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Section 4
Nondifferentiable Optimization

Mirror Descent for Constrained Strongly Convex
Optimization
Bayandina A., Gasnikov A., Dvurechensky P.
anast.bayandina@gmail.com, avgasnikov@gmail.com,
pavel.dvurechensky@gmail.com
Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudny,
Moscow Region, 141701, Russia; Weierstrass Institute for Applied Analysis and
Stochastics, Mohrenstrasse 39, 10117 Berlin, Germany

We applied the restart technique to the Mirror Descent algorithm for
constrained convex optimization problems considered in [1], [2]. Convergence
rates were obtained for the case of both strongly convex objective and
constrains. As opposed to [3] where the similar rates of convergence on
average were obtained, the problem is considered in non-euclidean setup.
Moreover, the optimization set is not bounded. Large deviations convergence
estimates were obtained as the main result for the case of bounded
optimization set.

Let E be a n-dimensional real vector space with some fixed norm ||-||.
Consider the optimization problem

f(z) = min, (1)
s.t. g(z) <0. (2)

Here Q C E is a closed convex set and functions f: @Q — Rand g: Q — R
are strongly convex with respect to the norm ||-|| with a convexity parameter
1. We consider both f and g to be subdifferetiable on Q.

Assume that we are equipped with some probability space (2, F, P). Let
{€*} be a sequence of i.i.d random vectors such that any ¥ is F-measurable.

Consider a stochastic convex first-order optimization setting. Given a
point z¥ € Q, the oracle produces observations V, f(z*,£%) and V,g(aF, £F)
of subgradients of f and g respectively. Also the oracle is unbiased, i. e.
Eer [V f (2, &%) = Vf(2¥) and Eex[V,g(a¥, &%) = Vg(a¥). Moreover, we
have access to the value g(z*).

Choosing a distance-generating function d(z) : @ — R which is continuous
and 1l-strongly convex with respect to |||, we define, after [4], the Bregman
distance from z € Q to y € Q as

Va(y) :=d(y) — (Vd(z),y — z) — d(z). 3)
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Let z, be the precise solution to the problem (1), (2). Take the starting
point

0 .
frd d . 4
2 = arg mind(o) (4)
Define a dimension-dependent value
2V,
wn = sup 2B (5)
veq ly — 20

The following theorem states the rate of convergence on average of the
proposed algorithm.

Theorem 1. Suppose f and g in the problem (1), (2) are p-strongly convex
with respect to the norm |[-||. Suppose for all z € Q and ¢ € {¢¥} it holds
that

Eer [IIVof(2,6)I3] < M7, Eex[[|Vag(, O)I2] < M. (6)
With the total number of oracle calls equal to
M3w,
N> 87‘*” (7)
e
where
M = max{My, Mg}, (8)

the point Z, generated by the proposed algorithm, satisfies

E[f(i.)] - f(l'*) < &, g(i.) <e. (9)
Let us now assume that the set ) is bounded. Denote the diameter

Ro := sup [lz —yl|. (10)
z,y€Q

The following theorem gives the rate of convergence in the case of large
deviations for the other proposed algorithm based on [5].

Theorem 2. Suppose f and g in the problem (1), (2) are p-strongly convex

with respect to the norm |[|-||. Suppose for all x € Q and ¢ € {¢*} it holds
that

Ve f(a, )17 < M7, [[Vag(@, O < M. (11)
With the total number of oracle calls equal to
324 M>w,, puR2 1
N> —|Inlogy, — 4+ 1In— 12
= [Inlog, == +1n —], (12)
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where

M = max{My, Mg}, (13)

the point z, generated by the proposed algorithm for large deviations, satisfies

(1

2]

3l
[4]
5]

P{f(Z)— flz.) e, g() <e}21-0 (14)
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Let S denote the solution set of a convex optimization problem

S = argmin {h(z) : 2z € C},

where C' C R" is a closed convex set and f, h : R” — R are real-valued convex
functions. The simple bilevel optimization problem is

min{f(z) : z € S}. (1)
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This problem has been formulated e.g. in [3]. To investigate this convex
optimization problem, the lower level problem needs to be transformed. If
a = min{h(z) : z € C} denote the optimal value of this problem, (1) is
equivalent to

min{f(z) : h(z) < o, z € C}.

Slater’s regularity condition is violated for this convex optimization problem.
If we use the normal cone N (z), its graph gph N¢ and F(z) = (z, —Vh(z))"

C={xeC:F(x)€ gph N¢}

is derived. Applying variational analysis to the resulting problem, a necessary
optimality condition is obtained which is not sufficient [1]. Using a variational
inequality to express the set S, a simple MPEC

min{f(z) : ¢Yy(z) <OVyeC, zeC} (2)

arises, where ¢, (z) = (Vh(y),z —y). (2) is a convex optimization problem.
Results from semi-infinite optimization or the use of a gap function for
the variational inequality can be applied to derive necessary and sufficient
optimality conditions for (2) and, hence, for (1). One such optimality
condition reads as:

A feasible point Z is optimal for (2) if and only if there exist k¥ € N,
A1, Aoy s Ak >0, y1,Y2, -+, Yk € C such that

k

0€af(z)+ Z)‘th(yi) + N¢(z) and
i=1

(F(y:),Z —y;) =0, foralli =1,2,--- |k

provided some closedness qualification condition [2] is satisfied and Vh(z) is
continuous and monotone.

In the second part of the talk, an idea for solving the problem (1) will
be given. Basis for this algorithm is a penalization & (z) = h(z) + ef(z).
The algorithm computes a sequence of 7;-optimal solutions of minimizing a
Moreau-Yosida regularization of the function &.(z) over C:

Given zp, A\ and eg, choose ;41 € C such that

_(Jfk-s-l — Tk

) € O (60 ) i) + N (i)

where n},n2 > 0 and 7}, + 07 < .
Here, 9,1&.(x) denotes the n'-subdifferential of a convex function and

Ngz (x) the n-normal set of C at x.



Dolgopolik M. 17

It can be shown that the sequence {z*}2° | converges to a solution of (1)
provided this problem has a solution.
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The class of the so-called codifferentiable functions was introduced
by prof. V.F. Demyanov in the late 1980s [1, 2]. This class, unlike
most of the classes of subdifferentiable in some sense functions, enjoys
a simple and thorough calculus that allows one to develop mathematical
software for analytical codifferentiation. Furthermore, in contrast to most
of subdifferential mappings, a codifferential mapping is continuous for many
particular classes of nonsmooth functions appearing in applications.

Apart from the study of theoretical properties of codifferentiable
functions, prof. Demyanov also developed a method for minimizing these
functions called the method of codifferential descent [3, 4] (for various
modifications of this method see [5, 6, 7, 8, 9]). Results of numerous
computational experiments demonstrated that the method of codifferential
descent is an effective and robust method of nonsmooth optimization that
can be applied to convex, d.c. and general nonconvex nonsmooth problems.
However, theoretical results on convergence of the method of codifferential
descent are scarce. In fact, only the global convergence of the method of
codifferential descent has been studied, and no estimates of the rate of
convergence of this method are known. The main goal of this talk is to fill this
void and get better understanding of the method of codifferential descent.
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Recall that a function f: R — R is called codifferentiable at a point
x € R? if there exist compact convex sets df(z),df(z) C R such that

max a+ min b=0, (1)
(a,v)€df(z) (b,w)€df(z)

and for any Az € R? one has

fletho)—f@) = e (a (v, A2)) T i) (b, Aa)) +o(Aa),
(2)

where (-, -) is the inner product in R?, and o(aAzx)/a — 0 as a — +0. The
pair Df(x) = [df (), df(z)] is referred to as a codifferential of f at x. Clearly,
a codifferential of f at z is not unique.

The function f is said to be continuously codifferentiable, if f is
codifferentiable at every point z € R?, and there exists a codifferential
mapping D f(-) defined and continuous on R?, i.e. such that the corresponding
set-valued mappings df(-) and df(-) are continuous in Hausdorff metric.
Let us note that the set of all continuously codifferentiable functions is
closed under all standard algebraic operations, finite pointwise maximum
and minimum, as well as composition with smooth functions (see [4]).

Let f be codifferentiable on R?. Observe that without loss of generality
one can suppose that

max a= min b=0 VaeRY
(a,v)€df(x) (b,w)€df(z)
since otherwise one can use a different codifferential mapping 57() =
[@(),Ef()} of the function f that has the form

df () = {(a - a(x),v) | (a,v) € df(x)},
Af(z) = {(b—b(x),w) | (b,w) € df ()},

where
a(z)= max a, blr)= min b
(a,v)€df(x) (b,w)edf ()

(note that a(x) = —b(x) by (1)). Observe that if the codifferential mapping
Df(-) is continuous, then the codifferential mapping Df(:) is continuous as
well.

Let f be codifferentiable at a point x., D f(z,) be its codifferential at this
point, and let x, be a local minimizer of f. The necessary condition for a
minimum in terms of the codifferential D f(x.) has the form

0€df(z.)+ {(0,w)} V(0,w) € df(x2). (3)
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One can check that this condition is satisfied if and only if f/(z.,h) > 0
for all h € R, where f/(z.,h) is the directional derivative of f at z, in the
direction h. Therefore the necessary optimality condition (3) is invariant with
respect to the choice of a codifferential. Any point z. satisfying (3) is called
a stationary point of the function f.

With the use of the optimality condition (3) one can construct a
minimization method called the method of codifferential descent. Let a
function f: RY — R be continuously codifferentiable, D f(-) be its continuous
codifferential mapping, and || - | be the Euclidean norm. For any pu > 0
denote d,, f(z) = {(b,w) € df(z) | b < p}. The scheme of the method of
codifferential descent is as follows.

1. Choose p > 0, a,, > 0 and xy € R?.
2. kth iteration (k > 0).
(a) Compute D f(xy).
(6) For any z = (b,w) € d,, f(xy) compute

{(a(),0(2))} = argmin { (@, v)] | (a,v) € df i) + {2}}.
(8) For any z € d,, f(z)) compute

a(z) € argmin {f(xk — av(z)) ’ o€ [O,a*]}.

(r) Compute
2z, € argmin {f(xk — a(z)v(z)) ’ z € Euf(xk)}.

(n) Define xgy1 = xp — a(zk)v(2k).

Note that at each iteration of the method of codifferential descent one
must perform line search in several directions. One can verify that at least one
of those directions is a descent direction, provided the necessary optimality
condition (3) does not hold true. Therefore for any k& € N either xj is a
stationary point or f(zgy1) < f(xg).

The parameter p > 0 is introduced into the method of codifferential
descent in order to ensure convergence. From the form of necessary optimality
conditions (see (3)) it seems natural to utilize the method of codifferential
descent with p = 0, since it allows one to reduce the amount of computations
at each iteration. However, the method of codifferentil descent with p =
0 might converge to a non-stationary point of the function f (cf. [10],
Section III.5).

As it was pointed out above, some of the directions at which the line
search is performed at every iteration of the method of codifferential descent
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are descent directions, but some are not (the function f may first increase
and then decrease in these directions). This interesting feature of the method
of codifferential descent allows it to “jump over” some points of local minima,
provided the parameter p > 0 is chosen to be sufficiently large (for a
particular example of this phenomenon see [5]).

Finally, one can verify that under natural assumptions every cluster point
of the sequence constructed with the use of the method of codifferential
descent is a stationary point of the function f [4, 5, 6, 7, 8, 9]. However,
no other results on convergence of this method are known.

In this talk, we will discuss new theoretical results on the method of
codifferential descent as well as some modifications of this method. Note
that in the smooth case the method of codifferential descent is reduced to
the method of gradient descent. Therefore it is natural to expect that the
method of codifferential descent converges linearly, which is indeed the case,
provided some second order sufficient optimality conditions are satisfied.
On the other hand, if an optimization problem under consideration is
“essentially nonsmooth”, then the method of codifferential descent converges
superlinearly. In particular, this method converges superlinearly in the case
of a minimax problem under the assumption on the existence of complete
alternance.

We will also discuss the ability of the method of codifferential descent to
‘jump over” some points of local minima, and prove that, in fact, for some
classes of nonsmooth functions this method converges to a global minimizer,
provided p = +o0.

Finally, we will consider some more practical issues. In particular, we will
demonstrate that, in the method of codifferential descent, instead of the set
E# f(x) one can use the significantly “smaller” set that consists only of extreme
points (b, w) of the set df(z) satisfying the inequality b < .

The reported study was supported by Russian Foundation for Basic
Research, research project No. 16-31-00056.
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The Speed-Gradient (SG) method was proposed in the end of the 1970s
as a general framework for design of control, adaptation, identification
algorithms for nonlinear systems [1]. Since then it was extended in different
directions [2, 3, 4, 5] and applied to a variety of problems in physics and
mechanics [6, 7, 8, 9, 10]. An intimate relation between applicability of SG
method and passivity of controlled system was established [11]. In the special
case of affine controlled system the SG-algorithms encompass Jurdjevic-
Quinn (LgV) algorithms [12].

Standard procedure of SG algorithms derivation requires differentiation
of a nonnegative goal function @Q(x,t), which is to be minimized, along
trajectories of the controlled system

&= f(z,u,t). (1)
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One defines

w(z,u,t) = ng?t) = 8@({(;715) + (VmQ(ac,t))Tf(x,u,t),

and takes the control algorithm in the form

du

du Of (z,u,t
dt

T

= -I'V,w(z,u,t) =-T ( ™ )> V. Q(z,t), (2)
where I' is a symmetric positive definite gain matrix. Note that in the above
algorithm the change of the control input u is proportional to the gradient
of the speed of change of the goal function Q(z,t), which explain the name
Speed-Gradient algorithm.

Together with the Speed-Gradient algorithm in the differential form (2)
one can consider the algorithm in the finite form

u(t) = up — T'Vyw(z(t), u(t),t),

where v is some initial value of the control variable. One may also introduce
a more general control algorithm

u(t> =Up — WJ(QT(t)vu(t)’t%

where the vector function 1 satisfies the so-called pseudogradient (or sharp
angle) condition
U(z,u, 1) Vw(z,u,t) >0,

and v > 0 is a scalar gain.

In many cases the right hand sides of the system model (1) are nonsmooth.
Furthermore, sometimes it may be profitable to introduce nonsmooth and
even discontinuous terms into control algorithms in order to provide the
desired system dynamics, e.g. finite time convergence. Therefore there is
a need for a more general framework for design and analysis of SG-like
algorithms in the general nonsmooth case.

In this talk, we will discuss some extension of the Speed-Gradient method
to the nonsmooth case proposed in [13, 14]. Applications of the nonsmooth
Speed-Gradient algorithms to control of several oscillatory systems will be
presented.

The work was performed in IPME RAS and supported by RSF, grant 14-
29-00142.
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Let D be a nonempty convex set in the real n-dimensional space R™,
F :R"™ — R™ a continuous single-valued mapping, and h : R" — R|J{+oo}
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a convex, proper and lower semicontinuous function. The mized variational
inequality problem (MVTI) is the problem of finding a point 2* € D such that

(F(z*),x —x*)+ h(x) —h(z") 20 VzeD. (1)

Theory and methods of this problem were developed by many authors due
to its various applications. In case h = 0, it corresponds to the usual VI. If
h is subdifferentiable, MVI (1) becomes equivalent to the problem of finding
z* € D such that

3d* € Oh(z™), (F(z)+d",z—2")>0 VzeD.

If FF = 0, it coincides with the problem of minimization of the convex non-
differentiable function h over D. For many applications this problem can be
solved rather easily, at least in comparison with the initial problem (1). This
is the case if the function A is separable. Then, the forward-backward splitting
method [1] may lead to efficient computational schemes.

In order to enhance the stepsize rule choice we can utilize the descent
approach with respect to some artificial merit (or otherwise, gap) function,
which enables one to convert MVI into an optimization problem. The simplest
regularized gap function can be defined as follows:

o = o, I )y
Pal(@) = max ®q(z,y)

where
q)a(-r7y) = <F(.’L‘),J) - y> - 05&”1‘ - y”2 + h(.’l?) - h(y)7 a > 07

see e.g. [2]. The function ®,(z,-) is strongly concave, hence, there exists the
unique element y, (z) € D such that @, (x, yo(z)) = @a(z). Observe that the
computation of y,(z) is equivalent to an iteration of the forward-backward
splitting method applied to MVI (1). From the definition we have that MVI
(1) is equivalent to the optimization problem

Wil — @ (@),
Despite the fact that ¢, is nondifferentiable and nonconvex, we can describe
descent methods with respect to ¢, without computation of its derivatives.
They utilize both exact and inexact linesearch procedures, but do not require
even the differentiability of F. We now describe an example of the method;
see e.g. [3].

Descent algorithm (DSIM). Choose a point z° € D and numbers
a>0,8€(0,1),7y€(0,1).
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At the k-th iteration, k = 0,1,..., we have a point zF € D, compute

Yo (z¥) and set d¥ := y, (zF) — 2F. If d¥ = 0, stop. Otherwise, we find m as
the smallest non-negative integer such that

pa(z® +9Md%) < (1= By™)pala"),
set A\ =™, 2Tt := 2F + X\ d¥ and go to the next iteration.

Nevertheless, convergence of the methods is obtained under strengthened
monotonicity of F. For this reason, in the case when F' is only monotone,
combined descent and either regularization or proximal point methods are
also suggested.

For the usual VI, Peng [4] introduced the so-called D-gap function, which
allows one to convert it into an unconstrained optimization problem. This
approach was extended to MVT (1) in [5]. The D-gap function is defined as
follows:

Yas(T) = pa(T) — (),

where 0 < a < B. It appears that MVI (1) is equivalent to the unconstrained
optimization problem

min — Yap(z).

Next, if F' a continuously differentiable, so is 1,5 and

Vipap(@) = VF(2)[ys(®) — ya ()] + B(@ — ys(x)) — ol = ya(x)).
If VF(x) is positive definite on R™, then MVI (1) is equivalent to the equation:

V¢aﬁ (.’L‘) =0.

Utilizing the above properties, we can describe a descent method with respect
to Yo without computation of its derivatives. If the mapping F' is strongly
monotone, it generates a sequence, which converges to a unique solution
of MVI (1). In [6], this approach was extended for MVI (1) with order
monotonicity (P) properties. In the case when the mapping F is only Py, the
descent methods can be combined with either regularization or proximal point
methods, such that their auxiliary subproblems are solved approximately.
Hence, we can apply the rapidly convergent algorithms in order to find a
solution of the initial MVI.

It should be noted that solution methods for MVIs without differentiability
and strengthened monotonicity properties of F' were proposed in [7] and [8,
Section 2.2] within the so-called combined relaxation (CR) approach; see
also [9] for further developments. They also utilize a similar iteration of the
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forward-backward splitting method as auxiliary procedure and the inexact
linesearch.

Now we suppose that D is a nonempty, closed and convex subset in R"™,
F : R" — R" is a continuous monotone mapping, and h : R* — R is a
convex and subdifferentiable function. For the sake of clarity, we describe a
simplified version of the method.

Method (CRS). Step 0 (Initialization): Choose a point z° and a
sequence of n X n symmetric matrices {Ay} such that

lIpl* < (Arp,p) < 7"[Ipl*? VpER", 0<7 <7 < o0. (2)

Choose numbers a € (0,1), 5 € (0,1), and v € (0,2). Set k := 0.
Step 1 (Auxiliary procedure):
Step 1.1 : Determine m as the smallest nonnegative integer such that

(P(a*) = F(zP™), 2% — 257) < (1= ) ™ (Ap(7 — ab), 20m — o),

where 2™ is a solution of the auxiliary problem: Find z*™ € D such that

(F(z*) + B7m AR (2P™ — 2¥), 2 — 2™ + h(z) — h(zP™) >0 Ve D.
Step 1.2: Set 0, := ™, y¥ := 2™ If 2F = y*, stop. Otherwise set
9" = F(y*) = F(a*) — 0 A (y* — 2),wp = (g%, 2% — o).

Step 2 (Main iteration): Set

k+1

= ab — gt/ 1g8 12,

k:=k+ 1 and go to Step 1.

Obviously, there exist a number of rules of choosing the sequence {Ag}
satisfying condition (2). The simplest is Ay = I, which yields the usual
forward-backward splitting iteration. We denote by D* the solution set of
problem (1).

Theorem 1. Let a sequence {x*} be constructed by (CRS). If the method
terminates at the k-th iteration, then x* € D*. Otherwise, if {z*} is infinite,
then

lim z* = 2* € D*.
k—o0

Note that problem (1) has a unique solution if F' is strongly monotone.
Then (CRS) converges at least linearly.
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an

Theorem 2. Suppose that F' is strongly monotone. If (CRS) generates
infinite sequence {x*}, then {x*} converges to a solution of problem (1)

i a linear rate.

1
2]
3l

4]
(5]
(6]
(7]
18]
9]
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Many problems referring to economy, finance, project optimization,

planning, computer graphics, management, scheduling, sensor networks of
difficult systems can be transformed to nonsmooth optimization problems in
finite-dimensional space [1]. Such problems contain of the modules of function
or maximum of function.We will name such functions modular. The set of
values of variables at which modules of functions keep a sign, is dividing
feasible set into not crossed areas with the general borders. In each of these
areas modular functions will be smooth.



28 Kosolap A.

Consider the following problem
min{c’ z|g;(x) <0,i=1,...,m}, (1)

where all or a part g;(z)- nonsmooth the modular functions. We offered the
following method of successive remove modules for the solution of a problem
(1)

Step 1. We will choose any initial point z%, k = 0.

Step k. We remove modules of nonsmooth functions in a point z* and
will solve a problem

min{ch|gg(m) <0,i=1,...,m,j=1,..,k}, (2)

where all g/ (z) are smooth functions after remove of modules of functions
gi(x) in points 27,5 = 0, ..., k. Let zF*! — is the solution of a problem (2).

Step k+1. We check the solution 2**! of the problems (3) on an feasibility.
If it is feasible, zFT! — is the solution of a problem (1), differently we set
k =k + 1 and we pass to a step k.

We used primal-dual interior point method for search the solution of a
problem (2) [2].

The considered algorithm will converge for finite number of iterations as
the number of the hypersurfaces forming feasible domain of a problem (1) —
is finite. However, considering that in an point of optimum will be active, as
a rule, n the hypersurfaces, the considered method converges on the average
for n iterations (number of solutions of smooth problems (2)).

The nonsmooth problem

10
mzn{z lal x + b}, (3)

i=1

its parameters are set under, solved by means of software Risk Solver, value
of function equal 30 has been received.
Parameters of a problem (3)

a; = (17 17 17 5a 17 273767 _25 _5)7

as = (2,-3,0,0,0,0,—12, —52, 15, 25.3),
az = (5,—55,6,—5,25,12,4,2,14, —52),
ay = (—12,24, -55,64,0,0,0,0, —1, —22),
as = (3,-3,12,1,-10,—5,5, 95,4, —74),
ag = (—1,1,0,2,-1,0,1,1,2,1),
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ar = (—56,5,1,3,-25,2,4, 4,12, —14),
as = (12,1,0,1,0,—11,—2,1,9,0),
ag = (14,36, —33, 52, —15, -5, —3, 1,0, 0),
a10 = (5,12,0,0,0, -5, -5, =5, 1, 14),
b= (56, 15,58, —55, —100,1,15,1,8,12).

We use a method of successive remove modules for the solution of the
equivalent problem

10
min{el x| Z lalz +b;i| <1}, (4)

i=1

where e = (1,...,1), and r decreased to zero. The solution of a problem (4)
is found at of the point

x* = (—19.3879764, —3.284240132, —13.57045411, —9.31057767, 38.1118518,

—42.98323925, 60.65556767, —11.58242605, —10.6301706, 11.81646044)
for » = 0.000001.
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Koulaguin V.
wkoula@gmail.com
Institute of Problems in Mechanical Engineering, Russian Academy of Sciences,
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Abstract. A mathematical programming problem for function with
two variables [1]’s talked; examples, existence conditions’re considered.

1. Introduction. There are many ways to tackle a problem how to make
a decision under uncertainty. In [1-3] another one is given. In [4-6] one can
see some applications of the method to a control design problem.

2. The set of the problem. There are a function f(z,y),z € E,,y € Ey;
a set

A={(@y) | == argminf, ()},
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where f,(x) — a cross-section of function f(x,y) by a variable y fixed; and a
set

Y(z)={y| (z,y) € A},

which characterized the element x € FE, and named a robustness set of
element x € F,.
The problem is to find an element 2° so that

Y(z°) DY (x), Va € E,. (*)

0

Here 2° — a maximal robustness element, Y (z") — a maximal robustness set.

3. Remarks.

3.1. An example of the problem (*). Existence of a solution depends
on a type of space E,. Here is an example. First, let function f(z,y) be
f(x,a,b,¢) = ax® + bx + ¢; where x € Ry, y = (a,b,c) € R3. Robustness
sets Y (x) don’t have common elements [1]; That means a solution of the
problem (*) doesn’t exist. Now let element x be a function of an argument
(a,b,¢), © = x(a,b,c). In that case, (by properties of parabolas) a maximal
robustness element is 2° = —b/2a.

3.2. A trivial solution. A solution of the problem (*) always exists,
when element x € E, is a function z(y). This solution cannot be acceptable
for decision maker, because parameter y a priori isn’t known.

3.3. Some condition of existence. Let’s consider a set

X(y) = {z | (x,y) € A}

and a problem to find an element 2T, so that
ot e X). (+4)
y

Theorem [1]. An element z is a solution of problem (*), if and only if
this element is a solution of problem (**).

3.4. A problem (*) as a design control problem. In such
applications, element = € E, is supposed to be a function of time and/or a
function of a phase variable of a system controlled. If element z is a function
of time z(t), then a robustness sets Y (x) are usually empty or contain only
one element. On the contrary, if element z is a function of a phase variable
and time, then often a solution of problem (*) might be found.

3.5. A problem (*) as a decision making problem. Features z°,

Y (2%) in the problem (*) are basic (attributive) property of a system
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constructing under uncertainty E,. They give a theoretically maximal
possibility to rase stability and resistance of the system.

6. Conclusion. In problem (*) only spaces E,, E, are to be given, there
are no restrictions for variables. Hence, this principal allows unbounded
parameters of uncertainty to be treated as minimax principle in that case
usually doesn’t work.
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Exact Penalty Functions in Decomposition Schemes in
Variables for Convex Optimization Problems
Laptin Yu.
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The use of exact penalty functions in decomposition schemes in variables
to solve block optimization problems allows to overcome some problems
related with implicit description of the feasible region in the master problem.
How to find proper penalty coefficients is discussed here. Let consider a
problem

ff=min{fo(z) :z € C}, (1)
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where C = {z: fi(z)<0,i=1,...,m,z € R"}, f; : R™ — R is convex
function with finite values for all values of variables , i = 0, ..., m.

Let F\(z) = fo(x) + AhT(x), where h(z) = max{f;(z),i = 1,....,m},
ht(z) = max{0, h(x)},

Fy{ =min{Fy\(z) : z € R"}. (2)

Fy(x) is an exact penalty function, if the solutions of problems (1) and
(2) coincide.

Lemma 1. Let C be a closed set, values of penalty coefficients are fixed,
€ > 0, and a sequence of points x, k = 1,2, ... converging to a solution T of
the problem (2) be given. Let a rule P establishing a correspondence between
z and a point zi, = P(xy), 2z € C,k = 1,2,... be given, and the following
inequalities are fulfilled

Fx(zk) > fo(zk) +€llzr — 2zi||, if the point xp ¢ C (3)

Then z € C.

For a given point « ¢ C and the rule P : R* — C let we denote
Ap(z,e) = max(0,(fo(z) + ¢llz — z|| — fo(x))/hT(z)), where z = P(x),
)\P(e) = sup{/\p(aj,s),x ¢ C}

Let some converging algorithm A be used to solve the problem (2). For
the exact penalty coeflicients are not known in advance, their values will be
specified (increased) in the course of the algorithm. Let Ay be a value of the
coefficient A at the iteration k. For k = 1 the value Ay > 0 is given. The
algorithm A uses the value A\ to find the point zj at the iteration k. If in the
point zj, the inequality (3) is fulfilled at A = Ag, let put A1 = Ag, otherwise
Ag+1 = Ap(zk,e) + R, where R > 0 is a fixed given parameter.

Relations (3) are fulfilled, if A > Ap(e), and the number of corrections for
the coefficients A\ will be finite, if Ap(e) < oo.

The use of penalty functions with too high values of penalty coefficients
leads to problems related to rounding errors, worsening of the convergence
of optimization algorithms. For this reason the value Ap(e) is an important
characteristics of the rule P.

For z ¢ C,yo € C we denote mc(z,yo) the point of intersection of a
segment [z, yo] with a border of the set C.

Theorem 1. Let a set C be bounded, a function f be Lipshitz continuous
on C, and a point yo € C, h(yg) < 0, P(x) = wc(x,yo) be given for x ¢ C.
Then Ap(g) < oo.

The rule P(z) = o (x,yo) gives rather efficient procedures to specify the
penalty coefficient, but under unfortunate choice of the point yg the values
of penalty coefficients may become rather large.



Orekhov A. 33

The ways to improve the rule P are considered. An analogous approach
for finding penalty coefficients of the function ®4(x) = fo(z)+> iv, Bifi (z),
and application in decomposition schemes in variables for block convex
programming problems are also discussed. The proposed approaches do
not require complex solutions of auxiliary problems. In the case when the
functions of the initial problem are not defined on the whole space of variables,
it is proposed to use convex extensions of functions.
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Undifferentiated Optimization of Data Sample
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Any single statistical observation of an object can be considered as an
element of a data sample extracted from the general sample (statistical
population). In this observation we explore quantitative or qualitative
variables. Among the variables we distinguish the control variables and target
ones. Control variables have a known distribution in the general sample.
Target variables have an unknown distribution in the general sample. The
distribution law in the general sample is called theoretical. The distribution
law in the data sample is called empirical. The variables appear to be control
if they are invariant to the objectives of the study. If there are many variables,
they can be regarded as a multi-dimensional random value with a joint
distribution law. A sufficient condition for the reliability of the sampling
results is the conformity of the sample structure with the structure of the
general sample. Such data sample is called “representative” or “unbiased”.
The distribution for any subset of observable variables (including controls
variables) is called marginal. The phenomenon when the structure of the
data sample is different to the structure of the general sample, is called “data
sample bias”. Errors occur in sampling because of a bias of data sample. The
natural desire is to obtain a representative sample computational methods.
“The correction of data sample” is a procedure for adjusting the data sample
structure in accordance with the structure of the general sample.
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In 1940, Deming W.E. and Stephan F.F. proposed an algorithm to correct
the data obtained during the US Census [1]. This algorithm got the name
“Tterative Proportional Fitting” (IPF) [2]. The first article on the convergence
of the IPF algorithm was published in 1942 [3], but a complete and rigorous
proof of convergence of the IPF for positive numbers was given only in
1970 [4].

Nowadays IPF is mostly used to adjust data samples in sociological,
marketing or other statistical researches with qualitative variables. However,
this method, like all the others, known by now, has a significant drawback:
it “corrects” empirical laws of distribution, but not the data sample.
Consequently, it becomes impossible to obtain such important characteristics
of the sample as various kinds of marginal laws for the joint distributions of
target variables.

This article discusses the algorithm to correct data samples, rather than
empirical laws of distribution in a sample.

Suppose that in a single statistical observation we explore s+ r variables.
We put them in a line ordered set, (Xi,...,Xs, Y7,...,Y;), where the

variables X1,..., X are control variables, and Y7,...,Y, are target ones.
We assume that any X (1 < k < s) and any Y;(1 < | < r) are
one-dimensional variables and have finite spectrum: {xj,x?,...,x3*} and

{yll,le,...,ylﬁ‘} respectively. We define vector Z. Components of Z are
indicators of the spectral values of variables X (1 < k < s) and
Y (1 € I < r). Indicators of spectral values X} and Y, we denote as
{z}, 23, ..., 2"} and {y}, y7, . .. ,ylﬁl} respectively.

If we introduce the notation

a1 +...+as=n; Bi+...+ 8. =m. (1)
According to (1) vector Z can be represented as:

Z:('Ilax27"'7xnay17y27"'aym)' (2)

All components of Z have a Bernoulli distribution.

The set of control variables and the set of target variables do not
intersect. It is reasonable to formally “delimit” the corresponding random
variables. The vector Z belongs to the linear space R"*™, with basis vectors:
e1=(1,0,...,0), e3 = (0,1,0,...,0),...,ensm = (0,0,...,1).

We present R"™ as a direct sum of linear subspaces: R"*™ = X @Y,
where the subspace X is the linear span of the vectors eq,...,e,, and the
complementary subspace Y is the linear span of the vectors e,y1,...,€ntm.
From R"™™ = X@Y it follows that Z = Z* + ZY¥ where Z* is the
projection of Z on X, and ZY projection of Z on Y. Z* is the vector control
variables, ZY is the vector of the target variables.
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By P = (p1,---,Pn,Pnt1s--sPn+m) we denote vector of events
probabilities z; = 1 and y; = 1 that is, p; = P(z; = 1), pnyj = P(y; = 1).
Projections of P to the subspace X and Y are respectively a given vector
P* = (p1,...,pn) and an unknown vector PY = (pp11,-- -, Pntm)-

Let us consider sample {Z;} | = {Zy,...,Zn}.

The random vector of this sample has the form (2), its components x;
(1 <i<n)orwy (1<j< m)are indicators of spectral values and
have a Bernoulli distribution. Indicators z; (1 < ¢ < n) correspond to the
control variables, and the indicators y; (1 < j < m) correspond to the target
variables.

By W = (w1,...,Wn, Wnt1,-..,Wntm) we denote a vector whose
components are the relative frequencies of random events z; = 1 and y; = 1.
These components define the empirical probability of events X, = x§

and Y; = yf for a corresponding one-dimensional variables X and Y.
Projections of W on mutually complementary subspace X and Y are vectors:

WX = (wy,...,w,) and WY = (Wp41,..., Wnim),

all components are known.

One of the main objectives of a sample survey is to approximate the
unknown vector PY through statistical estimates. These estimates are the
components of a random vector WY. Since the empirical distribution of the
target variables depend on the distribution of control ones, the accuracy of
this approach is the higher, the less is the difference between coordinates of
vectors P* and W¥*.

Definition 1. A number 6 > 0 is called the bias of data sample by the
control variable Xy, if 6, = max |w; — p;| where the maximum is defined
for the set of natural indices i, satisfying the inequality

14+... a1 <i<ar+...+ ag.

Definition 2. A number ¢ > 0 is called the index of representativeness of
data sample for control variables X1, ..., Xs, if ¢ = max(6y,...,0s).

Note that the index of representativeness is equal to the maximum bias
of the data sample over all control variables.

Again, consider the data sample {Z:}N., ={Z,...,ZN}.

Let § be a given positive number.

Definition 3. A data sample {Z;}¥ , is called representative, for the control
variables X1, ..., X, if its index of representativeness ¢, satisfies € < 4.



36 Orekhov A.

An algorithm is called randomized, if the execution of one or several
iterations relies on a random rule [5]. Optimization of data sample carried
out with a randomized algorithm can not be differentiable.

If the components of a random vector of the data sample subject to the
Bernoulli distribution, the correction of the data sample can be performed
with a randomized algorithm.

We describe this algorithm (RAAS) [6].

The following data is assumed to be known. The law of distribution
of control signs P* in the general sample. The upper bound index of
representativeness ¢, data sample {Z;}¥ ;. We need to adjust the data sample
{Z.}}Y | such that its index of representativeness ¢ obey inequality ¢ < 4.

RAAS 1. [Write P* ]

RAAS 2. [Write §.]

RAAS 3. [Write {Z:}Y ]

RAAS 4. [Calculation of W*.| Calculate the empirical probability of control
variables in the data sample {Z;}¥ ;.

RAAS 5. [Finding the maximum bias (a index of representativeness).|
Determine the spectral value of a control variable such that max |wy —pg| = €
(1 < k < n). If there are several spectral values, for which max |w — pi| = €,
then randomly select any one of them (here we use any of standard algorithms
with random number generator). Let it be component i for vectors W*
and P*.

RAAS 6. [Comparison with §.] If £ < 4, then go to RAAS12, else proceed
to RAAST.

RAAS 7. [Comparison with 0.] If w; — p; > 0, then go to RAASS, else
w; — p; < 0 then go to RAAS10.

RAAS 8. [Delete.] Randomly delete some vector Zg, where component
z; = 1 from a data sample. Here, just as in RAAS5, we can use any of
standard algorithms, comprising a random number generator.

RAAS 9. [Go to RAAS4.]

RAAS 10. [Duplicate]. Randomly duplicate some vector Z;, where
component z; = 1 from a data sample . Here, just as in RAAS5, we can
use any of standard algorithms, comprising a random number generator.
RAAS 11. [Go to RAAS4.]

RAAS 12. [End of the algorithm.]|

The reason for the use of this algorithm is the fact that at an increasing
volume the data sample hypergeometric distribution become less and less
different from the binomial distribution. If the volume of the general sample
tends to infinity then there is no significant differences between repeated
and the repetition-free data samples. Therefore, when the size of the data
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sample is much smaller than the volume of the general sample, the empirical
probability in a repetition-free sample will be little different from the
empirical probability in a repetition sample.

At each iteration, a randomized sample data correction algorithm will
form a new data sample and new vector W. Getting a new data sample is
random a event which denote Q. Random event Qi we associate index of
representativeness €y.

Consider the sequence: €21,...,Qy, ...

These random events assign the two-element set of outcomes {C, B},
where C is an event €, < i1, and the outcome of B is an event e, > €p41.

Since the probability C, or B depends only on the type of data sample in
a given time and does not depend on previous states, the sequence of random
events 2,...,Qy,... is a inhomogeneous Markov chain with set of states
{C, B}.

In the computational experiments, we obtained the following results.

If the sample size is two orders greater than the number of control
variables, the submitted randomized algorithm “converges asymptotically”,
in the sense that the maximum bias of the sample though not monotonously,
but reduces.

The index of representativeness of €}, stabilized around 10~2. With these
values ¢, all elements of the transition probability matrix of the Markov chain
corresponding to this algorithm, tend to 0.5. Thus random events C' and B
are almost equally probable.

Methods of successive approximations are divided into two types of
relaxation and nonrelaxation ones. The method is called relaxation, if the
“object function” at the next step is less than at the previous step [7].
If you use a randomized algorithm, the sequential approaching of the
empirical distribution of spectral values to their theoretical distribution is
nonrelaxation.
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On the Passage from Local to Global Optimization: New
Challenges in Theory and Practice
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Large scale problems in the design of networks and energy systems,
biomedicine, finance, and engineering are modeled as optimization problems.
Humans and nature are constantly optimizing to minimize costs or maximize
profits, to maximize the flow in a network, or to minimize the probability
of a blackout in the smart grid. Due to new algorithmic developments and
the computational power of computers, optimization algorithms have been
used to solve problems in a wide spectrum of applications in science and
engineering. In this talk I am going to address new challenges in the theory
and practice of optimization. First, we have to reflect back a few decades to
see what has been achieved and then address the new research challenges and
directions.
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We consider a variational inequalities with Lipschitz continuous pseudo-
monotone operators. Quite a number of operational research problems
in applications can be stated in this form. We propose new variant of
mirror descent method (mirror-prox algorithm) for solving the variational
inequalities. This method can be interpreted as the modification of two-step
Popov algorithm [9] with the projection onto the feasible set in the sense
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of Bregman divergence. Our method, like other mirror descent schemes, can
effectively take into account the structure of the feasible set of the problem.
The main theoretical result is the proof of the theorem about the convergence
of the method.

In 1980, L. Popov [9] proposed very interesting modification of Arrow—
Hurwicz scheme for approximation of saddle points of convex-concave
functions in Euclidean space. Under some suitable assumptions, L. Popov
proved the convergence of this method. In recent works [4, 5, 6] proved the
convergence of Popov algorithm for variational inequalities with monotone
and Lipschitz operators in infinite-dimensional Hilbert space, and proposed
some modifications of this algorithm. Euclidean distance and projection were
used in all these methods. And often this does not allow to take into account
the structure of feasible sets and solve problems effectively. A possible solution
to the situation is a more flexible selection of the distance for projection onto
the feasible set. One of the first successful implementations of this strategy
is the work of L. Bregman [2] proposed a cyclic non-Euclidean projection
method for finding a common point of convex sets. This work has opened
the wide scientific field in mathematical programming and nonlinear analysis.
The mirror descent method was proposed in the late 70-ies of the last century
by A. Nemirovski and D. Yudin for solving convex optimization problems [7].
Since then the method has been widely used for solving large-scale problems
[1]. For problems with constraints this method can be interpreted as a variant
of the subgradient projection method when projecting is understood in the
sense of Bregman divergence (Bregman distance) [1]. The mirror descent
method allows to take into account the structure of feasible set of optimization
problems. For example, for the probability simplex we can use the Kullback—
Leibler divergence that is the Bregman divergence built on negative entropy.
And then we have explicitly calculated projection operator on the simplex
[1]. Versions of the mirror descent method for solving variational inequalities
and saddle problems based on the Korpelevich extra-gradient algorithm are
studied in [3, 8]. These includes also stochastic methods [3].

For finite-dimensional real vector space F, we denote by E* its dual. We
denote the value of a linear function @ € E* at b € E by (a,b). Let ||-|| denote
some norm on E (not necessary Euclidean).

Let C' be a nonempty subset of space E, A be a operator, that acts from
FE to E*. Consider the variational inequality problem:

find = € C such that (Az,y—z)>0 VyeC. (1)

The set of solutions of the problem (1) is denoted S.
Assume that the following conditions are satisfied:

e the set C' C F is convex and closed;
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e operator A : E — E* is pseudo-monotone and Lipschitz continuous with
a constant L > 0 on C

e the set S is nonempty.
Recall, that operator A on the set C is called pseudo-monotone if for all

z,y € C from (Az,y — x) > 0 follows (Ay,y —x) > 0.
We will set the construction necessary for algorithm formulation. Let

function ¢ : E — R = RU {400} satisfies the condition [3]:

e o is continuous and convex on C. Particularly, the set C° =
{reC: 0p(x)+# @} is nonempty;

e (o is regular on C°, i.e. subdifferential dp on the set C° has continuous
selector V;

e function ¢ is strongly convex with respect to the chosen norm ||-|| with
constant of strong convexity o > 0:

p(@) 2 e b) = (Ve b),a—b)+ 2 la—bl° VaeC, bec.

Such functions are called distance generating functions [3].

The Bregman divergence associated with ¢ is defined as d (a,b) = ¢ (a) —
@ (b)— (Ve (b),a—b)Ya € C,be C° Consider two main examples. If ¢ () =
i ||||§, where |||, is Euclidean norm, we will have d (z,y) = 3 ||z — y||§ For
probability simplex S,, = {z € R™: z; >0, >.", x; = 1} and negative
Boltzmann—Shannon entropy ¢ (z) = Y v, x; Inz; (it is strongly convex with
respect to the ¢1-norm on S,,) we obtain Kullback—Leibler divergence (KL-
divergence)

m
ey
d(z,y) = inln—z, x €Sy, yeri(Sy) .
i=1 Yi
Suppose, that we have an ability to solve effectively following strongly
convex minimization problems:
7z (a) = argmiél{— (a,y —x)+d(y,x)} VaeE*, ze€C°.
ye
Operator m, : E* — (C° is called proz mapping. The point 7, (a) in

Euclidean case coincides with Euclidean metric projection Pe (x4 a) =
arg rnig lly — (x + a)||,. For probability simplex case S,, and KL-divergence
ye

we have [1]

(a) r1e™ Toe2 Ty etm™

T (@) = m ) = ye s oM
Lo Qg .pQj
Zj:l Zje™ Zj:l Tje™ Zj:l Tie™

Let us describe the Mirror-Prox Algorithm for problems (1).

),aeRm, x €ri(Sm) .
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Algorithm 1. Mirror-Prox Algorithm for Variational Inequalities

Choose initial points 1 € C°, y; € C, and number A > 0. Generate the
sequence of elements z,,, ¥, using iterative scheme

Tp41 = Ty, (7/\Ayn) )
Yn+l = Tzpqy (=M Ayn) .

Ifo()=3 ||H§, then Algorithm 1 takes the form [4, 5, 9]:

{ Tn+1 = Pc (xn - )\Ayn) ,
Yn+1 = Po (Tnt1 — Ayn) -

Consider the variational inequality on the probability simplex:
find x € S,, such that (Az,y—z)>0 VyeS,.

If we choose KL-divergence we obtain the next version of Algorithm 1:

Gl oten(=A(Ayn),) 1 m
‘ Ty exp(=A(Ayn),) N
n+1l __ w?+1 exp(f/\(Ayn)i3 -1

Yi o Z;n:1 "E;'L+1 exp(_)\(Ayn)]‘) ’ T

where (Ayy); € R is i-th coordinate of vector Ay, € R™, A > 0.
Notice, that if for some n € N the equality is fulfilled

Tn+l = Tp = Yn (2)

then y, € S and the following stationarity condition holds zx = yr = yn
Vk > n. Further, we assume that for all numbers n € N the condition (2)
doesn’t hold.

Lemma 1. Let sequences (z,), (y,) be generated by the Algorithm 1,
and let z € S. Then, we have

d(z,xpy1) < d(z,2p) — (1 — (1 + \/5) )\LU_1> d (Yn, Tn) —
- (1 - \/iALafl) d(Tng1,Yn) + ALo d (2, Y1) -

Now we can formulate the main result.

Theorem 1. Let C C E is nonempty convex closed set, operator A :
E — E* is pseudo-monotone and Lipschitz continuous with a constant L > 0
and S # @. Assume that A € (0, (v2 — 1) 0L~!). Then sequences (), (yn),
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that generated by the Algorithm 1, converge to the solution zZ € C' of the
problem (1).

In one of the future work we plan to consider a randomized version of
Algorithm 1 and carry out the corresponding convergence analysis. It will
help to have a progress in using this variant the mirror descent method
for solving variational inequalities of huge size. Randomized versions of the
mirror descent method, based on the extra-gradient algorithm are studied
in [3]. Also it is interesting to obtain similar results for the equilibrium
programming problems [4]. In conclusion we note that, in our opinion, the
proposed Algorithm is promising for the further investigation and can be
used in practical applications.
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Consider the following problem

(P): (1)

fo(x) l min, x €S C R,
fi@) <0, iel={1,...,m}
where functions g;(-), h(-), i € {0} U I, are convex on IR", a set S C IR" is
convex as well [8, 12, 13].

Introduce the l.-penalty function [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 14, 15]

W) = max{0, fi(@), -, fn(0)} = max{0; fi(a)i € T} (2)
Furthermore, consider the penalized problem as follows (o > 0)
(Py): O, (2) = fo(z) + oW (z) | min, €S (3)

As well-known (3, 4, 5, 6, 7, 8, 10, 11, 14, 15|, if z € Sol(P,), and z € F :=
{z € S: fi(x) <0, i € I}, then z € Sol(P). In addition, if z € Sol(P),
then under supplementary conditions [1, 9, 12] for some o, > 0, 0, = ||A:]1
(where A, is the KKT-multiplier vector corresponding to z), the inclusion
z € Sol(P,) holds. Moreover [12, 13], Sol(P) = Sol(P,), so that Problems
(P) and (P,) turn out to be equivalent Vo > o..

It can be readily seen that the penalized function 0, (-) is a d.c. function,
since the functions f;(-), ¢ € I U {0}, are as such. Actually, since o > 0,

@a(x) = Go(x) - Ha($)7 (4)
H,(z) := ho(x) + O'Z hi(z), (5)
iel

Ga@) = @a(x) + Hcr(x) = 90(95) +

m Ve
omax d S () maxlgi(e) + 3 b)) b (6)
i=1 jeI

It is clear that G,(-) and H,(-) are convex functions.
Let be given a starting point 2° € S and the current iterate z° € S.
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Consider the convex linearized problem

(PoLi):  ®op(x) := Gy(x) — (VHy(zF),z) | m:gn, z €S (7

Then, we can find a next iterate z**! € S by solving Problem (P, L)
approximately, so that the following inequality holds:

Gy (zM) = (VH, (z%), 2" 1) =6, < iI;f{Ga(I)7<VHa(J?k),Z> | z € S}, (8)

where

oo
020, k=0,1,2,..., Y & <+oo, (9)
k=0

so that 0y, is the accuracy of solving Problem (P,Ly).
Denote by Vi := V(P,Lyi) := inf{®y(x) | z € S} the optimal value of

Problem (P, Ly). Then the inequality (8) can be written as follows
(ng(karl) < Vi + 0. (8/)

We investigate the asymptotical convergence of the scheme (local search
method (LSM) (8)—(9)).

Proposition 1. Suppose V(P) > —oo. Then the sequence {x*} C S
produced by LSM (8)—(9) satisfies the following conditions.
(A) The number sequences {01 := Oy (xF)}, {A®y 1= &y (2F) — Ppp(xFH1)}
converge $o as

lim O, := O, = V(P). (10)
k—oo
lim A®,; = 0; (11)
k— o0
(B) lim |V, — @k (2"11)| = 0. (12)
k— o0

Theorem 1. Suppose, the sequence {z*} produced by LSM (8)—(9)
converges to T, € S.
Then, the limit point x, is a solution to the following linearized problem

(PoLy):  Pou(x) :=Go(x) = (VHy(x4),z) L min, x € S. (13)
From Theorem 1 one readily derives that {z.} satisfies the classical
optimality condition

0n € 0Gs () — VHy(24) + N(z4|9),
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where G, () is the (convex) subdifferential of G,(-) at x., and N(z.|S) is
the normal cone to S at z.: N(z.]S) ={y € R" | (y,x —z.) < 0Vz € S}.
One can easy show that the inequality

@Uk(xk) — (I)gk(l‘k-H) < (14)

-
2
can be used as a stopping criterion.

Theorem 2. Let a limit point x. of the sequence {x*} produced by LSM
(8)—(9) is feasible in Problem (P).

Then, the point x, turns out to be KKT-point in the original Problem
(P) with the Lagrange multipliers Ao = 1, A\; = p;, © € I, where p;, i € I,
are Lagrange multipliers of the auziliary (linearized at x.) convex problem

(PsLy).
Now we change a computational scheme for variation of penalty parameter
o > 0 at every step kK = 1,2,..., in order to take into account the results

of computation, first of all, the feasibility of the point 2**! € S (see also
[16, 17, 18]). Besides, we aim at the feasibility of 2**! at the final stage of
computational solution.

For this purpose, consider the problem

(PLy): Gr(z) — (VHy(z"),z) | min, € S, (15)
where G (z) = G,, (z) and

Hy(z) := Hy, () = ho(z) + 0% »_ hi(2). (16)

el

One can see that, under condition of finite number of changes of penalty
parameter, Theorems 1 and 2 stay valid.

In addition, the computational process of consecutive solution of Problem
(PLy) converges to a KKT-point of the original Problem (P).

First computational testing results show effectiveness of developed
approach.

This research is supported by the Russian Science Foundation (project
No. 15-11-20015).
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Interval Regularization, Recognizing Functional, and
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Interval analysis suggests many special methods to deal with uncertainty,
approximation, rounding problems [1, 2, 3, 4, 5, 6, 7].

We consider solutions of the linear algebraic systems of equations Az = b,
where A = (a;;) is an m x n-matrix and b = (b;) is an m-vector of the right-
hand side, under interval uncertainty of its elements. In other words, it is
supposed that the memberships of a;; and b; in some intervals are known a
priori:

aij € @i = [a;;, ], b € by = [by, bi]
foralli = 1,2,...,m,j = 1,2,...,n, where boldface letters denote
intervals according to the informal notation standard [8]. So, we consider
imprecise systems of linear algebraic equations Az = b as interval linear
algebraic systems of equations

Az =0, (1)

with an interval m x n-matrix A = (a;;) and an interval right-hand side
m-vector b = (b;).

There exists the interval regularization procedure for solving (1) as a
model of Ax = b imprecise system. In this procedure we need to find points
from the tolerable solution set [11, 12, 13], frequently encountered in various
practical computational problems:

Eroi(A,b) ={z € R"[(VA € A)(3b € b) (Az =1b)} =
={z € R"| (VA € A)(Az € b)}.

The theoretical basis of the interval regularization is the fact that the
tolerable solution set is "the most stable” among the solution sets to interval
systems of equations. For example, the tolerable solution set is considered
in [9, 10] as a kind of "regularizing tool” in the solution of sensitive and ill-
conditioned Ax = b systems, when one needs to “smooth” somehow the effect
of the changes in the solution caused by inaccurate data.

The tolerable solution set Z;, (A, b) may be empty even for common
interval data A and b (see [12]). To resolve this problem, one may inflate
(artificially extend) the right-hand side vector b of the interval system to get
a non-empty tolerable solution set.

Definition 1. A point of the tolerable set Z;y; (A, b(v)), where the
modified right-hand side vector b(v) = [b—v, b+v], v > 0, that corresponds
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to the minimal extension of the right-hand side of the system of equations, is
called the best possible tolerable pseudo-solution of the original system (1):

v* = 1inf{v | E (A, b(v)) # o}.

Computational method to finding the best possible pseudo-solution of the
system of equations (1), which is due to V.A. Golodov and A.V. Panyukov
[9, 10], is based on the J. Rohn’s theorem [11] about characterization for
the tolerable solution set. In this method, the solution z* = [b — z[b|, b +
2|b|] is defined as the solution of the linear programming (LP) problem with
4n 4+ 1 constraints. The resulting LP problem is nearly degenerate, so the
authors suggested and implemented simplex method with high precision of
the calculations, based on [14].

In this article we proposed another approach for finding the best possible
tolerable pseudo-solution of the system (1). Our method uses recognizing
functional technique, developed by S.P. Shary [5, 12].

Recognizing functional proposed by S.P. Shary [12] for an interval' m x n-
matrix A and an interval right-hand side m-vector b Tol : R™® x IR"™*" x
IR™ — R is defined as

1<ig<m

Tol(x, A, b) = min < radb; — |midb; — Zaijscj ,
J

where rada = %(d — a) is a radius of the corresponding interval, mida =
3(@a-+a) is a midpoint of the corresponding interval, and |a| = max {|a/, |a|}
is an absolute value of the interval a. If the interval variables are fixed and
the functional Tol is considered only as a function of x, then it is written
as Tol(x), omitting the occurrences of the interval matrix A and interval
vector b.

Theorem 1. [12] The membership of a point z € R™ in the solution set
o1 (A, b) to the interval linear system Az = b is equivalent to non-negativity

of the functional Tol in x:
x € Zio1(A, b)if and only if Tol(x, A, b) > 0.

In other words, E4(A, b) = {z € R™|Tol(z, A, b) > 0}.

Theorem 2. [12] The functional Tol(z) is concave and attains a finite
maximum on all of R™.

Both of these theorems and the correction procedure of the linear
tolerance problem from [12] (section 5) give us the algorithm for solving

1'We denote the set of all closed real intervals (one-dimensional boxes) as IR.
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interval regularization problem with recognizing functional technique. Let
Etoi(A, b(v)) = &. The algorithm will look like the following.

Step 1. Non-smooth optimization. Find the global maximum of this
recognizing functional:

max Tol(z, A, b) = Tol(z*, A, b) =T. (2)
z € R™
Step 2. Right-hand side vector correction. It is clear now that the

best possible tolerable pseudo-solution of the system (1) is equal to |7
Indeed, max Tol(x, A, b+v[-1,1], ..., [-1, 1])T) = v+ max Tol(z, A, b) =
x € R™ xr € R®

v+ T. Then, to satisfy v +T > 0, it is necessary that v > |T|. And v* = —T.

So, we replaced the linear programming problem to the convex non-
smooth optimization (NSO) problem (2). Note that, in this special case,
convex unconstrained optimization problem (2) is not much harder than
nearly degenerate LP problem with 4n + 1 constraints (for further
information see the pioneering work of A. Nemirovksii and D. Yudin [15],
Yu. Nesterov’s lectures [16], and, for example, [17]). Both of these problems
(LP problem is not in integers) have polynomial time algorithms, the last
statement is not true for the simplex method, because it has exponential
computational complexity in the worst case, as shown by the example of
Klee and Minty from 1972.

Since the interval regularization problem can be very huge-scale in
practical applications, it is suggested to use the separating plane (SP)
methods (SPACLIP [19], SPACLIP-S [18]) for its solution (on the Step I.
"Non-smooth optimization” of our algorithm). SP methods [20, 21, 19,
18, 22] were created for solving unconstrained problems of multidimensional
convex non-smooth optimization. These methods do not require additional
information on the internal structure of the function being optimized. So,
SP methods are the representatives of the so-called black-box optimization.
At the same time SP methods can be classified as bundle methods, but with
an important theoretical feature. Methods work in the extended conjugate
space of subgradients and the Legendre-Fenchel conjugate of f(z) f*(g9) =
sup {gx — f(z)}. More precisely, SP methods replace the problem (2) with

x

computing the corresponding Legendre-Fenchel conjugate function at the
origin of the conjugate space. As the investigations of SP methods showed,
this idea of replacement increased the practical rate of convergence.

The test problem taken from [9] was to find the best possible tolerable
pseudo-solution for the system of interval linear equations Ax = b with
Hilbert interval matrix A = (a;;) and the point (non-interval) right-hand side

vector b such that a,;; = [23_1;?’ :Srl;r_‘? ,b=(1,1/2,...,1/(n—1), 1/n)T.
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We compare the SPACLIP method with N.Z. Shor’s r-algorithm [23]
when solving interval regularization problem. Our experiments showed that
SPACLIP outperforms the other considered methods in a case of the given
accuracy eps > 1076 or large scale of the matrix A (100 x 100 and greater).

So, interval regularization problem can be solved practically not only
as a related linear programming problem but as a convex non-smooth
optimization problem. The last way may be the only one for finding the
solution in a case of large- and huge-scale problems.
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A cutting method (e. g., [1-2]) is proposed for solving convex
programming problem. For constructing iteration points this method
approximates an epigraph of the objective function and a feasible set
by some polyhedral sets. The method is characterized by the fact that
during constructing approximating sets there is some opportunity of
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dropping cutting planes. Convergence of the method is proved, discuss its
implementations.
Let f(z), F(x) be convex functions defined in n-dimensional Euclidian
space Ry,
D={ze€Ry: F(z) <0}.

We solve the following problem:
min{f(x) : x € D}. (1)

Suppose f* = min{f(z) : z € D} > —oc0, X* = {z € D : f(z) = f*},
z* € X*. Let 0f(z), OF(x) be subdifferentials at the point x € R,, of the
functions f(z) and F(z) respectively. Assign D. = {x € R, : F(z) < ¢},
X*(e)={zeD: f(x) < f*+¢}, where € > 0, epi(f,G) = {(x,7) € Rnt1:
x € G, v= f(x)}, where G C Ry, K ={0,1,...}.

The method is proposed for solving problem (1) as follows. Choose convex
closed sets My C Ry, Gog C Ry41 such that

LS M07 epl(f7 Rn) - G07

and for any point (z,v) € Go, where x € My, the inequality v > 5 > —o0 is
determined. Select numbers ey > 0, g > 0, and assign ¢ = 0, k = 0.
1. Find a point (y;,v:), where y; € Ry, v; € Ry, as solution of the problem

min{y : z € M;, (z,7) € G;}. (2)

If y; € D and f(y;) = 7i, then y; € X*, and problem (1) is solved.

2. If y; € D and f(y;) — v < Ok, then it follows that y; € X*(d),
and minimization process is finished by finding Jx-solution or go to Step 3.
Otherwise, go to Step 3.

3. Choose a finite set B; C df(y;), and in case of y; ¢ D select a finite
set A; C OF (y;).

4. The set M, is constructed by the following rule. If y; € D, then assign

Mt = Qi = M;.
Otherwise, assign
My = Q; m{:r €Ry: F(y) + {a,z —y;) < Va € A;},
where Q; = M; in case of y; ¢ D,, or

yleDEk\Dv f(yl)771>6k7
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and @; is chosen as a closed and convex set according to conditions
Qi C Mo, =" €Qy, (3)

in case of
vi € Do, \ D, f(ys) —vi < k-

5. Construct the set G;1;1 as follows

Gipr = Si[ W(2,7) € Rug : f(yi) + (bx —y:) <y Vb€ By},

where S; = G in case of y; ¢ D., or

yieDEka f(yz)_’yi>5k7
and S; is chosen as a convex and closed set in accordance with conditions
Si g G07 epl(f7 Rn) - Sl (4)

in case of
Yi € Deyy  f(yi) — 7 < Ok (5)
6. If the point (y;,7;) satisfies condition (5), then assign i = ¢,

Tk = Yins Ok = YVigs (6)

determine numbers €11 > 0, dxr1 > 0, increment k& by one and go to Step
7. Otherwise, immediately go to Step 7.

7. Increment ¢ by one and go to Step 1.

It is obtained that problem (2) can be solved for any ¢ € K. Stopping
criterion which is introduced into Step 1 of the method and criterion which is
formed in Step 2 for determining d-solution of the initial problem are proved.

