT orpaHuyeHne Ha, MOJHBIH Pecype yIpaB-
JICHHNA.

C nomoIIBbIo MeTo/Ia PAa3pPhIBHON 3aMeHbl BpeMeHH [2] maHHas 3aj1a4a 1Ipe-
obpasyercsa K Hersajkoil momesu (P) ¢ orpaHuYeHHBIMH YUDPABJIECHUSIMU, K
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KOTOpOfI 1 IMIPpUKOBAaHO OCHOBHOE€ BHUMaHUE B JIOKJIaJl€:

J(o) =1(x(T)) = (c,z(T)) — min;
i=(1-|)f(t ) +vg ( z), 2(0) = o, (4)
y=1-1|, y(0)=0, y(T)=yr, (5)
lv] < 1.

BxojiHble JJaHHbIE YJIOBJIETBOPSIOT OIIMCAHHBIM BBIINIE YCIOBUSIM. 3/1€Ch B Ka-
9eCTBE YIPABJICHHsI BBICTYTIAET NU3MEPUMast OTPAHMIEHHAS BEKTOP-byHKIHS
v : [0,T] — R, a Tpaekropueil siBisiercsi abCOIIOTHO HENPEPHIBHAS BEKTOD-
byuxmus z = (x,y) : [0,T] = R™ x R; uepes 0 = (z,v) = (x,y,v) ob6o3Haqa-
ercs npouecc cucreMsl (4), (5).

Ormernm, uro B 331a4e (P) npuanun MakcumyMa [Tontpsirnsa [3] siums
HEOBXO/IMM JIJIsl ONTHMAJILHOCTH HEKOTOporo mpomecca o = (z,0)1 (manee
HAIIE BHUMAHUE Oy/IeT IPUKOBAHO HMEHHO K IIPOIECCY T, JOIMYCTUMOMY U, HO
HEKOTODBHIM IPUYMHAM, «IIPETEHIYIOMEMY» Ha OUTUMAIBHOCTD).

Tak»Ke 3aMeTUM, ITO JIMHEHHOCTD T1es1eBol (byHKIIUN IPEIIIOAraeTcsl st
npoctorsl nsnoxkenust. Ciydaii HesuueliHo# dyHKImu | (Ipy pasHBIX IIpe-
HOJIOZKEHUAX HA €€ «IVIAJKOCTh» ) MOYKET ONUPAThCA Ha Pe3yJbTaThl [4].

O6cyKaaeMoe yeaoBre ONTHMAJIBLHOCTH HCHOJIB3YET TTO3UIMOHHBIE YIIPAB-
JIHUSI, 110J] KOTOPBIMY IIOHIMAIOTCS] IPOU3BOJIbHBIE (BOOBIIE MOBODs, PA3PbIB-

Hble) dyHKIUN
v(t,z,y): [0,T] xR" xR — [-1,1].

Mpbr GyjeM TOIB30BATHCS CJICAYIONUMEI JIBYyMsI TOHATUSIMY PEIIEHUs] CUCTe-
Mol (4), (5), 3aMKHYTON NO3UIMOHHBIM YIIDaBJIEHHEM V: a) perrenus Kapa-
reogopu z(+) = (x,y)(+), orBevarorue yupasienusm v(-) = (-, z(-),y(+)), ec-
JI TOJIBKO TIOCJIeTHAE OKa3biBatoTCs m3mepumbivu Ha [0, T dbyakuumsmu; 6)
KpuBble Distepa (KoHCTpyKTUBHBIE JBIKeHns Kpacosckoro-Cy66oTuna), T.€.
PaBHOMEPHBIE TIPeJIeIIbl JJIOMaHbix Jitiepa [5, 6, 7]. Muoxkecrso penienuii yka-
3aHHBIX TUIOB GyJeM 0003HaYaTh Yepe3 Z (V).
Beenem dyuxmuio IHonrparuna

H(t,x,9,&v) =9 ((1 - ) f(t, 2) +vg(t,x)) + (1 — [v])

U CONpsI?KEeHHOe BKJItoUeHue (cuMBos 0, H 0603HaIaeT YaCTHBIN 0000IIeHHBII
nuddepennuan Knapka no nepementoit x [1, 5, 8]):

O(t) € B, H(t,x,,&,v), W(T)=—c, &= const. (6)

o sT0ii 2Ke NPUYMHE TPUHIUI MAKCUMYMA U3 [2] He ABJIAETCA JOCTATOYHBIM YCIOBHEM
ONTUMAJIbHOCTHU JIJIi UCXOJHON MMITyJIbCHON MOJEIH.
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Paccemorpum cresyroriee sKCTpeMaabHOE MHOTO3HAYHOE OTOOparKeHue:

Ve(t, z,9) = Argmax H(t,z,¢, &, v).

ve[—1,1]

B coorBeTcTBIM ¢ Hieell MO3UIMOHHOIO NPUHIMIA MUHIMYMa [9, 10, 11]
IUIS 33JIaHHOTO mporiecca & = (Z,7) ¢ KoTpaeKTopueit (¥, £) — cooTBeTCTBY-
IOIUM DElIeHUeM COLPsI?KeHHOi cucreMbl (6) — B KadecTBe MO3UIUOHHBIX
YIPABJIEHWI MOTEHIMAJIBHOTO CIIyCKa IO NEJIEBOMY (DYHKIMOHAJY CJIEIYET
BbIOUpaTh GyHkumu v(t, ) € Vg(t,x,zﬁ(t)L T.e. V KOHCTPYUPYIOTCS U3 Ce-
JIEKTOPOB YKA3aHHOT'O BbINIE MHOTO3HAYHOTO OTODDAXKEHHsI, CY’KEHHOI'O Ha
korpaektopuio (¢, €). Ommaxo owesmano, uto pemenus cuctembr (4), (5),
OTBEYAIONINE TAKUM TIO3AIMOHHBIM YIPABJIEHUSIM, BOOOIIE roBOpst, HE OyIyT
poiycTuMbl B 3anade (P) — napymaercs repmunasbhoe yeaosue y(1T) = yr.
Jljist ydera mocjieIHero BBEJEM CJIeIyolIee «IO/IIPABIEHHOE» MHOTO3HATHOE
orobpaxkeHne (UCHONB3YIOIINE OUEBHHOE ONMCAHNE MHOXKECTBa YIIPABIIse-
mocru cucrembl (5) B Toury (T, yr)):

. {0}7 y<t7T+yT7
V&(ﬁ%?!ﬂﬁ) = {_17 1}7 Yy = yr, (7)
Ve(x,1), B IPOTHBHOM CiIydae.

OGosuaunmM 4epe3 V¢ MHOXKECTBO BCEX INO3UIMOHHBIX yIpPaBJIEHUd V,
COCTOSAIIIUX W3 CEJIEKTOPOB MHOIO3HAYHOTO OTOOparkeHust (7), CYy?KEHHOTO
Ha KOTPAEKTOPUIO 1) ¢ npomsBosbHEIM HapamerpoM & € R, me. dyHKINI
V(tr €T, y) € V5<ta L, Y, 1/)(t))

Teopema (Ilo3uMOHHBLI IPUHIUI MAKCUMYMA).

Hnst onrumanbHOCTH TIpotiecca & = (Z,U) B 3agade (P) HeobGxoaumo, 9To-
6bl TpaekTopust Z = (T, §) JOCTABJISIA MUHUMYM B CJIYIOIIEH SKCTPEMab-
Hoit 3aj1a4ue cpaBrHenus (CP):

(c,z(T)) —» min; z=(x,y) € U U Z(v).

£€R veV,

[Momyuernoe HEOOXOUMOE YCIIOBUE, KaXKYIEecss TOJBKO TEOPETUIECKUM
dakTOM, HOCHT BecbMa KOHCTDYKTHBHBII XapakTepa: OHO MOXKeT 3dder-
THBHO HCIOJIB30BATHCS B KadeCTBE CIocoda «OTOPAKOBKHU» HEOITHMAJBHBIX
yOpaBJieHU. YKa3aHHOE CBOWCTBO MHUIIMUPYET OPraHU3AIMI0 UTEPATHBHBIX
MIPOTIECCOB «YJIydIlleHus» yrpaBjenus Ha 6a3e Teopembl, 0JlHAKO, TPH ITOM
BO3HUKAET Psij] BOIIPOCOB.

Bo-niepsrix, BbIGOp napamerpa & € R BechMa He oueBnzieH (0COGEHHO JIst
HEIKCTPEeMAJIbHBIX B cMbicjie IIM mporeccoB). Tem He MeHee HETPYIHO yKa-
3aTh IpeJieJibl BapbupoBanus & [12].
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Bo-BTOpBIX, HEOJHO3HAYHOCTD pelleHus BKiodeHus (6), ¢ oxHoil cropo-
HBI, J00aBJIsieT 60JIbINeH THOKOCTH JIJTsT TIOUCKA «OPaKYIOMMXy MTO3UITHOHHBIX
yIpaBJIeHUil, C APYyroil CTOpOHBI, TpebyeT KOHCTPYKTUBHOI'O OTBETA WJIUA pe-
KOMEHIAINN TI0 MIPEOJI0JICHUIO TON HEeOolpe e IeHHOCTH. UuCaeHHas peasu-
3arys IPOIEYDP [OCJIeI0BaTEeIHLHOrO pemenns 3a1a4 Buga (P) Tpebyer pas-
paboOTKU IMCKPETHOTO aHaJora 1eopeMbl s COOTBETCTBYIONINX JIUCKPETH-
30BAHHBIX MOJIEJIEH ONTUMU3AINY (TaKue Pe3ysbTaThl AKTUBHO PA3BUBAIOTCSI
aBTOpAMU, IIPUIEM UCIIOJIb3YEMbIH IMOJX0/] HE OrPDAHUYEH KAKUMU-/TN00 KOH-
KPETHBIME CITOCOOAMH IUCKPETU3AIINN HEIIPEPBIBHLIX 3a0a4; TJIABHOE — B IIO-
CTAHOBKAX He TPeOYeTCsl BBIILYKJIOCTH BXOJHBIX JAHHDBIX ).

B 3aBeprienne j1oKIa1a 06CyKaeTcst Bonpoc pactmudpoBku TeopeMsbl B
TepMUHBI ncxonHoi 3anaau (1)—(3).

Pabora Bemosnaena mpu noamepxkke PODPU, mpoextsr Ne 16-31-60030, 16-
31-60068.
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MocTpoeHne KoppekTupytowero ynpassieHus aasa ogHomn
uenn nocTaBoK

PasBurne coBpeMeHHOr0 MUPOBOTI'O PBIHKA TOBAPOB U HEOOXOIMMOCTb IO
JIepKUBATh KOHKYPEHTOCIIOCOOHOCTH KOMIIAHU 00bICHSIET X PACTYIIHE TPe-
6oBanus K pabore coBpeMeHHbIX 1ereii mocrasok (III1): onepamuu ¢ 6osbrum
KOJITYEeCTBOM IIPOJIyKTOB, 00eCIIeYeHIe BHICOKOTO KAYeCTBa I CKOPOCTH II0CTa~
BOK, YJIOBJIETBOPEHHE HEOOXOIUMBIM IKOJOTUIECKAM CTAHIAPTAM, BO3MOXK-
HOCTb pabOThI C HOBBIMH, TOJIBKO IOSIBJISIFOIIIUMUCS], HA PBIHKE ITPOILYKTAMHU,
WCITO/Tb30BAHUE COBPEMEHHBIX TEXHOJIOTMH U T.JI. Jlpyrumu cjioBamu coBpe-
MEHHBII PBIHOK ABJAETCA JUHAMUYIHON CPENOH M, COOTBETCTBEHHO, IEIH II0-
CTABOK TaK¥Ke JIOJI?KHBI OBITH BBICOKO JTUHAMUYIHBIME cucTemamu. OiHAKO, HA
JAHHBII MOMEHT CYyIIeCTBOBaHUE OOJIBIIIOrO YUCIa MATEMATHIECKUX MOJIEIE,
onuchiBaroIux JuHaMuKy paborsl LI, 06bsicHsieTCSI MHIMBUY aJIbHOCTBIO UX
MIPAKTUYIECKOIO MCIOJIb30BaHUsI. B 4acTu m3 HUX JJIsi ONTUMU3AINANA PAOOTHI
HIT npuMeHSIIOTCST METOBI COBPEMEHHO! TeOpHUM YIPABJIEHUsI, HAIIPUMED, B
pabotrax [1, 2, 3].

JL1st GOJTBITMHCTBA KOMITAHUH 0COD0 BasKHO COXPAHSTD BBITTOJIHEHUE CPO-
KOB IIOCTaBOK, IIPH 9TOM MHUHUMHU3IUPYS JOMOJHUTEbHBIE W3JIEPKKU, IIPU
YCJIOBUM BO3HUKHOBEHUsI HEIPEIBUIEHHBIX 0OCTOSITEIbCTB, KOTOPhIE, HAIIPU-
Mep, MOT'YT IIPOU30MTH BO BPEMsi TPAHCIOPTUPOBKU WJIM XPAHEHUs ITPOJIYK-
mun. B atux ciydasx HeoOXOIMMO IPOBOAUTD aHAJIN3 U YIIPABJIEHHE PAabOTOM
[IENN TIOCTABOK. B HacTosAIee BpeMst TEXHUYECKUE BO3MOXKHOCTH II0JIY YEHUS
nadopmaruun o TekyieM coctogauu I mozBossgoT ynaydmuTh ee paboTy
B TaKUX CUTYyaIldsiX, B 9TUX CIydasix pernatorcs 3ajadn yupasiaerus LI B
YCJIOBUSIX BHENTHUX BoazeficTsuii [4, 5].
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B mammom mokmane paccMaTpuBaeTCd 3a/ada YIIPaBICHUS IEMbI0 TOCTa~
BOK Ha (PUKCHPOBAHHOM HHTEpBaJle BPEMEHH, IIPU ydeTe MOCTYIIAoIeil nH-
dopmaru 0 ee TekymeM cocTossHuuU. [ljist onmcaHusi paboOThI MEMU UCIIOhb-
syercst Mozeas M [6, 7]:

u(t) [ x = f(x,u,t,Q)
Me =< ho(x(tg)) <0, hi(x(ty)) <0 (1)
g (x,u) <0, ¢?(x,u) =0,

B KOTOPOIi BEKTOD X(t) — XapaKTepu3yeT BBIIOJIHEHUE OlEPaluil B Iemu
[TOCTABOK, HAIIPUMED, 0ObEMBI MOCTABOK U XPAHUMON MPOYKIINA B MOMEHT
BPEMEHH t, BEKTOD YIIPABJISIIONuii Bo3eiicTBuit o6o3HaueH u(t) (mian paboTst
1enu). 371ech ¢ MOMOIIBIO g, hi 3a/1aHBI HAUATIBHOE U KOHEYHOE 3HAUEHUsI B
3a,IAHHBIE MOMEHTBI BpeMeHt to, t , a paBencTsoM u epasencrsom ¢ ¢V, ¢(?)
OTIMCAHBI JINHEHBIE U HeJuHelHble orpannydeHus mojenan. Oyukiusa f aBis-
ercs JmHelHOH 1o X, u. Oyukius ((t) sABiAgETCHS KyCOYHO-HEIPEPBIBHON U
OTpAHWYEHHON, OHA OIMCHIBAET BHEITHIE BO3/EHCTBUS, IIPEJIIOIATAETCS, ITO
B SIBHOM BHJIE€ OHA HE M3BECTHA, HO €€ O BHEIIHUX BO3JEHCTBUAX HA CHCTEMY
MOYKHO CYJIUTH IO MOJIyYaeMOl B ONPEJIEJIEHHbIE MOMEHTHI BpeMeHn UHGOP-
MaIK O TEKYIIEeM COCTosTHIM crucTeMbl. OB03HAYNM [TOKa3aTe b KauecTsa Jg,
OTIEHUBAIOIIUH JIOTIOJTHUTEIbHBIE U3JIEPXKKU B CJIydae OTKJIOHEHUs OT 3alljia-
HUPOBAHHOTO pexkuma paborsr 1111

IMocranoBka 3a4a4u: IOCTPOUTE yrpasieHue U(t) (Ha OCHOBE KOPPEKTH-
POBKH IIPOIPAMMHOIO YIIpaBJieHusi U(t)) B IIpoliecce pean3aryy miaHa pato-
tor LTI ma [tg,tf), yAOBIETBOPSIOMIEE OIPAHNICHISAM U KPAEBLIM YCIOBUAM
Mozienu (1), KOMIEHCHpYIOIiee ONpaHMYCHHbIe BHEIIHHE BO3jeiicTBHA (BO3-
MyIIeH sl ) 1 06ecliednBaloniee MUHIMAJIbHOE 3HAYEHNE [I0Ka3aTe sl KauecTBa
Ja.

Hnst pemenust 3amaqn npu ¢ = 0 mporpaMMHOe ylpasieHue U(t) Moxker
OBbITH TIOCTPOEHO METOIOM, NpeioxkeHHbIM B [6]. IIpu Hamwaum BHeHEro
BO3/IeficTBUs ( B paboTe aBTOpaMu ObLT MPOBEJIEH AHAIN3 00IACTH JIOCTUKU-
MOCTH U TIOJIyYeHBI ee OIeHKN [7].

1151 KOPPEKTUPOBKHU TOCTPOEHHOTI'O ITPOrPAMMHOIO yIIPABJIEHUsT TPU Ha~
Jguauu ¢ 3/1eCh MPEJJIOKEHO CTPOUTH MO3UIMOHHOE YIIPAaBJIEHUE B KJacce
KYCOYHO-IIOCTOSIHHBIX OTPAHMYEHHBIX (PYHKIUH C UCIIOJIH30BAHUEM METOJ0B
TEOPUU ONTUMAJIBLHOIO YIPABJIEHUSI U METOJ0B JIMHEHHOTO IIPOrPaMMHUPOBa-
nug [8, 9]. Pesysbrarsl peajms3anuyu JaHHOTO MOJAXOJAA JEMOHCTPUPYIOTCS B
pabore Ha YUCIOBBIX IPUMEPAX [IPU PA3JINIHBIX 3HAYCHUAX BXOIHBIX JAHHBIX
¥ TIapaMeTPOB MOJIEJIH.

WcciieoBanus, BBIIOJIHEHHBIE JJISl JTAHHOW PA0OTHI, IPOBOJIMJIIACH IIPU
dbunancosoii nmoguepxke: CII6 T'IIY (meponpusitue 6.1.1), UTMO (cy6eu-
nus 074-U01), Hporpammsr HTC Corozuoro rocyumapersa "Mo-uuropunr-
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CTI'"(upoexr 1.4.1-1), rpanto PODIT (NeNe15-07-08391, 15-08-08459, 16-
07-00779, 16-08-00510, 16-08-01277, 16-29-09482-ocpu-m, 17-08-00797, 17-06-
00108, 17-01-00139, 17-20-01214), roczamanust MunucrepcTBa 06pa3oBaHus 1
nayku P® Ne2.3135.2017/K, B pamkax Gomkerabix Tem NeNe0073-2014-0009,
0073-2015-0007.
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(4]
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Investigation of Controllability of Polysystems in Discrete
Time Based on Properties of Their Invariant Measures
Xpawes C.M.

CII6ITY, ITommmrexuuyeckas yi., 29, Caukr-Ilerepbypr, 195251, Poccusi; CIIGLY,
Yuusepcurerckas Hab., 7-9, Caukr-Ilerepbypr, 199034, Poccust

NccnepoBaHne ynpaBnsieMmocTn NOAMCUCTEM B OUCKPETHOM
BPEMEHU Ha OCHOBE CBOWCTB UX MHBAPUAHTHbIX Mep

PaccvaTpuBaeTcss HEKOTOPBIN KJIAaCC IUHAMUIECKUX CUCTEM C KOHEUYHBIM
9HUCJIOM yHpaBJIdOMuX 3Hadenwii. [Ipeamonaras, 4To guHaMUYIecKas CUCTe-
Ma yIIpaBJisgeMa B HelIPepPBIBHOM BPEMEHHU, HCCJIeIyeTcs ee yIPaBJIdeMOCTb
B UCKPETHOM BpeMeHH. BO3MOXKHOCTh M3MEHEHUs YIIPABJISIONINX BO3/IEl-
CTBUM JIUIIb B (DPUKCUPOBAHHBIE TUCKPETHBIE MOMEHTBHI BPEMEHU MOXKET OBITh
00yCJIOB/IEHA MHOTUMU OOCTOATEIHLCTBAMUA. B 4dacTHOCTH, TO MOXKeT OBbITh
CBSI3AHO C KOHCTPYKTUBHBIMU OCODEHHOCTSIMM CHCTEMBI YIIPABJIEHUsI, IIPU
KOTOPBIX HE MOIYT JOIYCKATbCdA CJIHMIIKOM YacTHBIE IIEePEKJIIOYEeHUS YIIPaB-
JIAIONUX Bo3jeiicTBuil. M3-3a auckpernoctn BpeMenn auddepeHiimaabHO-
reoMmeTpudeckKne MeTO/Ibl UCCJICJOBaHUsA yIIPaB/JIA€eMOCTN HE BCEr/la IIPUMEHN-
MbI. [To3TOMY B KadecTBe aJbTEepHATUBHOIO IOJIX0JIa MPUMEHSIOTCS METObI
Ha OCHOBE TEOPUM MepBhl, & UMEHHO, C IIOMOIIbI0O NHBAPUAHTHBIX MEP HEKOTO-
POl BCIIOMOTATEJBHOI IOJMCACTEMBI, aCCOIIMUPOBAHHON ¢ NCXOLHOU, OIUACHI-
BalOTCS CBOMCTBA CHCTEMbl YIIPaBJIEHU U JIAIOTCA YCJIOBUSA €€ yIIpaBJIsdeMo-
CTU B JUCKPETHOM BpeMeHU. B THUNMYHBIX CiIydasX OKa3bIBaeTCsd, YTO B JIUC-
KPETHOM BPEMEHHM MOXKHO TapaHTHPOBATh TOJILKO HEKOTOPDIN OC/Ia0JIeHHbBIH
BapHaHT yOpPaBJIAeMOCTH, & UMEHHO TaK Ha3bIBAEMYIO AIIIPOKCUMATHBHYIO
YIPABJISEMOCTh. DTO IMPUBOJUT K 3aa4e UCCIIEIOBAHNS 3aBUCUMOCTH BPEMe-
HU YIPABJIEHUS OT TOYHOCTH yrpasienus. [lomyTHo ¢ 3ama4deit nucciaesoBanus
YIIPaBJIAEMOCTH BO3HUKAET 3a/a4a HAXOXKJIEHMUsS JIMCKPETHBIX MOMEHTOB IIe-
PEeKJIFOUEHNUH yIIpaBjeHnii. DTa 3a/1a9a CBOIUTCS K HAXO0XK IEHHIO 11€/I0IICIJIeH-
HBIX PENIEHNN HEKOTOPBIX YPaBHEHUI MM HepaBeHCTB. /3-3a JMUCKPETHOCTH
MHOYKECTB, K KOTOPBIM MOT'YT IIPUHA/IJIE?KaTh NUCKOMBIE PEIIeHU, IJIs HaX0XK-
JIEHUsI 9TUX DEINCHUil HeJIb3sl IPUMEHATh MeToibl (Hanpumep, merol, Hbio-
TOHA), IIPUMEHseMbIe JJisl PeIeHUs] HEPABEHCTB, 3aJJAHHBIX B HEIPEPBIBHBIX
obJracTsx. 3/1eCh TaKKe MPeJIaraloTCsi HEKOTOPbIE aJIbTePHATUBHBIE METOJIbI
HaXOXKJIeHUs perieHuii. B TepMrHaxX WHBAPUAHTHBIX MEp YJIAETCsS OICHUTH
CKOPOCTh CXOJIMMOCTH IIOCJIeI0BATEILHOCTEN TPUOJIMKEHHBIX PEIeHn, 9T
JTaeT BO3MOXKHOCTD OIEHUTDb BPEMs YIIPABJIEHNUsI, HEOOXOIUMOe [JTs obecriede-
HUA 11e51eBOT0 ycsioBusi. [loydennbie pe3yabTaThl ONUPAIOTCS Ha PE3YIBTATHI
pabor [1, 2, 3, 4, 5].
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1. ITocTamoBka 3a/1a9u, OCHOBHbBIE OTPEIEICHNST U 0003HAUECHUSI.

ITycts X = {z} = R™ — HeKOTOpPOE N-MepHOe IPOCTPAHCTBO COCTOSIHUIA,
U = {u} = R! — ynpasnstiomee npocrpanctso, R = {t} — mpocrpancTso
MOMEHTOB Bpemenu. lIpemoiaraercst 9To Jjis HEKOTOPOro (hbUKCUPOBAHHOIO
narypasbaoro | € N u Bemecrsennoro u; € U,7 = 1,... ] cymecTByer ce-
MeHCTBO OTOOparkeHuit Fﬁi : X — X, t € R ¢ noayrpynmoBsIM CBOWCTBOM.
Takum obpazom, 0ObEKT yIpaBJIeHHUs 3aJaeTCsd B BUJle KOHEYHOro Habopa [
JIMHAMUYECKHUX CHCTEM, T. €. B BHUJIE HOJUCUTEMBI

{F..,....F.}. (1)

Cunraercst, 9TO KaxKjas JUHAMUYECKasi cucreMa (DYHKIHOHUPYET B CBOEM
CcOOCTBEHHOM HEIIPEPBIBHOM BpeMeHHU R, a mosjucucreMa (pyHKIUOHUPYET B
MHOT'OMEPHOM BPEMEHHOM IIPOCTPAHCTBE RL.

VrpapieHre TOJUCATEMON 3aKJ/II0YAETCA B BLIOOpPE B KasKIblii MOMEHT
BPEMEHU KaKOI-IM0O0 TUHAMIYIECKON CHCTEMBI W3 33J@HHOrO Habopa. Ecmam
tjio1 <tj, 7 =1,...,1 ,1 > n — MOMEHTBE TEPEKTIOYCHH, TO COCTOTHIE
[TOJINCUCTEMbBI B KOHEUHBII MOMEHT BPEMeHU OyJIeT CJeyomee

(Fit o Fyi=to---o Fil)(xo) := F" (), (2)

rne 7= (71,...,7) € Ri, T =1t; —tj_1.

IMonucucrema, 3amannas Habopom (1), Ha3BIBAETCSI E-YIIPABIIsIEMOil U3 CO-
cTodHuA To € X B cocTosiHUE T, € X, eciam mid € > 0 CyIecTByeT BEKTOD
BpeMer T = (71,...,7) € R}, Takoii uro

|7 (o) — 4| < e 3)

Ipeamosnaraercst, 9TO B HENPEPHIBHOM BpeMmeHn mnosucucreMa (1) mmeer
HEKOTOPOE MHOXKECTBO JOCTHKUMOCTU X, (MHOroo6pasme pasMepHOCTH 1),
cocToduiee U3 TOYEeK, JOCTUKNMDBIX U3 HEKOTOPOI'O HA3HAYCHHOI'O HAYaJIbHOI'O
COCTOSHUS X(.

Hapsiny ¢ HenpepbIBHBIM MHOTOMEPHBIM BPEMEHHBIM MTPOCTPAHCTBOM R{%
pacCMaTpPUBAETCS JUCKPETHOE MHOIOMEPHOE BDEMEHHOE IPOCTpPaHcTBo Z.
JIEMEHTBI KOTOPOI'O ABJIAIOTCHA Ha60paMI/I MOMEHTOB HepeKJIIO‘—IeHI/Iﬁ B JuC-
KpEeTHOM BpPEMEHU.

OcHoBHOI 3a1a9eil nCCIeI0OBaHNsT ABISIETCS ONMMCAHNE MHOYKECTBB JOCTH-
JKAMOCTH B JUCKPETHOM BpeMeHu. /Ipyroii 3a/1adeii MCCIIeIOBAHNS SBJISIETCS
3aj1a9a OIEHWBAHNUS BPEMEHU YIIPABJICHUs, HEOOXOIMMOTO JJIsI JTOCTUKEHIS
IIOCTaBJIEHHOM e/, 1epe3 u3BeCTHbIE XapaKTEePUCTUKU CUCTEMBI.

Hnst e = 0 yciosue (3) B HENPEPHIBHOM BDEMEHH 3allUCHIBAETCS B BU-
ze ypasuenus F7(xg) = x,, KOTOpOe 3aJaeT IIOBEPXHOCTD IIE€PEK/IOYCHU.
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[Tycth T, ecTh Takoe 3HAYEHWE, KOTOPOE YIOBIETBOPSIET PACCMOTPEHHOE yPaB-
HEHUE ¥ MMeeT MUHUMAJIBHYI HOpMY. MHOXKeCTBO TaKUX T, COOTBETCTBYIO-
IMUX BCEBO3MOMKHBIM KOHEYHBIM 3HAYCHUAM Ty € X, obosaaunm MY . IlycTs
m = | — n. [loBepXHOCTb TEPEKJIIOYEHUN MOYXKET OBITh ITapaMeTpPU30BaHBI
dyHKIIET

or, :RY — RZ_H o @ (o) =T, (4)

TaK uro Ty = ¢, (0).
Pacemorpum orobparkenne, 3aganHoe HOpMyIIOi

P M} = X, CR", 7= (1) = x4, (5)

rie (1) = F™ (x0).

OcHOBHOIT 3aJ1a4ell NCCIIeIOBAHNS SIBJISIETCS U3yYeHUe CBOMCTB (DYyHKITHIT
¢r. (o) and (7). CeoiictBa dyHKIMI @, () ONPEIEIAIOT BO3ZMOXKHOCTD
YiipaBJjieHUs B JJUCKPETHOM BPEMEHU. CyTb HaIlleTO II0/IXO/1a penieHus1 I10-
CTABJIEHHON 3aJla4M COCTOMT B MHTepuperanuu QyHKIui ¢, () Kak perre-
HUNl HEKOTOPBIX JuddepeHnualbiblX YPaBHEeHHNH. DTO [T03BOJISIET HAM IIPH-
MEHUTb METOJIbI TEOPUH JTUHAMUYECKUX CHUCTEM JIJIs U3y9eHUs CBOMCTB ITUX
dyukuuit. CpoiicrBa dyukuuu ¥ (7,) OlIpPeesoT OOIIMPHOCTD MHOYKECTBA
JIOCTHKUMOCTH.

JLj1st periienust TOCTaBJICHHON 331291 BBOJUTCST HEKOTOPAs BCIIOMOIaTe b
Hasl IOJIMCUCTEMA, ACCONUMPOBAaHHAsA ¢ MCXOAHOH momucucremoit (1). B ka-
YeCTBE CBOErO MPOCTPAHCTBA COCTOSIHUN 3Ta ACCOIUUPOBAHHAS MOJIMCUCTE-
Ma uMeeT (haKTOPU30BAHHOE MHOTOMEPHOE BPEMEHHOE MPOCTPAHCTBO UCXOJI-
Hoii (ocHOBHOH) monucucremsl, Te. Top RY /Z! = T!. ®ynkuuonuposanne
acCOIMMPOBAHHON IIONMHMCACTEMBI B CBOEM MHOromepHoM Bpemenn R, rie
m = [ — n, HHTEPIPETUPYETCS C JAUHAMUIECKON TOUKM 3PEHUsI KaK II0CJIE/I0-
BaTEJLHOCTD IPEeOOPA30BAHUI TPOCTPAHCTBA COCTOSHUI CJIEYIOMIErO BUIA

G7:T' =T, 79— G%n). (6)

NurerpajsbHbiMu HOBEPXHOCTAMHE I1peobpazoBanus (6) siBisiiorcs yHKIuM
©r, Buma (4).

B npocrpancTBax coOCTOSIHMIT MCXOIHON U aCCONMUPOBAHHBIX TIOJIACUCTEM
3aJIaHbI CTaHIapTHBIE Mepbl oObema V,, u V. coorBercrBenHO. Kpome Toro, y
aCCOIMMPOBAHHON TIOJIMCACTEMBI IMEETCA MHOXKECTBO MHBAPUAHTHBIX SPTOJIU-
9eCKUX BEPOATHOCTHBIX OOpesieBcKux Mep Pg, KOTOpble HHIYIIMPOBAHBI 9TOH
nonucucremoii. Hocuren MHOYXKeCTBa MHBAPUAHTHBIX Mep 00pa3yioT pa3bue-
HU€ IIPOCTPAHCTBA COCTOSTHIIT ACCOIMUPOBAHHOMN IOJIUCUCTEMBI. KaxK bl 3J1e-
MEHT 9TOro pa3bueHust 06/1aaeT HEKOTOPBIMU CITEIU(MUIECKUMU CBOCTBAMH.
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B rTepmuHax sTux Mep (MCXOHBIX U HMHIYIUPOBAHHBIX) OIMCHIBAIOTCSH
MHOTHE€ CBOMICTBA MCXOTHON CUCTEMBI. B “acTHOCTH, CTpOATCS (DYHKIMH pac-
npejeieHns BpeMeH YIpaBJIeHUd JJIsSI PA3JIMYHBIX KOHEYHBIX COCTOSIHUHN T
MHOKECTBA JIOCTUZKUMOCTH X 4.

2. TeopeTnKo-BEpPOATHOCTHBIE W CTATHCTHYECKHE (ACHMIITOTHIECKHE)
dyHKIIN pacrpeneseHus BpeMEH yIpaBIeHH.

Jtst onmmcanus TUHAMUKN HEBS30K HEMPEPBIBHBIX U JTUCKPETHBIX BPEMEH
YIIpaBJIEHUS PACCMATPUBAECTCH MYJIbTU-IIPOIECC

h?(19) =|G%(10)| (mod 1), o €& N™. (7)

Teoperuko-BepositHOocTHAs DYHKIMs pacupeseenus 3uadenuii h? (1) oupe-
Jgensercs hopMyIoit

Fho(e) = Pa(ro | W (10) <€), €>0.

Tax kak mepa Pg unBapuanTHas, 10 npomecc (6) cranmonapubiii. Crenosa-
TeJIbHO, BBeJeHHAsS (DYHKINS PACIIPEIEICHUS HE 3aBUCUT OT O.
CranzapTHbiM 06pa30M BBOJUTC CTATUCTUYECKUE (ACHMITOTHYECKUE)
dbyHKIMEN pacnpesieseHnst BpeMéH yrpasieHus JFp (g, 7o), 3aBUCSIIAS OT Ha-
YaJIbHOTO yCJIoBUsI To. OQ4UeBHJIHO, JJIst JIFOOOW 3ProJInYecKOoil MHBAPUAHTHOM
Mepbl Pg cupaseyuBo paBeHcTBo Fp (e, 79) = Fp(e), rue 7o € supp Pg.

3. CKOpOCTDH CXOJIMMOCTH TIOCJIEJIOBATETLHOCTH OIEHOK, ATIIIPOKCUMUPYIO-
IIUX BpeMeHa IIePeKJ/I0OYeHN yIIpaB/JIeHuil B JUCKPETHOM BPEMEHH.

Jlajiee n3yvyaroTCst BOSMOXKHbBIE KJIACCHI PACIIPEJIEICHIIT 3HAUEHUI BpeMeH
nepexJIoUeHuit yrnpasjenuii. C MOMOIIBI0 Ka¥KJIOTO TAKOTO PACIPEJIEICHISI,
3aBUCAIIETO OT HAYAJBHBIX YCJIOBUM, MOXKHO OLIEHUTH CKOPOCTh CXOAUMOCTH
OIIEHOK BPEeMEH yIIpaBJIeHUs B JIUCKPEeTHOM BpemeHu. OHM 00eclieunBaioT 3a-
JIAHHYIO TOYHOCTH yrpasjenus. Ilycte G — acconmmmpoBaHHAasl IOJIyTPYIIIa
npeobpaszoBanuii, nanaas hbopmyioii (6), Pg — sprojudeckasi BEpOSTHOCTHASI
G-vHBapuaHTHasI Mepa M HadaJbHas oneHka 7o € supp Pg. Copasemiuba
CIEeAYIOIAast TEOPEMA.

Teopema 1. lnsa Pg-mouTn Bcex HAYATbHBIX YCJIOBHUIT Ty CKOPOCTH CXO-
JIIMOCTH E4 MOCJIEA0BATEJLHOCTY 3HAYEeHUiT HeBsA30K h7¢ (1), 70 € supp Pg
Buga (7) JaHa ypaBHEHHEM



OcobeHHO MHTEPECeH CiIydail, KOTaa UMEETCsl SProJMuecKasi MHBAPUAHT-
Had Mepa PG C IIOJIOYKUTEJIHLHOU IJIOTHOCTHIO Z)C}7 BBIYHCJIEHHON OTHOCUTEJILHO
Mepbl o0beMa V.. Ha Tope. Takum obpaszom, V., — KBa3sMUHBAPUAHTHAS JIJIsT
npeobpasoBanus G, nannoro ypasuenueM (6). OHa Takast Mepa XapakTepu-
3yeT MOYTH BCE TOYKHM MHOYXKECTBA JOCTUKAMBIX COCTOSTHWN B JUCKPETHOM
Bpemenu. B aTtom ciydae Teopema 1 MoxkeT OBITH CHOPMYINPOBAHA B CJIEIY-
FOIEM BHJIE.

Teopema 2. Jljst V., -1109TH BCeX HAYAJIBHBIX YCJIOBHUN Ty CKOPOCTH CXO-
JIUMOCTH £¢ HOCJIEIOBATEIHLHOCTH 3HAUYEHU HeBa30K h?s(71p) Buma (7) maxa
ypasHeHneM (8).

JokazarenscTBa TeopeM 1 1 2 MO0OHBI IOKA3ATENIHCTBY TEOPEMBI, TIPUBE-
JenHol B pagore [5]. C yuerom cBoiters dyHrkmn 1) Buma (5) u3 3TUX TeopeM
CJIEJIYIOT CJIEIYIOIINE TEOPEMBI.

Teopema 3. [logmuOX)KecTBO [ MHOXKECTBa JOCTHKUMOCTH X 4, COCTOSI-
mee U3 TOYEK, KOTOPBIE He ABJISIOTCS alllPOKCUMATHBHO JOCTUKAMBIMA U3
HAYAJTBHOTO COCTOSTHUS Lo B JIMCKPETHOM BPEMEHH, SIBJISIETCS MHOYKECTBOM V
-MepBbI HyJlb B TIPOCTPAHCTBE X .

Teopema 4. Jljs V,-1iouTn Bcex MeIeBbIX 3HAUEHUN Ly CKOPOCTH CXOJIN-
MOCTH €3 TOCJIEJI0BATEIBHOCTI HEBSI30K JIaHa ypaBHeHHeM (8).

Yro6bl HANTH ETOIUCICHHbIC 3HAYCHUS BDEMEHHU YIIPABJICHUST, BHIYHCIISI-
10TCsd (COMIACHO HEKOTOPOMY IpaBuily) 3uadenus dbyukiuu (4) 10 Tex mop,
[I0Ka 3HaYEHNE HEBA3KH (3) He CTAHeT MEHBIIE, YeM E.
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Section 3
Problems of Nonsmooth Mechanics

Bilevel Limit Analysis of Self-Hardening Rod Systems
Under Moving Load
Alawdin P., Urbanska K.
p.-aliawdin@ib.uz.zgora.pl, k.urbanska@ib.uz.zgora.pl
Department of Civil Engineering, Faculty of Civil and Environmental Engineering,
University of Zielona Géra, prof. Szafrana 1 str., 65-516, Zielona Géra, Poland

The problem of preventing failures of load-carrying systems, including
building constructions and bridges, has become particularly urgent in recent
years. It is closely connected with the analysis of construction failure
that can be of sudden or gradual nature. The paper considers issues of
creating load-carrying rod systems whose failure occurs gradually under one-
path monotonic or repeatedly variable (moving) quasi-static loadings, which
enables to prevent a catastrophic failure. Such systems have uprated strength,
rigidity and safety (survivability), and therefore certain classes of they are
called self-hardening systems (SHS) [1].

The rod structures are modelled as discrete mechanical systems, having
finite degree of freedom. They carry loads and kinematic actions (including
temperatures, support settlements, distortions or dislocations), prestressing
and dead forces. The loads and actions may be monotonically increasing or
quasi-static cyclic, any dynamic effects are not considered. The material is
ideal elastic-plastic, hardening or softening, here the deformation diagrams
take the form of piecewise continuous and non-smooth functions.

In analysis of SHS systems let us consider the structure under the constant
(dead) load F. and variable (moving or live) load F,,

F=F_,+ ,U/Fv» (1)
where moving loads pF, belong to the domain Qp;
nFy € Qp(Fj(y).j € J) (2)

the set Qp is specified by characteristics of actions cycles; u is a parameter
of load; y is a vector or scalar of the moving loads’ coordinate.

The problem of bilevel limit analysis is written as follows. On the first
level, at the system adaptation limit state the power of safety factors
©(S, A, K) of elements for the moving loads uF, for the fixed load parameter
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u, = const, in a cycle must be minimized,

> TT(S, A, K) — min (3)
JjeJ
under conditions g =~(u), A,(u)S = F.+ puFy(y), (4), (5)
g=e+p+d, e=k"1(S):=¢(S), (6), (7)
p=0y A @(S,\K) = pp(S) —CN)—K <0, (8),(9)
A>0, fax=0, (10), (11)
u- Su <u+7 P~ < 5’¢">\<P+7 (12)a(13)
det My, (S) > es, k€ K,. (14)

Then, to determine the parameters of the limit actions on the structure,
having upgraded bearing capacity, we propose the following energetic
principle:

Of all the statically admissible residual forces, plastic multipliers and
corresponding plastic strains, satisfying the conditions of general stability and
rigidity of the system, the actual ones are for which the power of the safety
factors in a cycle is mazimum.

Finally, on the second level we maximize the parameter p of the moving
load pF',

{ — max (15)

Notations [1]:

u, FF € R™ — vectors of generalized displacements and external forces
(loads) of discrete system of structure (n — number of degree of its freedom);

q,e,p,d, S € R™—vectors of full, elastic and plastic generalized strains
as well as vectors of given distortions and internal forces (m — dimension of
internal forces and strain vectors; the total number of braces);

A, @, P, ¢, K € R* — vectors of generalized plastic multipliers, functions
of yielding and plastic constants for [1 : z] yielding regimes (z — number of
yielding regimes);

F; € R™ — vectors of generalized independed j-th loadings, j € J (J —
set of independent actions);

T € R? — vectors of weight multipliers, corresponding to safety factors
¢(S, A\, K) € R¥;

Qp — domains (sets) of forces F'; indices e, r and p relate to elastic,
residual and initial (prestressed) state parameters;

y — vector or scalar of the moving loads’ coordinate.
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We analyzed the rods system of the structure viaduct WD-22 [2]. This
viaduct is located in grade-separated interchange ,Pyrzyce” on express
road S3 in Poland. Load-bearing structure of this viaduct is a system
composes with reinforced concrete beam reinforced by steel arch, steel
braces and concrete construction. The numerical calculations of similar
system were performed by the finite element method (FEM), using program
Abaqus/Standard (ABAQUS 2010) [3] with geometrically and physically
nonlinear analysis.

For this system we obtained the most unfavorable for the construction of
the position y* of moving load F',,. The value of moving load was taken from
the ranges of load test. By the most unfavorable position y* is understood
such for which we obtained the minimal safety factors @(S(y), A, K) or
maximum value of the internal forces (bending moments) [S™#/ ™ ()| for
the coordinate y*. Obtained envelopes of bending moments were performed
for linear and non-linear analysis. Then, we searched the maximum load
parameter, ;4 — max. The numerical calculations show how much may be
safety margin in structural design.

The paper considers issues of certain classes systems which have uprated
strength, rigidity and safety, and therefore they are called self-hardening
systems (SHS). The failure of such systems occurs gradually under one-path
or repeatedly variable quasistatic moving loadings.

The mathematical models and methods of limit analysis for the SHS
structures are also stated in this paper. Load-carrying capacity and
shakedown of systems with regard to inelastic deformations and large
displacements are considered.

As criteria of self-hardening systems are adopted the conditions of plastic
yielding stability of structures. Yet with some extra conditions these criteria
may be also applied to elastic systems, which have not arrived at the state
of limit equilibrium. Here is given a set of known and new criteria for plastic
yielding stability of structures.

The numerical calculations of SHS systems in this paper show that taking
into account the constant load with equilibrium preloading cause the increase
of load capacity.

The optimization problem [4] is formulated as a bilevel mathematic
programming one. To find limit parameters of load actions the extreme
energetic principle is suggested on the first level. On the second level of
optimization the parameter of the moving load is maximized.

Examples of using the proposed methods are given, and analysis of self-
hardening system is made.
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Introduction

Wide class of ordinary differential equations one can reduce to the form of a
polynomial differential system, i.e. a system of ODEs with polynomial right-
hand sides (see, for example, [1-7]). One of the best methods for the numerical
solution of such systems is the method of Taylor series (see, for example, [8-
12]). In this section we consider the Cauchy problem for the polynomial ODE
system, and then —

a theorem about the accuracy of its solutions by this method [9]. Next, we
formulate the minimax problem, mentioned in the title of the present work.
Using this minimax problem one can improve significantly the estimates of
this theorem. After that we give the solutions of the corresponding minimax
problems for a number of polynomial ODE systems. Here we consider two
examples.

Consider the polynomial Cauchy problem

Cf,’j =a;+ Z Z aj[il,...,in]x’il-...~fo", Ij(to) = Zjo, (1)

mellL ] T

where L € [1: 00); t,t0, 5, Tjo0, Gj, aj[i1, ..., 0] € C; j € [1:nl.
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Let x;(t) = ;(t, to, 10, - .., Tno), J € [1: n] be the solution of the problem
(1), and let us use the designations:

e = dbayjatt, 288 = 2P (tg),  0,(te) = {t € C|lt — to] < p},

Tyaj(t) = > alg(t—to)™/ml,  0Tnr;(t) = x;(t) — Tarz; (1), (2)
me[0;M]

where Ty and 0Ty, are operators. In particular, for the function b(7) =
(1 —7)~YL we obtain the equalities:

Tub(r)= Y. [ Q/L+D7™/ml, 6Tub(r) = b(r)—Tasb(r). (3)

me[0;M] le[0;m—1]

Theorem ([9-11]). If 0 < |zjo| < a;, j € [1 : n], then:
(a) The solution z;(t), j € [1 : n] of the problem (1) is holomorphic for
t € O,(to), where

p=(Ls)"', s= max s;
j€E[1in]

Sj :Oéj_l(|aj|+ Z Z |a][llaazn]|allla;n)ﬂ

1:L+1 L1+ -+ m
mE[LLAL] ft-Hin T

(b) |6Tna; ()] < oy - STab([t — tolp™t), t € O,(to), j€[l:n].
Having used the choice of the parameters «; one can reduce s. This will
improve the estimates provided by the theorem above. In the papers [4,9-
11] it was shown (just in such a way) that the theorem is a powerful tool
for numerical integration with guaranteed a priori estimation of truncation
error. Now we formulate the minimax problem. Solving this problem allows
one to find the optimal values of o;:

Given n,L € [1 : 00);a1,...,an, € C,0# x19,...,Tno € C,

and ayfi1,...,in)y .-, anlit, ... iy €C  for 0 <dy,...,4, < L+1
Minimize s(o,...,a,) = max sj,
J€[lim]

si=o; (ol + S aglin, . inlladt . alr)

me(1:L+1] l1+ Fin=m
SR in€Z
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Subject to  |zjo| < oy, j € [1:n].
Examples

A. The Generalized Lotka-Volterra Equations
Consider the polynomial Cauchy problem (GLV- equations and initial data)

gy =ai(rj+ Y ajmim), 2;(to) = 0, (4)
me[l:n]

where t,to,;, T 0,7, 05m € R; j € [1:n].
The corresponding minimax problem is:

Given n € [1: o), r1,...,7m € R, 0 # x10,...,Zn0 € R and a;jm € R for
jym e [l:n]
Minimize s(a1,...,a,) = max (|rj|+ > |ajmlom)

j€([1:n] me(lin]

Subject to |zjo| < oy, j€[1:nl.
It is evident, that the solution to this problem is a; = |zo[, j € [1 : n).

B. The Lorenz Equations
Consider the Cauchy problem (Lorenz equations and initial data)

T=—-ox+oy, y=rr—y—az, z=—PFz+xy;

x(to) = xo, y(to) = yo, 2(to) = 2o,

where t,tg, x,y,2 € R; 0 # x9,Y0,20 € R; 0,7, 8 > 0.
On letting x1 = x/x0, 2 = y/yo,x3 = 2/z0 one obtains:

CL’ll = —A.’El + BZL’Q, .’kQ = CfEl — T — D.’Elxg,

i3 = —Exs + Faixg; xj(m9) = 1, j € [1: 3],

where A = o, B = oyo/xo, C = rzo/yo, D = 2020/y0, E = B, F = ZoYo/2o0-
Ifa = ‘A|a b = |B|v ¢ = |C|ﬂ d = |D|7 € = |E|7 ;= ‘F‘7 u = 0‘1/0‘27
v =ajaz/ag, w = ajas/az; ap = /vw, as = uy/vw, az = uv, then the
corresponding minimax problem is:

Given a,b,c,d,e, f >0

Minimize  s(u,v,w) = max{s1, 2,83}, S1 = a+bu, s9 =1+ c/u+
dv, s3 =e+ fw

Subject to  (u,v,w) € D, D = {(u,v,w)lu,v,w > 0, vw > 1, v?vw >
1, uv > 1}

First, we show that if s(u,v,w) has a minimum value s, at the point
(u1,v1,w1), then it reaches the same value with the additional condition
S$1 = 82 = 83 = S4. This follows from the fact, that:
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— each of the functions si(u,v,w), sa(u,v,w), and ss(u,v,w) strictly
increases with respect to w,v,w respectively and does not increase with
respect to two its other arguments;
— (w1, v1,w1) €D, uzuy, v2u, w>2w) = (u,v,w) € D.
Indeed, if the condition s; = so = s3 = s, is not satisfied, then to satisfy it
one can act as follows:

Sy = 81 = 83 > §3 = increase w on condition e + fw = s,;

S« = 81 = 83 > 89 —> increase v on condition 1+ ¢/u + dv = s;

S« = 8o = 83 > 81 — increase u on condition a + bu = s,;

S« = 81 > 89, 83 = increase v and w on condition 1+ ¢/u + dv = s, =
e+ fw;

Sy = Sg > 81, S3 = increase u and w on condition e+ fw = s, = a+bu;

S« = 83 > 81, 82 = increase u and (then) v on condition 1+ ¢/u+dv =
S« = a+bu
Thus, supposing that s; = s3 = s3 = s,, we obtain the formulas

u=(sx—a)/b, v=>0bu—c/u+a—1)/d, w=(bu+a—e)/f,

and then, instead of the previous one, we can consider the problem: find out
minimal s, satisfying the inequalities u,v,w > 0, vw > 1, v?vw > 1, vu >
1. So, we have to find the minimal value u = u, satisfying the inequalities:

u>0, bu—c/ut+a—1>0, buta—e>0, (bu—c/ut+a—1)u=>d, (6)

(bu—c/ut+a—1)(buta—e) > df, u*(bu—c/ut+a—1)(but+a—e)=df. (7)

Since the second inequality in (6) is a consequence of the first and the last
inequalities, (6) is equivalent to

, {cac 1—a+\/(1—a)2+4b(c+d)}.

> u = ma 8
u > u = max o 5 (8)
Since the first of inequalities (7) is a consequence of the second at u € (0, 1],
and the second is a consequence of the first at u € [1,+00), it is reasonable
instead of (7) to consider the following two systems of inequalities:

u=zl, o) =bu—c/ut+a—1)(but+a—e)—df >0, (9)

0<u<l, u)=u*(bu—c/ut+a—1)(bu+a—e)—df >0. (10)
If the inequalities (6) (and hence also (8)) are satisfied, then the functions

” "

o(u), ¥(u) are strictly increasing. If v and w  are minimum values of u,

satisfying (9) and (10) respectively, then u, = max{u’,u”,u" }. All this
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gives the following algorithm for finding the optimal values of the variables
u, v, w, using the above introduced functions ¢(u), ¥ (u), and given values of
a,b,c,d,e, f>0:

Lu = max{(e —a)/b,(1—a+ \/(1 —a)? +4b(c—|—d))/(2b)};

. o N>
2. u 21:>U*{u/’ Zf(lp(u/;/()?
u

W, ife') <0, u" € (u,00);
u',if p(u’) >0,
Bou <l=u, = u, if () <0, (1) >0, u” € (1,00),

1"

u”if pu) <0, 9(1) <0, u” € (' 1);
4. Output: u = us, w = (bu+a—e)/f,v=(bu—c/u+a—1)/d,
a1 = /rw, az = u\/vw, az = vu, s = bu, + a.
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Movement of a body inside a resistive medium can be based upon
special motions of internal masses contained within the body. This principle
of locomotion can be useful for robotic systems moving in vulnerable or
hazardous media because it does not require external devices such as wheels,
legs, or tracks interacting with the outer environment. This type of mobile
systems are sometimes called vibro-robots or capsubots; if necessary, they
can be made hermetic.

Dynamics of mobile systems containing movable internal masses was
studied in a number of papers, see [1-9]. However, in these papers only one-
dimensional motions along a straight line were considered. For such systems,
optimal periodic motions of internal masses were found [7] that correspond to
the maximal average velocity of the main body moving in a resistive medium.

In this paper, we consider two-dimensional motions of a rigid body P
along a horizontal plane. We assume that the body P contacts the horizontal
plane OXY of inertial coordinate system OXYZ at three support point A;,7 =
1,2, 3, where dry friction forces obeying Coulomb’s law act between the plane
and the body. These forces F; are defined by formulas

Fz' = —fNiVi/|VZ“, lf V; # 0, |Fz| g fNi7 lf V; = 0, (1)

where fis the coefficient of friction, N; > 0 is the normal reaction at the
point A;, v; is the velocity of this point, ¢ = 1,2, 3. In case of three support
points, the system is statically determinate, so that normal reactions N; can
be obtained from equations of motion.

Body P carries movable masses that interact mechanically with the body
but do not interact with the outer environment. We consider two versions (A
and B) of movable internal masses.
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A. In this case, body P carries a point mass @ that can move in a
horizontal plane Z = h parallel to the support one. Position of mass @ is
determined by two coordinates in the plane Z = h; motion of mass @ in this
plane is controlled by two actuators.

B. Body P carries a rotor R that can rotate about a vertical axis O'Z’
parallel to axis OZ (point O’ is fixed relative to body P) and a point mass Q
that can move along a straight line O’¢ connected with the rotor. Positions
of internal masses are defined by the angle of rotation of rotor R relative to
body P and displacement of mass @Q along line O’¢. As in case A, relative
motions of internal bodies are controlled by two actuators: one of them turns
rotor R about its axis O’Z’, and the other moves mass @Q along the line 0’¢
[10].

We denote by C'the center of mass of body P for case A, or body P+Q+R
with £ = 0 for case B. We assume that the vertical axis passing through C'is
a principal central axis of inertia for respective bodies in these cases.

Any desired displacement in the plane OXY of the system in cases A and B
can be designed as a combination of simpler motions, namely, one-dimensional
translations, rotations, and also slow motions of point mass @ while body
P stays at rest. The latter opportunity is possible when the velocity and
acceleration of mass @ is small enough so that the friction forces keep body
P at rest.

Since these simple partial motions are one-dimensional, they can be chosen
as time-optimal. The corresponding time-optimal solutions are given in [7] for
various constraints imposed on velocity and acceleration of moving internal
bodies. Of course, using optimal solutions for partial motions does not lead
to time-optimal solution for the total transfer.

As a result, the design of the total transfer is suggested, and the analysis
of the corresponding equations of motion is performed.

It is shown that, if the actuators are powerful enough, in both cases A
and B the mechanical system (P + @ in case A and P+ @ + R in case B)
can be moved from an arbitrary initial position to any prescribed terminal
position.

Thus, in certain sense, the controllability of mechanical systems under
consideration is established.
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We consider the construction as rectangular plates and shallow shells
backed by a system of cross-ribs and loaded with high rigidity arbitrary
transverse load.

The stress-strain state of such structures is described by the technical
theories of plates and shallow shells. The effect of the ribs stiffeners is taken
into account in the equations in the form of additional terms containing the
multipliers with the é-function of Dirac and its derivatives.

Unlike the majority of works on the calculation of reinforced plates and
shells, here we are talking about the structures in which ribs represent an
arbitrary thin-walled non-uniform beams playing a significant role in ensuring
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bearing capacity of the structure as a whole; itself the plate or shell may have
a stepped variable thickness. In addition, it is essential to define the stress-
strain state of all structural elements as itself plate or shell and stiffeners
ribs.

Calculated models of the constructions are implemented in analytical
decisions which are under construction in series with use of methods of
Kantorovich and Steklov-Liouville-Fubini [1].

The results [2, 3, 4] show a fairly good convergence of the series in the
resulting solutions. It should be noted, however, that the convergence of the
series deteriorates on the lines of the location of ribs. Thus, to calculate
stress-strain state directly at the rib it is necessary to keep in the series a
considerable number of members.

The deterioration of convergence of the obtained series solutions is directly
related to the amount of rigidity of the ribs, namely, the greater the rigidity
of the ribs, the more members of the series that we to take in the decision
to get an acceptable result. At low stiffness of ribs series converge well in the
whole region, including on the singular lines. Apparently this fact was the
reason for the erroneous claims about a good of convergence of series in the
whole region contained in some works [9].

With the increasing the number of terms of the series occupied in the
decision reflects another feature of the considered task - computational
instability. This problem is solved by calculating with a long mantissa using
the features of the Maple [5, 6, 7, §].

To reduce the total number of solvable algebraic equations to obtain the
solution of the problem, one can use the method of successive approximations.
Known approaches to the construction method of successive approximations
to calculate ribbed shells, which are used as the main system unsupported
("smooth") shell, structurally-orthotropic shell and the shell, reinforced ribs
in one direction. In the first two cases, the objective in each approach is
to define a stress state, respectively unsupported or structurally-orthotropic
shell, loaded to a given load and load, defined as the discrepancy resolution
main system as computed from the previous approximation. Such processes
are approximations converge fairly quickly at a relatively low stiffness of ribs,
but with the increase of the stiffness of the rib convergence is broken.

In the case where a known solution of the fundamental system of governing
equations for the shell, reinforced by ribs in one direction, it is possible to
offer an effective process approximations in determining the solution of this
system for shell, reinforced by a cross system of ribs. This method is free
from this drawback and provides a solution to the problem with the accuracy
required for each set of ribs.
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By taking as the main system shell, reinforced by ribs in one direction,
build two sequences of approximations for shell, reinforced ribs respectively,
the first and second directions. Each approach solves the problem for shell,
reinforced by ribs in one direction, loaded with a given load and reactions of
the ribs of the second direction. Thus, an iterative process, and the decision
of one sequence is corrected by the inclusion in components of external load
reactions of the ribs of the second direction found from another sequence in
the previous step.

For obtaining acceptable results with a sufficiently large rigidity of the
ribs requires the use of special representations of the solutions and special
techniques for improving the convergence of series. Good results are obtained
using so-called smoothing o-multiplier Lanczos [10].
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In physics and fluid mechanics, a boundary layer is an important concept
and refers to the layer of fluid in the immediate vicinity of a bounding
surface where the effects of viscosity are significant. Boundary layers are
also a common feature of singular perturbed systems. In these cases higher
order derivatives disappear in the unperturbed equations which lead to
the cancellation of degree of freedom of the system and finally in small
regions where the system changes rapidly. The main difficulty of solving
such problems is due to non-smooth solutions at the end points. In this
paper, Multiple-scales method is presented for solving second and third order
singularly perturbed problems with the boundary layer at one end either left
or right. The original second and third order ordinary differential equations
are transformed to partial differential equations. These problems have been
solved efficiently by using Multiple-scales method and Numerical simulations
are performed on standard test examples to justify the robustness of the
proposed method.
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A linearly elastic isotropic rectangle in Cartesian orthorgonal coordinate
system Oxy under arbitrary boundary conditions is considered. A general
solution constructed by the superposition method using two solutions by the
method of initial functions is received in the following form [1, 2, 3]

U=0U,+1U, (1)

where U,U,,U, are vectors of the displacements u,v and the strsses
Oz, 0y, Ty Of the general solution and two solutions of the method of initial
functions respectively. The method of initial functions as allowing to get
an approximate analytical solution ia widely used to solve various practical
problems of nonsmooth mechanics [4, 5, 6, 7, 8, 9].

Each of the solutions U, and U, can satisfy the boundary conditions
on two opposite sides of the rectangle and their sum allows to satisfy
boundary conditions on all four its sides. In (1) the components of the
vectors U, and U, are presented in the form of trigonometric series on one
of the independent coordinate with coefficients depending from the other
one. Usually two presentations of the stress-strain components are used: the
so-called expansion in “sines” and “cosines” [1, 10].

The solution (1) allows to calculate all components of the stress-strain
state in inner points of the elastic rectangle using a small number of terms of
the series. But near the boundary sides and especially in the neighborhood of
the corner points of the rectangle this solution shows slow convergence and
the appearance of oscillations around the true solution.

The use of the Lanczos’ o-multipliers technique [11] in the summation of
the partial sums of slowly convergent trigonometric series allows to resolve
both these problems.

In the paper the speed of convergence of two general solutions on the
sides of the rectangle is compared. It is noted that the convergence speed
essentially depends on the smoothness of the boundary conditions given. In
the presence of discontinuities of the first kind in the boundary conditions,
for example, the stresses is specified on the part of the rectangle sides, the
speed of convergence is reduced compared to the continuous loads on the
sides.



202 Matrosov A., Goloskokov D.

It is proposed to accelerate the convergence of the solution to use
the method of analytical decomposition, the essence of which consists in
partitioning the original rectangle into rectangles with smooth boundary
conditions, the analysis of each of them using common solutions and
subsequent gluing the obtained solutions [12, 2, 13].

Another problem discussed is a problem of computational instability of
the general solution in the form of trigonometric series |7, 14]. The solution
of the boundary problem in the result is reduced to solving a system of
linear algebraic equations for finding unknown coeflicients in the general
solution when satisfying the boundary conditions of the problem. This
system becomes ill-conditioned when holding a certain number of members
in the series. This depends on the geometrical and physical-mechanical
characteristics of the rectangle. Calculating with long mantissa allows us
to solve this problem. Nowdays there are systems of analytical calculations
(Maple, Mathematica) allowing to perform operations on real numbers with
arbitrary length mantissa.

In the paper also the comparison of using the solutions on the “cosine”
and “sine” to analyse stress and strain state in the neighborhood of the corner
points is presented.
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A linearly elastic isotropic thick plate may be considered as a
parallelepiped (xz € (0,A),y € (0,B),z € (0,h)) in Cartesian orthorgonal
coordinate system Ozyz. A general solution is constructed using Lame’s
idea [1] that if there are three solutions each of which can satisfy boundary
conditions on two opposite faces of the parallelepiped then a sum of these
three solutions will be a general solution for the parallelepiped. This technique
was later called the method of superposition [2].

A solution U* = {u®, v, w", 0%,7,,,7s.,0%,0;, Ty, } received by the
method of initial functions defined on the plane x = 0 can satisfy any
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boundary conditions determined on the faces x = 0, A of the plate. Let’s
denote two other solutions obtained by the method of initial functions with
the initial planes y = 0 and z = 0 respectively as UY and U?. These solutions
can satisfy any boundary conditions respectively on the faces y = 0, B and
z =0, h. Now the general solution for the elastic plate can be written as [3]

U=U"+U"+U" (1)

The method of initial functions allows to get an analytical solution and
is used to solve various practical problems of mechanics [4]-[14].