It is clear that problem (2) is linear programming problem for any i € K
in case of defining sets My, Gy by polyhedra. It is obtained that if the set D
is determined by linear functions, then M; can be constructed by the form
M; = D for all i € K. If the function f(z) is determined by maximum of
linear functions, then during constructing the set G; it is possible to assign
G; = epi(f,Ry) for all i € K.

Mentioned updates of approximating sets M;, G;, i € K, can be performed
by choice of sets @; and S; in Steps 4, 5 according to conditions (3) and (4)
respectively. Discuss specific ways of constructing sets Q;, .S; in cases (3), (4).

Assertions are represented concerning convergence of the described
method in case of constructing sets @;, S; for all ¢ € K by way Q; = M;
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It is obtained that during constructing the sequence {(y;,7;)} for each
k € K there exists a number i = i) such that condition (5) is determined.
Thereby it is proved existance of the main sequence {(zg, o)}

Theorem. For any limit point (Z,5) of the sequence {(xg,o)}
expressions T € X*, ¢ = f* are defined.
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Simplex-Like Algorithms for Linear Semidefinite
Optimization
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At present the most popular numerical methods for solving linear semi-
definite programming problems are interior point techniques. Nevertheless
there are some methods which are generalization of well-known primal
simplex method for linear programming [1], [2]. In this paper we consider
the other variants of primal and dual simplex-like algorithms for linear
semidefinite optimization [3], [4].

Let S" denote the space of real symmetric matrices of order n, and let
Si denote the cone of positively semidefinite matrices from S". We right also
M = 0 to mean that M € Si. The scalar (inner) product of two matrices M;
and M from S" is defined as the trace of the matrix M; M, and is denoted
by M, e Ms. The dimension of S™ is equal to so-called n-th triangular number
na =n(n+1)/2.

The linear semi-definite programming problem is to find

min C e X (1)
Aje X =V, i=1,...,m X>0,

where C € S" and 4; € S", 1 <i < m, are given. The matrix X € S" is a
variable.
The dual problem to (1) has the form

max bTu, )
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where b= [b',...,b™], V € S". We assume that the matrices 4;, 1 <14 < m,
are linear independent. We assume also that both problems (1) and (2) are
nondegenerate, i.e. all feasible points are nondegenerate.

The optimality conditions for problems (1) and (2) are as follows

XeV =0,
A;e X =b, 1<i<m, 3)
V:C*Z;ilui/li,
X=0, V=0

Later on we will use the equivalent form of optimality conditions (3) based
on vector representation of matrices.

Let vechX denote the direct sum of parts of columns of X € S" beginning
with the diagonal entry. The dimension of vechX is equal to na. The
operation svecX is defined similarly. It differs from the preceding operation
vechX only in that the off-diagonal entries of X are multiplied by v/2 before
placing into svecX. Then the optimality conditions (3) can be rewritten in
the vector form as

(svecX,svecV) = 0,
AgpecsvecX = b, (4)
svecV = svecC — AT u

svec ™

where angle brackets indicate the Euclidean inner product in finite-dimen-
sional vector space, and Ay, denotes the m x na matrix with svecA; as its
rows, 1 < ¢ < m. Matrices X and V must be positively semi-definite.

The primal and dual simplex-like algorithms for (1) and (2) can be
considered as special ways for solving the system of optimality conditions

(4).
1) The primal simplex method. Let .%p be the feasible set in problem
(1), and let for X € #p we have

X = @Diag (n',...,7",0,...,0) Q", (5)

where () is an orthogonal matrix of order n, ni > 0,1 < i< r. We denote
by @p the n X r submatrix of ) formed from the first r columns of Q. We
denote also by Agfgc the m X r o matrix with rows svec QgAiQB, 1<i<m.
Then X is an extreme point of Fp, if and only if the rank of the matrix A2Z,
is equal to ra. Therefore the point X € Fp may be extreme only when the
rank r of X is such that ro < m. We say that the extreme point X € Fp is
reqular if rp = m. Otherwise, in the case where ro < m, we call the extreme
point X irregular. Note that all extreme points of Fp are irregular if m is

not a triangular number.
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At first we consider pivoting in a regular case. Let X be the extreme point
ZFp with the rank r, and let V92 = QLVQp, C9 = QLCQp. Then the
first equality from (4) is fulfilled if

svecV@E = syecC9F — (Aggc)T u=0p,. (6)

This system is a system of m linear equations with respect to m unknowns
u®, 1 <4 < m. The square matrix A%Z_ of order m = r, is non-degenerate.
Solving system, (6) we obtain

u=((A9 )" 71svecC’QB.
((A22)")

If the matrix V(u) = C' — >, u'A; is positively semi-definite, then X
is a solution of problem (1). Otherwise there exists the eigenvalue 6% < 0
of V(u) with the corresponding eigenvector hy. The point X is updated in
accordance with the following formulae

X =X +aAX, AX =QpAZQL + hih}, (7)
where a > 0 is a step-size, and the matrix AZ € S" satisfies to equations
A; e [QpAZQL + hyhi] =0, 1<i<m.

The value of objective function C' e X in the updated point X is less than in
the previous point X, namely

CeX=CeX+ab<CeX. (8)

The step-size « is chosen in such a way that the updated point X is an
extreme point of Fp too.

In the case where the extreme point X is irregular the system (6) is
underdetermined. Therefore we take the normal solution

u= A9 {(AgjiC)T A?fec} B svecC9E

The matrix AX in (7) is replaced by the following one

ax=aml | 47 Y | 1@e

where the vector w is chosen by a special way in order to preserve the formulae
(8). Here we suppose in addition that m = ra +p with 0 <p < r.
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2) The dual simplex method. Denote by .#p the feasible set at
problem (2), i.e.

m
ﬁpz{ueRm: C—ZuiAitO}.

i=1
Let u € .Zp, and let the rank of the matrix V(u) = C — /" | u*A; be equal
s. Then the point u is an extreme point of .Zp if and only if s < na —m.
In the case where this inequality is fulfilled as equality, we call u a regular
extreme point. Otherwise, when sa < na —m, we say that u is an irregular
extreme point.

We assume that the matrix V' = V' (u) can be represented in the form

V = HDiag (0,...,0,0""",...0") H",

where H is an orthogonal matrix, and r = n — s. The eigenvalues 6%, r <
i < n, are positive. In what follows we need in matrices: V¥ = HTVH,
XH = HTXH, A = HTA;H, 1 < i < m. We denote also by AX__ the
m X na matrix, in which the rows are the vectors svecA;, 1 < i < m.
Consider the case where u is a regular extreme point of of %#p. Thus we
have m = na — sa. Let A, . be the submatrix of A%, consisting of the
first m columns. We partition also the vector svecX? on two parts:

T m na—m
svecXH = [svecBXH,svecNXH] , svecg X e R™, svecy X e R"7™,

The same partition will be used for other na-dimensional vectors.
Assume that svecy X7 =0, A~ —m- Then the equality Asye.svecX = b from
(4) is reduced to
AR svecp X = (9)
Since u is an extreme point, the matrix of this system is nonsingular.
Therefore, solving the system (9), we obtain

-1
svec X = [ (Ag’SCB) b } .

LVAN

If the corresponding matrix X = HXT HT is positively semi-definite, then u
is the solution of (2).

Let X = @QDiag(n)QT, where @Q is an orthogonal matrix, and 7 is a vector
of eigenvalues of X . If the matrix X is not positively semi-definite, then there
exists the negative eigenvalue n* with the corresponding eigenvector qi. Then
we update the point u by setting

i =u— aAu,
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where « is a step-size. The vector Au is satisfied to the following system of
linear equations
(A5

svecn

T
) Au = svecg Q¥ Qf = H qrq} H. (10)

The value of objective function in the dual problem (2) is increased according
to the following formulae

vl = b"u — an® > b"w. (11)

In the case where u is an irregular extreme point of .#p, the system (9)
is underdetermined and we take

1
sveep X = (A2, )" {AiecB (AgecB)T} b

as its solution. On the contrary, the system (10) is overdetermined. Therefore
we apply the other more general approach for finding Au. We pass from the
direction Au in R™ to the direction AV in the space S", for which the
following expression is used

1 T T
s[5 ][ ]

Here Hy is a submatrix of the matrix H, composed from the last s columns
of H, and w = Wy, where the columns w; of the matrix W are such that
g Hyw; = 0. Using the relation AV = 37" Au'A;, it is possible to find
Au, for which the formulae (11) is preserved.

Theorem. Let solutions X, and V., = V(u.) of problems (1) and (2)
be strictly complementary, i.e. for eigenvalues ni and 0° of X, and V. the
following inequalities n + 0% > 0, 1 < i < n, hold. Then the sequences { Xy}
and {uy}, generated by proposed methods, converge to X, and u. respectively.
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A Stable Solution of Linear Programming Problems with
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VYcToiiumnBoe pelieHne 3agad JIMHERHOro
NPOrpaMmMmnpoBaHnNsa C NpuUbAnN>KeHHON mMaTpuueii
ko3 punumneHTos

IIycrn

— mapa B3aMMHO JBONCTBEHHBIX 33/1a4 JuHeitHoro nporpaMmmuposanust (JIIT),
c,x € R" byu € R™ A e M™*" M™*™ — MHOXKECTBO BeIT[eCTBEHHBIX MAaT-
put pasmepa m x n, X (A, b) £ {x| Av = b,z > 0}, U(A,c) = {u|u"A>c"}
— JIONyCTUMBIE MHOYKECTBA YKA3AHHBIX 347144, IPUYEM Pa3PEIIMMOCTD 38,14
L(A,b,c) u L*(A,b,c) B 00mmeM ciydae He OrOBAPUBAETCSL.

IpenmosoxkumM, 9TO cymectByer marpuna Ag € M™*™ rakasi, 9To 3a-
naau L(Ag,b,¢) u L*(Ag,b,c) aBnsiorcss cobcrBennbiMu. ByjieM Ha3blBaTh
marpuity Ag mounoti, marpuity A — npubaustcernnoti, & COOTBETCTBYIOIIAE 3a-
madg JIII - 3amagamu ¢ Toanoit n npubimkenHoi marpunamu. IIpeamonoxkmm,
uTO BRIIONHsAETCA yeaopne [|A — Aol| < p, rae p > 0 — HexoTopas anpuop-
HO M3BECTHAsI KOHCTAHTA, CAMBOJIOM || - || 0603HaveHa eBKINI0Ba MATPUIHASI
HOpMa (B JAJbHEAIINX BBIK/IQIKAX TAKyKe 0003HAYCHA €BKJII0BA BEKTOPHAS
nopma). Cruenysa joruke pabor [1, 2], paccMoTpuM ClIeyIONIYyIO 3a1a9y.

Bamaya Z4 : watimu Ay € M™*"™ 1 € R™, u; € R™ maxue, wmo
HA— A1|| <, x1 € X(Al,b), uy € Z/I(Ahc), CTSC1 = bTul, H£E1||2 + ||'LL1||2 —
min.

DopMyIMPOBKa 3a/1a41 Z 4 JIOIyCKaeT CIeLyIONLyIo COIeprKaTeIbHyIO H-
repuperaiuio: nape 3agad L(A,b,¢) u L*(A,b, ¢) (me obgazaresibHO pa3pemniu-
MBIX) ¢ NPUOJINKEHHOI MaTpuileli A CTaBsTCs B COOTBETCTBUE Pa3peIInMbIe
sagaun L(Aq,b,c) u L*(Aq, b, ¢) c marpuneit A, «6iuskoii» K A B cMbICIe €B-
KJIMJIOBOI HOPMBI PA3HOCTHU YKA3aHHBIX MATPUIL. BEKTOPHI X1 U 4] — PEIEeHns]
YKa3aHHBIX 33J1a4, CyMMa KBaJpaToOB UX eBKJIMJIOBLIX HOPM — MHUHUMAJIbLHA.
MozkHO TTOKa3aTh, 9To 1pH 4 — 0 BBIMOJHSAIOTC yeaosus A; — Ag, 11 — xg,
up — ug, rue To u ug — pemenus 3agaau L(Ag,b,¢) u L*(Ap, b, ¢) coorser-
CTBEHHO, TIPUYEM CYMMa €BKJIUJIOBBIX HOPM BEKTOPOB T W Ug SBJISETCS MHU-
HuUMAaJBHOI. T.€., BEKTOPBI £1 U U] ABJSIIOTCS YCTONIMBBIM ITPUOJINKEHIEM K
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HOPMAJILHOMY DEINEHNIO TIaphl B3AUMHO JBOMCTBEeHHBIX 3aa4d JIIT ¢ TouHoit
MaTpuneit Ag.

BazkHbIM UHCTPYMEHTOM pEIeHUs 3aJa49u Z 4, HAPSALY C KJIACCUYECKOMN
Teopueil gBoiicTBeHHOCTH JJ1s 33134 JIII, aBmstercs caemyromast

Teopema 1[3|. Cucmema Ax = b,u' A = v paspewuma ommocumervo
neuzeecmuotd mampuyss A € M™*" npu zadannvir sexmopax x,v € R™,
u,b € R™, x # 0, u # 0, moeda u moavko moada, K020a GHINOAHAEMCA
yeaosue v x = uTb = a. Pewenue A ¢ munumansvnoti e6kaudo6ot nopmot
eJUHCTNBEHHO U ONPEICAALMCA POPMYAAMU
br'  uv' ux” oz vl o?

I = o + o — .
| l2” Tl TP Tl

A = + -«
zTx  uTu Tz -ulu
Teopema 1 mo3BosisiteT cBecTH 33724y Z4 K CIEAyIOEH 3aade MaTeMar-
THUYECKOrO IIPOIPaMMUPOBAHUSI.
Bagaua Z4 : watmu z,d € R", d"z =0, u € R™ makue, wmo x,d > 0,

CT:I; = bTu =79 a=79—= UTAx;
b — Az|>  |le+d— ATul? o2 N i |
[|[2 * ||| a [z]2 - ul]? < p, lzf)® + JJull* — min.
Crpasejusa

Teopema 2. Pewenue 3adawu Z, (mampuya A1, 6exmopv, 1 u 1)
cywecmsyem. Ipu smom eexmopvl 1, di U U1 ABAAIOMCA PeweHUEM 3a0a4U
Z 4, mampuua A1 umeem eud Ay = A+ H, 2de

(b— Azy)x{  ui(c+dp —ATuy)" ur ]
H= T + T TaTT T
Ty 1 Uy Uy Ty T1 Uy U

T

a=vy—uf Ary, y=c'z; = b uy, u ewnoanaomesa ycaosus | H| = p,

b— Ax c+di— ATy
>u’ > e+ di il

1

[l [[un ] (1)

CanencrBue. Ecau ycaosus (1) evinosnens, Kax pasencmea u cyu,ecmey-
1om ckaaapos ki, ke > 0 maxue, 4mo

Alc+dy — ATuy) = k1 Az, AT(b— Azy) = koA uy,
mo odas MaAMPUYDL H cnpaeedﬂuem COOMHOWEHUSA

b*AIl (C+d1 7AT’U,1)T ’U,ll'ir
H = . = , rankH = 1.
Mo =Aar] e+ di— ATwl| ~ Ml e
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IIpumep. Hausbr 3amauu JIII L(A,b,¢) u L*(A,b,c) co caenyomumu duc-
JIEHHBIMU 3HAYE€HUAMU [3]

6 0 9 9 -3 2 ;
2 9 5 15 -7 1

A=1 0 9 0o ¢ o |20=| 1 |'c= i
4 18 14 30 -10 10 .

PaccmarpuBaemble 3ajaun sIBJISIOTCA Hecobcmeenhvimu sadavamu JIIT
3-20 poda [4]. B aroM MOXKHO yOeIuTbCsi, IPOBEPUB BBIIOJHEHNE YCJIOBUIA
X(A,b) = @, U(A, c) = & ¢ nomonipio teMMbl MuHKOBCKOro-Papkaria i Teo-
pembl AstekcannpoBa—®anb-113u. B mepBoM cityuae J0CTATOYHO MOICTABUTH
BexTop u = (112 —1)T B cucremy nepasencrs u' A > 0 ,u' b < 0, Bo-BTOpPOM
— noacrasuTh BekTop ¥ = (1010 1) T B cucremy Ax =0, ¢’z > 0,2 > 0. Pe-
menne 3a1a9 L(A, b, ¢) u L*(A, b, ¢) MeTonaMu MaTpUIHON KOppeKiwu [3, 4, 5]
HEBO3MOXKHO B CHJIY HEBBINOJIHEHUSI COOTBETCTBYIONTNX HEOOXOIMMBIX YCJIO-
Buit cymecTBoBanus pemrenus. IIpu srom ||Z||, |4 — oo mpu |[A — A = 0
IUTs1 Beex Z, i, A Takux, uro & € X(A,b), @ € U(A, ¢). B 1o xe Bpems 3amaua
Z 4 pazpemuma upu Beex i > 0. Ilpuenem perenne 3anaaun Z4 upu p = 1:

1.10820604 0.00000000
0.00000000 2.64534153 j?g;g;ggg

x, = 1.48617218 |, dy = | 0.00000000 |, w3 = —0.75014467 ,
0.31546409 0.00000000 1.27068209
1.72643469 0.00000000 ’

-6.28768083  0.00062888  8.68557119  8.96905780 -3.34193009
1.73570295  9.00053520  4.70629889 14.96812462 -7.32132691
-0.18032342  9.00034500 -0.20267162  5.97661988 -0.22263716
-3.70908047  17.99941559 14.32381877 30.03546691 -9.64551213

Ay =

ITpocToii mojCTAHOBKON MOXKHO yOequThCsi B BBINOJHEHUH ycjosuit ||A —
Al = p, 21 € X(A1,b), uy € U(Ay,¢), ¢'z1 = b uy. Ynciennsie sKcire-
PUMEHTBI IIOKa3bIBAIOT, YTO MaJIbIM BapralusaM IapaMeTpa (i COOTBETCTBYIOT
MaJIble BapHaIlMK I1apaMeTpoB 1, Ui, Aj.
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06 ogHOM cemeiicTBe cybrpaaMeHTHbIX aaropMTMOB C
npeobpa3oBaHMem NpoCcTpaHCTBa

Bostee 40 sner mazaz O6bur paszpaboraH CyOrpaJiMeHTHBIH AJTOPUTM MU-
HAMU3AIN C PACTSyKEHHEM ITPOCTPAHCTBA B HAIPABJICHUH DPA3HOCTH JIBYX
0CTIeZI0BATENIbHBIX I'PAIMEHTOB — r-ajaroputM [1]. IIpakTuka ucnoas30BaHMsT
r-aJI'OPUTMa, [TOKA3BIBAET, YTO 0 CHUX IIOP OH SIBJIETCsI OIHUM W3 Hambo-
Jiee 3(pPEKTUBHBIX aJrOPUTMOB Heryiaakoi ontuMuianun. OTHAKO TeOpeTu-
qeckoe nccieoBanne 3O@MEKTUBHOCTH AJITOPUTMA, TAJIEKO HEe 3aKOHYIEHO.

B nokmaze 6yaer npeacTaBiIeHo ceMeicTBO CyOrpaueHTHBIX aJIrTOPUTMOB
¢ TIpeobpa3oBaHIEM TPOCTPAHCTBA — PE3YIbTAThl ABTOPa 0 pa3paboTKe Cyo-
rPaJIieHTHBIX aJI'OPUTMOB, CDABHUMBIX 110 3(pHEKTUBHOCTH C T-aJITOPUTMOM.
AJIropuT™MBI OCHOBaHBI Ha CBOHMCTBAX OTCEKAIONUX ILIOCKOCTEH U TOITOMY
UMEIOT MHOI'O OBIIEro ¢ MeToJaMu ypOBHEH [2] 1 MeTOZ0M OTCEKAIONIHX [LJI0C-
kocreii [3]. OgHako onucanue coIepKATEIBHOIO CMbICIA U (DOPMAJIbHAS CXe-
Ma AJTOPUTMOB OCHOBAHA HA WUCIIOJH30BAHUU SA3BIKA «E-CyOrpajeHTHOBS.
[Ipu 3TOM NCHOIB3YETCS HECKOIBKO OTJIMYHOE OT KJIACCHIECKOI'O OIIPE/ICIEHUE
e-cybrpajumenta [4]. OnpesesieHne arperaTHOro cyorpa/iMeHTa Tak:Ke He COB-
nazaer ¢ (0OBIYHO UCIOJIB3yEeMbIM) KPaTJYaflinM BEKTOPOM BBILYKJION 060-
JIOYKY HAKOIJIEHHOTO MHOYKECTBa CyTDaJINEHTOB.

Ha conep:karenpHoM ypoBHE KpaTKasl XapaKTEPUCTUKA AJITOPUTMOB CO-
CTOUT B CJIEJLyTOIIEM.

PaccmarpuBaercs 3ajiada e-MUHUMU3AIUN OIPAHUYEHHONW CHU3Y BBIITYK-
Joit dyuknuu f(x) B n-MepHOM €BKJIMIOBOM IpocTpaHcTse R™.
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OrpeieieHbl TaHHbIE:

[miap ¢ IIEHTPOM B HAYAJIbHOI TOYKe aJropuTMa, cojeprkainuii (xors Obl
OJIHY) OITHMAJIBHYIO TOUKY;

€ — mapaMeTp, OIPEIEISIONIi 3a1aBaeMy0 TOYHOCTb PEIeHNs 3a/1a91
(o dbyHKIMOHAITY);

q < 1 —rapanTupOoBaHHBIH KOI(DDUINEHT YMEHBIIEHIS 00beMa, SJLIAIICO-
7J1a JIOKAJIM3AIIY PelleHIs 389 Ha KarKJI0il NTepaIlii ajropuTMa.

Ecsin u3BecTHO onTuMasibHOe 3HaueHne GyHKmu f(), TO B ajiropurme
9TO 3HAUEHUE [* CyIIECTBEHHO MCIOJIb3yeTcs (B3aMEH TEKYIIEro 3HAYCHUsI
BBIYUCJIEHHOI'O PEKOPHOIO 3HavYeHus (DyHKIHN).

Ureparus k anropurmMa COCTOUT B CJIEIYIONIEM.

B rekyimeit Touke xp uMeeTcsi MHOXKECTBO £-CyOrpaiuenToB G. 910 MHO-
2KECTBO TIOIIOJIHSIETCSI HOBBIMU £-CyOrpajuerHTaMu. [ eHepaust 9Tux cyorpaiu-
€HTOB OCHOBaHA Ha UCIIOJIb30BAHWYN KOHCTPYKTHUBHOI MPOIEILYPHI CIIyCKa 110
CIENUAJBHO BHIOUPAEMBIM HAIPABJIEHUSIM. DTU HAPABJICHUS OTPEJIEIIIOTCS
TekymuM MHO)KecTBOM (5. Takast reneparust MHOXKeCTBa (G IIPOU3BOJINTCS 10
TeX TOp, MOKA 9TO MHOXKECTBO OOECIIEYUT yMEHbIEHUE 0ObeMa SJLIAIICOUIA
TeKyIIeil JIOKAJN3aIUN PEIleHns 3a/1a4u He MeHee ueM B ¢-pa3. JlokasbiBa-
eTcsi, YTO Takoil mporecc rerepanyuu (G KOHEUYEH: WJIM 33J]aHHOE YMEHbIIe-
HUEe 0ObeMa 0DecIieunBaeTCsl, WIN YCTAHABIUBACTCS (DAKT PEIIeHus 3a1a9u
€-ONTUMUBAIIH.

Hosslit ajutniicon;t JOKaIU3aIie OMPeIesIsieTcsl AaHAJUTHIeCKUM PEIleH -
€M OJIHOH M3 CJIeMIYIONNX JIBYX MPOCTHIX 3azad. [lepsas 3amaua (caygaii 1)
COCTOUT B OIpEJIJIEHII MUHUMAJIBHOTO 110 00'beMY JLIUIICOUIA, COAEPIKAIIIE-
ro cekTop mapa. CeKTop mapa OIpeIesIsieTcs «arperaTHbIiMy CyOrpaueHTOM
muozkecTBa G. Bropas 3agaqa (ciydaii 2) cocTOUT B OIPEIEJICHUI MUHAMAJIb-
HOTO TI0 00bEMY 3JITMIICOUIA, COMEPKAIIEro cerMeHT mapa. CerMeHT mrapa
OTIPEJIETIAETCS JIByMsI CyOrpaiIMeHTaMU U3 BBIMYKJION 0DOJOYKU MHOXKECTBA
G TakuMHM, 9TO YrOJI MEXKy HUMH OOJIbIe 7 /2.

OuepeHoe TPe0bpa30BaHue IPOCTPAHCTBA IIPOU3BOIUTCS B COOTBETCTBUU
C JINHEHHBIM CAMOCOIPSIYKEHHBIM OIIEPATOPOM, OTOOPAYKAIOIIUM YKAZAHHBIN
SJLIUIICOn T, B map. Ecau HOBBIM 3JUTHIICON T JIOKATM3AIIAN OIIPEIEIISIeTCS Pe-
asnmzarmeil ciaydast 1, TO 9TUM OIEPATOPOM SIBJISIETCS OLEPATOD PACTszKe-
Hus [5] mo arperatHoMy e-cyOrpajmenTy. B srom ciaydae mpu mepexome K
k + 1-ureparuu u3MeHsieTCsI TEKYyIIee TPUOJINIKEHNE L) BBITOJIHSIETCS IIIar 0
arperaTHoMmy e-cybrpasmenty (pasymeercs, B MPeoOPA3OBAHHOM IIPOCTPAH-
cTBe).

Eciin HOBBIH 5J1IMIICON]T JIOKAJM3AIAN OMPEIEIISieTCs] pean3alueil ciy-
4ast 2, TO TUM OLEPATOPOM SIBJIAETCS OLEepPATOp pacTsikKeHus 1o (n — 1)-um
B3aMMHO OPTOTOHAJIBHBIM HAIIPABJIEHUSIM. B 3TOM ciiydyae Ipu Iepexojie K
k + l-ureparun Tekyiee MpUOINKEHNE L) HE M3MEHSIETCS.
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asn wucaa umepauyuti k paccmampusaemozo cemeticmea anzo-
pummos, 3a Komopuvie oHu obecnenusaem pewerue 2¢-onmumMu3auus,
cnpasedausa caedyrouLas oOueHKa:

k< [ 20/7)

In(1/q) |’

2de 7 —OMmMHOCUMEAbHAA MOUHOCb pewenus 3adawu (v =¢/(RC),
2de C — oueHnka ceepxry Hopm cybepaduenmos 6 wape HaA4aAbHOU
AOKAAUSAUUY, PEWEHUS).

Hpe,Z[CTaBJIHel\fIOC ceMelicTBO AJITOPUTMOB OTHOCHUTCA K KJIaCCy METOI0B C
peobpaszoBaHueM IPOCTPAHCTBA [5]. MOKHO MHTEPIIPETUPOBATE, YTO ITU AJl-
roputmbl 06benuasioT anroputmbel H.3. [Tlopa ¢ pactsizkeHnem npocTpaHcTBa
10 CyOrpajIneHTy U 110 PA3HOCTH JIBYX MOCJIEI0BATEIBHBIX CyOrpaneHTos [5].

B soknaje OymyT mpejcTaBiieHbl Pe3yJIbTaThl UCCJIEI0OBAHUS UUCIEHHON
3 EKTUBHOCTH KOHKPETHON peasin3alini aJiropuT™Ma. 1ucjaeHHbIe SKCIIePU-
MEHTBI [OKa3bIBAOT, 4To (10 4uciay urepanuii) 3¢dbdeKTuBHOCTh T0i pea-
JIN3AIUYU CpaBHUMA € 3D MOEKTHBHOCTDHIO r-ajropurMa. OJHAKO TPYI0EMKOCTh
OJTHOM UTepaINK ITON pean3aIun CymeCTBEHHO OOJIbINe TPYIOEMKOCTH UTe-
panuu r-ajJaropuTMma.

Ha ocHOBe n3/102KeHHBIX TOJIOXKEHUH, pazpaboTana MonuduKaius cyorpa-
nuentroro anropurma [oasika B.T. [6] ¢ ucnosb3oBanuemM orepaTopos Ipe-
obpazoBaHus MTpOCTpaHcTBa. st 9TOro ajaropuTMa MOTydIeHa CJIeIyIONast
OIIEHKa ero TPYJI0eMKOCTH.

as wucaa umepayuti k anzopumma, 3a Komopovie oH obecnevu-
8atom peweHue 3a0a4uU 2¢-0NMUMUIAUUY CNPABEIAUBA CAEOYIOULAA
ouenra:

o 2nln (1/7)

22y min{ (2/7%)In(1/7); n(1/9)in(1/7) },

2de v — OmMHOCUMEADHAS MOYHOCMNMB PEWeHUS 3a0a4U E-0NMu-
MUSAUUY.

KomMenTapuii K OleHKe TPYIOEMKOCTH aJrOPUTMA.

st 381841 GOJIBIION PA3MEPHOCTH U OTHOCUTEHHO MAaJIOH TOYHOCTHU pe-
mennst (n 3> 1/7) OLEHKa COOTBETCTBYET OIEHKE TPYIOEMKOCTH AJTOPUTMA
B.T. Tlonska ¢ Tognoctbio o Muoxkutens In(1/v). Kak ussectHo, oneHka
TpynoemrocTn agropurma Ionsxa — O(1/42), u oHa He yrydmaema B KIac-
ce aJIrOPUTMOB ¢ He3aBucseil or pasmeproctu R abdekrusnocrsio [7].

s 3aa4 BBICOKOI TouHOCTH pernenust (1/y 3> n) oueHky uesecoobpas-
HO CPAaBHHUTH C TPY/0eMKOCTbIO ajropurma samatconsos (n? In (1/5)) [7).

Jia 33189 MUHUMHM3AIMU OBPaXKHBIX (DYHKIUMHA C BBICOKOH TOYHOCTHIO
pelleHnsl U CPABHUTEJILHO HeGOJIbIION pa3MepHocThio (10 1000 nepeMeHHbIX )
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3bPEKTUBHOCTL Pa3pabOTAaHHON MOAMMUKAIINE MOXKET OBbITh CYITECTBEHHO
BbITIe 3 PEKTUBHOCTH KIaccuaeckoro aysropurma [loska.

Pabora BeimosiHena mpum dactuuHOU momgep:kke Volkswagen Foundation
(rpanT Ne 90 306).
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IIpemmaraercs aaropuT™ A1 38891 BBIIYKJIOTO TPOrPAMMUPOBAHMS, OT-
HOCHAIIUNCA K KJIACCY METOJ0B OTCEYCHUII M OCHOBAHHBIN HA MCIOJIb30BAHUN
BHEITHUX MITpadHbIX MYHKINH obacT orpanndennii. /g oTbicKaHus ute-
PAIMOHHBIX TOYEK AJIFOPUTM WCIIOJIb3yeT OIEPAIUI0 IOIPYKEeHUs JOIYCTU-
Moit obsiacTu 1 HaArpadUKa KaxKI0i BCIOMOTraTe/IbHON (PYHKIUN B HEKOTO-
pble MHOTOTPAHHBIE MHOYKECTBA.

Pemraerca 3amaua

min{f (z) : = € D}, (1)
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rje D — BBINYKJI0E OrpAaHUIEHHOE 3aMKHYTOE MHOYKECTBO U3 N-MEPHOI'O €B-
KJINJI0Ba IpocTpaHcTBa Ry, a f(x) — Beimykaas B R,, dyHKIu.

Momoxum f* = min{f(z): x€ D}, X* = {zeD: f(x)=f*}
epi(f,D) = {(z,7) €Rpy1: z€ D, v= f(x)}, W(2,Q) — MHOKECTBO
HOPMHPOBAHHBIX O00ODIIEHHO-OIIOPHBIX K MHOXKecTBY () C R,41 B TOuke
z € R,+1 BeKTOPOB, int () — BHyTpennocts Muoxkecrsa @, K = {0,1,...}.

Ipemyaraemerit anropur™ pemenust 3agaun (1) BeIpabaThiBaeT MOCIEI0-
BATEJILHOCTH NpubsmKenuii {y;}, ¢ € K, n 3aKI09aeTCs B CIIEIYIONEeM. 3a-
JAIOTCsl BhIyKJble mrpadube dyukuun P; (z), i € K, ¢ ycaoBugamMu, 910
P(x)=0pmsBcex z € D, i€ K, u

71— 00

st Beex « ¢ D, i € K, u mosiaraercst
Fi(e)=f@)+Pi(x), i€k

Boibupaerca touka v € intepi(f, D). Crpogrcsa BBILyKJIOE OrpaHUYEHHOE
3amMKHYTOe MHO2KecTBO Dy C R, u BbImykiioe 3aMKHyTOEe MHO)KecTBO My C
R, 1 Takue, uyTo

D C Do, epi (F(),Rn) C M.

Bagaercst yncio 7 ¢ yeaosueM, uro ¥ < fF = min{f (x) : « € Dy}. ITonara-
erca ¢ = 0.

1. OreickuBaercd Touka u; = (Y, Vi), vae ¥i € Ry, v € R1, Kak penienue

3aJ1a9u
y — min, (2)
r €Dy, (z,7)€M; v=7. (3)

Ecom
uieepi(faD)a (4)

TO ¥; € X, U mporecc 3aKaAaHINBACTCS.

2. B wunrepsane (v,u;) BbiOUpaerca Touka v; € Ry,y; Tak, urobbl v; ¢
intepi (F;, R,) u upu mexoropom ¢; € [l,q], ¢ < 400, s TOYKH
z; = u; + q; (v; — u;) UMeJI0 MecTo BKJIoudeHue z; € epi (F;, R,).

3. Bruibupaercs komeunoe muoxkectso A; C W (v, epi(F;, R,)) u monara-
ercst

My = M; N5, (5)

rae T; = {u € Ryt : (a, u—v;) <Va € A4;}.
4. 3HadenHune i yBeJIMYUBAETCs HA €IUHUILY W CJIe/lyeT Iepexon K 1.1 ajro-
puTMA.
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Irpadusie dyuximu P; (x) Ha HpeIBAPUTEIHHOM IIAre aJrOPUTMa MOXK-
HO 33/1aTh, HAIIPUMED, coriacHo [1].

Ecsn muOkectBa Do m M, BBIOMpaTh MHOTOIDAHHBIMHU, TO 3ajadn (2),
(3) mocrpoenus npubsaukenuit 6yyT npu Beex ¢ € K 3amadaMu JiMHERHOrO
nporpammupoBanus. Ecau nonoxurs My = R,41, To arobas Touka (yo,7),
rue yo € Dy, 6yner pemenueM 3ana4u (2), (3) upu i = 0.

IIpuBoggrcss HeKoTOpBIE cBojicTBa 3asaun (2), (3). ITokaseiBaercs, 4uTo
[IPU BBINOJHEHAN BKJIIOUeHUs! (4) Touka y; sBJsieTcs: perenueM 3aaan (1).
C yuerom ycjoBuii BEIOOpa TOYEK 2; B 1.2 0OOCHOBBIBAECTCSI

Jlemma 1. s nr060ii npesesibHON TOYKM Z 1ocenoBarebuocTu {z; },
1 € K, cupaseyuBo Britouenue Z € epi (f, D).

Ha ocrose cmocoba (5) MOCTPOEHMsT ATIPOKCUMHUPYIOIIUAX MHOYKECTB J10-
Ka3bIBACTCS

Jlemma 2. Ecan {u;}, i € K' C K, — cXOIdImasics MO/I0CIe/0BaATe b
HOCTB 1ocJieioBaTeabrocTs {u; }, {u;}, i € K, o

€K’

C ucniosb3oBanueM JjieMM 1, 2 JTOKa3bIBAETCS CJIEYIONIAsT TEOPEMa CXOJIU-
MOCTHU aJIFOPUTMA.

Teopema 1. ITycrs @ = (§, 4) — UpelebHAs TOYKA MOCIEA0BATEILHOCTH
{u;}, i € K, nocrpoenHoii npeioxkensabiM ajgropurmom. Torma

QGX*, :Y:f*

OnuchIBalOTCs HEKOTOPBIE pean3alun MeToa. st ToYek y;, [MONaBIInX
B 00/1aCTh D, IPUBOATCSI OIEHKH OJIN30CTH UX K PEIICHUIO NCXOTHOM 3aat.

JINTEPATYPA

[1] 1. Bacuuiser ®@. I1., “Meronsl ontumusanun: B 2 ku.”: — M.: MITHMO. — 2011.
- Kau. 1. - 620 c.

Algorithms of Interior Point Method: Results of
Development and Research
3oprasvues B.H.
zork@isem.irk.ru
NC3OM CO PAH, yui. Jlepmonrtosa 130, Upkyrck, 664033, Poccust

Anropntmbl MeTo4a BHYTPEHHUX TOYeK: pe3y/bTaTbl
pa3paboTkn 1 uccnegosaHust

B nmoknaze ninanupyeTcs nNpeicTaBuTh PE3YIbTATHI PA3BUTHUS, UCCIIEI0BA-
HUS ¥ IPUMEHEHHUS B MOJEJISAX SHEPIETUKU AJTOPUTMOB BHYTPEHHHUX TOYEK

[1].
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PaccMOTpHEM IBOHCTBEHHDIE 331491 JIMHEHHOTO TPOrPaMMUPOBAHHS:
e — min, Az =b, > 0; (1)

bTu — max, g(u) >0, g(u) =c— ATu. (2)

3ajannl BeKTOphI ¢ € R™ b € R™, marpuna A paszmepa m X n. Obo3naunm
X, X uU, U muoxecrsa u3 R u R™ JOIyCTUMBIX U OITHMAJIBHBIX PeIIeHuit
zagaun (1) u (2).

CewmeiictBo anropurMoB. CTapToBOil TOYKON MOXKET CJIY?KUTh JIFOOOM
sexkTop z° > 0 u3 R". BoipabaTsiBacTCs MOCIEI0BATEILHOCTD BEKTOPOB ¥ >
0 (T.e. CO BceMU IOJIOKUTEIBHBIMUA KOMIOHeHTamu), tae k = 0, 1, 2, .. .|
HOMED UTEPAIHH.

B mavane ureparum k BBIYHUCISETCS BEKTOP HEBI30K

rF=b— Az". (3)

Iycrs Dy, = diagd®, tne d*— BexTop R BecoBBIX KO3(bMUIMEHTOB TAKHX,
910
k E o =( kY -

3J1ech g, G MOTYT OBITH JIIOOBIMU HEITPEPBIBHBIMU (OYHKITHIMU, 00JIaTAIOTITUMEI
JBYMs CBOMCTBaMMU:

0 < g(a) < 7(«x) pm Beex a > 0; (5)

7(a) < Mo upu Beex a € (0, 6] (6)

Jyist Hekotopeix M > 0, § > 0. B pamkax 3Tux ycjaoBuil CymecTByeT MHOTO
KOHKPETHBIX [TPABUJI 33JIAHUsT BECOBBIX KO3(D(DUIMEHTOB, [T09TOMY PeUb UJIET
0 ceMeliCcTBe aJroOpUuTMOB.

Cunraem, uro cucrema Axr = b coBmecra u rank A = m. D10 rapaHTu-
pyeT CyIeCTBOBaHUE U €IMHCTBEHHOCTD PEIIeHUN CUCTEMBI JIMHEHHBIX YPaB-
HeHUit

(ADLATYu = ¥ + ADyc (7)

OTHOCHUTEJIbHO BEKTOpa II€epeMEHHBbIX U U3 R™. Pemenune 310l cucreMbl 000-
SHa4YUM U,k. Borunciasiem HaIlpaBJICHHE U IIal' KOPPEKTUPOBKU PEIICHMNA:

s¥ = —Dpg(u); (8)

A = min{1, A}, ecmm ¥ #£ 0, (9)
Ao = A, ecam rF =0, (10)
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e
x>

[

Ak = ymin{— s? < 0}, (11)

B

S

<

npu sagamnom y € (0, 1). Ecmr s¥ > 0 mpu 7% # 0, To momaraem Ay, = 1. Ilpu
r* = 0 curyarusa s* > 0 ne Bosuukaer, ecm X # @, X # X. Iepexomum
cJIeJIyIoNIeil nTepalyn 1o IPaBUILy:

P =gk st k=0, 1, 2, .. .. (12)

Ha Bcex urepanusx
P> (1= 7)ak >0, (13)
Rl = (1= Ak (14)

Ipu r¥ # 0 mpoucxoauT mporecc BBOJA B 06JIACTH JOMYCTHMBIX DEIICHHiL.
3aMeTuM, IIPU STOM yUIUTHIBAETCS IesieBast (DYHKIUS UCXOTHON 3a/adu, ITO
[103BOJISIET HOJIyYaTh [IEPBOE JIOIYCTUMOE DellleHne OJM3KUM K OITHMAJIbHO-
My.
Ipu 7% = 0 NPOMCXOAUT MPOIECC ONTUMHU3AIME B OGJIACTH JIOIYCTHMbIX
pemennii: 71 =0,
bt < Tk, (15)

DTar BBOIA B 00JIACTH JOMyCTUMBIX PEIIEHUN MOXKHO [IPEICTABUTH, KaK
MIPOIIECC ONTUMU3AINN B O0JACTH JIOIYCTUMBIX PEIeHnit 3aJa9U C JTOTOJIHU-
TEJIbHOH IIepeMeHHOM!:

Tpy1 = min, Az 4+ 2,.07° =b, >0, z,41 > 0. (16)

OnupeesnM NOAMHOXKECTBO AJrOPUTMOB, YAOBJIETBOPSIONUX 60JIee CUIb-
HoMy, deM (6) ycsioBuro: npu HekoropoMm M > 0, miust awobbix S € (0, 1] n
ae (0, g

a(a)/a(B) < M(a/B). (17)

BoigemM eme 6ojiee y3KHil KJIacC aArOPUTMOB TAKHX, YTO JJIs M3MEHs-
romuxes « > 0, 8 € (0, 1]

(B ())/(aa(B)) = 0 npu (a/B) = 0. (18)

VYcaoBue HeBbIpoXkKIAeHHOCTH. 3adavy (1) nasosem nesviposrcderhot,
ecau npu aobom r € X aubo me cywecmsyem, aubo cywecmeyem u mozada
eduncmeerHull sexmop u € R™ maxot, wmo

zjgi(u) =0,7=1,2, ..., n (19)
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AHaJIOrMYHO OlIPeIeIsieTCs HEBBIPOXK IEHHOCTh 3aja4u (16).

Teopema 1. ITycmwb 3adava (16) Hesviporcennas u umeem onmumas-
noe pewenue ¢ Tpy1 = 0, x > 0. Tozda uepe3 rKoneurnoe “ucao umepayui
UBN0DHCENHLM anzopummom 6ydem noayueno pewenue ¥ >0, zF € X.

Ora u UPUBOAKMMAs HUZXKE TEOPEMBI fABJISIOTCH PA3BUTHEM yTBEPXKICHUIA,
nokazaHHbIx B [2]. O6ozHaumm ri X, 7i U MHOXKeCTBa ONTHMABHBIX PeeHHit
zazad (1), (2) ¢ MUHIMATBHBIME HAGOPAMHU AKTUBHBIX OTPAHWIEeHNH (MHOKE-
CTBa OTHOCHTEJILHO BHYTDEHHHUX TOUeK 1oym3pos X u U).

Teopema 2. ITycmwv sadava (1) neswpooicdena, 2 € X. Cnpasedaueol
cAedyoUUE YMBEPHCOEHUA.

1. Jas nexomopoxr T € X, € ri U

zF =z W = npu k — . (20)

2. Ecau svinoansemea (17), mo T € ri X, eeaununs ka —EH, Huk —u||
CTO0AMEA K HYAO NUHETIHO.
3. Ecau evmoansemcs (18), mo

Huk—ﬁH/ka—fH — 0 npu k — oo, (21)
U, HAMUNAA C HEKOTOPOL UMEPAUUL

I = 2|, < [l=" - 2] (22)

00 )
S N | -
|| || /" -z <(1—7). (23)
ObocHoBaHme 6€3 TPUBJIEIEHUS TIPEIITOIOKEHNsT O HEBBIPOXKICHHOCTH 3a-
Jlavu UMeeTcst B (3] 1uIst aaropuTMOB ¢ BeCOBBIMHU KodbdunmeHTAMNI

d¥=@hri=1,2 ..., n (24)

npu 3ajgaaHoM p € [1, 3. Ilpudem juist p > 1 TpeGyercsi JOMOJHUTETHHOE
yCIIOBHE

7€ (0, 2/(p+1)]. (25)

B rakom cirydae Teopema 1 BepHa M IPU UCKJIIOYEHUH YCJIOBUS HEBBIPOXK ICH-
HOCTH.

st BecoBbix koadbdurmenton (24) upu Becex p > 1 Boinosnsiercs (17) u
JoKazana B [3| mHeitHas cxomuMocTh BekTopos ¥ 1 uf K HexoTophIM TouKkam
Zeri X, u€ri U 6e3 IpeoIoKeHns: 0 HEBbIPOK JCHHOCTIL.

Hnst p > 1 pomonnstercs (18). okazaHo [3], uro 6e3 yciaoBusi HEBBIPOXK-
JleHHOCTH BbINOJHseTca (21) u ciemyiomee, Gosee cuibhoe, yeMm (22), (23)

yTBepzK/leHue

ot ol /o 2] () ke (20
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Eme B 70-x romax Ha MOJEISIX SHEPTETUKY [IJIsI AJITOPUTMOB BHY TPEHHIX
TOYEK KCIIEPUMEHTAJIbHO ObLIa BhIsiBJIeHa H0Jjiee ObICTpasi CXOMUMOCTh JIBOIi-
CTBEHHBIX OIIEHOK, YeéM IePEeMEHHBIX HCXOIHOW 3ajaqu. YTeep:kjieHue (21)
SABJISIETCST TEOPETUIECCKUM ODOCHOBAHMEM 3TOTO (DaKTa. ITO MPUBOJIUT K pe-
KOMEHJIAIINU MCIIOJIb30BAHNS JBOMCTBEHHBIX AJrOPUTMOB BHYTPEHHUX TOYEK
B Tes19X Oojiee OBICTPOro mam 6oJiee TOTHOTO MOJTYIEeHNS PENTEHNsT NCXOTHOM
3a/1a490.

DKCIIepUMEHTaJIbHBIE PACYeThl, B TOM YHCJIe Ha MOJEJISX Pacuyera PexKu-
MOB 3JIEKTPOSHEPTETUIECKUX CHUCTEM, TOKA3BIBAIOT BBICOKYIO BBIUHCJ/IATE -
HY10 9D @EKTUBHOCTD CJIEYIONIEro IPABUIA 3a[aHnsl BECOBBIX KO3hduimeH-
TOB JuId k > 1

db =2k fmax{e, | g;(* ) [}i=1,2 ..., n

npu 3agaHHOM € > 0.

Boubniero adpdexrra MOXKHO 0:KHJATH OT BbITEKAOIIEro u3 (5) ureparus-
HOTO CITIOCODa OMpeJIeIEHNsT BECOBBIX KO DUIIMEHTOB, KOI/Ia B IIPOIEcce pe-
IIEeHNsT BCIIOMOTATEIBHON 33JIa4i TIOMCKA BEKTOpPa uF MOTYT H3MEHSATHCS B
3a/JAHHBIX HHTepBaJaX 3Hadenus BexTopa d¥. OcobenHo 3(deKTuBeH 5TOT
IIyTh IIPU PEIeHrN BCIOMOraTe/ibHOl 3aga4u (7) UTepaTuBHBIMU METOIAMU.

YebbIlieBcKas ITPOEKIMS TOYKU Ha JIMHEIlHOe MHoroobpasue.
[IpowutiocTpupyeM BO3MOXKHOCTH AJITOPUTMOB BHYTPEHHUX TOYEK HA OCHO-
BOTOJIAraromIell 3ajade MuHnMaKca [4, 5| — moncka 4eGbIIeBCKO POeKIHHI
HadvaJjia KOOP/IMHAT Ha JIMHEeiiHoe MHOroobpasue. 3ajiaHbl MaTpuiia B pasme-
pa m X n, Bekropsl h > 0, b uz R". Heobxomumo Haiitu BekTOophl = € R™,
y € R™, aBasomuecs pereHneM 3a,1a9u

max h;|y;| = lexmin, Bx +y =b. (27)

Bripaxkenue lex mino3HavaeT CIeIyIONIYIO TEKCUKOTPpAMUIECKN YIIOPSITOUEH-
Hyto onruMusarnuio. CHadasna pemaercst 3aza4a (27) 1o BeeM HepeMeHHBIM.
Eciu nocsie 9T0ro y perieHust ocTaeTcsl HeOJHO3HATHOCTh B BBIOOPE KAKUX-TO
Yi, TO PUKCUpYeM OCTaJbHbIe (OJHO3HAYHO 3aJAHHBIE JJI BCEX OINTUMAJIb-
HBIX DeIlleHuil) y; U pemaercd 3agada (27) [0 OCTABIIMMCS II€PEMEHHBIM.
[Iponeypa moBTOpsieTcst, OKa He OyJIeT MOIYyYeHO OJHO3HAYHOE 3HAUYEHUE
BekTOpa . CBOWCTBO AJITOPUTMOB BHYTPEHHUX TOYEK BHIPAOATHIBATH OTHOCH-
TeJIbHO BHYTPEHHUE TOYKHU OINTUMAJIBHBIX PEIeHU [T03BOJISIET OYEHb IIPOCTO
OCYIIECTBJIATH HEOOXOAMMYIO [TOCJIE KaXKOT0 JTAIA ONTUMUBAINY CEJIEKITIIO
MepeMeHHbBIX.

Ipeacrasum 3amady (27) Ha epBOM 3Tale B BUIE 3aadd JIMHEHHOrO
IIPOrPaMMUPOBAHULA C JOIIOJHUTEIbHON IIepeMEeHHON o

a—min, Br+y=0b, a+hy; >0, a—hyy; 20, i=1, ..., m. (28)
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Permterine sT0it 3amaum ymoO6HO OCYIIECTBAATH JABOHCTBEHHBIMHU AJTOPUTMa-
MM BHYTPEHHUX TOYEK, T.€. IIyTeM MOHOTOHHOI'O YJIYYIIIEHUS PEIleHns JIBOM-
CTBEHHOI1 331891

m
bTu — max, Bfu=0, u+Hv—Hw =0, Z(UH‘UH) =1, v>0, w>0.
i=1
(29)
3nece H = diag h. IlepemenHbie cOCTABIISIIOT BEKTOPHI U, v, w w3 R™. Mox-
HO Cpa3y HAYUHATL IPOIECC ONTHMH3AINN B O0JIACTH JONYCTUMBIX DeIIe-
Huit 3anaun (29) ¢ ucxogmoro npubmuxenus u' = 0, v? = w) = 0.5/n,
t=1, ..., m.

IIycTs mostydeHbI ONTHMAJIbHBIE DENIEHUs] ¢ MUHAMAJIbHBIMUA HabopaMu
AKTUBHBIX OTpaHWUYeHU# U, U, W jias 3amaam (29) u Z, §, & Hos 3a7a-
un (28). BekrTopnbr %, ¥, BeuumHA & COCTABJSIOT MHOXKATEIU Jlarpamxka
orpaHuveHuit-paBeHcTB 3a1a4u (29). Besnunna & paBHA TakKe OITUMAJBHO-
My 3HAUYECHUIO IesieBbIxX dyHKuit 3a1a4 (27), (28), (29). MuokecTBO HOMEPOB
i=1, ..., m pa3dbuBaerca Ha aBa noaMHOKecTBa I m J Takmx, 9TO

v; + w; > 07 hl|gl‘ =a, 7’617
vi=w; =0, —a< hy, <a, i €J.
[Iycrs J # @. 3HadeHus epeMeHHbIX ¥; 1pH i € I GPUKCUpYIOTCs: Ha yPOBHE
7;- B KadecTBe IepeMeHHBIX JIJIsl 33/a9l CJIEIYIOMIEro 3Tala HCIIOJIb3y0TCs
TOJIbKO KOMIIOHEHTHI BEKTOPa & ¥ KOMIIOHEHTHI y; 1IpU 7 € J.

Ha cienyromem sTama MOXKHO OCYIIECTBJISTH ONTHUMHU3AIUI B 0bJacTh
JOIMyCTUMBIX PEIeHn MCXOTHON 3a[a1d, UCIOIb3ys B KAYeCTBE HAYAILHOIO
pUOIMKEeHN 3HAYECHUS

a’ =a,z° :f,yg =¥y, t € J.
DTanbl Cy>KEHHUsI COCTaBa I[E€PEMEHHBIX [OBTOPSIIOTCS JI0 CHUTYAIlUH, KOIJa
choOpMUPOBAHHOE JIOIYCTHMOE PEIIeHUe CyKEeHHOl 3a1auu (28) craHer u om-
TUMAJIBHBIM. DT CHUTYAIHSA JIETKO BBISBIISIETCS AJTOPUTMAMHU BHYTDEHHHUX
TOYEK KakK II0sIBJIEHHE HYJIEBBIX BEKTOPOB KOPPEKTUPOBKH PeNIEHHUS.

Pabora Bemmosinena npu nojuep:xkke POOU, npoekt Ne15-07-07412a.
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Metop BuHapHbix OTceveHuin n Bersnenuii PeweHus
3apay CmewaHHoro Leno4vncnernnoro lNMporpammuposaHus

BeepeHune

IIpemaraemasi pabora SBJIsieTCS Pa3BUTHEM TEMbI OCTPOeHUHA dbdeK-
TUBHBIX aJIOPUTMOB DeIIeHUs 3aJa9d CMENIAHHOIO I[eJI0YNCIEHHOrO JIMHEeN-
HOrO mporpaMMupoBanust (milp), COCTABISIFOIMUX OFHO U3 BasKHEHIIUX JIIst
MIPaKTUYIECKUX TPUJIOKEHM TIOIMHOXKECTB 3324 HeiuddepeHImpyeMoii or-
Tuvu3anun. O6IMIM CBORCTBOM OOJIBITMHCTBA PeaTn3aluil MOMOOHBIX 3a,1ad
SIBJISIETCsI IPUHAJJIE2KHOCTD Kjaaccy NP, Gosibiire pa3sMepHOCTH U CJI02KHOCTD
CTPYKTYD OrPAHUYEHUll, M3 YEro HEIOCPEICTBEHHO CJIe/IyeT aKTyaJbHOCTD
pa3paboTOK CIIENUAJIBHBIX METOJOB MX pelleHusd. JlOKjam mocBsIIeH MeTo-
JIy pelleHus 3a/1a9 CMEIIaHHOI'O IEJI0YUCIEHHOIO JIMHEHHOTO IIPOrPaMMUPO-
BaHWsl, OCHOBAHHOMY Ha HCHOJIb30BaHUM OuHApHBIX orcedennit (BO) [1,2].
Hwxe mpescraBiienbl pe3ysibTaThl PACIPOCTPAHEHUs HA 3aa49u milp omgHOro
U3 €ro aJropUTMOB, SIBJISIIOIIErOCsH THOPUIHBIM AJITOPUTMOM OMHAPHBIX OTCE-
YeHUil 1 BeTBJIEHUA (ABOB)7 COYeTAIOINM HJICI0 METOAA BeTBel U I'paHull C
[IOCTPOEHHNEM OTCEKAONIMX IIIOCKOCTEl [2]. BhuucanrenbHble SKCIePUIMEHTHL
MIOCJIYy YKUJIU TIPAKTUIECKUM JI0Ka3aTebcTBoM npumernumoctu ABOB s ux
peIleHNs ¥ TO3BOJIUIN TOCTPOUTH PsiJ] HOBBIX 9BPUCTUIECKUX MIPOTIEAYD CHUH-
te3a BO, MakCUMaJIbHO YIUTHIBAIONINX CIIENUMUKY peaju3anuii 3aja49 milp,
9TO OIIOCPEIOBAJIO CYIIECTBEHHOE YBEJIMYEHHe OBICTPOIEHCTBUSI IPOrPAMM-
HBbIX peaﬂﬂsauﬂﬁ aJIropuT™Ma.

Pabora BeioIHEHA IPH TOJEPXKKE MUHUCTEPCTBA 00OPA30BaAHUs U HAYKU
P®, uccienosarenbekuii npoekt Ne 2.2327.2017 /T14.

OcHoBHble NONOXeHUs MeToaa

PaccmartpuBaercst 3a1aua Bujia:

1

v(z)=¢ To+ CQTy + const — max (1)
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Alm—i—Angb,()SxéLy}a (2)
vely, (3)

SIBJISTIOMASICA 3a7aeii milp ¢ GyIeBBIME TIEPEMEHHBIME I U HEMPEPHIBHBIMHE .
Vesosust (3) onpesessiioT TPUHAJIIEXKHOCTh KOMIIOHEHT DEIIeHUsT & O(HON 13
BEPIINH eJMHIYHOTO THIepKy6a pasmeproctu nt, c',x, 0,1 BeKTOpHI TOI Ke
pasmepHocTH, 0 HyJIeBoit, 1 BEKTOP, COCTOSIIIME U3 eTUHUI, const HEKOTOPast
konctanTa u ¢! > 0. Bekrops! ¢2,y, 0 umetor pazmepuocts n?. ®akTHIECKH K
(1)-(3) MokeT GBITH KOMIAKTHO CBeJleHa Jirobast 3a1ava milp u 3HauuTeIbHAS
JacTh 3aja9 mip, cM., Hanpumep [1,3,4,5].

[Tycrs 29, 3 permenue ocnabnaennoit samaun (1)-(2), -] nenas gacts unca,

Bo =a 2° rue a; € {0,1}, j = 1,n'. Torma moboe HepaBEHCTBO BUJA:

& ©< Boa; € {01}, =T, Bo= (6], fo=a 2  (4)

Gy/leM MMEHOBATh OMHAPHBIM OTcedeHHeM s 3axaqn (1)-(2).
Ecmu 20 wacth penenus ocmabnennoit samaau (1)-(2) 22,4, To

sTz < o, o =cT2", (5)

(5) MOXKeT ABIATHCS Hopomﬂamgml HEPABEHCTBOM IPH YCJIOBHAX §; =
> Naij, A = 0, tae aj,i € IP kosddunuments Gasucnoit wacru A', un
€18

\; Beca 6a3UCHBIX OorpaHuYeHnii. B 4acTHOCTH, eClU \; JBOHCTBEHHLIE OICH-

.. .1
Ku orpanmdenuit (2), rog; =¢j, j=1,n".

Oupenenum jgononusortyo cucremy BO k cucreme orpanudenuii (2)
APz < B, (6)

i _
e AP = |la , aj € 40,1}, j = 1,n! marpura kosddurpenTon

mP xnl
,HOHO.HHHIOH_IGIU/I CHUCTEMBbI, 1 BEKTOPD IIPpaBbIX yacTeil oTceueHuin B olpeaeJsisdaer-

cst B coorBercTBun € (4).

MoKHO TPEUIOKUATH HECKOJIBKO CIOCODOB MIEHTH(MUKAINNA TPABUIHLHO-
cru BO [2|. B wacruocru, 8 ABOB wucnosbsyercs cieyiomuii Ipu3HaK.
Oupenesinm:

Q x}ﬂ(mo)—i—l, (7)

T
rie B(zY) = |a xo], u ¥ gacte omruMasibHOro perrenus z°,y" 3amaun

(1),(2),(6)-
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T
Ecimm zamaga (1),(2),(7) umeer pemenme, To orcedenme a v < [(x0)
uenpasuwibhoe. Hanporus, eciu (1),(2),(7) perienus ne umeer u3-3a UpOTH-
T

BopeunsocTn ycyosuii (2),(7), o a z < B(x°) npasumsroe BO. Ha npumere-
HUM 3TOr0 IIPU3HAKA OCHOBaHa Iporeaypa cuaresa BO, HasBanHnag BIGOPOM
Ha MHOXKeCTBe Oimekaiimumx orcedenuii [1,2]. Ouunriem HA3BAHHYIO IPOLIELY Y.

OupeesiuM HepaBeHCTBO-CeAcTBIE 6a3ucHOil cucreMmbl (2),(6), nepecra-
HOBKOIi ynopsouus ¢ 10 ybpiBanuio (obo3nauum ). Pacemorpum coso-

_ g
KyIHOCTb U3 n' BekTopos, pasmeproctn n': a = (1,0,...,0), .., @ =

,nl

(1,1,..,1,0,0,...,0) (j mavampnbix equamm), ..., « = (1,1,...,1). Kaxmgomy

_J
(. TIOCTaBUM B COOTBETCTBUC BCJINIUHY

cs(a)=———,7=1L,n. (8)
[<lp |

_J
Huckperrast GyHkms cs( ) uMeeT CTPOruii MaKCUMyM M OJHO3HATHO
Ompeie/isieT IPUOPUTET KaXKJOr0 U3 aJIbTePHATUBHBIX OTCEYeHU ¢ KO3 du-

J
muenTamu « . Jlobasienue Beeit copokynnoctu Takux BO B (6) ¢ pemienuem
(1),(2),(7) mo3BOIsIET BBISIBUTH TPOTUBOPEYMBbIE YCJIOBHsI [IPU WX HAJINIUM,
nyenTudUIEpys MpaBUIIbLHbIE OTcedeHus. Jlasee, IpH HAJMIMHI TPABUIHHBIX

_J
BO, Boibupaercs e MHCTBEHHOE U3 HUX ¢ MAKCUMAJIbHBIM 3HadeHueM cs(a ).
[Ipu orcyTcTBUU MpaBUIIBLHBIX OTCedeHuil, Beioupaercsas BO, coorBercrByIo-
B —
mee Makcumymy cs(a ), j=1,n .
Ipyroit Baxkueiimeit xapakrepuctukoii BO siBisieTcss Mepa pauKabHO-
cru. /lanHas BesndnHa XapakTepulyeT IVIyOMHY OTCEYEHWs PACCMaTpPUBAE-
T ~ ~ T
moro tuna. st BO a = < By, a; € {0,1}, 5 =1,n, By = [Bo], Bo = a 2°,
[10JT, PAJIMKAJIBHOCTBIO T OyJIeEM OHUMATh YUCJIO BEPIIUH €IUHUIHOTO TUIIEP-

Kyba, orcekaembix BO (cucremoit BO) B npemnosoxkenun, 9ro OTCEICHNE
MIPaBUJILHOE.