The initial functions of all three solutions by the method of initial
functions in (1) are represented in the form of a double trigonometric series
with undetermined coefficients. These ones are determined when satisfying
boundary conditions on all six faces of the plate equating the coefficients
of equal harmonics in the expantions of boundary conditions given and the
general solution on the plate faces. An infinite system of linear algebraic
equations for determining series coefficients is built. Its solution can be found
by the reduction technique.

In the paper the behavior of the solution obtained is studied on the
edges of the plate under various boundary conditions. The class of boundary
conditions under which reliable results are obtained with retention of a small
number of members in the trigonometric series is defined. The boundary
conditions under which it should retain a sufficiently large number of members
in the series for getting a reliable result is also determined. Under certain
boundary conditions, for example, for a cantilever plate, the stress in the
angle edges arises that is not consistent with the physical picture of bending
of the plate. To solve this problem is to specify special additional boundary
conditions on these edges.

Another problem arising is computational instability. An ill-conditioned
matrix of the linear algebraic system for finding unknown coefficients
in the series for the initial functions forces to the compute with long
mantissa. Fortunately there are systems of analytical calculations (Maple,
Mathematica) allowing to perform operations on real numbers with arbitrary
length mantissa.

References

[1] G. Lamé, Legons sur la théorie mathématique de l’élasticite des corps solides,
Bachelier, Paris, (1852).

[2] V.T. Grinchenko, Equilibrium and steady oscillations of elastic bodies of finite
dimensions, Naukova Dumka, Kiev, (1978). (in Russian)

[3] A.V.Matrosov, G.N. Shirunov, “A superposition method for solving a problem
of an elastic isotropic parallelepiped”, Vestnik St. Petersburg University. Ser
10, No. 2, 77-90 (2015).



Matrosov A., Shirunov G. 205

(4]

]

(6]

(7]

18]

(9]

[10]

(11]

[12]

(13]

[14]

A.V. Matrosov, “A numerical-analytical decomposition method in analyses of
complex structures”, 2014 International Conference on Computer Technologies
in Physical and Engineering Applications (ICCTPEA), 104-105 (2014). DOI:
10.1109/ICCTPEA.2014.6893305

A.V. Matrosov, “A superposition method in analysis of plane construction”,
2015 International Conference "Stability and Control Processes”"in Memory
of V.I. Zubov (SCP), 5-9 Oct., Saint-Petersburg, 414-416 (2015). DOI:
10.1109/SCP.2015.7342156

S.M. Galileev, A.V. Matrosov, “Method of initial functions in the computation
of sandwich plates”, International Applied Mechanics, 31, No. 6, 469-476
(1995).

S.M. Galileev, A.V. Matrosov, V.E. Verizhenko, “Method of initial functions
for layered and continuously inhomogeneous plates and shells”, Mechanics of
Composite Materials, 30, No. 4, 386-392 (1995).

S.M. Galileev, A.V. Matrosov, “Method of initial functions: Stable algorithms
in the analysis of thick laminated composite structures”, Composite Structures,
39, NO. 3-4, 255-262 (1997).

A.V. Matrosov and G.N. Shirunov, “Numerical-analytical computer modeling
of a clamped isotropic thick plate”, 2014 International Conference on
Computer Technologies in Physical and Engineering Applications (ICCTPEA),
96 (2014). DOT: 10.1109/ICCTPEA.2014.6893300

D.P. Goloskokov, A.V. Matrosov, “Comparison of two analytical approaches to
the analysis of grillages”, 2015 International Conference "Stability and Control
Processes"in Memory of V.I. Zubov (SCP), 5-9 Oct., Saint-Petersburg, 382-
385 (2015). DOI: 10.1109/SCP.2015.7342169

G.N. Shirunov, “A method of initial functions in analyzing a stress and
strain state of an elastic layer”, 2014 International Conference on Computer
Technologies in Physical and Engineering Applications (ICCTPEA), 170-171
(2014).

Patel Rakesh, S.K. Dubey and K.K. Pathak, “Analysis of RC Brick Filled
Composite Beams using MIF”, Procedia Engineering, No. 51, 30-34 (2013).

Dmitriy P. Goloskokov, Alexander V. Matrosov, “A superposition method in
the analysis of an isotropic rectangle”, Applied Mathematical Sciences, Vol. 10,
No. 54, 2647-2660 (2016). http://dx.doi.org/10.12988 /ams.2016.67211

G. N. Shirunov, “Method of initial functions in model of compression linarly
deformable layered foundation under normal local load’, Magazine of Civil
Engineering, 53, No. 1, 91-96 and 115-116 (2015).



206 Ovcharova N.

Numerical Methods for Nonmonotone Contact Problems in
Continuum Mechanics
Ovcharova N.
nina.ovcharova@unibw.de
Universitdt der Bundeswehr Miinchen, Werner-Heisenberg-Weg 39, Neubiberg,
85577, Germany

We present several efficient numerical methods for non-convex, non-
smooth variational problems in non-monotone contact. Examples include
non-monotone friction and adhesive contact problems, delamination and
crack propagation in adhesive bonding of composite structures. A challenging
problem is adhesive bonding in case of contamination. The nonsmoothness
comes from the non-smooth data of the problems itself, in particular
from non-monotone, multivalued physical laws involved in the boundary
conditions. The variational formulation of the resulting boundary value
problems leads to a class of non-smooth variational inequalities, the so-
called hemivariational inequalities (HVIs). The latter maybe viewed as a first
order condition of a non-convex, non-smooth minimization problem. These
problems are much harder to analyze and solve than the classical variational
inequality problems like Signorini contact or Tresca-frictional problems. The
resulting HVI problem is first regularized and then discretized by either
finite element or boundary element methods. In addition, we propose a
novel regularized mixed formulation and provide a reliable a-posteriori error
estimate enabling also hp-adaptivity. Another approach to solve nonsmooth
variational problems is by the strategy: first discretize by finite elements,
then optimize using finite dimensional non-smooth optimization methods.
Various numerical experiments illustrate the behavior, the strength and the
limitations of the proposed approximation schemes.
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The study of a deformation features of metal alloys with anisotropy
of plastic properties under biaxial stress state is an important technical
challenge in the design and creation of a new shipbuilding and aircraft
constructions. The study of alloys which are sensitive to tension or
compression loading is complicated nonlinear problem. To solve this
problems, the Mises-Hill‘'s theory of plasticity and the Ilyushin‘s theory
of perfect plasticity are used. The problem is solved analytically and
numerically. As an example of the material with the SD-effect steel A40X is
considered. The solutions for beam made of isotropic material and material
with the SD-effect are compared. Such parameters introduction complicates
the baseline ratio and construction of the solution, particularly for the study
of elastic-plastic bending of a circular plates under the action of hydrostatic
pressure. So it is necessary to assess the impact of these parameters for the
solution and build an approximate solution for special cases.

The circle transversely isotropic plate made of a material with the SD
effect was considered. The plate is freely supported and situated under the
action of a uniform pressure.

The different yield criteria for transversely isotropic plates and plates
with the SD effect were used in [1], [2]. Consider the problem of elastic-
plastic bending of a round a freely supported SD-plate, having the properties
of transverse anisotropy and uniformly loaded on the one of the surfaces. For
the such problem solution the yield criterion was proposed at [3]:

\/03 — Ao,o9 + 03 =0y

Further, the mathematical model for Strength Different plates were
complicated and was introduced at [4], [5] where the new yield criterion was
proposed:

\/07? — Ao,op +0§+5J: k.

Here the 8 parameter was introduced, which is a effect SD characterizing
property
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and k is

where o), is the yield stress in uniaxial tension in the plane of the plate and
o is limit strength under uniaxial compression in the plane of the plate. The
formula for A is given by

(Upz + 062)2 Ugag

(Up + 06)2 U%zagz .

A=2—

Here are o0,, — tensile yield strength in the direction perpendicular to the
plane of the plate; 0., BB compressive yield strength in the direction
perpendicular to the plane of the plate.

Relations between stresses and strains containing the parameters of
Different Strengths and plastic anisotropy was built. The influence of these
parameters on the stress state of the plate and on the development of
plastic areas in areas of compression and tension was investigated. The
dependence of the deflection from the load was explored at the center of
the plate to determine the properties of the plate during SD effect growth.
An approximate formulas calculating the stresses in the center of the upper
and lower plate plane were proposed in view of smallness of SD parameter.
Lets ™ Ss turn to the analysis of the mutual influence of transverse isotropic
effect and SD effect.In this case calculation formulas takes the form

a::zp(g\/%z) (1+3\/;ﬁ_7A>.

Computation results are shown at the table 1.

Table 1.

B A=11|A=11| A=12 | A=12
g— O+ o— O+
0.01 1.06496 1.0501 1.13098 | 1.11381
0.05 1.10973 1.0334 1.17793 | 1.09379
0.1 1.16523 | 1.01277 | 1.24163 | 1.06722
0.143 | 1.21539 0.9895 1.29513 | 1.04336
0.333 | 1.45314 | 0.92405 | 1.56056 | 0.90097
0.447 | 1.61184 | 0.82584 | 1.73861 | 0.75044
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With increasing A stress also increases. With an increasing 8 the compressive
stress is rising by 12% and the extensive stress is falling by 8%.

As a general conclusion of the calculations it is necessary to note that transversal
isotropy and the effect of SD have a significant impact on the stress-strain state
of a circular plate during elastic-plastic bending. The influence of SD parameter is
added to the anisotropy parameter influence in the event of stress, which significant
increase in the compression zone and decrease in tensile zone. As regards the study
of deflection plates, the opposite effect of anisotropy parameters and Different
Strengths must be concluded. Namely growth of the plastic anisotropy reduces the
deflection of the plate in the center, and the Different Strengths growth increases
deflection at the same value of applied hydrostatic load. Stress analysis of the exact
formulas and the proposed approximate relations shows the permissibility of the
use of the latter when Different Strengths parameter does not exceed crucial value
0.33 - 0.35, and greatly simplifies the calculation of stresses in the center of the
plate.
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Ananus yCTOﬁHMBOCTM I'VI6pI/Ip,HbIX MeXaHNn4eCKnx cncrtem
C nepexkar4Hawuimmuncsa HeNIMHeNHbIMN HeoOHOpPOAHbIMN
noO3INUNOHHBIMUN CUN1aMUN

OJHMM U3 BaXKHBIX KJIACCOB HEVIAJIKUX MEXaHUIECKUX CHCTEM SIBJISTIOTCS
MEXaHIIeCKHe CUCTEMBI ¢ TIepek/odeHusiMi. CrcTeMa ¢ IepeKIIOIeHIsIMA —
9TO rubpuaHAs JUHAMIIECKA CHCTEMA, COCTOSIIAL U3 CEeMEIICTBA [OCHCTEM
U 3aKOHA IIE€PEKJIOYUEeHHs], HPEJCTABJIIONIEr0 cOBOH KyCOUHO-IIOCTOSHHYIO
dbyHKIMIO, KOTOpAast OIpeIesIsieT MOPAIOK (DYHKIMOHNPOBaHUS TocucTeM [1,
2]. Takue cucrTeMbl BCTpEYAIOTCS B 3a/a9aX YIPABJIEHUs MEXaHUIECKUMI
00'bEKTaMI CO CTPYKTYPHOI peKoHdUrypareii, 0TKazaMy U BOCCTAHOBJICHU-
SAIMH JITATINKOB MJIHM HCIIOJHATEIBHBIX opraHos |2, 3]. Hammuane nepexrogennit
CYILIECTBEHHO 3aTPY/HSET PEIICHNE 3313 aHAIN3a YCTONINBOCTH U CHHTE3a
CTAOMIINBUPYIONIUX YIPABIEHWH, TI09TOMY aKTyaJbHON POBIeMOii sIBIIsIeTCs]
pasBUTHE TEOPUM YIPABJIEHUs JJIs TAKOTO POJA HEIVIaJKUX MEXAHUIECKHIX
cucreM [2].

OCHOBHBIM METOJIOM HCCJIE/IOBAHHS CHCTEM C IEPEKJIIOUCHUSAMU OOBITHO
BeicTynaer meron dynkmmit JIanynosa [1]. Oanako ciaemyer 3aMernTh, 9TO
MEXaHIYECKHIE CHCTEMBI OBJIAIAI0T CIEIUAIbHON CTPYKTY PO, HOITOMY HEKO-
TOpBIE U3BECTHBIE MOJXOJ/IbI K AHAJM3Y U CHHTE3Y CUCTEM C IIePEKJIFOUEHUsIMU
OKa3bIBAIOTCS HeA(DMOEKTUBHBIMU WM JIayKe HENPUMEHUMBIMU K MeXaHHue-
ckuM cucremaM [4]. B paborax [4, 5] 6blI0 MOKa3aHO, YTO B TAKHX CIIydasx
JUTsI NCCJIEOBAHNS JMHAMIKH MEXQHIIECKIX CUCTEM C IEPEKJIIOUEHUIME MO-
JKeT ObITb UCIIOJIB30BAH METO, JIEKOMIIO3HIIUHL.

Meroz JeKOMIO3UINK 3aK/IIOUACTCH B PA3IEJICHUN CIIOXKHON CACTEMBI Ha
HECKOJIBKO GoJiee IPOCTHIX MOJICUCTEM, N3yUeHUH UX [0 OTJIEJIBHOCTH U 060C-
HOBAHHOM [IEPEHECEHHUN TIOJIYYEHHBIX PE3yJIbTaTOB Ha UCXOIHYIO cucreMy [6].
O mupoko 1 3bGEKTUBHO IPUMEHSETCS B TEOPHU YCTOHIUBOCTH U YIIPAB-
nennst. OCHOBHAS UJiest HCHOJIB3YEMOrO B CTaThaX [4, 5| BapuanTa MeToqa Je-
KOMIIO3UIIMM COCTOMUT B 3aMeEHE MCCJICIOBaHMUA yCTOfI(II/IBOCTI/I O,HHOﬁ CUCTEMbI
nuddepeHIuaIbHbIX YPaBHEHU BTOPOIO HOPSIJIKA UCCIE0BAHIEM JBYX U30-
JIMPOBAHHBIX CHCTEM II€PBOIO TOpsijika. Takoil 1mojxo/| 6blI MepBOHAYAIBLHO
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paspaboran B.U. 3y6oseim u JI.P. MepkuHbiM /1151 000CHOBAHUST TTPETIECCH-
OHHOI}1 Teopuu rupockonos |7, §J.

B Hacrosiieit pabore ¢ IMOMOIIBIO METOJA JIEKOMIIO3UIIMKA BBIBOISITCS
YCJIOBUAS aCUMIITOTUYECKONA yCTOMYMBOCTU IIOJIOKCHUN DPaBHOBECUS MeXaHU-
9eCKUX CUCTEM, HAXOISAIINXCs MO JeHCTBUEM JIMHEHHBIX THPOCKOIIMIECKUX
CUJI, HEJUHEHHBIX OJHODPOJHBIX [IMCCUIATUBHBIX CHJI U IIEPEKJIIOYAIONIXCS
HeJINHENHBIX HEOJHOPOIHBIX IIO3UITMOHHBIX crJil. [Tosrydennble pe3yibTraThl uc-
MOJIB3YIOTCS B 33J1a9aX CTAOU/IN3AIUN HEJIMHENHBIX MEXaHUIECKUX CUCTEM C
MTEPEKJTIOIEHUSIMU.

Paccvorprm rubpuaHyio MEXaHUTIECKYIO CUCTEMY

Aj+B(§)i+ G+ L f(q) =0 (1)
U COOTBETCTBYIOIIEE CeMEUCTBO ITOACUCTEM
Aj+ B(§)g+ Gi+ L f(¢)=0, s=1,...,N.

31ecb ¢ U ¢ — n-MepHBbIE BEKTOPBI OOODIIEHHBIX KOODJAMHAT U 00OOIIEH-
HBIX cKopocreil coorBercrenno; A, G, LY, ... L) — nocrosmmbie MaTpu-
1bl, mpuaeM A — cUMMeTpuYecKast M MOJOXKUTEILHO onpejiesientast, a G —
Heocobasi KOCOCUMMeTpHUYecKas MATPUIA; JIeMEHThl MaTpuikl B(§) Hempe-
pbiBHBL IIpu ¢ € R™ 1 sIBJIAIOTCS OJHOPOIHBIME MOpsiaKa v > 0 pyHKIMIMY;
BekTop-dyukimsa f(q) menpepoiBaa npu ||¢|| < H, 0 < H < 400 (31ech u
BCIOAy jasiee || - || — eBKMzoBa HOpMa BEKTPOpA); 3aKOH IepeKodeHns o (t)
— KycouHo-nocrosHHas dyakiws o = o(t) : [0,+00) — S = {1,...,N},
UMeroIIas Ha KayKJOM OIPDAHUYEHHOM IIPOMEXKYTKE KOHEYHOE YHC/IO TOUYEK
paspbiBa.

Bynem caurars, uro f(q) = (fi(q1),-- -, fn(qn))T7 rjie CKaJisipHble (hyHK-
muan f;(g;) HenpepsBHLI OpH |¢;| < H U yHOBIETBOPSIOT yCIOBUIM CEKTOD-
Horo tuma ¢; f;(g;) >0mpug; #0,j=1,...,n.

3amevanue 1. HemnneHOCTH TaKOrO THUIA TITUPOKO MIPUMEHSIOTCS B CHU-
cTeMax aBTOMATHIECKOTO PeryJupoBaHus |2, 6].

Kpome Toro, npeamonoxuM, Iro GyHkmuu f;(g;) IpescTaBuMbL B BUIE

filg;) = ﬂj(ij + 95(45),

rie §; — IOJIOKUTENbHbIEe KO3hDMUINEHTBI, (1; > 1 — paluoHa/IbHbIE YUC/Ia
1

C HEYETHBIMY YHCINTEISAMI U 3HaMeHaTeIsIMY, a ¢;(q;)/ q;” — 0 mpu g; — 0,
j=1...,n.

Takum 06pa3oM, MO3UIUOHHBIE CHJIBI SBJIAIOTCS CYIIECTBEHHO HEJMHEel-
HBIMHA U HEOHOPOIHBIMH.

3ameuanne 2. He ymansas obmiaocTn, 6yaeM cuurars, 9T0 3 = 1, j =
1,...0n,apu < ... < Uy
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VY cucremsr (1) cymecrByer nosoxkenue pasHoBecus ¢ = ¢ = 0. Uccie-
ﬂyel\’l yCJ’IOBI/Iﬂ7 HpI/I BBIIIOJIHEHU U KOTOprX 9TO IIOJIO2KEHUE paBHOBeCI/IH 6y)leT
ACUMIITOTUYECKH YCTOMYMBBIM IIPH JIFOOOM JIOIIyCTHMOM 3aKOHE IIepPeKJIIoe-
HUSI.

Homoxum PG = —G-1LG) s =1,... N.

Teopema 1. ITycmb 6unosHervs CACOYOUUE YCAOBUM:

a) v+1<pg;

6) dynwuus ¢T B(4)§ noaosicumenvro onpedeaena;

8) y cucmemui

z
3%272)A,1G = B(z)z (2)
cywecmesyem pewerue 6 sude Henpepueho duddepenyupyemoti npu z € R™
00n0podrotll nopsdka v + 1 eexmopnoti dynryuu P (z);
2) cywecmeyem JuazoHaAbHAA TOAOAHCUMEALHO ONPEIEAEHHAL MAMPULA

A maxas, 4Imo mampuivi
T
(P(S)) A+AP®, s=1,....N,

OMPUYAMEALHO ONPEIENEHDL.
Tozda nosoorcenue pasnosecus ¢ = ¢ = 0 cucmemw, (1) acumnmomumecku
Yemotuueo npu A1060m JONYCMUMOM 3GKOHE NEPERAIOLEHUS.

3ameuanue 3. Kpurepuit cymnecTBOBaHNS OHOPOIHOIO PEIIEHNS CUCTE-
MBI (2) ycraHoBsIEH B padore [9].

Jlasiee pacCMOTPUM T'HOPUIHYIO YIPABIISEMYIO CHCTEMY

A+ B(§)q+ L' f(q) = u. (3)

31ech U — N-MepHBI BEKTOD yIPABJICHHA, & OCTAIbHBIE OOO3HAMEHNST TE K€,
4TO U jyist cucrembl (1).

Byaem cuntath, uto v + 1 < py, a dynaxmus ¢ B(§){ MOM0KETETHHO
OIIpe/IeJICHA.

Teopema 2. [Tycmos cywecmeayem nocmosarhas HEocobas KoCOCUMMEN -
puueckas mampuya G, das Komopot evinoaneno ycaosue 8) meopemv, 1. To-
2da nosooicenue pasnosecus ¢ = ¢ = 0 cucmemne (3), 3amrnymot ynpasae-
HUEeM

u=—Gq¢—hGf(q), h = const > 0,

npu docmamouHo 6oALUWOM 3HAY%EHUY napamempa h bydem acumnmomure-
cKu Yyemotinueo npu A1060Mm JONYCTNUMOM 3GKOHE NEPEKAIOUEHUA.

Teopema 3. Ilycmv cyuwecmseyem nocmoaHnas neocobas Kococummen-
puseckas mampuua G, 0as KOMOPOTE 6LINOAHEHDL YCAOBUA 6) U 2) meopemby 1.
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Tozda noaoorcerue pasnosecus ¢ = ¢ = 0 cucmemnt (3), 3amrnymot ynpas-
AEHUEM

u = _Gq7

6ydem acumnmomuvecru ycmofmuso npu N1060M 00nychMOM 3aKOHE NeEpeE-

KAOUYEHUA.

Pabora Bemosnnena npu nopgep:xkke PODU, npoexktsr Nel16-01-00587 u

Nel17-01-00672.

(1

2]

3l

(4]

5]

[6]
7]

(8]
[
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Nonsmooth Problem of Stability for Elastic Rings
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Hernapkune 3agayun yctoiiumBocTn ynpyrux kosew,

1. YcTOMYMBOCTB CTEPKHS B YIIPYTOIl cpeJie IIPU 2>KECTKUX Orpa-

HUYEHUSX HA MePeMeIleHns C TPAHUYHBIMU YyCJIOBUSMHU CBODO/THOTO
Kpas
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Paccvorpum 3amady 06 yCTOWYIMBOCTH CKUMAEMOTO ITPOIOIBLHON CHITOMN
CTEPIKHSI, IPOruOBbI KOTOPOI'O C OJIHOHM CTOPOHBI OTPAHUYEHBI YKECTKHUM IIpe-
nsarcTBueM. [Ipesmonaraercs, 4To Ha OJTHOM KOHIIE CTEPKHS BBITIOJTHEHBI TPa~
HUYHBIE YCJIOBUS XKECTKOI 3a1€JIKU, HA JIPYTOM — FPAHUYHBIE YCJIOBUS CBOOO/I-
voro kpas. Omupeseenre KPUTHIECKOH HATPY3KU CBOIUTCHA K OIMPEIETCHUIO
cubl P, mpu KOTOPOi BapUAIMOHHAS 3334

J(w) =

DN | =

weK

¢
/(Dw"2 + Cw? — Pw'?)dx — min, (1)
0

w(0) =0, w'(0) =0, w'(¢) =0, Dw" ()+Pw'({) =0, w(z) 20, z€]l0,/

2)
nMeeT HeTPUBUAJBHOE pemenne. 3mech D > 0 3KeCTKOCTh CTEPKHST Ha U3rHD,
C' > 0 »KeCTKOCTh BUHKJIEPOBCKOTO OCHOBAHUSI.

B (1) — (2) K— KoHyC HEOTPUNIATENBHBIX (DYHKIWMI, ONpPE/IeNeHHbIX Ha UH-
repsade [0,[], nmeromux 060BIEHHY0, CYMMUPYEMYIO ¢ KBaJ[PATOM BTOPYIO
npon3BojHyo. 3agada (1) — (2) momyckaer aHajnTHYecKoe pernenne. Mox-
HO [10Ka3aTh, 4To perenue 3a1a4un (1) — (2) MoKHO ucKarh cpeau QyHKIUi
w(z) =0, x € (0,41), nw(zx) >0z € (¢1,£] [1]. Ha unrepsase ({1, ) Bbiros-
HEHO ypaBHeHHue diliaepa

wV +ww + pPw” =0, (3)

rie w = C/D, p? = P/D. B stom ciiyuae (3) sBisiercss ypaBHEHHEM DaBHO-
BECHUs CKUMAEMOI'0 IPOJOJIBHON CHJION CTEprKHs, HAXONLAIIErocd B yIpyTroi
cpejie. 3aMeTHM TakKKe, 4To (3) coBIaaeT ¢ ypaBHEHIEM DABHOBECHS IIUJIHH-
JIPUTIECKOM 0OOJIOUKH, CKUMAEMON MPOJOJIBHON CHJION B OCECUMMETPUIHOM
caydae. B oTyimdme OT IPaAHNYHBIX YCJIOBHIH »KECTKOMN 3a/I€JIKN M T'PAHMIHBIX
YCJIOBHIT TTAPHUPHOTO ONMUPAHMs, TIPU KOTOPBIX p? > 24/w, IPU JIAHHLIX I'Pa-
HUYHBIX yCIoBusAX p? < 24/w, u obimee permenne ypapHenus (3) umeeT BU:

w(z) = c1e sin(Bzr) + c2e™® cos(fx) + cse™“ sin(Bx) + cge™** cos(Bzx),

(4)

a=s\/2ve -2 5= Ly2va 4 (5)

Bynem cuaurars, 94TO CyIeCTByeT yIaCTOK ITOJTHOIO IIPUJIETAHUS K CTEHKE, T.€.

rJe

w(z) =0, z €[0,41], mw(z) >0, z € ({1,4]. (6)
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MozkHO TOKa3aTh, 9To npu & = {1 w' = 0, T.e. BBIIOJHEHBI YCJIOBUS:

w=0, w =0, w =0upn z = 4. (7)
Taxum 00pa30M, UMEEM JBE CUCTEMBI YPABHEHMUIA:

w(fy) =0, w'(4y) =0, w' () =0, W)+ p*w' () =0, (8)
w(l) =0, w”’(l1) =0, w' () =0, W)+ p*w'(¢) = 0. (9)
B (8) — (9) HeM3BECTHBLIMHU SBJISIOTCS TIEPEMEHHBIE C1, ..., ¢y, {1 1 p2. Jlist
CYIIECTBOBAHNUS HETPUBUAJILHOTO pelleHnst cucreMsbl (8) — (9) HeobxoauMmo,
9TOOBI OMPEIETUTETN MATPUIIBI KOIDMUIIUEHTOB TIPA Cq, ..., C4 OBLIN PABHBI

mysio. Iogcrasiss (4) B (8) — (9), mMeeM cucreMy JIByX HEJINHEHHBIX ypaBHE-
HUil, 13 KOTOPOii orpe/iessieM ¢4 1 p2. PesynpraTsl BeIYUCIIEHNI IPUBEIEHBI
B tabi.1, rue {9 = ¢ — {1 — JyimHa MHTEpBasa, Ha KoropoM w(x) > 0.

Tabsmma 1. 3HaYeHNsT KPUTUIECKOHN CUIIBI B 3aBUCHMOCTH OT YKECTKOCTH CPEJIBI W

N 1 2 3 4 5 6

w 100 200 350 450 550 800
ly | 0.745 | 0.627 | 0.545 | 0.512 | 0.487 | 0.443
0> | 126 17.8 23.5 26.7 29.5 35.6
or | 11.9 15.6 19.5 21.8 23.8 28.5

B Tabmmume 1 3HavMeHns p? cOOTBETCTBYIOT KPUTHIECKOH HATPY3KE CTEPIK-
Hsl TIPU HAJWYIUU OJHOCTOPOHHUX OIDAHMYEHUN Ha TEePEeMEIIeHUsl [IPU Pa3-
JINTHOMN YKECTKOCTHU Cpejibl w. JIjist cpaBHEHUsT B TOCJIEIHEH CTPOKE IIPUBeJIe-
HbI 3HAYEHNA KPUTHYECKON CHJIbI p2 [JIsl CTEPKHSA, HAXO/SAIIErocs B YIPYTOit
cpejie, IPA OTCYTCTBUAU OJHOCTOPOHHUX ONPDAHMYEHUN HA MEePEMEIeHUs.

2. YcToMYnBOCTDH KOJIEI, C OJTHOCTOPOHHUM MOJKPernjeHneM

Pacemorpum 3ajady yecTORINBOCTH yIIPYTUX KOJIET, HAMPYKEHHBIX PaB-
HOMEPHO PACIIPEJIEJICHHBIM 10 0001y BHEITHUM JABJIEHUEM, [TOJIKPEILIEHHBIX
YOPYTUMHI HUTSAMH, KOTOPBIE HE BOCHPUHAMAIOT CXKUMAIOIIUX YCUJINA.

IlycTb ouH KOHEI[ HUTH MPUKPEILIEH K HEMOIBIKHOMY IEHTPY KOJIBIA,
IPyroil — K HEKOTOPOIl TOYKe KOJIbIla. [IpemosoKuM, 9TO HUTD sIBJISIETCSI
HEPACTSAXKUMOI, TO eCTh B pe3yJibrare aedOpPMAaIuu PACCTOSHIE MEYKTy IE€H-
TPOM KOJIbIIA U TOYKOI MPUKPEIICHUsT He MOXKeT yBesnauBarThesa. O6o3Ha-
quM 9epe3 ¥ — IeHTpaJIbHbIH yrod, w(1) — paauanbHoe IepeMeIeHne TOUeK
KOJIbIa. HaKoHEeIT, IPeIo/IoKUM, 9TO HUTH PACIOJIOXKEHBI TaK 4acTO, YTO UX
MOXKHO CUYMTATH HEIIPEPBIBHO PACIIPEIEIEHHBIMU 110 KOJIBILY.

Torma 3aa9a Ha YCTOWYHBOCTH CBOJUTCS K OTHICKAHWIO TAKUX 3HAYCHUN
cusibl P, Tpr KOTOPBIX BapHaIlMoOHHas IpodIeMa,

27
Jw) = =

P 27
=55 (w” + w)*dd — £ / (w'® = bw?)dY — min (10)
0 0 w
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nmMeeT HETPUBHUAJIbHOE PEIIEeHUE IIPU I'PAHUYIHBIX YCJIOBUAX IIE€PUOJUTHOCTU U
OI'PaHNYIECHUAX

w(¥) < 0. (11)

3mech B — kecTkocTh Ha m3TMO B IJIOCKOCTH KOJIBIIA, R — paaumyc KOJIbIIA.
ITepsbiii uarerpasa B (10) upexacrasisier coboil yIpyryio SHEPruio, BTOPOi —
paboTy BHEITHUX CHUJI.

IIpu pacuere KoJiell Ha yCTONYMBOCTH BAXKHO yYUTHIBATH IIOBEJIEHUE Ha-
rpysku nocse jgedopmaryu. Ecin Harpyska HalpaBjieHa ITPOTHB HOPMAJIU
K siebopMupoBaHHOMY KOJIbI, TO B (10) ciemyer mosoxurs b = 1 (cusa
HOPMAJIBHOI'O JABJICHUS ).

Ecyn ke cuta HalpaB/ieHa Bee BpeMsl K HENOABHKHOMY HEHTPY KOJIbIIA,
to B (10) b = 2 (cayuail neHTpadbHBIX cvil). Beimumiem ypasHenue Diliepa
st pynkiponasa (10):

w! + 2+ kHw” + (14 bk*)w = 0, (12)

3
rae k2 = %. Ipu b = 1 (cayuait HOpMaJIbHOI HArPY3KK) DYHKIUS TPOruda
[peJICTaBUMa B BUJIE

w = Aysind + Agcos + Agsinad + Agcosatd, a =/ 1+ k2. (13)

Sadukcupyem nexoropsiit yros S > 0. Bysem cuurarb, 4TO, KaK U B
cjay4dae CTeprKHel,

w(?) <0, 9 €(0,8) mw(@) =0, 9 e (5,2m).