T nt
B obmem cirygae a mgb,beff,xefshﬁ GIgl,k: >oaj,1< E<n!
i=1

1
e~ .1
wim Y ajz; <b, x; €I, j=1,n a; € {0,1} - kosdpdunmentsr orceue-
i=1

HUA.
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1

n
Hpu npoussosbaom b € I¥, k=Y a;,1<k<n' uCl = % orpe-

= . .
JIEJIHM:
k
1

rh =2om —k Z C}, — max. (9)

I=b+1
B (9) yuurbiBaroTcs BepIIUHbI €MHIYHOIO IHIEPKYDa, JIeXKAIIUE «BbIIIe>
T T

ypoBHsI a = < b, T.e. IpUHAIEKAIIME TUIIEPIIOCKOCTIM @ T = [ ¢ IIPaBbI-
T

vu gactamu (b+ 1,042, ..., k). CaMa e rUIEPINIOCKOCTh @ & = b CONEPKUT
1
A ’kC}; Bepmuna. Makcumasibao pagukaiabaoe BO ompenensiercs B cooTBeT-

—~ .o —1
creun ¢ (9) m @; = 1,5 = 1,n ¢ BO3MOXKHBIM HCKJIIOUCHHEM KOMIIOHEHTEI
MUHUMAJIBHOI'O OTHOCUTE/IBHO § TIOPSIJIKA, €CJIA CyMMa KO3(MDMUIMEHTOB JIEBOiT

T
gactu BO @ 7 < b 6e3 TaKOro UCKJIIOYEHUsI OKA3BIBACTCS IEJIBIM YHCJIOM.
HezaBucumo ot Toro, kakast Mepa, 6JIM30CTh K MOPOXKIAEMOMY HEpaBEeH-
CTBY, WA PAAUKAJILHOCTh PACCMATPUBAETCS B KaueCTBE IPUOPUTETHOM, aJ-
rOpUTM OMHAPHBIX OTCEYEHMI M BeTBJICHUI BBINVIAIUT CJICIYIONIM 0OpPa3oM.

Anroputm BuHapHbIX OTCEYEHWUIT U BETBJIEHWNIA

1. Ilycte moydeHO permeHne MCXOMHOM PpeTakKCHPOBAHHON 3aaadm
(1),(2),(4) 2°,9° u y(2°,¢"). Ecrm 2° nenwie, ocranos anroputma. B mpo-
TUBHOM CJIy4ae:

2. Ha mare ¢(1,2,...) BbIOupaeM BepHIMHY JJIs 30HIUPOBAHUA ¢ MAKCH-
MasbHol onenkoit (x4, y?), g € (1,2,...,t — 1). Eciiu ciucok Bepiuun mycr,
3aJ1a9a He UMeeT TieI09ucaennoro pemennst. Ocranos anroputMa. Ecmu Bep-
[IMHA ¢ MAKCUMAaJIbHOI oreHKoil y(xz?, y?) comepKutT 1esodnciedasle 9, pe-
menne (x?,y?) spasiercst ontuMmanbabiM. OcTanoB asropurMa. Naadve:

3. ObGpasyeM JBa HOBBIX KAHAUZATA, JJIS KAaXKIOTO M3 KOTOPBIX JOIOJ-
ustem Tekymtyio marpury AP nmg mara ¢ BO (4) u (7) B cooTsercTBHE C

_J
nporeaypamMu Bbeibopa orcedenus (1o Besundube cs(a ), aubo 1m0 Mepe pajiu-

(41 (1)
kaspHOCTH OoTceuenus (9)): (a e < B(z?) u (« Ve > Bx?) + 1,
COOTBETCTBEHHO.
_(t+1)
4. PemaeMm mapy nojzajgad ¢ orcedeHusIMU (& Te < B9 u
_(t+1)
@) > pan) +1.
t41 1

u onenku y (2T, Yt

5. 3aloMmIHaEM KOMIIOHEHTBI X PEIleHIs L
(@ )| nobasnsasa B crmcok BepnH gepesa. Ecim kKaxoif 60 KaHm-
JIAT He UMeeT PelleHNs, BLIMePKUBAEM ero U3 CIIMCKA BEpIIHH.

6. YeeauausaeMm HoMep mara (t :=t + 1), mepexoaum K 1. 2.

, T
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3aknioueHne

[IpakTudeckne npuMeHeHUsI BBISBUJIN Psifl KJIACCOB 3a/1a4, CBOJIUMBIX
K milp, 11 KOTOPBIX B pa3Hoit crenenu 3pHEeKTUBHBI MPEIIOKEHHBIE TPOIIe-
JIypBI TIOCTPOEHUSsT OTcedennil. B 3ajadax, jjist KOTOPBIX yJIAeTCsI TIOCTPOEHHE
npaBmwIbHBIX BO, mpejicTaBIenHast BIIIE IPOIELyPa, UCIIOIB3YIONAsT TOIbKO
MeTPUKY (8) II03BOJIFET B CPEIHEM JIJIs 75 IMPOIEHTOB NIANOB aJIFOPUTMA CHH-
Te3UPOBaTh MPaBUJIbHBIE OTCeUeHns, 1 B dkcepumentax ABOB nokasbiBaer
OBICTPOAEHCTBIE CTATUCTHIECKU OJIM3K0E K OBICTPOIEHCTBHUIO TMOJTMHOMUA -
HOTO asroputMa [2]. BMecTe ¢ TeM, onpeiesieHpl KJIacchl 3a71aM, JJIsT KOTOPBIX
He cymecTByeT npaBmwibHbiXx BO. IIpuMepom MOryT CIIyKHUThH 3a1a9i CHHTE-
3a OIITUMAJIBHBIX 110 OBICTPOJIEHCTBUIO PACIIUCAHUN TapasIeJIbHBIX CUCTEM C
3aJeprKKaMi Hadasa OOC/Iy KUBAHUs U D)l CBA3AHHBIX ¢ HUMHU 3aja9 [3-5].
B srtux ciaygasx cymectBenno Oostee 3bDEKTUBHBIM, WHOTIA HA MHOIO IIO-
psinkoB yckopsiomuM Boraucienuss ABOB, okazajock ucnonb3oBanue Mepbl
pasuKaabHOCTH OoTcedeHnit (9).
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630073, nmp. K.Mapxkca 20, Poccuiickass ®Penepariust

3apgaun n Anroputmel OntTumnsaumun Pacnucaxui
MapannensHo-nocnepgoBaTtenbHbix Cucrem c
Heonpepenenubimn MapwpyTtamn O6cny>xusaHus

Beepexune

IIpemyraraemast paboTa MOCBAINEHA 3aJa9€¢ ONTHMU3AIMN PACITHCAHMN
NapaJLIeIbHO-TIOCIEOBATEIHHOM CHCTEMBI C HEOIIPEIENEHHBIMA MAPIIPYTa-
mu o6ciykuBanus (Undefined routes parallel machines problem, URPM).
JlanHas 3a1a49a ¢ IPOU3BOJIBHBIM YHCIOM 3asBOK M IPHOOPOB B Pa3IUYHBIX
MO(PUKAIAX UMEET MHOXKECTBO TEOPETHIECKUX OOOOIICHUIT W IpaKTude-
ckux npumenenuii. Jacrable ee ciaydan (3amada kommusosizkepa (3K), 3za-
@9 - KOMMUBOSI?KEPOB, MapPIIPyTU3AIMU U CBI3aHHbIE TeMbl) paspada-
TBHIBAIOTCS JIaBHO. OIHAKO, IPUEMJIEMBIX 110 OBICTPOJEHCTBUIO CPEJCTB TOU-
HOI'O peIHeHI/Iﬂ O6IIL€I‘/JI7 a TaK>Ke 60ﬂbIIII/IHCTBa. HOpO)K,/Iael\/IBIX IIpI/IKJIa.)leIX
3aJad I peajbHBbIX pa3MepHOCTell HalTH He yJIaeTcs B CHIy WX IPUHA/I-
JIE2KHOCTU K MHOKECTBY TPY/IHOPEINaeMbIX 3449 JUCKPETHON ONTHMU3AIuN
(dO). D1uM, a TakKe HAJUYIUEM MHOTOYUCIEHHBIX IPAKTUIECKUX [IPUIIOZKE-
HUil, 0G0CHOBBIBAETCS AKTYAIBHOCTD TEMBI. [IpeIcTaBIeH HOBBI IOIXOJ K Pe-
[IEHUIO MTPOBJIEM COCTABJIEHUs ONTUMAJBHBIX 110 OBICTPOJIEACTBUIO PACIIHCA-
HUil T1apaJlIeIbHO-TIOC/IC0BATEILHBIX CUCTEM C UCIIOJIb30BAHNEM JBYX3Tall-
HOM CXeMBI: KJIACTEPU3AIMHA W IOCJIEIYIONIEro ONpeIeeHnus MapIiipyTos. B
KaveCTBe KPUTEPHUST PACCMATPUBAETCA 00IIee OBICTPOJEHCTBIE CHCTEMBI, ITO
MIPUBOJNAT K HEOOXOAUMOCTH NMPUMEHEHNs] MUHUMAKCHBIX IIEJIeBBIX (hyHKIUH
C TIOPOXKJIEHUEM 3871849 TPYIO0EMKOCTEl KPATHO MPEBOCXOJISINNX IKCIIOHEHIN-
aJIbHYI0 OTHOCUTEJILHO 331249 TOi 2Ke PA3MEPHOCTH C JIMHEITHBIM KPUTEPUEM.

®dopmanbHas NocTaHOBKA 3a4a4un

PaccmarpuBaeTcs cucrema IapasiiebHbIX IPUGOPOB PA3HOl TPOU3BO-
JIUTEJIbHOCTH U MHOXKECTBO 3asBOK C 33 [AHHBIMU XaPAKTEPUCTUKAMHU (IIYHK-
TaMu) OOCJIY’KUBAHUS, OLEHKAMU IepPexooB (IepeHatajkKu) i KaXKIoro
u3 npubopoB (BpeMeHeM IlepeHasajKi, eHaMu, mTpadaMu Ul PaccTos-
HUSME) MeXKJy BCeMH 3agBKamu (myHKTamu). MapimpyTsl nepexoos (1o-
CJIEJIOBATENHLHOCTH OOCIYKUBAHUS) HE 3aJ[aHBl U TOJJIEXKAT OIIPEIeJIEHHIO.
O6cay>kuBanme 3asBOK IPUOOPaMK MOHOMOJILHOE. IIpepbiBanus 00CIyKuBa-
HUsI TpUOOpPaMU OJTHUX 3asIBOK B MOJIb3Y JIPYTUX 3AIPEIIEeHbI, 3aIpPEIleHbl 1
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pa3psIBeI cBazHocTH MapinpyToB. URPM-pobiema onpesiesiennst MHOKECTBA
ONTUMAJIBHBIX 110 OBICTPOJIEHCTBUIO PACIIUCAHUI OOCIyKMBAHKS BCEl CUCTe-
MBI BKJIIOUAeT: HasHAUYEHNe KayKJIOMy W3 IPUOOPOB HEKOTOPOIO IOJIMHONKE-
CTBa 3asBOK, HEIIEPECEKAIOIIErOCs C MOJMHOXKECTBAMHU 3asIBOK JIPYTUX IIPU-
GOpOB; OlpejiesIeHNe TIOPSIKOB 00CIIyKUBaHusl (MAPIIPYTOB IIEPEXOIOB) IJist
KarkKJIOTO M3 TMPHUOOPOB BCETO MHOXKECTBA 3asdBOK. l1loaToMmy, 1emecoobpas3Ho
paccMaTpUBATh €€ eCTECTBEHHYIO JEKOMIIO3UIINIO Ha JIBE O3 Ia4Un:

1. Kuracrepusanus (Hanstydiee 110 GbICTPOAEHCTBHIIO PACIIPeIeIeHne 3a-
ABOK 110 m 1pubopam). PakTUIecKn 9TO 3a/a9a 0 HA3HAUYCHUIX UCXOIHOIO
MHOXKECTBa ITPUOOPOB HA MHOXKECTBO 3asBOK. JIJIs KaKIoil Takoil 3asiBKU U
Ka2KJI0ro mpubopa OIPeIeSIeHbl XaPAKTEPUCTUKHU ITEPEXOIOB OT JIOOBIX TEKY-
UX K [IOCJIEYIONMM 3asBKaM (IleHa, BpeMs WM paccrodHue). Mapripyrot
epexo/10B He (PMKCUPOBAHBI U ITOJJIEXKAT OlpeiesieHnto. Ilepecedennii mpubo-
POB 110 MapIIpyTaM (U MapIIPyTOB O NPUOOPaM ) HE JIOIYCKACTCA. Y IUThIBa-
foTCs Bee mpoune arpudyThl 3asgBiaeHHo URPM- mpobiembl, 3a NCKII0YeHIEM
3ampera Ha Pa3PBIBbI CBI3HOCTH MAPIIPYTOB.

2. Muoxkecrso m 3K (m nozzasad kommuBosizkepa). Bricrposeiicrsue cu-
CTeMBI OlpeJIesisieTCs HauXy/IIeil oleHKoi ObicTposeiicTBust u3 Bcex m 3K.

IIpusenem opMaibHYIO TOCTAHOBKY I0J3a/1a91 KJIACTEPU3AIIHH.

IIycrn: Bee npubOPLI U 3aABKH IIPOHYMepoBanbl k = 1, m, k HoMep 1mpubo-
pa, i,j = 1,n HoMepa 3agBoK. Kpome aroro mjsa ymobersa 0603HAMHM depes
J MHOKeCTBO 3asBOK 7, J* I0IMHOKECTBO 3as1BOK, HA3HAYAEMBIX IpubOpy k,

m
k

a "epes n¥ - WHCII0 31eMEeHTOB KaxKI0To TaKoro moaMuoxkectsa, J = |J J*,
k=1

m —_—

N J*¥ = . Takxke BBedeM cireayomue 0603HAYCHAA. s = 1, .S WHIEKC HC-
k=1

[OJIB3yEeMOro pecypca (B 3a7adax MaplipyTH3AIMNI ), cﬁ ; orenka (nena, Bpe-
Msl WJIM PACCTOsiHUE) nepexoa (IepeHasiajiku, IepeMelrenus) npubopa k or
00C/Ty2KUBAHUS 3asIBKH ¢ K 00CTYKUBAHUIO 3asIBKY j. [lepBBIil M3 HUKHUX UH-
JIEKCOB BCerja 0003HAYaeT 3asBKY-UCTOYHUK, BTOPOH — 3asBKy-CTOK. BymneM
[0JIATaTh, 9TO OIEHKA (IEHA MM BPEMs) IIPOIECca OOC/Iy KUBAHUS 3aABKH j

i Eoook

(B xmaccmaeckoit 3K papmas mysmo) yxe yurena B ¢; ;. x;; =1, ecin nmeer
MecTO mepexojt npubopa k ot obciykuBaHus 3adBKU ¢ K J, u 0 - B IpOTHB-
HoM cirydae (i,§ = 1,n, i # j), RF obbem pecypca s, nocrymmoro npu6opy k.
Hanpumep, B KagecTBe pecypca MOKET PacCMaTPUBATHCA IPY30II0IbEMHOCTh
aBroMobmist, Tora RY semmumna rpysonogbemuoctn. r¥ | saTparter pecypea

J»s
s IpubOpoM k 1pu 0OC/IYKUBAHUU 3AaIBKU J.
k

Tpebyerca natitu namtyqmune pa3buenus J , k = 1, m u nHamrydiue Ha-

k.. =k
SHAUEHHs &, ;,%,] € J B TepMHHAaX IIPEJCTABIEHHOIO HU2XKE KPUTEPUs OBICT-

pO,HefICTBHH IIpU BBITIOJIHEHUU ITPUBO/IUMBIX JaJiee YCJIOBI/Ifl. OI‘paHI/I‘IeHI/IH,
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obecrieduBaloliye Hellepecedenue IPUOOPOB 10 3asiBKaM (MapIipyTaM) U 3a-
fABOK 110 IIpubopaM:

k#l  n
Z Zx”—i—Zx“\ Ji=1,n,0=1m, (1)
k=1,m j=1
kA
E:gz+ > D@ <Li=Tnl=Tm. 2)
=1 k=T,m =1

HI/I}KGC.HG,HyIOIU,I/Ie OrpaHUY€HUA-PABCHCTBA ABJIAIOTCA OOBIYHBIME yciaoBugamMn
3aJJa91 O HASHAYCHUAX.

k=1, =Tmi 4 (4)

HomosnasieM 3a/1a4y OrpaHMYEHUSIMU HA II€peMeHHble (Bce IepeMeHHble Oy-

meBb1): xF . =1, ec;u mMeeT MecTo TepexoJ pu6opa k OT 06CITYKUBAHUs

2]
3asBKM © K j, u 0 - B mpotusHOM ciaydae (i,5 = 1,n, i # j). I xpurepnem

OBICTPOIAEHACTBUS CUCTEMBI:

ZZC’J$ <ANk=1,m, (5)

j=114i=1
A — min (6)

B cosokynroctu (5) m (6) peanusyrOT MUHMMAKCHBIH KpHUTepuUii, sB-
JISTOITUICS KpUTEpreM OBICTPOAEHCTBASA PaCCMATPUBAEMON MapasIeIbHO-
MIOCJIEIOBATEIBLHOM 00CITYKUBAIOIIEH CHCTEMBI, MJIN KPUTEPUEM PABHOMEPHOH
Harpy3ku. Kpome 3T0r0 3a1a9u MapIIpy TH3AIUHN, ABJISIONINECS PACIINPEHN-
MU OJHOrO M3 BapmaHToB paccMmarpuBaeMoii URPM- mpobiemMbl, 0OBITHO
JIOIIOJIHSTFOTCS] PECYPCHBIMU OMPAHUYEHUSIMU BUJIA

n n

ZZT;C’S.T <RE, =Tm,s=1,8. (7)

j=1i=1

_k

_k
Onrumasnshble pemenust 3aga4 (1)-(6) u (1)-(7) J ijedJ  k=T,m

Z ] )
,Jc
OIPEJIeJIAIOT HAMJLYYITINe U3 BO3MOXKHBIX HUKHHUE OTNEHKH Amin(7; ;) pactm-
cauust Bceit URPM-nipobiiembl. JIjist yTOYMHEHUs OIEHOK U [TOJIy€HHs TapaH-
THPOBAHHO CBA3HBIX MaPIIPYTOB O0C/IyKUBAHUS 3as1BOK HEOOXOIMMO PEIIUTH
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m noxzanad 3K, mis Bcex npubopos k, k = 1, m. Jlrobas Takas moazamada
[IpeJICTABUMa B BU/IE:

_k
doak,=1j5ed i#j (®)

_k
i€J

_k
§ af =1i€J i#j, (9)
k

€T
b~ ket <k - 1i =2 i # ], (10)
uF >0,ie 3k, (11)
AF = Z Z cﬁjxﬁj — min. (12)
i7" ied"

(10) mpemmosnaraer mjist ya00CTBa, UTO WHJEKCHI BCEX MOJAMHOMXKECTB 3asiBOK
J , k = 1, m nepenymepoBanbl oT 1 J10 n¥. Habop ONTHMAJIBHBIX PeleHmit

~k ~
m nonzazas 3K (8)-(12) &} ;,i,j € J , k = 1,m c onenxoii A = max A*
SABJISIETCs TPUOJIMKEHHBIM perierneM pacemarpuBaeMoii URPM-mpobitemsr.

Mpoueaypsbl novcka pelueHuni

Samernm, 9T0 06€ MpeCTaBICHHbBIE TOI3aAYN TPHHAJIEIKAT K OJTHO-
My kiaccy NP-nosmabix 3aa4 J10. [TocranoBka 1monzaadn KiacTepus3alun He
[IO3BOJISIET UCIIOJIb30BATh KaKUe-JIM00 CllelrajibHbIe METO/IbI PEIIEHNUsI, OCHO-
BaHHBbIE HA pejlakcallud. B JaHHOM cjlydae NPUMEHUMBI TOJIBKO O0IIue MeTO-
JIbl PEIeHust 3aJ1a4 [ceB 100y IeBa TPOrPAMMUPOBAHNSI, HAIIPUMED, COOTBET-
CTBYIOIIE BCTPOEHHBIE cpejicTBa cucreM ontumusanuu IBM ILOG CPLEX
Optimization studio, Gurobi, Xpress u jp. Ha B3ris;1 aBropoB, HanboJbinme
[EPCIIEKTUBBI MMEET NMpUMeHeHne MeTojia GuHapHbix orcedenuit [3]. 3K, na-
[IPOTUB, UMEET CYIIEeCTBEHHOE MHOXKECTBO aJIFOPUTMOB pelleHus. Boiiesmm
TOJIBKO HAWIyYIIUM 00pa30M 3apeKOMeHI0BaBIne ceOs Ha MPAKTUKE ajro-
purmbl, Hanpumep Kpucrodumeca [1], Jluna-Kepuurana [2].

TecTupoBaHune cBOACTB NporpaMmmMHOi peanu3sauuun

IIporpammuast peamszarust TPeJJIOKEHHOIO MOJIXO0/IA HA JIAHHOM dTarle
ommpaercs Ha cpejcrsa IBM ILOG CPLEX Optimization studio u Bkiiogaer
dopmuposanue GailioB JAHHBIX, PENIEHNE U COXPAHEHUE PE3YILTATOB pacde-
toB. CrenepupoBano okoyio 100 mpuMepoB pa3HBIX pasMmepHocTeil. B mesom
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[TOJIy YEeHHBIE IMIIMPUIECKUE OIEHKH C yIeTOM CBOWCTB TECTOBBIX 33,149 MOXK-
HO IIpU3HATH BIIOJIHE YJIOBJIETBOPUTE/IbBHBIMU. HpOBeﬂeHHbIﬁ AaHaJIU3 IIOKa~
3aJ1 TAKKe I1eJIECO00PA3HOCTD JIEKOMIO3UIINN 10331491 KJIACTEPU3AIINHT, ITO
[IO3BOJISIET CYIIECTBEHHO CHU3UTH 0DIee BpeMst cueTa 6e3 CHUKEHUs OIEeHKHN
tounoctu perrtenus obmeit URPM-3ana«mn.

3akntoyverue

Ananms 6bICTPOEHCTBYS TPOIPAMMHOlN PEATU3AIUH TTPE/JIOKEHHOTO
[IOIXO/A, & TAKIKe SMIMPUIECKNE OIEHKNA OJM30CTA K OINTHMAJILHBIM KOH-
CTPYUPYEMBIX PACHUCAHUI, BBIIBUJIN €TI0 BBICOKYIO 3 DEKTUBHOCTD.
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OueHKKN CKOpOCTU CXOA4UMOCTU C NMOMOLLLbIO
NoNynpou3BOAHbIX

IIpuem, numenyemsblit asee nuddepeHITPOBAHNEM 10 UTEPAIUH, MOYXKHO
HCIIOJIB30BaTh B UCCJIEIOBAHII CKOPOCTU CXOJUMOCTH HTEPATHBHBIX METOJIOB.
O6stacTb €ro IpUMEHEHUs CYINECTBEHHO PACIINPSIETC Ha MHOYKECTBO He md-
dbepeniupyembix GyHKIUN BBEJEHHEM HOHITHUA IOJLyIPOU3BOIHONE [1, 2].
OmnmireM BHAYAJIE STOT MIPHEM IIPU HAJUINN BCEX HYKHBIX IPOU3BOJHBIX.

IIycts mouck pemtenusi o« € U HEKOTOPO! HCXOIHOU 3a/1a4U CBEJEH K
noucky permenus ypasienns G(0,a) =0 ureparmavu {z*} C U, ompese-
JISIEMBIMH PEKYPPEHTHO U3

G(z" ! —2F 2F) =0, (1)

rie G:UxU — W, UW — B-npocrpancrsa. Ilpenmnosaraercsi, ecre-
CTBEHHO, 9TO CYIIECTBYET NOCTATOYHO MPOCTOH (CPABHUTEIBHO ¢ MCXOMHOM
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3aja4eii) aaropuT™ paspeinenus ypaHenus G(z,y) = 0  OTHOCHTEILHO
mepBoro aprymenTta. Takas cxema, Hampumep, y mertona HbioToHa perienwmst
ypasaerns g¢g(x) =0, g:U — W, cocrosimuii B 0CI€10BATETBHOM Dellle-
HUU yDaBHEHUIA:

J(@*) (@ —ab) + g(a*) =0, J(a*) =g (). (2)

k

CoeIMHIM OTPE3KOM TEKYIIYI0 UTEPAIIO L ¢ PElIeHneM (v UCXO/IHOM 3a/1a9n

U apaMeTpusyeM ero:

2 (t) == a + dt, d:=z" —q, t e [0,1].

[ocyie moscranoskn B (1) mepemennoit z*(t) BMecro mocrosauoit xF moTy-
YUTCA CeMeHCTBO ypaBHeHmiT ¢ mapamerpoM . OGO3HAYMM DENIeHne TAKOro
ypaBHennsi otHOcHTebHO X! wepes x(t) u BBemem y := z(t) — a. Ilo-
ckonbky G(0,a) =0, cupasemmso y(0) = 0.

Ecin G mmeer mpousBojHBIE O TEPBOMY U BTOPOMY apryMeHTaM
(G4, G%), To Toaectso G(y — dt,x*(t)) = 0 wmoxnO mpoMddepeHIH-
poBaTh 1o t:

Gi(y —dt,z"())(§ — d) + Gyy — dt, 2" (t))d = 0. (3)

Ecmn G (y—dt,z*(t)) me Boipoxkena, (3) MOKHO PA3pEIIATL OTHOCHTETHHO
Y B _ B
=~ (Gily —dt,2"(t) "' Goy — dt.a"(1)))d.

Orcrona nomydaem auddepeHnnabHOe HEPABEHCTBO
191l < I = (G (y — dt, a* (1)) Galy — dt, =" (@)l d |- (4)

Ecinn nosyunrs f(||ly||,t) — ouenky cBepxy Ha ero upasyio 4acTb, TO (4)
coBmectHO ¢ oueBmanbM ||y||; < ||g|| me y(0) =0 mact cucremy

(lylDz < fAlwlBliall, Nyl =o. ()

Ecim f HeIlIpepbIBHA B HEKOTOPOM OTKPBLITOM MHOXKECTBE ]\47 TO MaKCHU-
MaJIbHOE penieHne 3aaa9u Komm

= flztldll,  2(0) =ly(0)] =0,

mazkopupyet [3, 4] moboe pemenne cuctembr (5) OTHOCHTENHHO CKAJISPHOMN
dbyuxmun ||y|| Ha obmem naTepBate cymecrsoBanus [0, al.

Cornacro mocrpoennio  ||xg+1 — of = |ly(1)]|. Crenosarenbro HyKHO
nosyantsb oneHky ||y(1)] < z(1).
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B rmex cayuasx, korma dysKius (G BCEro JIMING JIAIIIUIEBA U HE
muddepeHnupyema, CymnecTBEHHOE yJI0OCTBO B BBIKJAIKAX IPEIOCTABIISET
HECKOJIBKO WHOM B3IVIsijl HA IOHSTHE DPA3HOCTHONO OTHOmeHusi h(t,7) :=

h(t +7) — h(t)
——————* dyukuun h(n) craagpHOrO apry™Menrta 1 us cermenta D.
T

OOBIYHO TIEPBBI API'YMEHT PA3HOCTHOI'O OTHOIIEHHS CIUTAETCs (DIKCUPOBAH-
HBIM, & B OI€HKaX, KOTOPBIE IIPEJCTOUT CEJIaTh, OH OyJeT nepeMeHHbIM. B
OIIMCAHNU TAKOil CMBICJOBON HAIPY3KH Ha IapaMeTp y/I00HO CJIeyIolee.

Ompenenenne 1. Pasznocmnoti npousdsodnoli 6 mouke t € D 3a-
dannoti ma ceemenme D C RY  eexmop-dpynwuyuu h : D — U (U —
B-npocmpancmeo) 6ydem Hasvieamys 3a8UCAULYIO OM napamempa t eexmop-
pyrxyuro hY (t,-), sadannyro 6 B(t,D) = (D—t)\{0} coeaacno gopmyae

WY (t,e) = Ve e D(t, D).

h(t+¢) — h(t)
€
Beauwuny € 6ydem nasvsamv omrioneruem (PAZHOCIIHIM,), G ONEPAUUIO Ha~
TooHCIEHUSA PAZHOCTVHOT, NPOU3BOOHOT — Pa3HOCMHVIM JuddepenHuuposaru-

eMm.

Croiictso 1. (f +g)V = f¥V £4V.

Csoiictso 2. (7f)V =7fV, 7 — umcio.

Croiicteo 3. (3f'(t) = fY(t,e) = f'(t) +w(e) = f(t), tue
lir% w(e) = 0.
E—r

3iech 1 jastee T0J 3HAKAME X 1 < Oy/IyT MOHUMATHCs, COOTBETCTBEHHO,
PaBEHCTBO U HEPABEHCTBO, IIPUOJIMXKEHHBIE C TOYHOCTHIO JI0 BEJIUYUH, CTPe-
mamuxest K 0 € U, xorma € — 0.

Hycrs U, W — 6anaxosbl npocrpanctsa (B-nipocrpancrsa), M C U u
nmeercst orobpazkenne A: M — W.

Ounpepenenue 2. [5, 6] ITycmov x — He U30AUPOSANHAA MOUKA MHOIICE-
cmea M u seaununa

Ly(2) = T Afw + &) = A() |w /Al (6)

xonewna. Hazosem mozda ee moaynpoudeodnotli omobpasicenus A 6 mouke
. 3decv npeden bepemca no maxum A, uymo x+ A € M. Ecau M wne
UMEEM UBOAUPOBAHHBIT MOYeK U noaynpousdsodnas La(x) cywecmeyem
oas ecex x € M, mo gopmynsa (6) onpedeasem na M dynruyuto, xomopyio
oydem umero8amv noaynpouzeodnoti omobpasicenus A na mmooicecmee M.
CsoiictBo 4. Ilycrs g nmeer nosynponssomuayio B t. Torma cipaseiinBbI

g(t+¢) =g"(t,e)e+g(t) = g(t),

(f9)¥ (&) = fY(D)g(t) + f(t)g" (t). (7)
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Teopema 1. I[Tycmo umeromesn exmop-pyHruuy g —U, h:D—
V', xomopwie onpedeasrom mroscecmeo Dy = {(x,y) ’ Dyx=g(t) A
y = h(t)}. Hycmo eepro caedyrowee:

1) g u h umerom noaynpouseoonve Ly u Ly, 6 mouxe t € D;

2) 6 mouxe z:= (g(t),h(t)) omobpaocenue f(g,h) umeem nosynpous-
600NBIE NO NEPEoMY U emopomy apaymermam: Lyg u Lyp.

Tozda  ||(f(g. )Y (t,)|| < LygLg + Ly Ly

IIpogemoncTpupyem npuMeHeHHe MOy TPOU3BOAHON n qud dbepeHnnpoBa-
HUsI TI0 UTEPAIAN B ONEHUBAHUE CKOPOCTH CXOMUMOCTH MeToaa HeoTona (2).
He MmeHsist cymHOCTH €aMOro mpueMa, IpPOBEeM MapaMeTPU3AINI0 HEMHOTO
nnaue |7]. llonoxum d = ||z* —al|, d = (z¥ —a)/d, 2*(t) = a+dt. Teneps
(z*)V(t) = d. Tlocye mojcTanoBOK M 3aMeH B (2), TOJyYaeM TOXKIECTBO

J (2%(1)) [2(t) — 2" ()] + g (z"(t)) = 0. (8)

Ero pemenue orHocurensno x(t) mpu t = d ects ¥t mpm t =0 ectn

a. duddepennupys pasnoctHo (8) 1o t u 3aMensas ¢g¥ Ha J, ¢ TOIHOCTBIO
JIO TIOTPENIHOCTEMH, BO3HUKINUX M3-34 9TON 3aMeHBI M GECKOHEYHO MAJIBIX OT-
HOCHUTEJIBHO PA3HOCTHOTO OTKJIOHeHWUsl, coryacHo (7), morydaem:

()Y (x —2*) + J(zV —d)+Jd =o0.

(3sech omymensr apryment ¢ty =¥ u aprymenr xF(t) y marpun J, JY).
[ocye mpeoGpazosanms momyanm x° = J~LJV(zF — z). Onenusas cepxy
nosmynpounssonuoit L y(z*(t)) mopmy pasmHocTHOIT TponsBoHOI oT J I 3aTeM
npomssesenne ||J 1 (zF(¢))||Ls(z*(t)) Bemmaumoit o, mmeem

21 < IT7H Ly (=" (@) ll2* — 2|l < olla® - z]].
IIpoussenem noacranoBky x = « + y. Torga

ly¥l < ot +yl),  y(0)=0.

Tak kak |||y[|V]| < |lyV||, o cormacno [3, 4], Mazxopupyromas Hopmy 1060ro

perieHnst 3Tofi cucreMsl 3asada Kommm nmeer coeyrommit Bu:
2= (+2z)o, z(0)=0.
Pemmup ee, npujiem K oreHke

et —ot—1
lerss - all = ly(@)] < 2(a) = =22 —
o t=d
od __ _
= a2 (@t - ol
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rie C(d) = od/2! + (0d)?/3!... — mMonoTOHHO Bo3pacTaiomas 110 d DYHKIHI.
AnasiornaHbIM 00pa30M MOYKHO ITPUMEHSITH g dEPEHITUPOBAHNE 110 UTe-
paluy U B ONTUMU3AIMOHHBIX IIporeccax [8].
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Statistical Evaluation of the Exact Relaxation Method
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Cankr-Ilerepbyprekuii rocy/JapCTBEeHHBIN YHUBEPCUTET, Y HUBEPCUTETCKUM 1p. 35,

CIIo, 198504, Poccus

CraTtucrtnyeckme oueHkKn meToaa TOYHOI penakcauum

Boubimiast 107151 OIHOTOYEYHBIX MUTEPATUBHBIX METOJOB ITOMCKA PEIeHUs
cucrempl ypasaenuit F'(z) =0, F:Q CB — B, wm 1704k MUHUMYMA
byukmuu f: Q2 CB — R crabxkaercs OlEHKON CKOPOCTH CXOJUMOCTH BHJIA

IA@") —all < clla® —all, k=0,1,... (1)
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rie ¥ o € B, B — B obmem cirydae 6aHAXOBO IPOCTPAHCTBO, aaroputm A

— orobpazkerne 2 CB BB, ¢ <1, a — pelieHne UCXOIHON 3a/1a49u, T.€.
mbo F(a) =0, mubo « = arg ;Iélgf(x)

Eciii 1OposkjaTh IOC/Ie[0BATebHOCTh TIPUOJIPKEHHNl  PeKypPeHTHO:
2l = A(2¥), To omemka ckopocrm cxomumoctu (1) mocraBiseT oren-
Ky d; TeKymeil IOIpeIIHOCTH B 3aBUCHMOCTH TOJBKO OT ONEHKH IIOIPeIl-
HOCTH HAYAJbLHOTO NpHOJMKeHusa dg, HOMEpa HNTEPAldd U KOHCTAHTHI C:
|zt —al| < d; := c'dy. [lanee KpuTepreM OCTAHOBKH HTEPATHBHOTO MPOIECCa
OOBITHO HA3HAYAETCs ycjaoBue d; < €, JjIs HEKOTOPOro 3ajaHHoro € > 0.
OxkasbiBaeTcs, BMECTO JOObIMYM NpPaBH/Ia OCTaHOBKH 3HaHHE (1) ¢ mOMOIbIO
NPUHYUNG MUHUMAADHOCTU TTO3BOJIAET PACIOPSIUTCS TPYIOM ajaropurma A
¢ GOJTBIITelt BBITOIOM, TeM MOpOKIeHne nreparmii mo dbopmyme i+l = A(zF).
A “MenHO, KaxKIyIo IOCTIEAYIONLYI0 UTEPAIUIO BHIOMPATL TAKOH, 9TOOBI OHA
MUHAMH3HPOBAJIA OLEHKY IIOIPEITHOCTH JIJId Hee, T.€.

S(z, 4) i= {allA@") - all < clla® ~ al}, 2)
.— qdk k .
T = Sy (180, 4), - d(w,2*, ) i= max [y - a], 3)

2P = argmind(x, 2, A),  dpyq = d(aT 2R A). (4)

Ecau 6aHaxoBO MPOCTPAHCTBO €CTh I'MJIBOEPTOBO €CTECTBEHHON HOPMO
|z = /z-x, wnm xke xKoHeaHOMEpHOE ¢ HOPMOH || - |2, TO MHOXKeCTBO
S(z,A), umenyemoe 30HOII AnosuioHus ecTb map U Zj ecTb HepecedeHue
apoB — MEHUCK. TOorjia IMPUHIMI MUHUMAJBHOCTH INIpeJJIaraeT HailTh Mu-
HIMAJILHBII 11ap, cojepKanuii MeHuck Zy,, Tounee mentp £F 1 u pammyc dj4q
storo mapa. IIpeobpazosanue maper =¥, dp B mapy zFt! dp,; cormacmo
(2), (3) u (4) nmenyerca mounot peaaxcayuet (TP) [1].

0603Ha9UM J1jIsI KPATKOCTU TEKYIIHE UTEPAIMI0 U OIEHKY TTOTPENTHOCTH
qepe3 ¥ u d, a Ha Caeayiomeil mrepamun depe3 r* u d,, COOTBETCTBEHHO.
Pacuernnie popmynst TP ais x* u d, HECTOXKHBI KaK B CKAJSIPHOM, TaK U B
MHOT'OMEPHOM CJIydasiX.

B ckansiprom. Bradgasie paboraer 6a30BbIil aJITOPUTM: BEITUCISIOTCA T :=
A(z) —x, r:=]|r|, 3arem

x+signr<d+L>/2 AN d< ! ,
N 1+c¢ 1-c
at = ()
x—i—i A od>—
1—c2 1—¢’
T T
(a-=)/2 A a<i—,
1 1-—
d, = T ¢ (6)

rc r
—_— A d> .
1—¢2 1-c
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B muoromepuom. r = A(x) —z, r:=|r|, 7=d(1-c?)/V1+¢2,
3aTeM
z+r(1/2+d*(1—c?)/2r?) A F<,

r A
Z‘"‘rm A 7“27“,

\/al2 —(r+d21—-c2)/r)2/4 N F<ry

di = cr . (8)
m AN & > r .

Boraucimrenpubie pacxogsl Ha TP B 00oux ciiydasix JIeTKO OIEHUBAKOT-
cs1. OIHAKO HEMOCPEJICTBEHHOE CPABHEHNE UTEPAIUN CONJIACHO TPUBEJEHHBIM
pacuerHbIM dopMysiaM ¢ urepanusymu x* = A(x) He maerT HOHMMaHU YTO
BBIUMCJIUTENIBHO "JienieBsie" B KOHEYHOM UTOTe: HEMHOIrO IoTparurcs Ha TP
U MOJIYYUTD JIYYIIyIO CXOJAMMOCTh U, TEM CAMBIM COKPATUTL ObIee KoJumde-
CTBO MTepanuil, mim ke 00OUTHCH 6€3 TAKOTO YCJIOXKHEHNUsI, CAeJIaTh DOJIbIIe
urepanuit, Ho Kaxk Iy "nmernesye"?

Onenku d, TOTPEITHOCTH TOCJIEIYIONEl UTeparu MeToga TOTHON pe-
naxcanun B (8), (6) cymecTBeHHO OTIHYHBI OT ONeHOK cFdy B MeTojIe TIpo-
CTOW WTepaIu CBOEil almpuopu HempenckazyemocTbio. [loaromy cpaBHenune
9TUX OIEHOK II0 XY/IIEeMy BapHaHTy IPEJICTAB/IAETCS HEIIOJIHOIEHHBIM. Bm-
JKe K PEAJbHBIM BBIYUCJIUTEILHBIM TIPOIeccaM OleHKa 3P MEKTUBHOCTH IO
MaTEeMATUIEeCKOMY OKUJIAHUIO TP TOH WU WHON THIIOTE3€ O BEPOATHOCTHOM
pacmpeesiennu pe3yabrata paboThl 6a30BOTO AJTOPUTMA.

CpaBHeHre KadeCTBa UTEPATUBHBIX AJTOPUTMOB C IPUCYTCTBUE CIIyYaii-
HOCTEl B MX paboTe IMPOU3BEIEM C TOMOIIBIO 0OODIIAIOIIEH CXEMBI .

Hycrs X := (z,d), tue x € B, d € R. Ilycrh mjisg noncka npub/ImskKeHHbIX
peleHuii OTHOTUITHBIX 3aJa9 UMEETCsl OJHOTOYEUYHBI UTEePATUBHBIA METOII,
O ¢ B wu nauajbHON OHeHKH dy C
nomoinpio asropurma Buga G(X,v(X)) cxomsuryocs K o — peleHuio uc-
XOJTHOfT 33,1241 — TI0C/IeJI0BATEIBHOCTD NTEPATHBHBIX Touek {rF}$° C B mo
pPeKyppeHTHO dbopmyJie

HOPOXKJIAIONINI N3 HAYAJIbHOU TOYKHA I

Xkt g(X’“,v(Xk)), k=1,2,.... (9)

31ech v — BEKTOP HAOJIIOIEHNS, BOOOIIE TOBOPs, CIydaiiHas BeJIMINHA C T1a-
pamerpamu X . Bynem Ha3bIBATH Takoi 6a30BbIi AJITOPUTM 0000warouLet; cre-
MO
Bri6op HauanbebX 3Hauennit £° u dy JIe:KUT BHE PAMOK METOJIA.
O0603HAYNM C TOMOIIBIO UHIEKCA T T-COCTABJISIONLYI0 0DODIIAOEN cxe-
MBI, d-cocTapisiionlyo — ¢ nomornbio uHaekca d. Torma Gg(X,v(X)) >
162 (X, (X)) — ol
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B obobmatonux cxemax 000MX CpaBHUBAEMbBIX METO/IOB HAOJIIOIEHIE OJTH-
HakoBo: 0(X) = (v1(X),v2(X)) = (A(z),d). Ecm G — cxema mero-
Ja ¢ 9ucThiM 6azoBbiM anropurmoMm 6e3 TP, to G, (X, v(X)) = A(z) n
Ga(X,v(X)) := cd. Eciu L — cxema meroga ¢ TP u ¢ rem ke 6a30BbIM
agroputMoM, T0 L, (X, v(X)) := z* u Ly(X,v(X)) := di, tHe 2%, d,
BBIYUCIAIOTCS COMVIACHO IIPUBEICHHBIM PACUYETHBIM (DOPMYJIaM.

IIycte G u L aBe oboOIiaroniue Cxembl JIJIs PEIeHUs OXHON 3a1avM.
IIpu orcyTcTBUM ClydaiiHOCTEl UX KAdecTBO KOJMYECTBEHHO MOXKHO GbLIO
Obl CPaBHUBATL TaK.

Onpepenenue 1. B demepmunuposartom cayyae crema L 6 K pas ayu-
we cxemvt G, ecau

(VX) KLa(X,0(X)) < Ga(X, v(X)) (10)

u daa 66avwur K evckaswearnue (10) nesepro.
PacmupumM Takyro TPaKTOBKY KadeCTBa HA CXEMbI CO CJIYIaiiHOCTSIMH.

Ompenenenne 2.

. . EGu(X,v(X))
K =inf —————% 11

X BLy(X,v(X)) (11)
2de E — cumeon mamemamuneckozo oorcudarus. Beauwuny e = 1/K mnaso-
sem koafipuyuenmom spexmusrnocmu (cxemov. L omnocumenvro cremo, G).

JIerko 3ameruTh, 4TO omperesieHre 1 eCcTh YACTHBIA Ciydail onpenele-
HUS 2.

CpaBHUM ¢ 9THX HO3UIMIH GA30BbIA AJTOPUTM COBMECTHO C OLEHKOM (1)
7 €ero TO4YHyIO pesakcanuio. /o Tex mop, 1moka 0a30BbIil aJrOPUTM HE OT-
pabotas, sesuunHa z = A(x) MoxkeT TpakToBaThCs ciydaitHoil. CorsacHo
umeromneiics nadopmaruu (Tekymee cocrogaue X u yeiaosue (1)) ona mosmk-
Ha OBITH pacipefesieHa B mape S2, p = d + cd. 113 pa3noobpa3usa rumnore3
O pacCIpeJIeJIeHNN CJIyYaifHON BEJIMYUHBI 2 HCCJIe/yeM JBe, KaK JIOCTATOYHO
pa3yMHBbIE.

. o
T'unomesa I: z paBHOMeEpHO pacupe/iesieHa B mmape S2.

OTa runoresa sIBJISETCS CBOEIO POJia MUHOPAHTON HAIIEro 3HAHUSI O CJIy-
qaifHON BeJUYUHE 2, 8 MHHOPAHTON HAIEro 3HAHUS 00 OTKJIOHEHUH BEKTOpa
HaOJIIOIEHUS OT TEKYIIEro MPUOIIKEHNs T ABJISETCH

Tunomesa I1: Cnyuaitnast enmuunna (c.B.) 1 = ||z — z|| paBHOMepHO
pacupejesena na orpeske [0, p].
Ormerum, 9TO B OJfHOMEPHOM ciydae rurnoresbl 1 u 11 coBnamaror.
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Teopema 1. B odnomeprom cayuae oas eunomes I u II appexmuenocmo
MOYHOU PEAGKCAUUU OMHOCUMEALHO MEMO0Ja NPOCOT WMePAuuL ¢ 00HUM
6a308bLM AA20PUMMOM ECTID

d. 1
== — 12
© cd 24 2¢ (12)

CoryiacHO OIpeNeIeHnIo 2 M IOCJeIHelH TeopeMe TOYHAA PEJIAKCAI
yiaydmaer 6a3oBbiii ajroput™m B (2+42¢) pas. Ilpu cpaBHeHuu mo xyjie-
My BapUaHTy II0JIydaeTcs yirydinenue jumb B (1+¢) pa3. Cuenyer orMeTuTsb,
qro TP ofecriednBaer cX0QMMOCTh B CKAJISIPHOM ciIydae u upu c¢ € [1,2), re.
KOTJIa TIPOCTHIE UTEPAIN ¢ GA30BBIM AJTOPUTMOM MOTYT HE CXOIUTHCH. |2,
[3].

B MHOrOMEpHOM CjIydae TOYHAs PETAKCAIU MOXKET BbLIABATH TO JKE 3Ha-
qeHne, 9To n 6a30BbIi anroputM A. HeTpyHo mpoBepuThb, 9TO 3TO MPOUCXO-
qut, Korga r Makemmusupyer d B (8): r = 7 = dv/1 —c?. To ects, KormIA
||A(z) — z|| = ¥, MOXKHO rOBOPHTD, Y4TO y TOYHON PEJIAKCAIUU TOAOCTNOY 00
" JOIIOJIHUTEJIbHbIE BbITUCJICHU A, IIOTPAYCHHbIE Ha Hee, 6])I.HI/I HaIlpaCHBbI. HpI/I
runorese | BeposiTHOCTD nonaganus 2 Ha chepy xomocroro xoma C! ecrb
orHomenne «obbema cdepb» C! K 0bbemy mapa S2. B ugeansuom ciaydae
OHO paBHO HyJ 0. [Ipn MAIMMHHOM TIPEICTABICHUNA MHOYKECTB BO3ZMOYXKHBI XO-
Tsl U MaJIble, HO HE HyJIeBbIE 3HAYEHUsI 9TOro oTHOmeHust. OHu GyayT CUIHHO
3aBUCETH OT ILIOTHOCTHU PA3PsIIHON CETKM, PACIIOJIOXKEHUsT HAYAIA, KOOPIUHAT
1 oT TpakToBKM BKjodenus z € CT. C jpyroit cTOpOHBI, 6IM30CTH TOUKH
z K cdepe X0JI0CTOro Xoa COOTBETCTBYET MAJIOMY BBIUTPBIILY OT IIPUMEHE-
HUST MOAMMPUKAIIAN, ITO MOYXKET BBI3BATH HEKOTOPBIE COMHEHUS TI0 TIOBOJLY €€
acbdexTuBrOCTH. CHEUMEM WX KOJTMYECTBEHHBIMU OTIEHKAMU.

Teopema 2. ITycmo umeemncs memod npocmots umepayuu ¢ ouenkotd (1).
Ionoorcum

a_(t) := \/1+c2—2t2—\/(1+c2—2t2)2—(1—c2)2, (13)

ay(t) := \/1+02_2t2+\/(1+c2—2t2)2—(1—02)2. (14)

Tozda 6 esraudosom npocmparcmee E™ (n = 2) das eunomeswr I ofiper-
musHocmb ochosantol na (1) mounol pesakcayuy 66306020 an20pumMa OM-
HOCUMEABHO MeMOoda NPOCMol WMEPALUY ¢ MeM dice Ba3068biM AA2OPUMMOM
ecmn

e = _(1 — c)n _ 1 ¢ an B can
PE e e VTR G dt()ﬁ
15
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a Oas eunomesv I, He3asucumMo om pasmeprocmu NPoCmparcmea, Makas
sfpexmuerocmo docmasasemes gopmyaot (15) npu n = 1.

Ionyuenunie oneHku 3PMHEKTUBHOCTH TOUHON PEJAKCAIUN XOPOIIO CO-
[JIACYIOTCSL C IIPAKTUYECKUMU pe3ysibraramu [4].
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To the Solution of One Class of Systems of the Polynomial
Equations of Volterra First Kind by Newton Method
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Poccus

K peweHuto ogHOro knacca cmcteMm NoJIMHOMMUANbHbIX
ypaBHeHuin Bonbteppa | poga metogom HbloToHa

O/MH ¥3 U3BECTHBIX IIOJAXOJOB K MaTEMATUYECKOMY MOIEIHPOBAHUIO
HeJMHEHHbIX JUHAMUIECKUX CHCTeM (OOBbEKTOB) THIIA ,BXOJI-BBIXOL® OCHO-
BaH Ha MPUMEHEHUU allllapaTa WHTEI'POCTENEHHBIX PsAI0B Boabreppa.

B nammoit pabore paccMarpuBaeTcsi YUCIEHHBIN CIOCOO PENTEHUs OTHOTO
KJIaCCa CUCTEM HeJMHEHHBIX MHTErpaJbHBIX ypaBHeHuil Bosbreppa, cBsa3am-
HBIX C 3aJladeil aBTOMATUIECKOTO YIIPaBJICHUS JIUHAMUIECKHIM OOBHEKTOM C
BEKTOPHBIMU BXOJIOM U BBIXOJIOM.

1. IlocranoBka 3ajauu. Paccmorpum cucremy ypasuenuit Bosibreppa [

poZia

N t t m
MOEDY 3 /.../Kfﬁ)___’im(t,sl,...,sm) Hlxij(sj)dsj, (1)
0 1=

m=11<i1<...<im <2 {)

p:]‘72’ te [0’ T]’
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KOTOpAasl OMMCHIBACT HEJTUHEHHDIN AUHAMUYIECKUH OOBEKT JJIsT BXOIA :r(t) =
(a1(8), 22())T 1 werxona y(t) = (y1(t), ya(£))7. B (1) sapa Boasreppa
KZ.(ﬁ )Zm CAMMETPHUYHBI 110 IIEPEMEHHBIM, COOTBETCTBYIOIINM COBIIAIAIOIIIM
WHJEKCAM %1, ..., iy. B MATEMaTHIECKOM ILJIAHE 3371a4a MOUCKA YIPABJIAEMOTO
apaMeTpa IPUMeHHTeIbHO K (1), rme u3BecTHEI Yy (t) 1 Kz(lp 7)___7%, 3aKJII09a-
eTCsl B PENIeHUH CUCTEMbI TMOJMHOMHUAIBHBIX ypaBHenuit Bombreppa I poma
N-oit crenenn orHOCUTENHHO Z(t). Jist HOHNMaHMS eé crenuduKu paccMOoT-
PUM CJIydail HOCTOSHHBIX $J1eD:

t

N m
>y kL I([aeus)—we. @

m=11<i1<...<im <2 J=1

p=1,2 telo, ).

Kak usBecrHo, juneitnas cucrema (1) (N = 1) umeer HelpepbiBHOE De-
menne upu gobom I < oo mpu ycaoBusax: K; € Ca, @ = 1,2, A =
{t,s/0 < s < t < T}, onpenenurens Gaounoii marpursr (K1 Ks), HE Hy-
JIeBOIA (ICi = (Ki(l), Ki(Q))T)7 Yp(0) =0, y,(t) € Clo,1y-

HMpunmunuanbuoe ormare (1) npu N > 1 or jmHEHRHOroO cirydast COCTOUT
B JIoKasibHOCTH T — 06acTi cylecTBoBaHus (€JMHCTBEHHOTO) HEIIPEPHIB-
uoro pemienus [1]. B crarbe [2] nosyuensr ananurudeckoe pemenue (2) mpu
N = 2 u ero uucieHHAs ANIPOKCUMAIMS KBAJIPATYPHBIME METOAaMH (IIpa-
BBIX U CPEJIHUX MPSIMOYTOJIBHUKOB) IIyTEM CBEJIEHUS] CUCTEMbI K YDABHEHUIO
4yerBepTOro nopsiyika. Lejb JaHHONH pabOThl COCTOUT B HOJIyYeHUH HPUOJIU-
»kernoro penterus (2) upu N = 2 ma orpeske [0, T], T < T*, ¢ nomompio
Mmeroza Herorona-Kanroposuyua [3].

2. Yucnrennsiit Meron. Creruduka (2) M03BoJAET 3aMeHO

t t

01(6) = [ ar(ds. 0a(6) = [ aals)ds

0 0

CBECTH WCXOJHYIO 3aJady K IOMCKY HEIPEpPBIBHOrO pereHns O*(t) =
(05(¢),05(t))T cucTeMbl TOTMHOMUATBHBIX ypaBHeHH

fp(01(2),02(1)) = yp(t), p= 1,2,

re
2

2 7
Fo01(),02()) = ST KP0:(1) + 35" K 0:()0; ().

i=1 i=1 j=1
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Paccmorpum
D(0) = (©1(0), P2(0)) =0, © = (61(t),62(1))", 3)

rie
@, (01,02) = fp(01(1),02(t)) — yp(t)-

Cucremy (3) 6ymem pemars Metonom Hetorona—Kanroposuya, Jist 31010
3aIUIIeM UTEePAIMOHHBIN IIPOIecc

q)/(@m—l)(@m - C_')m,—l) + q)(@m—l) =0,m=1,2,..
Basanm navamsroe npubmnkerne O = (01, (t), 02, (t))T caemyromum o6pa-

30M
ly(t) Kol K1 (@)
(K1 Kal” K1 Ko

I[Ipoussommas O (6, 1) memuneitnoro oneparopa ®(O) B Touke O, 1 ompe-
JesideTcs MaTpuLe

( 8CI)1/661‘ 01,,_1,02,, 1) 0P, /802|(91 —1902,, 1) >

01, (1) = LD K2l =

0D/ |9, OD2/302) 0,

1’ 2m— 1) 17 2m— 1)

CrenoBare/bHO, IMEEM
(K1 + 2K 01, , + K0, ) A0(1) +

+ (K +2K80,,  + K01, )A(t) = —®y(0n-1),  (4)
rie A91 (t) = 91m (t) — 91m,1(t)7 AGQ( ) = 92m (t) — egmfl(t).

Takum 06pazoM, MMOCIEIOBATENILHOCTL IPUOJIMKEHHBIX perteHuii ©,, =
(01,,(t), 02, (t))T maxomuTcss M3 peImeHUs CUCTEMbI JIBYX JIMHEHHBIX ypaBHe-
uuii Buga (4).

3. Beruuciurenpuotit sxcrriepuMenT. s WiLIIOCTpAIMY TTOTY Y€HHBIX (hOp-
MYJI TIPUBEJIEM CJIETY 0TI

IIpumep. IlycTb Kfl) = Kél) = Kf) =1, Kﬁ) = Kg) = —1, Kz(é) = i,
K =2, K} = 57 KD =K =1 3apammayi(t) = S+ -4 -4 L

2 3 5 6
) =5 +2 L4 88 T =063
PesyanaTbI pacquOB MIpUBEIeHbl B TabJ. 1, TJe m — YHUCI0 WTepaIuit,

Ep,tp = JHAX |0p,,, (1) =05 ()| (t1 = 0,58; t2 = 0,6), HAUATbHbIE TPUO/TIKEHU:

_ 2 5t4 5t° _ 8 3t t8

b1, () =5 =% 35+ 5. 0 () =5 + %+ — {5
BerauciurenbHbI 9KCIEpUMEHT noxa?,an 9TO UTEPAITMOHHBII &JITOPUTM C
BBIOPAHHBIMA HAYAJTHHBIMEA TPUOIMKEHUSIMI CXOIUTCS K TOTHOMY 3HATEHUIO

o= (5.5)"
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Tabauna 1.
m | 01, (t1) 1,4 02, (t1) €21 01,,(t2) | e1,4, | 02, (t2) | €2,
1 | 0,14823 | 0,01997 | 0,07699 | 0,01195 | 0,14807 | 0,03193 | 0,09133 | 0,01933
2 1 0,16688 | 0,00132 | 0,06582 | 0,00079 | 0,17563 | 0,00437 | 0,07464 | 0,00264
3 10,16819 | 6-107% [ 0,06504 | 4-10~% | 0,17989 | 0,00011 | 0,07207 | 0,00007
4 10,16820 | 2-10~° | 0,06504 | 1-10~19 | 0,18000 | 7-10=% | 0,07200 | 4-10~%

Pa6ora Beimosinena npu noguepxkke POPU, nmpoekt Nel15-01-01425.
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Shor’s r-Algorithms for Separable Quadratic Programming
Problems
Cmeuwrox I1.U.
stetsyukp@gmail.com
WNucruryr kubepuernkn HAH VYkpannsr, npocuekr [mymkosa, 40, r. Kues, 03187,
Ykpauna

r-Anroputmsbl LLlopa ans cenapabensHoii 3agaun
KBa4paTUYHOro NporpaMmmMupoBaHus

r-Anropurmsl ITopa [1]. PacemarpuBaercs 3a/1aua MUHIMUSATINY BbI-
nykioit dbyakuuu f(z), tae @ € E™ — BeKTOp U3 n nepeMeHHbIX. MUHIMATb-
Hoe 3HaueHune dyHkuuu Oymem obosHaudars f* = f(z*), 2* € X*. Bygem
npeaoararhb, 4ro f(r) uMeer OrpaHUYEHHOE MHOXKECTBO MUHUMYMOB X *|

T.€. BbIIOJHAETCH yeqaosue lim  f(z) = +oo. D10 ycioBue obecrieuuBaer
llz]|—o0

KOPPEKTHOCTb PEry/IMpoBKH Iara B r-ajaropurmax. O6osmaunm {oy o, —
K03(pUIMEHTEL pacTszKeHns IIPOCTPANCTBA, TaKHe 9TO (i > 1.

r- AJITOPATMOM HA3bIBACTCA UTEPATUBHAA IIPOIE/LYPa HAXOMXKICHHA ITOCIIC-
JIOBATEJIBHOCTH 7-MEPHBIX BEKTOPOB {Zj }72 ) U IIOCIIEIOBATEIBHOCTH 70X 1t~
marputl { By }72 ) 10 CielyromeMy IpaBuiIy:

Tpt1 = T — hiBrék, Br+1 = BeRg,(mx), k=0,1,2,..., (1)
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rie
Bf gy ()
£ = —= ,  hg = hj =argmin f(zy — hBr&), (2)
IBE gy ()]l g h>0
1 Bfry
— < 1’ = k R = — . 3
B ” = ET e T gf(@p1) —gr(z).  (3)

31ech T — cTaproBas Touka; By = I, — eIMHIYHAS N XN-MaTpUIa’; hj, — Be-
JIMYUHA Iara U3 yciaoBus MunumyMa dbyHkiuu f(2) B HAIDABIEHUH HOPMHU-
POBAHHOIO aHTUCYOrpajeHTa B IPeoOpPa30BAHHOM [IPOCTPAHCTBE IePeMeH-
ubix; Rg(n)=I,+(B8—1)nmT — oneparop cxarusi npocrpancTsa cyorpa/men-
TOB B HOPMHUPOBAHHOM HAIIpaBJIeHnn 1) ¢ Kodddummentom = = < 1; gy (zy)
u g¢(zgy1) — cybrpanuentsr dbyukimn f(z) B TOUKAX Tj U Tky1. ECIN Ha UTe-
pamuu k auist mporecca (1)—(3) BBINOSHEHBI HEKOTOPBIE KPUTEPHH (YCJIOBHSA )
OCTaHOBa, TO MojaraeM k* = k, x = x; U 3aKaHINBacM PabOTy alIrOPHTMA.