IMeppasi npouseognast w’'(¥) momxkHa GbiTh HenpepbisHON npu ¥ € (0, 27),
Torja (PYHKIUS W yAOBJIETBOPSET TPAHUIHBIM yCIOBUSIM

[Moxcrasnss (13) B (14), nosmydum cucreMy JUHEHHBIX YDPABHEHUI

Ay + Ay = 0,

A+ aAs =0,

Aysin 5+ Agcos 8+ Assin(aff) + Aqcos(af) =0,
Ajcos B — Agsin 8+ ads cos(af) — adysin(af) = 0.

ITocite ynporenust, mmeeMm

{ As(sin(af) — asin ) + Ay(cos(af) — cos B) = 0, (16)
As(acos(af) —acosf) + Ay(sin 8 — asin(af)) = 0.
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Cucrema ypaBHEHHIT IMeeT HETPUBUAJILHOE PEIIEHNE, €CJIH €€ OIIPE/IeTUTETh
paBeH HYJIIO, TO €CTh

d(a) = —2a cos(af) cos f + 2a — sin(aB) sin f — o sin(aB) sin 8 = 0. (17)

Pemas ypasuenne (17) OTHOCHTEIBHO HEM3BECTHOH «, mOMydInM QYHKIHIO
a = «(B). lpu 3anannom S ypaBHEHHE UMeeT DECKOHEYHOE YHUCJIO KOPHEN.
OueBnHO, uTO v = 1 sIBJIsIeTCS KOPHEM ypaBHEHUs mpu Jirobom (. 3amernm,
aro o = 1 coorBeTcTByeT cuia P, pasmas mymo. Jlamree, nHaxoaum dopmy
uporuba 1o dopmynam (13). Hecsoxkuo ybenurnest, uro dopmyia (13) upu
a = 1 maer mepemerneHre KOJIbIa Kak KecTKoro resoro. CriegoBaTesbHo,
HAJI0 HAXOJUTh MUHUMAJIbHBI KOpeHb ypasHeHusi (17), yI0BIE€TBOPSIIONHI
yesopuio « > 1. Takyke HEOOXOIMMO BBITIOJHEHUE 3HAKOBBIX OIPAHUYEHUIN
(11). Yem Gombme yrom 3, Tem Menbie k2, a 3Ha<IUT U cuia P. 3Hadenus
KPUTUIECKOTO TTapaMeTpa P B 3aBUCHMOCTH OT 3HAYEHWIT yIJIa (3 TPUBEJICHBI
B Tabsuie 2.

Tabsmia 2. 3HaUeHUsT KPUTUIECKOTO TapaMeTpa o
B 3aBHCHMOCTH OT yria f3

/B ™ ™ 37 T 5T

4 2 4 4
a | 49801 | 4.2915 | 3.2136 | 3 | 2.4841

Yucsennble 3KCIEpUMEHTHI 1ipu 3 > 7 mokazasiu, 910 rpaduk QyHKIun
nporuba w Gymer MeHsATH 3HAK Ha wHTepBase (0, ), To ecTh OrpaHUYEHMs!
(11) na dbynxmuio w(x) He GyayT BHIIOMHATLCA. SHauuT (3 = , k* = 3,
9TO COOTBETCTBYET KPUTHYECKOMY JaBjeHuto P = %’. 3amerum, 9TO I

HEIOJKPEIJIEHHOT'O KOJIbIla KPUTHYECKasl CUjla olpejesisiercs popmysioit P =
3B
R3*

Pacemorpum ciydait eHTpasbHbix cua (B ypasHernu (12) coemyer mosto-

Kuth b = 2.) Ob6miee pemenue ypasaenns (12) nmeer suj [2]:
w = Ay sin(a19) + As cos(a19) + Az sin(aed) + Ay cos(an?),

rie

alz\/2+k2+ k4 — 4k2, agz\/2+k2—\/k4—4k2.

Hanee, ucnonb3ys rpanudnbie yeiaosus (14), nogydaem cucTeMy OJIHO-
POJHBIX JIMHEHHBIX yPABHEHWI OTHOCUTEIBHO ITPOU3BOJIBHBIX ITOCTOSTHHBIX
Ay, Ag, Az, Ay. TlpupaBHuBasi ONpEJIEUTENH ITONH CUCTEMBI K HYJIIO, TOJIY-
Jaem ypasHennme Ha Harpy3ky k2 (k? zaucut or yrma ). Kax u BbI-
me, wuccaeayst rpaduku dbyHknun nporuba w(1), HAXOAMM, UTO MAKCH-
MAaJILHBI yroJl [3, IpU KOTOPOM w COXpaHseT 3HAK Oymer paBeH: [§ =
0.69767m, UTO COOTBETCTBYeT KpUTHIEeCKOMY HapaMmeTpy k% = 18.6036, P =
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18'%#. 3aMeTHM, UTO /I HEIIOAK PEILJIEHHOI'O KOJIbIa KPUTUYECKasi Harpys-
ka P = %58

R3
Cremyer OTMETUTh, 9TO B CJIy4YasX KaK HOPMAJIbHON, TaK IEHTPAJbHON

Harpysku Bbinosisorcs yesiosus: w” (0) = w’ () = 0, r.e. Bropas upous-
BogHasg w' (1) sBJISIETCA HEMPEPHIBHOIM.
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Banauue noABUXXHOIO rpy3a Ha AnHaMuky HocuTens

BBenenue. PaccmarpuBaercs MexaHndIecKast CHCTEMA, COCTOSINAS U3 HO-
CUTeJIA U I'PY3a, COBEPIIAIONIEr0 3a/JaHHOe JIBUKEeHHE 110 OTHOIIEHUIO K HOCH-
Tesio. JIyist Moiesn cusi CONPOTHUBIIEHUST CPEIbl TUIA KYJIOHOBA TPEHUS U3Y-
JaeTcsl BJIMSHUE ITapaMeTPOB CUCTEMBI U CPeJbl Ha JIBU2KEHUE HOCUTENS U3
COCTOSIHUS TIOKO$I, BBI3BAHHOE IIOJABUKHBIM I'DY30M.

1. duddepeHniuanbable ypaBHEHUsT ABUXKEHUS HOCUTEJI.

1.1. PaccmarpuBaercs: IBHKEHNE MEXAHUIECKON CUCTEMbI, COCTOAIIEH U3
HOocuTesss U rpysa. Hocurenb, pacnosarasch BCE BpeMsl B TOPU30HTAJIBHOM
IJIOCKOCTH, JIBUTAETCS MOCTYIATE/IHHO TI0 MPIMOJIMHEHHONW TpaeKkTopuu. Ho-
CUTEJIb UMeeT IPsAMOJIMHENHBIN KaHaJl, 110 KOTOPOMY MOXKET IlepeMeIaThbCs
rpy3. Ilpu sTOoM 0Ch KaHaA PACIOIATAETCS B BEDTUKAJIBHON IIJIOCKOCTH, TIPO-
X0l Yepe3 TpaeKTopuio Hocureis. [lycts Oxyz — HelmoABUKHASI CUCTEMA
KOOD/INHAT, KOTOPasl SIBJIETCS MHEPIUAIBbHON CHCTEMON OTCUETA, IPU ITOM
Oxy — ropu30oHTAJIBHAS IIJIOCKOCTh, a Oz — MecTHast BepTukajb; O1T1y121 —
MIOJIBM2KHASI CUCTeMa KOOPJIMHAT, CKPEIJIEHHAsS C HOCUTEJIEM, KOTOpasl JIBUTa~
€TCsl MOCTYNATEIFHO 10 OTHOIEHNIO K Oy z; O2ToYs 29 — MOJIBUAKHAS CUCTEMA
KOOD/IMHAT, CKPEILIEHHAST ¢ KAHAJIOM, Ipu 9TOM (OoXo 2y ABJISETCS BEPTUKAb-
HOH IIJIOCKOCTBIO, B KOTOPOIl JIC?KUT TPACKTOPUS JIBUKEHUA HOCUTEJIA, COB-
nagatomas ¢ Oyx; ¢ € [0;7/2) — yroa ycranosku Kanasa; Cy; — IEHTP Mace
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nocuresist; C. — IMEHTP Macc rpy3a, KOTOPBIH B JIAJIbHEHIIIEM PAaCCMATPUBAET-
csI, KaK MaTepruajbHas TOYKa. 1orma

Toy =T+ T10ys ZCy = #1,Cn»

Tep =T+ X1,04 T T2-COSQ,  ZCn = 21,0, + 29 - sin g,

e 1,0y = const, zi,cy = const, 1,0, = const, 21,0, = const, p = const,
X9 = T2 (t)

s BeIBoma  audPepeHITHANTBHOTO yPABHEHUS JIBUYKEHUST HOCHUTE IS
BOCIIOJIB3yeMCsl TeOpeMO O JBUXKEHUM IIEHTPa Macc, KOTOpasd JJIsI paccMaT-
puBaeMoil cucTeMbl Oy/IeT UMeTh BUJT

(M+m)-ac =Py +P. + N+ R(Vy), (1)

rae M — Macca HOCHTeJIs; M — Macca IPy3a; ac — yCKOPEHHE [EHTPa Mace Ch-
crembl B Ozyz; Py — Bec Hocureds; Pr — Bec rpy3sa; N — HOpMaJsibHAsT PeaKIust
HOJICTUIIAONIEH TOpHU30oHTANIBHOM IockocT; R(Vy) — cuiia conporusiieHust
CpEJIBl JIBIDKEHUIO HOCHTENst; Vy; — abCOJIIOTHAS CKOPOCTh HOCHTEJIS.

Tax xak (M +m) -xc =M - (z+ 21,04) +m - (¥ + 21,0y + T2 - COSP), TO

(M4+m)-Zc=(M+m)-Z+m-cosp- i, (2)
ITycTh 3aKOH JIBUZKEHUS IPYy3a B KAHAJE 33/aH B BUJIE
xo(t) =1 - sin(wt) (3)

rue | = const, w = const > 0. O6o3uaunm T = 27 /w — nepuon Kosebanuit

rpysa.
ITpoexTupy= (1) na oco Oz, yuaursBas (2) u (3), Hoaydnm

(M +m)-& = Ry(&) +m-1-w?-sin(wt) - cosp. (4)

Takum o6paszom, (4) asistercs quddbepeHInaIbHbIM YPABHEHUEM JIBHKE-
HUil HOCUTENA BIONL ocu OT ¢ TPY30M B KaHaJse, MePeMEIalonuMcs 0 3a-
JIAHHOMY 3aKOHY (3).

IlycTh CHIBI CONPOTUBJICHUA CPEJIbI JBUKEHNAIO HOCUTEJS ABJSAIOTCH CH-
JIAMH THUIIa KYJIOHOBA TPeHus. IIpu 3TOM BeJMYUHA CHJIbI TPEHUS B JIBUKEHUAN
F.p = |R:(%)] = f - IN|, e |N| — Besruumna HOpMaIbHOH peakuuu; f — Ko-
3D MUINEHT TPEHUST CKOABICEHUA 6 OGUINCEHUL JIJIS TIAPBI HOCUTEIb-CPeIa.

Tak kak (M +m) -z =M - z¢,, + m - z¢,. , TO

(M4+m)-Zc =m- &y -siny. (5)
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ITpoextupys (1) Ha ocs Oz, yunreBas (5) u (3), Haiiném, uro N(t) =
Py + P.—m-1-w?-sin(wt) - sin¢. Horpebyem, urober N(t) > 0 mjst Vt, To
ectb m - [ - w? - sin(wt) - sinp < Py + P, . BuimosHenne nepaBeHcTBa

m-1-w? -sing < g- (M +m) (6)

03HAYAET, YTO HOCUTEb OyJEeT JBUraThCs, HE OTPHIBAACH OT Itockoctu Oy
u N(t) > 0.

Torna dugdpepenyuarvhvie ypasnenus deusicerus nocumensn (JIYIH) Gy-
OYT CJIELYIOIIUMEI

Z=p (cosp+ f-siny)-sin(wt) —y upu & >0, (
E=p (cosp— f-siny)-sin(wt) +v upu <0, (8)

rie B =1-w?-m/(M+m),y=g- f. dubdepernuambubie ypasuenus (7),
(8) monosHAOTCS ypaBHEHUEM

i=0, 9)

KOTOpPOE MMEET MeCTO JIJIsi HHTEPBAJIOB 1IOKOs1, Koryia & = 0, a TpeHne CKOJIb-
JKEHUST B TIOKOE KOMIIGHCHDYET BO3JEfiCTBHE Ipy3a Ha HOCHTENb. Takum 06-
pasoM, (7)—(9) asismorca JYH npu 3amannom B Buje (3) 3akoHe JBHKE-
HUS TPy3a B KaHAJlEe B PAMKAX IPHHSATON MOJIEJIN CHJI COIIPOTHBIIEHHS CPEJIbI
JIBIZKEHUIO HOCHUTEJIsI TUIIA KYJOHOBA TPeHUs. 1Ipu aHadmM3e IUHAMUKH 3TOH
CHCTEMBI YUUTBIBATIOCH, UTO CHJIa TPEHUs B IIOKOE HAIIPABJIEHA B CTOPOHY 00-
PaTHYIO IIPE/IIOJAracMOMY JIBUKEHHIO HOCUTEJISI, T.e. OHA IIPOTHBOIIOJIOXKHA,
1o 3uaKy (— sin(wt)), 1 He IPEBBINAET BEJUIUHBI CHIIbl TPEHUS CKOJIbIKEHUS
B JIBIKEHUH.

ITpu rOpU30HTAIBHOM IOJIOKEHAN KaHasa, To ecTb npu ¢ = 0, JTVIH (7)
u (8) GymyT UMeTh BH/L

&=p-sin(wt)—y nupu >0,

&= sin(wt)+y upu & <O0.

1.2. B paborax ®@.JI. Yepunoycbko, H. H. Bosiotauka, T. 0. @urypunoit
[1-5] u Apyrux aBTOpOB OOBIYHO OTBICKUBAETCSI JBHKEHUE TPY3a, COOOIIA0-
mero TpedyeMoe IBIKEHNE HOCUTEN0. B maHHOIT pabore cTaBUTCH 0OpaTHAS
3a71a49a — OUPEJIEIUTDh JBUKEHNe HOCUTe s JJisl HadasbHbix yesaosuil (HY)

Z’(fo) =0 u i‘(to) = 0, (10)

rie to = 0, npu 3a7aHHOM B Buje (3) 3aKOHe JBIKEHHs Ipysa. 3ajada o6
OIIpeJIe/ICHNY BIUSAHUS JIBUKCHUS IPy3a Ha JIUHAMHUKY HOCHTEJS PACCMATPH-
BaJsiach B [6] pu uHOM NBMKEHUU TDY3a.
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2. /luHaMuKa HOCUTEJISI C MOJABUKHBIM rpy3om. [lycrs 3a1aHb! 3HA-
YeHUsl IIapaMeTPOB CUCTEeMbl HOCUTEb+1Tpy3: m, M, I, w, ¢, f, u aru napa-
MeTPbI TAKOBBI, UTO BhIOJIHAETCS (6) — yCIoBre 6€30TPHIBHOTO OT ILIOCKOCTH
Oxy nBuxkenus uHocuresd. Oupenenum gsuzkenue Hocuress upu HY (10).

2.1. Beeném ¢y =cosp+ f-sinpul'y =0 9.

HeobxoauMbIM yCJIOBUEM JIBUXKEHUs] HOCHUTEJISI W3 COCTOSIHUS TTOKOST
B IIOJIOKUTEJIBHOM Hanpasiennn ocu Ox Oyxer v < I'y . B stom ciygae
BBeJIEM By = v/1; u 74 = arcsin(B4 /) /w.

Heob6x0auMbIM yCJIOBUEM JIBUXKEHUsI HOCUTEJIS W3 COCTOSTHUSI TTOKOS
B oTpunareqbHoM Hampaiennn ocu Ox Oymer v < I'_ . B srom cayuae
BBeZéM B_ = ~/1_ u 7_ = arcsin(B_/f) /w.

JlBmkerne Hocute st OyIeT BIIOJTHE OMPEIETIEHO, eCan Oy/IeT YCTAHOBIEHA
[I0CJIEIOBATEIbHOCTh BPEMEHHBIX WHTEPBAJIOB UHTEIPUPOBAHUS, Ha KaXKJIOM
U3 KOTOPBIX crpaseimBo Koukpernoe JIYIH uz (7)—(9), u oupezesnenns: rpa-
HUIBI 9TUX UHTEPBAJIOB. Tak Kak Ha TPAHUIAX KAaXKJIOTO HHTEPBAJIA 3HAYCHUST
4 paBHBI HYJIIO, TO 3HAYEHUS X, BHIYUCJIEHHBIE HA MPABOil IPAHUIE KAXKIOrO
W3 9TUX WHTEPBAJOB, BxomaT B HY mna caemyromero murepsaia. HY mas
epBoro uHTepBada [to;t1] aeasiores (10). Tlockonbky Ha [to; t1] TpeHme 10-
KOsl KOMIIEHCHPYET BO3JI€HICTBUE I'Dy3a, TO OH sIBJIIETCS] MHTEPBAJIOM IIOKOSI
¢ IYIOH suna (9). Ecim v < Ty, 1o rpanuna t; = 74 . Kak mnokasbisaer
aHAJIN3, B PACCMATPUBAEMON CHCTEME HOCUTEIb+TIPY3 BO3MOYKHBI JBUKEHUS
nocuresst (JIH) Tosbko aByX TUIIOB.

2.2. JH Tuma R peaiansyiorcs B CHCTEMe TOJBKO TOIIA, KOrga &(t) nmeer
PEryJIsIpHBIN XapakTep, TO eCTh Koria y &(t) OyayT HeM3MeHHBIMU MOMEH-
TBI Iepeksoderus ot oguoro Buja JIV/IH k npyromy B npejenax KaxKjaoro
U3 HEYETHBIX MOJIYIEPUOJIOB JIBUKEHUSI I'Py3a, HAYUHAS C TPETHEro, U OJM-
HAKOBBIMU MOMEHTBI IEPEKJTIOUEHNS B IPEJIEIax BCEX YETHBIX MOJIYIEPUOIOB
nBukeHus: rpy3a B kanase. JIH tuna R MoryT mMeTh MHTEPBAJIBI IIOKOS HA
KaskJIOM W3 IIOJIYIIEPUOJIOB JIBUYKEHUS I'PY3a.

Ycranosnieno, uro gyiug JIH Ttunma R xkpome cocrosuust mokos RO cymie-
CTBYIOT TOJIbKO TSITh Pa3JIMYHBIX HETPUBUAJBHBIX IOCIeI0BaTe bHOCTENl R1

— Rb5 uepenosanusa JIYJIH:

RO |mprn T'y <7y
Rl |mpn TI'_ <y<Ty

R2|upu v <T_ u 8 <min{f,S2}
R3 pu ’Y<F_I/Iﬂ1§ﬂ<ﬂ2
R4 |mpn y<T'- u B <B <P
R5 | mpn v <T'_ u =51 =0
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RO t03>oo

Rl [to 28, Dty Btg Dty Dts ..
R2 [ to 2t Dty 2, St Dt Doty D1, Sas Bt D
R3 | toty Dty =t Sts Bty Dty =, St DL
RA [to 2ty Dty 2t Sty =4 oty 2t St =t

R5 | toSt, Dty =t Sty =th Dty =t, Dts =tL 5. ..

1~
-

rae $1 u o — KOpHU ypaBHEHUIA

VB2 = B2 +/8? — B2 = By - (m + axcsin(B_ /B1) — arcsin(B /B1)),

\/ﬁg - B2 + \/ﬁg — B% = B_ - (m + arcsin(B, /82) — arcsin(B_ /[2)).

Eciu mocurens mBukercs mo tuiy R, TO IOCTATOYHO PACCMOTPETH €r0
JIBIZKEHVE HA OCHOBHOM MHTepBaJie [T ; T47, ], 9T00bI TOCTPOUTH €ro TOJTHbIH
daz30BbIN TOPTPET.

IIpu ¢ = 0 gna JIH tuma R umeeTcs TOJBKO JIBA HETPUBUAJILHBIX Uepe-
nosanug JJYIH: R2, R5. Ina v < 8 nmaitném By = v - Va2 + 4 /2. Cuyuqait
B < Py coorBercTByer R2, a = 3 coorBercrByer R5.

Takum 06pazom, 11 cirydast JBU2KEHUs] HOCUTEJIs 10 TUlly R onpejiesiensr
MHTEpPBaJIbl HHTEIPUPOBaHUs U cooTBercTByoue um JIY/IH.

2.3. IH tuna N R BO3HHMKAIOT TOTJa, Korja i(t) MeeT HEperyasipHbIi
XapakKTep C PA3JIUIHBIMU MOMEHTAMHU MEPEKJIIOUEHUs] B KAaXKJIOM U3 IOJIyIe-
pUOMOB JBIM2KEHUs Tpy3a. B ormimune or aBmkeHuit tuna R npu IBUKEHUSIX
tuna N R OTCyTCTBYIOT MHTEPBAJIbI IIOKOsI, KpoMe [to;t1], a B k-oM moJryue-
puo/ie JIBUXKEHUsI TPy3a UMEETCsI TOJBKO OJMH MOMEHT HePEKJIIoUYeHus 0y, .

Ecsin napamerpsl cucreMbl TakoBbl, uTo v < I'_ u max{f1; B2} < B, 10
HOCUTENb coBepinaeT apukenue 1o tuny NR. g ¢ = 0 HocuTes b coBEp-
maer apuKenne 1o tuny NR upu Sy < .

WcrunaHble MOMEHTBI HEPEKJIIOYEHUsT t), CBI3aHBI C OTHOCUTEJBHBIMU O
oueBnIHBIM o0pasoM ty = O+ (k—1)-T/2, k=1,2,..., npustom t; = 01 =
T4+ = arcsin(B1/8) /w.

OTHocuTE/IbHBIE MOMEHTHI TIEPEKJIIOUeHUs f) HAXOJSITCS IIOCJIeI0BATE b=
HO U3 ypaBHEHUI

~ T+ wlp1 — wly,
cos{wbi+1)F-cos(whi) = B (cosp + (—Jk1Jr1 - fsing)’ F=12... (1)

ITpu ¢ = 0 3Ti ypaBHeHusi TpUMyYT BUJL coS(whj11) + cos(wby) = (v/B8) - (7 +
w0k+1 —w@k), k= 1,2,....
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Pemas ypasuenuns (11), Haiiném 60,03, ... u, COOTBETCTBEHHO, ta, 13, .. .,
TO €CThb ONPEIETUM IOC/IEI0BATELHOCTD HMHTEPBAJIOB HHTEPUPOBAHHUS
[tr;trs1], K=1,2,....

ITpu sToM Ha uHTEpBaJE [tf;tr+1] B KavecTBe JTYIH Gymer

F=p-(cosp+ (=) 1. fosing)-sin(wt) +v-(=1)*, tme k=1,2,....

Takum obpazoM, u s ciaytdast ABMKeHusT HocuTesst o tuny N R ompe-
JIeJIeHbI MHTEPBAJIbBI MHTErPUPOBaHUs U cooTBeTcTByIomue M JIYJIH.

[TocsreroBaTebHOCTD 6 , TOTyYaeMas B Pe3yJIbTare PeIIeHusl ypaBHeHN]
(11), comepzxur aBe nomociaepoBareabaoctu: 61,03, ..., 025 1,. .., KOTOpas
siBJIsieTcs Bo3pacTaromeit, u 0y, 0y,..., 600k, ..., KOTOpPas siBJsieTcst yObIBaIO-
mieit. [lokazano, 4To Ipesesbl STUX IIOAIOCIEI0BATEIBHOCTEN TAKOBBIL:

1 vy 1 1
&z—-(arccos(f-f- - )—5),
w B 2 cosp cosd
1 1 1
0*:—~(arccos(l.z- . )+(5>,
w B 2 cosp cosé
rae 6 = (- f-tg)/2. llpu ¢ = 0 9TU TOAMOCIIEIOBATETBHOCTH UMEIOT OJIMH

pees

1 vy T
0 =0, =0, = — ~arccos<f . 7) .
w 5 2
3. BeruucanresabpHble 3KcnepuMeHTsl. g paga cioyqdaes IH Tuma
R n gna JIH tuma N R npuBoAgTCS pe3yIbTAThl MATEMATUIeCKOTO MOJEIH-
poBanus. [locTpoensr cOOTBETCTBYIONIHE (DA3OBBIE TOPTPETHI.
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On the One-Dimensional and Two-Dimensional Inverse
Problems of Heat and Mass Transfer on Hypersonic
Aircraft Permeable Surfaces
Buavuenxo I.I., Buavuenrxo H.I.
ggbil20@gmail.com, bilchnat@gmail.com
KHUTY — KAU um. A. H. Tynonesa, K. Mapkca, 10, r. Kazanb, 420111, Poccust

06 ogHOMepHbIX N ABYyMepHbIX 0DOpaTHbLIX 3agadax
TennomaccoobmMeHa Ha NPOHULLAEMbIX NMOBEPXHOCTSAX
rmneps3BYKOBbIX JleTaTe/lbHbIX annapaTos

1. OxgHoMmepHbIe oGpaTHbIe 3ama4n. s ciydas KyCOUHO-INHEHHOro
BJlyBa OJIHOMepHBIe obpamnusie 3adawy (O3) remnomaccoobMeHa Ha ITPOHU-
[[AeMBIX HOBEPXHOCTsAX (BOKOBasi MOBEPXHOCTH KPYrOBOIO IWJIMHADA U HO-
BEPXHOCTDH C(HEPUIECKOTO HOCKA) 2UNEP3GYKOGHIT ACTNAMEALHHT ANNAPAMOS
(IVTA) mast Tpomo-, crpaTo- n HIKHEX CI0EB Me3ocdepst (10-30 [km]) Oblan
paccMoTpens! B [1].

2. O6parHble MO BAYBY 3a/la4M Temjiiomaccoobmena. [Ipuseném 1o
[2] nocranosky O3 10 yupasienuto — 60ysy m(x) B JaMUHAPHBIN TOrpaHUY-
uolit cooit (IIC), tae ¢ € X = [0;1] (ock = HanpaBieHa BJOJIb KOHTYPA TEJIa).
Iycrs 3amaner: 1) cetka ynpassenus Xi: xf =0 < af < ... < z) = 1;
2) cerka nabmodenus Xo: xy = 0 < xzy < ... < xy = 1; 3) Hempe-
poisHOe yrpasyenne s(x) = oB2(x) — maznummnoe nose (MII). Torma npu
HenpepbIBHO- M dHepeHInpPyeMOM YIIPABIEHUN — MEMNEPAMYPHOM darmope
(T®) 7(x) = Ty(x)/Te, (rne Ty (x) — Temmeparypa creHkd, a T, — TeMiepa-
Typa B mouke mopmosicerus (TT) moroka) u orpaHudeHusIx I, = [b}’fk; tfk],
j=1,...,n1,k=0,...,07", v{" 2 0, 11 <KOHTPOJIbHBIX» 3HAUEHUI JIOKAIb-
noro menaosozo nomoka (TI) ¢ = (¢} )j=0,....n, TPeOyeTcs HANTH Hempe-
poisHOe Ha X ynpasienne m”, 3agaaemoe [3| smemenramu m”™ (z) = mf (z)
s x € [zf_y527], j =1,...,n1, yIOBIETBODSIONUMI yCTOBHAM

(m)W(2) € I aas @ € [2f_y;af], k=0,....0", (1)
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Takoe, UTO BbrUUCIeHHBIE [4 — 6] HA X, 3HAvYeHUMs ¢~ = (45)j=o0,....ns » TIC
G = q(x}/; m™,T,8), JOJKHBI ObITb OAUSKUMU K G, T.€.

,7.8) = (@~ =g’ ), (2)

~ ~ ~ V. ~ \
e [~ = (f7)j=0,..nas 7 = f(x];m™,7,s). Ecrm Bmecto ¢ samatb
«KOHTPOJILHBIE» 3HAYEHUs JIOKAJILHOTO hanpascenus mpenus (HT) fY =
(f;/)j:o’_”,n2 , 7o O3 o m iz HT 6yumer umers Bu:

from>  (m™1s) = (@, f7 = fY). 3)

Bameuanus. 1) Duementsr m} (z) ynpabienns OyjeM HCKaTb B BUIE
noymuoma crenenn deg(mj’) = p > vi + 1, a Bc& m”™ Gynem crpouth B
KJIacce KyCOUHO-TIOJIMHOMUAILHBIX (PYHKIMI ¢ TOYKAMU CThIKa B y3jiax Xi.
B pa6ore [1] npuseznensr nocranosku O3 qyist KycouHo-smHeitHOro (10 = 1)
ciy4das. s ycTaHOBJIEHUsI yCJIOBUI OJIHO3HAYHON pa3pernmMOCTH 3a/1a9u B
[1] 6bL1u pacemorpenst caydan Buga: a) X1 = Xo; b) X7 O Xo upu Xy # Xo;
C) Xl g XQ opu X1 7£ XQ.

2) IIycrs p 211 +1u X5 C X2 Hpeﬂnonaraﬂ JI7ISI TIPOCTOTHI, ITO BCE
MHOYKECTBA Xffj = (X2 \ X1) N [zf_;27], 5 =1,...,n1, conepar oguHAKO-

¢ —=m~ , (m

BOE€ KOJIMYECTBO Vo > 0 TOYEK, MOXKHO CUMTATDL, 9TO Xffj = (m;fk)kzl’m,,,z -
JIOTIOJIHATENIbHBIE ceTKU (pu Vo = 0 — OHU mycThI). B 3aBuCcHMOCcTH OT COOT-
HOIIIEHUsT MEXKJLY [t U Vo 3aJa4a OyIeT 00H03HauHO onpedesérnoti, Hedo- Win
nepeonpedesénnoti, 9To BIEIET pasHble BOBMOKHOCTH JIJIST BBEJICHUST YCJIOBH
6mmzoctn 1, 2| mabopos ¢~ (wm f~) u ¢V (wm fY).

3. AnmnpokcuManuoHHasi U MHTEPIOJIAIMOHHAs IOCTAHOBKM. BBe-
JIEM

1/p
~. V\ __ ~., V) _ "2
Roo (0730") = max g7 —qf|, Ry(a™iq )—(Zg G —a )
upu p € [1;4+00) .

ITocranoska O3 (2), (1) naswiBaercd [1, 2] unmepnosayuonnot (UIIO3),
ecau i Masioro €1 > 0 Tpebyerca Haittm Takoe m”™, 4TO 3HadYeHus ¢~
COBIIQIAIOT € ¥ ¢ TOYHOCTBIO £1:

R (q75q") <er. (4)
[Tpu peamuzaruu va IBM nyist cymecrBoBanus pemtenus UITO3 neobxoanmo,
9TOOBI €1 2 Epin, TE Emin 3ABUCAT OT CIIOCOOA ITPEJICTABICHIS BEIIECTBEHHBIX
9UCeNT U TPUMEHSIEMBIX YUCJIEHHBIX METOIOB.
TMocranoeka O3 (2), (1) massaercs [1, 2] annporcumayuonnot; (ATIO3),
ecan Jisi p € [1; +00] Tpebyercst oTbickaTh (M™, ¢™), Tae m™ SBISETCS UPU-
OJIMKEHHBIM PeIlleHreM SKCTPeMaJsIbHON 3a/1auu

Ry (q") = info~ Ry (¢754") - (5)
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Omupenenennst UTIO3 u AIIO3 ms (3), (1) — ananoruunst (4) n (5).

4. BeruncjaurebHbIe 3KCIEPUMEHTBI II0 BOCCTAHOBJIEHUIO B/yBa.
[IpuBeeHs! JBa IpUMeEpPa BOCCTAHOBICHHUS BILyBa KAK 110 3HAYCHUSIM JIOKAJIb-
noro TII ¢V, Tax u no 3uagenusam jgokaabaoro HT fVY. Ilna ynobcTsa cpaBHe-
uud ¢ [5 — 7] 3abuKCUPOBaHbI 3HAUCHUST HEUMENALMBLT NAPAMEMPOSE: IUCIIO
Maxa Mo, = 10 € [10;40], Bbicora monéra H = 10 € [10; 30] [km], pauyc Te-
aa R =0,1 € [0,1;1] [m]. JInanasoHbl U3MEHEHUST YNPABAAOUUL NAPAMEMPOS
orpanuyenst [2]: m(z) € [0;1], 7(x) € [0,15;0,9], s(z) € [0;5-10%] [Tur/Om-m].
C noMoIIpBIo IPOrpaMMBl, peasusyorei npamyro sadavwy [4 — 7], nporoskast
nccnenopanust [8 — 10] o Bausiann T® na IIC n Ha BOCCcTaHOBIIEHHE BY-
Ba, ObLIN TIOJIYYEHBI MTOCIETOBATEILHOCTH 3HAYCHUN (gi U fqi JIJIST 3aKOHOB
BJYBOB Mg , OOOBIAIONMX PACCMOTPEHHBIE B [7], IPM pa3IMIHBIX MOCTO-
SIHHBIX 3aKoHaX Tgi € {0,15;0,20;...;0,90} u MII sg;r = 0. K ¢V = qair
u x fVY = fg, 6blua IpuMeHeHa Iponexypa pemeans MIIO3 nnst Baysa
[IPY PA3JIMIHBIX MOCTOAHHBIX 3aKoHaX T® 71, € {0,15;0,20;...;0,90} u MII
Siny = 0, ¢ orpanmaenmeM m~ (z) € I™ = [b;t], tme 0 < bj o < 0 < 1 ms
x € [z} _;2f], j=1,...,n1. YCTAHOBIEHBI IPEIEIbHBIC SHAUCHHS T/, , TPH
KOTOPBIX [IOCTPOEHHE BJLyBA BO3MOXKHO, & TaKXKe 3aBUCHMOCTH T, (b, t; Tair ).

4.1. K qgir 1 fgir , TOJYIEHHBIM JIJIs TIOCTOSIHHOTO BAYyBa Mg = 0,3
npu Ty = 0,25, 6buta npumenena nporegaypa pemteans WUITO3 gis Biay-
Ba [IPU PA3JIMYHBIX [OCTOSHHBIX 3aKOHAX Tiny € {0,15;0,20;...;0,90}. s
orpanndenus bjo = 0 Upu Tiny > 77, TA€ T;;;f)yl = 0,465 n T;;;f,ph = 0,534,
nocrpoenue 110 TII HeBozMozkHO. AHaJIOrMYHO, JIst OrpaHIydeHns t; o = 1 npu

l
re 7,00 =

h
et = 0,755 u 7, °P" = 0,858, HEBO3MOXKHO MOCTPOEHHUE 110

Tinv > T;;“n
HT.

4.2. K qgir u fgir, TOJyYeHHBIM I 3aKOHA «BEPTUKAJIbHAS Tpa-
nenusi» (napamerpol u3 tabauipl 6 s KpuBbix 8 Ha puc. 4 u 5 u3s [7],
Tair = 0,25) mair (23 mg, m1) = mo-(1—2)+my -z upu mo = 0, m({yl = 0,3996,
my? h— 0,3664, 6p1a mpumenena mporeaypa pertenns UITO3 mis Baysa
OPH Tiny € {0,15;0,20;...; 0,90}. IIpu orpamuvenun b; o = 0 mocTpoemnne
HEBO3MOXKHO IIDU Tipy > Tin, = 0,25 nia Boccranosienus no TII, a mpn
Tinv < Tiny = 0,25 — mo HT. Orpanuuenne t;0 = 1 pu nocrpoeruu o HT

JocTHraeTCs IpH T > T, te TV = 0,67 u 7P = 0,79.

5. HomyctumMmble (pOpMBbI JIOKAIbHBIX TEILJIOBLIX IOTOKOB U Ha-
npsizkeanii Tpeans. OTMeUeHO pazndne B XapaKTepe 4yBCTBUTEILHOCTH
¢ u f K CTyleHY4aToOMy U3MEHEHHIO yipasieHus m(x), obobimaieMy 3a-
KOH BJyBa «CTymneHbka» (3) u3 [7]: m (x;my, me,z.) = my upu x € [0;x,),
m (z;my, Mo, T) = my npu x € (z4; 1], rme x, € {0,01;0,05;0,10;...;0,95},
my = 0,3, mg € {0;0,3;1}. YyBCTBUTENBHOCTD ¢ TAJAET NPU IPUOINKEHNN
TOYKH IIePEKIIOYeHIA Ty K 1, ¥ f 3TO MeHee 3aMeTHO.
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6. O6parHbIe IO TeMIlepaTypHOMY (PaKTOPY 3312491 TEIMIJIOMACCO-
o6Mmena. Anasornuno .2 (coxpansiem ycaopust “1)-“3)” nocranosku) cdop-
mysupyeMm O3 no ynpasneruto — T® 7(z). IIpu HenpepbIBHOM yIpaBieHUN
m(x) 1 orpaHMYEHUAX I, = [b;’k;t;’k}, j=1,....,n,k=0,...,v], 1] 21,
I7I «KOHTPOJILHLIX» 3Hadenuit Joxkaabaoro TII ¢¥ = (qjv) §=0,...,n, TPEOYETCS
HaliTu HenpepbiBHO-AUM Gepennmpyemoe Ha X yrpasiaeHue 77, 3a1aBaeMoe
3] semenranu 7 (x) = 77 () s x € [xf 52}, = 1,...,n1, yrosrerso-
PSIFOIIMMU YCJIOBUSIM

(TN)(k)(x)GI;k it 07 1:6[1:?_1;:179}, k=0,...,1], (6)

~

TaKoe, 4To BhruMcIenHble [4 — 6] ma X smauenns ¢~ = (¢}7);j=0
q; = q(xy;m, 7™, s), no/mKHbI GbITh GAuskuMU K G, T.€.

' =717, (mT7s) = (T e ), (7)
rae f~ = (f7)j=0..nas f7 = f(x}sm, 77, 5). Hna «xonrpombubixs fY =

(fjv)jzo ..... ny, O3 1o T
Frer L s = (0 SR fY). (8)

Onpenenenns NIIO3 u ATIO3 g (7) (wmm (8)), (6) amamorndsst 1w.3.

7. JIBymMepHbIe oOpaTHbIE 33[a91 TEIJIOMAacCOOOMeHa. AHaJIornd-
Ho 1.2 u 1.6 (coxpansiem yciosus “1)”-“3)” nocranosku) cdopmynmupyem O3
1o mape ynpassenuit m u 7. [lna orpanwaennit IS, = [bS 1515, 1,7 =1,...,n1,
k=0,...,v§, c € {m,7}, V" > 0, v] > 1, ayia nap <«KOHTPOJILHBIX»> 3Ha-
gernnii (qV, fV) = ((q;-/,f;/))j:())m’n2 TpebyeTcss HAWTHM napy yupaBJeHuil
(m™,7™), ynoBierBopsifomux ycjuosusam u3 1.2 u 1.6, B yacrnocrn, (1) u (6),
TaKnX, IT0 Bhraucyaennsie [4 — 6] ma Xo mapwt (¢, f~) = ((¢77, f77))j=0,...n »
rie q7 = q(xy;m™,77,8), f7 = f(x);m™, 77, 5), MOKHBL GBITH GAusKUMU
K (") ), .

(@, fY) = (m~,77) , (m™,77,s) = (" =q’, Y= (9)

NIIO3 u ATIO3 agst (9), (1), (6) BBOAATCS AHAJOIUYHO I1.3 ¢ IOMOIIBIO
Roo (67, f7)3(a", f)) = max {Ru (¢754") R (f 73 fV)}

~ e ~ ~ 1
Ry (6™, £™)3 0", ) = (RE(a™5a) + B (F~5 1)1 pe1+00).
Bompocer Boccranossenus yupasienuit B T'T st nsymeproit UTIO3, ana-

JIOTUMHBIE PACCMOTPEHHBIM B |2|, 06cy)narorest B nponoikenun [11] manmoit
paboTHI.
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On the Bijectivity of Controls Pairs and Pairs of Heat and

Mass Transfer Local Parameters
in the Hypersonic Flow Stagnation Point
Buavuenxo I'.I., Buavuenxo H.I.
ggbil2@gmail.com, bilchnat@gmail.com

KHUTY — KAU um. A. H. Tynonesa, K. Mapkca, 10, r. Kazann, 420111, Poccust

O OuekTUBHOCTU nNap ynpasBAsOLWMX BO3AECTBUI U
NIOKasIbHbLIX NapaMeTpoB TenJiomMaccoobmeHa B TOYKe
TOPMO>KEHUSA TMNEepP3BYKOBOro NoToka

B nanHolt paGore HCIONIB3YIOTC 0603HAMEHHST U COKparleHust u3 [1].
1. O6 ogHO3HAYHOI 3aBUCUMOCTH JIOKAJIBHBIX [IapaMeTpPOB Tel-

JoMaccooOMeHa OT YIIPABJISIONINX BO3AEMCTBUII B TOYKE TOPMOXKe-
HU4.

1.1. OgHOMepHBI# ciydail. YTOUYHHM TpUBENEHHBIE B paforax |2,

3] yTBepKmeHus 0 xapakTepe 3aBucumoctu napamempos I1C — dynkimit

0o(mo, 70, 50), 01(-..), Wo(...), @1 (...), mpejcTaBIsOMUX COGOI PEIIeHus aJl-
re6panyeckux cucreM (15) u (31) u3s [4], u napamempos mensomaccoobmena
(TMO) — dbyukuuu go = ¢(0;mo, 7o, So ), OUPEAEILAIONIElH 3HAUCHUST JIOKAIBHO-
ro TI 8 TT, u byskmmu f, = f(mo, 70, So), TpecTaBigAIONel Koadbbumment
[3] mpu sHawameit crenenn x sokamproro HT f(xz;m, 7, s), oT ynpasasowux

603

deticmeuii: Baysa mg, T® 19, MII sg B TT.
Ilyctb bukcHpoBaHbI 3HAYCHUS HEUMEHAEMDBLL NAPAMEMPOS:

ancao Maxa My, € [10;40], (1)

BeIcoTa moséra  H € [10; 30] [xmM], (2)

pamuyc rena R € [0,1;1] [M], (3)
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a JUAa30Hbl U3MEHEHUS YNPasAsowur napamempos B TT orpanmdeHs! cie-
JyIonuM 00pa30oM:

mo =m(0) € [0;1], (4)
7 = 7(0) € [0,15;0,9], (5)
so = oB2(0) € [0;5 - 10*] [Tvr/Om - u] . (6)

Torpa st Og(mo, 70, 80), 01(...), Wol...), @1(-..), qo(...), fo(-..) ycra-
HOBJIEHBI CJIEJYIOIIUe CBOUCTBA.

VYrBepxkaenue 1. B ycaosusax (1)-(6) das aobozo covemarus (Pukcu-
poeanmnx) 3naveHutl Tg, So PYHKUUU 90, 51, Wp, W1 €cmMpo2o MOHOMOHHO
so3apacmarom, a GYHKUUL Gy, fo — CMPO2O MOHOMOKHO YOLEAIOM NO M.

VYrBepxkaeuue 2. B ycaosusazx (1)-(6) das mobozo cowemarus (Pukcu-
posanmvir) snavenut mg, so Gynxuuu Oy, 01, o, W1, o CMPO20 MOHOMONHO
ybusarom, a Gynryus fo — cMpozo MOHOMONNO 603PACTNAELT MO Ty.

VYrBepxkaenune 3. B ycaosuax (1)-(6) dasa mobozo covemarus (Purcu-
posanmvir) snavernuti mo, 7o dyrryuu Oy, 01, Do, W1 CMPO20 MOHOMONHO
603pacmarom, a GyrKuuL qo, fo — CMPO20 MOHOMONHO YOBIEATOM NO S¢.

1.2. /IsBymepHBIil cay4aii. B yka3aHHbIX B 11.1.1 yCJIOBUSIX yCTaHOBJIEHO,
a0 Jyist IAphI (qo, fo) BEPHBI CIEIIONIee CBOHCTBA.

VYrBepxkaenue 4. B ycaosuar (1)-(6) das mobozo (Purcuposarnozo)
anauenus napamempa so omobpadsicenue (mo, 7o) — (qo, fo) — Judpeomop-
Ppusm.

YrBepxkaenue 5. B ycaosuar (1)-(6) das arwbozo (Purcuposarnozo)
anauenus napamempa o omobpascenue (Mg, so) — (qo, fo) — Juddeomop-
Ppusm.

YrBepxkaenue 6. B ycaosuar (1)-(6) das mobozo (Pukcuposarinozo)
aHavenua napamempa mo omobpasicenue (7o, 50) — (qo, fo) — uddeomop-
Ppusm.

2. BolunciauTresibHbIE 9KCIEPUMEHTHI MO IOCTPOoeHuio objacreit
JOILyCTAMBIX 3HAYECHUI «TEIJIO - TPEHUE».

Jlia caygaes obTekanust GOKOBO ITIOBEPXHOCTH MPSAMOrO KPYTOBOTO IH-
JIMHJpa 1 OOTEKAaHUA OBEPXHOCTH CEePUIECKOro HOCKA MPUBOJATCA PE3YJlb-
TATHI BLIYUCIUTEIHHBIX SKCIEPUMEHTOR.

Pacuérer nposenensr nipu Mo, = 10, H = 10 [km], R = 0,1 [m] st
yZ00CTBa CpaBHeHHUs ¢ pesysabraramu [2, 3, 5 — 7).

Bunsinue a¢dpdexra mucconmanuu Bosayxa (Hauunas ¢ My, = 6, Tabiauna
1 B [4]) uposiBasieTcst B CyIECTBEHHOM YBeJUYEHUU 3HAYEHUI HAapaMeTpoB
TMO 8 TT mo cpaBHEHUIO ¢ PACCIUTAHHBIME 10 MOJIEJIN COBEPIIIEHHOIO ra3a,
9TO MOATBEPK/IAET BBIBOJIBI, CJIEJIaHHbIe paHee B [5, 6] B OTHOIEHNN JIOKaIb-
werx TII.
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BeiBoapr. 1) VYcranossien Buji 06J1acTé JIONYCTHMBIX 3HadeHuil ) =
{(qo0, fo)}, MO3BOMSOMMIT JIATH OTBET HA BONPOC O PEATM3YEMOCTH IaphI
(qo,fo) mapamerpoB TMO B TT B 3aBHCHMOCTH OT BO3MOXKHOI'O JTHAIIA30-
Ha YyIPaBJIAIOIIUX BO3AeicTBAR.

2) U3 GuekTuBHOTO XapaxTepa cooTBeTcTBus (Mmo,7o) <> (qo, fo) Tap
ynpasJsienuii u nap napamerpos TMO crenyet, gro nonaganue napsr (qo, fo)
B JIOMYCTUMYIO 00JIACTH JIOCTATOYHO JIJIsT TIOCTPOEHMS HAYAJILHON YacTu pe-
mennst neymepsaoit O3 TMO [1] B unTepnoasimonsoit [1, 3, 8] mocraHoBke.

3) ToxrBep:KaeH BBIBOI O HEOOXOMUMOCTH yuéTa d(pdeKTa Iucconuanumn
kak 1pu pacuére jokaububix TII [5, 6], Tak u upu pacuére sokanbubix HT.

Tlonryaenmnrit B pe3yabTaTe BBHIYUCIUTETHHBIX SKCIEPUMEHTOB MATEpPUa
MOKeT OBITh MCIIOJB30BaH /I CPABHEHUS C JIAHHBIMU HATYPHBIX W CTEH]IO-
BBIX HCIIBITAHUIA.
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Hernap,Kme MexaHn4eckmne Cncrtemsbl C 6J'IOKI/IpyeMbIMI/I
creneHsamm CBO60}J,bI N aKTUBHbIMWN TOJTIOHOMHbBIMUA
orpaHun4eHnamm

Jlok a1 mocBsIeH mpobjaeMaM MaTeMAaTHIeCKOTO MOJICTMPOBAHNUS U OIITH-
MHU3AIUH B HETJIAJIKUX JIATPAHYKEBBIX CUCTEMAX, ITO/IBEPKEHHBIX YIIPABIIAEMO-
My GJOKMPOBAHUIO YaCTU CTEIEeHE CBOOOBI B IPUCYTCTBUY “aKTUBHBIX (T.€.
UI'PAIOIIUX POJIb JOIOJHUTEIbHBIX YIIPABJICHUT) TOJOHOMHBIX OMDAHUIECHUI.
Maremarudeckas GhopMaIu3aIys TAKAX TPOIECCOB MPUBOJIAT K CUCTEMAM C
“adbdunneivu’ [1, 2, 3, 4, 5, 6, 7] u “kBagparnaabiME’ MIyIbCamu [8, 10, 9)
— IepBbIe U3 KOTOPBIX 00ECIEYNBAIOT MTHOBEHHOE OJIOKMPOBAHUE CTEIeHEi
cBoGob [13, 15], a BTOpBIE MOJIENUPYIOT BUOpPAIMOHHBIE BO3/eHCTBUs (BO-
0011e TOBOPs, CKOJIb YTOTHO BBICOKOH WHTEHCHBHOCTH W IIPOMOPITHOHATIHHO
MaJIoit aMiuTyas1) [12] — npu orpanndenusix tuna [14], cBaspiBalomux mpa-
BbIe OJTHOCTOPOHHIE TIPEIEbl (a30BOM TPACKTOPHUHN U adpOUHHOE UMITYTHCHOE
BO3JIeiCTBUE.

B mpocreiiniem cirydae CKaJsipHBIX YIIPABICHUN, JIBUKEHAE TAKUX CUCTEM
Ha HEKOTOPOM BpemeHHOM uHTepBaje [0, 7] TpaJuiMoHHO OIUCHIBAETCI KOM-
ITIMEHTAPHOM crcTeMoil AuddepeHnaIbHbIX YPABHEHAEM C MEPaMU

dz = fo(@)dt + fi(2)l + fo(@)du+ g(@)dv,  =(07) =0, (1)

z(t) e Z v-.B. [0, T, (2)
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rie xo € R™ — 3a1aHHblii BEKTOP HaYadbHBIX yciaoBuii, (0~ ) — JeBblii npe-
J1eJI TpaeKTOpUN B HaYaJIbHBIIA MOMEHT BpeMeHH, 1 3aMKHYTO€ IIOJIMHOZKe-
crBo Z C R™ — 3ajiaHHast KOH(MUIYpaIusi CACTEMbI, OTBEYAOIIAsI IIOTEPe Ja-
cTu crenedeit cBo6oapl. Tpaekropun x(-) — HelpepbiBHBbIE CIpaBa (DyHKIUHU
[0,T] — R™ ¢ orpannvennoii uHa (0,7 Bapuanueit. Addunnoe umirysabcaoe
yIPaBJIEHUE I MOXKET IIPUOJIMZKEHHO PACCMATPUBATHCSI KAK CKaJIsipHAsT Mepa
JleGera-Crunrbeca, a KBaJpaTUIHOE UMILYJIbCHOE ylpasieHue (i,l) — Kak
napyras (y»Ke HeOTpHIATEIbHAS Mepa), JONOJHEeHHAsT n3MepuMoil hyHKIme
l € Ly(]0,T),R), urparoreii posib “KBajipaTHOrO KOPHs U3 Mephbl 1.

B coobuiennu mpeacTasied pe3yibTaT 06 UMILYJIbCHO-TPAEKTOPHOM DPac-
mmpennu cucreMbl (1), (2) ¢ HOMOIIBIO CIENUAJBHOTO BapUAHTA METOJA
paspbIBHOI 3aMenbl BpeMmenu |5, 4|. Pacimupenue saercs 3aMbIKaHueM MHO-
»kecrBa pemennii Kapareomopu cucrempr (1) B cuaboit™ Tomosoruu mpo-
crpaHcTBa (DYHKIWMIA orpaHndenHol Bapuanuu. [TokazaHo, 9To 310 pacumpe-
HUE JIOIYCKAET KOHCTPYKTUBHOE HPEICTABICHUE C MIOMOIIBIO OIIPEIEJEHHOIO
[IPOCTPAHCTBEHHO-BPEMEHHOrO peobpasoBanus (“pasjieieHus JIBUzKeHuii” B
nyxe [14]) Tpaekropuit HEKOTOPOrO BCIOMOraTEIHLHOIO OOBIKHOBEHHOTO Mub-
depeHMaNIbHOrO BKIIOUEHN TPH (PA30BBIX ¥ TEPMUHAJILHBIX OTPAHUIEHISX.
[TpumeuarenbHO, YTO HATMYNE JBYX PA3HBIX MO IPHUPOJE UMITYIBCHBIX BO3-
JIefiCTBHIT TPUBOIUT — BBUJY BO3ZMOYXKHOCTH HX IOCJIEI0BATEILHOIO Yepeio-
BaHMA — K BOBHUKHOBEHUIO (DEHOMEHA, MHOYKECTBEHHBIX CKAIKOB TPAEKTOPUI
B OJIMH MOMEHT BPEMEHHM, OTBEYAIONINX PA3HLIM (DPU3NIECKUM MEXaHU3MAM.

B zak/oueHun CTABAUTCA 387898 ONTHMAJIBLHOTO YIIPABJIEHAS PACITHPEH-
HOM CUCTEMOW M TIPUBOJIUTCS PE3YJILTAT O CYIIECTBOBAHUN €€ DEIEHNUsI.

Pabora Beimosnena npu gacruunoit nojgaepxkke PODU, mpoexkTsr Ne16-
31-60030, 16-08-00272, 17-08-00742.
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Mo,qenmpOBaHme ABUN>XXeHNA H4acTtuy B 3a4adHHbIX
Hernagkmx CKOpPOCTHbIX nonax

VHTEpeC K M3yUeHUIO COBMECTHOTO JIBUXKEHMsI Ia30B (MM YKUJIKOCTEH)
C B3BEIIEHHBIMU B HUX YACTHUIIAMU OOYCJIOBJIEH IIMPOKUM PACIPOCTPAHEHU-
€M TaKHX cCMecell B TPpUPOJHBLIX mporieccax. llepeunciimm HEKOTOpBIE U3 HUX:
MeTeJH, IbLIEBbIe U IeCYaHble OypH, IBU2KEHNE TPOMBIINIJIEHHBIX IHIMOB B
aTMocdepe ropojia, pedHble HAHOCHI U T.1I.

OTHOCUTEJIBHO JBUYKEHUS IIPOMBIIIJIEHHBIX 3arpsi3HeHuil B aTMocdepe ro-
pojia HaJIO CKa3aTh, YTO (POPMBI JBIMOBBIX CTPYHl 0DOYC/IABIMBAET IIOJIE€ CKO-
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pocteit B atmocdepe. Habmonaercs odensb 6ombimoe pa3Hoobpasme HopM u
pPa3MepoB JAbIMOBBIX 3aI'DA3HCHUI.

B jBmkymeiicss BO3MyIIHON cpejle JBHXKEHWE YaCTHUI[ IIPUMECH HOCHUT
CJIOXKHBI XapakTep [1].

IIycto cimoit armocdeps siByisieTcsi 00JIaCTHIO

D={-c0o<zx<00,—00<y<00,0<z2<h},

371eCh T, — JeKapTOBLI KOOPIAMHATHI B ILIOCKOCTH 3€MHOI HOBEPXHOCTH, a
0Ch z HATIPABJIEHA 110 BEPTUKAJIM OT ToBepxHOCTH 3eMun (2 = 0).

IocTpoeHa MOse/Ib ABUKEHUs] YACTHUIL IIPIMECH B IIPU3EMHOM CJIOe aTMO-
cdepsl o1, Bo3eficTBIeM Pa3InYHbIX MOIEIbHBIX CKOPOCTHBIX TI0J1eft. IlycTh
CKOPOCTD BO3/yXa HMEeT KOMIIOHEHTEHI

U(.Z'7 y7 Z? t)’ V(:Z:’? y7 Z’ t)’ W(x7 y? Z’ t)'

Eciti cKOpoCTh Cpesibl 1 pa3Mep YacTHUIlbl JOCTATOYHO MAJIBI, TO JBUIKe-
HEE B IIOTOKe Oy/IeT MOAINHATHCA 3akoHy CTOKca: B JT1060i MOMEHT BPEMEHN
JICTBYIOMAs Ha YACTHUILY YCKOPSIOIIAs CHJIA, PABHAs PA3HOCTU CKOPOCTeil
JIBUZKEHUsI IaCTHI] U BO3JYIIHON cpespl [1].

VYpaBHeHUsI J[BIKEHUsI JacTUIL B arMocdepe B HEKOTOPOM CKOPOCTHOM
noste (U, V, W) umeror Bug

(U~ 4),
(V—1),
i=a(W—-32)—g

(0%
(0%

O6o3HaunM
6mur

m

3/ech M — Macca YacTHIBL, I — €€ pajiuyc, (i — KOIMDOUIUEHT BAZKOCTH
cpensl, x(t), y(t), 2(t) — KOOpAMHATHI YACTHIBI B IPOCTPAHCTBE, § — YCKOpe-
HEe CBOOOIHOIO MaJIeHNsI, KOTOpoe Oy/IeM CUATATh TPEHEOPEKMMO MAJIBIM 10
CPABHEHUIO C JIDYTUMU CJIATAEMbBIMHU.

Hawannubie yeaoBust obIero suma:

{E(O) = Zo, y(O) = Yo, Z(O) = 20, fE(O) = Uo, y(O) = Yo, Z(O) = Wo-

C momompio nakera Maple [2] paccMOTpuM HECKOTBKO MOJETBHBIX CITy Ta-
€B pacIipeieJIeHls] CKOPOCTEe M BBISICHUM TPAEKTOPHUU YaCTHUIL B BEPTUKAJIb-
HOI wtockoctu, noyioxkue y = 0. Hernankocrs npoduiist ckopocTeil MOXKHO
MOJIEJIMPOBATH C TOMOIIBIO (DYHKITMH XeBUCANIA.
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COCT&BJIHIOIHHG CKOPOCTHU MOI'yT UMETH BUJL
U= $) (n(t = t2) = n(t — 12),
V=0,

W = g(@) (n(t — ts) = n(t — ta)).

D1 GHOPMYJIBI MOJIETTUPYIOT MOPHIBBI BETPA TI0 BEPTUKAJH U TI0 TOPU3OHTATIN
B pa3/IM4YHble HHTEPBaJIbl BDEMEHH.

Boutee cioxxuble mpoduim CKOPOCHH MOTYT BBIPayKaTh HPOCTPAHCTBEH-

HYIO 1 BpEMEHHYIO HEIJIaJKOCTb

U= a(n(z —z1) =1z — Zz)) (77(’5 —t1) —n(t - tz))7
V =0,
W =b(n(w = 21) = (e = z2)) (n(t = ts) = n(t = t) )

Bosmoxkubl JApyrue KOM6I/IHa.H‘I/II/I CKOpOCTeﬁ.
IIOK&S&HO7 9TO HaJIndue HerJIaJKUX COCTaBJIAIOINUX CKOPOCTHU CHUJIBHO H3-

MEHACT TPACKTOPHUIO II0JIETa YaCTHUIIbI.

Ha;xo 3aMETUTh, YTO ABHU2KCHUEC YaCTUIl B BUXPEBBIX IIOTOKAX HAYaTO emé

B paborax 2KykoBckoro [3|. AHagorumdHbBIE € IUHAMUYECKUE CUCTEMBI ObLIN
paccMoTpeHbl apropamu [4, 5, 6, 7).

(1]
2]

3l

4]

5]

[6]
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Abstract

Application problems in the mechanics of motion equations in gravitational
fields are considered when solutions contain equation or non-smooth function.
Classical mechanics has been researching the properties, approximation
and forecasting movement for problems with regular functions. Solution of
nonlinear equations of the dynamics using additional conversion to eliminate
the characteristics of the equations for complex systems, which lead to
a linear form and possible solutions based on the stages of successive
approximation. The use of such a transformation is considered to solve the
problems of spacecraft motion in the gravitational field, taking into account
the perturbations by the action of other forces after reduction to the canonical
regular elements. Control determines the type of the relay switching points
at the corner points on the basis of the Pontryagin maximum principle. To
represent solutions require interfacing of consecutive trajectory.

OcobeHHOCTU pelueHnii HeNMHENHbIX YPaBHEHU MeXaHUKK
ynpaBisieMbiX CUCTEM

IIpoGreMbl MATEMATHYECKOTO MOJICTUPOBAHUS JTUHAMUYIECKUAX MTPOIECCOB
¥ HEJIMHEHHBIX 3389 MEXAHUKH YIIPABJISIEMbIX CHCTEM HAYMHAIOTCS C TIOCTa-
HOBKH W ONHCAHUSA BO3MOYKHBIX YCJOBUM, KOTOPBIE YKEJTATETbHO YINTHIBATD.
JLJ1s1 IOCTPOEHMST MOZIEJIe CIIeYeT BBIIEJINTh COBOKYITHOCTH OO HEKTOB UCCIIe-
JOBaHUS U OLPEJIETUTD YCJIOBUS B3ANMO/IENCTBUS BHY TPH CUCTEMBI, a [JIABHOE
YTOYHUTDHL BO3MO2KHO€ BJIMAHUE BCEX JIOIIOJTHUTE/IbHBIX BHEIIHUX CHUJI, KOTO-
pbIe MOTYT OIPEJIESITh CBONCTBA YPABHEHUI JIBUYKEHUS.

OcHOBHBIE 3aKOHBI JUHAMUKEN CO BpeMeH HbIOTOHA XOPOIIO OMUCHIBAIOT
IBUYKEHNE €CTECTBEHHBIX WJIM MCKYCCTBEHHBIX HeOecHBbIX Tesr CoJiHedHOl cu-
cremsrt [1, 11-16]. Bug u cBoiicTBa ypaBHEHWI TBMZKEHUS OTIPEJIESET BHIGOD
CHUCTEMBI KOODJIWHAT, aJrOPUTM U cHOCcO0 (POPMUPOBAHUSA HA OCHOBE COOT-
BETCTBYIOIIUX 3aKOHOB KJIACCUYECKON MexaHuKu. B Hambojiee obiiem Buje
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MOZKHO 3aIlluCaThb YpPaBHEHUA

Pz, ou
3L = 5 Pia | = 1a2a3'
dt? + e Ox; T

31ech T;— AEKapTOBBI KOODJIWHATHI, [t— T'PABATAIIMOHHBIN IapaMeTp IeH-
TPAJBLHOIO TeJa, '— MOIYJIb pajuyc-BekTopa, U— cmioBas dyHKIUSA BCEX
IMOTEHITUAJIBHBIX CHJI YIUTHIBAEMbBIX BO3MYIIeHNi, P— HenoTeHnuaIbHbIE CU-
JIBI TIPU yI€Te COMPOTUBJIEHUST aTMOC(HEPDI, CBETOBOTO JIABJICHHUSI, TP padbOTe
PEaKTUBHOTO JIBUTATE/IS HA AKTUBHOM YYaCTKE WU JPYTUX BO3MYIICHUI.

Benmunna v HanpaBjieHre rpaBUTAIMOHHBIX CHUJI ONPEIEISETCS TTOJI0KEe-
areMm COJHIA ¥ IJIAHET B WJIEAJIBHON CHCTEME OTCYeTa, KOTOPAs CUMTAETCS
nHepIMATLHON [17]. [l rpaBUTAIIMOHHOTO MOt 3eMIIn WIn JPYTHUX TLUIAHET
MOKHO UCIIOJIb30BaTh (DYHKIMIO, KOTOPast UMeeT 0CO0bIe TOUKH (B TOM IHCIIE
JUIsl TeonioTeHnmana npu r = 0).