Ha kaxk10if uTeparyu r-aJiropuTMOB peajin3yercs cyorpaMeHTHbI CIIyCK
1t BBITYKJIoH dbyakuun ¢(y) = f(Bry) B 1peobpa3soBaHHOM IIPOCTPAHCTBE

nepeMeHHbIX y = Apx, tne Ay = B ! Ha camom geine, ecsm obe uacTu

dopmynbl Tp 11 = Xk — hi Br&k YMHOXKUTD cIeBa Ha MATPUILY A, TO Oy IUM
B g¢ (k) 9o (Yr)

Yk+1 = Aptrs1r = Ape — hale = Yb — by = Yk — hu, )
1B gz (i)l e el

Ijie BEKTOP G (Yr) = BkT,gf (k) siBAsIeTCst cyOrpauenToM byHKImu p(y) =
f(Bry) B Touke Yy = ApTj IPOCTPAHCTBA MEPEMEHHDBIX Yy = Aix. DTO JIErKO
BUJETH U3 TOrO, 9TO cybrpaauent dyuknuu f(x) B TOUKE X yIOBIETBODSAET
HEPABEHCTBY

f(@) = flae) + (g5 (ze)T (@ — 2x) Vo€ B,

OTKYZIa, OCYIIIECTBJIASA 3aMeHy IePEMEHHbIX & = By, mojrydaem

() = e(r) + (B gp(@e) (¥ —ye) = o) + (9o (we) " (y—ye)  Vy € E™.

r(a)-Aaropurm ¢ agmantTuBHbIM mwarom. Oauum u3 3bGEKTUBHBIX B
Jgercs r(q)-aaropuT™M ¢ aJAlTHBHON PeryJmpoBKOil Imara, rje o — I0CTO-
STHHBI KO MUIHEHT PACTSXKEHUST TPOCTPAHCTBA B HAIPABJIEHUN PA3HOCTH
JIBYX TIOCJIEJIOBATEILHBIX CyOIDaJIMEHTOB, a BeJIMYUHA IMara hj HacTpanBa-
eTCsl B IIPOIIECCE BBIMOJHEHNUSI OJIHOMEPHOIO CIIyCKa B HAIIPABJIEHUU HOPMU-
POBAHHOI'O aHTUCYOTpaJIeHTa B IIPEOOPA30BAHHOM IPOCTPAHCTBE II€PEMEH-
weix. Hacrpoiika mrara oCcyImecTBIIsieTCs ¢ IMOMOIBIO YeThIPEX apaMeTPOB:

1B kawecTBe Marpunsl By 9acTO BLIGHPAIOT AHATOHAMBHYIO MATPHIYY Dj C MONOXKH-
TeJIbHBIMU KO3 PUIMEHTAMH 10 AUaTOHAM, C IOMOIIBIO KOTOPOI OCYIIECTBIISIETCS Mac-
HITabUpPOBAHUE [IEPEMEHHBIX.
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ho > 0 — BemvMHa HAYAILHOTO mara (UCHOJb3yeTca Ha 1-it uTepanum, Ha
KasK IOl TIOCTIe Iy OIel nTeparyn 9Ta BeJIMINHA YTOUHsIeTcs ); ¢ — Koadbdu-
yeHT yMeHbInenns mara (g < 1), ecm ycoBue 3aBepIneHns CIIycKa Mo Ha-
MIPABJICHUIO BLIMOJTHSIETCS 38 OJIUH IIAT; ¢y — KO3 MUIUEHT yBeINIeHus T1ara
(g2 = 1); uepes KaxKJple Ny, MATOB OJHOMEPHOrO ciycka (hy > 1) mar Gy-
JIET YBEJMIUBATHCA B g2 Pa3. YCJIOBHE 3aBEPIIEHNS CITyCKa 10 HATPABJICHUIO
BBINOJTHACTCA, KAK TOJBKO OOHAPYKEHA TOYKA L)1, JJIs KOTOPOH BBIITOJIHSI-
ercst yeaosue (21 — )" gr(zrp1) > 0. TlockoIbKy NpemomaraeTcs, 9o

lim f(z) = +00, TO HOC/IE KOHEYHOIO YUCJIA NIATOB AJAITHBHOIO CIIYCKA B
llzll—o0

HANPABJIEHUH HOPMUPOBAHHOIO aHTUCYOrpaMeHTa 00sI3aTeTbHO BBITOTHITCS
YCJIOBHE 3aBEPINEHUsT CIIYyCKa [0 HAIIPABJICHUIO.

UreparuBubiii nporecc B r(q)-aJropurMe € aJalTHBHON DEryaInpoBKON
rara IpoJIOJIXKAETCS JI0 BBIIIOJHEHUsI HEKOTOPOrO0 KPUTEPHsl OCTAHOBA, TJe
KJIIOYEBYIO POJIb UIPAIOT HAPAMETPBL €5 U £4. AJINOPHTM OCTAHABINBAECTCH
B TOYKE Zj41, €CJU BBINOJHEHO |ZTp4+1 — Tk|| < &, (OCTAHOB MO aprymMeHTy)
IITH BLIIOMTHEHO ycitoBue ||gf(zxy1)] < &4 (ocTaos mo HopMe cybrpaguenta,
ucnosb3yercs st riaaakux Gyskiuii). Kpome HuX ucnosnssyiorcs ere isa
YCJIOBHSI OCTaHOBA: CTAHIAPTHBIN OCTAHOB, €CJIA MPEBBIIEHO MAKCHMAIBLHOE
KOJIMYECTBO MTEPAINN, U aBApUNHBIA OCTAHOB, KOTOPBIA CUTHAJIU3UDPYET O
oM, 9To Jiubo Gynkuus f(2) HeorpaHudeHa CHU3Y, JUOO HAYAIBHBIH mar hg
CJTUIIIKOM MaJl U ero Tpebyercsl yBeJUInuTh.

Eciu r(a)-anropur™ ¢ aqanTUBHON PEryJMpOBKOl [Iara IPUMEHSTh s
MUHUMU3AIIA HEerJIaIKuX (DYHKINN, TO PEKOMEH]IyeTCsl CJIELy IO BEIOOD
mapameTrpoB: & = 2 +4, hg = 1.0, ¢ = 1.0, o = 1.1 =+ 1.2, ny, = 2 + 3.
Ecnn usBecTHA amnmpuopHast OIeHKa PACCTOSTHUSI OT HAYAIBHON TOYKH T 110
TOYKNA MUHUMyMa T, TO HaYaJbHBIA 1Iar hg 1eecoobpa3sHo BHIOMPATH IIO-
panka ||zg — «*||. Ilpu MunuMusanuu riaagakux GyHKIME PEKOMEHLyeMble M1a-
paMerpsl Takue e, 3a uckiaoderueM g (g1 = 0.8 =+ 0.95). D10 obyciosie-
HO TeM, UTO JIONOJHUTENbHOE U3MEIbUEHNE Tara ClioCOOCTBYET YBeTNIEHITO
TOYHOCTH ITOMCKA MUHUMYMa (DYHKIIMHU 110 HAIIPABJIEHUIO, UTO IIPU MUHUMU3a-
uu TIJIKUX QYHKIW obecrieanBaeT 0oJiee OBICTPYIO CKOPOCTH CXOIUMOCTH.
[Ipu TakoM BbIOOpE MApaMeTpPOB, KAK MPABHUJIO, KOJUIECTBO IIATOB IO Ha-
[IPABJIEHUIO HE TIPEBBIIIET B CPEJIHEM JBYX-TPEX Ha OJHY UTEPAIUIO, & 3a 1
ATEpANnit TOYHOCTH 10 (DYHKIMH YIIydIIaeTcs B TPU-IATH pa3. Ilapamerpsr
OCTaHOBA £y, zsgwlO_6 + 1075 npu MUHIMU3AIUY BLIIYKJION (DYHKINH, JaKe
CYIIECTBEHHO OBPA’KHOI CTPYKTYPBI, 00eCIIeYNBAIOT HAXOXK/ICHUE TOUYKH L}, —

npubimKenusi K Todke x* € X, mis KoToporo 3HaveHne QpyHKIUU, T0CTa-

flap)—f~
[f=[+1

~1071210710 — ;e roraskmx dyukuumit). 910 MOATBEPKIAIOT PE3YIHTATHI

MHOTI'OYHUCJICHHBIX BBIMUCJ/IMTE/IbHBIX 9KCIICPUMEHTOB.

TOYHO GJIM3KO K ONTUMAIBHOMY ( ~1076+107% — g HervIAJKUX U
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CenapabespHas 3a/lada KBaJAPaTUYHOrO IIporpaMMupoBaHusdA. B
JIOKJIa/Ie paCCMOTPpUM IIPpUMEHEHNEe T(a)—aﬂFOpI/ITMa C a/IaIITUBHBIM IIIarom
JIISl PEIIeHusT 33191 KBIPATUIHOTO TTPOTPAMMUPOBAHUST

n

f*= 1116111?% z; (Clxg + d;z; + 6,’)

()

blow < Ax < bup’ xlow < T < xup’

Y P — KoHed-

rnec; >0,i=1,...,n, A~ mxn-marpua, b'°¥ u bvP, gl
HO3HauHble HUXKHMIE (low) n BepxHME (up) IPAHUILI HA CTPOKU-OrPAHIIEHUS]
U [IepeMeHHbIe, COOTBETCBEHHO.

g perienus 3amaqu (5) paccmarpusaerca jasa aiaropurma: (1) npsimoit
ajaropuTM peraer 3aga4y (5), CBOJd ee K MUHUMU3AIUY HEMJIAIKON mTpad-
HOIl DYHKIUM OT 7 lepeMeHHBIX; (2) JBOMCTBEHHBINH AJIOPUTM HUCIOJIb3YeT

9KBUBAJIEHTHYIO 3a7a1e (5) 3a7a1y KBaJpPATHIHOTO IPOrPAMMUPOBAHMS

n
f* = wrggh z; (Clx? + d;x; + ei)

Axr = Y, xlonggxup7 blowgygbup7

1 pemaeT YacTHYHO ITBOUCTBEHHYIO 3aJ1ady, KOTOpasd MOCTPOCHA J1Jid OIPaHM-
JeHnit AT = Y U COCTOMT B MaKCUMH3AIUU BOIHYTOH (PYHKIUU OT M IIEpe-
MeHHBIX. IIporpamMMuble pean3aruu 060UX aJIrOPUTMOB UCIOJIL3YIOT octave-
nporpammy ralgb5 [2], c. 383-386.

ITpsivoit aJIropuT™ OPHEHTHPOBAH Ha peleHue 3a/a4 (5), KOTopble cofiep-
JKaT HEMHOIO IrepeMeHHbIX (n~500) u MHOro jnHeHHbIX orpanumdenuii. OH
MOZKET OBITh HCIIOJIb30BAH JJIA ITOJIN3IPAIbHBIX OrPaHIHYEHHNN ¢ OYeHb 00JIb-
IIMM KOJINYECTBOM HepaBeHCTB. /IBOMCTBEHHBIN aJIrOPUTM OPUEHTUPOBAH Ha
perierne 33749 (5), KOTOPBIE COMEPXKUT HEMHOTO JIMHEHHBIX OrpaHMYeHH
(m~500) 1 MHOIO II€pEMEHHBIX.

Pabora Bermonnena npu noaaep:kke HAHY, mpoext Ne0116U004558.
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One Modification of the Method of Hypodifferential
Descent in the Problem for Finding a Point of an Ellipsoid
Nearest to the Origin
Tamacsan I.II., Yymaxose A.A., IIpocoaynos E.B.
g.tamasyan@spbu.ru, andrewl1991.spb@gmail.com,
e.prosolupov@spbu.ru
CankTt-IlerepOyprckuit rocy1apCTBEHHBIN YHUBEPCUTET

06 ogHoii moaudurkayunm metoga
runoanddepeHLnanbHOro cnycka B 3agade
nNpoeuMpoBaHNs HaYana KOOPAMHAT Ha 3aauncous,

B pabote paccmaTrpuBaercs 3a1ada HAX0XK/IEHUS TOYKHU SJUIATICOU A OIr-
Kadineit Kk Hauasy koopmaunar [1, 2, 3, 4]. Jannag npobiema ycJoBHOI or1i-
TUMU3AIAN CBOJUTCSA K OE3YCJOBHOU € TOMOIIBIO TEOPUU TOUYHBIX IITpad-
ueix Gynkmwmit [5]. [Tocrpoernast Tounas mrpadHas QYHKIMS TPUHAITIEKAT
K kjaccy runomuddepeniupyembix dyuxmumit [6]. dias ee uccaenosanus Ha
9KCTPEMYM IIPUMEHSIETCSI XOPOIIO M3BECTHBIN U 3(DPMEKTUBHBIA METOJ, IUIIO-
nuddepennuanbraoro cuycka [6]. [Ipeiaraercs MmognuduKalms 3Toro MeToa.
Drta MomuduKanys 0b/IagaeT PAIOM MPEenMYINecTB. B yacTHOCTH, yIIpOCTH-
JIUCH TIOUCKW HAITPABJIEHUsI ¥ BEJIMIUHBI IIara cirycka. [losydeHHbie pesysib-
TaThl YUCJIEHHBIX IKCIIEPUMEHTOB JIEMOHCTPHUPYIOT 60Jiee BBICOKYIO CKOPOCTh
CXOJIUMOCTHU MOIU(PUIMPOBAHHOIO METO/Ia TUITOAU(M(MEPEHITUAIBHOIO CITYCKA.
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Section 5
Applications of Nonsmooth Analysis

Ambulance Resources Reallocation in St. Petersburg Using
Imitation Modelling Approach
Balykina Yu., Lezhnina E., Shavidze G.
julia.balykina@gmail.com, solka2000@yahoo.com,
gshavidze920gmail.com
Saint Petersburg University, 7/9 Universitetskaya nab., St. Petersburg, 199034,
Russian Federation

MepepacnpepeneHve pecypcoB CKOpPOIi MOMOLLM T.
CankT-leTepbypr ¢ ucnonb3soBaHnem meToaoB
UMUTALNOHHOIO MOAENPOBaHUS

BsepeHne

CucremMa CKOpO#l MeIUITMHCKON TIOMOIIU SIBJISIETCSI OJHUM K3 CAMBIX BOC-
TpeOOBAHHBIX M BAXKHBIX 3JIEMEHTOB TOPOICKO# mHMpacTpyKTypbl. OT 3-
dexTuBHOCTH PabOTHI JAHHOW CHCTEMBI 3aBUCAT Ku3HU Jitoeit. OcoberHo-
CTBIO PABOTHI CITYZKOBI CKOPO# TIOMOTITH SIBJISIETCS TTOCTOSTHHOE MECTO JIUCJIOKA-
[IMU MAIUH CKOPOH MOMOINN U HEOOXOMMOCTD WX BO3BPAIIEHUS HA CTAHIIUIO
[peXKJIe, YeM OTIPABUTHCS HA CJIEAYIOIINI BbI30B. 3arpy’KEHHOCTh CHCTEMBI
0TOOPaXKaeTCsi B KOJIMIECTBE BBI30BOB, IIOCTYITAIOIIMX HA CTAHIIUU, BIEKYIIHE
BBIE3/IbI MAIIIMH, COBEPITIAEMBIX 32 CyTKU. B KadecTBe 00bEKTa UCCIIeOBAHUS
paccMoTpeHa cucrema CKopoit memunuackoil momomu 1. Cankr-IlerepOypr.
PazBurast undpacrpykTypa U OTCYTCTBHE CHJIBHOTO BJIMSIHUS KJIMMAaTHIe-
CKMX YCJIOBHUII Ha TPAHCIOPTHYIO CUCTEMY OKaKyT MEHbIIlee BJIUAHUE Ha pa-
06OTy CHCTEMBI, YTO [MO3BOJIUT HAM paboTaTh C CHCTEMON CKOPOIl momoinu 6e3
PacCMOTPEHUsI BHEITHUX 3aBUCUMOCTEA.

JlntepatypHbliii 0630p

IlepBble TONBITKYE MOCTPOEHUST MATEMATUIECKAX MOJIe/Iel CHCTEeM CKOPOIt
IOMOIIH OBLIN MPEIIPUHATHI BO BTOPOit mosioBute 20 Beka. Bee momenn Moxk-
HO Pa3dWUTh HA TPU KJIACCA: J€TEPMUHUPOBAHHBIE, BEPOSTHOCTHBIE U TIHAMU-
yeckue. Vnes 3akio4ueHa B TOM, YTO PAWOHBI OOCIIY2KMBAHUS JOJIZKHBI 110~
KPBITh MaKCUMAaJIbHO BO3MOXKHYIO ILJIOIIA b HACEJIEHHOT'O IIYHKTA, TP 3TOM
3a/IeiCTBOBAB ONTUMAJILHOE KOJMYECTBO MAIWH, IYTOOBI 3apaHee 3aJaHHBII
IIPOTIEHT BBI30BOB MOT OOCJ/IY2KHBATHCH 38 YCTAHOBJIEHHOE HOPMATHBHOE BpE-
Ms, T.e. BpeMd C MOMEHTa IIOJIy4YeHHUsd BbI30Ba JI0 IIPUE3/1a MAIIUHbI CKOPOit
MOMOII H& MeCTO BbI30Ba. 1lepBbIii Kiace (IeTePMUHUPOBAHHBIE MOJIEJIN)
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OTIHMCHIBAET TPOCTEHIINE MOJIEJIH, KOTOPBIE Cefivac UCIOMb3YIOTCS B KA9eCTBE
3JIEMEHTOB JIJIsl MOJIeJIell IPYTUX KJIACCOB UJIU He UCIOJIb3YIOTCs COBCceM. B Ka-
YeCTBE IPUMEPOB JETEPMUHUPOBAHHBIX MOJIEIEH MOKHO paccMoTperh LSCM,
MCLP u DSM [1, 2, 3|. BeposTHOCTHBIE MOJE/IH TIOIBUIACH HEMHOTO [IO37KE
¥ B HAX PACCMATPUBAETCS BO3MOXKHOCTD 3aHSITOCTH MAIIUH, IPUOPUTETHOCTH
BBI30BOB, KJIACCHMUKAIMIO MAIIWH, KJIACCHMOUKAINIO BbI30BOB u T.11. O IHOM
U3 TEpBBIX BeposTHOCTHBIX Mozenedt Obuta MEXCLP[4]. MERLP[5] npen-
crapysier coboit e mojesin — MERLP1 u MERLP2, 1iesibio KOTOpBIX sIBJIsI-
eTCs MUHUMM3AIHs 03KuiaeMoro pacnpeseserns. Moxeas MALP-I[6], nesnbio
KOTOPO! fBJIA€TCA MAaKCHAMM3AIAs CIPOCa C 3aJaHHON J10JIelf BEepOATHOCTH.
C pa3zBuTHeM KOMIBIOTEPHBIX TEXHOJOTUH TOSBUIICH MOJENN JTMHAMAIECKO-
ro KJacca, pearupyroiine Ha W3MeHEHHe CHCTEMbI, PACCMATPUBAIOININE BEPO-
STHOCTH TIOJOOHBIX M3MEHEHUH Ha IPOTIKEHUM 3aJaHHOIO MEPHUOJa BpeMe-
uu. OziHOI U3 IepBBIX MOJIeIel JAHHOTO KJiacca sipjsiercst Mojieab DDSMI7],
mDSM|[8] npejcrasisier coboii MHTEPEC ¢ TOUKYU 3PEHUsST PACCMOTPEHUS UIECU
Mysbrunepuoguanoctu, mojesas DACL([9] onpenessier MunuMaIbHOE KOIAYe-
CTBO MAIIMH W UX MECTOIOJIOYKEHNE JIJIsi KaXKJIOT0 BPEMEHHOTO MEePHOJIa.

MNMocTaHoBka 3agayin m onncaHne moaenum

Iesbro manHOI PAOOTHI SIBJISIETCS TOCTPOEHUE PACIIPEIEIEHUST MAIIIH Cpe-
mu craunumii T. Caskt-IleTrepOypra ¢ yMeHbITeHHEM 3arPy>KEHHOCTH MAIIAH B
TeYeHrne CYTOK, TJ€ I0J1 3arPy?KEHHOCTHIO ITOHUMAETCS OTHOIIEHUE KOJIMYe-
CTBa BBI30BOB K KOJIMYECTBY MAIIWH B pailioHe 0OCIy>KUBaHUS cTaHiuu. B
Ka4veCcTBe JIOMOJTHUTEIHLHOTO YCJOBUS UCIOJIB3YETCS MYJIbTHIEPUOIMIHOCTD.
3asiada (GOpMyIUPYETCst B TEPMUHAX «CIPOCay U «Ipeljioxkenuss. [log cipo-
COM B JTaHHOI paboTe OyIeT MOHNMATHCA KOJIMIeCTBO 3BOHKOB, ITOCTYITAIOIIIX
na craunuio. [lox npemroxkennem OymeT TIOHUMATHCS KOJTUIECTBO MAIIUH, KO-
TOpPOe HAXOAWTCHA B TOM mjd WHOM paiione. [lapamerpsi, onucesiBaloriue pa-
00Ty CHCTEMBI CKOPO# TOMOTIH: [— KOJIMIECTBO PAiOHOB PabOTHI, 110 YCJIOBU-
M 319U, COBIAJIAET C KOJUIECTBOM CTaHIWil; N — KOJUYIECTBO MEPUOIOB
B CHCTE€Me, BEJIMYUHA ITOCTOSHHA; P - CYMMApHOe KOJMYECTBO MAIIWH p; —
€MKOCTh CTaHIWH %, TJAe ¢ € [, BeJIMIMHA MTOCTOAHHAS; NAS;, — KOJTUIECTBO
JKUTesell B paiione ¢ B mepuon n, rae ¢ € I, an € N, caydailHas BeJIM4nHAa,;
ter; — OlleHKa 3arpsI3HEHHOCTH pafioHa ¢, ciaydaiiHasd BesnduHa, rie ¢ € I
V02, — UUCJIEHHOCTH HACEJEHHUs CTapIlie TPYIOCIOCOOHOIO BO3pAaCTa paiioHa
i B mepuog n, tie ¢ € I, an € N; skor;, — 3HaYeHne cpejHeil CKOPOCTH
B paiioHe ¢ B mepuon n, rjme ¢ € I, an € N; a — xoabdunuent pyHK-
ouu cupoca; B; — KOMMYecTBO HECYACTHBIX CJIYUIAEB, BEJIMIMHA CJIydaiiHas),
rue ¢ € I; Ki(vozi,) — 3uadenne K03 uUIMeHTa YUCIEHHOCTU BO3PACTHO-
ro HaceJeHUs, IOCe TTPUMEHEHUsI OIEHOYHON TIKaJbl, T7e ¢ € [, an € N;
Ks(ter;) — 3nHayenne koabduimeHTa 3arps3HEHNs I0CJe IPUMEHEHUs! Olle-
HOYHOU mmKaJbl, rye ¢ € I; K3(B;) — 3nauenne xkoabdunuenTa HeCIaCTHBIX
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CJIyuaeB, [0CJIe IIPUMEHEHHsl OIIeHOYHOI mKajbl, rae i € I; Ky(skor;,) — 3ua-
genne K03 PUIMEeHTa CKOPOCTH, TIOC/Ie TPUMEHEHUsT OIIEHOYHOMN TITKAJIbI, T/
1 € 1, an € N. Ilepemennasa y;, — KOJUIECTBO MAIIINH B paifloHe ¢ B TIEPUOJ,
n,tne 1t € I, an € N. W;, - 3arpyKeHHOCTb MAIlUHGL, TJe ¢ € I, an € N,
din(Nasin, ter;, voz;y,, skor;,, B;) - cupoc, rie

din(nasip, ter;, vz, skory,, B;) =

= (K1 (vozip) x Ka(ter;) x K3(B;) x Ky(skor;y)) * a %
din in, L€Ti, VOZin, SkOTin, B;
Wi = (nas eri, V0Z;n, Skor. )
Yin
Lenesas dpynkms
N I
IIpU yCJIOBUAX:

I
p= Z Yin (2)

rje (1) — ycioBre BMECTUMOCTH CTaHIMi paifoHa i, rue ¢ € I, mo oTHO-
IIIEHUIO K PACIPe/IeJIeHHBIM MallliHaM B 9TOT paifioH, st Vn (2) — yciosue
IIOCTOAHCTBA MAIIUH B cucteme, rime ¢ € I, an € N.

Pesynbratbl

IIporpammuast peanu3aiiusi pemreHus MOCTABJICHHON 3ajadu ObLIa OCy-
[ECTBJIEHA Ha A3bIke Java. VIMuTannontoe Moae ImpoBaHue MPOBOIIIIOCH TIPHU
CJIEJTYIOIINX HAYAJIBHBIX YCJIOBUSX: IIEPUOIOM HMCCIEJOBAHMUS B3N CYTKHA U
paz3bwan na mapy nomnepuonos ¢ 8.00 mo 20.00 u ¢ 20.00 mo 8.00. Bouio
paccMmoTpeHo 4 crieHapusi: ¢ KojmdecTBoM MaruH 130 u orpaHndeHueM Ma-
IIAH Ha CTAHIUH 3 €JIMHUIBI, C KOJUIECTBOM MamuH 150 U BMECTHUMOCTBHIO
CTaHIUI 3 MAIWHBI, ¢ KOJm4ecTBOM MamuH 130 U BMECTUMOCTBIO CTAHIIHT
5 mamuH 1 150 MamuH pa3Mep aBTOIApPKa U BMECTHUMOCTBHIO CTAHIINH b eau-
Hui. Bpu1o 3amMedeHo, 4TO BhIOPAHHBIE Pa3MeEPBI aBTONAPKA HEJIOCTATOYHBI
JI7IsT He0OXOUMOTO TIOJTyI€HHOTO pacIpe/ie/ienns. PeKOMEHI0BAHHOE YUCJIO
MaIlIuH B TOpoJie Bapbupyercs oT 165 10 170. B pe3ynbrare peleHHbIX 3a1a9
HaOJTIOIAeTCsT HEODXOIMMOCTD MIEPEPACIIPEIETICHIS MAIUH B T€YCHUE CYTOK,
B CBHA3U C JIBUXKEHUEM IIOTOKOB HACEJIEHUS B T€IEHUU oarnepuonos. IlocTpo-
eHue obsiacTeil pabOThI CTAHIMI CKOPOIl IIOMOINM OIIPEJE/IMJIO YacTh "IIpo-
6s1eMHBIX " y4aCTKOB Iopojia: 3alajiHas YacTh BacuIbeBCKOI0 OCTPOBa, TaK-
JKe 3alajiHasl 9acTh BIOoprckoro paitona. Bo3sMoKHBIM pereHreM 1mo00H0#
pOOJIEMBI SIBJISIETCSI IIOCTPOEHUE JOTOJTHUTEIBHBIX CTAHIIUN CKOPOI ITOMOIITH.
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Nowadays, different aspects of statistical analysis of ecological data have
significant importance, as well as image analysis methods, that are used for
solving following ecological problems:

— detection of emergencies;

— plant condition monitoring;

— yield forecast;

— differentiated nitrogen fertilization;

— melioration system status monitoring;
— and others.



Bure V., Mitrofanova O. 105

In this paper the poblem of assessing the state of plants using the aerial
photography data is considered. The solution of this problem is based on an
analysis of the color characteristics of plants on aerophotos. To interpret the
color parameters, the CIELAB color space model is used.

An automated unmanned aerial vehicle (UAV) — quadrocopter Geoskan-
401 [2] is used for the aerial photography. It allows to get complete
information for the statistical analysis. Two SLR cameras used as a payload
allow to take high quality pictures without any digital noise in the visible
and near-infrared regions.

The process of obtaining aerial photos using automated UAV consists of
three main stages:

1. The flight plan. The supplied packaging of UAV Geoskan-401 also includes
GeoScan Planner, a special software for planning flights, allowing the
identification of field boundaries, which should be evaluated (for example,
using Google Earth maps), and then the flight plan is created automatically.
As a result, the created plan is loaded into the UAV.

2. Flying and photography. In this configuration, this step is fully automated.
One just needs to start off the UAV to the created route, and the system will
automatically take pictures with on-board cameras and sensors during the
flight. The quadcopter uses GPS coordinates to take the pictures. The basic
requirement for the shooting is the sufficient overlap of the images.

3. Pre-processing of the images. The supplied set also includes Agisoft
PhotoScan software, which allows to create orthophotos in Geotiff format
automatically from a mosaic of obtained images or 3D relief model.

The objects of research are experimental agricultural fields located on the
territory of the Agrophysical Institute branch in Menkovo (Leningrad region,
Gatchina district, Menkovo, coordinates of the center of the fields are 59° 25’
n. 1. 30° 01" e. 1.).

The initial data of the problem are the color parameters L, a, b of plants
from test aeas. The test area is a small region of the field on which the
qualitative characteristics of the plant are known. Consider the following
example: there are test areas of wheat with known doses of nitrogen (0, 60, 90,
120 kg of active ingredient per 1 ha). In addition, certain quality parameters
of plants are formed on each area: grain size (large, small), plants protection
(there are weeds, no weeds), seeding rate (6 million per 1 ha, 5 million per 1
ha). Tt is necessary to analyze the existence of a linear relationship between
the color of plants and the dose of nitrogen, depending on various qualitative
factors.

First of all, it is necessary to present the color characteristics as a single
value. Therefore, it was proposed to roll the color parameter vector into a
single value using a convex linear combination. This value is conventionally
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called the generalized color characteristic Cpga,, which is calculated by
following formula [1]:

Crab = aL* + Bra™* + (20", (1)

where a > 0, 81 > 0 and B2 > 0 — empiricall coefficients for each image of
plants, and
a+pr+pf2=1

The main criterion for selection of «, (1, (2 coeflicients is the provision of
the most pronounced linear relationship between the color characteristic (1)
and the nitrogen dose in the test areas. For this, eight equations of linear
regressions are constructed (for each situation). With this approach, the
following condition must be met for obespeping the most pronounced linear
connection:
: 2

@Sy 200 0 P P .
where R? - coefficients of determination of constructed linear regressions.

The most natural approach to solving this problem is to try the coefficients
«, [B1, P2. For each set of coefficients, the equations of linear regressions are
constructed, the determination coefficients are calculated, and the maximin
(2) is searched.

The given analysis allows to estimate possibilities of definition of a state of
plants on any site of a field. This is necessary for the effective use of fertilizers,
increasing the yield and quality of products, as well as for improving the
ecological state of the field.

Further in this paper we consider this analysis more detail, as well as
an example of the application of the proposed approach using statistical
language R.
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Introduction. Methods of statistical analysis are often used for
hypothesis testing. That is why mathematical approaches are applied for
problems from different fields. We present a research on Saint Petersburg
morbidity rate. Medical organizations in the city have an executive body
responsible for control and supervision. However, every district has his own
one, so possibly the quality of work of executive bodies can affect health
problems of inhabitants of the district. The aim of the research is to detect
the heterogeneity in districts of the city with respect to morbidity rate, which
was chosen as an indicator of population health.

Methods of cluster analysis was utilized for detection of homogeneous
groups of districts. Key feature is that data are time dependent so it is
necessary to use special distance. There are a huge amount of studies of
time series dissimilarity measures which are based on autocorrelation [1],
spectral characteristics [2], assumptions of time series model [3,4], correlation
[5], wavelet transformation [6,7] and others.

Besides each district is characterized by three values: children, teenagers
and adult morbidity that call for multidimensional time series analysis. There
are mainly two approaches: the overall matching and match-by-dimension.
The first one takes the multidimensional time series as a whole to save the
important correlations of the variables [8, 9, 10]. The second one conducts the
univariate clustering and then uses some techniques to aggregate information
from all dimensions [11, 12].

Firstly, we made a multidimensional clustering analysis correspondingly to
both approaches described above. Then we made deeper research on children
morbidity and propose a new dissimilarity measure for short time series.

Multidimensional clustering. Consider that some object or phenome-
non is observed and every moment ¢ = 1,7 several values, which usually
are called as variables or dimensions, (z1(t),x2(t),...,z,(t)) are fixed. If n
is equal to 1 it is a univariate time series. If n is higher thanl then it is
multidimensional time series (MTS).

The MTS can be treated as a unit that helps to consider the correlations
of MTS dimensions. This way of working with MTS is called the overall
matching. Clustering methods, which hold to that idea, usually use some
techniques of dimension reduction because of curse of dimensionality. For
example, principal component analysis often is a base for such kind of
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methods. We applied a method Eros [10] in the research but unfortunately,
it showed confusing results. The problem is that we have short time series:
16 observation (from 1999 to 2014) and 3 variables (children, teenagers and
adult morbidity). That is why we split MTS to several univariate time series
and applicate BORDA method to aggregate the information about similarity
from every dimension [11, 12]. This concept is named as match-by-dimension.
Instead of using Borda count such functions as mean, maximum, minimum
can be used. However, the univariate time series clustering must be conducted
before aggregation.

Univariate clustering. As we have short time series we cannot use
methods based on spectral characteristics, assumptions of time series model
and so on. Therefore, we decided to apply Euclid, Fréchet distances and
adaptive dissimilarity index. Euclid distance can give not accurate results
because it does not consider that data are time dependent, but we wanted
to compare it with other distances. Fréchet distance (to be exact, discrete
Fréchet distance [13] ) is one of the first dissimilarity measures, which is
appropriate for time series but it does not bear in mind the variability.
Adaptive dissimilarity index [14] is a parametric function of two variables.
The first is a distance computed by any conventional way (Euclid, Manhattan,
Minkovski distance etc.). The second is value, which shows if two time series
behave the same or different way. The parameter regulates the influence of
two components on the result.

Stable clusters. We got 4 clustering distributions using Euclid distance,
Fréchet distance and adaptive dissimilarity index with two variants of
parameter for every variable of MTS dataset. Then weighted Borda counting
method was applied to them. Therefore, 4 models of heterogeneity in Saint
Petersburg derived. We found such districts that belonged to the same
clusters in all models and named it “stable clusters”.

Several districts were not determined to any stable cluster. Consequently,
we propose a heuristic algorithm to cope with such objects. It is based on
Borda count too. The indeterminate object includes in one of stable clusters
correspondingly to several criteria, which are chosen in accordance with aim
of research [15].

Dissimilarity measure based on time series characteristics.
Many present dissimilarity measures work well only with long time series.
Unfortunately, such fields as economics or demography are more presented
by short time series. Therefore we propose a new dissimilarity measure
based on time series characteristics (CBD — characteristics based distance)
[16]. The distance a linear combination of 3 values. The first presents the
dissimilarity of such statistical characteristics as mean, standard deviation,
median, minimum and maximum values. The second is dissimilarity with
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respect to dynamic. The third is distance between behavior characteristics.
Every addend fluctuates between 0 (absolutely similar time series in some
sense) and 1 (absolutely different time series in some sense). It is obtained
due to the special normalization. The distance was tested on 3 synthetic
datasets and it showed appropriate results for further application.

Children morbidity rate. Children morbidity has the highest influence
on result of MTS clustering. Besides, it is socially important value in
healthcare system. That is why we conducted deeper research on it. We
construct more than 9 clustering models and chose 4 with the highest
silhouette index and Dunn index. The model obtained with CBD was included
too. Then we defined stable clusters and applied a heuristic algorithm
(described above) to set indeterminate districts to the found clusters.

Conclusion. Firstly, the multidimensional cluster analysis of Saint
Petersburg with respect to morbidity was conducted. Three clusters were
found by aggregating information from 4 clustering models. The heuristic
method for determination of uncertain objects to cluster was proposed. Then
a new dissimilarity measure based on time series characteristic was presented.
It was validated on 3 synthetic datasets. At last, we made a children morbidity
rate research using proposed method and several other methods. Therefore,
we got 2 models. The first shows the groups of homogenous districts with
respect to three variables: children, teenager and adult morbidity, the second
- with respect to children morbidity rate only.
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Recent studies has shown that tax audit can be used as an effective
instrument of fiscal system. Following to the mathematical tradition, founded
in such classical works as [5] and [11] this aspect is considered as the
interaction between taxpayers and tax authority and is studied in the
framework of game theoretical attitude.

For these models the optimal solution is usually presented in the form of
the “threshold rule” in various modifications. In [4] this rule is formulated so
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that the optimal value p* of the probability of tax auditing is

L€
E+m

p (1)
where £ and 7 are tax and penalty rates correspondingly.

In spite of the total tax audit is an effective measure, at the same time it
is very expensive and can not be applied regularly with the probability (1).
However, an intensive growth of information technologies and an invasion
of social networks in many parts of the modern life-style gives us the new
facilities to control taxpayers. Nowadays proliferation of special information
or valuable news about possible tax audit can help tax authority in collection
taxes and reduce costs.

In contrast to many other research [2], [3], [5], [11] we consider a dynamic
evolutionary model which describes the behavior of the taxpayers that
depends on the information circulated over the population. We assume that
in well-mixed population of economic agents, who are taxpayers and tax
auditors, the series of random matches are occurred. We say that the strategy
of tax authority influence on the behavior of taxpayers indirectly, because
they usually do not have a reliable information about the time of tax audit
and can only estimate the probability of this event.

We suppose that at the initial time moment tax-authority trow an
information about future tax audit into small part of population of economic
agents. Economic agents communicate over the time period and information
will spread. Received information can change the behavior of an agent.
This technic allow to improve the process of collection taxes with less
costs. Propagation of information also initiates migration of economic agents
between two subgroups: those who pay taxes and those who evade taxation.

Thus, we have the evolutionary process of changing of the population
state, which is caused by the adaptation of behavior of taxpayers to the
updated economic environment [12]. If a taxpayer switches on another status,
then he transfers to the new subgroups, and thus the qualitative structure of
the population is changed. This population process resembles an evolutionary
game. Therefore, we can use the tools of evolutionary game theory, such as
stochastic evolutionary dynamics, to describe the changes in the taxpayers
behavior.

A taxpayer, who receives the opportunity to change his status, following
a revision protocol [6], [10] chooses an opponent at random and switches
from status 7 to status j according to the conditional rate ¢;;. In other words
the taxpayer can compare his behavior with the behavior of the random
agent. If the exampled strategy gives better payoff then he changes his status
(strategy).
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In current work we formulate an evolutionary model which describe the

behavior of taxpayers depending on information received from tax authority.
We estimate the optimal value of initial information invasion. We also
corroborate our theoretical results by numerical simulations.

(1]

2]

3l
[4]

5]

(6]

(7]

L

9]

[10]
[11]

[12]
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This contribution is based on [2] and is concerned with the inverse problem
of parameter identification in nonsmooth boundary value problems that can
be expressed as variational inequalities (VIs) of the second kind.

A prominent example of this class is the following direct problem: Find
the function u in the standard Sobolev space H'(Q) = {v € L*(Q) : Vv €
(L?(22))%} on a bounded Lipschitz domain Q C R%(d = 2,3) such that for
any v € H(Q) there holds

/ e(z) [Vu- V(v — u) + ufv — )] dz + / £() ul(Jo] — Ju]) ds
Q o0

> [ o@) =) ds. M

This VI is related to the Helmholtz partial differential equation —Au+u =
g rendering the coercive bilinear form Vu-Vv+wu v. (1) provides a simplified
scalar model of the Tresca frictional contact problem in linear elasticity.
By the classic theory of variational inequalities there is a unique solution
u of (1) if the datum g that enters the right-hand side is given in L?(Q)
and moreover, the “ellipticity” parameter e > 0 in L>°(Q2) and the “friction”
parameter f > 0 in L (91) are known. Here we study the inverse problem
that asks for the distributed parameters e and f, when the state u or, what
is more realistic, some approximation @ from measurement is known. In
other words, we are interested in the variable parameters e and f such that
u(e, f) = 4. However, due to the lack of regularity in the measured data, it
is unrealistic to expect such coefficients. Consequently, the inverse problem
of parameter identification will be posed as an optimization problem which
aims to minimize the misfit function, namely the gap between the solution
u = u(e, f) and the measured data @. This approach has been precisely the
case with simpler inverse problems. To the best of our knowledge, this is the
first work on the inverse problem of parameter identification in variational
inequalities that does not only treat the parameter e linked to a bilinear
form, but importantly also the parameter f linked to a nonlinear nonsmooth
function, like the modulus function above.
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To cover this frictional contact model problem as well as other non-smooth
problems from continuum mechanics we propose the following new abstract
framework. Let (as above) V' be a Hilbert space; moreover E,F Banach
spaces with convex closed cones Ey C E and F C F. Let as with [1], ¢ :
ExVxV =R, (e,u,v) — t(e,u,v) a trilinear form and [ : V. — R, v > I(v)
a linear form. Assume that ¢ is continuous such that ¢(e, -, -) is V—elliptic for
any fixed e € int F,. Now in addition we have a "semisublinear form"s :
FxV =R, (f,u) — s(f,u), that is, for any v € V, s(f,u) is linear in its
first argument f on F and for any f € Fy, s(f,-) is sublinear, continuous,
and nonnegative on V. Moreover assume that s(f,0y) =0 for any f € F.

Then the forward problem is the following VI: Given e € int F, and
f € Fy, find u € V such that

tle;u, v —u) + s(f;v) — s(f;u) = llv—u),YveV. (2)

Now with given convex closed subsets F* C int E, and F** C F, we
seek to identify two parameters, namely the "ellipticity"parameter e in E*¢
and the "friction"parameter f in F*9.

In the model problem we have some convex closed cone E;y C {e €
L*(Q) : e > 0 a.e. onf} containing the convex closed "feasible"set
E¥ ={ec E;y : e<e<e ae onf}, where the bounds e < € are
given in Ry = {r € R: r > 0}. Likewise we have some convex closed cone
Fp C{f e L>*{T¢) : f > 0ae onlc} containing the convex closed
"feasible"set F*' = {f € F, : f < f < f ae.on ¢}, where the bounds
0 < f < f are given.

In the first step we investigate the dependence of the solution of the
forward problem on these parameters. To this end we assume

tle;u,v) <t lelle [lullv [lvllv, Ve € B, ueV, veV 3)
tle;u,u) >t |[ul|}, Ve € B C E, ucV. (4)

In fact, £ < oo directly follows from the assumed continuity of ¢, where in the
model problem ¢ = 1, and t > 0 comes from Poincaré inequality;
Moreover assume that there holds with some constant 5

Is(f;u2) — s(fiu)] <3| fllpllue —uillv, Vf € Fius € Viua € V. (5)

Also this assumption can be readily verified in the model problem and
further nonsmooth boundary value problems.

Under these assumptions we obtain the following Lipschitz continuity
result.

Theorem. Suppose that the trilinear form ¢ satisfies (3) and (4) and that
the semisublinear form s satisfies (5). Consider the uniquely defined solution
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map (e, f) € E** x F**— u= S(e, f). Let e; € E*, f; € F** (i = 1,2). Then
there holds for some constant ¢ > 0

15 (e2, f2) = Slex, fi)llv < e {llex —e2lle + 1 = fallF}-

Then we present an optimization approach to the parameter identification
problem as follows. Let an observation @ € V' be given. Then the parameter
identification problem studied in this paper reads: Find parameters e €
E* f € F* such that u = S(e, f) "fits best"a, where u € V satisfies the VI
(2), namely

tle;u,v —u) +s(f;v) —s(fiu) = l(v—u),YveV.

Introduce the "misfit function"
. 1 -
](67f) ::5 ||S(€7f)7u||2

to be minimized.
Here we assume similar to [3] that the sought ellipticity and friction
parameters are smooth enough to satisfy with compact imbeddings

E“CECCE;F*CFCCF.

Example of such spaces are B = H'(Q) cc L®(Q);F = Hz(I¢) cC
L?(T'¢). For simplicity let E, F be Hilbert spaces (or more generally reflexive
Banach spaces). Thus with given weights 5 > 0, > 0 we pose the stabilized
optimization problem

e B
(OP)  minimize je, ) + 5 el + 2 I£II%

subject to e € B, f € F*!

Under these assumptions we have the following solvability theorem.

Theorem. Suppose the above compact imbeddings. Suppose that the
trilinear form ¢ satisfies (3) and (4) and that the semisublinear form s
satisfies (5). Then (OP) admits an optimal (not necessarily unique!) solution
(e*, f*,u) € B~ x F** xV, where u = S(e*, f*). i.e. u € V solves the VI (2).

Based on the Galerkin method and Mosco set convergence we finally
establish a convergence result for finite dimensional approximation in the
optimization approach.
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Resource allocation problem is one of the canonical problems in networked
systems. The most significant representatives of such systems are urban
road networks, power grids, gas pipelines, the Internet, supply chains,
financial networks and other. This paper is devoted to non-smooth resource
allocation problem corresponded decentralized decision-making [1]. The user
equilibrium principle was formulated in 1952 by John Wardrop [5] and states
that travelers in the road network seek to choose the route with minimum
travel time, so all used routes have the same travel time that is less than the
travel time of a single vehicle on any unused route. Power grids, gas pipelines,
financial networks and supply chain could be modeled as network equilibrium
problems with convex performance functions. Here, we focus on resource
allocation problem with convex piecewise linear nondecreasing performance
function.

Let us consider a network presented by an oriented graph G consisting
of two nodes (source and sink) and n links between these two nodes. We
call this network — the network of parallel routes. Introduce notation: F' —
the demand between source and sink; f; — the amount of resource on link 7,
i=1,n: >, fi = F. The performance function of a link is modeled by a
convex non-smooth piecewise linear nondecreasing function:

qi

L =3 [a{ +b{f2} 5, i=T1,m,

j=1
where
i 1 if f el
J 2 7
or; _{ 0 otherwise,
where I; = (I},...,I1") — is the set of intervals corresponding to the linear

segments of some piecewise linear functions t;(f;). Moreover, we suppose
that t;(x) > 0, > 0 and 0t;(z)/0x > 0, x > 0 and ¢ = 1,n. Define also

f=U s )
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Resource allocation f* = (ff,..., f¥) is user-equilibrium in the network
G if and only if [3, 5]:

(i i=1

s

) =t*>0 when f* >0,
> t* when f/ =0,

It is proved that the user equilibrium problem can be formulated as an
optimization program [2, 4]:

n fi
min z(f) :minZ/ t;(u)du, (1)
! U
subject to

fi = 0. (3)
Let us apply the Khun—Tucker conditions to optimization problem (1)-(3)
by differentiating the Lagrangian

L= Z/ Z al + 0] ]5ﬂdu+w<F Zﬂ>+i(_

i=1

with respect to f; and equating the result to zero:

OL ¢ iy i g
o7, = Z[ai + bl fi]ol] —w —m; =0, (4)

j=1

where w and 7;, i = 1,n are Lagrange multipliers. Thus, we have:

qi
fl(fz) = Z |:Clz + beL} (5[3 = w +77¢, 1= l,n. (5)

Jj=1

The complementary slackness condition requires that the equalities ; f; =
0 for all ¢ = 1,n be true. In this case, if f; > 0, then 7; = 0 and, by (5) we
have

qi
ti(fi) = _lal + bl fi]6T] = w (6)
j=1
On the other hand, if f; =0, C,Ps n; > 0 then, and, by (5),
qi
ti(fi) = _lal + bl 6T > w. (7)

Jj=1
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These correlations can be rewritten as the constraint:

qi .
)= lofviislon { S5 fZ0

Jj=1

I
—_
3
—
oo
=

Express f; in terms of w, using (8):

po{ TnERer sdii<e o
_ . . 1= 1,n.
0 if Y91, ajdl] > w,

The functions t;(f;) for all i = 1,n are convex and so, the Khun-sB“Tucker
conditions are both sufficient and necessary. Therefore, we can say that the
assignment f* creates a user equilibrium in the network of parallel routes if
and only if there is w* such that f* and w* satisfy (8) and, therefore, (9).
Assume that f* and w* are defined. Then each f, i = 1,n corresponds

to a fixed interval IZ]* and the coefficients a{i* and bf* correspondingly.
Without loss of generality, let us reindex the edges so that:

ajl1 <o <aln’ (10)
Let m be the index of the edge such that a/m" < w* < afgfll Then, inserting
(9) into (2), we have
n m OJ* ‘i*
RN IEE R a
i=1 =1
Therefore, w* can be expressed as:
-k
L F4+Ylaf
W= = (12)
i=1 i
Put (12) into (9), to obtain f* explicitly:
1 P+, ali” J* if 4
=l — i COm,
fr=2 b i=1 bf% bg h i=1,n. (13)
0 if 1 > m,

Find the value of m using (11) and the following equation a/r” < w* <
jm+1*.
m—+1

bJL

m .
]rL
> |t
le

i=1

m—+1 ]m+1 _ Jm*
F< Z 7n+1 a; ) (14)
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Therefore, (13) under (10) and (14) is the user equilibrium in the network
G with piecewise linear performance functions. However, it is a complex
combinatorial problem. Nevertheless, the projection approach to cope with
smooth recource allocation problem was developed in [2]. Thus, we are able
to approximate piecewise linear performance functions ¢;(f;) by some smooth
nondecreasing functions LZZ'( fi) with precision &:

t(f) = E(f), |t(f)—t(f)|<e fiz0, i=Tn

Eventually, the solution of smooth resource allocation problem help us to
reduce the amount of possible combination in (13). Moreover, the more
precise approximation, the less amount of possible combinations. Thus,
developed approach is quite constructive tool to cope with non-smooth
resource allocation problem.
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As a heuristic search algorithm, the A * algorithm is often used to solve
the problem of ships routing optimization. For convex obstacles, the A *
algorithm is improved in the local optimal path planning of ships, when
the increased number of waypoints lead a lower efficiency. The improved
algorithm uses the angle between the starting point, the ending point and
north direction as the heuristic information to reduce the number of route
points in the path planning process. After simulation and verification, the
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number of the improved algorithms waypoint searched is reduced by about
30 percent compared with the classical A * algorithm, significantly less
than the classical A * algorithm. At present, a lot of optimization methods
are proposed to route planning. Such as Dijkstra algorithm[1], genetic
algorithm[2], ant colony algorithm[3]. A * algorithm[4] is a heuristic search
algorithm, which is faster and more flexible. However, when the number of
waypoints get larger, the computational complexity and time consumption of
the A * algorithm are greatly increased. In order to solve this problem, this
paper improves the heuristic operator, uses the angle between the starting
point, the ending point and north direction as the heuristic information for
route planning. As the simulation below shows, the effectiveness of algorithms
is proved. According to the real-time weather information and the existing
map information. the digital map in the navigation area can be obtained,
the starting point, the target point and the area of navigation are defined
according to the task information, the latitude and longitude lines will be
used to generate navigation maps of the navigation area. Its establishment
process is as followings: Combined with the mission information, the starting
point and target point of navigation are defined as SPEP. And based on
the starting point and destination point SP, EP determined sailing area.
Where S E are longitude, S E are latitude.j'b Set the convex obstruction
in the navigation area to the prohibited zone. The unit of latitude and
longitude will be used to divide the navigation area to generate the grid
map. We get tc tk(horizontal grid number and vertical grid number) grid,
the center of each grid is the waypoint, the grid map is a directed network
diagram A * algorithm is a heuristic search algorithm, which is defined by
the cost function to evaluate the cost of further size. The cost function
to determine the optimal is: Fi(n) = G(n) + H(n), F(n) representing the
estimated value from the starting waypoint to the waypoint n, G(n) represents
the weight of the current waypoint n that is moved from the starting point
along the generated path. H(n) represents the weight that moves from the
current waypoint n to the target point. The weights of H(n) are generally
calculated by the Manhattan distance method Manhattan distance is the
sum of the horizontal and vertical distances between two waypoints. Firstly,
establish two data structures: open table and closed table. The open table
is used to hold the unsearched waypoints. The closed table is used to record
the waypoints searched and the waypoints covered by the obstacle. Then
calculate the weight matrix: In this paper, LIBERTY SHIP is chosen as
the object ship so according to the empirical formula proposed by James
(1957)[6,The starting point and the target point are connected by a straight
line to calculate the angle between the line and the north direction. Steps of
route planning algorithm: (1) Add the starting point to the open table. (2)
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Repeat the following steps: (a) Find the minimum F values of open tables
waypoint, the current waypoint is set to the waypoint with the lowest F value.
(b) Removes the current waypoint from the open table and places it in the
closed table. (c) According to the heuristic information retained by the five
search out direction to judge the 5 route points that are pointed in turn. If the
waypoint is already in the closed table, the waypoint is not taken into account;
If the waypoint is not in the open table, then add the waypoint to the open
table, with the current waypoint as the father waypoint for that waypoint,
and record the F, G and H values of the waypoint; If the waypoint is already
in the open table when the G value of the current waypoint to reach the
waypoint is less than the original waypoint does not go to the waypointV®s
G value, then the current waypoint is used as the parent waypoint for the
waypoint and recalculate the F, G, and H values of this waypoint. Otherwise,
the waypoint F, G, and H values remain unchanged. (d) If the target point
is added to the closed table, the local optimal path is achieved; if the target
point is not added to the closed table, and the open table is empty, the local
optimal path does not exist. In this paper, by using the computer simulation,
the efficiency of the proposed path planning algorithm is compared with that
of the classical A * algorithm, and the simulation proves that the method
is feasible and effective. Compared with the classical A * algorithm, the
number of the waypoints searched in this paper are reduced by 13, 9, 11
and 14 respectively. The reduction percentage are 30.95
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Wind, waves and ocean currents have impacts on ship velocity in
open ocean area. Therefore, choosing the optimal route can reduce fuel
consumption and improve ship safety. Firstly, this paper establishes the
fuel consumption prediction model. Then, in the case of little change in
the times of engine firing, the optimization route problem of minimum fuel
consumption can be converted to the optimization route problem of shortest
time. Finally, an improved A* algorithm for convex obstacles is proposed. The
objective function of fuel consumption in ship weather routing is calculated.
Estimated fuel consumption per hour of ships can be calculated by the
following formula: FCPH=P*BSFC. Where: FCPH is the fuel consumption
per hour. P is engine power. BSFC is the fuel consumption rate. When the
engine is started each time, another aspect of fuel consumption occurs. This
is obvious when the engine needs to be turned on and off a number of times
during navigation. Therefore, the total fuel consumption in the course of
routing can be expressed as the following formula: q=T*FCPH+m*FCPS.
Where: q represents the total fuel consumption in the course of routing.
T is the total travel time in the course of routing. m is the times of engine
firing. FCPS is the fuel consumption of engine firing every time. It is assumed
that the number of engine firing doesnsH™1t change too much. Then, the
optimization route problem of minimum fuel consumption can be transformed
into the optimization route problem of shortest time. Weather ship routing
based on wave conditions has been operated by navigators since a long time
ago. R.W. James (1957) found that the most important parameter retarding a
shipsB™ s progress was surface wave action. It is easy for navigators to select
the optimum track to be navigated from departure to destination in a known
wave climate. Therefore, this paper regards wave conditions as meteorological
data. The wave conditions consist of mean wave direction and significant
wave height. The meteorological data can be obtained from ECMWF. In this
paper, the ocean to be navigated is divided by 1*1 degrees latitude-longitude
lines. Each node has eight out-degrees and eight in-degrees. Weights can be
calculated by the equation: w=L/V. Where: w is the weight. V denotes the
actual speed in the sea. L represents arc distance between two nodes. V can
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be required by empirical formula which is recommended by Soviet Central
Maritime Research Institute. The formula is expressed as follows: V=Vo-
(0.745h-0.257¢h)*(1.0-0.00000135DVo). Where: Vo represents the speed in
calm water, h means the wave height, q is the angle between ship heading
and wave direction, D is the actual displacement of the ship (tons). This
formula is applied to ships with displacement ranging from 5000 to 25000
tons, speeds between 9 and 20 knots, and the wave height is between 0 and
5 meters. L can be calculated by the great circle distance equation.

With the continual rising of oil price and the intensification of greenhouse
effect, how to reduce operational fuel consumption and decrease air pollution
is very meaningful. This paper presents an improved A* algorithm for fuel-
efficient ship weather routing and establishes the fuel consumption prediction
model. The improved A* algorithm measures the angle between a segment
from the starting node to the ending node and the true north line. Then, it
takes the angle as heuristic information to determine which nodes need to be
searched at each current node. Eventually, it selects the next optimal node
from these searched nodes. This improved algorithm is applicable for convex
obstacles. The simulation results of improved A* algorithm show that when
the obstacles are convex obstacles, this new method can find the fuel-efficient
route and reduce the numbers of total searched nodes effectively.
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We consider the inverse dynamical and spectral problems for the one
dimensional Dirac system on a finite tree. Our aim will be to recover
the topology of a tree (lengths of the edges and connectivity) as well as
parameters of a system, i.e. the matrix potential on the edges. As inverse
data we use the spectral characteristics of a system: spectral data or a Weyl
function or dynamical characteristics: the response operator.

Let Q be a finite connected compact graph without cycles (a tree).
The graph consists of edges E = {ey,...,en} connected at the vertices
V = {v1...,on41}. Every edge e; € E is identified with an interval
(a2;j—1,a2;) of the real line. The edges are connected at the vertices v; which
can be considered as equivalence classes of the edge end points {a;}. The
boundary I' = {y1,...,7m} of Q is a set of vertices having multiplicity one
(the exterior nodes). In what follows we assume that one boundary node (say
U, is clamped, i.e. zero Dirichlet boundary condition is imposed at v,,, and
everywhere below we will be dealing with the reduced boundary I' = f\vm
Since the graph under consideration is a tree, for every a,b € , a # b, there
exists the unique path 7la, b] connecting these points.

LetJ:—(O L

1 O)’ at each edge e; we are given with a real matrix-

7 P

valued potential V; = <pl q;) >, pi, ¢ € C'(e;). The space of real vector

valued square integrable functions on the graph Q is denoted by Lo(Q) :=
@i\;l Ls(e;,R?). For the element U € Ly(§)) we write

Ul Ul N 1 2
v () ={()] e daten

The continuity condition at the internal vertexes reads:

uj (v) = uj(v), e;~v, e;~v, veV\IL (1)
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Here e; ~ v means edge e; is incident to vertex v, The second condition
(balance of forces) at the internal vertex v is introduced as

> ui(v)=0, veV\I (2)

ile;~v

1
We put ¥ := (Zz) € La(Q), ¥}, v? € H'(e;) and introduce the operator

d () ]
v o () u ()] see
with the domain
D(L) = {qf € LQ(Q)‘ 1 4? € H'(e;), U satisfies (1), (2)
at v € VAL, ¢ (v) =0, v € F}

By S we denote the spectral problem on the graph:

JU, + VU =)\U zx€e, (3)
U satisfies (1),(2) at v € V\I' (4)
Y (v) =0 forveT, (5)

It is known that the problem (3)—(5) has a solution {\, Uy}~ ,, where
W, are chosen such that fQ UV, dr = J;;,. We introduce the notation:

Yioo= ok = {WE(v) . ¥R (vm—1) ). With (3)—(5) we associate
the spectral data, the set of pairs:

{ e Vi by - (6)

Sometimes it is more convenient to use the Titchmarsh-Weyl (TW) matrix
function as a inverse spectral data. This function is introduced in the following
way: for A ¢ R we consider the problem (3), (4) with the nonhomogeneous
boundary condition:

V) =&, v el i=1,....,m—1. (7)

The TW matrix function connects the values of the solution (3), (4), (7)
U(-, A\) in the first and second channels at the boundary :

P (5 N)e = M) ()],

T 8
(1112(”17)\), e 'a¢2(vm—1a )‘)) = M(A) (513 s agm—l)T' ( )
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Along with the spectral, we consider the dynamical inverse problem. We
introduce the outer space Fit := Ly([0,T], R™~1) the space of controls acting
on the reduced boundary of the tree. Then the forward problem is described
by the Dirac system on the each edge of the tree:

WUi(z,t) + JUg(2,t) + V(2)U(z,t) =0 z €€ t 20, 9)
conditions at internal vertexes:
U(v,t) satisfies (1), (2) for allt > 0, v € V\I. (10)
Dirichlet boundary conditions:
Ullr =F, on T x [0, 77, (11)
where the latter equality means that
(ul(vl,t), e ul(vm_l,t))T = (fl(t), cel, fmfl(t))

and where F' = (f1(t),.. .7fm_1(t))T € Ft.

By D we denote the dynamical problem on the tree €2, described by
the Eqgs. (9) which satisfies the compatibility conditions (10) at all internal
vertices for all ¢ > 0, Dirichlet boundary conditions (11) and zero initial
conditions U(-,0) = 0. The solution to this problem we denote by U. We
introduce the response operator for the problem D by

RT{F}(t):=U(-,t)|r, t€[0,T). (12)

T

In other words, R” connects the values of the solution U¥" to the problem D
in the first and second channels at the boundary:

(RT (U (v, 1), .. .,Ul(vm_l,t))T> (t) = (U201, ), ..., U(vm1,8)) " .

Our aim will be to recover the tree (connectivity of the edges and their
lengths) and the matrix potentials by any of the following: spectral data (6),
TW matrix function M(\) (8), response operator RT (12).

We will use the Boundary Control method [6, 1] first applied to the
problems on trees in [7] and its modification, so called leaf-peeling method
introduced in [3] and developed in [4, 2, 5]. The boundary controllability
property for the Dirac system are different from one for the wave and two-
velocity systems, the latter causes the consequences for the inverse problem.
To overcome this difficulty, we will use some ideas from [8].
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Let R™ be a real finite-dimensional vector space. A Cartesian product
F™ = R™ x [0,1] is called a fuzzy m-dimensional vector space. An element
(a fuzzy point) § = (y1,Y2,---,Ym,A) € F™ we will interpret as the point
(vector) y = (y1,92,-.-,Ym) € R™ whose a degree of membership is A\(y) €
[0,1]. A fuzzy setY C F™ is defined as

v = U (@A 0)v ) € 0.11)

yeER™

where Ay : R"™ — [0, 1] is a membership function of the given set. An ordinary
set suppY = {y € R™|Ay(y) > 0} is called a support of Y. A bounded fuzzy
set has a bounded support. We accept

Y CZe M) SA(y) VyeR™

and define

YUZ= [ {(,\®)I\y) = max{Ay (1); Az ()} },

yE R'NL
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YNnZ= () {A®)Ay) = min{Ay (v); A\z(y)}}.
yeER™

A fuzzy set Y is called a convex set (see [1]) if
Ay (0z + (1 — 0)y) = max{Ay(z); Ay (y)} Va,y € R™, V0 € [0,1].

From this definition it follows that a convex fuzzy set has a quasiconcave [2]
function of membership. A distance between two points § and Z of fuzzy space
we will measure by

m

19— 21 = | D (i — 2002 + (Ay) — A(=2))2.

i=1

Obviously, this distance possesses all standard properties of metric.

We will say that a fuzzy set Y is closed if the limit of any convergent
sequence {(y*, A\y(y*))} € Y,k =1,2,..., belongs to Y.

Let us introduce a closed fuzzy e-neighborhood of g

U-9) = |J G| 12 -3l S}

zER™

and a fuzzy parallel set

.= |J U3
zesuppY
for a given fuzzy set Y.
Define distance between two convex fuzzy sets Y and Z by

dist(Y,Z) =inf{r >0| Y, C Z, Z, CY}.

If sets are ordinary, closed and convex, then the distance is coincide with
the Hausdorff distance (see [3]). The distance possesses the following metric
properties.

1) dist(Y,Z) 20, dist(Z,Y)=0<Y =7

2) dist(Y, Z) = dist(Z,Y);

3) dist(X, Z) = dist(X,Y) + dist(Y, Z).

A fuzzy set Y we will call polyhedral if it can be represented as follows

where Y; is a fuzzy set with a polyhedral support and a constant membership
function 0.1]
| Ay e(0,1], if y € suppY;,
Ai(y) = { 0, otherwise,
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and also suppY; C suppYjq1, Aj > Aj, foralli=1,2,...,1—1.

It can be verified that any polyhedral fuzzy set is convex and closed.

A bounded polyhedral fuzzy set is called a fuzzy polytop. Another
definition of polytop was proposed in [4].

A convex hull of fuzzy set Y, ie., convY, is defined as minimal (with
respect to inclusion) fuzzy set including Y. On the other hand, a convex hull
is the intersection of all convex fuzzy sets including Y.

Let § = (y,A),y # 0, A > 0, be an element of F™. A fuzzy direction is a
ray {g € F™|(¢ -y, \) 39 = 0}.

It can be proved the following results.

Theorem 1. Any nonempty polyhedral set is a convex hull of some finite
number of fuzzy points and directions.

Theorem 2. Any conver closed and bounded fuzzy set Y whose
membership function is continues can be approximated by some fuzzy polytop;
more precisely, for any € > 0 there exists a fuzzy polytop M C Y (as well as
M DY) such that dist(Y, M) < €.
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The question of the existence of a weak solution of n-dimensional
nonlinear differential systems with distributed parameters in a netlike
connected bounded region of a geometric graph in the one-dimensional case.
We introduce the space of feasible solutions and, using a method Faedo-
Galerkin, establish the existence of solutions of a class of integrable functions
on the net-like region. Given the specificity of the Faedo-Galerkin method
for constructing an approximate solution in the form “truncations”, it is
shown that every such decision actually belongs to functions with integrable
derivatives in the time variable; for the elements of such a space is an
analogue of the energy balance equation.The results are the basis of the
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analysis of optimal control problems for differential systems with distributed
parameters in a net-like area with an interesting analogy with the multiphase
fluid dynamics problems.

Let & — the open bounded domain of Euclidean space R™ (n > 2), having
a netlike structure [1], 3 = |J,, S U, S: which is indicated through surface S;
separating adjacent areas 3y, S — border 3. Place of coupling the adjacent
areas Sy (nodal place below denoted by¢) is a union of surfaces S;(£) which
equal to the number of adjacent areas: £ = J, Si(§).

For vector-valued function Y (z,t) = {y1(x,t),y2(z, 1), ..., yn(z,t)} (& =
{z1,22, ..., 2pn}), defined in S = x (0,T) (T < o), consider the system

—I/AY—i—ZY,gZ = f—gradp, divp=0 (> E?p =0), (1)
i= i=1

in this case in each node place £ we have the relations
- Y oY -
Yiso =Visreor 2aarlsr @+ 2 onflsr @ =0 (2)

called conjugation conditions in the literature (see [2-4].); S; (£) and S;"(€)
— are the one-sided surface 5;(¢), determined by the direction of the normals
n;, n; to the surfaces S; (£), S;"(€). Adding to (1)—(3) the initial and
boundary conditions

Y(z,0) =Ys(z),z€S3, Y|os =0, (3)

obtain the initial boundary value problem (1)-(4) for finding functions
Y (z,t), p(x,t) in a closed area S (St = (S U II) x [0,T)).

We denote Lo ()™ as the space of measurable, square-integrable functions
(classes) p = {p1, 42, oy fin } on the field 3 scalar product p, p € La(3)™ is

determined by ratio(u, p) Z fuz z)dz, ||p|| = (p, 1)/, Let D()™

— the space of functions that are 1nﬁn1tely differentiable in the region & and
having in § compact vehicles. Let us D(3)"” = {¢ : ¢ € D(I)", divyp = 0}
and ®(3)" — dual of the space D(3)" (here and everywhere below the
symbol “’” used to denote the dual space). We define the space H(S) as the
closure of D(J)" in the normZLy(3)"; [|ullyy sy = (1, 1) 1/2 CH(S) =H(D) .
We introduce the space 7—[ ( ) whose elements p € La()™ are having a

generalized 2% € Ly(Q)", ie 24 € Ly(Q) (i = L, n); [l () = (H“HZ(%) +

Ha ||L2(J))1/2 (u,p)Hl(\,) (u, p)+ (%,%) Space V§(J) — closure in the

norm H'(S) of the set of elements p € D(JI)" satisfying

op Ou _
2T @ls© 2 garlsie =0
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(implementation of the first condition in (2) belonging 4 to the class D(3)"
is guaranteed).

We introduce the space functions u(z,t) variables z,t € S and will
be regardedu as a function of the values ¢ in the space of functions from .
Namely, if V— Hilbert space, then the space L2(0,T; V') of functions (classes)
u: (0,T) — V, measurable with values V' in and such that [lul[,, o 7. =

T
(f ||u(t)||%/d1f)1/2 < 00; obvious equality Lo(S7)™ = Lo(0, T La(3)™).
0

Next W19(S7)— the space of functions u(z,t) € Lo(S7)" having
generalized derivatives of the 1st order in x belonging to Lo(S7)", the
norm determined by the ratio [[u|y1.0(g,) = (Hu||2LQ(3T),L + H%Hiz(gﬂn)l/z;
W1 (S7) — space of functions Ly (37)™ having generalized derivatives of order
as from Lo (S7)", [Jully(g,.) = (||U||iz(sT)n+||%||32(5T)n+H%Hiz(%)n)l/z-
Based on the properties of the traces elements W (37) on each section S of
the plane t = tg (to € [0,7]) as the elements Lo(¥)™ that are continuous by
t in norma Lo(3)™ [4], define Qo(St) as a set of functions u(z,t) € W1(S7)
that belong to the class V§(3) for a fixed t € [0,7]. The closureQo(S7) of
normally W(Sr) denoted by W§(Sr).

Let next €(S7) — the set of all function u(z,t) € W0(S7), which:

1) have a finite norm

— 9 .
lullo o = maz luC, Ol oy + 158 arn @)

2) have the following defined on the sections of region S by the plane
t = to as a function of the class V3 (S);

3) for all ¢ € [0,7] They belong to the space V¢ (SJ) and continuous in
t € [0, 7] in norm space H' ().

The closure of QO(%T) in norm (4) is denoted by V;*(S7); it’s clear
that V,%(S7) € WHO(S7). The space Vi °(S7) is used in the proof of the
solvability of problem (1)-(3), V3*(S7) and W10(S7) — are auxiliary.

Let the functions f and Yj satisfy the conditions Yy (z) € H(S), f(z,t) €

Ls1(S7) (space Lo 1(S7) consists of all elements L1 (Sp) with finite norm
T
1) = [ F2e) P25 La(@0) € L (3)
Definition. A weak solution of the boundary value problem (1)—(3) is

a pair {Y,p}. The function Y (x,t) € Vy*(Sr) that satisfies the integral
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identity

St

- (YO(I)W(%O)) +J f(xa T)Tl(va)dde

t t
(Y (2, ), n(x,t)) — [ Y (2, 7) 2D dadr + v [ p(Y,n)dr + [ p(Y,Y,n)dr =
0 0

(5)
for any ¢ € [0,7] and any n(z,t) € Wi(Sr), and the function p(z,t) belongs
to the class ® (S7)™. Here D' (S7)" the dual space to the space D(S7)",
elements ()" are infinitely differentiable in S functions a compact
support from S (refer to analogous spaces D(S)" and D' (I)).

Note 1. Despite the apparent precision, the definition of the solution
of problem (1)—(3) (ie couples {Y,p}) contains a distinct feature of the
(ambiguous) generated by the variational formulation (5) of this problem,
which “excludes” function p(x,t): there is no information about the function
p(z,t) only the relation (5), therefore the search for a function with sufficient
accuracy to class, namely p(z,t) € D (Sp)". In applications this is an
acceptable condition for guaranteeing the non-zero fluid dynamics in the
region 7 (in many application situations p(x,t) — a’priori given function).
In connection with the above, In the following discussion will be spoken
about function Y (z,t) as a “solving” of the problem (1)—(3) the existence
of the function p(z,t) and its membership in the class D (S1)* is a direct
consequence of the existence of Y'(x,t) of the class V&’O(%T).

Theorem. There is at least one weak solution of the boundary value
problem (1)—(3) for an arbitrary (finite) T > 0.

To prove it is using the Faedo-Galerkin method with a special basis in
Va(S), which is the system of generalized eigenfunctions {U;(x)}i>1 C VE(S)
of the problem —vAU = AU, Ulsg = 0 in the region S, similar to that on
the graph T" [2, 3].

Namely, the problem of determining the set of numbers A, each of which
corresponds to at least one non-trivial solutionU(z) € Vi (), satisfying the
identity v((U,n)) = A(U,n) for any function n(z) € V() where (U, 7)) =
Z(%,%)Lz(g)n. Approximations Y,,(z,t) (m = 1,2,...) of the solution
=1

1=

are sought in the form of “truncations”
m
i=1

(scalar functions g;.,(t) are absolutely continuous on [0,7]). Further
arguments, using a priori estimates for the norms of functions Y, (z,t)
in terms of the norm of the original data of the problem (1)—(3) in the
appropriate spaces, leading to the construction of subsequence {Y,,Lk]>k>1 of
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sequence {Y;,}m>1 that is weakly convergent to the solution Y (z,t) of the
problem (1)—(3).

Note 2. The proof contains more profound statement concerning the
weak solutions Y (z,t): the function Y (z,t) has a derivative w of class
Ly(0,T; VE(S)) in variable t, due to representation of elements Y,,, (x,t) of
the subsequence {Yin, };~ ;.

Note 3. Note that remain when n = 1 all the results are valid (see [5-7]).
The net-like region § is geometric graph I' in each internal node £ of which

the ratio (2) transformes into Kirchhoff type matching conditions

> a(), 5 = T a(0), P,
YER(E) v€er(§)

Y :Tr =T x(0,T) = Vi(r) (V}('r) — analogue of space V§(St) for
the graph I'), Y, — restriction of the function Y on edge v, a(x) — fixed
measurable bounded function on the I' for which it makes sense the harmonize
conditions, R(§) and r(§) a plurality of ribs — oriented “to the node & and
“from the node £”, respectively (all edges of the graph are parameterized by
segment [0, 1]).
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Introduction. In recent years, many authors have considered various
forms of quasi-Newton methods for nonsmooth optimization problem |1,
2, 3]. Many quasi-Newton optimization methods requires to construct
and store an approximation of Hessian matrix or its inverse to take
function curvature into account, thus imposing high computational and
memory requirements. We propose a new quasi-Newton method based on
consecutive projection-approximation-reconstruction. The idea of the method
is to approximate function Hessian matrix in low-dimensional space using
appropriate projection and then reconstruct it back to original space to
multiply its inverse on gradient vector for the next estimate calculation.
Exploiting Hessian rank deficiency in a special way it does not require to
store Hessian matrix or its inverse thus reducing memory requirements.
This method keeping track of last m points and appropriate function
and subgradients values at each iteration, projecting these points into
low-dimensional space spanned on right singular vectors of subgradients,
constructing second-order function approximation in this low-dimensional
space and estimating Hessian matrix in original high-dimensional space based
on low-dimensional approximation curvature.

Related work. Quadratic approximation of objective function implicitly
used in any quasi-Newton method. It might also be considered as type
of quadratic response surface methodology [4] or, in general, surrogate
optimization [5].

Regarding projection idea, there is a number of works which use it, but
in slightly different way. E.g., in [6] authors proposed SFO method which
stores gradient and estimates steps vectors projected into low-dimensional
space spanned on last m gradient and estimate vectors. In [7] authors
propose a RadaGrad optimization method which approximates AdaGrad
method by constructing a special projection for reducing dimensionality of
gradient vector, thus simplifying computation of its outer product matrix and
its inverse. In fact, both BFGS and L-BFGS use low-rank Hessian matrix
updates thus might be interpreted as implicit projection.
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Algorithm description. Quasi-Newton methods for nonsmooth functions
optimization estimate direction of next points search at step t as:

Axip1 = —H; 'gy,

where H; is a Hessian estimate and at step ¢t and g; is a subgradient of f at
point x;. Having H, a line search is performed along this direction to obtain
step length, by solving a one-dimensional optimization problem. The only
difference between different quasi-Newton is in how the matrix H, estimated.
The proposed method use the following steps for Hessian estimation:

0. Fix m € N,q € N, g < d. Assume that at step t > m we have:
— X € R™? — matrix, whose columns are last points: X, = Xt
Xm_L‘ = Xt—1y---
— G € R™*? — matrix, whose columns are last subgradients: G, = 8,
Gty = Geo10e
— y € R™ — vector of last function values: y,, = f(X¢), Ym-1 =
£ 1)
1. We calculate orthogonal projection matrix P € R%*9 as first ¢ right
singular vectors of matrix G:

U,S,P =svd(G,q)

2. Using projection matrix P we calculate Z — projection of X onto singular
vectors subspace:
Z=XP'

3. We estimate Hessian matrix A in low-dimensional space RY by
approximating points {Z; ., y;}7, in low-dimensional space via quadratic
least squares method:

m
~ ~ __ . T 2
A b,c=arg 11&171]13{10 . (ZifAZi}, +Z; b+c— yi)
=1
4. Finally, we calculate new step direction by multiplying Moore-Penrose
pseudoinverse of A “backward projection” into original space R? on
gradient vector and taking negative sign:

Ax = -PTPA'PTPg,

One can note that this procedure is applicable after m iterations. Thus, at
first m iterations subgradient method used to for step direction calculation.
Theoretical motivation behind this algorithm is presented in next section
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Theoretical motivation. Consider function f(x) = x' Ax +b'x + ¢,
where A € R¥™? b € R% ¢ € R and A > 0, orthogonal projection matrix
P € R1*? ¢ < d. Define z = Px, v = (I-P'P)x and g(z | v) = f(x) =
f(PTx +v). Consider specific “backward projection” P~1z = PT2. Assume
that Z = argmin g = —PA~!b is known.

Then,

1. X=-P"PA"'b==-P"PA"'P'Pbhb.

2. |largmin f —X|[o = [T - PTP)A~'b|,.

This proposition implies that difference between the optimum point and
obtained estimate lies in kernel of orthogonal projection P. Hence, estimate
X is a best estimate in terms of this projection.
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This paper is devoted to problem of optimal weather routing for a long-
term ship voyages. The goal of optimization is to reduce travelling time
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and fuel consumptions. Especially it plays very important role for long-term
voyages, where travelling time reaches several days and fuel consumptions
reaches several tons. Often route selection is performed by navigator using
available maps, weather forecast data and practical experience. Of course,
such approach can not provide optimal solution which takes into account a
lot of factors influencing ship motion. Another way for route finding is the
mathematical formalization and solution of a proper optimization problem.

The optimal route must belong to the admissible set, which comprises
static and dynamic constraints. The static constraints are represented mostly
by coastal lines and shallow waters. The dynamic constraints are time-varying
alarm zones, restricted for ship motion due to dangerous weather conditions.
The route optimization procedure can use long-term weather forecast and
a mathematical model of a longitudinal ship motion as an initial data. In
addition, weather routing algorithm should provide quasi-optimal solution
with a limited computational time. This is because the weather forecast is
changes periodically and more accurate data are usually available within a
few hours.

Currently, a number of methods for optimal weather routing are known. In
particular, the isochrones method [1], [2]. The recent publications concerning
this approach are represented, for instance, by papers [3], [4]. The significant
drawback of this approach is its high computational complexity in a case when
a lot of constraints are taken into account. This demands simplifications for
possibility of practical implementation. Another approach is related with a
classical calculus of variations [5]. But in practice, it can be used only for
a case of quite simple mathematical model of ship dynamics and without
constraints.

Let consider shortly the optimization problem statement. The pair of the
vectors (r,v) uniquely define ship route, where
r = {(7901751),(902752),...,((pp,S’p)}, v = (1, Va,...,V,). Here ¢;, Si, Vi,
it = 1, P represent heading angle, length and given velocity on the leg
i correspondently, p is a number of legs. The mathematical model of a
straightforward ship motion is represented by differential equation

W= f(t, w, n(V), Pcurm Pwavea Pwind)- (1)

Here w is an actual speed, n is the rpm number of screw, V is a given
speed, Peyrr = Peurr (ta 1;[}’ )‘)a Pyave = Puave (ta ¥, /\)a Pyina = Pwind(t7 ¢7 >\)
represent external forces, which are available from weather forecast, ¥ and A
are latitude and longitude. So, equation (1) allows us to predict how external
forces influence ship’s velocity.

To characterize the quality of a specific route two different cost functions
are considered. The first one is a voyage time Jr = Jp(r,v) and the
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second — presents fuel consumptions Jp = Jg(r,v). The algorithms for
computation of voyage time and fuel consumption for a specified route (r, v)
are proposed. Taking together all of the mentioned early constraints, let us
consider admissible set of ship routes €2. As a result, we can formalize the
problem of optimal weather routing as the following optimization problem:

JT(I',V) - (r,v)glil)IéE:’P (2)

in the case of voyage time minimization, or

Jp(r,v) — o (3)

in the case of fuel consumption minimization. The solution of optimization
problems (2) and (3) can be obtained using different nonlinear programming
numerical methods, for instance SQP-method or simplex method. Nevertheless,
the direct using of optimization approaches is practically impossible for
considered problems. In general case, this is due to essentially nonlinear,
discontinuous, and high-dimensional objective function and constraints.
Hence, the local minima and a huge computational time makes impossible to
use such direct approach.

In this paper the algorithm for optimal weather routing is proposed.
The key feature of this algorithm is the three-dimensional representation
of the route and all of the constraints imposed. Such representation allows
transforming initial task to the problem of searching a path, connecting given
point and a point, which belong to a given line. The proposed approach
consists of two following steps. Firstly, the special graph is constructed and
the problem of optimal path finding on this graph is considered. After this
step, we obtain the approximate solution of the initial optimization problems
(11), (12). At the second step, this solution is improved locally, in the vicinity
of the initial variant.

Let consider the main aspects of the proposed algorithm. In order to
represent route (r,v) in three-dimensional space we introduce frame OpAt,
where O\ is the plane of ship motion and Ot is a time axis. Then each of the
static constraint is represented in 3D space by a cylindrical surface with the
forming line parallel to the time axis. Each alarm zone can be represented in
3D space by a set of points limited by cylindrical surface with the forming line
parallel to the time axis and couple of planes, which are parallel to the plane of
ship motion. So, each of the static and dynamic constraint can be represented
in 3D space by corresponding set of points, which can be interpreted further
as an obstacle in the range of path finding problem.



Sotnikova M., Veremey E., Korovkin M. 139

After that, we create a grid in 3D space with the nodes, which coordinates
are varied on the following segments:

Y € [Yo, 1], A € [Xo, A1l t € [to, T1].

Here A(to, o) and B(t1,A1) are initial and final points of trajectory
correspondently, tq is the departure time and T} is the upper limit for arrival
time. For each variable we choose a step of the grid: Av,, AXs and Aty .
Now, let us consider a line in three-dimensional space

Y =11, A= A1 (4)

Notice that the final point of the route is not fixed, but it must belong to
this line. In addition, in a case of time minimization, this point must have
minimal possible value on time axis.

We will represent a route in 3D space as a broken line (polyline), which
nodes are coincide with the vertexes of the created grid. As a result, the
problem of time minimization can be treated as a task of path finding in
three-dimensional space. This path must connect origin O of the frame (this
one corresponds to departure point A) with the point B’ (corresponding
to arrival point B) lying on the line (4) and having a minimum achieved
value on the time axis. The path must avoid all of the three-dimensional
sets representing static and dynamic constraints. Besides that, the velocity
at each leg must satisfy the imposed limits.

In order to find a solution to this problem, let create a special graph.
The nodes of this graph coincide with the vertexes of the constructed grid.
However, we delete all nodes, which belong to a three-dimensional sets
corresponding to the static and dynamic constraints, and all unachievable
nodes due to velocities constraints.

Then, we connect by edges only those nodes, which are placed in the
neighboring planes and taking into account speed constraints. Moreover, let
connect only those nodes, which satisfy condition: the segment with the ends
at the considered points do not intersect and do not lying inside any of the
three-dimensional sets, representing static or dynamic constraints.

In the case of problem (2), each edge is assigned a weight equal to
the travel time between nodes. Also, this weight can be equal to the fuel
consumption for a given leg. The resulting graph is oriented, because the
motion along each edge is possible only in the direction of time increasing.

In order to find time optimal route, we take the origin O as an initial point
and point B’, lying on the line (4), as a final point. At the first iteration, the
point B’ is selected with a minimal possible coordinate on the time axis Ot.
Then, the problem of shortest path finding is solved for pair of points O and
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B’. If there is no admissible path connecting given points then the new point
B’ is considered with the increased last coordinate value.

As a result, after several described iterations, we obtain a quasi-optimal
route (r,v), which minimize the voyage time. This initial approximation can
be improved by two different ways:

a) optimization of given velocities distribution along the route (r,v);

b) design a finite bunch of admissible trajectories around the quasi-
optimal route and perform local optimization.

Both variants of route improvement do not demand a lot of computational
time consumptions and can be easily implemented in real-time.

Now let consider a problem (3) of fuel optimal route computation. Next,
depending on the initial optimization problem formulation, two possible
variants of its solution are proposed.

1) It is necessary to minimize the fuel consumptions with the additional
constraint on the voyage time ¢ < t,,4,. In this case, we move a final point
B’ on the line (4) starting from the value ¢,,;, and upto the value t,,4,. At
each iteration of algorithm the shortest path on this graph is computed. If
such path exists, then the algorithm is terminated. In other case, the point
B’ is moved and the whole procedure is repeated again.

2) Tt is necessary to build a minimal time route with a limited fuel
consumptions. In this case, we also move a final point B’ on the line (4).
The algorithm is terminated if for the particular pair of departure and arrival
points the fuel consumption is less than the specified value. If there is no route
satisfying fuel constraint, then the route with a minimal fuel consumptions
is accepted as a result.

In both cases, obtained quasi-optimal route can be improved using
procedure described above. The performance of a proposed algorithm is
illustrated by practical examples for container ship.
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The operation schedule of an oceangoing ship is influenced by wave and
wind disturbances, and is therefore weather routing. The mathematical model
of this method is based on the grid system, combined with modified genetic
algorithms to determine a safe and time-saving route for ships. Nowdays
most of the worlds trade is carried by ship, so the safety and economy of the
ships route are of considerable concern to the ocean transport companies.
Through the loaded meteorological information, to find a safe and economic
route is vital for ship sailing. Because in the voyage of the ship waves have the
maximum impact on ships velocity, only considering the wave direction and
significant height of combined waves and swell in this paper. Meteorological
data are loaded from ECMWF which is an international organization that
includes 24 EU member states. Because it is vital to calculate the ships
speed in ocean, to load the significant height of combined waves and swell
and the wave direction. Because the ships safety should be consider seriously
in ocean, when the wave height is higher than 4 meters the areas are set up
not navigable. The sea areas studied are divided into 1*1 degrees latitude-
longitude line and 2806 points. The point-to-point connection forms the route
of the ship’s voyage. The ship has eight sailing directions at each point,
which are the north angle of 0 degrees, 45 degrees, 90 degrees,135 degrees
,180 degrees,225 degrees,270 degrees,315 degrees.The weights which should
be calculated are the time of the point-to-point voyage. The weights are
expressed as: T=L/V. L is the distance between the point and the point
of navigation. When the ship is sailing through the nodes, the wave height
and the wave direction hindering the ships speed. The ships actual speed
V of navigation is calculated by the empirical formula proposed by R.W.
James. The formula is expressed as follow: V=V0C[1+2*cos(-) |*H. Where
the angle gives the ships course and is the wave direction. The VO is the ship
sailing speed in the still water and the H is the wave height.In this study,
300 chromosomes are used for genetic manipulation to find the optimal path
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and using the real number coding to initialize the chromosomes. Firstly 2806
points are numbered in the study area from bottom to top from left to right .
Creating a Cartesian coordinate system with (0 N, 120 E) as the origin of the
coordinate. Then numbering each point by the formula as follow:N=y+}46*x.
The x is the value of the abscissa ,y is the ordinate and N is the real number
that will be used. In this study setting (20N, 125E) as the starting point,
and (45N,148E) as the end point. From the starting point the ship has 8
sailing directions heading for the next point until it reaches the specified end
of the voyage. By this means initializing the chromosomes with a string of
real strings. The selection of individual fitness function directly affects the
convergence speed of genetic algorithm. The fitness function is calculated
as follow:Fitness=1/sum. Sum is the sum of the weights of adjacent real
numbers in each chromosome. In the traditional genetic algorithm, most of
the selection operators are roulette selection method. Although the use of
roulette selection is simple and practical it has some problems that should
be solved. First of all, in the beginning of the genetic algorithm, there may
be a high degree of fitness of the individual, and then the probability of
this individual is selected will be very large. This method will choose to
copy a considerable number of individuals which will result in the loss of
diversity and hardly searching global optimal solution. At the almost end
of the genetic algorithm phase, the fitness of each individual is very similar
causing that roulette selection is useless. In this paper, the author proposes a
modified selection as follow: First, all the individuals are sorted by the bubble
sorting method and then eliminate the individuals whose fitness ranked 1/6
after. After that making two copies of the individuals whose fitness ranked
before 1/6 and selecting these individuals to enter the next generation. The
remaining 2/3 individuals all are inherited to the next generation. When using
this modified selection operator for genetic manipulation, there are several
advantages as follow:(1) The individuals with very low fitness are directly
eliminated, so that these individuals do not have the opportunity to enter the
next generation and to improve convergence speed.(2) The individuals with
better adaptability in the population can be increased rapidly, which makes
the algorithm more efficient and practical.(3) Overcoming the shortcoming
of the local convergence of the algorithm, and achieving global search to
find the optimal solution. Selecting two parent individuals randomly and
when the crossover probability satisfies the condition checking whether there
are intersecting points between the two parental individuals. If there are
intersecting points between the two parental individuals, the path exchanges
after the intersection of two parent individual intersections. The mutation
operator is considered to be the most effective method to get rid of the local
convergence of genetic algorithm. When a chromosome mutation probability
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satisfies the condition, one of the genes in the chromosome is mutated.
Nowdays ship as the main shipping tool at sea, with the scientific progress,
ship’s weather routing becomes more and more important.Because the genetic
algorithm has the advantages of strong robustness and good flexibility, using
genetic algorithm to achieve the goal of weather routing is available. In this
study, using a modified selection proposed by author to achieve the goal of
weather routing based on modified genetic algorithm and finding a optimal
path. By using the modify genetic algorithm, finding the optimal route more
quickly and precisely.
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OnTMunsaumsa xapakTepucTukK KackagHoro
NOAKPUTUYECKOro peakTopa, yNnpaBasieMoro yckopurtenem

B pabore paccmarpuBaercs 3aada ONTUMUIAINN XapaAKTEPUCTUK OJIAH-
KeTa 3JIEKTPOAJCPHON YCTAHOBKHU C KACKaHOU aKTUBHOU 30HOI C IEJbIO I10-
JIYIEeHUST MAKCUMAJTHLHON MOIITHOCTU PEAKTOpa IPHU 33 JaHHOM 3D MEKTUBHOM
K03 PUIMEHTE PAZMHOXKEHUS Ko, JTOIMYCTHMOM YJIEIBHOM SHEPrOBBIIET€HAN
¥ WHTEHCUBHOCTH BHEITHEI'0 MCTOYHUKA.

DuiekTposinepras ycranoska (DJILAY) cocrour uz yckopuress 3apszkKeH-
HBIX YaCTHII, IMOJKPUTUYECKOI'O fAJEePHOI0 peaKTopa U I'eHepupylomeil Heii-
TPOHBI MuilleHH. B ocHOBe pabOTHI JTAHHON yCTAHOBKH JIEXKUT IJIEKTPOSIED-
HBIl METOJ reHepanun HefATPOHOB [1, 2|, KOTOPBIil 3aKI/I0UAeTCsT B IPOU3BO/I-
CTBE HEUTPOHOB IIPU B3aUMOJEUCTBUU IIyYKa BBICOKOSHEPIreTHUYECKAX 3apsi-
2KEHHBIX YaCTHIL C SJIpAMU MUIIEHN U3 TAKEJIbIX 3JIEMEHTOB

PeakTopnyio cucreMmy MO2KHO HA3BATH CEKIIMOHHOM, €CJIN €€ AKTUBHAA 30-
Ha COCTOUT U3 YaCTel, JTHOO0 OTINYAIONINXCS IPYT OT APYTa 10 MAaTEePHAJIbHO-
My coCTaBy, JIOO pa3iesIeHHBIX MpocTpaHCcTBeHHO. CeKIMOHHBIE CUCTEMBI C
OJIHOCTOPOHHEN UJ/IX IPEUMYIIECCTBEHHO OJHOCTOPOHHEH CBA3bIO CEKIUi (Heﬁ—
TPOHBI OAHON CEKIIMU BJIASAIOT Ha NPOLECCHl B APYroOi, a HEUTPOHBI APYyTO#
CEKI[MN Ha HPOIECCHI B IIEPBOil He BIIMAIOT) HA3bIBAIOT KACKAIHBIME [3)].

IIpenmytecTBO UCIIOIBP30BAHNS KACKAIHON CXeMbl AKTUBHOI 30HBI B JIEK-
TPOSJICPHBIX YCTAHOBKAX CBA3aHO IIPEXKJE BCEro ¢ TeM, YTO JAHHbBINA I0JXOJL
[I03BOJISIET CHU3UTH TPeOOBaHUsI K MHTEHCUBHOCTY BHEIITHEI'0 NCTOYHUKA Hel-
TPOHOB 3a CYeT YCUJICHUA MOIIHOCTH SHEPrOBBIIC/ICHAN B aKTUBHOU 30HE pe-
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akTopa. KpoMe TOro kKackagHas cxemMa MOXKeT ObITb 3(M@PEKTUBHO HMCIIOJIb-
30BaHa B TPAHCMYTAIMOHHBIX YCTAHOBKAX [4], OCHOBHOI 0COGEHHOCTBIO KOTO-
PBIX SIBJISIETCSI HAJIMYNE B AKTUBHOI 30HE U TOILJIMBHBIX, M TPAHCMYTHPYEMBIX
3JIEMEHTOB.

MaxkcuMaIbHOTO YCUIIEHHS MOIITHOCTH SHEPIOBBIIE/IEHNI B AKTUBHO 30HE
MOYKHO JIOCTUTHYTH TPH ONTHMAJIFHOM COOTHOIIEHUN OCHOBHBIX TIAPAMETPOB
KaCKaJHOro OJIaHKeTa, TaKMX KaK Pa3MHOXKAIOIIME CBOMCTBA W T€OMETpPUst
Kaxk0i u3 ceknuii [5, 6]. Takum o6pazom, MOXKHO chHOPMYIMPOBATH 334~
qy ONTUMU3AINUN (DYyHKITMOHATIA

N N
Q=>"Qi=> (MaF), (1)
=0 i=0

rne Mg — JuHEHHBIN OnepaTop JeJIeHnuil B §-0if CEKINM, BUJT KOTOPOIO OIIpe-
JeJISIeTCs UCIIOIb3yeMON B 3a4a9e MOJEJbIO IIePEeHOCa HEHTPOHOB, F (r, E,9Q)
— HOTOK HEUTPOHOB, IIOJIyYalONUiiCA IIPU PEIICHUU CTAIlMOHAPHOI 3a/1a4u
neperoca HeiiTpoHos. [Ipu cieayromux orpaHndeHnsaX: MAaKCUMAJIbHOE YIe/Ib-

HOe 9Hepro.olesenue ¢, (r) ~ [ [[MgF(r, E, Q)dQdE meHblie I0IycTUMOr0
QF
3HaMeHUd, a KO3 PUIMEeHT pasMHOXKEeHNs 1 HHTEHCUBHOCTL BHEITHEero UCToY-

HHUKa HeﬁTpOHOB OPUHUMAIOT 3aJlaHHble 3HAYCHUA.
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3apgava 4ONONHUTENBHOCTU A1 MOAE/IMPOBaHUS
NPUHATUS peweHnii B TPAHCNOPTHbIX 3agadax

B pabore mpenjiaraercss HOBasi KOHCTPYKIIAS JIBYXITAITHONW 3aJatdU CTO-
XaCTUIECKOTO MTPOrPAMMUPOBAHUS JJIsl TPAHCIOPTHOMH 3a1a4u. TpyanocTu, ¢
KOTOPBIMH CBS3aHO DeIIeHUEe JBYXITAIHbIX 33/1a4, B 3HAYUTEJIHLHONU CTEleHN
OIPEEJIAIOTCs HeOOXOIMMOCTBIO BBIOOPA TAKOIO ONTHMAJIBHOIO IIPEIBAPU-
TEJIBHOTO ILIAHA MCXOTHON 33712491, KOTOPBIIl rapaHTUPOBAJ OBl CYIIECTBOBA~
HHe KOMIIEHCAllUU HEeBA30K IIPU BCeX pean3alligax llapaMeTpOB Heollpe/lesIeH-
HoctH [1]. 3agaua JONOTHATEIBHOCTH, UCIIOIb3yeMast JIJIsi KOHCTPYUPOBAHHsI
33149l BTOPOrO TAlla, 00eCIeInBaeT pa3pernMOoCThb 3a/Ia9u IIPU BCEX pea-
JIM3AIUAX ITapaMeTpPOB HEOIPe/IeJIeHHOCTH.

s Kj1accuaecKoil TPaHCIOPTHON 3a/1a9i: MAHAMU3UPOBATH CYMMAapPHbIE

3aTPaTHI
m n

L(z) = Z Z CijTi; — min (1)

i=1 j=1

Ha 3a/IaHHbIC 06 bEeMBI IIepeBO30K OIHOPOJJHOTO IIPOYKTa
X = {l‘ij}, Tij > 07 1= 1,...,m, j = 1, ey N, (2)

IIPU OT'PAHUYEHUSIX Ha 3aIlachl a;,7 = 1,...,m:

Z%‘j = Qj, (3)
j=1

U IPH OTPAHWYIEHUAX Ha BBINOJIHeHHe crpoca by, j = 1,...,n:

> iy =0y, (4)
i=1

PACCMOTPHUM CJIEIyTONLYI0 CTOXACTHIECKYIO MOCTAHOBKY. llycTh cmpoc b =
b(w) u croumocts TpancnopTupoBky npoxykra C = C(w) — ciydaiiible Besu-
qunbl. O603HAYMM Yepe3 l;j7 7 =1,...,n, HEKOTOPYIO PeAJUIAIUIO CJIydalHON
BeJIMYHHEI b;, depe3 T = T;;,1=1,...,m,j =1,...,n, — yIOBIETBOPSIOINI
JIETEPMUHUPOBAHHBIM yCsoBUsM (3) 1utaH nepeBo3ok (2). Torma BO3MOXKHBI



Seikuna A.B., Kanesa O.H. 147

JIBa CJIydas BBIOOpa IIaHa KOMIIEHCAIIUE U3 YCJIOBUI, ONPEIe/IaeMbIX JINHET-
HOI 3a/a4eil JOIIOJTHUTEIbHOCTH.

Cnywait 1. J{ns wexoropbix j € J,Jt C {1,....,n} BomonusieTcs nepa-
BEHCTBO

Zflj < Bj. (5)

VYenosue (5) oznavaer, uro B nynkTe j € JT crnpoc He 6yJeT y/I0BIE€TBOPEH.
Caywait 2. Jdast wekoropeix j € J—,J~ C {1,...,n} BBINONHSETCA HEPa-
BEHCTBO

Zfﬁij > Z)j. (6)
=1

VYesoBue (6) o3uagaer, 4To B IyHKTE j € J BO3HUKAET HEOOXOIUMOCTDH XPa-
HEHUst U30BITOYHOrO MPOJIYKTA. ~

Hepsizknu gj(w,i) = b]'—z:?il :Eij7 RS J+, u gj(w,i) = Zznil i'ij_bja j €
J ™, KOTOpbIe MOI'YT BO3HUKHYTH B ciy4asx (5) u (6), coorBeTcTBeHHO, Gyem
KOMIIEHCUPOBATH € IIOMOIIBIO BEKTOPA KOPPEKIWHU (ILIaHA-KOMIICHCAIAN) § =
y(w, &), KOTOPBIH BHIYUCIISIETCS U3 CJIEAYIONIMX COOTHOIIEHWIA:

B(w)y = g(w, ), y 20, (7)
yB(w)y = y(9(w, T). (8)

ITpn dukcupoanubix I u w 3agada (7), (8) sBisiercs JMHEHHON 3a/adeit
JIOIIOTHATEILHOCTH OTHOCHTEJIBHO NIEPEMEHHBIX Y C KBaPATHON MAaTpHIeil
B = B(w) u upasoii yacteio ¢ = g(w,Z). lrpad 3a peanusanumio miaxa-
KOMIIEHCAINH Y 3873 uM B Buje dyHKmu ¢ (w,x,y). B arom ciayuae mosy-
YaeM CJIEJYIONLYI0 IIOCTAHOBKY JBYXITAIIHON 3a/Ia9l CTOXACTHUYECKOIO IIPO-
IPAMMUPOBAHUS JJIsi TPAHCIIOPTHO 3a/[a4u:

mwinMw{ZZCijmij +myin¢(w7x,y)} (9)

i=1 j=1

pu yesousx (2), (3), (7), (8). 3amada Broporo sralia IpH NPHHATOM ILIAHE
Z ¥ M3BECTHOM 3HAYEHUM W COCTOUT B MHHHMMu3anuu 3arpar ¢(w,Z,y) npu
yeaosusx (7), (8).

Ecnu mrrpaduas GyHKIms 3a pealu3anuio IIaHa-KOMICHCAIUE Y 3318
ercst B Busie Y(w,x,y) = y(g(w,x)), To ycaosus (8) B AByXdTAIHO 3a1aue
OIYCKAIOTCA U 3371298 BTOPOrO TANA NPU IPUHATOM IUIAHE T U U3BECTHOM
SHAYEHMU W COCTOUT B MUHMMU3anuu 3arpar y(g(w, &) upu ycaosusx (7).

Koncrpykiust gononaurensroctr (7), (8) s 3amadu BTOPOro rara
ofecrednBaeT paspeluMOCTb 3a Al IPH OJIOXKHUTE/IBHOMN [OJIyOIPeesIeH-
HocTu MaTpuikl B = B(w), Py MOJOXKUTEIBLHOM ONPe/Ie/IeHHOCTH MATPUIIBL
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B = B(w) cymuiecTByeT euHCTBEHHOE perieHue y = y(w, T) IpU BCeX peasiu-
3aIUIX T U W.

Ecsin Hepasencrsa B (7) NOHMMATH [MOKOODJIMHATHO KAK COIPSIZKEHHBIE
HEPABEHCTBA, TO ycjIoBHe (8) ABJISETCS aHAJOIOM KJIACCUYECKUX YCJIOBUIL J10-
MTOJTHSIIOIIEH HEYKECTKOCTH: B KaXKJION Hape CONPs)KEeHHBIX HEPABEHCTB UMe-
ercst XoTst ObI OJTHO PaBEHCTBO. TaKoil MOIX0/1 MOXKHO MHTEPIIPETUPOBATH KAk
pACIIIpeHne KJIaCCUIeCKOro MOHSITHS JIBOMCTBEHHOCTH HA TPAHCIIOPTHYIO 3a-
Jlady CTOXaCTHYEeCKOro MporpaMMupoBaHus. [ljis 3amaum MaTeMaTHuIecKoro
MIPOrPaMMUPOBAHUS B J€TEPMUHUPOBAHHON IIOCTAHOBKE 3TU BOIIPOCHI 0OCY K-
namch B pabore [2], rie B kadecTBe IpUMeEpa MIOCTPOEHA MOJEJb [IJIAHUPO-
BaHUsS [IPOU3BOJICTBA, B KOTOPOI BHEIIHsIS PBIHOYHASI CTOMMOCTH PECYPCOB
COBITQ IaeT C BHYTPEHHUMH OOBEKTHBHO OOYCJIOBJIEHHBIME OIEHKAMU PECyp-
COB.

B repMuHax TpaHCIIOPTHOIM 3312491 TIOJIyYAeM CJIEJYIOIIYI0 COIEPIKATEI b
HYIO UHTEPIPETAINIO 38 [AN:

— KOMIIOHEHTBI BekTopa ¢(w,Z) ¢ KoopmmuHaramu ¢;(w,Z) = l~)j —
S Fg, § € JT, mgj(w, ) = >t &y — by, j € J7, 32Ja10T B IyHK-
Te moTpebiieHns 06beM Jeduiura pecypca Jubo 06beM U3JIUIIKOB pecypca,
KOTOpBIE MOT'YT BO3HUKHYTB [IPY U3BECTHOM IIJIAHE T W IIPU PEaU3aIluu CO-
CTOSTHUST TIPUPOJIBI W)

— KOMIOHEHTBI BeKTOpa Y(w,T) OIpENesioT IIaH-KOMIIEHCAIHIO Jedu-
[IUTA [0 KaXKJIOMY IIYHKTY [TOTPeOJIeHUs Pecypea,;

— sstemenT B;j Marpuisl B = B(w) 3a1aeT 00beM 3aKylKu pecypca JiIs
i-ro norpeburess npu mwiaHe-komuercamuu y = (0,...,1,...,0), rue eauHuna
CTOUT Ha j-M MeCTe.

Hosast mocTanoBKa JABYX9TATHON 38]a9l CTOXaCTUIECKOTO TPOTPAMMUPO-
BaHUS JJIsT TPAHCIIOPTHON 3a/1a4uu ABJIsIeTC I(DPEKTUBHBIM HHCTPYMEHTOM
JIJTsl PeIleHus 3a/1a9 TPAHCIIOPTHOTO THUIA. 3ajada JOHOJHUTEIFHOCTU TPH-
JIaeT KOMIIOHEHTAM BEKTOPa IIEPEMEHHBIX 339l BTOPOrO 3Talla CBOHCTBA
JIBOMCTBEHHBIX IIEPEMEHHBIX, YTO [TO3BOJISIET TPOBOIUTH KOMIIEHCAIINIO HEBSI-
30K Ha MpeJiesie COBMECTHOCTU. B pe3yibrare KOMITEHCAIMS HEJOCTAIONINX
pPecypcoB it obecriedenust IoTpedbHOCTEH OyIeT TPOBOAUTLCS O3 M3 TUIITKOB.

Pa6ora Bbimosnena npu nojyuepxkke POOI (upoexr Ne15-41-04436-p-
cubupb-a) u npu nojuepxkke Munobpaayku Poccun B pamkax 6a3o0Boil ua-
CTH TOCYJAPCTBEHHOrO 3ajanus B cdepe HayIHOU jedarebHocTH (poekT N

2.9314.2017/BY).
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NHTerpupyemocTb Hernagkux pyHKunii ogHoi nepemeHHom

BBeneunune. 3asada BoccTaHOBJIEHUST T€PBOOOPA3HOI (PYHKIIUHU 110 €€ KO-
HEYHON npou3BoiHOi Oblaa npemioxkena Apuo Hamkya B 1912r. Tamxkya
OTPeIe/INI MHTETPAJI, TO3BOJIUBINNN HHTETPUPOBATH ITPOU3BOIHYIO (DYHKITII
f(x). IIpousBopnas pyHKIMU OLpe/iesieHa U KOHEYHA BO BCEX TOYKaX, HO He
uHTErpUpyeMa 1o Jlebery B OKpecTHOCTH HYJISI.

B 1914r. Ockapom IleppoHoMm j1aHO pyroe olpejie/ieHue MHTerpaJsa, Ko-
TOpOE TI03BOJISIET PEIATh 33Ja9y O BOCCTAHOBJIEHUHU (PYHKIUU IO €€ Ipo-
n3BOHON. B mocnencTBun ObLIa yCTaHOBJIEHA TOXKIECTBEHHOCTh WHTETPAJIOB
A Hamxya u O.Ileppona.

B 1916r. A.{.Xununn omaoBpemenno ¢ A./lamxkya cosmas Teopuio ar-
[IPOKCUMATUBHBIX [IPOM3BOJIHBIX M 0000IINII oHsATHE mHTerpasa A.JlamKya
(B y3KOM CMBICIIE), cO3/1aB GoJlee OOIIYI0 KOHCTPYKIMIO HHTEerpaja JlamKya-
XuHurMHA, KOTOpAasi MO3BOJISET BOCCTAHOBUTH MEPBOOOPA3HYIO (DYHKIHMIO ITO
€€ aIPOKCUMATUBHOM 11pou3BogHOM [1].

Ho, korma dymkims #Ha MHOXKECTBE MOITHOCTH KOHTHHYYM [IPHHIMAET
OecKOHeYHbIE 3HAYEHNUs, HAIIPUMED, CUHIYJIApHAsS (DYyHKINS, WU, KOTJAa HC-
caeayeMast PyHKIIUsT BOODIIE SIBJISIETCS MHOTO3HAYHO, TO Ha BOIIPOC 00 MHTe-
IPUPYEMOCTH TAKOTO Pojia (PYHKINN JaHHAs Teopus orBeTa He Maér. Takmm
00pa30oM, 9TOOBI BBISICHUTH, IMEIOT JIM TAKOT'O POJa CYIIECTBEHHO HEIIAIKNe
dbyHKIMI 1ePBOOOPA3HYIO, HAJAO YCTAHOBUTH, KAKAMU CBOMCTBAMH JIOJIZKHA
061a/1aTh (PYHKITHS, ITOOBI Y HEE B IIPUHITUATIE CYIIIECTBOBAJIA TEPBOOOPA3HASI.
JLj1st 3TOro B NPEJJIOZKEHHBIX YTBEPKIEHUSIX HAIIErO JOKJIaa ChopMyIupo-
BaHbI HEOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUS CYIECTBOBAHMS IePBOOOPA3HOIT
byHKIIMM OMHON TIepEeMEHHOI U CITOoCOOBI MX HaxXOXKeHwus. llorydeHHble pe-
3yJILTATHI YACTUYHO UCIIOJIL30BAJIUCH B Cielyommx padorax [3—16].

AHanu3 uHTErpupyeMocTu (pyHKIUA OAHOI mepeMeHHOI.

Paccmorpum uHiekcHOE MHOXKECTBO A, MMeroliee TOYKY HOJIb B KAJeCTBe
CBOE#T TOUKM CrylIeHus], U {Qq |, € A, — HOCII€0BATEIBHOCTD HEIPEPBIBHBIX

Ha [p, q] dyHKIWMIA.
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OrnpeiesiuM IOCIeA0BaTEbHOCTh HENPEPBHIBHO AuddepeHIInpyeMbIX Ha
[Pa Q] bynxmmit {fa}7 IIOJIOKUB

x

falz) = /goa(t)dt, a € A (1)

Byaem roopurb, 4ro 1ociaeoBaTebHOCTh {p, } cxomurea Ha [p, ¢] K dbyHK-
mn @ npu « — 0, €cIM MHOXKECTBO 3HAa4YeHUi (DYHKIUH © B KaxKJ0H TOYKE
COBIIAJIAET ¢ MHOYKECTBOM IPEJIENBHBIX TOUEK TIOCJIEN0BATENLHOCTH {4 ()}
upu o — 0.

TTociiejoBaTebHOCTD HENPEPBIBHBIX MyHKIWI { fo } Gy/1eM HA3bIBATH paB-
HOMEPHO CXOAdIeticss Ha maTepBae [p, q] npu a — 0, ecm myist jmo6oro € > 0
Haiinéres 6 > 0 Takoe, uTo auist iobbix o € A, 8 € A, |a] < §,|8| < 4, u cpazy
ISt BCeX & € [p, q] Gy/ieT BBITIOIHSITHCS HEPABEHCTBO

[falz) = fo(z)| <e.

Yucsio A OyaeM Ha3bIBATH IPOU3BOLHBIM YUCJIOM (DYHKIUH f B TOYKE T €
[p, q], ecu cymecrByer nocaenosareabHOCTh { bk } Takas, aro (x+hy) € [p, q]
npu Bcex k, hy — 0 ipu k — oo u

Jim A () = f(@) = A

To obcrosiTeILCTBO, 9TO A €CTh IMIPOM3BOJIHOE YUCIO (DYHKIMHU f B TOUYKe T,
Oy/IeM 3aIUCHIBATD TAK:

A= Alf](z)
MHO0KeCTBO BCeX IMPOM3BOIHBIX YnCesl (PYHKIUU f B TOUKe T OyaeM 0DO3Ha-
qarh uepe3 A[f](z).

HernpepbiBHyI0 Ha uHTEpBaJE [p, ] byHKIuoO f Gy/ieM Ha3bIBATH IEPBOOO-
pasHoit hyHKIuu @, ecau s Juoboro T € [p, q] MHOXKeCTBO 3HaUeHU DYHK-
UKW © B TOYKE T COBHAJAET ¢ MHOYKECTBOM ITPOU3BOJHBIX Unces hbyHKImn [
B 9TO# TOYKe.

VYrepxkaenue 1. J{ns Toro arobbl dbyHKIUS ¢ uMena Ha [p, q] nepso-
06pasHyt0, HeOOXOAUMO U JJOCTATOYHO, YTOOBI CYIIECTBOBAJIA [TOCTIEI0BATE b
HOCTH HelpepbIBHbIX dbyHKIWii {p,, }, cxonsmascs Ha [p, q] Kk dyHkuuu ¢ npu
a — 0, 1 4robbI NOCIIENOBATENLHOCTD { fy }, OpeesseMas COOTHOMEHUAME
(1), obrasana caedyoImMu CBORCTBAMU:

1. {fa} paBHOMEpHO cxomuTcs Ha [p, ¢] mpu o — 0;

2. Hust mobbix € > 0,0 > 0 u xaxgoro ¢ € [p,q] cymecryer 6 > 0
TaKoe, 4To JId Kaxkaoro A, |h| > 4, u ckosb yroguo masoro v > 0 HaiiayTcs
a,|lal < o, u B,|f| < v, nag KoTopsix OyIyT UMETh MECTO HEPABEHCTBA

W fa(z +h) = fa(2)] = pa(@)] <e (2)
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(W™ fala +h) = fa(@) = fola +h) + f(@)]] <& 3)
3. Hust 106bIx €,0 > 0 1 KaxkI0ro = € [p, g| cymecrsyer 6 > 0 Takoe, 410
JUISA KaXKJIOTO &, || < 0, ¥ cKoustb yroguo Majoro v > 0 maitgyrcs h, |h| > 0,
u f,|8| < v, A KoropbIx GyayT uMeTb MecTo HepaseHcTBa (2) u (3).
CaencrBue. Ilycrs mocienoBaTelbHOCTD HEIIPEPBIBHO b depeHiupye-
Mmbix dyuxumit {f,} paBHOMepHO cxomurcs Ha [p,g] npu o — 0. Torma, Juist
TOTO ITOOBI UMEJIO MECTO PABEHCTBO

d /.. .

i (Jim fa) = lim T,
T.e., YTOOBI OBLIO JTOIYCTUMO TOWIEHHOE MM dEPEHIINPOBAHNE TIPU TIEPEXO0-
Jie K IIpejiesry, HeOOXOIUMO U JIOCTATOYHO, 4TOObI IOC/IeI0BaTeIbHOCTD { fy }
YAOBJIETBOPSJIa YCJIOBAAM 2 M 3 yTBepKaeHus 1.

Eciu paccmarpuBaeTcst BOOIpPOC O CYIIECTBOBAHUU MTEPBOOOPA3HON OJIHO-
3HAYHON QYHKINM ¢, 38JAHHOI HA MHTepBaJe [p, q], TO ycjoBue 3 yTBEpKIe-
Hust 1 OKA3bIBAETCS UBJIUITHUM, T.€. IMEEeT MECTO

YrBepkaerue 2. /s Toro, 9To0bI OMHO3HAYHASA (DYHKIUS (0 UMeJa Ha
[p, q] nepBoobpasuy0, HEOGXOAUMO U JOCTATOYHO, YTOOBI CYIIEeCTBOBAJIA I110-
CJIEIOBATEHFHOCTD HEITPEPBIBHBIX (DYHKIHH {0, |, CXOIAMASICS HA MHTEPBAJIE
[p, q] ¥ byHKIME © P @ — 0 U TaKast, YTO MOCIEIOBATETBHOCTD { fo }, Olpe-
gensieMast cooraomenusamu (1), ymosiersopsiia 6bl yeaosusaMm 1 u 2 yrBep-
KaeHud 1.

CuaeacrBue. MHOXKeCTBO OJHO3ZHATHBLIX (DYHKIUH, UMEIONINX IEePBOOO-
pa3HyIo, SBJISETCS COOCTBEHHBIM TOIMHOXKECTBOM MHOXKecTBa Hy N Hi, Tie
Hy u H; — 0-0it u 1-brit xaccsr dynkimit no kiaaccuduranuu Bapa [2].

IMocnenosarenbHoCTh {1)g} HEIPEPBIBHBIX Ha [p, ¢] dyHKIWIt GyneM HA3LI-
BaTh MOCJEI0BaTEIbHOCTHIO Jly3uHa st byHKIMT o, ecin Jjisi CKOJIb YTOTHO
MaJgoro 8 > () BBIIOJIHSIETCS HEPABEHCTBO

mE(e # ¢p) <e(pB),

rue () > 0, () — 0 upu 8 — 0.

VYreepxkaenue 3. Eciu byaxus ¢ namepuma n mHTErpUpyeMa Ha [p,q],
TO JJIs HEE CYIIECTBYET IIOCJIEIOBATEIFHOCTE JIy3WHA, Y/IOBIETBOPSIIOIIAS
BCeM TPeDOBaHUSIM yTBEPKICHUS 1.

3akmouenne Takum 06pa3oM, B mperaraeMoit paboTe MpuBeIeHbl He0b-
XOJUMBIE U JIOCTATOYHbBIE YCJIOBUS CYIIECTBOBAHUS II€PBOOOPA3HOM, KOTOPHIM
JOJIZKHA YIOBJIETBOPATH JlaXKe Herviajakas (PYHKIUs OJIHOM IIepeMeHHO, Ha-
npuMep, Takoil (yHKIMeil MO)KeT ObITh CHHIYJIIDHAs WJIM MHOI'O3HAYHAS
dyuknus. [Ipemioxkeno derepexnapaMeTpUIecKoe CEMeiCTBO alllPOKCHMU-
pytomux byaknmit. s 060t mHTErpupyeMoii Ha, KOHEYHOM HWHTEpBaJe
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byHKINT U3 3TOro cemeiicTBa MOYKHO H3BJIEYDb II0CJIEI0BATEIHLHOCTD, KOTO-
pasi TOTOYEYHO CXOJANUTCSA K mcciemnyemoint dyuknuu. [Ipu sTom mocniemnoBa-
TeJIbHOCTh UHTEIPAJIOB BBIOPAHHOI IIOC/IE0BATEIbHOCTHA OyIeT PABHOMEPHO
CXOJINTHCH K TIepBOOOPA3HOI paccMaTpuBaeMoil Oy HKITIH.
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CpaBHeHue anropnTMoB OHMAWH ONTUMMU3aAUUKN ANs
peweHns 3a4a4m 0 MHOFOpyKoM bGaHguTe

Beeaetnune.

Ceronast B MarmmHHOM OOYJIEHUN AKTHUBHO PA3BUBAETCs 00JIACTH OHJIANH
obydenusi. B ¢BsA3u ¢ 9TUM BO3HUKAET MpobJIeMa BEIOOPA aJITOPUTMA, PEIIaio-
Eero 3a/[a9u ONTUMHU3AINE C YI6TOM OHJIAHH 06paboTKu JaHHbIX. OMHUM 13
[I0/IXOJIOB B OHJIANH OOYyYEHUH, PEIarouX 3aa491 PEKOMEHIAINN U PaHKU-
POBaHUsI, sIBJISIETCsI AJrOPUTM MHOrOpyKoro 6anura (MB) [1]. Unes mansoro
AJITOPUTMa, 3aK/TFOYAETCS B BHIOOPE ONITHMAJIBHOIO PAHXKUPOBAHUS PEKOMEH-
Januit Ha OCHOBE MCTOPUU MPEIBIAYIINX U TOCTYIAKIINX B OHJIAWH PEXKUME
JAHHBIX OT II0Jb30BATEJIS.

Ha npaxTuke ajropuT™M MHOTOPYKOrO OaHIUTAa aKTUBHO IPUMEHSETCH
¢ pazmmunbiMu Mopudukaimsivu. Tak, B pabore [2] no Bbigsienuo dark
pools amropurm MB koMOmHUpyeTCcst ¢ OIeHKO# BbIKuUBaemocTu Kariana-
Meiiepa; B uccienoBanuu, nocssmentaom portfolio management [3], upume-
ustercs offline npenobyyernne MB; npu pemenun 3amagn online learning to
rank [4] MB yuuThIBaeT KOHTEKCT MCTOPHHU TIOJIH30BATENBCKIX 3AIPOCOB. B
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pabore Cem Tekin u Mingyan Liu [5] MB nomosauTensHO TpUMEHSIET Map-
KOBCKyIO Iellb, yTOqHHH BbI60p OIITUMAaJIBHOI'O IIOJAXO/Ia K paH)KI/IpOBaHI/IIO
PEeKOMEeHJaITnlA.

Iesb gaHHON paboThl 3aK/II0YAETCA B IPOBEJIEHNN CPABHUTEILHOTO aHa-
JIN32, AJTOPUTMOB OHJIAHH ONTUMHU3AINH, IPUMEHACMBIX B 00ydennn MB s
pelleHns 3391 PAHXKUPOBAHUS PE3YJIbTATOB MOUCKOBOH BblIadn. BeibpaH-
HbIE B PE3YJILTATE AHAIU3a aJITOPUTMbI MOI'YyT KOMOMHUPOBATHLCS B aHCAMO,1e-
BBIX, CTEKMHTOBBIX TEXHUKAX JIsl TIOBBIMICHNS KA9eCTBa PAHXKIUPOBAHUS MK
OLITH yYTEHBI IPH Pa3pabOTKe HOBBLIX AITOPUTMOB OHJIAMH ONTHUMU3AIIUM.

Onucanne aaropnTtmos OHNaWH onTunMmn3auvn.