Boabmoe 3uHavenne nmeer BHIOOP CHCTEMBI OTYETa MJIM OOOOIEHHBIX KO-
OpAMHAT JIUTsl 3allMCH yPaBHEHWi. B 3a/a1ax KOCMUIECKON JTUHAMUKE IaCTO
HCITOJIB3YIOT KEIJIEPOBBI IJIEMEHTHI OPOHUT, KOTOPBIE OCTAIOTCH IIOCTOSHHDI-
MI B paMKax 33J[@49u JABYX TeJl. Y paBHEHUs JJIs U3MEHEHUs OCKYJINPYIOIIIX
IMapaMeTpPoB OPOUT MOT'YT COJEPXKATHL CBOU OCOOEHHOCTH, KOTOPBIE OOXOJIAT
JIOMIOJTHUTETbHBIMI TTPE0OPa30BAHUSIMU.

OmHUM W3 yHUBEPCAJIBHBIX SIBJIETCS METOJN COCTABJIEHUS ypPaBHEHUI
Jlarpamzka BTOPOrO pojia JJIs BEKTOPA MO3UIIMOHHBIX MJIM ODOOIIEHHBIX KO-
OpAMHAT, KOTOPbIe MOXKHO 3anucaTh B popMme ypaBHeHuil ['amuaprona mocsie
BBEJIEHUsT OOOOIIEHHBIX MUMITYJIbCOB B YnCJIO (Hha30BbIX TepeMeHHbIX. Korma
CTAIM HOSIBJISITHCST GoJIee CIIOXKHBIE 33a9l YIIPABJICHUS] U ONTUMU3AIMA [2,
4-12] upu HAIMYUKM OrPAHUYEHUHl, TO HPUYMbIBAJIA HOBBIE METOJIBL.

Permenne nesmmeitHbIx ypaBHEHUN NUHAMUKU HCIIOIB3YET TOIMOTHUTE b=
Hble TIPe0OPa30BaAHUS Il YCTPAHEHUsT OCODEHHOCTEH /1JIsI CJIOXKHBIX CHCTEM,
KOTOPBIE TIPUBOAT K TOYTH JTUHEHHOMY BUJTy. DTO JIA€T BOZMOXKHOCTH DeITie-
HUsl C YIeTOM ITAIOB II0CJIEI0BATEILHOTO npubinKenus [2, 8-13, 16].

PaccmarpuBaercs npumeHeHre TaKuX IpeoOPa30BaHU I PEIEHUsT 3a-
a9 yIPABJISEMOrO JBUKEHUST KOCMUIECKUAX AIapaTOB B I'DABUTAIMOHHOM
[10JI€ C YI€TOM JIEHCTBYIONINX CUJI IIOCJI€ IPUBEIEHNS] K KAHOHUIECKOMY BULY
nm perynsipHbIM dstemenTam (13, 18]. Yupasaenuwe peseitHOro Buza ompe-
JIeJISIeT MOMEHTBI TIEPEKJIIOUEeHIST KYCOTHO-TTOCTOAHHBIX (DYHKIINH B YTJIOBBIX
TOYKaX Ha OCHOBe npuHiuina Mmakcumyma [loarpsiruna. Tpebyercst cCOCTBIKOB-
K& IOCJIEIOBATEIbHBIX YIACTKOB ODIIEll OMTUMAIbHON TPAEKTOPHUH.

WcciemoBanne mMareMaTwvecKux MOJeJI€ll BO3MYIIEHHOIO [IBUYKEHUS B
rPABUTAIMOHHBIX IIOJISX WCIOIb3YeTCd I HAXO0XKJEHWs OITUMAJIBLHOTO
ynpassenus: manespuposanust [9-12, 15]. TpeGosanust xk acdbdexTuBHOCTH A~
TOPUTMOB PEIIeHUs 3324 MPUBOJIUT K JOMOJHUTEILHBIM HCCJICOBAHUSIM B
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boJtee CJI0XKHOU ITOCTAHOBKE B OCODOBIX CIyYasX IPHU JIBUKEHHH IO TPAEKTO-
pusam, 6J'II/13KI/IX K COyJapeHHIO0 UJIn MaKCHMaJIbHOI'O C6.J'II/I)K6HI/I${ C MIpUTATU-
Batomumu nieHTpaMu [9-11, 16, 18]. VpaBHeHUsI B DeryJsipu30BaHHOM BHJIE
OKa3aJIUCh YIOOHBIMU JIJIsl PEIIEHNUsT BOIIPOCOB CYIIECTBOBAHUS U IIPOI0JIZKAE-
MOCTH PEIIeHnll B AHAJUTHIECKOM BHUJIE, 8 TAKKE JIJI UCIOJIb30BAHUS aCHMII-
TOTUYIECKUX WU YUCTEHHBIX MeTooB. CreruanbHbie Tpeodpa3oBaHus ypPaB-
HEHUIl TI03BOJISET CYNIECTBEHHO COKPATUTH BPEMsI BBIUUCJIEHUII U ITOBBICUTH
TOYHOCTH ITPOTHO3UPOBAHUS JIBUKECHUSI.

OrnpeiesieHne TpaeKTOPUil JBUKEHUsI B TPABUTAIIMOHHOM II0JIE C YIE€TOM
OCHOBHBIX BO3MYIIEHUI IPYTUX JAEHCTBYIOMUX CUJ MOYKHO BBIMOJIHUTD JIJIst
MIPOCTPAHCTBEHHOIO CJIydasi 3aJa9d JBYX TeJ IOCJIE DPEryJIspU3nupyIOIero
npeobpazoBanus Kycraauxeirmo—IIItudens nim st orpaHUaeHHON 3a1a1
Tpex Tes 0600IeHHBIM TipeobpasoBanneM Bupkroda [3, 16, 18] u nepexomom
K JINHEAHBIM yPABHEHUSIM B KOH(DUTYPAIIMOHHOM [TPOCTPAHCTBE YBEJIMIeHHO
PA3MEPHOCTH JIJIsl PEryJIsPHBIX 3j1eMeHToB [13].

Obr1riee perrienre ypaBHEHUI JIBUXKEHUS B HYJIEBOM MPUOJINKEHUN, 3aBU-
csiliee OT BPEMEHU M HabOpa IPOU3BOJIBHBIX [OCTOSHHBIX, ITO3BOJISET IOJIY-
YT peleHne ypapHeHuil Jitnepa—Jlarpamka [11-13] u onpenenuts dyHK-
nuo ['aMuIbTOHA 381291 ONTUMUBAIAN € TIOMOIBIO Jud HepeHInpOBAHIS 110
BEKTODPY IMMPOU3BOJIBHBIX MMOCTOSAHHBIX. YCJIOBHE MAKCHUMyMa IO YIIPABJIECHUIO
MI03BOJIIET UCKATh MOMEHTHI IIepeKJToUenns yipapiennit. yHaaMeHTaIbHAS
MaTPUIIA PEIIEHUIl CHCTEMbI YPABHEHUI BO3MYIIIEHHOTO [IBUKEHUS OIIPE/IEIsI-
€TCsl Yepes3 PeIleHns] CUCTEMbI ypaBHeHni B Bapuaimsix (8, 9]. Do mospossier
OIIPEJIEJIUTH TTApAMeTPhI OITUMAJIbHOTO pertenust [10-13]. Perenne mosmyaaer-
sl TIOCJIEIOBATEILHBIM YJIOBJIETBOPEHNEM YPABHEHUI, IOy I€HHBIX JIJIT COOT-
BETCTBYIOIIEH CTEIeHn MaJjIoro mapamMeTpa U3 ODOIeil COBOKYITHOCTH YCIOBHt
cranuonaproctd [8]. OnruMasbHOE MAHEBPUPOBAHUE MOXKET OBITH PEATH30-
BAaHO BKJIIOUYEHUEM JIBUTATEJIEN YIIPABJIAEMOI0 KOCMUYECKOTO AlllIapaTa.

IIpu mHEOOXOMMMOCTH OOCITYyKUBAHUS OOJIBIIIOTO YUCTIA OOBHEKTOB MOXKHO
HCIIOJIb30BATDh ITPUHIINAI JIEKOMIIO3UITUU, KOTOPBIN MPUMEHSIJIA JJIsT COeTNHE-
HUS STAIOB IBUKEHNS HA AKTUBHBIX U MACCUBHBIX yIACTKAX TPACKTOPUIL [TBU-
JKEHUs KOCMUYeCKOro anmnapara B Buje (pyHKIUN BpeMeHn. B Toukax compsi-
JKEHUs KOHEJHbIe JTAHHbIE [IEPEXO/ISIT B HAYAJIbHBIE [JIsI HOBOIO yYacTKa Op-
OUTBI. ATIIPOKCUMAIIMS BO3MYIIEHUN KYyCOYHO-HEIIPEPBIBHBIMU (DyHKITMSIMI
MIPUBOJIUT K TIOCJIEIOBATEILHOMY COIPS2KEHUIO YIACTKOB TPAEKTOPUHl, TIOJIY-
YEeHHBIX [IPU BBIOPAHHON [TapaMeTpU3aIuy IpoMeKyTKoB nsrkerust [10]. O6-
1Iee pereHne moIyIaeTcs B BUAIe HEJTMHEHHBIX (PYHKINI BpEMEHU, KOTOPbIE
HE UMEIOT MPOM3BOJIHBIX B YIVIOBBIX TOYKaX TpaekTopuit. OCOGEHHOCTD 3a/1a~
9d B TOM, YTO HY?KHO IIOCJIE/IOBATEIBHO BBIIIOJIHUTH ITU YCJIOBHS JJIS BCEX
00bEKTOB BO3MOXKHOM BCTPEYN U3 BBIJEIEHHON COBOKYITHOCTU. Kcu yciaoBus
cOJIMKEHUST C OYepeIHbIM OOBEKTOM He TPeOYIOT M3MEHEHUsI CKOPOCTH, TO
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MO2KHO TIPOJOJIZKATH JABUKEHHUE JI0 MOMEHTa BCTPEYHU CO CJIEIYIONNM O0BbEK-
TOM.

DHepreTudyecKk ONTUMAJbHBIE DEIeHNs 33129 MaHEBPUPOBAHUS CO CBO-
OGOHBIM BpEMEHEM JIaf0T TJI00AIFHO ONTUMAJIBHBIE PEIIeHUsI, OJHAKO OHU TPe-
OyIOT OYeHb OOJIBIINX TPOMEKYTKOB BPEMEHU OXKUIAHWS HACTYILIEHUS MO-
MEHTOB, OJIATOIPHUSATHBIX [JIsI CTApTa M BBIXOJA HA ONTAMAJbHBIE OPOUTHI
repexo/ia Jijis BCTPEYN C JIPYTUM OObeKTOM. BpeMsi IBUM2KeHUsT MeKIy IBY-
MsI TOYKAMU OpPOUTHI MOXKHO OIIPEJICJINThL U3 pelenns: ypapaenus Kerepa.
OTMmernM, 9TO 3a/1a9M C yIETOM BPEMEHU JIBUXKEHUSI 110 OPOUTAM SIBJISTFOTCS
CYIIIECTBEHHO DoJtee CI0KHBIMU Tt uccienoBannsi. OrpaHnaeHns B 3aa9aX
ONTUMU3BAIIY UTPAIOT PEIIAIONTYIO POJIb, & 3HAYEHNS apaMETPOB MOTYT Ja-
CTO HAXOJIUTHCS HA FPAHMUIIE JOIIYCTUMOI 00JIacTH.

Pabora Boimonena npu nogmepxkke PODOU, mpoekt Ne 17-01-00881.
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On the Control Problem of a Switched Mechanical System
Kocos A.A.
aakosov@yandex.ru
WNucruryTt nunamuku cucreM u teopun yupasienus nvmenun B.M. Marpocosa CO
PAH, yn. Jlepmonrosa, 134, Upkyrck, 664033, Poccus

O 3apaye ynpaBneHUsi MexaHW4ecKoii CMCTEMOI C
nepekatoYeHnsiMun

B coBpeMeHHOi TeopHHu yIpaBIcHHA AKTUBHO M3YYalOTCS THOPHIHBIC CH-
CTEMBI, ONUChIBaeMble MU dEPEHIUATBHBIME YPABHEHUAMHE C NIEPEKJIIOTCHI-
SIMI TIPaBBIX 9acTell B xojzie mporecca ynpasienus [1, 2]. Takue cucremsr ¢
MePEKIIOUYEHNAMEI BCTPEYAIOTC B 3aJadax yIpPaBJICHUS HErJIaJKUMHU MeXa-
HUYIECKUMHU CHCTEMAMU CO CTPYKTYPHOI peKOH(pUTYpaIueil, OTKa3aMyu 1 BOC-
CTAHOBJICHUSIMU JATIMKOB UM UCIOJIHUTEIbHBIX Opratos [3]. Takue cobbiTus
MPOMCXOMAT B JUCKPETHBIE MOMEHTBI BpeMeHH (DYHKIMOHMPOBAHUA MEXAHH-
9ECKOH CHCTEMBI, JEJAI0T €€ HErJIaAKOH M CyNIeCTBEHHBIM 00PAa30M BJIMSIOT
Ha JUHAMHYECKHe CBOHCTBa. B ypaBHEHUSX JIBUXKEHUsI TaKue JIUCKPeTHBIe
COOBITHS OTPasKaloTCsl HAJIMYIUEM IEepPeKJIOYeHuil B KHHETHIECKON SHeprum
7 JIEACTBYIOMAX CHJIOBBIX MoJei. [lepeKIouennst CyneCcTBeHHO 3aTPYIHIOT
pelleHne 3aa49 CAUHTE3a CTaOUIN3UPYIOIIUX YIPABJICHUI, II03TOMY aKTyaJlb-
HOI 3aJ1a9eil ABJIACTCA Pa3BUTHE TEOPHU YIIPABJICHHS JJIsi TAKOrO POJIA I'H-
GpuaHbIX MexaHudecKux cucteM [4]. OCHOBHBIM, a 9aCcTO U €JIUHCTBEHHBIM
CTPOTMM METOJIOM HCCJIEJIOBAHUS JIMHAMUKHA THOPUIHBIX CUCTEM OOLITHO BbI-
crynaer meroz, pyuknuii JIsmynosa (cM., Hanpumep, [5-9]).

B nokmase paccMaTpUBaeTCs 3a/ada yIPABJIEHUS MEXaHWIEeCKOH crucTe-
MOIi, OIIMCHIBAEMON ypaBHEHUSIME JIarpaHKa ¢ MepeKIIOYeHnsIMI KUHETHIe-
CKOIl 9HEprum U CUJIOBBIX ToJieit. 1le/b yIpaB/ieHnsa 3aK/I09aeTCst B OCTPO-
€HUU CTaOWIM3UPYIOMIEro 3aKOHA OOPATHON CBA3M, TAPAHTHPYIOIIErO IIPUBe-
JICHUE B COCTOSTHME PABHOBECHs 34 KOHEIHOE BPEMs U3 MAJIOH OKPECTHOCTH
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[IpyU IPOU3BOJILHOM pekuMe repeksodenuii. [Ipu sTom mosHbIl BEKTOD CO-
CTOAHUSA CHUTACTCA JOCTYITHBIM HEIIOCPEJICTBEHHOMY U3MEPEHNIO 1 MO2KET HC-
[IOJIb30BATHCA B OOPATHOW CBSI3U, a MH(MOPMAIMS O PEXKUME MEePEKTI0IEHIH
CYNTAETCsI HEJIOCTYITHONW U HEe MOXKET UCIIOJIb30BATbCS B 0OPATHON CBA3M.

IIpemyioxken mpocTOit CTEITEHHOM 3aKOH OOPATHON CBsA3U, TAPAHTUDPY IOIINIA
IIPU IIPOU3BOJILHOM PeXKMMe IIePEKJIIOYeHHIT pellleHre II0CTaBJIeHHOI 3312491 O
1epeBo/ie B COCTOsAHNE PABHOBECUA 38 KOHEYHOE BpeMs U3 MaJIol OKPECTHOCTHU
9TOr'0 PABHOBECHUS C IIOCJIEAYIONINM Y/IepKaHUEeM.

PaccMoTpum MexaHUYIeCKYIO CUCTEMY € MEPEKTIOUYEHUSIMU, OIMICHIBAEMYTO
ypaBHeHUAMHI Jlarpanka BTOPOro poja

4 OTEM) st

dt on o = QU (e, 8) +ulw @) (1)

3neck ¢ € R™ — BekTOp 0600IIEHHBIX KOOPAUHAT, & € R"™ — BeKTOp 000011IEH-
HBIX cKopocreil. Dynknus s : [0,+00) — M = {1,2,..., N} 3amaer pexxum
MEPEKJTIOUEHHI U SIBJIAETCS KyCOIHO-TIOCTOSTHHOM, TPaBOCTOPOHHE HEIPePhIB-
HOH M B KasKJOM KOHEUYHOM OTPE3KE MMEEeT KOHEIHOE YHCIO TOYEeK Pa3phl-
Ba. Ilpm xaxkgoMm j € M KuHeTmuecKas SHEPIUsl SBJIAETCS KBaJIPATHIHON

dbopmoit T = 5 T AU )x', npirdeM Bce mMarpuisn AU (0) muaronaybHBIE 11O~

JIOXKHTENIBHO ompe/iesennbie. st 0606mennbx e Q1) (t,x,d) npu BCex
j € M cuuraeM BBINOJTHEHHBIMU OIEHKH

1QUM) (¢, 2,2) || < k(||| + [[2]]) -

Paccmorpum cucremy (1), upeneGperasi BceMu IE€PEKIIOYAEMbIMU CUJIAME B
YPaBHEHHUAX JBUKEHUs, TOIJIa CUCTeMa JICKOMIIO3UPYeTCca U IIPUHUMaeT BUJ,

akkik:uk (:c,x'), k:1,2,...,n. (2)

BbI6epeM 3aKOH YyIIpaBJIEHUA B BUJ/IE

ug (x,2) = _akmllc/S — ﬁki‘i/S, ap >0, Br>0, k=12,...,n. (3)

Teopema 1. Ecau 6 cucmeme (1) ynpasasrowjue cuivt 6 npasouis 4acmsx
evibparve 6 eude (3), mo noaooicenue pasnosecus r = & = 0 3amrHymoU
CUCTNEMDL GCUMNMOMUNECKY, YCTOTYUBO U BCE DEULEHUS, HAYUHAIOULUECA 6
MAAOT, OKPECTVHOCTNU DABHOBECUA, 30, KOHEYHOE 8PEMSA JOCTNUZAIOM NOAOHCE-
HUA PABHOBECUA U 6 JANDHETULEM 6 HEM OCTIAIOMCA.

SameruM, 4TO 3aKOH yupapieHus (3) 3a7aercsd NPOCTHIMEH CTEIIEHHBIMU

dbyuknusaMu u He TpebyeT MPOBEIEHUS PACYETOB II0 CJIOXKHBIM AJTOPUTMAM
JIJIsI BBIYUCJIEHUS] TEKYIIUX 3HAYEHUI YIIPaBJISIIONIETO CUTHAJIA. DTO CBONCTBO
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MOKeT OBITh OY€Hb MMOJIE3HBIM TIPU TPAKTHIECKON PeaN3AIINN TPeJIaraeMo-
ro 3aKOHa yIpapjieHus. Kpome 3Toro, ecjiy Ipejiojararh 3arparbl Ha pea-
JIN3AIIWIO YIIPABJIEHS IPOTIOPIIMOHAJIBHBI BEJIMUNHE YIIPABJISIONIETO CUTHAJIA,
TO M3 CTENEHHOro Xapakrepa (3) ciemyer, 9T0 Upu HPUOIUKEHUN K [I0JI0XKe-
HUIO PaBHOBECHUS BEJIMUMHA YIIPABJICHUS YMEHBIIAETCS U 38 KOHETHOE BPEMsI
obpalraercsi B HOJIb, COOTBETCTBEHHO ODHYJISIIOTCSI W TEKYIHEe 3aTpaThl Ha
yIpaBJIeHHE.

IIpumep MeXaHUYECKOI CHCTEMBI C IEPEKJIFOUEHUsIMU, COCTOSIIIEN U3 1ie-
MMOYKU TEJIEYKEK, JJIsi KOTOPOil ObLI IPUMEHEH OIMUCAHHBIN 3/1eCh MTOIXO, PAC-
cMarpuBajcs B cratbe [10].

Pabora Bemmosinena npu nogmepxke POOU, nmpoext Nel5-08-06680.
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OnTuMmnsayms UCNEPCUOHHBIX U AUCCUNATUBHbIX
XapaKTEepPUCTUK PA3HOCTHbIX CXeM A5 YpaBHeHUsl
nepeHoca

B macrostimee Bpemss HEOOXOAMMOCTL B YHCJICHHOM PENICHUN KUHETHIe-
ckux ypaBHenwit Tuma Bosbiivana m Bxarmarapa — I'pocca — Kpyka Boz-
HUKAET B PA3IMYHBIX IIPUKJIAJHBIX 33Ja9aX ra30BOil IUHAMUKH. B KadecTBe
[IPUMEPOB MOKHO IIPUBECTH TAKKE 3aJIa9H, KAK MOJEINPOBAHAE MUKPOHACO-
cop tuna KHymcena [1] u pacder Tevyenuii paspexkenHoro rasa [2]. Oxaum
n3 HauboJlee IacTO IPUMEHSAEMBIX METO/IOB PEIleHnsl KHHETHIECKIX ypaBHe-
HUii gBJIsIETCA METOJ, paciielienus no dgusndeckum nponeccam [3]. B pamkax
METOJIa, PACcIeT MPOM3BOJUTCA B [IBA 3Talla — Ha MEPBOM pPacCMATPHBACTCH
CBOGOJIHBII Pa3JIeT YacTHUll, Ha BTOPOM — X B3auMojeicTsre. Ilpu npumMene-
HUM MEeTO/Ia JUCKPETHLIX CKOPOCTEl MepBbIil IPOIeCcC OMUCHIBACTCA CHCTeMOil
JIMHEHHBIX ypaBHEHUI IepeHoca, KOTOPble HE3aBUCUMBI APYT OT Jpyra U B
OJTHOMEPHOM CJIydae UMEIOT CJIEYIONMil BU,I:

ou ou

E“FC%:O, (1)

rie t — BpeMsi, & — IPOCTPAHCTBEHHAs IepeMeHHast, u = u(t, £) — UCKoMast
dbyukuusa (B KUHETHUECKUX YpaBHEHUAX (DYHKIUS PACIPEIEJICHUS JACTHULL),
¢ > 0 — CKOpOCTBb IepeHoca.

Huia pemenust 324 s (1) paccMOTpUM PA3HOCTHBIE CXEMbBL CO CJIEIY-
IONel HeCUMMETPUYHON alllIPOKCUMAIIAEH IIEPBOr'O ITOPAIKaA ITPOU3BOHOI 110
BPEMEHU:

@(t T,) = w — g+ uf?)

ot 7" 2At ’
e ul, & u(tj, xy,), t; — y3esa BpeMeHHOH CeTKH, HOCTPOEHHOl ¢ rmarom At,
T, — y3€eJl IPOCTPAHCTBEHHOM CETKH, MMOCTPOEHHOI ¢ 11arom h. Jlis ammpok-
CUMaI¥ MPOU3BOJIHOM IO & MOXKHO HCIIOJIb30BATh M3BECTHBIE PA3HOCTHBIE
[IPOM3BOJIHBIE PA3JIUYHBIX IIOPSIKOB TOYHOCTH (PACCMATPUBAJIUCH CIydan 1—
4 opsiikoB). B pesysbrare MOXKHO [OJIyYaTh IBHbIE PA3HOCTHBIE CXEMbI, UMe-
folye BUI;:

Wi = o (ud + %) — 2AL, (), @)

DN | =
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rye Ly (ul) ects cerounsiii onepatop. Cxembl Bujia (2), MOCTPOEHHBIE C HC-
IIOJIb30BaHUEM IEHTPaJIbHBIX N HallpaBJIEHHBIX Pa3HOCTHLIX IIPOU3BOJIHBIX
OKa3aJIiCh YCJIOBHO YCTONYMBBIMYM U BITOJIHE MPUTOIHBIMU JIJIsI TPOBEIECHIUST
pacderoB. OmHAKO, IPU PENIEHUU ITPOCTEHINeil 3aa9n 0 pacIpOCTPpaHEHIHN
MIPSAMOYTOJIBHOTO UMITYJIECA OBLIO YCTAHOBJIEHO, YTO CXEMBI C IEHTPATBHBIMI
MIPOU3BOIHBIMU 001 IAI0T CUILHON IMCICHHON AUCTIEPCUE, TTPOSBIISIIONTEHCST
B HAJMINNA (DUKTUBHBIX BBICOKOYACTOTHBIX KOJIEOAHMIA, 8 CXEMbI, IOCTPOEH-
HBIE C UCIIOJIb30BAHMEM HAIPABJIEHHBIX PA3HOCTEN — YMCJIEHHOM JIUCCUIIAIU-
eif, TPOSIBJISIIOITEICsT, HAOOOPOT, B HAJUINN (DUKTUBHOTO 3aTYXAHUs PEITEHUS .
Iyt cCHY2KeHUsT BJIASIHUS 9TUX Hedu3mdecKnx 3pdeKTOB ObLIO MPEeJIOKEHO
AIIIPOKCUMUPOBATH cOU/OT KOHEUHOI PA3HOCTBIO CJIEYIOIETrO BHUIA:

ou
c%(tj,xn) ~eF) + (1 —e)Fy,

rie Fy u Fy ectb pasiuanbie (HeHTpadbHAd U HAIPABJICHHAS ) KOHEUHbIE Pa3-
HOCTH, AlIIPOKCUMUPYIOIIE 3TOT 4WwieH, a € € [0, 1] — Ge3pasmepHblit mapa-
MeTp, 3a CYeT BbIOOPA KOTOPOro MOXKHO PEryJNPOBATH BJINASHUE IUCIIEPCHU-
OHHBIX U JUCCUTATUBHBIX 3 deKToB. B pesynbrare mosytdaercs pa3HOCTHAS
cxeMa BHJIA:

ut = S (ul, +ul ) — 20t (eFy + (1 — ) ). 3)

DO =

Jnst onpejiesieHust JMCIIEPCHOHHBIX M JIMCCHIATHBHBIX XapaKTEPHCTHK
[IPEJICTABUM DeIeHus cxeM BrJa (3) B Buje Geryrueii BoIHBI [4]:

u% — ei(wAtjfknh)’ (4)

Ille w eCTb 4acTora, k — BosiHOBOe uncio. Iloacrasusasa (4) B (3), momydnm
KyOI4ecKoe ypaBHeHIe OTHOCHTEIHbHO Be U uHbl ¢ = €At

1
q3 + a(77£,5)q2 - 5 = 07 (5)

rue v = c¢At/h — aucno Kypanra, £ = kh, koaddunuenr a umeer cBoe BbIpa-
JKEeHME JJIsl KAaXK /10l 13 pasHoCTHBIX cxeM. Kopuu (5) ¢s, s = 1,2, 3 HecioxkHO
HaliTu ¢ ucrnonbzoBanneM dopmyn Kapmano. OCHOBHBIMYU BEIMIMHAME, Xa-
PAKTEpU3YIONIUMHA JUCIIEPCHUIO, ABJIAIOTCA BEIIECTBEHHBIE YACTH YACTOT Wi
[4], KoTOpBIE BBIPAIKAIOTCST UEPE3 G5 CIEAYIOMUM OOPA3OM:

Im(gs)
arctan ( Re(a) )

Vs(7,6,€) = Re(ws) = A (6)
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Jucnepcronnoe COOTHOIIEHNE JJisi HCXOIHOrO ypasHeHus (1) umeer ciemyro-
muit BuT: w = ck. YacTora w Jjist 9TOTO CJIydasi MOYKET ObITh BhIPAYKEHa, KaK

dbyukIUsS ¥ U &:
wir§) = L. @

B cBsi3u ¢ TeM, 9TO s M w 3aBUCAT OT TMApaMeTpa <y, KOTOPBI BapbUpyeT-
Cs1, TIPU UCCJIEJIOBAHUY CBONCTB PA3HOCTHBIX CXEM JIOCTATOYHO PACCMOTPETh
caydait At = 1.

Jlyist cHV2KeHUsI BJIMSTHUST IUCTIEPCUOHHBIX (eKTOB 3a cuer BhIOOpa €
MMeeT CMBICJI YMEHbIIATh OTKJIOHeHWs 3HadeHuil dyHkimn (6) or (7) kak
dyukmun ot €. Takum 06pa3oM, B Ka4eCTBE MUHUMHU3IUPYEMON JTHACIEPCHOH-
HOI XapaKTEePUCTUKN PACCMATPUBACTCS CJIEIYTONas (DYHKINS:

I(e) = sup | sup[ihs(7,&,¢) —w(v,6)] ] (8)
=123 \ (7,6)

IIpu 5TOM BaKHO OTMETHUTL, YTO 3HAYEHHs Y U £ paccMaTPUBAIOTCS Ha, MHO-
* *
xecrse {(v,6)|y € (0,7*(¢)), & € [—m, 7]}, rme v*(¢) 3amaer rpanuiy uHTEp-
BaJIa, YCTONYMBOCTH 1O 7y P (PUKCUPOBAHHOM 3HAYECHUM €.
Jlnst ompeesieHwst MUCCUTIATHBHON XapaKTepUCTUKY TepenuineM (4) B Bu-
Jie:
i — |g|del(Arg(q’)—knh)
up, = |ql’e : 9)
Kak M0xkHO BuzieTh, 3aryxanue BoaHbI (9) Oyler xapakTepu3oBaTbes dyHK-
mustvu 1) (7Y, €, €) = |¢s|. Juis cHIKeHnst BAMSTHAS IUCCUTIATHBHBIX b deKTOB
B KaueCTBe MUHUMU3UPYEMOii JUCCUIIATUBHON XapaKTePUCTUKH BLIOEpEeM CJIe-

JYIOILYIO (DYHKITHIO:

F(e)= sup | sup |ns(v,&¢)—Cql |, (10)
$=1,2,3 \ (v,£)

rae Cs €CThb TIOCTOSTHHBIE BEJIMTUHBI, TPECTABJSIONNE cO00 3HATEHUS 15 B
cIIydae MaJiol TUCCUTIAITAN.

ITpu IpoBeIeHNN YUCTIEHHBIX pacaeToB xapakTepuctuku (8) u (10) muHU-
MU3UPOBAIUCH Kak yHKIMU € Ha npomexkyTke [0, 1]. Pacuersr nponssom-
JICH JIJTsl TIOCTPOEHHBIX PA3HOCTHBIX cXeM 1 — 4 MopsiiKoB. DKCTpeMaIbHast
3a/1a9a PacCMaTPUBAJIACh KAK B MHOTOKPHTEPUAJBHON TIOCTAHOBKE, IIPU Pe-
MIEHNA KOTOPO#l HAXOMWJINCH ONTHMAJbHBIE TIO [lapeTo pemenusi, Tak W B
Buie cBa3ku dyukmuit (8) u (10) ¢ BecoBbiMu Koaddurmentamu o u (1 — o),
o € [0, 1], koropas paccmarpuBasiach Kak dbyHkmus € u o. [To pesynpraram
pacueToB ObLIM ONPENE/ICHbI ONTUMAJIbHBIE 3HAYEHUA €, U ObLIO MOKA3AHO,
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9TO OMPEIESIIONINM KPUTEPUEM SIBJISETCS JTUCCUTTATUBHAS XapaKTEPUCTUKA
(10), a aToT BBIBOJ caexyer u u3 PU3NIECKUX COOOPAYKEHUI.
Pabora Bumostaena npu noaep:kke PO, nmpoexT Ne 16-31-00021 mour_a.
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DNemMeHThbl Hernagkoro aHajanm3a B Teopun BOJIH

T'mapomunammyeckne Mozean OKeaHA MOIYT OBITH CAMBIMH PA3HBIMU.
[Ipuanmast XKUAKOCTH HEC2KUMAEMOI, MOXKHO CYNTATh €€ HeoHOPoaHOH. Ec-
JII PACCMATPUBATDH ILJIAHETAPHBIE MACIITAObI SIBJICHUS, TO HEOOXOIUMO ytIU-
TeIBATH Bpalerue 3emin. OIHON U3 XapaKTepHBIX MOJIe/Iell TUHAMUKY OKea-
Ha {IBJISETCsI PACCMOTPEHMe Oe3BUXPEBOrO JIBUKEHUS JBYX CJIOEB HICaTbHOMN
HECXKIMAEMOH OJTHOPOIHON KIIKOCTU. B 3TOM ciryuae KadecTBEHHAsT OIEHKA
napaMeTpPOB B3BOJHOBAHHOW >KUJIKOCTH CBOIUTCA K OIEHKE IIapaMeTpPOB pe-
IIEHUA COOTBETCTBYIONIEH HeJIMHEHHON KpaeBOi 3a/1a4u TEOPUU IIOTECHIINAJIA.
Takoit 1101X0/1 K BOIIpOCaM MAaTEMaTHIECKOI0 MOJIEJIUPOBAHUS Psijia pusnye-
CKUX SIBJIEHUI, 00YCJIOBJIEHHBIX BOJIHOBBIM JIBUYKEHMEM YKUIKOCTHU, IIPUBOIUT
K HEOOXOIMMOCTH HAXOIUTh TEOPETUIECKUM IIyTEM ITapaMeTPhI IIPOIIECCa Pac-
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[IPOCTPAaHEHUs BHYTPEHHNX U ITOBEPXHOCTHBIX BOJH COOTBETCTBYIOIIEH MaTe-
MaTu9Ieckoi Mozenn [1].