IocKOIBKY HA JAHHBIA MOMEHT OJHUM U3 AKTMBHBLIX HAIPABJIEHUN OH-
JIaitH 00y JeHusl SIBJISIETCS PAHKUPOBAHUE, B TAaHHON paboTe OyIeT MpUBEIEHO
CPaBHEHHUE CJIE/YIONIUX AJrOPUTMOB OHJIAHH ONTHUMU3AINY, PEIIAIOIINX 3a-
JIaty MHOTOPYKOTro OaHInTa Ha IpuMepe oHjIaiin pamkupoBanus: Dual-Point
Dueling Bandit Gradient Descent (DPDBGD) [6], Multi-Point Deterministic
Gradient Descent (MPGD) [6], Probabilistic Multileave Gradient Descent
(PMGD) [7], Multileave Gradient Descent (MGD) [8].

[epeunciieHnbIe AJIrOPUTMbL OHJIARH OITUMUBAIUY SABJIAIOTCS MOUdUKa-
muamu anropurma Dual Bandit Gradient Descent DBGD|9]. Janubiii auro-
PUTM OCHOBaH Ha JIMHEWHON MOJEIN PaHXKUPOBAHUA
a(d,wy) =< d,wy >; d,wy € R™ tae d - BEKTOp NPU3HAKOB JOKYMEHTa W3
MHOXKECTBA JIOKYMEHTOB D; w; - BEKTOP BECOB B MOMEHT BPEMEHH ¢, N - duc-
Jo npusHakos, t € {0,00}. JaHHbIA ajropuT™M MakCUMHU3UPyeT (DYHKIIHIO,
F(qt, D, w;), 31adenne KOTOPOil PABHO YHMCILy KJIMKOB II0JIB30BATENs 10 JI0-
KyMEHTaM U3 MHOXKecTBa [, IpejCTaBIeHHbIX [10Jb30BaTeI0 B MOMEHT Bpe-
MEHU t B BHUJIE CIMCKA, PAHXKUPOBAHHOTO C yUETOM 3aIPOCa ¢y U BEKTOPA
BECOB w;. MaKCcMMu3aInus BBIIOJHACTCA [0 MapaMerpy wyi. 1I0CKOJIbKY JaH-
Hblil (DYHKIMOHAJ 3aBUCUT OT YHUCJIA KJIUKOB, TO 3aIPOC PACCMATPHUBAETCS
JIMIIb KaK BBI30B MeTo/la, OOHOBJISIONIEr0 BeKTOp BecoB. Huke npuseseHo
GoJiee JleTaJIbHOE OIKMCAHUE AJIOPUTMA:

1. Cuyuaitapiv 06pa3oM HHUNUAJAZUPYETCA BEKTOD BECOB Wy IIPHU ITIOSIBJIE-
HUW 3a11poca ¢; B MOMEHT Bpemenu t = 0 ;
2. BeImosiHSIETCST PAHXKUPOBAHUE JOKYMEHTOB MHOXKECTBA D:

(a) Hpst 3ampoca g Bbraucisiercs byHKIWs panzkuposanusd Rank(D,w;),
BOZBPAIIAIONIAs PAHKUPOBAHHDIH CIIUCOK JOKYMEHTOB C y46TOM 3a-
IPOCa ¢ U BEKTOPA BECOB Wy. ;

(6) CryuaitHbBIM 06pa30M BLIOUPAETCS BEKTODP Up, Uy € R™, ||ug]le = 1 u3
enuanuHOl cepsl. [loyunm HOBBI BEKTOD BECOB W) = wy + & * Uy,
rje 0 - aHAJIOTMYEH IMary B aJrOpUTME T'PAJUEHTHOrO CIycKa. B pe-
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gyabrare noaydaem Rank(D,w}) HOBBIH CIMCOK PAHKUPOBAHHBIX J10-
KYMEHTOB.

(B) ®opMupyeM HTOTOBBIH CIHUCOK PAHXKMPOBAHUS CIIEAYIONIUM O0OPAa30OM:

3AI10JIHSIEM HTOIOBBIN CIHCOK CBEPXY BHU3, CIIyYallHO BBIOMpAsT OJUH
13 CIHCKOB, TOJIyIeHHBIX Ha Imarax 2(a), 2(b), u gobaBisgeM ajeMeHT
73 BBIOPAHHOTO CNUCKa B UTOroBbIil. CoxpaHsieM WHJIEKC CIHUCKA, KO-
TOPBIit OBLT NCHOJIB30BAH JIJIs 3AII0JIHEHUST TeKyTel mo3uruu. Jlanmnoe
JIefiCTBYE MOBTOPSIETCs ITOKA UTOTOBBIH CIMCOK He Oyner chOopMUpo-
BaH.
Jlajiee MHOYKECTBO JJOKYMEHTOB [ DAHXKUPYETCS C yIETOM 3aIIPOCa ¢ U
UTOrOBOTO BEKTOPA BECOB, MOJIYYEHHBII CIMCOK MPEbIBIISIETCS MOJTb-
30BaTENIO KAK PE3YJIbTAT IIOUCKA U COXPAHAIOTCS TO3UIUH JJOKYMEHTOB
CIIICKA, KOTOPBIE OBbIIIM MIPOCMOTPEHBI MOJIb30BaTeeM (KIJIUKH ).

3. Ilpu nosryueHun HOBOTO 3ampoca ¢(;41) B MOMEHT Bpemenu ¢ + 1 anasu-
BUPYIOTCS KJIUKHU, MOy YeHHbIE B MOMEHT BpeMeHu t. Fciu KUK ObLIT BbI-
HOJIHEH 110 NO3UIMH, BEIOpanHOil u3 cuucka Rank(D,w;), To 3HA4MMOCTD
BeKTOpa w; yBeaumumBaercs Ha 1. B mporuBHOM ciyuae na 1 yBeawmdm-
BAETCsl 3HAUMMOCTL BeKTOpa w;. Jlajee BO3BpaImaeMcsi K MyHKTY 1, rie
BMECTO CJIyvaiiHoll MHUITAIM3AIUN B KAUeCTBe 3HATCHUsT BEKTOPA W(t41)
BBIOMpaeTCs HanboJsee 3HAYUMBII U3 BEKTOPOB Wy U wz 1)

PaccmarpuBaembre B jmannoit pabore mojudukarmun DBGD BoimosHsoT
CJIeyIoIIe N3MEHEHNs B Iarax ajropurMa:

B DPDBGD mnogxose Ha 2 mare ¢hpOpMUPYIOTCS JIBa CIUCKA PAHIXKUAPO-
BaHHBIX J0KyMeHTOB Rank(D,w; + delta * u;), Rank(D, g, wy — delta x uy),
OCTaJIbHBIE TArW BBIMOJIHSIOTCS 0e3 N3MEHEeHMIA.

B MPGD usmensiercst TOJBKO 2 mMar, B HEM YUCJIO CIUCKOB PAHKUPOBAHUS
YBEJMYUBACTCS J0 N ILyTeM CJIOXKEHUs Wy, HOJydeHHOro Ha 1 mare, ¢ e;(i =
1,...,n) G6asucubiMu BekTopamu Rank(D,w; — delta x e;). Takum obpaszom
HOBOE YHUCJIO CIIMCKOB 3aBUCUT OT JIJIMHBI BEKTOPA BECOB.

B momudukamun MGD Ha 2 mare mpuMeHSIeTCsl CEMILUIIPOBAHUE 7 BEK-
TOPOB Uy U3 €IUHUIHON cephl BOKPYT TEKYIIEro BEKTOPa BECOB w; U (Hop-
MEPYETCsl CIIMCOK PAHXKUPOBAHHBIX JHOKyMeHTOB Rank(D,w; + delta * uy).
Ha 2(c) mare npumensiercs: asropurm Multileaving [10] must dopmuposatmst
UTOrOBOT'O CITHCKA.

Momudukamus PMGD 3akiogaercs B UCHOJB30BAHUN BEKTOPOB BECOB,
IIOCTPOEHHBIX B IIPEIBIIYINIE MOMEHTHI BpeMeH! IPU (POPMUPOBAHUH JTOTIOJI-
HUTEJBHBIX CIHCKOB paHKupoBanusi Ha 2 mare. lamee kak u B8 MGD na
2(c) mare BomosHsiercst anroputm Multileaving [10], dopmupyst uTorossrit
CIIUCOK.
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Pe3y11 bTaTbl BblHUC/INTE/IbHbIX IKCNEPUMEHTOB.

DKCIEPUMEHTHI TI0 CPABHEHUIO AJITOPUTMOB OHJIANH ONTUMU3AIINH BBIITOJI-
HSUIACh Ha OTKPBITHIX Kosulekiusax ganubix 13 LETOR 3.0 (LEarning TO
Rank) [11]. Bce komuteKIun IaHHBIX COMEPIKATIM BEKTOPHI IPU3HAKOB MPEJI-
CTABJISIIOIINX CBsA3b MEXKJIY 3aIllPOCOM U JOKYMEHTOM. J[OIoIHUTE/IbHO, KOJI-
JIEKITUH JIJIsT KazKJION [1apbl 3alIPOC-JTOKYMEHT IIPEOCTABJISAIN OLEHKY peJsie-
BaHTHOCTU. B HUX pacCMaTpPUBAJIUCH CJIEYIONHE TOUCKOBBIE 3a/adn:

Bagaua nasuranuu — HP2003 (home page finding), NP2003 (name page
finding).

Nudopmaimonnas 3amada — TD2003 (topic distillation), MQ2007,
MQ2008.

Komnexmmun HP2003, NP2003, TD2003 — comepzxamm ot 50 mo 150 3ampo-
coB u niopsizika 1000 oreHeHHBIX TOKYMEHTOB [IJTst Kaxk 010 3ampoca; MQ2007,
MQ2008 — 1700 u 800 3a1rpocoB COOTBETCTBEHHO U 0K0JIO H00 OIEHEHHBIX J10-
KYMEHTOB JIJIsI KaXKJIOTO 3aIpoca.

Jlist u3MepeHusi TOYHOCTH PAHKUPOBAHUS IIOJICYUTHIBAJIACH METPUKA
Normalized Discount Cumulative Gain (NDCG) na nepsbix 10 pesyiabrarax
PAHXKUPOBAHUS.

k=10 i
(2rel(1)71)
ND = —
ca Zl: loga(i+1)

rie rel(i) - peseBaHTHOCTBH JOKyMeHTa Ha i-if mosunuu. st Mopenuposa-
HUsl [IOBEJIeHNs] 1I0JIb30BaTels IIpUMeHsiiiachk navigational click model [11].
PesynbraTsl sxcrepuMerTaNIBHON YacTn npuBeeHbl B Tabsure 1.

Tabuauma 1. Pesyabrarsl cpaBHEHUsT aJITOPUTMOB IIPU MOJiesn navigational
click model

anropur™ / kopuyc | DPDBGD | MPGD | PMGD | MGD
TD2003 15.23 17.07 32.30 30.04
HP2003 28.30 40.73 82.25 80.01
NP2003 18.08 18.54 78.23 76.53
MQ2007 69.23 74.35 55.71 53.36
MQ2008 82.05 81.78 73.13 65.26

Ilo pesynabrataM MNpPOBEIEHHBIX JKCIEPUMEHTOB MOXKHO 3aMETHUTH, HUTO
B OosbmmHCTBe ciydaeB ajroputmbl PMGD u MGD B gBa pasa tounee
DPDBGD, MPGD wmoudukarmii. OCHOBBIBasCh Ha MOJYyIEHHBIX PE3YJIbTA-
Tax, MOYXKHO CIeJaTh BBIBOJ O Biausuun ajgropurMma Multileaving Ha mHaxox-
JIeHUE ONTHMAJIBLHOIO BEKTOPA BECOB It (DYyHKIMU PAHKUPOBAHUSI.
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3aknoyenne.

B pesysnbprare nmpoBeeHns CpaBHUTEIBHOIO aHAJIN3a aJTOPUTMOB Ha OC-
HoBe navigational click Mozmenn nosemenus mosb3oBaress (Tabi. 1) MOXKHO
3aMeTUTh BBICOKYIO TOYHOCTH paHkupoBauus ajropurMoB PMGD u MGD
st 3amad home page finding, name page finding u topic distillation. OcroBbi-
BasICh HA IIOJIyYE€HHBIX PE3y/IbTaTaX, B JAJbHEHINEM I[JIAHUPYETCS IIPOBECTH
CJIeIYIOIINe SKCIEPUMEHTHI:

1. CpaBHHUTH KayeCcTBO paHKMPOBaHUsI, 100ABUB HOBBIE KJIMKOBBIE MOJIEJIU
ITOBEJICHUSI TT0JIb30BATEIS.

2. IlpumeHUTH CTEKMHTOBYIO TEXHUKY Jisi KoMOuHarmu ajgroputmoB PMBGD
u MBGD.

3. IlobaBuTh B BHIOpAHHBIE AJTOPUTMBI JaHHBIE O IIOJIH30BATENE IPU 00b-
€IMHEHUN PAH?KNPOBAHHBIX CIIMCKOB.
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CpaBHUTeENbHbI aHAaNM3 METOAO0B pPELUEHUS JIMHENHbIX
CTOXacTu4ecknx 3apad

[Ipu pernierny CTOXACTHYECKHUX 33J1a9 TPAJUIUOHHO CUUTAETCS, U9TO Ca-
MBIM IPOCTBIM HOJXOJOM $IBJISIETCS HAXOXKJIECHUE CPEIHUX BEJIMYUH CJIydaii-
HBIX [TAPAaMeTPOB U, TAKUM 00pa30M, CBeJIEHIE CTOXaCTUIECKOH 3a/1a9u K J1e-
TEePMUHUPOBAHHOMY AHAJIOTY, JJIs PEIleHns] KOTOPOr0 HCIOJIB3YIOTCS KJIac-
CHYECKHMe METOJbl PEIeHUs ONTUMU3AIMOHHLIX 3aja4 [1]. OgHako naHHbIi
MoIX0JT He Beerma 3 MEKTUBEH: 3HAYUTEILHO TEPSIETCsl TOYHOCTD BBIYUCTIE-
HUl, PN HEKOTOPBIX PEAJU3AIUAX CJIyIalHbIX [MapaMeTpoB 3a/a9a MOXKET
HE MMETh PEIleHUSI.

B pabore aHaM3UPYIOTCST METOIbLI PEIIEHUs JIMHEHHBIX CTOXACTHICCKUX
zaza4. PaccmarpuBaercs peajusanus JIBYX MeTOIOB [2]:

- meroyt, Tonkuca-BeitHoTTa 13 TPYIIIBl HENPSMBIX METOJIOB;

- METOJI, COKPAIIEHUs HEBI30K U3 IPYIIIBI IPSIMBIX METOIOB.

PeIHeHI/Ie 3a/[a91 HEIIPpAMBIM METO/IOM IIPOU3BOJUTCA Yepe3 II0CTpoe-
HUE JEeTePMUHUPOBAHHOIO IKBUBAJEHTA U PENICHUs ero MeTojoM Tomkuca-
Beiinorra. JIjist mpoBepKy BO3MOXKHOCTU KOPPEKTHOIO MPEOOpa3oBaHus UC-
XOJIHOM CTOXACTUYECKO 3a/1a9i K JIeTEPMUHUPOBAHHOMY aHAJIOrY pas3pabo-
TaH crermuaabHbli amroputm [3]. Ilporpamma peanm3oBaHa CBSI3KOH sI3BI-
ka BbICOKOTO ypoBHst C'# (.Net 4.5) u roToBOro MaTeMaTHvIecKoro IaKeTa
Scilab. Taxkoit BbIOOp 00YyCJIOBJIEH TEM, YTO MHTErparsi ¢ TOTOBBIMH MaTe-
MaTHYECKUMU TAKeTaMU ITO3BOJISIET UCIOJIb30BATH UX MOIIHBIE HHCTPYMEHTHI
U yKe PeaJiM30BaHHbIE AJITOPUTMBI, & UCIOJIb3Ysl SI3bIK BBICOKOIO YPOBHS U
00'bEKTHO-OPUEHTUPOBAHHBIH TIO/IXOJT, MOYXKHO PEAIU30BATH IIPOCTOMN U TOHSIT-
HBIM TT0JIb30BATEIbCKUM MHTEPGEHC U YMEHBIIUTh BPEMSI PENIeHUs 3a CUeT
COKpAIIEHUs [TEPECHIIOK JaHHBIX MexKay C#£-nporpaMmoil u cpeoit SciLab.
K nocrouncream mardopmbl .Net MOKHO OTHECTH BO3MOXKHOCTD CO3JIQHUS
API-cepBepa mjist paboThl ¢ TPOrPaMMO, YTO MO3BOJISET UCIOIH30BATH Pas3-
paboTaHHyIO IpOrpaMMmy Ha Jio0oit mrardopme.

Metop, cokpalieHust HeBsI30K U3 TPYIIIBI MPSIMBIX METOIOB, [IPEJICTABJIS-
IOIUI CTOXACTUYECKUIT BAPDUAHT TIPaJIMeHTHOro Meroia Dppoy-I'ypeuna [3],
peasmsoBan Ha sizbike C'#; nmaker Scilab B maHHOM MeTO/E HCIIOJIB3YeTCs
TOJBKO JIJIsl PEIEHUs 3aa9 KBAJIPATHYHOTO TPOrPAMMUPOBAHNS [IPU BbI-
YUCJIEHUN O0YEePETHBIX UTEPAIMOHHBIX 3HAYCHUH.
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Nurepdeiic mporpaMMbl COCTOUT U3 OJHOIO JUATIOIOBOIO OKHA C JBYMsI
BKJIaIKaMu. Ha mepBoit BKJIa/Ke MPOU3BOANTCS BBO/I TAPAMETPOB U JIAHHBIX
3asaun. Bropast BKJaKa OpeJHASHAYEHA JJIsl IPOBEJIEHUs] IIPOBEPKU, KOTO-
pasi HOKa3bIBAe€T BO3MOXKHOCTh IOCTPOEHUSI KOPPEKTHOIO JIETePMUHUPOBAH-
HOT'O SKBUBAJICHTa NCXOIHOM 3a7a4n [2].

s npoBeneHns nccseoBanus BbIOpaHa 33444 JUHEHHOrO CTOXACTH-
YEeCKOr'0 IIPOrPAMMUPOBAHUS, TJIe JAeTePMUHAPOBAHHAA JOILyCTUMAas 06IaCTh
3a/14€TCsl JIMHEHHBIMU OrPAHMYIEHUSIMU

n
E dyr; < fi, 1=1,..,k x; 20, i=1,....n,
i=1
a cyrydaifHble IapaMeTpEl a;j, bj, i =1,...,n, j = 1,...,m, UMeIOT paBHOMEep-
HO€ paclipejieJIeHIe U IIPeJICTaBJIeHbl I'PaHUIlaMU NHTEPBAJIOB 3HAYEHUIT
aij ~ R[aij, aij]; bj ~ R[bi7 bj], 1= 1, sy ] = 1,...,m.

OO6mmiit Buj 3a/1a9d JIMHEHHOIO CTOXACTHYECKOTO IMPOTPAMMUPOBAHUS
IIPEJICTABUM B cjeayiomnieii hopme 3amnucu:

n
M(Z ¢iT;) — max,
i=1
n
P{Zaijxi S b]} 2 Oéj, j = 1,...,m,
i=1

Zdilxi < fla l= ]-7 "'7ka
=1

T = O, 1= 1,...,n.

Ilepen permennemM 3ama9m TPSIMBIM METOIOM OBLT IIPOBEIEH IKCIIEPUMEHT
Ha COOTBETCTBHE (DYHKIMIT OrPAHMYCHII HOPMAJIHHOMY 3aKOHY DacIpeeJie-
HU, 110 PE3YJIbTaTaM KOTOPOI'0 MOYKHO CJIEJIATh BBIBOJ, ITO YeM OOJIbIe pas-
MEPHOCTH 3aJ[a4H, TeM 3aKOH paclipejiejierns (pyHKIU orpaHuIeHuii 0Jmxe
K HOPMAaJIbHOMY.

PesynbraTe! perenns 3aa9 IPSMbIM U HEIPSIMBIM METOJIAME HECKOJIBKO
ornumyatorca. K npumepy, s 3amaqn

—2x1 — 3z + T3 — max,

P{az1 + ar2z1 + arzz3 < b}

<b
P{as1z1 + azxy + azzzs < b}
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SC1+ZL'2<4,
33]_20, x2>0a $3>O7

e a1 ~ R[0; 2]; a2 ~ R[-1; 3]; a1z ~ R[0; 2]; by ~ R[14; 18];

az1 ~ R[0; 2]; age ~ R[-2; 0]; ass ~ R[0; 6]; bo ~ R[11; 13]. Ilpn
PEIIeHUN TPSIMBIM METOJIOM OB MOJIYUYeH CJICIYIONHi ONTUMAIBHBI BEK-
Top = (0,4,0) co 3nadenmem nenesoit dpynknun f = —12. IIpu pe-
[IEHUU 3aJ[a9U HeIPsIMBIM METOJOM ObLI IIOJIyYeH CJIeJIYIONIUil Pe3ysIbTaT
f = —11.828; = = (0.0345;3.931;0.0345). 9710 MOXKHO OOBLACHUTD TE€M, UTO
HEIPSIMOI METOJ, PEIIeHUsI TePSeT B TOYHOCTH, TAK KAK IIPU TOCTPOCHUH JIe-
TEPMUHIPOBAHHOTO 9KBUBAJIEHTA UCTIOIB3YIOTCS YCPETHEHHbBIE 3HAYEHUST CITy-
JaifHBIX [IAPAMETPOB, B TO BPEMs KaK B IPSIMOM METOJE, 33 CUeT NeHEePAIUn
GOJBIIIX BBIOOPOK PEAM3AIUil CIyIailHbIX BEJUINH, perreHne 6osee ycToii-
YUBOE.

JLj1s1 o1eHKY CKOPOCTH PAbOTHI AJITOPUTMOB OBLITH TPOBEJIEHDI CJIEYIONTHIE
WCCJIEeIOBAHUS:

- 3aBHCHMOCTDb BPEMEHHU pelleHus (B MC.) OT PA3MEPHOCTH 3aJa4 1, IPH
PUKCHUPOBAHHOM YHCJI€ OIPAHUIEHUN M.

- 3aBUCHMOCTb BPEMEHH DelleHust (B MC.) OT KOJIM9IeCTBa OrpaHnIeHnit m,
pu (PUKCUPOBAHHON PAa3MEPHOCTH 349U M.

B mepBoM citydae 3aBUCHMOCTD 9KCIOHEHIMAbHAS, TAK KaK YeM OOJIbIITe
Pa3MEepHOCTD, TeM OOJIbIe HEOOXOMMO BBITOJIHUTH OMEPAIUil IPU BBIYUCTIE-
HUU KaXKJIOTO OMPAHUIEHNS.

Bo BTOpOM Ccitydae 3aBHCHMOCTB JIMHEHHASI, TAK KAK KaXKJI0€ OrPAHUICHIEe
0bpabaThLIBACTCS HE3aBUCHMO.

Pabora Boimosnena npu mnojgepxke PODIU (upoexr Ne15-41-04436-p-
cubupb-a) u upu noguepkke Munobpuayku Poccun B pamkax 6a30Boii da-
CTH TOCYJAPCTBEHHOIO 3aJaHusi B cdepe HayIHON JeATeJbHOCTH (IIPOEKT

Ne 2.9314.2017/BY).
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Two-component Immunization Control
Koaecun U./1.
kolesin_id@mail.ru
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YnpaBseHve ABYXKOMMNOHEHTHOW UMMYyHU3aLmen

Baknunamnus HacejeHusi B YCJIOBUSIX €CTECTBEHHO MPOTEKAIOMIEH MMMY-
HU3AIMY IPUBOJIUT K CIydasiM U3JAMMHeH BakmuHaruu. VICKIIo9nTh UX Ipu
OTCYTCTBHUU JOCTYIHBIX CPEJCTB U3MEPEHUsI MMMYHUTETA HE MPEJICTABJISIET-
Cs1 BOBMOYKHBIM, HO CYIIECTBEHHO YMEHBIIUTH MOXKHO, YIIPABJIsisi MOMEHTOM
HavaJja BAKIMHAIMU. DTa BO3MOXKHOCTD IIPOUCTEKAET U3 OCOOEHHOCTEN 1ToBe-
nennst Bo30OyauTesist mHdeknuu. Hadajio ero akTuBusaium, a ¢ STUM U HaJda-
JIO POCTa, 9UCJIa €CTECTBEHHO MMMYHU3UPYEMbBIX JIUI, TPUXOIUTCH HA HAYAIIO
AKTUBHON »KU3HU TOPOXKAH ITOCJIE JIETHUX OTILYCKOB M KaHuKyJa. Momeaupyst
pPa3BUTHE €CTECTBEHHOW KOMIOHEHTHI MMMYHHU3AIMA U JIOTOJIHSST €€ UCKYC-
CTBeHHOI (BaKI[MHAIMEN), MOXKHO MCKATh TAKOW MOMEHT HAuaja BaKIMHA-
WY, KOTOPBI IPUBOJAUT K ONTHMAJBHOMY COOTHOIIEHHUIO MEXKJy KOJIAYe-
CTBaMU TPUOOPETIINX UMMYHUTET €CTECTBEHHO U UCKYCCTBeHHO. Kpurepuem
ONTUMAJIBHOCTU $BJISETCST MUHUMYM ODIIEro 9HCJIa CIydaeB M30BITOYHON U
HEJIOCTATOTHON MMMYHU3AIUH IIPU 38JAHHOM Yncje HopMasbHOit. [Tpumensist
[MPUHIAIT MAKCUMYMa, HafJleM MOMEHT IIePeKJII0UeHNs] i KOHEUHbIE 3HAYCHU ST
BCeX KOMIIOHEHT mMMyHu3anuu. Takoii momgxon uccienosancs B [1] u, B or-
JIMYHE OT IKOHOMUIECKOro [2, 3], npecsemyer Gosiee IyMaHHYIO IIeJb, OUpPeJIe-
JieHHY1O paboToii [4].

IIycts S — gucno BocupuuMunBBIX, [, — YUCIO MHPUIHPOBAHHBIX Gec-
CHUMIITOMHO, a [, — BaKIWHHO, R — YHCJIO MOJIyIUBIINX HOPMAJLHBI UMMY-
murer, R~ — nenocrarountii, R — usbbrrounsrii, k, k~, k* — xoaddunuenTst
pacupezesenus 3¢ deKTa BaKIUHAIAT, & i, 1, uT — addekTa ecrecTBen-
HOI mMMyHu3anuu, [ — Ko3ddunmenT, 0OpaTHBI XapaKTepHOH JINTEIbHO-
ctr mHOMEKIUOHHOrOo Tporecca, tg = 0 — MOMEHT HavaJjia Ce30HHON aKTHB-
HOCTH BO30OyIUTENA, & — KOIPDUIINEHT ero aKTUBHOCTH, t, U T — MOMEHTBI
Ha4daJla 1 OKOHYaHUA BaKIUHAIIUU, U — €€ NHTEHCUBHOCTD, )\ — CKOPOCTb HH-
dunupoBanusi. Torma nporecc UMMYHU3AIUN OIMUCHIBAET MOJEJIb:

R+ = k+ﬁIv + /fﬁ_ﬁje;

R=kBL, +pbl,  A=aSl, (1)
R~ =k= 81, + p~ Bl,

S jv:U_ﬂIvv

S(0) > 1.(0) > 0, 1,(0) = 0, RT(0) = R(0) = B (0) = 0, A(0) — BI,(0) > 0,

u(t) = { 21, e E’tT)) 0<uy < SO)/T, U=1{0, u}. (2)
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Tpebyercs maiit MoMeHT t,, 0DecreYnBAIOIINI 3aMaHHBI TpupocT R mnpu
MUHUMYMeE (R_ + R"'):

R (u, T)+ R (u, T) = meitr}’ R(T) = R" < u,T. (3)

Bsemewm meneByo GyHKITHIO

T
J(u) = R*(u, T) + R~(u, T) = /((k+ kB, + (1T + o )BL)dr
0

U IIOCTPOUM I'aMHUJIBTOHHAH

H(u) = _((k+ + k_)BIv + <M+ + M_)Ble) + 11 (u - ﬁIv)+
+(p2 — p3)aSI. — p2fl. — psu.

[Ipucoenuaennas cucrema

p1= (kT +k7)B+p13,
p2= (ut +p7)B — (p2 — p3)asS + p2f3,
p3 = —(p2 — p3)al.

nmeeT Tipa [, > 0 HEYCTOMYMBYIO TOUKY PaBHOBECHS
pr=—k"+k7) <0, p2=—(u" +p7) <0, p3 = Do
[Tpu 3amanun
p1 < p1(0) <0, p2 <p2(0) <0, p3(0) >0 (4)

soinosaserct OH/0u = p1(0) — p3(0) < 0, a xommonents! py(t), pa2(t) pac-
TYT, MeHss 3HAK Ha obpaTHbIi. Tak Kak IpaBasi YacTh P3 COCTABJISET JIUINb
9acCTh Po

(0" +p7)B + p2 — palale +pafB > [p2 — psl,

TO 6ojiee OBICTPBIA POCT Py OOpAIaeT POCT Ps B CIaJl, MEHsAd 3HAK p3 Ha
0oOpaTHBIA. DTUM 06ECIIeUInBAETCs BBITOJIHEHUE YCJIOBHU TPAHCBEPCATIHLHOCTH
pi(0)p;(T) <0, i =1, 2, 3 u nepexox OH/Ju uepes 0.

YV TBepKIaeTCs: €CJIM BBITOTHAIOTCS ycjoBusa 4, To 3ajada 1-2-3 mmeer
perienue.

Ipumep. Ilpu samanuu S(0) = 500, I.(0) = 10, I,(0) = 0, R(0) =
R=(0) = RT(0) = 0, (k, k=, kT) = (0.6, 0.3, 0.1), (g, p=, put) =
(0.6, 04, 0), a = 0.000193, 8 = 0.06, u, = 5, R* = 250, By = 416,
p1(0) = p2(0) = —0.3, p3(0) = 0.05 mosmyuum ¢, = 29.4, r.e. cucrema
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ylIpaBJleHUsI UMMYHHU3allell IIpejjiaraeT HadaThb BaKI[MHAIIMIO C 25-T0 JIHS
(oTCUMTHIBAEMOrO OT HauaJa CE30HHOTO MoabeMa 3aboseBaemMocTu: to = 0).
ITpu 3TOM HPHUPOCT KOJJIEKTHBHOrO mMMyHuTera cocrasur R(T) = 250.1
npu neratusaoM 3bdekre RT(T) + R~ (T) = 112.6 + 29.3 = 141.9, 061~
eM Tpebyemoit Bakimuanun B, = (T — t,)u, = 375, a ee 3dEKTUBHOCTD
f = R(T)/B, = 250/375 = 0.67 Bmecro puBy/By = 0.6 upu orcyrcrsuu
ydera 0eCCUMIITOMHON KOMIIOHEHTHI.

ITocTpoena mHAMUYECKasi CHCTEMa, COYETAIONMAs BAKIMHAIMIO C Oec-
CHUMIITOMHOM UMMYHU3AIMel 1 pa3paboTaH aJrOpPUTM OTHICKAHUS OIMTUMAJIb-
HOI'0 PEKMMa BaKI[MHAIMK 10 KPUTEPUIO MUHUMYMa HeraTuBHOIO 3ddekTa
IpU 38JAHHOM TO3UTUBHOM. [lokazana 3¢pPeKTUBHOCTDL TAKOTO TOIXOIA.
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AnropuTmbl peweHus 3a8a4m ObICTpoAencTBMA Ha
NJIOCKOCTU B CJ/lyHae HEeBbINYK/0ro LLefeBoro MHOXecTBa

Nsyuaercs npobjieMa BO3HMKHOBEHUsI HEIVIAJIKOCTA Yy (DYHKIMH OITH-
MaJBHOIO pe3yJbTaTa B IUIOCKON 3ajade ObicrpogeiicrBus [1] s cory-
4gasi Kpyropoit mHaukaTpuchl. OCOOEHHOCTH T€OMETPHH BEKTOIDAMMBI CKO-
pocTeil IIpeIocTaBiIsieT BOSMOXKHOCTD YIVIYOJIEHHOI'O aHAJIUTHYIECKOTO aHAJIU-
33 CBOUCTB pelleHus 3aJa4d Jlake IIPU yCJIOBUU HEBBIIYKJIOCTU I€JIEBOI'O
MHOZKECTBA, UMEIOIIET0 P 3TOM HUIKUI MOPSJIOK IVIQJIKOCTH IpaHunbl. B
paccMaTpuBaeMoM ciryvae rpanuna nean auddepennupyema. [Ipu sTom mo-
IyCKAETCH HAJIMYNE IPAHUIHBIX TOYEK, B KOTOPBIX KOODIUHATHBIE (DYHKITII
TEpIAT pa3pblB II0 IIPOU3BO/IHON BTOPOIO HOPAJIKA, T.e. U3ydaeTcsd CiIydail,
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KOTJIa KJIACCHIeCKas KPUBU3HA KPUBOH [2|, orpaHmumBaomell KpaeBoe MHO-
JKECTBO, BOOOIIE TOBOPSI HE CYINECTBYET. ¥ PEIICHUS 33/[a91 BO3HUKAIOT CHH-
I'YJISIPHBIE MHOXKECTBA, Ha KOTOPbIX (MbyHKIWMs, Oy/ydn HENPEPLIBHON, TeM He
MeHee TepUuT pa3pbiB rpajauenta. [Ipu dopmupoBanuu pemenus Tpebyercs
BBISIBJIATh U CTPOUTDH TAKHE MHOMKECTBA.

PaccmarpruBaemast 3a/1a4a IPEJICTABIAET MHTEPEC C TOUKU 3PEHUST TEOPUN
ONITUMAJILHOTO yIIpaB/ieHust. e perienue Tak»Ke CBsI3aHO ¢ PEIIEHUsIMEA 33,189
PACIPOCTPAHEHNUs] BOJIH B U30TPOIHBIX cpenax. OyHKIMs ONTUMAIBHOIO pe-
3yJIbTaTa 3a7a49u ObICTPOAEHCTBUS OTJAMYIACTCS JIAIIb 3HAKOM OT (DYHIAMEH-
TAJIBHOrO PEIleHus [3] OCHOBHOIO ypaBHEHUsI F€OMETPUIECKOil olrtuky [4], na-
3BIBAEMOTO ypaBHEHUEM diiKoHasa. BosHoBble (DPOHTHI 3WKOHAA SBJISIOTCS
JINHUSIMU yPOBHS (DYHKITMHA ONTUMAJIBHOTO PE3Y/IbTaTa. DBOJIOIHS BOJTHOBBIX
bPOHTOB, UX TepecTPoiika, BOSHUKHOBEHNE U KJIaCCUMDUKAIUs 0COOEHHOCTEH
U3yYaIOTCA METOJAMU U CPEJICTBAMU TEOPUU OCOOEHHOCTElH IIaJIKuX 0TO0pa-
skeHuit [5].

B pabore u3yqens cBoiicTBa rpaHuiibl mesieBoro Muoxkectsa M B 3amade
GBICTPOJIENCTBYS ¢ TOYKYU 3PEHUsT BBIJEJEHUsI ICEBJIOBEPIINH V; — XapaKTe-
PUCTHYECKUX TOUEK, OTBEUAIONINX 38 3aPOKICHNE JIUHUN U3JIOMOB BOJTHOBBIX
dbponToB [6]. B TepMuHaxX TeOpUM yIpaBJIEHNUs TU JIMHAU SBJISIOTCS PACCEH-
BAIONUME KPUBBIMH [7]. DTO 03HAaYAET, UTO M3 KaxXKJ0# TOUKY PaCcCeMBAIOIIEi
KPHUBOI BBIXOJWT JBe WJU 0OJIee ONTUMATBHBIX TpaeKTopuit. CHHTYyIsIpHBIE
KPHUBBIE — 3TO JIMHUH, HA KOTOPBIX (DYHKIMKM ONTUMAJLHOTO PE3yJIbTATa, sB-
JIsleTCsT HerTIa Ko, [Ipor3Bo/IHbIE 110 HAIIPABJIEHUSIM ITOH (DYHKITUH U3y YeHbI
B [8]. ITockoJIbKY BEKTOrpaMMa CKOPOCTEH eCTh KPYT €JMHIIHOIO PaJnyca ¢
[EHTPOM B Hadaje KOOPAUHAT, TO ONTUMAJILHBIMU TPACKTOPUSIMHU ABJIAIOTCS
OTPE3KH, COEIUHSAIONINE 3aJaHHYI0 TOUKY ¢ OmKafmuMu K Hell B €BKJIII0-
BO#l Merpuke 3semenTamMu MHOKecTBa, M. IlceBmoBepmmHbl j1ekaT Ha Tpa-
aurie I' = OM mHOXKecTBa M M MMEIOT BayKHYI0 0COOEHHOCTH. JIJist KaxkI0i
[ICEBIOBEPIIUHLL V; € [ CyIIeCTBYeT 10CIe10BATEIbHOCTh TOYEK PACCEUBAIO-
miedt smaun L(M), Takasi, 9TO II0CJI€I0BATENBHOCTD AP TOYEK UX MPOEKIHi
na M cxopures K (v, v;).

ABTOopaMm m3ydUeHa CTPYKTypPa PACIIOIOXKEHUS ICEBIOBEPIINH B CJIydae
OJTHOCBSI3HOTO OTPAHUYEHHOTO MHOXKECTBa M, IpaHMIla KOTOPOTO 3aJlaHa B
napamerpudeckoM Buge I' = {g = g(t): t € [0, T}, rue T > 0, g(t) — menpe-
pBIBHAST BEKTOP-(DYHKIHS CKAJSPHOIO apryMEeHTa, JIJIs KOTOPO MOYTH BCIO-
Jly OUPEJE/IEHBI €€ IPOU3BOIHBIE JI0 TPETLErO IMOPSAIKA BKIIOYATEILHO. [1pn
3TOM yUHMTBIBAETCS, 9TO B V; € I kpmBmsnaa I’ b0 mocTHTAET JIOKATBLHOTO
MakcuMyMma, Jubo He onpegesnena (nogpobuee cm. [9]). Jokasanbr reopembl
0 HEOOXOAMMBIX YCJIOBHSX CyIIeCTBOBaHMs IiceBnoBepiuuH g(t*),t € [0,77] .
B ciryuae, ecm B rouxe ¢* dynkmus g(t) = (x(t), y(t)) nmeer TpeTuii nops-
JIOK TJIAJKOCTH, HEOOXOIMMbBIE YCJIOBUS CBOMSTCS K BBIIOJHEHUIO OJHOIO U3



Jle6enes I1./1., Yenenckuit A.A., Ymakos B.H. 165

paBEHCTB
y' () (det (g'(t"), 8" (t")) &' (¢")|I* — 3det (g'(t"), 8" (t")) (&' (t"). 8" (1))
o' (t7) (det (g/(t7), 8" (")) &' (t")|* — 3det (g/(t"), 8" (1)) (&' ("), &" (t"))) = 0.

3nech Beipazkenue det(a, b) o3HAUAET ONIpeEIETNTENb MATPHILBI, CTOIOIAM KO-

TOPO#i CILy?KaT BEKTOP-CTOJIONBl a u b, (a,b) — cKrajJsipHOEe NPOU3BEJEHNEe
BEKTOpOB a u b.

0,

OTeIbHO PACCMOTPEH BaXKHBIN CJIydail, KOTJa B TOUKe t* He ompeeeHa
MIPOM3BO/HAS BTOPOTO TIOPSAIKA, HO OIPEEEHDBI €6 0JHOCTOPOHHUE TIPEIEIIbI
g”’(t* —0) u g’ (¢* + 0), 3HAKH KOTOPBIX COBNAJAET, YTO TAPAHTUPYET OTCYT-
crBue B Touke g(t*) mepernba kpusoii I'. [jIst TaHHOTO THUIA TOYEK aBTOPAMI
[IPUBJICYEHA KOHCTPYKIMA TaK HasbiBaeMoro quddeomopdusma to = to(ty),
CBABBIBAIOIIETO HAPAMETPHI, OIPEIEIAIONIe KOOPANHATHI IPOCKIUl TOYeK
paCCenBaloImel JJUHUA B OKPECTHOCTH TiceBaoBepmmHb [10]. B sToMm cayvae B
TOUKe t* ¢ HEOOXOAMMOCTBIO BBIOJHAETCA OJIHO U3 YETBIPEX YCJIOBHUIA:

2'(t7) £ 0, y'(t7) = 0;

dts
comn 2/(1) # 0, /(1) #0. | lim G2 (1) = 0;

y'(t7) # 0,2 () = 0;

(|96’(t*))2 : ((

o (112 =31(12)
%(g(t +0)) =2 g (19| t2—t+0 )

)
(t2) = x(t1(t2))

_ w2 x(t2) — x(t1(t2))

a 2IIg’(t*)H3 t2—1"+0 (y(tQ) (tl(t2)))
dty

to alglJrO dts

ecim o' (t*) £ 0, o' (t*) £ 0, (t2) = 0.

3aecn #(g(t)) oznavaer kpususny kpusoit I' B Touke g(t). [Togpobuee crpyk-
Typa MCEBIOBEPIINH MHOXKECTBA, OIPAHMYEHHOTO apaMeTPUYECKH 3aaHHON
KpUBO#i m3moxkeHs! B (11, 12]

Ha 6a3e moJiy4eHHBIX YCJIOBUI CyNIECTBOBAHUS XaPAKTEPUCTUIECKUX TO-
YeK OrPAHUYEHHOIO HEBBILYKJIOro MHoxkecTBa M aBropamm paspaborana
[POIIEyPa [OCTPOEHUST PACCEUBAIONIMX KPUBBIX B 3aJiade ObICTPOJeHCcTBrS
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¢ KpPYTOBOI BEKTOIpamMMoOii ckopocTeit. IlceBaoBepIuub! Jal0T BO3MOXKHOCTD
CTPOUTDH TOYKHU IIPEKPAITCHUA CUHTYJIAPHBIX ﬂI/IHI/IfI, a UX Yy9aCTKHU IVIaJIKOCTHU
MOTyT OBITH HafijIeHbl KakK perteHus JuddepeHnuaibHOro ypaBHEHNs OTHOCH-
TeJIbHO KOOp/IMHAT UX npoekiwit Ha M (noapobree cum. [13]) DddekrusrocTh
MPOTIEY Pl TPOWIIIOCTPUPOBAHA Ha MPUMEPAX C PA3IHIHBIMU CBOMCTBAMUI
rpanune! [N mieeBoro muoxectsa M.

WccenenoBanme BBITIOJIHEHO 3a cY€T cpeJIcTB rpanTa Poccuiickoro HayYHOro
dbonga (npoext Nel5-11-10018).
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CTporoe nosiMHoOMuanbHoOe oTaesnieHne ByX MHOXXeCTB

Kak u3BectHO, 3a/1a9a HauAy“ue20 AuHelin020 omaesenus IBYyX KOHEd-
HBIX MHOXKECTB B €BKJIMJOBOM IIPOCTPAHCTBE CBOJAUTCH K 3a/iade JIMHEITHOTO
nporpammupoBanus [1]. B aroM Jokiiaie Mbl HOKazKeM, 9T0 33248 Cmpo2020
NONUHOMUAABHO20 0MIeNeHUs TBYX KOHETHBIX MHOYKECTB TaKyKe CBOJUTCS K
3a/lave JIMHEHHOIo IPOrPaMMUPOBAHUS.

1. Ilycts B npocrpancte R"™ 3a1aHbl Ba KOHEUHBIX MHOXKECTBA,

m k
A= {ai}i:1 u B= {bj}j:1'
Paccmorprum 0006mIEHHBII TTOJTHHOM

r

P(z,t) = Zx[s]us(t), teR",

s=1

rie ug(t) — HeupepbIBHbIE (DYHKIWK OT 1 II€PEMEHHDIX.
Bynem ropopursk, uyro mHOkectBa A u B cmpozo nosuromuasvro omde-
AUMDL, €CITH HAMIETC BeKTOP Ko3ddunuenToB xg € R”, Takoit 4To

P(zp,a;) > 1 upu Bcex i € 1 : m,
P(zg,b;) < —1 mpu Bcex j € 1: k.
IIpu 9TOM OT/IENISIONAsA «ITHIEPIOBEPXHOCTLY OIpeIe/IsieTcs yPaBHeHIeM

P({L‘(),t) =0.

IMokazkeM, 4TO mocTpoeHUE OTIesoNIero noauaoMa P (g, t) ceogurcs K
PEeIIEeHUIO 33/1a91 JIMHEITHOTO TIPOTPAMMUPOBAHUSI .
2. Beeném dyHKIHIO

flx)= max{irélﬁﬁ[l — P(x, ai)]Jr, max [1+ P(x, bj)]+},
rae [u]ly = max{0,u}. OgeBuno, uro f(z) > 0 upu Beex x € R”.

JIemma. Ioaurom P(zg,t) cmpozo omdeasem mmoscecmsea A u B moeda
u moavko mozada, xozda f(xg) = 0.
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JleMMma 1OKa3bIBAET, YTO 33/[@4Ua CTPOrOro MOJUHOMHAJIHLHOIO OTAEICHUS
muOXKecTB A 1 B cBojurest K MuanMmusannn dbyaknun f(z) Ha R”.
3. PaccMOTpUM 9KCTPEMAJIBHYIO 33/Ia9y

f(@) = min. (1)

Teopema 1. 3azaua (1) sxBuBaseHTHA Caepyroniel 3aa49e JTMHEHHOrO Ipo-
rpaMMHPOBAHHUS:

w — min
Plz,a))+w>=1, i€l:m; @)
—P(z,bj))+w>1, jel:k;
w = 0.

4. 3a71a9a JIMHEHOrO IPOrpaMMUPOBaHusl (2) UMeeT PeIleHue, IIOCKOJIbKY
MHOKECTBO €€ IUIAHOB HerycTo (3a cI8T w) u nesesas GyHKIUS OrpaHUIeHa
cau3y HyséM. Ilo jemme 06 IKBUBAJIEHTHBIX SKCTPEMAJBHBIX 3a7a4ax |2, C.
11-13] 3ajmaua (1) Tak:ke MMeeT penieHue, IPUYEM MUHUMAJbHBIE 3HAUEHUS
neseBbIx GyHKIWHA v 330a49 (1) n (2) paBHBI Mexkxy coboit. OGo3HAINM 5TO
ob11Iee 3HATECHNE TE€PE3 Wi .

Teopema 2. Beawunna w, MOXKeT IPHHAMATH TOJIBKO JBa 3Haderns: () mim

1.

5. CTporoe moJMHOMHUAILHOE OT/IEJIeHIe MHOKeCTB A m B cBemeHo K pe-
NIEHUIO 38491 JUHEHHOro porpaMvupoBanus (2). Ecin (2, w,) — pererne
aT0it 3aga4u, 10 npu w, = 0 nosmHoM P(x,, 1) cTPOro oTmessier MHOXKECTBa
A u B. Ilpu w, = 1 cTporoe moJMHOMHAILHOE OTIEJIeHe MHOXKeCTB A u B
HEBO3MOKHO.
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Abstract

We discuss the mathematical model of the structure and properties
of matter in the universe. The basis of all processes is the movement.
You can start with the basic principles and laws of physics, statistical
and thermodynamic equilibrium. We consider the collective movement of
quasiparticle wave function which satisfies the Schrodinger equation of
quantum mechanics. The solution of this equation is in the form of a spherical
wave function of the longitudinal wave, which can be represented in a
specific form of soliton solutions. Weak interaction transition proton into
a neutron, a positron and a neutrino, one can imagine what is happening
under the influence of the Coulomb interaction constraints caused by the
interposition of electrical helicity neutrinos. The strong interaction may be
due to rearrangement of the electron by combining atoms. The substantiation
of the basic laws of physics-based motion protoparticle small size and low
weight. We obtain the probability parameters of the basic characteristics of
protoparticles.

BeposTHocTHble Mogenu maTtepun BcenenHoid

Qusnyeckne, XUMUIECKIE, MATEMATHIECKAE U JIPyTrHe HAyKU MpeJiara-
0T BO3MOXKHOE U JIOCTYITHOE HMOHUMAHUIO TIPEJCTABJICHUE O MPUPOLIE OKPY-
JKAIOIIEro MUpPA JIJisl M3y9YeHUsT Ha, COOTBETCTBYIOMIEM YPOBHE ITPU MCIIOJIB30-
BaHWU CPEJICTB HAOJIOIEHNUST 33 B3aMMOIECHCTBUSIMU UJIH [TPEOOPA3OBAHUSIMEI
MaTepuu, SHEPrUud, 'PABUTAIINN UJIU APYTUX CUJIOBBIX IIOJIEH, IPOCTPAHCTBA U
Bpemenu. Pasjinanble Hay4YHBIE KOJIJIEKTUBBI HA CBOEM YPOBHE Jjisi OObEKTOB
PA3HBIX PA3MEPOB MBITAIOTCS UCCIIEIOBATEH TPOSBJIEHUS U CBOHCTBA OO'HEKTOB
MaTePUAIHLHON0 MUPA U YKUBOH npupozbl [1-6].

BemectBo B KiIaccHmuecKOM MOHUMAHWUU SIBJISIETCST MHOXKECTBOM B3aMMO-
CBSI3aHHBIX YaCTHUIl B HEKOTOPO obsacTu mpoctpancTBa. Pustocodnl cunrta-
JIW, 9TO CYIIECTBYIOIIAsi MATEPHUsI COCTOUT U3 OJHOPOIHBIX U HEM3MEHSIEMbBIX
qacTeil, KOTOpbIM J1ajii Ha3BaHWe aToMbl. Kiraccmueckasi pusnka paccMar-
pUBaeT HECKOJBKUX COCTOSIHUIL: TBEpJIoe, KUJIKoe, aMopdHOe, Ira3006pa3Hoe
WIN B BHJIE IJIA3MbI. T'BepJble Tejla TOJBKO KaXKyTCsl HAM €JIMHBIMU, CILJIOII-
HBIMHA ¥ a0COJIFOTHO TBEPJIBIMU, COXPaHdAs (popMy U 00beM. DTo Giiaromapst
MHOXKECTBY B3aMMOJEHCTBUII BCEX JIEMEHTOB U dacTeil Tejia.

OKa3aj0ch, YTO ATOMBI COCTOSIT U3 TAKUX YACTHUIL KAK [IPOTOH, 3JIEKTPOH,
weiirpor. OHU B CBOIO o4Yepeib u3 H0siee MeJKUX OO30HOB M ME30HOB, KBAPKOB
¥ DJIFOOHOB. BBUIN OTKPBITHI U JPYrHUe 3JieMeHTapHbIe YacTUIlbl. [Iporuo3upy-
0T HOBBIE OTKPBITHSI U MOSIBJIEHUE YACTUI], KOTOPBIM 3apaHee MPULYyMbIBAIOT
HA3BaHUsl U IIPUITICHIBAIOT 0COObIE CBOMCTBA. [IpeIioiaratoT BOSMOXKHBIM CY-
IIECTBOBAHME 10 KOCBEHHBIM IIPU3HAaKaM HOBBIX dopM Marepun [2-4, 9, 11-13,

15-17).
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Kak yTBep:xkuan Anpbepr DitHmnreiin «MaTepusi U U3J/IydeHne, COrJIacHo
CIEIMAaJbHON TEOPUU OTHOCUTEILHOCTH, SBJISIOTCS TOJIBKO 0cOObIMU hopma-
MU 9HEPI'UH, pacipeiesieHHoli B npocTpancTses [14]. [IpuHaiieKHOCTD K Be-
MIECTBY CJIeJIyeT MOHUMATh YCJIOBHO, IOCKOJIBKY PAa3JINIne MKy (OpPMaMU
MaTepuu ceifdac CTUPAETCHA. DJIEMEHTaAPHBbIE JACTHUIIBI [TPEICTABIISIOT CODO
He YTO MHOe, KaK CTYIIeHHe CHUJIOBOI'O 3JIEKTPOMATHUTHOTO M I'DaBUTAIIMOH-
HOTO TIOJIsI, HAITOJIHEHHOTO Heprueil. CoriiacHo KOCMOJIOIMIEeCKIM TPEICTAB-
JICHUSIM, SHEPTHs BaKyyMa OIPEIesIsSIeTCs JIOKAILHO OTHOPO/IHBIM U U30TPOII-
HBIM CKAJISIPHBIM ITOJIEM.

OHeprusl Ul MaTepusi PaCIpPeesIeHbl B IPOCTPAHCTBE B BHUJIE CHJIOBBIX
roJieit A1 pa3HbIX BUJIOB WJIM TUIIOB B3aNMOJEHCTBHS IO CBOMM IIPABUJIAM I
cpoiicrBaMm. CusioBbie 1moJist (GOPMUPYIOT OOIILYIO CTPYKTYPY U CBOWCTBA, IIPO-
CTPAHCTBA, B TOM YHCJI€ BCE BO3MOYKHOCTUA U3MEHEHUs ITPOCTPAHCTBA U CaAMO-
IO TI0JIsl, KOTOPbIe Mbl Ha3bIBaeM JIBUXKeHUeM [5, 9.

CrycTok CHJIOBOTO TOJIS MOXKET PEAM30BATHCS KAK BEIIEeCTBO WU MaTe-
pus, KOTOPasi XapaKTepu3yercs BeJIMIMHON (Macca), OTHOCHTEJNLHBIM I10JI0-
JKEeHMEM [pU ODIIEeM Pacupeiie/ieHHH B IPOCTPAHCTBE, J(BUXKEHUEM (HUMILYJIbC
WM KOJWYIECTBO JIBUKEHWsI) U APYIMME CBOHCTBaAMM (3apsil, CIUH, OPHEH-
Talys). DTO ONPEIENseT CTPYKTYPY TEKYIIEro COCTOSHUS <IPOCTPAHCTBA-
BPEMEHU» BCEr0 MaTepHabHOIO MUpPa, KOTOPOe Mbl Ha3biBaeM BceeneHHoii!

B pesysbrare sBosonuy npu Pa3BATHH WA CAMOOPTAHUBAINN IOJIYIa-
eM Pa3HOro BuJa U (POPMBI MPOSABJIEHUS MATEPUU. YCTONIUBLIE COCTOSHUS
IIpeICTaBJIEHbl dJIEMEHTaPHBIMI JACTUIIAMU, KOTOPble NMEIOT Pa3HOe BPeMs
CyIIIECTBOBaHUSI, 8 TaK»Ke HanboJiee yCTOWYNBLIMU (DOPMaMU B BUJIE ATOMOB.
Mo2KHO B KadecTBe «HCXOJHBIX» JIEMEHTOB Ipejrosarars [9] cymecrsoba-
HEE «IIPOTOYACTHUIL» OYEHb MAJIBIX PA3MEPOB M MaJoil Macchl. MOXKHO Takke
CYUTATD, 9TO BAKyyM HAIIOJHEH MMU, & BCE 00BEKTHI B3aUMOJIEHCTBYIOT C HU-
MU WJIM COCTOAT U3 ITUX IPOTOYACTHUI] B BUJIE YCTONIMBBIX 00Pa30BaAHUN Mn
COoYeTaHui.

Kazxkoe s/1emenTapHOe COObITHE, U3 KOTOPBIX CKJIAIBIBAETCS BCSIKUIT (bu-
3UYeCcKuil mporece (HAIpUMED, Paclal] PaJuOoaKTUBHOIO aTOMa WJIU CTOJIK-
HOBEHUE HEHTPOHOB IIPU IKCIEPUMEHTAX B siZ€PHON (DU3UKE), [MPOUCXOIUT
B KaKOM-JTHOO MeCTe WJIM HEKOTOPOil TOUKe TPEXMEPHOr0o (DU3UIECKOTO IPO-
CTPAHCTBA M HEKOTOPBIN MoMeHT Bpemenn [3-5, 10-12]. Kaxoii-To npeacrasu-
TeJIb MATEPUATILHOIO MUPA, KOTOPBI MOYKHO CUNTATh TOYKOI, HAXOIUTCI B
JAHHBII MOMEHT B JAHHOM MecTe. Ho HYy»KHO BHJIETH COBOKYITHOCTDH BCEX €TI0
CBOUCTB U apaMeTPOB B IIPOIECCEe B3aUMOJIECHICTBUSA.

Heroron nmonydmn ypaBHeHUs U PEIeHUs JJIs OIMCAHUS [IBIKEHUs TeJa,
KOTOPO€ MOXKHO CUUTATh MaTepUaJbHONU TOUKON, B [IEHTPAIbHOM I'DaBUTAIN-
ontoM nosie [10]. @apajeil B CBOMX MCCIIE0BAHUSIX JIEKTPUIECTBA U MarHe-
TU3Ma, HAOJIOJEHUSX WA IKCIEPUMEHTAX JOIIE IO OTKPBITHS U CO3/IaHUS
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3JIEKTPOMATHATHOTO IOJIsI, & OCHOBHYIO MaTEMaTUIECKYIO MOJEIb U ypaBHe-
HUA IPEJIOZKUII D/IaKCBeJIJI7 Y9TO IIPUBEJIO K IIOABJICHUIO KBaHTOBOI MeXaHUKH
[11]. DfiHIITENRH IBITAJICS CO3IATH €IMHY0 TEOPHUIO OISl JIJIs BCEX CYIIECTBY-
IOIIUX CUJI, COEJIUHsAsST BPeMsl, IIPOCTPAHCTBO U CHJIbL TaroTeHus [14].

CoBpeMeHHBIE TIOIBITKA TOCTPOEHUsT HOBBIX MOJIEJIENl POXKIEHUsT U PA3BU-
Tus BeesleHHOM JIUITh NITIOCTPUPYET IPOIIECC BCEOOIEro BHIMAHUS K U3y de-
HUIO MHPa, PACCMaTPUBAEMOI0 KaK eInHoe 1esoe. Eaunas cyObcTanIusa mpo-
SIBJISIETCsl B Pa3HBIX OOCTOSATEIBLCTBAX B Pa3JIMYHBIX (POpMaxX U CBOHCTBAX
«marepun—3uaepruny. OCHOBHBIE BAPUAHTHI U (POPMBI MATEPUN, KAK IIPEJIIIO-
JraraeTcsi, 0Opa30BaAJINCh €Ille HA PAaHHel CTaJ i BO3MOXKHOM 3BosoIun Bee-
JierHoit [1-4].

DJieMeHTapHbIe YaCTHUIBI HEITPEPBIBHO POXKIAIOTCS U3 MTPOTOYACTHIL U 3a-
TeM BecbMa OBICTPO B3aMMOJIEACTBYIOT WJIM BHOBb aHHUTUIUPYIOT. IIpowmc-
XOJUT OBICTPOE yCTAHOBJIEHWE CTATUCTHYECKOIO PABHOBECHUsI, IIPU KOTOPOM
U3JIydYeHne 3JIeKTPOMATHUTHBIX KoJsiebaHuit onpemensercs: dopmynoit [Lnan-
K& WM3JIyIeHUs YePHOrO TeJjia, a MPOTOYACTHUIILI JBUXKYTCS BO BCE CTOPOHBI
€O CcKOpocThio cBeTa ¢. CKOpOCTh PACIPOCTPAHEHUST He 3aBUCHT OT BBIOODA
CUCTEMBI KOODIMHAT.

IIpu BHECEHNM B HEKOTOPYIO 00JIACTH BAKyyMa SHEPIMH BBHICOKON YaCTOTHI
B YKa3aHHOI 00JIACTH ITPOMCXOIUT KOHIIEHTPAIAsI ITPOTOYACTHI]. DTOT IIPO-
mecc mepenaercs Bo Bce cTopoHbl. OcBOOOIMBINIEECS MECTO 3aHUMAET ITOTOK
[IPOTOYACTHUIL U3 JAPYTUX O0JIACTE.

Bynem paccmarpuBaTh KOJIJIEKTUBHOE II€pEMeIeHIe KBA3WYaCTHUIl, BOJI-
HOBast (PYHKIMS KOTOPBIX YIOBJIeTBOpsieT ypapHenuto 1IpénuHrepa KBaHTO-
BOil MexaHUKH [6-9, 12], KOTOPYIO MOYKHO MO/IEJIMPOBATH HEJMHENHHON OTpHU-
[aTeIbHO OMPEIEICHHON ToTeHmaabaoi dyukiueit. Hanpumep, 11t B3pbiBa
C PA3JIeTOM EPBOYACTHUIL B 1D DY3UOHHON CPeJie 33 OCHOBY MOXKHO IPUHSTD
OJIHOMEPHOE yPaBHEHUE

ON 0*°N

— =7N+D—,

ot Ox?
rae N - quciao mporodactui, napamerp y = const > 0, D - koaddunment
mubdysun. OTBICKMBAaEM peIleHIe 3TOr0 YPABHEHUS B BUJI€ BOJIHOBON (DYHK-
[UU 110 TUILy BOJIHBI Jie Bpoiiist, Torna ypaBHeHnE MOXKET UMEeTh COJITMTOHHOE
perrerne [7, 9, 14-16] 1 npuBoAUTCS K BBIPAYKEHUIO

1
|z — zol| = 2t5/vD |1 — yon In(4rDN?t) + o(t ' Int)
Y
Mo2KHO IPUPaBHATH PABHOBECHYIO CKOPOCTD TIPOTOYACTHIL, CKOPOCTH PACIIPO-

CTpaHEeHUuA SHeKTpONIaFHHTHOﬁ BOJIHBI. HOJIy‘{eHHaH (bOpl\IyJIa MO2KET CJIy-
2KUTDb OJid OIIpeaesieHnA TTOCTOAHHON -
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Craboe B3anMOJIEHCTBIE TIepexo/ia TPOTOHA B HEHTPOH, MMO3UTPOH U HEM-
TPUHO, MOXKHO IIPEJICTABUTD ITPOUCXOJISAIIUM I10/1 JIECTBUEM OrPAHUYEHUS KY-
JIOHOBCKOT'O B3aMMO/IEMICTBUS, BBI3BAHHOI'O IOMEIEHHEM MEXKJTy JIEKTpUYe-
CKUMU YaCTHUIAMHU CIIAPATIHLHOTO HeitTpuHo. CHyibHOE B3aMMOIECTBIE MOXKET
OBITH BBI3BAHO TIEPECTAHOBKOI 3JIEKTPOHOB TP OObLEINHEHUN aTOMOB.

IIpenmoxkennast cxema CTpoeHWs MaTepun BceaeHHOH, MCIOIb3yIoNast
MIPOTOYACTUIIHI HE SIBJSETCS CTPOTO HAYYIHOMN, XOTS U OTBEYAET 3aKOHAM (-
suku [8, 9, 11], HO yKasaHHBIE BEJINYMUHBI HE TIOJJIAIOTCS MOKA IKCIEPUMEH-
TaJibHOMY onpenaenenuio. [loaxon BepostHOCTHBIA. [losToMy MoryT cyrie-
CTBOBATH 0COOBIE COOBITHS, Mepa KOTOPBIX CYIIECTBEHHO MEHBIEe MepPhI HOP-
MAaJIbHBIX COOBITHIA.
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2d-Ellipsoid of Optimal Volume and Its Applications
Cmeuwox I1.U.
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VYkpanHa

OnTumanbHbii No 0bbemy 2d-annuncong n ero
NpUNOXKEHUSA

OnruManbHbIM 2d-3JTUIICOMIOM B €BKJIMIOBOM TpocTpaHcTBe K™ Gymem
Ha3bIBATH MUHUMAJBHBI 110 06bemy asumncoun Ell(zg,a,b,r) ¢ nearpom B
TOYKE T, KOTOPBIH COJIEPKUT BhIMyKa0e Tejo W EE™, momydeHHoe B pe3yib-
Tare nepecevdeHus n-MepHoro rmapa S(xg,r)={x: ||x—xzo| <r} u aByx momy-
npocrpascTs P(xo, &) = {z:(x—1x0,£)<0} u P(xo,n) = {z:(x—x0,1n)<0}, Ta-
kux, aro —1<(&,1)<0, ||£]| =1, |In|| =1. Ornomenue obvema Ell(xg,a,b,r) K
obbemy mapa S(xg,r) pasao g=+/1—(&,n)2<1; mauHA TOSyOCH B HAIIpABJIE-

uuu £—n pasHa a=r+/1+(£,n)<r; nmuna noayocu B Hampasjenuu £+1) pas-
ua b=ry/1—(§,n7)>r, a Bo Bcex n—2 OPTOrOHAJBHBLIX K & U 1] HAIPABJICHUIX
b osryoceit pasabl 1 [1]. Ipeobpasosanme samunconga Ell(xg,a,b,r) B

2299

“aopbiii” map S(yo,”) paauyca r peaausyercs ¢ MOMOIIBIO OEpaTOpa

_r, (£ S/
T5(&,m) = Ra, (||§_77||>Ra2 (II£+77|)’ (1)
. 1

S S N S
“ \/1+(£7n)> 2 \/1_(5377)<

7 OTBEYAET IOCJIEIOBATEIbHOMY ITPUMEHEHUIO ONEPATOPA PACTIKEHUS IIPO-
crpanctBa Ry (¢)=I,+(a—1)(¢T, rae I, — enuHuaHAs N XN-MaTPHUIA, B JABYX
OPTOTOHAJILHBIX HAIIPABJIEHUSX: “pacTsKeHrne’ B HAIIPABJIECHUN PA3HOCTH BEK-
TopoB £ u 7] ¢ KoapdurmenTom a1>1 u “cxkarne”’ B HAIPaABIEHUU CYMMBI
BEKTOpOB & u 7) ¢ KoadpdurmeHTom qo<1.
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JIemma 1 [1]. Hyemo nxn-mampuya By, — makas, wmo HB,;l(xk—x*) ’ <r;
g1 U ga — n-mepruie sekmops, makue, wmo (xp—x*, g1)=0, (xp—1*,g2)=0 u
— HB ng HBk ggH < ( kgl,ngg) <0. Ecau

_ §—n) (§+n>
Bpy1=ByRg, | —/— | Rg
o kﬁl(f—n” &+l -

g _ Bl{gl n= Bk g2
[1BE o] 1B g2
2de 1 = 1+ (&n) u P2 = /1—(&n), mo mampuya Bpy1 obaada-

em caedyrouuMU ceoﬁcmeamu' (z) HBk:El(a:k —a)|| < r; (i) det(Bryr) =
= det(By)y/1 — (&,0)?; (ii) (B, 191, Bl,192) = 0.

Jlemma 1 umeer criemyrornyto uarepnperamuo. Cpoiicrso (i) o3Havaer
JIOKAJIU3aIuio TouKu y*=Ap12* B mape S(yx,r) IpeobpazoBaHHOrO IIPO-
crpanctBa Y=A11X, Ak+1:B;i1. CeoiicrBo (ii) o3HaYaer yMeHbIIEHHE
obbema umncouna suma Ell(yg,a,b,r) mo orHOomenuio K obbemy mapa
S(yk,r) m ymenbinenne obbema Oymer TeMm Gosbine, dem Gosiee TYmbIM Oy-
Jer yroa Mexjy Bektopamu ¢ m 7). Cpoitcrso (iil) osnavaer cieyromiee.
ITyctsb g1 u go — cyOrpaauenTsl BHINYKIIONH Hernaakoil dyukuuu f(x) B TOU-
Ke x. Torma BkTgl u Bkng — cyOrpaiMeHThl BBITYKJIONH HErJIaaKoi GpyHKIUn
or(y)=f(Bry) B TOUKe Y =Ak T} 1peobpaszoBanHOro npocrpancTsa Y =A;X.
Yronm Mexay cyorpagueHTaMu Bk g1 u B go TYTIO#, a 3HAYUT B IIpeobpa3o-
BAHHOM IIPOCTPAHCTBE MEPEMEHHBIX HU OJMH M3 3THUX JIByX AHTUCYOrpajiu-
€HTOB B TOYKE Y He fBJsIeTCd HalpaBjieHueM yObiBanusa GyHKImu ok (y).
[Ipeobpaszosanue mpocrpancTtBa Y =Ag11 X, AkH:Bk_ip rie Bjyi1 BbIUmc-
jgena 1o Gopmyse (2), opTOroHAJU3yeT CyOrpaMeHThI Bgﬂgl u B,{Hgg
dyukuun @11 (y)=f(Bg+1y) B ClaeayiomeM Ipeodpa3oBaHHOM IIPOCTPAHCTBE
Y=A 11 X. Bo3MOXKXHOCTH UX OPTOrOHAJIU3AINE FAPAHTUPYET YCIOBUE

B;{g1 ngz ) ngl B{gg
(&n)>—1, tne {=—r—7, 1=
Q&mﬂwwﬁ |BE a1 [[BEgo|

Hpyruvmu  cmoBamm, cBoiicto (ili) ofecredmBaer wmcroib30BaHUE aH-
THOBPAsKHOTO NpPUeMa, AHAJOIMYIHOIO UCIOJIb3YeMOMY B T-ajropurmax [2].
CyOrpaJineHThl ¢ TYIBIM yIJIOM B TEKYIIEM IIPOCTPAHCTBE IEPEMEHHBIX CTa-
HOBSITCS OPTOTOHAJIBHBIMU B ITPEOOPA30BAHHOM IIPOCTPAHCTBE, UTO MTO3BOJIsI-
eT C/IeJIaThb MEHEeEe BBITSHYTHIMHU ITOBEPXHOCTU YPOBHSI OBParKHON (DyHKITHH.
IIpu 3ToM KO3 PUITUEHTHI PACTAXKEHNST TPOCTPAHCTBA B HAIIPABICHUU pPa3-
HOCTU HOPMUPOBaHHBIX Cy6FpaﬂI/IeHTOB 1 B HallpaBJIEHUU CYMMbI HOPpMUPO-
BAHHBIX CyOI'pPaJINE€HTOB OIPEIEISIOTCS YIJIOM MeXK Iy cyOrpamuentamu. dem
6oJtee TyIBIM OyIeT yroa MeXKIy HUMHU, TeM OoJibImuM Oymer Koddduiment
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PaCTs2KEHUsI IPOCTPAHCTBA B HAIIPABJIEHUH PA3HOCTHU JABYX HOPMHUPOBAHHBIX
cyOrpaJineHToB. Y4HUTBIBas, 4TO “‘C2KaTHE’ IIPOCTPAHCTBA IIEPEMEHHBIX C KO-
addurmenTom as <l B HaIIpaBJEHUN CYMMBI BEKTOPOB £ U 7) TOJIBKO YCUJIU-
BaeT “pacTsKenue’ MPOCTPAHCTBA ¢ K0P PUIMEHTOM q>1 B HaIpaB/IEHUN
pPa3HOCTH BEKTOPOB & U 1), TO 00mMMit KO3 MUIIMEHT PACTIKEHUsT TPOCTPAH-
CTBA [I€PEMEHHBIX B HAIIPABIEHUN PA3HOCTH HOPMHUPOBAHHBIX CyOrpa/IMeHTOB
MOYKHO TIPEJICTABUTH CJeayToreit (hopMyaoit

JRC VA el (/)

Q2 L+ (&m)

re —1 < (&,m) < 0.

Dopmyna (3) o3HAYAET, ITO €CJIU TPOCTPAHCTBO EPEMEHHBIX PACTIHYThH
B HAIIPABJIEHUU PA3HOCTH JBYX HOPMUPOBAHHBIX CyOrpajmeHTOB ¢ K03bdu-
IMEHTOM (v, TO B “pacTIHyTOM’ MPOCTPAHCTBE MEPEMEHHBIX CyOrpaIneHThI
CTAHYT OPTOrOHAJIBHBIMHU.

Ucnonbzosanue oneparopa (1) Tpebyer B 1Ba pasa Gosblie apudmeTnie-
CKHUX OIlepalinii, YeM pacTsizkeHne npoctpancrBa. COXpaHUTb TPYI0EMKOCTh
WTEpPAIu TAKON 2Ke, KaK B I-aJITOPUTMAX, TIO3BOJISET OJJHOPAHTOBBII SJLIUII-
couasbublii oneparop [3]. Ero marpuunas dpopma jist BeKTOpoB £ u 1) umMeer
BUT

L& m) = I — =i (L= VI= @) n—Em) ™ (@)

O6parusrii k (4) omeparop T, (&,71) (mrs mpeoGpasoBanmst MPOCTPAHCTBA
cyOTpaIMeHToOR) MMEET BUJI

T = Tt b (- VI @) n = €)™ )

JIemma 2 [3]. ITyemov nxn-mampuya By, — makas, wmo |Bk_1(a:k—a:*) ’ <r;
g1 U g — n-meprvie sexkmopol, maxue, wmo (xx—x*,g1) = 0, (zx—x*,g2) =0
u — ‘B,{ng HB;{QQH < (ngl,ngg) < 0. Ecau By = Bkal(f,n), 2de

_ Bia _ _Blgs .
¢ = 5o ] ,n = Bk mo mampuya Byy1 obaadaem caedyrowumu c8ot

cmeamu;: (1) ||Bk__&1(xk—:v*)|| <r; (i) det(Bgs1) = det(Bg)+/1 — (&,1)?; (iii)
(BkTHgl,BZng):O-

Jlemma 2 mMmeer Takyio yKe MHTepIpeTanuio, Kak u jgemMa 1. Cremosa-
TesIbHO, oneparopbl (4) u (5) mo3BOJIAIOT OOOCHOBBIBATH METOBI II0 TOMY
K€ TIPUHIAILY, 9TO U onepatop (1), T.e. HA UTEpAUM METOIA YMEHBIIAETCS
00'bEM JITUIICON IR JIOKAJMBAIUNE MHOXKECTBA Y9KCTPEMYMOB. JjIsi mocTpoeHust
METO/IOB, B KOTOPBIX Ha UTepalii KOPPEKTUpyeTcst Marpuia B, oneparop (4)
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sABJIsieTcst 6oJIee SKOHOMHBIM, YeM oreparop (1), Tak Kak IpU ero UCIOJIb30-
BaHUM TpeOyeTCst B J[Ba pa3a MEHbIe apudMEeTHIECKUX OlMePaIHil.

Omueparopst (1) u (4) MOryT GBITH HMCIIOJB30BAHBI IIPH CO3JIAHUU YCKO-
PEHHBIX BapHAHTOB METOJOB 3JUIHIICOMJIOB [IJIsl IIMPOKOIO KJIacca 3aJad:
3a/1a9a BBIMYKJIOTO MIPOrPAMMHUPOBAHUS, 3a/a9a IOMCKA CEMJIOBBIX TOYEK
BBIILYKJIO-BOTHY THIX (DYHKIIWIA, OTHE/IbHBIE CIIyYan 3329 PelleHns] Bapualu-
OHHBIX HEPaBEHCTB, CllelUAJIbHbIC KJIACCHI 3a/ia4 JUHEHHON n HeanHeHHoit
KOMILJIEMEHTapPHOCTH. B JI0KJIa/Ile pacCMOTPUM HUX IIPUMEHEHHe B CyOrpaJiu-
EHTHBIX MeTo/Iax amsg2 u amsg2p [4], B KOTOPBIX UCIIOIB3YETCsI PesIaKca-
IUOHHBIA ams-mar (u3Becren Kak mar [lossgka win mar Armona-Monkuna-
[Ten6epra) u anpuopHoe 3HAHKE MUHUMAJBHOIO 3HadeHus GyHKuuu. B me-
TOZle amsg2p 1npeoOPaA30BaHKUE ITPOCTPAHCTBA BBIIOJHIETCS TOJIBKO HA TEX
UTEPAIUIX, KOIJIa TYIBIM SIBJISIETCS XOTs ObI OJIMH M3 YIJIOB — JIHOO yTOJ
MEKJLy JIBYMsl [IOCJIeI0BaTeIbHBIMY CyOrpaquenTamu (g2), iubo yroy Mex ity
MIOC/IEHUM CyOIDaINeHTOM W arperaTHBIM BEKTOPOM P, KOTODBIH SIBJISI€TCS
BBIIIYKJION KOMOMHAIME! BBIYUCIEHHBIX HA MPEIBIAYINNX UTePAusix cyorpa-
nuenToB. IIpuBeieM pe3ysIbTaThl BHIUUCIUTEIBHBIX YKCIIEPUMEHTOB JIJIs MU-
HUMU3AIUYI OBPAXKHBIX BBITYKJIBIX (DYHKIWI C IOMOIIBIO METOJOB amsg2 u
amsg2p.

Pabora Beimmosnena npu nomiep:kke HAHY, npoekr B®.120.19, u
Volkswagen Foundation, rpart Ne90 306.
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B pabote mpomomkeHbI nccienoBannsa B 0OJIACTH BBIYUCIATETBLHON Teo-
werpmn [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12).

B nokmaze OymeT IpUBEIeH CPABHUTEIBHBII aHAJI3 TPEX aJrOPUTMOB 110
MOUCKY IMPOEKINU Hadasa KOOPJUHAT Ha SJUIUIICOUJL: «METOJ, BBITHCAHHBIX
cdep» [1], meron «3apsizkeHHbIX mAapukoBy |8, 10], meroz runomuddepenu-
aspHOTO ciycka [5, 6, 7].
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Hernapgkas Bbinyk/sasi onTuMmnsauus B 3agadax
TPaAHCNOPTHOr0 MoOAEINPOBaHUS

B pabore paccMaTpHBAIOTCS 3aa9d HEIVIAJKOW BBIIYKJIOH ONTHMU3a-
MY, BO3HUKAOIIHE TIPH TIOUCKE PABHOBECHOTO PACIIPEJIENIEHNs TPAHCIIOPTHBIX
OTOKOB B Meranosmcax. Vccieayercst mouck pasHoecust B BMW-mozesnn
(obbIuHO KpaTKO Ha3blBaeMoil Mojesblo Bekmana) [1] u B Momesnn crabuib-
HOI juHAMUKY (HasblBaeMoil Takxke Mojenabio Hecreposa—zne IMagbmer) [2].
OTyinauTeIbHOI 9epTOil BOSHUKAIONINX B 9THX MOJE/IAX 32,189 ONTHMU3AIIN
SIBJIsIETCsT BOJIBINOE YUCIIO TIEPEMEHHBIX. B OCHOBE MPEIAraeMoro IoJXoJa
JIEZKUT NOCTPOEHNE JIBONCTBEHHON 3a/1a4M ONTUMU3AIAK U PEIeHIe STOH 3a-
JIa4n YHUBEPCAJbHBIM IPaJIMEHTHBIM METOIOM, OOJIA IAIOIIIM TPeMsl BaXKHbI-
MU JIJIsi pacCMaTPUBAEMBbIX 3a/1a4 CBOicTBaMU. Bo-IepBbIX, yHUBEPCATIBHBII
I'PaIEHTHBII METOJL IBJIIETCS METO/IOM [IEPBOTO HOPSJIKA, &, SHAYNT, KarK 1asi
ero urepalus He Tpedbyer 60ILITOro ooxemMa BhIIUCAeHUT. BO-BTOPHIX, METO
ABTOMATHIECKH AJAIITUPYETCS K CTEleHH TVIAJKOCTH B OKPECTHOCTH TEKY-
medi roukn. Tak, Ha ydacrke e DYHKIWMs [yajKasi, CKOPOCTb CXOJUMOCTH
COOTBETCTBYET GBICTPOMY TDaJIMEHTHOMY METOJLY, Ha ydYacTKe, rje (QyHKIHs
HerIajKkas CKOPOCTh CXOJMMOCTH COOTBETCTBYET CyOrpajieHTHOMY METO/IY.
B-Tperbux 9TOT METOJ ABJIAETCH HPSIMO-IBOACTBEHHBIM, T.€. 110 HH(POPMAIHH,
TOJIy YeHHON [IPU PENeHNN BOMCTBEHHON 31841, TO3BOJISIET HANTH peleHne
PsIMOIi 381891 ¢ TOH 2Ke TOYHOCTBIO. DKCIIEPUMEHTAIbHASI IPOBEPKA TI0Ka-
3aJ1a, YTO NMPE/JIOKEHHBIN MOIX0/ JeHCTBUTEIBHO sBiIsieTcsi 3D hEKTUBHBIM.
ITockosbKy paccMaTpuBaeMble 33/ [a9d ONTHMU3AIH ABJISIOTCH HEIVIAKIM,
HIDKHSIS OIEHKa Ha YHCJIO MTEPAIHil METO/ia HEPBOrO IOPsiiKa HUMEeT BH/T
[3] © (%), rae € — TpeGyemast TouHOCTH. 1IpeIOsKeH bl TOIXO0J] TO3BOIISET
peraTh 3TU 3a/1a491 3a IUCJIO nrepanuit © (%)

Ilepeiimem K GoJsiee bOpMaIBLHOMY OIMUCAHUIO. PaccMOTPUM TPaHCIOPT-
HYIO CeTh, KOTOPYIO OyJIeM IpeJICTaBiIsTh opueHTHpoBaHHbIM rpadom (V) E),
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rge V' — MHOXKeCTBO BeplMH (KaK IIPABUJIO, MOXKHO cuuTarh, 4ro |E|/4 <
V| < |E]), a E — mHOXecTBO pebep, |E| = n. O603HAIMM MHOXKECTBO
nap w = (i,j) ucrounuk-cTrok 4epes OD, d, — KOPPECIOHJEHIHsI, OTBe-
Jalomasl nape w, I, — MOTOK 10 Iytu p; P, — MHOXKeCTBO ImyTeil, oTBeda-
IOIUX KOPPECTIOHJICHIA W (HAYMHAIOMNXCA B § M 3aKAHIUBAIONIAXCA B j),

P = |J P, — MHOXKeCTBO Bcex IIyTeii. 3aTparbl Ha IPOXOXKJEHUs pebpa
weOD
e € E onuceBarorcst dyukuumeii 7. (fe), rae fo — morok mo pebpy e. O6o-

3HAYUM f — BEKTOP IIOTOKOB IIO BCEM pe6paM, I — BEKTOp IIOTOKOB IIO BCEM

oyram; X =gz >0: Y, x,=dy, weOD — IpsIMOE IIPOU3BEJ/ICHUE
PEPy
CHMILJICKCOB, 33JIaI0MIee JIOIyCTUMOE MHOXKECTBO BEKTOPOB IOTOKOE IO IIy-

TAM;
5 — 1, eep
pEP7 » 07 € ¢ p

MATPHIA, 3a/IAI01asl MPUHAJIEXKHOCTh pedpa e Iy TH P.
B BMW-monenn B kadecTBe (DYHKIIMU 3aTpaT HA ITPOXOXKJIEHHUS pedbpa
e € E o6pruno Beibupatorcss BPR-byakmmm

6 = 0cpll.eper = [ O

~ 24
Te (fe) = te - (1+p’ (fe/fe) ) J
e te, fo 3aJaHHbIE BJMYNHBL. B MOmeIn CTabuIbHON THHAMUIKI

[t 0 fe< e
Te(fe){ [t_E,OO), fe:fe

IMouck pasrosecust Hama-Bapapona B 06enx mMojesax csogurcs [4] K pere-
HUIO CJIEAYIONIEN HeTyIaIKONH 3aJa4id BBILYKJIOU ONTUMU3AIIAN

f:ggriexz];ae (fe), (1)
ec

e

rue o, (fe) = f Te (2) dz — Boinykable dbyukimu. [Ipuannoii nernagakocTu 1ol
0

3aJ1a9U SIBJISIETCSI OBICTPO PACTyIasi Wi OECKOHeIHasl IIPOU3BOIHASI 11EJIEBO
byHKIINY, TPUBOALAIIAS K HEJUIIIUIEBOCTH €€ IPaJeHTa, 0OBIYHO Tpebye-
MO B IJIaIKOI ONTUMHUIAIUH.

B cayqae BMW-momenn gBoiicTBeHHO#M 3a1atdeii Oyer

~—

max Z dy mi]gl Jepte — Z or(te) ¢ (2
ec

tedom o+ |, <5p e€E
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e

i 4 [te—t\"* _
Ue(te):5f€'(t,p) (te —te) -

ecTb DYHKIWS, COUPszKeHHasd K O (fe). s Mojenn crabuiibHOl JuHAMUKA
JBOMCTBEHHON Oy/meT 3a/1a1a

max Z dw re%llral Septe + (frt—1) p. (3)
~ weOD

L1t perienns ABOMCTBEHHOM 381841 B KaKJIONH MOJIeJI TPUMEHSETCS YHU-
BepCabHbL MeTos 110100HbIX Tpeyrosbaukos (YMIIT) [5]. s noucka cy6-
rpajIenTa, 1eJsieBoit (QyHKITNH UCIIOIb3YeTCs IIOCTPOEHUE JePeBa KPATIANIITNX
myTeil Ha TpaHCIOPTHOM rpade ¢ momoribio aaroputma Jleitkerper. B pe-
3yJIbTaTeé TEOPETUYECKas BEPXHsS OIEHKA HA YUCJI0 apuPMeTHIeCKUil ore-

2 p2
pamuii [yt TOCTUXKEeHUs TOYHOCTH € cJeayromiast O (Sn lnn - & iQR ), riue n

— qucyo pebep B rpade, S — YUCIO UCTOYHUKOB B TPAHCIIOPTHON cetn, H —
MaKCUMAJIbHOE YHCJIO pebep B OCMBICJEHHOM IIyTH, d — CYMMAPHBIH 00beM
KOPPECIIOHJIEHITHH TI0 BCeM MTapaM UCTOYHUK-CTOK, R — paccrosinme oT TOYKH
cTapTa MeToJa JI0 PelleHust. B TpOBEJICHHBIX YUCJIEHBIX IKCIEPUMEHTAX JIJIsT
TpaHCIOpTHO# ceTn ropoa Anaxaiiv (Anaheim) [6] ¢ n >~ 103, S ~ 40 meros
MTO3BOJIUJI HANTHU pelleHne ¢ TOYHOCTBIO € 3a BPEMs, MIPOIIOPITMOHAIBHOE é

WccnenoBanme BoImosiHeHo mpu mojjepxkke rpanta POOU 15-31-70001-

Moyl a_Moc u rpanTta IIpesunenta P® MK-1806.2017.9.
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Section 6
Nonsmooth Methods in Game Theory

Stochastic Variational Formulation for the General
Time-Dependent Cournot-Nash Principle
Barbagallo A., Bianco G.
annamaria.barbagallo@unina.it, serena.guarinolobianco@unina.it
Department of Mathematics and Applications “R. Caccioppoli”, University of
Naples Federico II, via Cintia - 80126 Naples, Italy

In the last years many authors (see [6, 7, 8, 9, 10, 11]) developed the
study of stochastic variational inequalities and random equilibrium problems.
Recently, a complete study on the stochastic variational inequalities is done
in [12].

In the last decadence, the time-dependent variational formulation of
the oligopolistic market equilibrium problem is introduced and studied
intensively starting by [1]. In [3] and [4] the authors observed that during
an economic crisis period the presence of production excesses can be due
to a demand decrease in demand markets and, on the other hand, the
presence of demand excesses may occur when the supply can not satisfy
the demand especially for fundamental goods. Moreover, the presence of
both production and demand excesses is a consequence of the fact that the
physical transportation of commodity between a firm and a demand market
is evidently limited, therefore, it is more realistic that some firms produce
more fundamental good than they can send to all the demand markets and,
on the other hand, some of the demand markets require more good.

The time-independent model in conditions of uncertainty in which
both production and demand excesses occur was introduced in [2]. The
development of the oligopolistic market equilibrium problem under conditions
of uncertainty arises because the constraints or the data are often variable
over time in a non-regular and unpredictable manner. It is sufficient to think
about unpredictable events and sudden accidents. So we propose a model
which is able to handle random constraints. Moreover, we choose for our
model a Hilbert space setting, which allows us to obtain existence results
and to perform a complete duality theory.

In this setting, we focus our attention on the study of a more general
oligopolistic market equilibrium problem with uncertainty. In particular,
we propose a time-dependent oligopolistic market equilibrium problem
in presence of both production and demand excesses in condition of
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uncertainty. Recently, a time-independent new weighted transportation
model in conditions of uncertainty was introduced in [5].

The “natural” setting of the general random oligopolistic market
equilibrium problem involving the time and random variable will be the
Hilbert space L2([0,T] x €, R* P), endowed with the inner product denoted
by (-,-)-

The model we will consider is the following: let P;, ¢ = 1,...,m be
m firms, that produce a homogeneous commodity and n demand markets
Qj, j = 1,...,n, that are generally spatially separated. Assume that the
homogeneous commodity, produced by the m firms and consumed by the n
markets, is considered depending by random variables. Let p;, i = 1,...,m,
denote the random variable expressing the nonnegative commodity output
produced by firm P; and suppose that p; = p;(t,w), w € Q. Let gj,

j=1,... n, denote the random variable expressing the nonnegative demand
for the commodity of demand market @Q;, namely ¢; = ¢;(t,w), w € Q. Let
2y, 1 = 1,...,m, j = 1,...,n, denote the random variable expressing the

nonnegative commodity shipment between the supply producer P; and the
demand market Q;, namely z;; = z;;(t,w), w € . In particular, let us set the
vector x;(t,w) = (i1 (t,w), ..., xim(t,w)), i =1,...,m,w € Q, as the strategy
vector for the firm P;. Let €;, ¢ = 1,...,m, denote the random variable
expressing the nonnegative production excess for the commodity of the firm
P;, namely ¢; = ¢,(t,w), w € Q. Let ¢;, j = 1,...,n, denote the random
variable expressing the nonnegative demand excess for the commodity of the
demand market @;, namely 0; = 0;(t,w), (t,w) € [0,T] x Q.
Let us suppose that the following feasibility conditions hold:

pi(t,w):inj(t,w)—&—si(t,w), i=1,...,m, P—as., (1)
j=1
qj(t,w):Zaﬁij(uw)—i—&j(t,w), j=1,...,n, P—as. (2)

i=1
More precisely, the quantity produced by each firm P, must be equal to
the commodity shipments from that firm to all the demand markets plus
the production excess. Moreover, the quantity demanded by each demand
market ); must be equal to the commodity shipments from all the firms to
that demand market plus the demand excess.
Furthermore, we assume that the nonnegative commodity shipment
between the producer P; and the demand market Q; belongs to L?([0,7] x
Q,R,,P) and has to satisfy two capacity constraints, namely there exist two
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nonnegative random variables z,7 € L?([0,7] x Q, R7T",P) such that

Ogiz‘j(tvw) gzij(tvw) gfij(taw)a Viil,...,m,

. . 3)
Vi=1,...,n, ae. in [0,T], P —a.s.
Taking into account that the production and the demand excesses are
nonnegative random variables, we can represent the feasible set in the
following equivalent way:

K= { z € L*([0,T] x Q,R7™,P) :

gij(t,w) < z5(t,w) < Tyj(t,w), Vi=1,...,m, ¥Vj=1,...,n,
a.e. in [0,T], P — a.s.,

inj(t,w) <pi(t,w), Vi=1,...,m, ae. in[0,T], P—as.,
j=1

inj(t,w) <gi(t,w), Vji=1,...,n, ae in (0,77, P—a.s.}(4)
i=1

Let us note that K is a convex, closed and bounded of the Hilbert space
L%([0,T) x Q,RT", P).

Let us associate a random variable denoting the production cost f;,
i =1,...,m with each firm P;, and assume that the production cost of a firm
P, may depend upon the entire production pattern, namely, f; = f;(¢, z(t,w)),
t €[0,T], w € Q. Analogously, let us associate a random variable denoting the
demand price for unity of the commodity d;, j = 1,...,n, with each demand
market );, and assume that the demand price of a demand market @); may
depend upon the entire consumption pattern, namely, d; = d;(t,z(t,w)),
t € 10,T), w € Q. Since production excesses occur, we consider the random
variable g;, i = 1,...,m, expressing the storage cost of the commodity
produced by the firm P; and assume that this cost may depend upon the entire
production pattern, namely, g; = g¢;(¢,z(t,w)), t € [0,7], w € Q. Finally,
let ¢;5, 9 = 1,...,m, j = 1,...,n, denote the random variable expressing
the transaction cost, which includes the transportation cost associated with
trading the commodity between firm P; and demand market ;. In our
model, we assume that the transaction cost depends upon the entire shipment
pattern, namely, ¢;; = ¢;;(t, 2(t,w)), t € [0,T], w € . As a consequence, the
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profit v; of the firm P;, i =1,...,m, is

U’i(tvx(t’w)) = Z dj(t7x(t7w))mij(t’w) - fi(tvx(t’w)) - gi(tvx(t’w))_

(®)

- Zcij(t,x(t, w))xij(t,w), a.e. in[0,T],P— as.,
j=1

namely, it is equal to the price that the demand markets are disposed to pay
minus the production cost, the storage cost and the transportation cost.

In our model the m firms supply the commodity in a noncooperative
fashion, each one trying to maximize its own profit function considered
the optimal distribution pattern for the other firms, in a nondeterministic
framework. We shall make suitable assumption (as in [2]) on the payoff
functions v;(t,z(¢t,w)) in order to determine a nonnegative commodity
distribution matrix-function = for which the m firms and the n demand
markets will be in a state of equilibrium as defined below with the
random generalized Cournot-Nash principle. In particular, we will prove an
equivalence as in the following statement

— z* € K is a general random oligopolistic market equilibrium if and only
if it satisfies the stochastic variational inequality

(—Vpu(t,z*),z —z*) =
/ / Zzavl 537% >($z‘j(§’w)—xﬁj(ﬁ,w))dﬁdﬂ‘?0, vz € K.
" (6)

Moreover, we will provide existence results for the operator A : L2([0, 7] x
Q,R™", P) — L2([0, T]xQ, R™", P) defined by A = ( 0u(t, 2 ))

J
where the variables belong to the feasible set (4). We will prove that f one
of the following conditions hold

— A is B-pseudomonotone or F-hemicontinuous,
— A is K-pseudomonotone and lower hemicontinuous along line segments,

then the stochastic variational inequality:
(Az",z —2")) 20, VzeKk, (7

admits a solution z* € K.
Moreover, a stochastic regularity theorem will be proved. Indeed it will
be shown that a solution of (6) is stochastic continuous on (0,7, provided
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that the feasible set K is a nonempty, closed, convex and bounded subset
verifying Kuratowski’s convergence property.

(1]
2]
3l

(4]

]
[6]

(7]
18]
(9]

[10]

[11]

[12]
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Denote by X a (crisp) set of feasible alternatives. There are m numerical

functions f1,..., fi, defined on the set X, m > 2. They form the vector
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criterion f = (f1,..., fm) that takes values in the m-dimensional vector
space R™.

Suppose that the Decision Maker (DM) is not always able to decide
unambiguously which of the two given alternatives is preferable. Accordingly,
we consider a DM’s fuzzy preference relation defined on the set X with
a membership function px. For alternatives x;,x;, the number pux(z;,z;)
represents the degree of DM’s confidence in that the alternative x; is
preferable to x;.

Now, let us specify all elements of the fuzzy multicriteria choice problem
in terms of alternatives:

1) the set of feasible alternatives X,

2) a vector criterion f defined on the set X,

3) a fuzzy preference relation with a membership function px that is
defined on the Cartesian product X x X and takes values within the interval
[0, 1].

A solution of the fuzzy multicriteria choice problem is a fuzzy set of chosen
alternatives that we shall denote by C'(X),C(X) C X with a membership
function A¢(x)-

Let Y = f(X), and uy be a fuzzy relation induced by px on Y, i.e.,
px (i, x;) = py (Yi, y;), where y; = f(;),y; = f(x;).

We accept the following four axioms [1].

Axiom 1. For each pair of alternatives x;,z; € X that satisfies
px (zi,25) € (0,1], we have the inequality A§ (z;) < 1 — px (zi, 25).

Axiom 2. A fuzzy preference relation with a membership function ux
(hence, with a corresponding membership function py) is irreflexive and
transitive. Moreover, there exists an irreflexive and transitive fuzzy relation
defined in the whole criterion space R™ with a membership function p such
that its restriction to Y coincides with the preference relation gy .

Axiom 3. Each of the criteria f; is compatible with the preference relation
wyioe, forall i = 1,2,....m and y = (Y1, Yie1, Yir Yitlr-- > Ym), ¥ =
(Y1, Yim1: Vi Yit1s- -+ Ym)s Yi > Ui, it follows that pu(y,y) = 1.

The compatibility of a given criterion with a preference relation means
that the DM is interested in the largest possible values of this criterion, other
things being equal.

Axiom 4. The fuzzy preference relation p is invariant with respect to a
linear positive transformation, i. e. u(y,y) = p(ky + ¢, kg +¢) for all k > 0
and c € R™.

Under these axioms, the set of chosen alternatives C'(X) must be a subset
of a (crisp) Pareto set Py(X) with respect to the vector criterion f: C'(X) C
Pi(X)={x e X: Az* € X: f(z*) > f(x)}. In practice, the Pareto set can
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still be too large for manual selection of the chosen alternatives. Thus, we
develop a method of Pareto set reduction.

Consider two groups of criteria indices A, B C {1,2,...,m} such that
A#£ 3. B+# 3, AN B = &. We say that there is a given quantum of fuzzy
information with the groups of criteria A and B, two collections of positive
parameters w; for all i € A and w; for all j € B and a degree of confidence
u* € (0,1] if the equality p(y,y) = p* holds for all vectors y,5 € R™
satisfying y; — 9; = w; for all i € A,y; —y; = w; for all j € B, yp = 4
for all k € {1,2,...,m} \ (AU B).

Given a list of quanta of fuzzy information, we may construct a fuzzy
set Py(X) that serves as an upper bound on the set of chosen alternatives:
C(X) C Py(X) C P¢(X). The set Py(X) is a fuzzy Pareto set with respect

to a generalized vector criterion g, consisting of a number of numerical

functions g¢i,...,9, defined on X and corresponding membership degree
bounds B1, ..., Bn: Ap,(x)(x) = x*enl)(i{l{m}maX{O;Bk,ki ge(z) > gr(z™)} [3].

The components of the vector criterion g are found by solving a problem of
constructing the generators of a dual fuzzy polyhedral cone.

We present the ParSetRe program that implements the described
approach. This program assists the DM in selecting the best choice from
a given list of alternatives by gradually reducing the list using quanta of
fuzzy information.

Work with the program starts with specifying the vector criterion f. The
DM should give each criterion in f a name and specify whether it should be
maximized or minimized. Internally those criteria f; that are to be minimized
are replaced by criteria — fy, so in the following discussion we may assume
that every criterion is to be maximized.

The next step is listing the set of feasible alternatives X. For each
alternative x € X the DM must specify the values f(x) of all criteria. After
this stage all alternatives that are not Pareto optimal are eliminated.

Next comes the main part: the DM is asked to provide quanta of fuzzy
information for further reduction of the set of choices. There are several
options to do this:

1) compare a pair of criteria and decide whether one of them feels more
important than the other;

2) compare two choices and decide whether one of them is better than
the other;

3) add a quantum manually.

Addition of every quantum leads to the reduction of the set of feasible
alternatives. The described approach allows to utilize the quanta one by one,
there is no need to specify all quanta beforehand. The DM can always review
the results and either adjust already given information, or specify new quanta
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and continue the process of reduction until it becomes possible to determine

the solution of the multicriteria choice problem: the set of chosen alternatives

C(X).
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An impetus to the development the theory of classical cooperative games
or, more exactly, the theory of games with transferable utility (the theory
of TU-games for short) was monograph [1]. The object in the theory of TU-
games is the so-called problem of the imputation of joint results, obtained
after some activity, among several counter parties, called the players [2].

By the optimality principle or, perhaps more precisely, by the principle of
achieving a compromise in a given class of TU-games an operator that maps
this class of games into itself can be understood. Since any additive game has
only one imputation, then the optimality principle is said to be perfect, if it
maps each game from a relevant space of games into an additive game [3]. The
optimality principle, is called quasiperfect, if some of its degree is a perfect
optimality principle. A class of minimax optimality principles forms a wide
class of quasiperfect optimality principles [4], [5].

Further, we will describe the conditions under which a superposition
of optimality principle with quasiperfect optimality principle is also a
quasiperfect optimality principle. But first, for exact formulation of the
results, we will recall and refine necessary definitions.

Let I = {1,2,...,n} be the set of players. Any function v : 2/ — R is
called the TU-game, or just a game for short, if the following conditions hold:
1) (@) =0 and 2) v(I) > >, ; vi, where v; = v({i}).
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We call the set of TU-games a space of TU-games (with the set of players

I), and denote it by V(I) [3].
Let E(v) be the set of imputations in a game v € V(I), i.e. the set
of all vectors z = (x1,22,...,2,) € R™ such that z; > v; Vi € T and

> icr i = v(I). Let C(v) denote the core in the game v € V(I), i.e. the set
of all vectors z € E(v) such that >, g x; > v(S) VS € 27\ {0, 1}.

1)
2)

3)

4)

9)

Now we will admitt the following definitions, based on [3], [4] and [5].
Definition 1 Let game v € V(I).

We will call any non-empty set M C E(v) a compromise in game v.
We will call any function w : 21 — R a basis of compromise M in game
v, if
w(S) = Tlél{/[ Zwi VS # 0, w(@) = 0.
€S
(1t is easily shown that the basis w of any comromise M in game v € V(I)
also belongs to V(I) and, moreover, the basis w is a superadditive game).
Let the set of all games w € V(I), each of which is a basis of some
compromise in the game v be W,. We will call any non-empty subset
V C V(I) which contains set W, together with each game v a subspace
of space V(I).
By optimality principle, (or more ezactly, by the principle of
achieving a compromise on a subspace V C V(I)), we mean any
operator A:V — V such that Acv € W,, Yv €V C V(I).
Let W(I) be the set of all games, each of which is the basis of some
compromise in game v € V(I). We will call the optimality principle A on
subspace V:
a) monotone, if Aov > v Yo € VNW(), ie. if (Aov)(S) = v(5)
VS CI andVv e VNW(I);
b) perfect, if Vv € V game Ao v is an additive game, (an additive
function of set);
¢) finally perfect, if Vo(9) € V sequence v\®), k = 1,2,---, converges to
an additive game v*) € V(I), where

v = Aop® Y k=12 (1)

d) quasiperfect, if k-th degree of operator A, k =1,2,---, is the perfect
optimality principle.

As regards content, any game v € V(I) can be interpreted as a general

problem aggregate income v([I) distribution, on condition that each coalition
S C I claims v(S) as a part of this income. Hence, the iterative sequence (1)
can be interpreted as a sequential procedure for correction of coalition’s claims



190 Chistyakov S., Vasetsov M.

based on optimality principle .A. Moreover, in case optimality principle A is
monotone, we have

W <@ <o < (2)

However, as it follows from definition 1.2, if w € W(I), i.e. if game w
is the basis of some compromise in some game v € V(I), then C(w) # 0.
Therefore, as it follows from definition 1.4, C'(v*)) # @ for each game of
sequence (1). At the same time, for monotone optimality principle A, defined
on subspace V, owing to inequalities (2), the following inclusions hold

C’(v(l)) 5 C(v(2)) 5D C(v(k)) Soeen (3)

Since game v = A0 v(® is the basis of some compromise in game v,
then
E@Y) > W), (4)

and this inclusion holds for any game v(®) € V., and, in particularly, for the
game such that C'(v(?) = Q.

The set of imputations in game v(®) could be called as an initial area
of compromises in this game. Hence, inclusions (3) and (4) mean that,
for monotone optimality principle A on subspace V, iterative sequence (1)
generates a narrowing process for the initial area of compromises. For finally
perfect or, especially, quasiperfect optimality principle, this process leads to
an unambiguous solution of the imputation problem in game v(?), and, to be
exact, to a compromise

{z"} = C™), (®)
i=1

consisting of one and only one imputation z* € E(v(?)). This finally follows
from the fact that in the given case sequence (3) converges to some additive
game v*, but since any additive game has only one imputation x*, we have
z* = E(v*) = C(v*).

It is noteworthy that, as it follows from definition 1.2 and 1.4, any additive
game v € V is a fixed point of each optimality principle A on subspace V.

Now we introduce the following new definition.

Definition 2 Optimality principle A : V — V on subspace V C V(I)
keeps the order, if Aov' > Aov”, for any games v',v" € V such that
v =",

The main result of the research is the following theorem.

Theorem If each of optimality principles A; and As on subspace V C
V(I), is monotone and, besides, if one of them is quasiperfect and keeps the
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order on V, then each of superpositions A = Ay o Ay and A = Ay o Ay of
these optimality principles, is also a quasiperfect optimality principle.
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Introduction

In the [1], [2] was shown and discussed in detail an algorithm for solving
differential cooperative resource extraction game by two competing firms.
This algorithm searches for Nash equilibrium in differential two-person game
in normal form, based on the Isaacs-Bellman equations. The corresponded
system of differential equations was solved numerically, since the analytic
solutions were not possible. The obtained solutions doesn’t give any idea
about the structure of the solution in general case.

In this paper we have tried to ensure that the resulting system of Isaacks-
Bellman equations has an analytic solution. The resulting model has an
interpretation similar to the models [1],[2], and to find Nash equillibrium
we use the Isaacs-Bellman equations. As a principle of optimality the
Shapley value was choosen. We construct the time consistent Shapley value
distribution procedure which coinsides with the derivative of the Shapley
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value. We tested its sign and found the conditions when the resulting solution
to a cooperative game will be dynamically stable.

Formulation of the problem

Consider the differential resource extraction game I'(zo,7) by two
companies that have a license for the production of this resource in the
interval [0, 7] [1]. Resource deposits y = e*,z € X C R change in accordance
with the equation:

ex(s) = e*Ii(s) = a — u (s, 2) — us(s, z), @ = zg (1)

where uy(s,z) € Uy € C([0,T] x [0,00)),uz2(s,x) € Uy C C([0,T] x [0,00))
are the level of resource extraction by players 1 and 2 respectively, a = const
determines the rate of increase of the resource. Denote by r = const the
discount coefficient, and the cost of resource extraction by player 7 is equal to
a constant ¢; = const, whereas the cost of resource extraction for each player

¢
can be assumed as §u ?(s). Instant win of player i is equal to:

Hi(t w5 un,ug) = wi(t @) = Sud(t,a),i = 1,2,

Consider first the non-cooperative case. Winnings are transferable over time
and between players. At time t0 win of player 7 is equal to:

T
Ki(xo, T;u1,u) = / u;(s, 2(s)) — %U?(s,m(s)) e~ ds
0

+qe T 5 mag

Searching Nash equilibrium
Denote by [ugo)*(t,:zz) (0)*(15 x)} the Nash equilibrium [3] in game

(20, T). To find it, use the Isaacs - Bellman equations:

2
PO, 2) (¢ (0 — wa(ty2) — ualty ) i = 1,2, .
VOUT, 2) = ger =T

i i 2(t
V(O) (t,z) = maxui{(ui(t,x) - W) e "t

Maximizing in (2) we find the Nash equillibrium:

N 1— V(O)Z t rt—x
Wl (1) = (toe

i=1,2. (3)

(&
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Here V(to)i(t, x) is a payoff of player ¢ in Nash equillibrium in the subgame
from initial state x with duration 7' — ¢ of the game T'(zq,T), V©(t,2) :
[0,T] x R™ — R. Substitute (3) in (2). We seek a solution in the form:

VOU(t,2) = e (Ai(t)e” + Bi(t)), i = 1,2. @

Substituing (3) and (4) in (2) we get the system of differential equations for
A;i(t), Bi(t). Solving this system we find the functions A;(t), B;(t).

Now we can find the trajectory corresponding to Nash equillibrium (3).
We shall call it "optimal trajectory"and denote z*(¢). The optimal trajectory
is:

—rT

2*(t) = In ((a o+ (et 1)+ e%> . (5)

r

Function V(*)i(¢, z) is equal to:

4 X 1 P> .
V(O)Z toa*(t)) = —rT T 2r(t—T)—rt
(a7 (0) = (— 5 + 0 —gle—a)T ) + 7L -
2 1 1 2 ,=2rT —rt
+ qf — 4+ — e—rT _ & ¢ ,
r \2¢ ¢ r 2re;
1 1 . .,
C:7+7a17]:1a2az7é.]' (6)
C; Cj

Cooperative case
We now turn to the situation in which the players take a decision on

cooperation. Let K.(zo,T; (u1,us2)) be a win of coalition [1,2] in the game
I'(x0,T). Then:

T
K (T; (u1,u2)) / u1(s,x) —ul(s x)| e "ds +
0
T
—l—/ uz (s, ) —uQ(s CL‘)] e "ds + 2qe" T 5 L, maz.
0

Denote by W) (¢, z) maximal joined payoff of coalition [1,2] in the subgame
from initial state « with duration T' — ¢ of the game I'(xo,T'). Using Isaacs-
Bellman equations, we obtain:

2 2
—We(t, x) = maxy, u,{ <u1 — Clul) e "t 4 <uz — 02u2> e "+
2 2 ©

+ Walt, @) (7 (a — u1 — ua))}, W(T,z) = 2¢e™™) =T,
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Denote by u(®*(t,z) = {ugo)*(t,z),uéo)*(t,x)} the pair of strategies which

define the situation of the Nash equilibrium in cooperative variant of the
game I'(zg,T"). Maximizing in (7) we find the Nash equillibrium:

1= Wz(o)i(t, x)et?

w (¢, 2) (8)
(&5
We seek function W (¢, z) in the form:
WO (t,z) = e " (A(t)e® + B(t)). (9)
The cooperative trajectory z(t) is
2cqe™"T 1 1
25 (t) = In <(a L ey (FL Y +ewo> =442 (10
T C1 C2

Let us observe the behaviour of maximal joined payoff of coalition [1, 2] along
cooperative trajectory:

—rt

WO (tar(t) = “— + e (% +2ge™ — 2q(c — a)T) +
11
2cq® oy 20q% deq® . (11)

+ 627(75 T) 7t+7e 7T—76 27T.

r

Investigation of dynamic stability the Shapley value

Shapley value [4] in the case of two players is calculated as follows:
(0) _ 01 _ /(02
+ W (t,CU) 14 (t,$) 14 (tﬂl’). (12)
2
Substituting (6),(5),(11) and (10) in (12) we will get:

Shi(t) = VOi(t, z)

et 1
Shz t) = L To _ —a\T
®) 2re; te < 2re; tae alc—a) ) +
2 2
Ty 3 + 5 Q2r(t=T)=rt | ¢ (3 + 5 T _ 2¢q e 2T
dre;  4re; r \4c;  4cj T
1 1
c=—+—,i,j=1,2,i#j. (13)

L

T J

Let us denote B;(t) the imputation distribution procedure (IDP) which
coinsides with the derivative of the Shapley value. It is equal to:

e—2rT (_3Ciq26rt _ 5qu2€rt 4 QCjer(QTft))

=1,2. (14

Bi(t) =
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Theorem 1. The following conditions provide non-negativity of the division
of IDP for the Shapley value:

3., 5, 1

0! Tt T,

(15)
32, 5. 1
4C2q 401q 261

Proof. The derivative of 3;(t) is equal to:

e—2rT (_301q2e7‘t _ 502q26rt _ 202er(2T—t))

< 0.

pi(t) =

401 Co

Hence function f;(t) is decreasing over time on the interval [0, T] and reaches
its minimum at ¢ = 7. Substituting ¢ = T in (14) will give us these conditions.

Conclusion

On the basis of our paper players can make predictions about the
prospects for profitable extraction of limited resources in a competitive
environment. It has been proved that the best behavior of the two companies
is cooperation. The economic interpretation of the results is quite clear, too.

The non-trivial point in this research is non-negativity conditions of
the function B;(t) which represents the instantanous payoff of player ¢
under cooperation. In many other cases the components of time consistant
imputation distribution procedure as derivative of the Shapley value may take
negative values which in real life situations trouble their implementation.
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On the Superadditivity of a Characteristic Function in
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Most cooperative games are described by a characteristic function and
the problem of construction of such a function is of particular importance.
There are different methods to construct a characteristic function leading to
the so-called «, 8, v and d—characteristic functions as well as the recently
introduced (—characteristic function.

When solving various economical problems related to ecological mana-
gement it is common to use game-theoretic models with negative externalities.
In [1], it was shown that for cooperative games with negative externalities
the d-characteristic function is superadditive. However, this result does not
take into account possible constraints on the control, a typical situation in
practice.

In this contribution, an example of non-superadditive d—characteristic
function for a differential game with negative externalities is presented. Also,
we discuss the superadditivity property for different classes of characteristic
functions.

Consider a n-player cooperative differential game I'(xo,T — tg) with
prescribed duration T' — ¢y which evolves on the interval ¢ € [tg,T] from
the initial state x¢ € R™, governed by differential equations

&= f(z,ug, ..., Un), x(to) = xo, (1)
z € R", u; € U; C compRF, i € 1,n, and with payoff functions
T
Ki(l'o,Tfto;ul,...,un) :/ hi(x,ul,...,un)dt,
to

where z(t) is the solution of the system (1) under controls u = (ug, ..., uy).
We consider the cooperative form of the game I'(zg,T — o). This means
that all players join to maximize their total payoff

n n T

V(N, l‘o,T — to) = ZKi(xo, T— to; ULy oeny un) = Z/ hi(x,ul, ceey un)dt
i=1 i=1""to

(2)
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The controls {uf,...,u*} which maximized (2) are said to be optimal
controls and the corresponding trajectory x*(t), t € [to, T] is said to be the
cooperative trajectory.

We assume that trajectory x*(t), t € [tg, T] exists and is unique. The class
of the strategies in differential games may differ depending on the particular
problem. However, most often the open-loop u;(t) or the close-loop u;(z,t)
classes of controls are used. Within this framework we consider the strategy
of the i-th player to be the function w;(-) which takes values in the set of
admissible instantaneous controls Uj.

To define the cooperative game we have to construct the characteristic
function (c.f.) V(S, zo, T —tp) for every coalition S C N in the game I'(xo, T—
to). In the modern literature under the characteristic function in cooperative
games is understood as a mapping from the set of all possible coalitions:

V():2N 5 R,
V(@) =0.

Note that the value of the characteristic function for the grand coalition
N equals to V(N,zo,T — tp). There are several main approaches to the
construction of the characteristic function which shows the power of the
coalition S (see, for example, [1], [2]). The most commonly used classes of
characteristic functions can be indicated in the order that they appear as a-,
B-, v-, 6-, (- characteristic function.

The value V(S) can be interpreted as a power of the coalition S. The
important property is the property of superadditivity:

V(Sl U Sy, zg, T — to) > V(Sl,.%‘o,T — to) + V(SQ,J?Q,T - to),
V81,5 C N, NSy =a.

However, the use of superadditive characteristic function in solving
various problems in the field of cooperative game theory in static and dynamic
setting, provides a number of advantages such as:

1. provides the individual rationality for cooperative solutions,

2. encourages players to create large coalitions and eventually unite into a
Grand coalition N,

3. gives clear meaning to the Shapley value (a component of the division
for each player is equal to its average contribution to the welfare of the
Grand coalition under a certain mechanism of its formation),

4. needed when you build a strongly dynamically stable optimality
principles.
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Thus, in many aspects more useful to have superadditive characteristic
function.

It can be constructed, for example, as a-c.f. [3], i.e. as the lower value of
the zero-sum game between the coalition S, acting as the first (maximizing)
player and the coalition N\S, acting as the second (minimizing) player. The
payoff of coalition S is the sum of respective payoffs of the players from the
coalition S, and the strategy of coalition S is an element of Cartesian product
of players’ strategy sets from the coalition S. The lower value of the game
always exists and is a superadditive function of coalition S C V.

0, S={o}

VO (20, T — to; §) = ¢ V& Tsms (@0, T —to), S C N,

max . K;(zo,T —to,u), S=N.
UL, U2, Un j

It is rather easy to construct the characteristic function V (S, zo, T —tg) in
the form of ¢ - c.f. [5]. The characteristic function of coalition S is computed
in two stages: first, we have to calculate the Nash equilibrium strategies for
all players and next, we fix (freeze) it for players from N \ S while players
from coalition S seek to maximize their joint payoff ) . _¢ K. In general, this
0-c.f. is not superadditive function but it is superadditive for a class of games
with negative externalities [1].

0, S ={o}
max ZKi(acO,T—tmus,u%\S), S C N,
s ui,i%q 1€S
Vo (xo, T—t0; S) = ?J;\}L\JS,

n
max y. K;(zo, T —to,u1,us,...,u,), S =N.
UL, U2, Un j ]

One of the novel approaches is to use ¢-c.f. [2]. The characteristic function
of coalition S is computed in two stages: first, we find optimal controls
maximizing the total payoff of the players; next, the cooperative optimal
strategies are used by the players from the coalition S while the left-out
players from N\ S use the strategies minimizing the total payoff of the players
from S. The characteristic function defined in this way is superadditive.

0, S — {2}
min ZKi<$Q,T—t0,UE,UN\S), SC]V7
uj€U;, JEN\S €S
Vc(l'(), T—to; S) = u;=u}, i€S

n
max > Ki(xo, T —to, ur,ug, ..., upn), S=N.

URRTESRSRTIS S

u;, €U;, iEN
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In this work we consider the example of differential games of control the

amount of harmful emissions into the atmosphere, in which a characteristic
function can be constructed by all three ways illustrated above.

The game involves three players (countries, firms), N = 1,2,3 and

continuous in the finite interval [0;T]. The controls of the players are
understood as u; € [0;b;], ¢ = 1,2,3 — amount of emissions.

(1]
2]

3l
(4]
5]

[6]

Dynamics has the following form:

3
z(t) = Zui(t), z(0) = xo.

Payoff function of player ¢, i1 =1,2,3
T
Ki(x0,0,T,u) = /(bl\/sz —d;x)dt, d; — Const, d; > 0.
0
For this game we construct an example with not superadditivity §-c.f.
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We first consider the custom [-person noncooperative game, where the i-th

player has a strategy set X; C R™ and a cost (dis-utility) function f; : X — R
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with X = X x---xX;. That is, each i-th player selects an element x; € X; for
i=1,...,1 and receives the cost f;(x) at the situation z = (x1,...,2;)" € X.
In the classical noncooperative game framework, all the players are supposed
to be equal and independent. Moreover, it is supposed that all the players
make their choices simultaneously. The most popular solution concept for this
problem was suggested by Nash [1]. The Nash equilibrium problem (NEP)
consists in finding a point 2* = (z7,...,2])" € X such that

fi(e™v) = fi(z™) Yve X i=1,... 1

In the constrained I-person noncooperative game, all the players together with
the above dis-utility functions and strategy sets have some joint constraints
contained in the set V. That is, they have the common feasible set

D=Xx(V,

A point z* = (=7, ... ,x?‘)—'— € D is said to be a solution of a generalized Nash
equilibrium problem (GNEP), if

fi(z*,v) = fi(x*) Y(@*,v) €D, i=1,...,1 (1)

The presence of the joint binding constraints creates certain difficulties for
players since they become mutually dependent. Besides, the set V' may be
determined by rather complex (nonlinear) functions, and we are interested in
development of suitable solution methods, which can approximate solutions
for comparatively broad classes of these generalized game problems.

In the talk, we suggest a general approach to this problem within the same
noncooperative framework. More precisely, we propose to apply the shares
allocation method for joint constraints, which replaces the initial problem
with a sequence of Nash equilibrium problems together with inserting an
upper level set-valued variational inequality as master problem.

We first take the following set of basic assumptions.

Each strategy set X; is convex and closed and each dis-utility function f;
is convexr and lower semicontinuous in its i-th variable x; for i = 1,...,1.
Also, the joint constraint set is defined by

!
Zhi(%) < b} ,

i=1

V:{xER"

where hl(xl) = (hzl(xl),,hlm(xz))—r, hij R — R, _] = L...,m, P =
l
1,...,1 are convex functions, b is a fized vector in R™, n = > n,, and the
i=1
common feasible set D is nonempty.
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We can transform the joint constraint set V by inserting auxiliary
variables:

l
V= {xER" Hueleyzui:bu hl(xz> <ui77;:17"'7l}7
i=1
where u = (uy,...,u)", u; € R™, i =1,...,1. These variables u; determine

a partition of the right-hand side vector b, i.e. give explicit shares of players.
Given a feasible partition

uEU:{uele

Sl

i=1

we can consider the reduced NEP: Find a point z(u) = (z1(u),...,7;(u))" €
D(u) such that

filw—i(u),vi) 2 fi(z(w)) Vv € Di(w;),i=1,...,1 (2)

where D(u) = Di(u1) X -+ X Di(w), Di(u;) = {z; € X; | hi(z;) < w;},
i =1,...,0. Let y;(u) is the optimal Lagrange multiplier of this problem,
which estimates the particular constraint h;(x;) < w;, for i = 1,...,1. Set
y(u) = (y1(u),...,y(w))". Since it is not defined uniquely in general, we
treat —y(u) as points in T'(u) of a set-valued mapping T. We can define the
variational inequality (VI): Find a point «* € U such that

It e T(w*), t;u—u*) >0, VYuel. (3)

It appeared the master VI (3) yields the optimal shares of common constraints
among players.

Theorem 1. If a point u* solves VI (3), the corresponding solution x(u*)
in (2) is a solution of EP (1).

This approach utilizes the right-hand side decomposition technique
suggested for separable optimization problems; see [2]. In order to develop a
convergent iterative methods and calculate a solution of problems (3) or (1),
we need additional monotonicity properties of the set-valued mapping 7. We
also show that application of regularization together with a decomposable
penalty method allows us to simplify the solution process essentially.