PacemorpuMm Ge3BUXpeBoOe JIBUXKEHHE JIBYX CJIOEB OJIHOPOJIHON HECXKUMAae-
MOt mieanbHON kuakocTr. OCh T HAIIpABUM BJIOJIb HEBO3MYIIEHHO TOBEpX-
HOCTH paszelia, OChb Y — BEPTHUKAJILHO BBEPX.

IIyctn

y=—H(xz,1), y=m(x,1), y = Na(z,1)

€CTh yPAaBHEHUS JTHA, TOBEPXHOCTH PA3/ieJia U CBOOOIHON IOBEPXHOCTH COOT-
BETCTBEHHO. BeJIMYMHbI, OTHOCAIIMECS K HUXKHEMY CJIOI0 YKUJIKOCTU, OyaeMm
OTMeYaTh UHJEKCOM 1, K BepXHEMY CJIOI0 — mHeKcoM 2. Mmeem 3ajaty

;| Oy, .
= =1,2
axQ + 61/2 07 J ) 4y
2 2
P, 9pj 1| (09 9y ‘
o ot 2| o rm = f;(t =1,2
H H

ot * Oxr Ox oy
0 Om Op;  Op;
p1:p2,ﬂ+ﬂﬂ:ai;a y=n1(x7t), (1)

ot Ox Ox
Oz  On2 02 _ Opa

8t+8x or Oy’

T V0 10 R S S A
P2 ot 2 or dy g1z +m2) = j2(l), y = Ha + 1m2(x,1).

Yy = H2 + 772(1’775)’

371ech ; — MOTEHITHAJ CKOPOCTH, P; — JIaBJIeHNe, p; — IJIOTHOCTH »KHUJIKOCTH,
fi(t) — mpomsBombHas GyHKIMS BpeMeHH, pg — JlaBJIEHHE, IIPUJIOZKEHHOE
K cBobomHON moBepxHocTH Yy = Ho + 19, Hy — rirybuna BepxHero cJjios B
HEBO3MYIIICHHOM COCTOSAHUM.

B ciryuae BOJIH MaJIoif BHICOTHI HeJInHelHbIE Kpaesbie ycsosus (1) u uHTe-
rpaJ Jlarpamxa—Komm ynpomatores. B aTom ciryuae perreHne mpeicTaBiieH-
HO 3a/1a49u, B CJIydae TOPU3OHTAJIBHOIO U HEIeOPMUPYEMOro JIHA, MOXKHO
HUCKATH B BUJIE TADMOHUYIECKON DYHKINY C yIEeTOM HEPUOIUIHOCTH BHYTPEH-
Hell U IIOBEPXHOCTHOU BOJIH, & TaKxKe MHTErPAJIbHOI'0 YCJIOBUSA JJjid KaXKJO0M
U3 HUX U YCJIOBUs HEIPOTEKAHMs JIJIsl HUZKHETO CJIOs XKUJIKOCTH B BUJIE

Achk(y + H)
$r=AaA———F7
chkH

3 kpaeBbIX yCJIOBUI HA TIOBEPXHOCTHU pa3jesia U Ha CBODOIHOI TOBEPXHO-
CTU OTHOCUTEIHLHO aMILIUTYIbI BHYTPEHHEH U MOBEPXHOCTHBIX BOJIH IIOJIYYa-
eM JIMHEHHYIO OJIHOPOJHYIO CUCTEMY ajredpandecKuX ypaBHEHUIi, paspemniast

cos kx sin wt, P9 = (Bleky + Bge_ky) cos kx sin wt.
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KOTOPYIO MOJIYIUM JIUCIIEPCHOHHOE COOTHOIIIEHUE — YCJIOBUSI CYIECTBOBAHUST
HCCJIeyeMOr0 BOJTHOBOTO Iporecca. B citydae, Korjia UCcieyeMblil BOJTHOBO
[IPOIECC BO3MOXKEH, B HAJIMYUU MMeeTCsl JiBa Tulia BojH. OTHOIIEHNEe aMILId-
TV, JJIsI Ka2XKI0T0 THITA, BOJIH BBIPAXKAIOTCS COOTBETCTBYIOIUMU COOTHOIIIEHHU-
avu. B mpenenpHOM cirydae — ciaydae OeCKOHETHOM TUIyOMHBI HIKHETO CJI0s,
[TOJIyYEeHHBIE COOTHOIIEHUsI YIIPOIIAIOTCS ¥ MIPUHUMAIOT CJIJYIONIUI BH/T

o1 _ ~kHy P2

a21 a21 P1— P2

W3 nepBoit popMyJIbl cirelyer, 9To 3TO OTHOIIEHHNE He 3aBUCUAT OT IIJIOTHO-
cTeil p1 U P2 U COBIAJIAET C COOTBETCTBYIOIIMM OTHOIIIEHUEM JIJIsl OJTHOPOIHOM
xkunroctu. [Ipun 3TOM MOBEPXHOCTHAS BOJIHA BBINIE BHYTPEHHEH, M rpeOHIO
CcBODO/THO TIOBEPXHOCTH COOTBETCTBYET IpebeHb MMOBEPXHOCTH pasiesa. 3
BTOPOI'O COOTHOIIEHUS CJIEIYET, ITO C JACTOTOI BTOPOIO POIA BHYTPEHHSS
BOJIHA, IMEET OOJIBIITYIO aMILTUTY/LY, 9€M IOBEPXHOCTHASI, K TPEOHIO CBOOOIHOM
[TOBEPXHOCTU COOTBETCTBYET BIIAJINHA ITIOBEPXHOCTHU pasjesa. Takxke cieiyer
OTMETHUTb, 9TO BHYTPEHHHE BOJIHBI BTOPOIO POJA IOJIYYAIT 3HAYUTETBHOE
pa3BUTHE [0 OTHOIIEHUIO K BOJHAM Ha CBOOOIHOI MOBEPXHOCTU U JIOCTHUTA-
10T OOJIbINEll AMILUIATYIbI, €CJIN PA3HOCTD IIOTHOCTEH CJI0EB YKUIKOCTH MAJIa
[1, 2].

ITosryyeHHOE pellleHe ONMMCHIBAET CTOSIMUE BOJIHBI. 1Ipy 3TOM BBIIIOJIHSI-
eTcs yCJIOBUE % = 0; 5 = 1,2, HenpoTeKaHUs >KUJIKOCTH YEPE3 CTBOP
x = 0, KOTOpBIit faoﬁ&oo [IPUHSATH 33 BEPTUKAJIBHYIO CTEHKY. Vcromb3yst Tpu-
TOHOMETPHUIECKOE TOXKIECTBO MOTEHIINAJ CKOPOCTU MOYKHO IIPEICTABUTD B BU-
Jie CYMMBI JIBYX IIOTEHIINAJIOB, COOTBETCTBYIONINX HAOEraomeil 1 OTpaskKeHHON
BoJTHAM [3]

chk(y + H)
chkH
Py = (Bleky + Bge_ky) [sin (kx 4+ wt) — sin (kz — wt)] .

p1=A4 [sin (kz + wt) — sin (kz — wt)],

B ciyuae pernenust 3aa4n 0 BOJIHAX KOHEYHON aMILIUTY/BI B JBYXCJIOH-
HOM 2KMJIKOCTH CJIEJ[yeT BOCIIOJIB30BaThCsl epBbIiM MeTo oM CToKca, coCTos-
UM B IIPE/ICTABIECHUN NCKOMBIX I'MIPOJIMHAMIYECKAX XaPAKTEPUCTUK B BUJIE
CTEIIeHHBIX PAJO0B 110 aMILJIUTYJHOMY IIapaMeTpy, XapaKTepu3yIoleMy BbICO-
Ty BoJiHbI. Tak>Ke KpaeBble yCJIOBUs HA KPUBOJIMHENHOM IT'PAHUIIE CJIE/LyeT all-
MIPOKCUMHPOBATH PsAioM T9iiiopa B OKPECTHOCTH HEBO3MYIIIEHHOI'O YPOBHS.
B sToM ciydyae MOXKHO ITIOCTPOUTH JIF0OO€ KOJIMYECTBO JIEMEHTOB CTEIIEHHOIO
pd/a, OrPAaHUYEHUEM B IIOCTPOEHUN MOYKET CJIy?KHUTh JIUIb BBIYUCIUTEbHbIE
CJIOKHOCTH. B 3TOM citydae 7j1s1 KOHTPOJIS U YIPOIIEHUS AaHAJIATAIECKAX BbI-
YHUCJIEHUIT BO3MOXKHO HCIIOJIb30BAHUE COBPEMEHHBIX CPEJICTB KOMIIBIOTEPHOI
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anrebpst. [Ipu nmpoBeeHny 9UCIEHHOTO SKCIIEPUMEHTA C JaJbHeeil anaan-
THUYECKOI 00pabOTKO BO3MOXKHO HCIIOJIb30BaHHE COBPEMEHHBIX MHTEIPUPO-
BaHHBIX CpPeJl Pa3pabOTKU IPOrPpaMMHBIX IIPOIyKTOB. [IpoBeist ucciiemoBanme
HeJIMHEHHON 3a1a491, MOXKHO 3aKJ/II0YUTh, YTO [IJjid BOJIH KOHCYHON aMIIJIUTY-
IIbI BBICOTA TPeOHS OOJIbIIe TIIyOUHBI BOAIUHDI, TPEOEHD y2Ke, BIIAINHA IIHUPE.
DTO CBOMCTBO OOHADYKUBAETCS BO BTOPOM IIPUOJIMZKEHUH. 3aBUCUMOCTD (ha-
30BOI CKOPOCTH OT BBICOTHI BOJIHBI IIPOSIBJISIETCH B TPETHEM IIPHUOJINYKEHUH.
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MeTO,D,bI Hernagkoro aHaam3a B 3a4aa4dax rmapoamHaMunkum

Ilenbro TAHHOTO UCCICOBAHUS SBJISIETCS TTIOCTPOCHUE PEIeHNs KPaeBoii 3a-~
Jlaqu JIJI CUCTEMbl HEeJIMHEITHBIX YPaBHEHUIT ¢ YACTHBIMU IIPOU3BOIHBIMU, MO-
IeJIPYIONIeil KBa3ureocTpouaeckoe NBUKEHNE B CJI0€ UIeATbHON HECKIMA-
€MO#1 JIEKTPOIIPOBOIHOM KUJIKOCTH, 3aKII0YCHHOM MEXKJTy U3MEHSAIOMNMUCH
B IIPOCTPAHCTBE U BO BpEMEHU IIOBEPXHOCTSAMU, C YIE€TOM MHEPIUAIbHBIX CHJL.
[Ipeamonaras, uro guciaa Poccbu, saBisomumecs: Mepoit OTHOIIEHUST JIOKAJIb-
HOT'O U aJBEKTUBHOT'O YCKOPEHU K ycKopeHuto Kopurosuca, oJIHOro nopsiJika,
3ajla4a CBOJUTCH K PEIIEHUIO CUCTEMBI TPeX HEeJUHEHHBIX YpaBHEHWIl Jjisd
TUIPOMATHUTHOIO JIABJICHUS U JJIs ABYX (DYHKITH, OMUCHIBAIOIMINX MAaTHUT-
nHoe moste. Jljiss GECKOHEYHO TPOTSKEHHOU IO TOPU30HTAJN SJIEKTPOIIPOBO/I-



Ieperyaun C.U., Xomnonosa C.E., Ileperyauna .C. 251

HOU BpaIaonieiicsa KAKOCTH B IIPE/IIIO0XKEHNN IIPUMEPHOTO IIOCTOSHCTBA
HaKJIOHa TOBEPXHOCTHU, OI'PAHUYMBAIONIEN CJION CBEPXYy, Ha PACCTOSHUU IIO-
PsJIKa AJIMHBI BOJIHBI IIOJIyY€HO TOYHOE PellleHNe CUCTEMBI COOTBETCTBYIOIINX
HEJIMHEHHBIX YPAaBHEHUHN U JINCIIEPCHOHHOE COOTHOIIeHNe. B neficTBUTe/IbHOi
dopme mpecTaBIeHbl OCHOBHBIE XAPAKTEPUCTUKY JIBU2KEHUS.

PaccvaTrpuBarorcest KpynHoMacmTabHbIE HEJTMHEHHbBIE KOJIEOAHNST 9JIEKTPO-
MIPOBOJTHON UIEATHHON YKUJIKOCTHA MMEPEMEHHOM TIyOWMHBI C YIeTOM MAarHUT-
HOI, apXUMEJIOBON U KOPUOJIUCOBOM cuJI. /Iyt mocTaBIeHHO# TPOCTPaHCTBEH-
HOH 3aJjaun TOIyCTUMO IIPEAIIOJIOKEeHNe O JUHEHHOM paclpenesIeHUd TUIPo-
MAarHUTHOTO JaBJjieHus ¢ Tirybunoit. CooTBeTCTBYIOMAs KpaeBas 3a1a9a st
TOPU30HTAIBHBIX KOMIIOHEHT CKOPOCTH U MATHUTHOTO TI0JIsA, U (DYHKITUH, OIU-
CBIBAIOIIEH! HUZKHIOIO IIOJIBUZKHYIO IIOBEPXHOCTD CJIOHA, ABJIACTCH HEJIMHEHHOIM.
C ucnoJib30BaHNEM aHAJIN3a MacIITaboB KBAa3UI'€OCTPOMUIECKUX JTBUMKEHUI
IIPOU3BOJINTCS BBIBOJ, OCHOBHBIX ypasHeHuii. [Ipeanosaras, uro uucia Pocc-
Ou, SIBJIAONINEC MEPO OTHOIIEHUS JIOKAJBHOIO U 3IBEKTUBHOTO YCKOPEHUHT
K yckopenuio Kopwrosmca, OZHOrO mOpsiiKa, 3a/a9a CBOAUTCA K PEIICHHUIO
CHCTEMBbl TpeX HeJWHEHHBIX YpaBHEHUIl JJIsg T'MJIPOMAarHUTHOIO JIaBJIECHUS U
Js IBYX (DYHKITHH, OMUCHIBAIONINX MArHUTHOE 1oJjie. [ 6eCKOHeYTHO 1mpo-
TAKEHHOU 110 TOPU30HTAJIM 3JIEKTPOIIPOBOJHON BpaIaromeiica KUIKOCTH B
IPEeAIIOJIOZKEHAN IIPUMEPHOT'0 ITOCTOSHCTBA HAKJIOHA IIOBEPXHOCTH, OI'PAHU-
YUBAIOIIEH CJION CBEpXYy, HA PACCTOAHUN IMOPAIKa JJIUHBI BOJIHBI IIOJIYy4YE€HO
TOYHOE pellleHUe CUCTEeMbl COOTBETCTBYIONINX HEJIMHEMHBIX YPaBHEHUIT U JI1C-
IIEPCUOHHOE COOTHOIIeHNEe. B neficTBuTenpHOM hbopMe IpeicTaBIeHbl OCHOB-
HBIE XapaKTepPUCTUKY IBIKeHust 1, 2].

IIpescraBiienHble MCC/IEIOBAHUS MOTYT OBITH HUCIOJIB30BaHbI B acTPOdU-
3uKe U reodu3nKe, B YACTHOCTHU, [IPU U3YUEHUU ITPOIECCOB, MTPOUCXOMIATIINX
B JKUJIKOM si/ipe 3eMJIM U HeJipax 3Be3/. [locTpoeHHbIe pereHnst peajan3yoT
HanboJIee MPOCTYIO MOJIEND YKUJIKOTO sipa 3eMJIU B BUJe OECKOHETHOTO B I'0-
PHU30HTAJILHOM HAIIPABJIEHUH CJIOS YKUJIKOCTH C YIETOM TOIorpadpun MaHTUU
¥ TBEPJOrO sijipa 3eMJIH.
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Hernap,Kme 3a4a4n MexXaHUKN ynpyrmx cucrtem

ITocranoBka 3ama4uu. PaccmorpuMm 3amady 00 yCTONIMBOCTU C:KUMa-
€MOr0o IIPOJ0JILHOM CHJION CTEepXKHsI, PACIIOJIOKEHHOI'O Ha TpaHulle pasiesa
JABYX ynupyrux cpeil. [Ipenookum, 9To OJHOPOHBIN CTEPXKEHDb JINHBL ¢
HOJBEPraeTcsl CXKATHIO MPOJIOIbHOM cuoit P . IlycTh cTeprKeHb HAXOIUTCS
HA TPAHUIE Pas3zesa JByX yHpyrux cpel ¢ xkecrkocrsamu c(x) u b(x) , pea-
IEPYIOMUX Ha OOKOBOE CMEINEeHUe CTEPKHSA KAaK IPOCThIe BUHKJIEPOBCKUE OC-
HosaHus. IIpenosaras JJjis Onpe/eeHHOCTH IPAHUYHbIE yCIOBUS KECTKOI
3aJIeJIKi, IPUXOJUM K IpobJieMe olpeje/leHnsl TaKUX 3HadeHuil mapamerpa
Harpysku P, Ipu KOTOPBIX KpaeBas 3aJa9a,

d4 d2
Ity c(@)wy +b(z)w_ = —Pd—z} ,z € (0,1),
x

dx?
w(0)=w) =0, w(0)=w{)=0 (1)

uMeeT HeTpHUBHAJIbHOE pernenue. 3xeck w(x) — nporud (paccMarpuBaercst
iockas ¢dpopma usruba),
FEI — >KeCcTKOCTH CTEpXKHsI Ha N30

w4 (z) = max{0,w(z)}, w_(x) = min{0,w(x)} .

Ocobennoctoio 3ajaqu (1) gaBigercs ee HEJIMHEAHOCTD, O0YCIOBJICHHAS CPE3-
kot dyukiuu w(z) , T.e. HEOOXOAUMO HAXOIUTH ‘cOGCTBEHHbIE” (DYHKIMU
HEIJIAJIKAX OIIePATOPOB.

IIycts A, (Q onpesesieHHBIE B HEKOTOPOM I'MJIBOEPTOBOM IIpOCTpaHcTBe H
JIMHEHHBIE OllepaTOph,
K— HeKOTOPLI BBIMYKJIBII KOHYC. PaccMoTpuM 3a1ady

1 1
flw) = §(Aw,w) — melll}’ pu orpaHnveHnsx g(w) = i(Qw, w)=1. (2)

K wuccnenopanuio 3amaun (2) MOXKeT ObITh CBEJIEH pacdeT Ha yCTOHIMBOCTH
YIPYTUX CUCTEM IIPU OJJHOCTOPOHHUX OI'PAHUYEHUsIX Ha repemertenns. Ode-
BUJIHO 3aja4a (2) 9KBUBAJEHTHA CJIEYIOMel: HAlTH MUHUMAJIBHOE 3HAUCHNE
cunbl P, Takoit 94T0, BapuAIMOHHAs TIPOOIeMa

1

5 (Aw, w) — P(Quyw) — min (3)
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UMeeT HeTpHUBUAJIbLHOe perenne. JlaHHas 3a/ada MOXKeT OBITH CBeJeHa K
nJIeHTU(DUKAIUN YCIOBHOM IT0JI0YKUTEJIBHOCTH KBaIPATHIHBIX (DOPM Ha KOHY-
cax. AHaJuTUYEeCKNE KPUTEPUH YCJIOBHOM TOJIOXKUTETHHOCTH KBaIPATHIHBIX
dbopMm Ha KOHycax NpHBEJIEHbI B KOHEYHOMEPHOM ciiy4dae B [1].

1. HunuaapuyecKast 060JI09Ka B >KECTKOM oboiime

Paccemorpum, nanpumep, 3aady 00 yCTONIMBOCTH CXKUMAEMOUN ITPOI0JIb-
HOI CHJION NMUJIMHIPUIECKON 00OJOUKHU, MPOrudbl KOTOPOH € OMHON CTOPO-
HBI OI'PAHUYEHBI YKECTKHUM IIPEIsTCTBUEM. B 0CECHMMETPUYHOM CJIydae IIpH
TPAHUIHBIX YCIOBUSX YKECTKON 3aIeJIKN HAX0XK IeHNe KPUTUIECKOI HArDY3KH
CBOJIMTCS K OIPEIEICHUIO CUJIbl P, Ipu KOTOPOil BapuUAIMOHHAS 33129

¢
1 112 2
2/ (Dw"* + Cw w'?)da %Lnellr} (4)
0
w(0) =w(?) =w'(0) =w'(l) =0, w(z) >0, =z €0,/ (5)
MMeeT HeTpuUBHAbHOe pemenme. 3mece D = ER3/12(1 — v?), C =

Eh/R%*(1 — v?), E— monynb IOnra, v — xosddumment Ilyaccona, R — pa-
auyc o6osouku, h,¢ — rtonmumHa u JuiuHA coorBercTBeHHO. B (4) — (5) K
— KOHYC HEOTDHIATEIbHBIX (DYHKIWH, ompejeseHHbix Ha maTepBase [0, ],
nMeroIEX 060BIIEHHYI0, CYMMHUPYEMYIO ¢ KBAJIPATOM BTOPYIO MPOU3BOJHYIO.
MozkHO moKa3aTh, 910 penienne 3aaa9u (5) MOXKHO MCKATh cpean QyHKImi
w(x) > 0, z € (0,{2), m w(x) = 0z € [l2,0], cm. [2]. Bamaua (4) — (5)

JIOIYCKAET aHAJUTHIECKOE PEIeHNE:
10D V3w C Vd
\/> 12 — A )
Rz D 3

w(zx) = csin®(mox)H(ly — 2), = € [0,1].  (6)

Dopmysbr (6) cnpaseyIMBBI U yCJI0BUH, 9TO g < [, B MPOTUBHOM CJIy-

9Jae OJHOCTOPOHHHME OIPAHUYECHHsS HE BJIMNAIOT HA KPUTHIECKYIO HAIPY3Ky. B

(6) ¢ > 0—1pou3BoJIbHASL IIOCTOSIHHASL.
B ciydae rpaHMYHBIX yCJIOBHI IIADHUPHOI'O ONUPAHUSI

w(0) = w(l) =w"(0) =w"(l) =0, w(z) >0, ze€l0,]] (7)

pelnienue onpejaesdeTcda CbOpMy.HaMI/I

5 C Vor
_ng/&, d= 3 bo= 7T

w(z) = 2sin _© + sin e H{ly—1z), ¢>0. (8
ly ly



254 Tapacos B.H.

2. VYcTofiuyuBOCTh yNpyrux KOJiell, MOJAKPEenJIeHHBIX HEePaCTsIXKH-
MBIMM HUTSIMU

IycTs yupyroe KoJblo, HMOAKPEIUIEHOE HEPACTSKUMBIMU HUTSIMHU (pac-
TXKKAMU), HAIPYXKeHO cuiioit nasienus P. O6oznadum uepes w(f)— upo-
rub kosbina, v = w'(f)—KacarejbHOE NEpEMelIeHre TOYEK KOJbla, 6-
—IEeHTPAJIBHBIN yros, R—pamuyc kombiia, B—xecTtkocrs npu m3rubde. Pac-
CMOTPHM 33JIa4y: ONPeJIeUTh MUHUMAJIBHYIO CHly P, mpu KoTopoii Bapua-
[MOHHASL 3312948

IPH OIPAHUYEHUSIX
. Oy Qg .
dpj = (we; + le)sm(7) + (vg; — vlj)cos(g) <0, je1l: M (10)

uMeeT HeTpubBHajbHOe pemerne. Oyukuus w(f) gomKHA GBITH 27 — MIEpHO-
JIMYECKOM.

B (10) a; = 63 — 01, rme 0o, 61; — TOUKU KpemaeHus: j — TOil PACTIKKH,
wij = w(01y), vij = v(015),

wy; = w(fh2;), va; = v(f2;). B Tabmume 1 npuBeneHsl 3HaweHHsT Ge3pa3nMep-
HOTO KPUTHYeCKOro mapamerpa P* = PR?/B, (P-xkputuieckoe IaBjeHue)
JUIS KOJIBIIA, TIOJKPEIJIEHHOIO PACTSKKAME, PACIOJJOKEHHBIME 110 CTOPOHAM
npaBuabHOro M—yrospHuka. s HemoIKpenjaeHHoro Koabia P* = 3.

Tabaruya 1. 3HaYeHUs] KPUTHIECKOTO Iapamerpa P~

M 3 4 ) 6 7 8 9 10
P* | 432 | 3.00 | 457 | 5.27 | 6.28 | 6.50 | 7.26 | 7.37

3. ¥YcTolYuBOCTh NMPAMOYTOJBHOUW IJIACTUHBLI MPU OJHOCTOPOH-
HUX OrPAaHMYCHUSAX HA IepEeMelICHUS

IIycTh mpsiMOyrosibHasl IJIACTHHA Harpyskena 1o kpasm z = 0, z = a,
0 < y < b HOpMAJIBLHLIMA YCUJIMSAMHA O W TI0 BCEM KpPasiM KacaTeJIbHBIME
yewusimu 7. O6o3nauum 4vepes w(z,y) 0 < z < a, 0 < y < b uporub
mactuabl. [oTeHnuatbaas sueprus aedOpMaIii IIJIACTHHBl HMEET BUJ

a b
D ?w  9%w \>
U= 2//(8x2 + 73y2 ) dxdy. (11)
00
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Pabora BHeEmHIX CUI MOXKET OBITH BBIUHCIEHA IO (POPMYJTE

a b
1 ow\ > Oow Ow
0 0

Bynem cumrarh, 4YTO mepeMeleHUsT Ha Kpasgx ILUIACTUHBI OTCYTCTBYIOT,
T.€.BBIIIOJITHEHBI PABEHCTBA

w(0,y) =w(a,y) =0, 0 <y <b, wx,b) =w(x,b)=0, 0<z<a (13)

KpOMe TOr'0, Ha I'PAHUIE MOT'YT OBLITh 3a/1aHbl YCJIOBUSA BUJIA:

9"w(0,y) & w(a,y)
axi - ax] _Oa O<y<b7
OFw(x,0) 0‘w(z,b)
3y =0, 3y =0, 0<z<a (14)
Yucna 1, j, k,l MmoryT mpuHuMaTrh 3HadeHust 6o 1, mubo 2. Hampumep, ec-
m ¢ = 1,5 = 1,k = 1,l = 1, To mosydaeM TpaHUYHBIE YCJIOBUS YKECTKOM

3aJIeJIKA TI0 BCEM KPOMKAaM ILIACTHHBI, ecyn XKe ¢ = 2,7 = 2,k = 2, = 2,
TO BBIMOJTHEHBI YCJIOBUS MIAPHUPHOIO OMUPaHUsi. TakKuM 0Opa3oM, ¢ yIeToM
CUMMETPHUH IJIACTUHBI TOJIydaeM 9 pa3InIHbIX BApUAHTOB.

Hastee OymeM mpeanosiaraTh, 9TO IJIACTHHA HAXOMUTCA HAJ IBYMS JKECT-
KUME pPeOpaMu, PACIOIOKEHHBIMU BJOJIb OCH T TaK, 9TO MPOI'HO IJIACTUHBI
YJIOBJIETBOPSIET HEPABEHCTBAM

w(z,bg) 20, w(x,b1) >0, 0<by<by <b. (15)

Basada 06 yCTONIMBOCTH ILTACTUHBI CBOIUTCS K OTBICKAHUIO CUJI 0 U T TaKHX,
9TO BapUAIlMOHHAS 33/a9a

U—-V — min (16)

weP

umeer HerpuBHasbHOe pemnenue. B (16) P — muoxkecrBo dyukuuii w(x,y),
YIOBJIETBODAIOIUNX HepaseHcTBaM (15) u rpanmdabiM ycjaoBuaM. IIporu6
ILUTACTUHBI AIITPOKCUMUPYEM HHTEPIOIATTNOHHBIMI KYONIECKIMU CILTafiHAMM
JIBYX TIEPEMEHHHBIX, TI0CJIE Yero T0Jyvaercs 3a1ada suaa (3).

B Tabs. 2 u 3 npuBesieHbl HEKOTOpBIE Pe3yJibTaThl BbluncjeHuii. ['pa-
HUYHBIE YCJIOBUS 3amnucanbl B “ijk(* xomupoBke. Boraucienuns: mpoussBou-
JINCh TIPHU CJIEAYIONX 3HAYEHUSX IMapameTpoB: ¢ = bm, b = w, D = 1,
by = %b, by = %b. Hampumep B Tabmune 2 mpu 7 = 1, ¢ = 2 upm
i=1,j=1k=1,£=1, A =4.196. 910 03HAUAET, YTO KPUTUIECKHE YCUJIHSI
paBubl 0% = 4.196 * 3 = 12.588, 7" = 1% 4.196 = 4.196. Be3 oHOCTOPOHHUX
orpaHwYeHuit Ha nepeMertenns 0¥ = 3.147x3 = 9.441, 7% = 1x3.147 = 3.147.
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Tabaruya 2. 3HaYeHUsT KPUTUIECKOTO TIapaMeTpa A
[IPU HAJIMYIMH OJHOCTOPOHMX OTPAHMYeHnil Ha nepemenienust (15) u npu
HEKOTOPBIX TPAHUIHBIX yCIOBUSIX.

T 1 1 1 0 2 3 )

o 3 2 1 1 1 1 1
“1111% | 2,933 | 4.196 | 6.575 | 9.371 | 4.239 | 3.113 | 2.025
“2211°¢ | 2.599 | 3.756 | 6.211 | 8.025 | 4.228 | 3.104 | 2.019
“2222¢ | 1.448 | 2.087 | 3.528 | 4.489 | 2.425 | 1.786 | 1.163

Tabaruya 8. 3HaUYEHUST KDUTHIECKOTO TTapaMerpa A
6e3 OJHOCTOPOHHUX OTPAHMYEHHUI Ha IIepeMeIleHus

T 1 1 1 0 2 3 5

o 3 2 1 1 1 1 1
“1111¢ | 2.235 | 3.147 | 5.016 | 7.129 | 3.353 | 2.479 | 1.618
“2211¢ | 2.210 | 3.115 | 4.976 | 7.031 | 3.338 | 2.472 | 51.615
“2222¢ 1 1.268 | 1.802 | 2.932 | 4.000 | 1.994 | 1.483 | 0.973

Ecau pemarh npuBeieHHbIe 3/1€Ch 33/1a9U B HEJIMHEHHOW TOCTAHOBKE, TO
OHU CBOJISITCS K TIOCTPOEHUTO HESTBHBIX (DYHKITUH, OIIpeIe/IseMbIX HeTJIaIKUMI
ypaBHeHusiMU. MeTojipl Hccile/JOBaHUsT TAKUX 3319 MOXKHO HaHTH B [3].
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Hasaue HecrutonmHocTeit B 91eMeHTaX KOHCTPYKIUI IPUBOJUT K KOH-
[EHTPAIMA YyIPYTUX HANPSKEHUH B X OKpeCTHOCTH |2, 3] U, COOTBETCTBEH-
HO, K CHHUYKEHUIO Pecypca MPOIHOCTH U3jeaust. B KadecTBe KOHIIEHTPATOPOB
HAIPSZKEHUI MOTYT BBICTYIIATh KaK OTBEPCTUSI, [IPEIyCMOTPEHHBIE TEXHOJIO-
TUYIECKU, TaK U JePEKThI, MOABUBIINECS B MIPOIECCE M3TOTOBJIEHUST WU IKC-
mwiryararuu. JIjis ONeHKN HApPsKEeHWH B OKPECTHOCTU OTBEPCTHIA, HAXOJIS-
IUXCs HA JOCTATOYHOM YJAJIEHHU OT BHEIIHEH TPAHUIbI Teja, YI00HO WC-
CJIe/IOBATH HAIPsKEHHO-/e(DOPMUPOBAHHOE COCTOSTHUE OECKOHETHOI'O Teja C
OTBEPCTHEM COOTBETCTBYIOIIEH (DOPMBI. DTO IIO3BOJISIET YIPOCTUTH 3349y
6e3 CyIecTBEHHO IOTepU TOYHOCTHU pernenus BO/m3n nedekra. B aBymep-
HOIi TIOCTAHOBKE TIOCTPOEH DI AHAJUTHICCKUX U UNCIEHHO-AHAJTUTHICCKIX
periieHuii 3a;1a1 0 GECKOHEYHO NJIOCKOCTH € OTBEPCTUSAMU PA3JIMIHBIX OUep-
taanit. Ocobble ycrexu B 9TOI 00J1aCTH OBLIN JOCTUTHYTHI 6J1ar0/1apst TPYIaM
I'. B. Kosiocoa u H. 1. MycxenumBuiin, paboraBmmx B cBoe Bpemst B Ile-
TepOypPIrCKOM yHUBEDPCUTETE W BHEIPUBIINX METOIbI Teopun (PYHKIUNH KOM-
ILUIEKCHON MEPEeMEHHON B TEOPHUIO YIPYTOCTH, Y€M 3HAYUTEJIHHO YIPOCTHIIN
pemrenne mmockux 3agad. Ha xkadenpe BMM/IT 3tu MeTombl mpOIOIZKAIOT
HCIIOJIb30BATHCs aBTOpaMu [3, 5| 1 UX yIeHUKaMHU.

O tHaK0, HECMOTPS Ha TIOJIYY€HHbIE MHOTOYHCICHHBIE AHAJIUTHIECKHE Pe-
3yJIBTATHI, OCTAETCS AKTYAJbHBIM YUCJIEHHBI PacdeT HAIPSAKEHHOIO COCTOsI-
HUsI B OKPECTHOCTH JIe(DEKTOB, B YACTHOCTH, B 33JIa9aX C 3apaHee HEM3BECT-
HBIMU TIepEMEHHBIMU TpaHunamu. [1og00HbIe 38191 BO3HUKAIOT, HAIIPIMED,
[IPU MOJIEJINPOBAHUY [TOBEJIEHUST 3JIEMEHTOB KOHCTPYKITHiT, 9KCILIyaTUPYEMBIX
B YCJIOBHSIX MEXAHOXUMUIECKOH Kopposun [6]. VIMEHHO mjisi pereHus: TakKux
3a/1a" — B IJIOCKOI TOCTAHOBKE — U IIPOBOJIUTCST HACTOLAIIEE NCCIIEIOBAHIE, C
[EJIbIO TTOA00Pa ONITUMAJIBHBIX BBIUUCIUTEIbHBIX TTAPAMETPOB I IajIbHell-
X PACIeToB.

IIpu paszbuenuu AByMepHON 0OJIACTH, 3aHATON TEJIOM, Ha KOHEUHBIE dJIe-
MEHTBI TJIa/IKas TPAHUIIA AIIIPOKCUMUPYETCsI JIOMAHOM, COCTOAIIEH N3 KOHEe'-
HOT'O YHCJIA HPAMOJIMHEHHBIX OTPE3KOB. BBIOOPY ONTUMAJILHOTO HHCIHIA JIe-
MEHTOB JIJIsI 3aMEHBI TJIa KON KPUBOJIMHEINHON IPAHUIIBI HAJIO YIEISITh JOJIK-
HOE BHUMAHUE, TAK KAaK 37[eChb HEOOXOIUMO MPUNATH K KOMIIPOMUCCY MEXKJLY
PA3JIMIHBIMUA KOHKYPUPYIOIUME [TPOIECCAMHU, BBI3BIBAEMBIMU YMEHBITIEHIEM
ara CeTKH: CHI2KEHHEM HOIPENTHOCTH AIllIPOKCUMAIINN 1A IKON IPAHUIBI 1
HAKOIJIEHHEM TIOTPENTHOCTEH OKPYTVIEHU T ¢ POCTOM IHCJIa 3JIEMEHTOB (IIOMU-
MO CYIIECTBEHHOTO BO3PACTAHUS BPEMEHHBIX 3aTPAT).

B mpencrasiennoit pabore mccireryeTcs KOHETHO-9JIEMEHTHAS ATTPOKCH-
MAaIdsl yIPYroil IIOCKOCTU € SJUIMIITHYIECKUM OTBEPCTUEM, ITOIBEPXKEHHO
ofiHOOCHOMY pactskennto, B makere MATLAB [1]. B xauectse “nepsuanoit”
pacUYeTHON MOJIEIN PACCMATPUBAETCS KBAJIpATHAS IIJIACTUHA C IIEHTPAJIbHBIM
OTBEPCTHEM B yCJIOBUSIX IJIOCKOI'O HAIIPSIZKEHHOTO cocTosiHusi. KoHTYp oTBEp-
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cTud 33/1aeTcd KaKk N-yroJIbHUK C BEPIINHAMHE, JIEXKAIMAMA Ha JIAIICE TPe-
OyeMbIX pa3MepoB, OCH KOTOPOro, 00O3HAYEHHBIE Yepe3 2a u 2b, mapasiiesb-
HBbI CTOPOHAM KBAJPaTa. 3aJaHUe BEPIIUH MHOIOYTOJILHUKA (T, = G COS 6y,
Yyn = bsin6,,) upoussogurca ¢ paBubiM marom 27 /N 10 mapamerpy 6. 9to
MIPUBOJUT K HEPABHBIM JIJIMHAM CTOPOH MHOTOYTOJIbHUKA U YAATHOMY CTYIIIE-
HUIO CETKU B OKPECTHOCTH BEPINUH JJUIAIICA ¢ 00JbiIoit kpusnu3noit. [Tomumo
BbIOOpa umcia N TOUeK pa3dmeHus KOHTYypPa OTBEPCTHS Ha MPIMOJTUHEHHbIE
YYACTKU CTOUT 33J1a4a BHIOOPA pa3Mepa IJIACTUHBI, TO3BOJISIIOIIETO N30eKaTh
KpaeBoro addexTa oT meiicTBus ee BHermHe# rpanunbl. JauHa D BHemTHIX
PSIMOJIMHEAHBIX CTOPOH IIACTUHBI BhiOupaercs pasuoit D = 2Mmax{a, b},
rue aucsio M (uesoe) mongiexxkur oupesienenuto. Ilepsbie pacuersl upu pas-
JIMYIHBIX codeTanussx N u M mokazaju, 94To Ha “TOYHOCTH’ BBIYUCJIEHUN CKa-
3bIBAETCS BBIOOD U JIPYIUX IIAPAMETPOB CETKH, UTO TAKXKe IOJJIEXKUT HCCJIe-
noBanuio. EcrecrBenHo, uro npu ypejuwdennn aucesi N u M HampsikeHus B
OKpecTHOCTH N-YTOJILHOTO OTBepCTH B Itacture D X D, ¢ MaTeMaTHIecKoit
TOYKU 3PEHUus, JOJKHBI CTPDEMUTHCS K HAIIPSKEHUSIM B OKPECTHOCTHU SJLIATI-
THYECKOTO OTBEPCTUsI B HEOTPaHUYEHHOU 1urockocTu. Ilockonabky m3BecTHO
TOYHOE aHAJUTUYIECKOE DEIeHre IOoCeHell 3a/1a9l, TO TOYHOCTD AIlIIPOKCHU-
MaIliH TP BIOOPE PA3JIMYHBIX PACUYETHBIX APAMETPOB JIETKO OIEHUTD COIIO-
CTaBJICHUEM IOy Y€HHBIX UUCJIECHHBIX PE3YJIbTATOB C U3BECTHBIM 3aMKHYTHIM
peleHneM.

Anaymmrraeckue perterusi 3a7a9 0 GECKOHETHON TIJIOCKOCTH C 3JUIAIITH-
YeCKUM OTBEPCTUEM IIPH OJHOOCHOM PACTSKEHUU HHTEHCUBHOCTU ¢ OBLIH
naitiensl H. V1. MycxeumBuim ¢ moMoIpi0 KOHPOPMHOro oTobpazkenus. B
YACTHOCTH, B BEPIIMHAX JLIUICA MAKCUMAJIbHBIE (110 A0COIOTHON BeTUIUHE )
TJIABHBIE HAIIPSIYKEHUS OIPEIEIISIOTCS (DOpMyIaMu

0" =2qa/b+q, o°=—q.

Sﬂecb U'b — Hallpsi2K€HUe B BEPIINHaX, PACIIOJIO?KEHHbIX Ha OCH, BJI0OJIb KOTO-

poii HaIIpaBJIeHa PACTSATUBAIONIAs HAIDY3Ka, 0¢ — HaIpPsKEHUE B BEPIINHAX
Ha OCH, IIePIEHINKYIAPHONA K HAIIPABJICHUIO NCHCTBYIOMNAX YCUJIHUIA.

st pertienust KpaeBbIX 3314 JJIs YPABHEHUIl B JACTHBIX IIPOU3BOJIHBIX
B JIBYMEDHBIX 00JIACTAX MeTOZOM KoHeuHbIX siemenToB (MKD) B MATLAB
npennastadeds PDE Toolbox [1]. Hecmorpst Ha Hasmume B ganHoMm Toolbox
npuioxkenusi pdetool ¢ rpadudeckum mHTEpDEiCOM TOIB30BATEISI, HE TPE-
OyromumM rirybokoro nounManust MKD, cipaBurhbes ¢ mocraBiennoil 3aadeit
TOJIBKO C HOMOIIBIO YKA3aHHOI'O HPHUJIOXKEHUSI HE IIPEeJICTABIISIETCS BO3MOXK-
e [4]. TosTomy HEOOXOAMMO HamMcanne COGCTBEHHOM MpOrpaMMbl (€ MC-
nosib3oBanneM BerpoerHbix dyHkimit PDE Toolbox).

Beusy nanuauns aByx oceit CHMMETPHH B HCCJIEAyeMOH “TIePBUIHON’ MO-
Jenu (Kak B €e NeOMETPUHU, TaK U B 3aJIAHHBIX IPAHUYHBIX YCJIOBHUAX) IEJIe-
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c000pa3HO TPOU3BOIUTH PACUYETHI TOIHKO [JIsI YETBEPTH 33JaAHHON 00JIaCTH.
Bo-mrepBbIx, 9TO yIIpOIAET MOCTPOEHNE IeOMETPHUHN, TAK KaK BMECTO KOMIIO-
3uIun AByX npuMuTHBoB (“KBaapar D X D muHyc N-yroabHUK”) MOKHO HO-
CTPOUTDH TOJIBKO OJMH MHOrOyroJbHuk ¢ N/4 + 3 Bepmmuamu. Bo-Bropbix,
CYIIIECTBEHHO COKPAIAETCS KOJIMIEeCTBO KOHEYHBIX 3jeMeHTOB. [losTomy B
KQ4JeCTBE OKOHYATEJIbHOI PACYeTHON MOIEJM HCHOJIb3yeTCd MMEHHO TaKOHR
MHOTOYTOJIbHUK. |'DaHUYHbIE yCJIOBUsS HA NBYX €r0 CTOPOHAX, COOTBETCTBY-
FOIIUX BHYTPEHHUM OCSIM CUMMETPHUU “NEPBUYHON’ MOE/H 3aIaF0TCs UCXOSI
W3 YCJIOBHUIl CHUMMETPHUU 33JIa9W: HOPMAJIbHBIE TEePEMEICHUsT Ha YKA3aHHBIX
y9IacTKaxX paBHBI HYJIIO, B TO BpeMsl KAK OIPAHUYIEHUN HA APYrue KOMIIOHEHTHI
He HajaraeTcsi. CTOPOHBI MHOTOYTOJIbHUKA, COOTBETCTBYIOIINE KOHTYDY BbI-
pesa, U ojiHa U3 “BHEIIHUX’ CTODOH (lapaJulesibHas HAIPABJICHUIO JeHCTBUS
yCUIMit) CBOGOMHBI OT HATDY3KH, T.€. BCE KOMIIOHEHTHI HANDSYKEHUST Ha HUX
paBubl Hyst0. Ha BTOpO#t “BHemHE” cTOPOHE 33/ 1aI0TCsI HOPMAJIbHBIE HAIIPSI-
JKE€HUsI MHTEHCUBHOCTHU ¢ W HYyJIEBble KacaTeJbHbIe yCuans. Takum o0pasom,
TIOJTYIHMJIM CMEIIAHHYI0 KPAEBYIO 331ady.

B kadecTBe mepBoro npubInKeHus i OIEHKH [TOTPEITHOCTH AIIIPOKCH-
MAIIUH TIPOBOJIUIIACH PACUETHI OTHOCUTEIBHON MOrPerHOCTH ([0 CPABHEHWIO
C UMEIOITUMCS TOYHBIM PEIIEHUEM 331U O TIJIOCKOCTU C SJITUNTUIECKUM OT-
BEPCTUEM) B BEPINUHAX JIIAICA / MHOIOYIOJBHUKA C PA3JIUMIHBIMUA COOTHO-
MIEHUSIMU TIOJIyOCeil u pu pasindubix 3Haderusx N u M. B kagecrsBe mitio-
CTpalUy IpuBejeHa TabJIiia OTHOCUTEJIbHBIX [OIPEIIHOCTell (OKPYIJIEHHBIX
JI0 TIepBo#i 3HavaImelt udpsl, B IPOIEATAX) sl KPYTOBOTO OTBEPCTUST. 3HA~
YeHUs B CKOOKAX YKA3aHbBI JJIs “IEePBUIHON’ MOJIEN — KBaJIPATHOM IIJIOCKO-
CTH C IEHTPAJIbHBIM OTBEPCTUEM — JIJIsT TE€X CIIYyYaeB, KOT/Ia OHU OTJIMIAIOTCS
OT 3HAYEHMI, Oy YEHHBIX JJIs ee deTBepTH (ducia 6e3 CKOBOK).

C TouYKHM 3peHusi MEXAHUKU JIeDOPMUPYEMOrO TeJja, JYHCJIa, CTOSIINE B
IIEPBBIX CTPOKaX TaOJUIBI U COOTBeTCTByIomue 3HadeHusM M ot 3 mo 10,
Ha3bIBATH MOTPEITHOCTHIO HE COBCEM IIPABOMEPHO, TaK KaK OHHU, BOODIIE ro-
BOPsI, COOTBETCTBYIOT COBCEM JIPYTOi 3ajiave: O KOHEUHOH IJIACTUHE C OTBEP-
CcTUEM, B KOTOPOIi, KAK W3BECTHO, KOHIICHTPAINS HAIPS2KEHU TeM OOoJIbIIe,
9eM MEHbBINe PACCTOAHNE OT KPOMKHU OTBEPCTHS 10 BHEIIHEH TPAHUIIHI 1114~
cruHbl (OTHECEHHOe K pasmepam orsepcrusi). IlosroMy yKasaHHbBIE CTPOKH
TabJMIBI CKOPEe XaPAKTEPU3YIOT TO, HA CKOJBKO NPOIEHTOB (€ TOYHOCTHIO
JI0 TIepBoit 3HavaIel nudpbl) BO3pACTaeT MAKCUMAJILHOE HAIPSZKEHUE DU
NpubJIMKEHNY K BHEIIHEN I'DAHUIE TeJla.

Taxum 006pazoM, MO OTHOCHTENIBHONH HOTPEITHOCTHIO 3/1€Ch MOHUMAETCS
dopMabHA TOIPENTHOCTD AIITPOKCHMAINN PENEHUs 3312491 0 OECKOHETHOM
ILUTACTUHE C TVIAJKUM SJUIMIITUIECKIM OTBEPCTHEM C IIOMOIIBIO HaIleil Heryia I-
Kot pacuerHoit mojeu. CorylacHO HEKOTOPBIM PEKOMEHIAIMSAM, KOHIIEHTPa~
IIUIO HAMPS2KEHWI CTOUT YYUTHIBATH HA PACCTOSHUU BILIOTH JIO TPEX—IISTH
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N 64 128 256 512 1024
M
3 90 90 90 90 90
4 50 50 50 50 50
5 30 30 30 30 30
6 20 20 20 20 20
7 10 10 10 10 10
8 (10) 9 10 10 10 10
9 (7) 8 (8) 9 8 8 8
10 5 (6) 9 6 6 6
20 0.4 (1) 2 (1) 2 (1) 2 (1) 2
30 (0.3) 0.6 | (0.1) 0.4 | (0.2) 0.5 | (0.5) 0.2 0.5
40 (0.4) 1| (0.1) 0.2 | (0.2) 0.1 | (0.1) 0.2 | (0.2) 0.05
50 (0.3) 1| (0.1) 0.5 | (0.1)0.2 | (0.2) 0.7 | (0.03) 0.7
60 (0.9) 2 04 | (0.4)0.2 | (0.1)0.2 | (0.4)0.2
70 1] (06)0.2 | (05)02| (0.2)0.1 | (0.2)0.1
80 (0.7)1 | (0.6) 0.2 | (0.3) 0.1 | (0.2)0.1 | (0.2)0.1
90 1| (0.4)0.2 | (0.2) 0.3 | (0.3) 0.08 | (0.2) 0.08
100 1| (0.2)0.4 02| (0.3)04 | (0.4)0.2

Tabuna 1. OrHOCHTE/IBHAS TIOIPENTHOCTD B IIPOIIEHTAX

XapaKTEPHBIX Pa3MEPOB OTBEPCTHUSI OT er0 KPOMKH. VI3 Tab/iuiibl MOXKHO yBU-
IeThb, 910 3PPEKT OT B3aUMOIEHCTBUsI BHEITHEl U BHYTPEHHEN T'DAHUIL JJIst
M = 10 me npesbmmaer 10%. s 31IMNTHYECKIX OTBEPCTHI ¢ PA3INIHBI-
MJ COOTHOIIIEHUSIMH IIOJIyOCeil 30Ha PAaCIPOCTPAHEHUs ITOro 3hdekTa Mo-
2KeT BapbupoBaThcda. VHTEepecHo, 4To B JaHHOM mnpuMmepe npu N = 64 u
M = 20 norpemnoctb cranopurcsa menee 1%, Ho ¢ ysesmuenuem ju6o N, in-
60 M memHOro BO3pacraer (BCJIEICTBHE YBeJUYeHHs O0ObEMa BHIYUCICHUN).
[Tomobras kapTuHA HADIIOMAETCS U JJIS APYTUX OTBEPCTHil. 3aMETHM, UTO
JIsT TeJTeit JaJabHeHmmX uceaenoBanniit Bbioop N menbimM 64 He 1eaecoob-
pasen. [lorpemuocTs BoIYNCIEHTIT TAKKe 1yBCTBUTEIbHA K BRIOODY IIapaMeT-
pos cerku Hmax, Hgrad n apyrux.
Pabora Beimonnena npu nogmepxkke PODU, nmpoekT Ne16-08-00890.
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On the Coupled Orbit-Attitude Control Motion of a
Celestial Body in the Neighborhood of the Collinear
Libration Point L1 of the Sun—Earth System
IMTumarwyx 1.B.
d.shimanchuk@spbu.ru
Camnkr-Ilerepbyprckuii rocyJapCTBEHHBIN YHUBEPCUTET, Y HUBEPCUTETCKAs HAb.,
7-9, Cankr-IlerepGypr, 199034, Poccus

O6 ynpaBnsiemom nocTynaTesibHO-Bpalw,aTe/ibHOM
OBV>XXeHUN HebecHOro Tesa B OKPECTHOCTU KOJISIMHeapHOi
Toukun nnbpauun L1 cuctembl ConHuye—3emns

B pamkax 3ama4un 1Byx Tes1 ObLIO TOKA3AHO, YTO B CJIyYae, KOTJa KMHETH-
qecKasi SHePIusi BPAIeHnsl HeOECHOTO TeJIa JOCTATOTHO MAJIa 110 CPABHEHUIO C
paboToil BHEIIHUX CUJI, TO JBH2KEHUE HEOECHOIO TeJjia IIPU OIPeIeJIEHHOM Bbi-
bope ero HavaJLHON opueHTaIu Oy/IeT HOCUTH JIMOPAITMOHHBIN XapaKkTep —
HebecHoe TeJI0 OyIeT KoIedaThCsi OKOJIO HEKOTOPOI'O YCTOWYIUBOTO MOJIOZKEHUS
oTHOCHUTEIBHOTO paBHOBecusi [1]. Oupenesienue Takux MOJOXKEHUN DABHOBE-
CHdA U HCCJIEJIOBAHHUE JIBUKEHUA B UX OKPECTHOCTH ABJIAIOTCA aKTyaJbHBIMHI
3a/ladaMy U IIPEJICTABIISIOT BayKHOE 3HAYEHUE J[JIs PelreHusl IpobjeM cTa-
OMIM3aIuu M OpUeHTanuu HeOEeCHBIX TeJI IIPU IOMOIIYM MOMEHTOB BHEITHUX
CHJL.

IIpu coBMecTHOM pacCMOTPEHHH IMOCTYIIATEILHOTO U BPAIATEIHLHOTO TBU-
JKeHus HeOECHOTO TeJia BpallaTebHOe IBUKEHIE OTHOCUTEILHO IIEHTPA MAacC
CYIIECTBEHHO 3aBUCHUT OT II0JIOKEHUH IIeHTPa MacC B KOCMUYECKOM IIPOCTPaH-
CTBe, HO C JIPYTOif CTOPOHBI OpUEHTAIVS HEOECHOTO TeJIa MOXKET OKa3aTh BJIUSI-
HEe Ha TOCTynaTeabHoe nepemerienne. Hampumep, opuenTarmeit cOJTHETHOTO
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napyca MOKHO U3MEHAThb Pe3yJIbTUPYIONINI BEKTOP CBETOBOI'O JIAaBJICHUS U
TeM CaMbIM HEIIOCPEJICTBEHHO BJIMATH Ha IIepeMelleHne COJTHEYHOI'O Iapyca.

B pabore paccmarpuBaercs opOuTajibHOE JIBUXKEHHE HEOECHOrO Tejia B
rPABUTAIIMOHHOM TI0JIE JIBYX MPUTATUBAONINX IIEHTPOB — 3eMyin Macchl M7 u
Comana maccesl My, Takoe npmzkenne HeOECHOTO TeJIa, MOXKET OBITH OIMCAHO
MaTEMATUYECKONU MOJIETbI0 KPYT'OBOM OrpAaHUYEHHON 3a/1a9U TPEX TeJI.

W3BecTHO, 4TO ypaBHEHNs] OIDAHUYEHHON 33/ a9l TPEX TeJ MMEIOT IISATHh
CTAIMOHAPHBIX PEIIeHnil, KOTOphbIe B HEOECHON MEXaHUKE HA3BIBAIOT TOUKAME
Jmbpanuy i ToYkaMmu Jlarpanxka: KoJuimHeapHbie TOUKU Jmopanuu Ly, Lo,
L3 — HeyCcTOYMBbIE TTOJIOKEHNsT PABHOBECHUSI, TPEYTOJIbHbIE TOYKHU JIMOPAIIAN
Ly, L5 — ycToitauBbIe TOJOKEHUS PABHOBECHUSI [IPU OIIPEIEIEHHOM COOTHOIITE-
HUHU MacC IPUTATUBAIONINX IIEHTPOB, 3TO yCJIOBUAE YyCTOHYMBOCTU B JIUHEHHOM
IpUOINKEHNA MOYKHO MIPEJICTABUTE B Bue [2]

M, < 9 — V69
My + M, 18

~ 0,0385208.

fcHo, 9TO TOYKHU JIMOPAIUU SABJISTFOTCS MOJIEJIbHBIMUA IIOHSITUSIMEA KPYTO-
BOIl OrpaHMYEHHON 3a]a4u TPEX TeJI, HO UX CBONCTBA OIPEJIEISIOT Ka4eCTBEH-
HBIH XapakTep JBUKEHUs HEOECHOTO TeJia, KOTOPHI B PEAJIbHOCTH MPOUCXO-
JIAT TI0JT JIeHCTBAEM MHOTHX BO3MYyIHANuX hakTopos. B HacTOsIIIT MOMEHT
pa3BUTHE KOCMOHABTHUKHU II03BOJISIET DPEAJTU30BBIBATH PA3JIMIHBIE ITPOEKTHI,
KOTOPBIE IIPEJIIIOJIAra0T UCIOJIb30BaHIEe OKPECTHOCTEN KOJIJIMHEAPHBIX TOYEK
JIMOPAIUY U C YI€TOM MX CBOMCTB CTAHOBUTCS OYE€BUIHON aKTYAJIBHOCTD 33,18~
qu cTabuIn3anuu u yaep:kanusi HebecHoro Tejia B ux okpectaocru. C apyroit
CTOPOHBI CBOHCTBO HEYCTOWYMBOCTH KOJUIMHEAPHBIX TOYEK JIMOPAIMHA MOYKET
CII0COOCTBOBATE AP PHEKTUBHOMY MAHEBPUPOBAHUIO B OKOJIO3EMHOM KOCMUIE-
CKOM IPOCTPAHCTBE, KOTOPOE MOTYT IIPOUCXOUTH HA JOCTATOYHO OOJIBIIIOM
npoMexkyTKe Bpemenn [3]-[5].

it onmcaHust MOCTYIATEILHOTO JIBU2KEHUsT HEDECHOTO Tejia B pabore uc-
[OJIb3yeTcsl MOJUMDUIIUPOBAHHAS MaTEMATHIECKAss MOJEIb KPYTOBOW Orpa-
HUYEHHOM 33/1a491 TPEX TeJI — MOJIEb XMJLIOBCKOTO MPUOJINKEHUsST KPYTOBOM
OrpaHWYeHHON 3ama4am TPEX Tes [6]. Iyist onmmcaHust BPAIIATENBHOTO OpOU-
TaJILHOTO JIBUYKEHUS HEOECHOTO TeJIa OTHOCUTEIBLHO €ro IMEeHTPa MACC HCIIOJIb-
3YIOTCs IMHAMUYeCKIe ypaBHeHust Dityiepa [7] n KBATEPHUOHHOE KHHEMATHYe-
ckoe ypasuenue [8]. Opuenranus HeGECHOIO TeJIa OIPEIE/IIeTCs B KEHUTOBO
cuCcTeMe KOOPJIMHAT MpU MmoMoIy napaMmerpoB Ponpura—Tamunbrona.

B pabore wucciemyoTcs BOMPOCHI CYMIECTBOBAHUST MAJBIX KoJeOaHUit
HebeCcHOro Tesia BOJIN3Y HOJIO2KEHU PABHOBECUS, BIIUSHIS YIIPABJISIEMOrO 110~
CTYIATEILHOTO JIBUYKEHNsT HEOECHOTO TeJia BOIM3H KOJUIMHEAPHON TOYKY JIN0-
pamuu Ha ero BpallaTe/IbHOe JIBUXKEHHE B OKPECTHOCTHU ITOJIOXKEHUN OTHOCHU-
TestbHOTO paBHOBecus. [I0CKOIBKY KOJLUIMHEADHAS TOYKA JUOPAIUHU SBJISIETCS
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HEyCTOWYNBOM, TO MU yJepKaHUs HeOECHOTO Teja B €€ OKPECTHOCTH IIpU-
MEHSIETCSI YIIPABJISIIOIIee BO3JIeiCTBIE, KOTOPOE HEIIOCPEICTBEHHO BJIASIET HA
[IOCTYTIATEIbHOE JIBUYKEHNE. DTO YIIPABJISIONIee BO3AefiCTBIE BHIONPAETCs U3
YCJIOBHSL ONTUMAJIBLHOTO JIEMIIDUPOBAHUST CHEINAIBHO BBEIEHHON (OyHKIMN
oT (Ha30BBIX KOOPAMHAT IEHTPA MACC HEOECHOTO Tejia — «DYHKIMH OITacHO-
crm» [9], [10].

IIpencraBiientble ypaBHEHUs IIOCTYIATEIHHO-BPAIIATEIbHOIO JIBUYKEHUS
MOT'YT OBITh UCIIOJIb30BAHbI JIJIsI M3y Y€HUs] JIBUKEHUsI €CTECTBEHHBIX U UCKYC-
CTBEHHBIX HEOECHBIX TeJI, TAaK HAIIPUMED, €CJIU B HAYAJbHBIH MOMEHT KOCMU-
9eCcKUil anmapar HaXOAUTCS B OKPECTHOCTH MOJIOXKEHUsT OTHOCUTEIHHOTO PaB-
HOBecus BOM3M (HA30BOTO TPOCTPAHCTBA KOJIMHEAPHON TOUKN JTUOPAIIAN, &
3aTeM COBEPIIAET MaHEBD, 00ECIIEINBAIOITNI MOHUTOPUHT OKOJIO3EMHOI'O KOC-
MUYECKOIO IPOCTPAHCTBA, TOTJA JIJIST BBIXO/IA M3 OKPECTHOCTH KOJIJIMHEAPHO
TOYKHU JTUOPAIMY MOXKHO HCIIOJIb30BaTh MaJyi0 TSy, KOTOpas MOXKET ObITh
obecriedena HeOOXOIUMOM OpreHTaIneil HeGeCHOro Tejla OTHOCUTEILHOTO Ha-
Geraromero MOTOKA COJHEYHOro BeTpa. V 39TO ympasisiolniee BO3AEHCTBHE,
KaK OBLJIO OTMEYEHO paHee, MOXKET OKa3aThbCs dPPEKTUBHBIM, T.€. obecre-
YUBAIONIIM IIPU MAJIBIX SHEPreTUYECKUX 3aTPaTaX CYyIIECTBEHHOE N3MEHEHNEe
[TOJIOYKEHUST TIEHTPa MACC KOCMUYECKOI'O allapara B IPOCTPAHCTBE KOH(UTY-
panuii.

PesynbraTel wmccienoBaHus pacmupsioT BO3MOXKHOCTH OpPOUTAIBHOTO
YIPABJISEMOrO JIBHXKEHUsI B OKPECTHOCTH KOJUIMHEAPHOU TOYKU JTUOPAIUMH 1
MOT'YT OBITH IIOJIE3HBI HAa HAYAJIBHOM JTAlle DelIeHUs IPOOJIeMbl KOMETHO-
aCTePOUIHON OIIACHOCTH, KOTJIa IIPEIIIoJIaraeTcs yIapHoe BO3IefiCTBIe Ha 110~
TEHIMAJBHO OIMaCHOe HEDECHOE TeJIO C IEJbI0 U3MEHEHUs ero TPAeKTOPUH 1
[IPEIOTBPAIECHNs] CTOJIKHOBEHUs ¢ 3eMJIEH. 31ech HEDECHOE TeJI0 — yIapHUK
B HAYAJIBHBII MOMEHT IPE/JIaraeTCs yIAep:KUBaTh B OKPECTHOCTH KOJIJIMHEaP-
HOH TOYKU JINOPAIU, BBALY MAJIbIX 3HAYEHUI CHJI U MOMEHTOB I'DABUTAIIH.

Pabora BeimosHena npu ¢uHaHcoBoii momiep:kke CIIGLY, mpoekT
Ne9.37.345.2015.
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