Namely, given a number ¢ > 0 and a feasible partition v € U, let us take
the NEP: Find z°(u) € X such that

fi @i (u),v) = fi (@ (w)) Vo€ Xiy i=1,...,; (4)
where the i-th player has the dis-utility function
fi (@) = fil@) + (/2)l|zil]* + (1/(2e)) |l [ha(as) — wil ||
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Set
! !
®(z,v) = Zfz‘(l"—uvi) - Zfi($)~

If the bi-function ®(z,v) is monotone, then NEP (4) has always a unique
solution. Then set

Fi(u) = —(1/e)my[hi(zf (u) —ug], Yi=1,...,1;
and define VI: Find a point u* € U such that
(Ff(u"),u—u*) 20, Yuel. (5)

We show that F¢(u) is a single-valued approximation of T'(u) and possesses
strengthened monotonicity properties. Similarly, VI (5) approximates master
VI (3). We can take various iterative methods for finding a solution of VI (5)
with proper choice of € > 0 to solve the initial problem.
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We use so-called "Imputation Distribution Procedure" approach [2, 3]
to sustain long-term cooperation in n-person multicriteria game in extensive
form [3, 1]. We will restrict ourselves to the games with perfect information
when players i € N use pure strategies u;(-). A strategy profile u = (uq, ..., up)
determines a unique play (trajectory) w = {zo, 1, ..., Tt—1, Tt, ..., o7 } on the
game tree K, and let

hl(mt) = (hi/1<xt)7 ~-~7hi/7'(xt))a hi/k.(:ct) 2 O,k = ]., LTI € K,

denote the player‘s i (r-dimentional) vector payoff at node z;; h;(w) =
Z?:o h;(x¢) is the players i payoff, which corresponds to the trajectory w.
Hence, we get the players i vector payoff function: H;(u1,...,u,) =

hi(w) = Yoo hil@e).
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Given a,b € R™ we’ll use the following notations: a 2 b, iff ax > bg, k =
1,m;a>b,iff ap > b,k =1,m; a > b, iff @ 2 b and a # b. If the players
have agreed to cooperate, then they will try to maximize (in terms of binary
relation >) the total vector payoff > . H;(u).

Let U° denote the set of all Pareto optimal strategy profiles u®, i.e. Bu :
Diy Hi(w)> 300 Hy(ue).

We will assume further that players have agreed on a rule - regarding
how to choose the unique strategy profile & = v(U°) from the set U¢. We will
call @ the optimal cooperative strategy profile and the corresponding play
w = (Zo,Z1,...,%t,.-.,T7) — the optimal cooperative trajectory.

The next challenge of cooperation is to choose an allocation mechanism
to split the total cooperative vector payoff Y " | H;(u) between the players.
As an example of a single-valued cooperative solution, we will exploit the
Shapley value [5] which has been extended onto multicriteria games in [4].

Let I'*° (N, V*0) be a multicriteria TU cooperative game [4], where S C N
is a coalition, V%0 (S) : 2V — R" is a (vector-valued) characteristic function
of this game, with V*° (@) =0 = (0,...,0), V*(N) = 3" | H;(u).

Definition 1. [5, 4] The Shapley value of I'*° (N, V*°) denoted by @™ is
defined for each player i € N as

gr= > LR BRSLE D s - veos (o)

n!
SCN,ieS

What remains to be done is to decompose the Shapley value over time
to ensure time consistency and other desirable properties of this allocation
procedure (i.e. a sustainability of original cooperative agreement).

Let z; € @, and I'*t(N, V?t) denote a subgame starting at node z; (along
the optimal cooperative play):

n

T
VE(N) =Y hila,).

T=t i=1

Denote by (p7*)"; the Shapley value at the subgame I'*¢ (N, V¥t).

Let 8 = {Bi/u(ze)},i=1,...,n k =1,...,r;t = 0,...,T be the Payment
Schedule (PS) or "imputation distribution procedure" [2, 3]. When we
exploit the Imputation Distribution Procedure approach we assume that the
players have agreed to aggregate the cooperative vector payoff > . | H;(u),
constructed by use of the initial "stage payoffs" h;(Z;), and then allocate
this payoff (between the players and overtime) along the optimal cooperative
trajectory. Then f3;/(Z;) denotes "actual current payment" which the player
i receives at Z; on criterion k (instead of h;/(T;)) according to PS .
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Definition 2. [2, 3| Each PS 3 = {8;/,(7;)} has to satisfy the efficiency

constraint:
T

S i) = o 1)
t=0
A payment schedule may also satisfy some of (but not all) the following
properties: time consistency (TC) [2, 3], or "time consistency inequality"
, non-negativity constraint, balance condition and Irrational Behavior
Proofness (IBP) [6].
Definition 3. [3] The payment schedule 3 = {3;/,(Z;)} satisfies time
consistency (equality), if

t—1
S Bil@) + ot =P Wt =1, T Vie N. (2)
7=0

This condition requires that the total amount received by the player ¢ along
the optimal play before node Z; plus the Shapley value in the subgame
starting at that node, corresponds to what he is entitled to reach in the
whole game.

Definition 4. The PS S satisfies time consistency inequality, if

t—1
> Bi(@) + ¢t =@ Vt=1,..,T Vi€ N. (3)
=0

We assume that if player ¢ accepts PS, satisfying (2), he will certainly
accept PS which satisfies (3) since in the latter case the payments received
before the subgame I'*t starts are larger. In a sense the TC inequality (3) is
even better incentive to cooperate for player ¢ than (2).

Definition 5. The non-negativity constraint of PS means that:

Bisk(Te) 2 0,i=1,...,nsk=1,..r;t=0,...,T. (4)

Definition 6. PS [ satisfies the balance condition if V¢t = 0,..,T;

Vk=1,..,r
DO Biw(@) <D0 (@) ()

=0 i=1 =0 i=1

Inequality (5) means that at any intermediate node Z; the players
have enough summarized payoffs (collected along the optimal cooperative
trajectory from xq till Z;) to realise PS /3. Note that (5) is always satisfied for
t =T due to efficiency (1). If PS /8 does not satisfy (5) at some node Z;, we
assume that the players may "borrow" the currently required amount against
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future earnings. For the sake of simplicity we assume that an "interest-free
loan" is available for grand-coalition N, recognizing that in general case the
sustainability of the cooperative agreement may require extra costs.

Definition 7. The PS g = {Bi/k(i’t)}; i=1,..,n k=1,.,rt=
1,...,T satisfies the "strong" (or component-wise) IBP condition, if Vi € N,
for each criterion k, Vt = 1, .., T the following inequality holds:

VE i) < S Bunl@s) + VD) ©)
7=0

If (6) holds, player i has an incentive to cooperate even if he assumes that
cooperation may be destroyed (due to irrational behavior of some players) at
some intermediate node ;.

The following payment schedule

Bi(@e) = @it — it =0,...T = 1; Bi(Tr) = 9] ", (7)
is known to satisfy TC and the balance condition, but does not satisfy
non-negativity constraint and IBP in multistage unicritrium games (see, for
instance [3]).

We prove that the direct extension of the PS (7) onto multicriteria games
also satisfies TC (2) and the balance condition (5) however does not satisfy
non-negativity (4) and strong IBP (6).

The PS S ()
_ i—11'/k Tt T
Bise(Te) = W 2%

implies "proportional" distribution of the total current payoff at each node
along the cooperative trajectory. This PS obviously satisfies non-negativity
(4) and the balance condition (5) for multicriteria games but does not satisfy
TC and IBP even for unicriterium games [3].

‘We propose the algorithm to construct so called Refined payment schedule
that satisfies efficiency, non-negativity constraint and time consistency
inequality. Moreover, we design the Generalized payment schedule which
satisfies efficiency, non-negativity constraint, TC inequality and strong IBP
as well.

It is worth noting that to ensure time consistency one has to sacrifice
either non-negativity constraint (PS (7)) or the balance condition (Refined
payment schedule). In other words it is impossible to design a time consistent
PS 3 that satisfies both non-negativity and the balance condition.

t=0,..,T (8)
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We consider a network with incoming traffic flow and latency function
detremined in each link. The distribution of the incoming flow follows to the
Wardrop minimum cost principle. According to the Wardrop principle, the
trip time along all existing routes is the same for all road users and is smaller
than the trip time of any road user in the case of route diversion. We continue
the Wardrop’s idea assuming that not only trip time, but also that the total
costs of road users on all routes are same and minimal.

We have analytically derived a system of equations defining the optimal
flows and compare the social costs under competetive and cooperative
behavior.
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The literature on oligopoly generally covers two alternative frameworks
regarding firms’ behavior. The first one studies competitive behavior which
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results in an equilibrium (Cournot—Nash or Bertrand—Nash) policy for any
firm. The basic assumption in this framework is that the firm acts individually
on a market with the goal of increasing its profit and decides on its behavior
independently of other firms. An alternative concept is devoted to the case
of cooperative behavior resulting in a cooperative policy for the firms. The
key issue here is that all the firms being members of one alliance, jointly
decide on their behavior taking into account only the goal of the alliance, not
firms. Generally, such goal is represented by an increase of the total profit
of the firms, or by an increase of the social welfare. These two frameworks
are classical in the theory of oligopolies, however they have certain practical
limitations. For example, it is unlikely that all the firms act individually on
a market without any collusion with their competitors: there might be a few
firms deciding to act as one alliance competing on a market with the rest of
the firms (which might also merge in smaller alliances). It is also unlikely that
the firms can form the only alliance when antitrust regulators actively prevent
market from monopolies. These facts motivate us to find a tradeoff between
individual behavior of the firms and their cooperative behavior resulting in
complete cooperation.

We suppose that firms compete in quantities (a la Cournot), but the
maximum quantity of the product to be produced by any firm is bounded
which is common knowledge. When we model the competitive oligopoly, to be
closer to practical situations from our perspective, we assume that firms can
merge in smaller alliances called coalitions, where individual and cooperative
behaviors of the firms become opposite cases. We call a partition of the firms
into smaller coalitions a coalition structure. The firms belonging to the same
coalition act to maximize the joint profit of its members.

In the paper, we focus on a problem of stable cooperation on a single-
product market where firms are in competitive relationship. Indeed, any
firm gains its profit from cooperation with other firms within the coalition
it belongs to, however different coalition structures may prescribe different
profits to it. It is so because the firm may belong to the coalitions of different
sizes, or the partition of other firms affects the firm’s profit through the
number of firms-coalitions on the market and their structure, etc. Therefore,
we are interested in finding a coalition structure that would be appropriate
for all the firms and would motivate them to hold the coalitions they belong
to. Specifically, we focus on finding a structure which would be stable against
unilateral deviations of any firm (Nash stability). For this reason, for a given
coalition structure, we first determine the worth of any coalition taking into
account the joint profit of the firms involved. We do it in two steps by
means of the equilibrium outcome and the a-characteristic function, which
measures the maximum profit that this coalition can get in the worst-case
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scenario, i.e., when the complement of this coalition would act against it. At
the first step, we measure the worth of any firm-coalition as its (Cournot—
Nash) equilibrium payoff in a noncooperative game between firms-coalitions
assuming the uniqueness of such equilibrium. At the second step, for a fixed
firm-coalition, we measure a worth of any subset of the coalition with the
use of the a-characteristic function. Here we should make an assumption
about the behavior of the left-out firms of the coalition. We assume that they
implement their equilibrium strategies found at the first step. This is in line
with the idea of the d-characteristic function. Thus we use a combination of
a- and d-approaches: a-approach is applied to the firms inside the coalition
while §-approach is applied to the firms which do not belong to it. The
aforementioned procedure helps us to determine the cooperative solution
based on the values of the characteristic function. This solution reallocates the
equilibrium payoff of each coalition between its members. As a cooperative
solution, we consider the Aumann—Dreze value which is the Shapley value
adopted to a given coalition structure. Having found the cooperative solution
analytically, we discuss the concept of stability of the coalition structure
providing some insights about its form.
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In the present research we examine a special case of cooperative
differential games with non-transferable utility in which the game structure
can change with time (time-dependent formulation) and assume that the
players do not have full information about the change of the game structure,
but they have certain information about the game structure on the truncated
time interval. The duration of the period of this information is known in
advance. The interpretation can be given as follows: players have certain
information about the game structure, but the duration of the period
with this information being correct is unknown in advance. Evidently, this
truncated information is valid only for certain time and has to be updated.
In order to define the best possible behavior for players in this type of
cooperative differential game, it is needed to develop a special approach. One
of the fundamental questions in the theory of cooperative differential games
with non-transferable utility is the formulation of optimal behavior for players
or economic agents, the design of Pareto-optimal trajectories, computation
of corresponding solution and analysis of its time consistency. In the paper,
we answer this questions for a game with moving informational horizon, as
an optimality principle we use Nash bargaining solution. Haurie analyzed the
problem of dynamic instability of the Nash bargaining solutions in differential
games [6]. The notion of time consistency of differential games solutions as
formalized mathematically by Petrosyan [8]. In the paper [15] authors firstly
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derived subgame consistent solutions for a class of cooperative stochastic
differential games with nontransferable utility. In this paper, we show that in
games with moving informational horizon Nash bargaining solution obtains
also the property of time consistency, which is a rare event in cooperative
differential games with non-transferable utility.

This approach is similar in spirit to the Model Predictive Control theory
developed within the framework of numerical optimal control. We refer to
[12], [5], [7], [14] for the overview of the recent results in this field. Model
predictive control is a form of control in which the current control action
is obtained by solving, at each sampling instant, a finite horizon open-loop
optimal control problem using the current state of the plant as the initial
state. An important advantage of this type of control is its ability to cope
with hard constraints on controls and states.

As an illustration of offered approach we use Cournot oligopoly differential
model of the oil market [2] with largest oil exporters and other countries.
In the paper [13] the author examines cartel formation in the world oil
market under Cournot setting. The authors in [1] use the quantity competitive
environment to model collusions and proportionate adjustment of production
levels. Following this tradition, we use Cournot framework and define quotas
of oil production as adjustment of production levels to admit nontransferable
payoffs. Making an agreement about quotas on production levels is viewed as
pure cooperative behavior. In the example we use two types of agreements
of solutions, first is a Nash bargaining solution. The second one is a solution
which is based on the Nash equilibrium in the corresponding non-zero-sum
game, this solution allows us to lower the production levels of all participants
simultaneously. Obviously, the second solution is not time consistent, but
it allows us to model latest real life market agreements. Both solutions are
compared numerically.

Games with moving informational horizon allow taking into account
the variability of market demand, an adaptation of participants actions to
changing the environment, actual planning horizons for demand. Therefore
the approach can be successfully used to model continuous economic process
as if it is being solved in the real time. Using the approach we can make
the following conclusions. Firstly, the situation when players predict market
demand on the truncated time interval leads to higher production levels
comparing with a static model. Secondly, using the historical information
about the total world oil supply, prices of oil of different benchmark crude
and average costs of oil production for the largest oil exporters, we estimate
the optimal quotas of oil production for OPEC countries.

Cooperative differential games with moving informational horizon were
studied mainly for cooperative differential games with transferable payoffs [4],
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[11], [3], [10]. In the paper [3] the cooperative differential game with finite-
horizon is considered. The paper [11] is dedicated to studying games with
stochastic forecast and dynamic adaptation in the case when information
about the conflicting process can change during the game. The paper [4]
studies dependency of the resulting solution upon the value of informational
horizon. In the paper [10] the approach was applied to the cooperative
differential game with infinite-horizon. In this paper, we apply this approach
to the cooperative differential game with nontransferable payoffs and propose
to use Nash bargaining solution as a cooperative solution.

References

[1] K. Berger, M. Hoel, S. Holden, O. Olsen, “The Oil Market as an Oligopoly.
Discussion paper”, Central Bureau Statistics, 32 (1988).

[2] R. Cellini, L. Lambertini, “A differential oligopoly game with differentiated
goods and sticky prices”, Furopean Journal of Operational Research, 176, 1131—
1144 (2007).

[3] O. Petrosian, “Looking Forward Approach in Cooperative Differential Games”,
International Game Theory Review, 18, DOI:10.1142/S0219198916400077
(2016).

[4] E. Gromova, O. Petrosian, “Control of Informational Horizon for Cooperative
Differential Game of Pollution Control”, 2016 International Conference Stability
and Oscillations of Nonlinear Control Systems (Pyatnitskiy’s Conference),
DOI:10.1109/STAB.2016.7541187 (2016).

[5] G. Goodwin, M. Seron, J. Dona, Constrained Control and Estimation: An
Optimisation Approach, Springer, New York, (2005).

[6] A. Haurie, “A note on nonzero-sum differential games with bargaining solution”,
Journal of Optimization Theory and Applications, 18, No. 1, 31--39 (1976).

[7] W.Kwon, S. Han, Receding Horizon Control: Model Predictive Control for State
Models, Springer, New York, (2005).

[8] L. Petrosyan, “Time-consistency of solutions in multi-player differential games”,
Vestnik Leningrad State University, 19, 46-—52 (1977).

[9] L. Petrosyan, N. Danilov, “Stability of solutions in non-zero sum differential
games with transferable payoffs”, Vestnik Leningrad State University, 1, 52-—59
(1979).

[10] O. Petrosian, “Looking Forward Approach in Cooperative Differential Games
with infinite-horizon”, Vestnik Leningrad State University, 4, 18--30 (2016).
[11] O. Petrosian, A. Barabanov, “Looking Forward Approach in Cooperative
Differential Games with Uncertain-Stochastic Dynamics”, Journal of

Optimization Theory and Applications, 172, No. 1, 328-347 (2017).

[12] J. Rawlings, D. Mayne, Model Predictive Control: Theory and Design, Nob Hill

Publishing, (2009).



212 Petrosyan L., Chistyakov S., Pankratova Ya.

[13] S. Salant, “Exhaustible Resources and Industrial Structure: A Nash-Cournot
Approach to the World Oil Market”, The Journal of Political Economy, 85,
No. 5, 1079--1094 (1976).

[14] L. Wang, Model Predictive Control System Design and Implementation Using
MATLAB, Springer, New York, (2005).

[15] D. Yeung, L. Petrosyan, “Subgame Consistent Solutions of a Cooperative
Stochastic Differential Game with Nontransferable Payoffs”, Journal of
optimization theory and applications, 124, No. 3, 701-724 (2005).

Existence of Strong Nash Equilibrium in Repeated and
Multistage Games
Petrosyan L., Chistyakov S., Pankratova Ya.
1.petrosyan@spbu.ru, s.chistyakov@spbu.ru, y.pankratova@spbu.ru
Saint Petersburg State University, 7/9 Universitetskaya nab., Saint Petersburg
199034, Russia

1. Repeated games. Denote by G the infinity repeated game with n-
person game I' played on each stage. For simplicity suppose that the stage
game I is finite (has finite sets of strategies).

I'=<N;Uy,....U;, ..., U Ky Koo K >

If on stage k(1 < k < co) strategy profile u* = (uf,... uF, ... uk) is
chosen, the payoff in G is defined as:
Hi(ur (), -y ui()soun () = > 6 KG (L ul, L ul) =
oo k=1 (1)
Z SFUK(uf) = Hy(u(4)), i€ N,
here ui(-) = (u%a 7u11€7 ) ui() = (uzlv 7U§’ ), sun(t) =

nyceryUpy.-.).

Consider the strategy profile a(-) = (a1(:),...,@i(*),...,Un(-)) such that

ZHi(_ maXZH (2)

iEN iEN

It is evident that such strategy profile always exist. One can take ;(-) =
(a},...,uk ... )i € N such that

K2

ZK U, ..., U, ..,_n): max ZK Uty eoo s UjyenoylUn)y  (3)

Uiy

1€EN lEN
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and since the stage games are the same (G is repeated game) we can take
uk = a; for all k = 1,...,n. Then form (1)-(3) we get that

R:AOEDY (Z SFTUERG (ak, ,a’;))

1EN 1EN \k=1
- 1
- Z (Zék—lKi(Uly ... ,un)> =1 ZKi(al,...,an). (4)
iEN \k=1 ieEN

Introduce characteristic function V(S), S C N in I' in classical sense.
Then we shall have
V(N) =Y Ki(t, ..., 1u) (5)
iEN
and it can be easily shown that the characteristic function W(S), S C N in
G will have the from

W(S) = ﬁV(S), ScN. (6)

Remind now the definition of Strong (or coalition proof) Nash
Equilibrium.

Definition 1. The n-tuple of strategies (dy,...4sa,...4y,) = @ is called
Strong (or coalition proof) Nash Equlibrium (SNE) if for all S C N, and all
us = {u;,7 € S} the following inequality holds

SOKi() > Y Ki(ilus). (7)

i€S i€S

The definition can be effectively used for one-shot games but for repeated
or multistage and differential games a refinement is necessary. This refinement
is weaker as defined before and we shall call it Partially Strong Nash
Equilibrium (PSNE). In the definition we shall require only stability against
simultaneous (one-shot) deviations of coalitions.

Definition 2. The n-tuple of strategies (ﬁl, o, ﬁn) = 4 is called
Partially Strong Nash Equlibrium (PSNE) if for all S C N the following
inequality holds

S OKi(a) =) K(ilus).

i€S €S

for all ug = {u;,i € S} different from ﬁi, 1 € S and the composition of
deviating coalition S is the same in all stage games.
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Consider now the core C' in I', and suppose that C' # &, and suppose also
that there exist an imputation o € C' such that

> i >V(S), SCN,S#N. (8)

i€S

Construct now the modification G* of the game G. The difference between
G* and G is in payoffs defined in stage games I' when the cooperative
strategies @ = (1, ...,u,) are used and the payoff in this case is equal to
a = (aq,...,ap), where « satisfies (8). For all other strategy combinations
the payoffs remain as in T'.

The following theorem holds.

Theorem 1. In game G there exist 6 € (0,1) and PSNE such that
payoffs in this PSNE are equal to aiﬁ, which are payoffs in G under
cooperation.

2. Multistage games. Multistage game G starts from a fixed stage
game which can be considered as situated in the position (root) z; of the
game tree G.

[(z1) =< N;U{*,... U2, UKD K K2 > (9)

For simplicity we suppose that the set of players N is the same in all stage
games. When the game G develops the finite sequence of different stage games
is realized. Like in the previous section denote by w;(+) the strategy of player
1 in G (defined as function of histories). The strategy profile which maximizes
the sum of players payoffs in G is called “cooperative” strategy profile and the
corresponding sequence of stage games (or equivalently sequence of positions
on the tree G) “cooperative trajectory”. Suppose that for each stage game
I'(z) the characteristic function V(z,S) is defined, then introduce the new

function
W(S) = maxV(z,S). (10)
2€G

We suppose that the maximum is attained for each S. Call W(S)
generalized characteristic function in I'. In general W (.S) will be not super
additive, but is monotone with respect to S. It is clear that W (S) > V (z,.5)
for all S, we make the following assumption V(z,N) > W(S) for all S.
Suppose the core C(z) is not empty in each stage game I'(z), denote by
D(z) the subcore of C(z) as set of all imputations o = (af,...,aZ),
> ai > W(S), for all S.
i€S
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Suppose that for all z € G, C(z) # @ and suppose also that there exist

imputation o = (¢, ..., a?) such that
> ai > W(S) for all S, (11)
i€S
inf 7 — =A>0. 12
ipf l;al W(S) >0 (12)

In the special case when V(z, N) = W(N) for all z the previous condition
(11), (12) can be written as

Zai > W(S) for all S, (13)
iceS
11§f LEZS a; —W(S)| =A>0. (14)

since we can select z the same in all stage games. Construct now the
modification G of the game in the same way as it was done in section 1.
The theorem 1 from section 1 holds also for the game G

Theorem 2. In the game G there exist § € (0,1) and PSNE such that

1

payoffs in this PSNE are equal to aiﬁ, which are payoffs in G* under
cooperation.

More about repeated and multistage games see in [1], [2]. The paper is a
refinement and generalization of [3].
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This paper discusses the dynamic Shapley Value for for N-person and M-
suppliers in two-stage minimum cost spanning forest game. The cooperative
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behavior of players is defined. Selecting strategies, players build a minimum
cost spanning forest at each stage. After first stage a particular player m € N
leave the game with probability p that depends on the previous behavior
of players. The characteristic function along the cooperative trajectory is
computed and the Shapley Value for two-stage and one stage games is defined.
Using the IDP(imputation distribution procedure) the dynamic Shapley
Value is constructed.

We denote the set of players by N = {1,...,n}, and we denote the set
of sources by M = {n+1,...,n+ m}. For each player i € N let M (i) C M
denote the set of sources to which player ¢ wishes to be connected. We will
assume throughout that M (i) # @ for all ¢ € N. A graph over N U M is
G(NUM,E) = {(i,j) : Vi,j € NUM]}. E is the set of all edges. A pair
(i1,12) is said to be a edge in G, if (i1,i2) € F, Vij,ia € NUM.

Two players ¢ and 7 € N are said to be connected in G if
A(i1,42),(i2,43), . - -, (in—1,1n) such that (ig,ix+1) € GINUM,E), 1 < k <
n — 1, and 4y = 4,4, = j. A graph G is called connected over N U M if i, j
are connected in G, Vi,j € N U M. The set of connected graphs over N U M
is denoted by I'nyyuns.

The cost of connections between the players and sources can be
represented by a cost matrix C' = (¢;;), where ¢;; = ¢j; > 0 the cost of
connecting ¢ and j,i # j € N U M. In this paper, let ¢;; = ¢;; (the cost
of connecting ¢ and sources ¢ € N,j € M) be a nonnegative constant in
advance. Thus cost matrices are nonnegative, symmetric matrices of order
(n+m) x (n+m).

At the first stage, player i chooses a n-1 dimensional vector x; =
(.TiJ, s L1, T i Ly e - ,Ii,n), where Tij € X@j is strategy of player )
against player j, Vi,j € N. In the same way, z;; € X;; is strategy of player
Jj against player i. Then we define the cost of edge (i, j) as follow:

Cij = Cj; = fc(gv,jvgjﬂ) > O7VZ7] S N7Z #]

where function f. is a mapping from strategies of players 4,5 to the cost
of edge (7,7). It means that, the cost ¢;; = ¢;; is completely specified by
strategies of players ,7, z;; € X;j,7;: € Xj,Vi,5 € N. For a profile
strategy @ = (z1,%2,...,%n), the cost of all edges ¢;; = ¢;;,Vi,j € N is
determined. This means that, as the cost matrix C' = (¢;;) is determined,
then the graph G(N UM, E) € T'yupr over N U M is uniquely determined.

Now we define the minimum cost spanning forest over N U M, denoted
by Fy(NUM,C)

F,(NUM,C) = arg min Z Cij (1)
(i,j)EG(NUM, E)
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where C' = (¢;;) is a cost matrix, the graph G(N UM, E) is uniquely build by
the profile strategy = = (x1, 22, ...,,). We represent the total cost of edges
in the minimum cost spanning forest F,(N U M, C) as C(F,(N UM, C))

C(F,(NUM,C)) = > Cij (2)
(i,§)EFy(NUM,C)

Similarly, after that particular player m dropped out of the game, the
set of players is N \ {m}. According to the profile strategy = \ {m} =
(T150 o T 1, T 15+ - Tn), @ graph G(N U M\ {m}, E) € Inun\my 18
build. And in this graph, each cost of edge (i,7) € G(IN UM \ {m},E) € is
determined as follow

cij = Cji = fe(®ij,xji) > 0,Vi,j € NUM\ {m},i# j.

In the graph G(N U M \ {m}, E), we define the minimum cost spanning
forest over N U M \ {m}, denoted by Fy\ {m(N UM\ {m},C)

Fo(NUM\ {m},C) =arg ,_ min > cij. (3)
NUMAM™Y (; YeG(NUM\{m},E)

The total cost of edges in the minimum cost spanning forest Fy\ {y,} (N U

M\ {m},C)is

C(FL(N UM\ {m},0)) = 3 (4)
(2,7)EF (NUM\{m},C)

Given a minimum cost spanning forest F,.(N U M,C), we denote a
subgraph T,.(S,,,C) C F,(NUM, C), where S,, C NUM, the player m € S,,.
For Vi € S,, there is path from i to m in T, (S,,,C). For Vj ¢ S,, the path
from j to m isn’t exist.

According to the above, the probability of player m leaving the game is
defined as follow:

_ Z(i,j)GTI(Sm,C) Cij (5)
P=CF.(NUM,0))

where minimum cost spanning forest F,,(N U M, C') can be obtained directly
by from the graph G(N U M, E), which is constructed by the profile strategy
= (T1,...,Tpn).

We assume that the total cost of players in two-stage minimum cost
spanning forest game is the sum of the cost of players in the first stage and
in the second stage. In order to minimize the expected sum of their cost, we
consider the cooperative game in which all players jointly choose strategies.
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Now we define the value of characteristic function for set NV U M. Suppose
that the path 21,25 is realized during the game. Due to the stochastic
transition from the first stage game to the second stage game we consider
the mathematical expectation of the total cost of the players. A strategy
x;(+) for player i € N is a mapping which determines for each stage game
which local strategy x; in this stage game is to be selected. Thus z;(z;) = z}
and z;(z2) = x2,i € N.

VN UM) = min{C(Fya (N UM, 0)) + [pC(Fy oy (N UM\ {m}, 0)) +

+ (1= p)C(F2(N UM, O} = C(Fu (NUM,C)) +
+ [PO(Fza\ (my (N UM\ {m}, C)) + (1 = p)C(Fz=(N UM, C))]}

where p defined as above, strategies Z;(-),i € N are called cooperative
strategies, and strategy profile Z(-) = (Z1,...,%,) is called as cooperative
strategy profile.

In a similar way, given S C N, S’ = SU{0}, define the worth of coalition
S’, V(S'), assuming that players in N U M \ S” are out. In this situation all
players in N UM \ S’ don’t want to be connected to sources. Let’s define the
characteristic function for set S C N, S’ = SU M as follows:

IfmesS S =SUM,

VAS') = min{ C(Fon (8',C%) + [pC(Faa oy (5" {m}, € 4
+ (1 =p)C(Fpa(S',C9)]} = C(Fa (5,C%)) +
+ [PC(Fi2 fmy (S \ {m}, O N)) 4 (1= p) O (Fia (5", C9))]

Iftme¢sS,S"=SUM, z(-) ={x;(-),i € S},

V(S") = min[C(F,u (S, C%)) + C(F,2(S',C%))] =

= C(Fu (S',C%)) + C(Fpa(8',C%)),

where p defined as above, C5 is the cost matrix restricted to S’.

Now define the value of characteristic function for set NUM at the second
stage.

If the player m dropped out of the game after the first stage,

= C(Faz\{my(N UM\ {m},C))
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where strategies z2(-), i
strategy profile 72(-) = (z
strategy profile.
If the player m didn’t drop out of the game after the first stage,

€ N\ {m} are called cooperative strategies, and
2
1

vy B2 4, B2, ..., T2) is called as cooperative

VENUM) = Irgi(r;C(Fzz (NUM,QC)) =C(Fz=(NUM,CQC))

where strategies 72(-),i € N are called cooperative strategies, and strategy
profile z2(-) = (z2,...,%2) is called as cooperative strategy profile.

Now we consider the characteristic function for set S ¢ N,S" = SUM
at the second stage. Given a coalition S, because the player m would never

drop out of the game, the value of characteristic function is simply equal to
the minimum sum of costs of players who are in the set S.

VAS') = min C(Fea(8,C%)) = C(Fza(8',C)

where S € N, S" = SU{0}, C* is the cost matrix restricted to S'.
From the above, the Shapley value in two-stage minimum cost spanning
forest game is defined as

Shi(NUM,C) o Z (Srpy ULiH) = V(S (6)

mell

where Vi € N, S’ = SUM,S C N, II denotes the set of all permutations over
N, and Sy = {i|n(i) <7 (k)}.

Similarly, at the second stage, the Shapley value in one stage minimum
cost spanning forest game is defined as follow. If the player m dropped out
of the game after the first stage,

Shi(NUM\{m},C) = — Z [VZ(Seoy UL} = V(i) (7)

mell

where Vi € N\ {m}, S’ = SU{0},S C N\ {m}, II denotes the set of all
permutations over N \ {m}, and Sy = {i|7(i) < 7(k)}.
If the player m didn’t drop out of the game after the first stage,

Sh2(N UM, C) ~ Z [V2(SLy U{i}) = V2(Sha)]s (8)
well

where Vi € N, S" = SU{0},S C N, II denotes the set of all permutations
over N, and Sy = {i|m(i) < w(k)}.
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For the Shapley value we consider its subgame consistency problem.
Subgame consistency of the cooperative solution concept was introduced for
the first time in.

Using the IDP (imputation distribution procedure) we can construct the
dynamic Shapley Value. Imputation distribution procedure of the Shapley
value in two-stage minimum cost spanning forest game is a scheme g =

(8", 8%) s.t.
Bt = ShY(NUM,C) —pSh*(NUM\ {m},C) — (1 —p)Sh*(N U M, C)
B2 =pShA(NUM\ {m},C) + (1 — p)SK*(N UM, C)
where p defined as above.
Following, the Shapley value Sh! is called time consistent in the game with

spanning forest, if there exists a nonnegative IDP (3} > 0,3} > 0,Vi € N)
such that the following condition holds:

Sh*(NUM,C) =B+ pSh*(NUM\ {m},C) + (1 —p)Sh*(N U M, C)
pShA(N UM\ {m},C) + (1 —p)SK*(NUM,C) = 3?

where p defined as above.

Proposition: Let an minimum cost spanning forest game with player set
N and set of sources M, defined on the graph G(N U M, F). Suppose that
there is a player ¢ € N,i # m with M (i) = M. Constructed above IDP g for
the Dynamic Shapley value Sh! = (Shi,...,Shl) is subgame consistent.
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CunbHO-AMHAMNYECKM YCTOWYMBOE AP0 B MHOrOLLAroBoii
urpe
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Ansotanus: B mammoit pabore mpUMeEHSIETCS TOAXOJ, MPE/IJIOKEHHBII
B [1] /s mocTpoeHus CUIIBHO-IMHAMUYIECKH yCToiuuBoro siapa. Ha ocHoBe
BBEJIEHNs HEKOTOPO# HOBOI XapaKTepUCTUIeCKOW (DYHKIMH CTPOUTCS IOJI-
MOYKECTBO SIJpa MHOTONIATOBON KOOMEPATUBHONW WUIPBHI, KOTOpoe 00JIagaeT
CBOMCTBOM CHJIBHO-TUHAMUIECKON YCTOMTIHUBOCTH. DTO MTOIMHOXKECTBO MOXK-
HO PacMaTpPUBATH KAaK HOBBIM MPUHITAIT ONMTUMAJIHLHOCTA B PACCMATPUBAEMO
urpe.

IIycts 3amana m-mmarosast urpa n-aut, G, KOTOpasi pa3BUBAETCS CJIEJTYTO-
muM 06pa3oM. B cocTostHUT 21 TTPOUCXOIUT OTHOBPEMEHHAST UTPA

[(z) =< N; X2, X2, .. X2 K2, K2 >

Tne N - MHOXKECTBO UIDOKOB, X' - MHOXKECTBO CTPATEruil {-I0 UrPOKA B
cocroguuu 21, Ki' - QyHKIMS BLIATPHIIIA.

B wurpe I'(z;) BeiOGupatorcss crparermn z1(z1) € Xi',...,xzi(21) €
X7, ... zn(z1) € X7' u urpa ImepexomuT B CIEAyIOIIee COCTOSHUE Zy =
T(x1(21), ..., xn(21)) = T(x(21)), ..., 2z = T(u(zg—1)). Urpa 3akanuusaercs
HA IIare M B COCTOAHUU 2., = T'(x(2,,—1)) Ilomydaercs mocseqoBaTeibHOCTD
urp: I'(21),[(22),...,T(zm)-

Crparerueit urpoka B urpe G u(-),i € N siBasiercst GyHKIMsI, KOTOpasi B
KaxX 0! TeKyleil OIHOBPEMEHHOR urpe I‘(z) BBIOMpAET yIpaBJ/ieHne (CTpaTe—
['HIO) 4-TO UTPOKa B TOI Urpe, TO ecThb u;(z) = xf € X7.

Torpma dyukiuio Beiurpsima H;, i € N B urpe G onpejiesinM Kak:

Hi(ur(4), o yui(h), o un(t)) = ZKi(ul(zt)), ceui(2), - un(ze)) =

— z z z
= E Ki(xft, ..zl

t=1

Pacemorpum KoonepaTusHbIil BapuaHT urpsel. [lycrs cymmectByeT Takoit HaGop
crpareruit u(-), 4To

Z Hl(ﬂl()a cee 7ﬂn()) = o ZZKz ul Zt 7un(zt)) =
i=1

ul()a :un =1
=Y N Ki(@(z), ... Un(z) (1)
i=1 t=1

IMocnenoparenbrocts z1, zo = T(u(z1)), ..., Zt = T(u(zt)), ..., Zm =
T(u(zm)) — OyaeM Ha3blBaeTh KOOLEPATHBHONW TPAaeKTOpHell U 0003HAINM
ee KaK Z = (Z1,. -+, 2ty - s Zm)-
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Husa onpenenennoctu nasee OyiaeMm obosnadarb urpy G kak G(z1), Tem
caMbIM (DUKCUPYsI, ITO UI'PA HAUUHAETCS C MO3UNNK 21. BBeJleM XapaKTepu-
crudeckyro dyHrmo v(S,Z), S C N KiaccuueckuM crocob6oM. 3HadueHue
xapakTepuctudeckoil dyukuuu v(S;Z1) BbIUMCIIETCH KAK 3HAYEHUE aHTArO-
HUCTUYECKOH uUrpel Ha ocHoBe urpbl G(z1), Mexiy koasmimeil S (mepsbiit
MaKCUMU3UPYIONHii urpok) u koasuiueil N \ S (Bropoil MUHUMHU3HDYIOIIUiT
urpok). IIpu 9TOM BBIUIPBINT KOATUIMA S MOJAraeTCsl PABHBIM CyMMe BBIWT-
phllIeil UI'POKOB U3 3TOU KOAJIUIUU.

Beesem HOByto dynkimio: U(S;Z1), S C N. Cuenys [2], npeobpasyem
v(S;Z1) - xapakrepucTuieckyio byHKIMIO, BBEJEHHYIO KJIACCHIECKUM 00pa-
30M:

w(siz) =y U E) Z,»zlvf(sz—V@;f)zt), (1))

Amnajiormano g z; € Z:

_ _ m ’U(S,Et) .Z?:l Kz(ﬂl(zt),,ﬂn(zt))
O(S;Z) =) -
— v(N;Z)
Mozkuo mokazarb, 4To dyHKIWA U(S;Z1) objajaer BceMu CBONHCTBAMU
xapakrepuctuaeckoit Gyukimu urpst ['(z1), a mMeHHO:

n m

BN 7)) =o(NiZ1) = 3 Y Ki(@(2), ..., Tn(20))

=1 t=1
7(S1 U S2;Z1) = 0(S1;21) +0(52;21)

g 51,82 € N,S1 NSy = & (31ech UCHONB3YeTCsl CYIEPaIUTHBHOCTD
dbyuxmun v(S;Z1).

ITocTpoenne CUIBHO-AMHAMMYECKHA yCTOMYMBOrO moagapa. llo-
CTPOMIM CHJIBHO-JIMHAMUYECKH yCTOiunBoe (coriacHo |[2]) momsiipo urpst
G(z1). Beenem crenyronue 0603HAUCHMUSL:

Tornma



Bynrakosa M.A., Tlerpocan JI.A. 223

Amnagornyaso Jyist noapirpel G(z;):

(S;z1) = MS)v(N;z1)

S;z
3aecs A(1,S) = max S5 Zp) Jlerko BUAETH, YTO UMEET MECTO:
1<p<m v(N;Zp) "

(7)) 2 0(Sz7),l=1,...,m
A Tak ke BepHO

o(N;z) =v(N;z),l=1,...,m

Kpowme roro, jist Beex St, S2,51 C Sz uz monoronuocru v(S;Zz;) ciemyer
MOHOTOHHOCTB U(S;Z;) 1o St

%(Sl;fl) 5(52,21)

Csoiicrso cynepajurusnoctu 1o S s dynaknuu 0(S;%),l=1,...,m B
00IIeM ¢Iydae He BBIIOJHACTCA. SAIMIIEM HEPABEHCTBO:

— e . v(S;Zp) _
v(S;z1) = A1, S)v(N;Z) = zgi}iz mv(]\ﬂzl) >

v(S;Z
>v(N;zZ)————=
= ( ? l) v N z
CdopmyupyeM 9TO B BUJE JIEMMBL.

JIlemma 1:
(S Zl) (S Zl)
O6osuaunm yepe3 C(z1) aapo urpst G (zl) u yepe3 C(z;), cOOTBETCTBEH-

HO, s1;1po obrpbl G(2;). O6ozHaumm vepes C(2;) MHOMKECTBO DelleHuii cu-
CTeMbl HEPABEHCTB

> & =0(Su),SCN

€S
> & =0(N;2)
1EN
IIpeanosnoxknm, aro mMuoxkecTBo C(z) ne mycro, mpu | = 1,...,m. d1o

MHOKECTBO siBJIsieTcs: aHasoroM siipa C(z;), ecm B KavecTBe XapaKTepHCTH-
ueckoil dbyHukimu B3arh Gyuknuio v(S;Z;).
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Jlemma 2: IMeeT MeCTO BKJIIOYEHHE:
C(z) € C(2)NC(a1)

Hockomsky C(z) C C(z), To C(z) aBIsSETCS CUIBHO IHHAMIYECKH
yCTOW4IMBEIM, Tak Kak C'(z;) sABisercs TakoBbIM cM. [2]). VI3 Jlemmsr 2 ciaemy-

er, uto jenexu uz C(z;) npu Beex | = 1, ..., m NPUHAJTIEIKAT KITACCHIECKOMY
sanpy urpbl G(z;). Takum 06pasoM IOCTPOEHO CUJIbHO-IUHAMUYECKH YCTOd-
quBoe noAgapo sapa C(z;) miusa noasirpet G(z;).

Pabora Beimonnena mpu dunamcoBoit momepxkke Poccuiickoro domnma
dynnamentanpabix uccnaepopanuit (IIpoekr 17-51-53030 T'®EH_a, "Paruo-
HAJBHOCTb U YCTOHYMBOCTDL B UIpaxX Ha ceTsax').

JINTEPATYPA

[1] Ierpocau JI.A., ITankparosa 4. B., “IlocTpoenne CHIbHO-IMHAMAYECKH YCTOM-
YUBBIX HOJsAED B auddepeHnaabHbIX UIPaX € IPEIICAHHOMN IIPOJIOTIKUTE b
HOCTBIO”, TPYdv uncmumyma mamemamuru u mexarurxy YpO PAH, 23, No. 1,
33-39 (2017).

[2] Terpocam JI.A. “Cunpno muHaMmaeckw ycToiumbbie auddepeHIIATbLHBIE
npuHIUIbLL onruMajbHocTu, Beemnuk Cankm-Ilemepbypeckozo Ynusepcume-
ma. Cepus 1: Mamemamuxa, mexarnuxa, acrmporomusi, No. 4, 40 — 46 (1993).

[3] Basar T., Olsder G.J. Dynamic Noncooperative Game Theory, London:
Acadimic Press, 1982

[4] Parilina E., Zaccour G., “Node-consistent core for games played over event
trees”, Automatica, Vol. 53, pp. 304-311, 2015.

Conception of Coalitional Equilibrium in a Three-Person
Game
2Kyxoecxuti B.U., Kydpseuese K.H.
zhkvlad@yandex.ru, kudrkn@gmail.com
MockoBckuii rocygapcTBennbliit yuusepcurer uMm. M.B. Jlomonocosa, Jlennnckue
ropsr 1, Mocksa, 119234, Poccust; FOxkHo-Y panbckuii rocy1apCTBeHHbIM
yuausepcuter (HIY), upocn. Jlenuna 76, Yensiouuck, 454080, Poccust;

KoHuenuusa KoannumoHHOro paBHOBECUsi B Urpe Tpex suy,

B oksiajie npeiaraeTes HoBasi KOHIEHIUS OIITUMAJIBHOTO pernenust (Ko-
TOpoe MbI OyJleM Ha3bIBATh <KOAJUIMOHHOE PABHOBECHE» ), OCHOBAHHAA HA
o0beunaenun nouaruil papuosecuii 1o Hamy [1] u Bepxky [2]. [Ipenyaraemoe
PABHOBECHE YJIOBJIETBOPSIET YCJIOBUSAM 634UM06u200n0T npaxmuku CargeHa

[3.4].
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Paccemorpum urpy Tpex suig

s = ({1,2,3}, {X;}i=1,2,3, { fi(2) }iz=1,2.3) -

B TI's, {1,2,3} — MHOXKECTBO HOMEPOB UTPOKOB, KarKJblil U3 KOTOPBIX BBIOH-
paet cBoro crpareruto x; € X; C C R™, ¢ = 1,2,3, B pe3ysibrare dero ¢Gop-
Mupyercs curyaiusa © = (x1,%2,23) € X = H?:l X; CR" (n= Z?Zl ;).
Ha muoxecrse curyarnuit X onpenesernl byHKIMU BBIATPBIIIA UTPOKOB f; ()
(i=1,2,3).

st urpbl I's BO3MOXKHBI CJleIyOIIHe 5 KOAJMIMOHHBIX CTPYKTYP
P = {{1}’ {2}7 {3}}7 P2 = {{1,2}, {3}}7 PBs = {{173}a {2}}7
By = {{1}7 {2’ 3}}7§B5 = {L 2, 3}'

3sech P71 COOTBETCTBYET HGECKOAUIIMOHHOMY XapaKTepy Urpbl, s — KOore-
pPATHBHOMY. YCJIOBUSI WHIUBUIYAJIHHON PAIMOHAIBLHOCTH MOTYT OBITH ¢Oop-
MYJIIPOBaHbI Jyist cTPYKTYphl P1. Bynem nasnee mus Vi € {1, 2,3} ucnoasso-
BaTh obosHavenust —i = {{1,2,3} \ {i}}, re. mi =1 — —i = {2,3}, s
i=2——i={1,3},n, nmai=3— —i={1,2}.

Torma ycioBue WHAMBUIyATHLHON PAIMOHAJBHOCTH ISl CUTyalluu r* =
(x7, x5, 2%) € X o3Hagaer, 4TO

fi= max min filzia_;) = ,min fi(@d,w;) < f(a%), i=1,2,3,
(1)

Y rreder 3a coGOI ClleayTO-

TO €CTb, IPUMEHCHNE MAKCUMUHHON CTpaTeruu T;

e HepaBeHCTBa:

< file®), i=1,2,3. (2)

Jia koamuuoHHOi cTpykTyphl Ps B urpe ['s ¢ MHOXKECTBOM cHTyanuii
X* C X curyamua z* € X* C C X onrumasbaa 1o Ilapero B Tpexkpu-
Tepuanbuoit 3amade I'x« = (X*, {fi(x)}i=1,2,3) ecim Vo € X* mecoBMmecTHA
cucrema HepaseHcTB fi(x) > fi(z*)(i = 1,2,3), u3 KOTOPBIX, XOTs ObI OJHO
— crporoe. Cortacuo semme Kapomna [5, ¢.71], ecan

3 3

i) = max > L), (3)

TO cuTyarus x* MakcumaJsbHa 1o [lapero B 3amate I'x«.

Hasee MbI (hopMaIn3yeM CJIeJIYIONINe yCJIOBHUSI PAIIMOHABHOCTH JIJIsT KO-
AJIMIMOHHBIX CTPYKTYP Po, B3 u Py; D1u ycaoBus 6a3zupyrorcs Ha 00beIU-
HEHNU KOHIenmuil paBHOBecuil o Hamy u Bepxy.
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s P2 ycaoBue K0aAuUUOHHOU PAUUOHAADHOCTIY O3HAYAET BBIIOJHEHNE
JeThIpeX HEPaBEHCTB:

filal, o5, x3) < fi(a¥) Vzs € X3, (4a)
fa(zl, x5, x3) < fa(z™) Vs € Xs, (4d)
fi(@y, @, 23) < fi(2®) Va; € X (7 =1,2), (4c)
fo(z1,20,23) < fa(z") Vo; € X; (j=1,2); (4d)
Jtst PBs:
filzr, 25, 23) < fi(z®) Vo € X (k=1,3), (5a)
fs(@1, a5, 23) < f3(a™) Var € Xi (k=1,3), (5b)
fi(al, zo,x3) < fi(z¥) Vi € Xo, (5¢)
fa(a], ma,25) < f3(a¥) Vg € Xo; (5d)

U, HAKOHEII, s *Py:

fo(zr, 25, 23) < fo(z¥) V1 € Xy, (6a
< fa(z®) Vg € Xy,

Vo, € X; (1=2,3),
Vo, € X; (I =2,3). (6d

f3($1,$;,$§)
fo(2], w2, 23) < fo

~
f3(x], 22, 23) < f3

*

T

o~ o~

Bynem rosoputs, uto mysg curyarus ¥ € X, /it KOTOPOil BBIITOJTHEHBI
Bce 12 HepaseHcTs (4a)—(6d), yI0BIETBOPSIET YCIOBUSIM KOGAUYUOHHOT DAL~
onaavrocmu B urpe I's. MuOXKecTBO Takux curyanuit obosnaunm X *.

JaJee, Ipy ONPEAEICHAN OIITHMAJIBHOIO PEINeHUs, Mbl OyJIeM HCIOIb30-
BaTh TOJIBKO IIMECTh U3 NATHAANATH HepaseHCTB (2), (4a)—(6d), mockosbky
OCTAJIbHBIE 9 HEMOCPEICTBEHHO CJIEIYIOT U3 ITUX NIECTH.

OroT haKT yCTAHABIUBACTCA B CJIEAYIONUX JABYX JIEMMaX.

JIemma 1. Ecau evinoanenv, yeaosua (4c), (6¢) u (6d), mo:

fi(z*) = f? = maxmin f;(x;,2_;) = Tilinfi($?7$—i) (i=1,2,3).
i

Jlemma 2. Hwmerom mecmo caedyrowue uMniukauyu:
(5a) = (4a), (4¢) = (5¢), (4d) = (6a), (6¢) = (4b), (5b) = (6b), (6d) = (5d).

Ob6osznauas nasee f = (f1, f2, f3) € R, BBeseM ciemytommee orpeiesieHue.
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Omnpenesenue.

Hasosem napy (z*, f(z*)) € X x R® xoaruyuonnvm pasrosecuem 6 uzpe
I's, ecau svinoanens. caedyroujue ycaosua:

1. cnpasedausvl wecmov HEPAGEHCNS:

max fj(ml’m%xg) = fj(w*) (] = 1a2)7

glla;:)g fk(xlva:;vx?)) = fk(a:*) (k = 173)7 (7)
g%);fl(l';xz,l'g)zfl(l'*) (12273)7

2. cumyayus ¥ € X maxcumanrvna no Iapemo wa mmosicecmee 6cex
KOQAUYUOHHO PAUUOHaAALHLLT cumyauut X* 6 uepe I's, m.e. Vo € X* necos-
mecmma cucmema wepasencms fi(x) = fi(z*) (i = 1,2,3), us xomopuix, no
Kpatinets mepe, 0010 cmpozoe.

JlocTaTo4Hble YCJIOBUS CyINECTBOBAHUS KOAJMIMOHHOTO PABHOBECHUS II0-
JiyauM, ciaeys [6,7], ¢ moMorpio crenuaabHoro Buja ceeprku Lepmeiiepa [8]
dbyuKuuit Beiurpeima. A UMEHHO, UCIIOJIB3YH BA N-BeKTOpa & = (x1, T, T3) €
XCR"(n= Z?:l n;) and z = (21, 22, 23) € X u ceMb CKaIApPHBIX DyHKIU{

p1(x,2) = fi(z1,22,23) — fi(2),
a(,2) = fa(w1, 22, 23) — f2(2),
p3(z,2) = fi(z1, 22, 23) — f1(2),
pa(x,2) = f3(z1, 20, 3) — f3(2),
os5(x,2) = falz1, 22, 23) — fa(2), (8)
we(r,2) = f3(21,22,23) — f3(2),

nocrpouM ceepmry Iepmetiepa dyuxiwmii (8)

= 9
plo,z) = max_op(r,z2), )
onpenesennyo na X X (Z = X) C R?", rie X = H?:l X; — MHOXKeCTBO
curyaruii B urpe ['s.

CennoBas touka (T,z*) € X x Z cransapuoit byukunn ¢(z,z) (13 (8),
(9)) B aHTArOHUCTHIECKOH UIpe

I'“=(X,7Z=X,¢(x,z2)) (10)
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onpezendercd CAeayoneil CuCTeMO HepaBEHCTB

o(x,2") < p(T,2") < (T,z) VeeX, z€X. (11)

VYrBepxkaeuue. Ecau 6 uepe ' cywecmeyem cedaosas mouka (T, z*),
mo munumarchas cmpameeus z* € X uepv I'Y asasemesa cumyayuets xoa-
AUYUOHHO20 pashosecus 8 uezpe L.

CymecrBoBanne B urpe ['s KOAJUIIMOHHOIO DPABHOBECHS B CMEITAHHBIX
CTpaTerusiX, Ipu OOLIYHBIX B TEOPUU UTD OTPAHUYECHUSAX, MIOKA3aHO B CJIe-
AYIOIEe TeopeMe.

Teopema. FEcau 6 uezpe I's wmmnoocecmea X; € compR™ u fi(-) €
C(X) (i = {1,2,3}), moeda 6 I's cywecmeyem xoaauyuornoe pasHosecue
68 CMEWAHHBIT CMPAME2UAL.

Pa6ota Beimosnena npu nojiepxkke [Ipasurenscrea PO (ITocranosiaenune

Ne211 ot 16.03.2013 1.), corsamenue Ne 02.A03.21.0011.
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MoctpoeHne onTumansHbix no MNapeto paBHoBecuii no
Hswy B GumaTpuyHbix nrpax

B pa6ore [1], mas 6eckoaauinonHol urpbl N Jinll, aBropamu ObLIN IIPeJi-
JIOXKEHBI JIOCTATOYHBIE YCJIOBUsI CyIeCTBOBaHUsI paBHOBecus 110 Hamry, omHO-
BPEMEHHO MAKCHMAaJbHOTO 10 IlapeTo 1Mo OTHOIMEHWIO KO BCEM OCTAJIHLHBIM
paBuoBecusim 1o Hamry. B nmokutaze mpescrasiiena moandukamnms m0CTaTod-
HBIX YCJIOBH u3 1], mo3BosIONAs KOHCTPYKTUBHO HAXOUTE TAKHE DABHOBE-
CUs B CMEIIaHHbIX CTPpAaTerndx JIJisd 6I/IManI/I“IHbIX uUrp, oCHoOBaHHasl Ha IIOUCKE
MUHUMAaKCa B CIIENIUAIHLHOTO BHUA T'€pMeiiepOBCKOIl CBEPTKEe KPUTEPUEB.

Paccmorpum 6eckoanurmonnyto urpy N i

(N, {Xi Fien, { fi(®) Fien), (1)

rme N = {1,..., N} — MHOXKeCTBO HOPsKOBbIX HOMEPOB UI'POKOB; KAXKJIbIil i-
BIil UTPOK, HE OOBEINHSISICH C JIDYTUMU B KOAJIMIUIO, BEIOMPAET U MCIIOJIb3yeT
CBOIO YUCTYIO cTpareruio z; € X; C R™ | B pe3yibrare 00pa3yeTcs: CATYAITHS
x = (21,...,2n) € X = [[ X; CR" (n = > n;); Ha MHOXKECTBE CUTYAIHI
i€N ieN
X miag kaxgoro ¢ € N onpenesena GyHkius Borpbina f;(x), 3Hadenue
KOTOpO#l — BBIMI'DBIII i-T'0 UIpoKa. Jlajiee UCIoIb3yeM TakzKe 00O3HAYEHUS
(w|lzi) = (x1, o w1, 205 Tig1, - wN), £ = (f1,005 fN)-
Bsemem N + 1 ckamspuyio dyHKITHIO

pi(r,2) = fi(z|z:) — fi(z) (i €N),
onvi(z,2) = 2 frlx) = X fr(2) — o, (2)
reN reN
e z = (21,..,2n), 2i € X; (1 € N), z € X, z € X u nocrogunag « > 0.
Paccmorpum repmeiteposekyio cBeprky |2, ¢.43] ckansapubix Gynkuumii (2)

oz, z,0) = jzl,T%fN+1@j($vz)- (3)
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Teopema. Ecau cywecmsyrom nocmoannas cg = 0 u cumyayus z* € X
maxue, 4mo

. B § B
min max ¢(z, z, a0) = maxe(z, 2", ag) = 0,

U das A06020 3navenus napamempa o < g

min max ¢(z, z,@) > 0,

mo z* aeasemca cumyayuel pasnosecus no Howy 6 uepe (1), odnospemerino
MAKCUMAALHOU no TTapemo no omHoOWER U KO 6CEM OCTNANDHBIM CUMYGUUAM
pasnosecusn no Howy 6 (1).

OrMernM, UTO €CJIH B yCJIOBHUAX TeOPeMbl oy = 0, TO HailleHHas CUTYaINs
z* aBigerca onTuMasabHOI o Ilapero Ha BceM MHOXKecTBe curyarmit X.

Bumarpuunsbie urpsot. Pacemorpum 6umarpuunyio urpy ['(A, B), rue A
u B — n X n-MaTpHUIsl BEIUTPHIIIA IEPBOTO U BTOPOTO UT'POKOB COOTBETCTBEH-
HO. MHOXKeCTBO CMeIlaHHBIX cTpareruii i-ro urpoka (i = 1,2)
X; = {xi = (J;Z(-l), ...,x(-n)) eR™| xz(-J) >0, (j=1,..,n), e 2= 1} ,

7 7 7
curyanuu = (x1,22) € X = X X Xo, a QyHKIUYN BLIUTDBIIIA

fi(x) = (21, Az2),  fa(z) = (21, Bra).

TepmeiiepoBckasi cBepTKa KpuTepueB ¢(x,z, ) ONPEIEIAeTCs COIVIACHO
(2) u (3), e, Kak u BblIE, 2 = (21,22) € X.

st moncka B Kylacce CMeIaHHBIX cTpaTernii onruMasbHoro no Ilapero
pasrosecus 1o Hsmy (PONE) B urpe I'(A, B) MoxKer GbITh HCIIOJB30BaH
CIJIEJIY 0TI QAZOPUMM:

1. Hnuyuasusuposamv o := 0;

2. Buvucaums § = min ma; T,z,) = ma. T, 2%, ap);
' B zEXzE)}((SO( 20 me)}(“p(’ @)

3. Ecau B =0, mo PONE ecmb z*,
unave o = .+ 3, nepetimu x nynkmy 2.
OrMmerumM, 4YTO pelIeHHe 3aJa49d IOUCKA BHYTPEHHEIO MaKCUMyMa
max p(x, 2, @) npu K10l HUKCUPOBAHHON CUTYAIUN 2z CBOJIUTCIA K HAXOXK-
xr

JIGHUIO HAOOJIBIIIETO 3JIEMEHTA N-BEeKTOPa, UTO JeJIaeT ITY 3aady Jerko pas-
PenmmMoin.

s moncKa BHEITHETO0 MUHUMYMA aBTOPAMU IIPEJIATaeTCs TOIXOSIIAT
Moaudukanms Merona auddepennuanbHoil sBosonuu [3].

IIpemyioxkennbIit aaropuT™M OB PEAJM30BAH B BHUJE IIPOrPAMMBI, PE3yJib-
TaThl PAbOTHI KOTOPOH Oy /IyT IIpEJICTABJIEHBI B JOKJIAJIE.
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BbiuncnutenbHblie acnekTsol UNKINYEeCKnx urp

OCHOBHBIM IIPEIMETOM PADOTHI SIBJISIETCS CJIEYIOIIAsT AHTATOHUCTUIECKAST
urpa c nosHol nndopmaimeii [3]. 3anan opuenTuposanHblil rpad Ge3 Tynu-
koB (V : AUB;E;h : E — [—h,h],v € V) ¢ MHOX)ecTBOM Bepiiud V,
MHOXKECTBOM OPHUEHTHUPOBAHHBIX pebep F, ¢ MeJOYnCIeHHON BecoBO (hyHK-
mueit h' @ E — [—h,h] Ha pebpax W HAUAIBHON BepmUHONW Wrpel v € V.
OrcyTcTBHE TYIIUKOB O3HAYAET, 9TO B KaXKJI0# BepinHe rpada ecTb X0Ts Obl
OJIHO WCXOJIsIee U3 3TOi BepIuHbl pebpo. Beprmuabl pa3ouTsl Ha J[Ba Herle-
PECEKAIOITIXCsT MHOYKECTBa A - BEPIIUHBI ¢ IIPABOM XOJ1a TIEPBOTr0 UIPOKa, B -
BEPIIIHBI ¢ TIPABOM XOJa BTOPOTO UTPOKa. V3 HAYAIBLHOM BEpIUHBL U (DUIIKA
MIEPEHOCUTCS UTpoKaMu Mo pebpam rpada. Vrpa mpoxosuT 10 mepBOro muKIa
(T.€. KaK TOJBKO (QUINKA IPUXOJUT B BEPIIUHY, I/le ObLIA DaHee, UIPa 3aKaH-
uynBaercs). [IepBelii UTPOK 1OGEXKIA€T B 9TOH WIPE, eCl BeC BO3HUKIIETO
[WKJIa, HeOTpUIaTeIeH. B IPOTUBHOM Ciiydae, KOTJa BeC BO3HUKIIErO ITUKJIA
OTpUIIATEIeH BBIMIPHIBAET BTOPOIl UTPOK (BeC IUKJIA - CyMMa BECOB pebep
mukJa) . Mbl paccMaTpuBaeM BOIPOCHl BPEMEHHON CJI0XKHOCTU AJrOPUTMOB
PpeIlleHusI IPEeICTABICHHON ITUKIMIeCKOM UrPhl Ha 100euTeIs.

HaHHaH 3a/lavda MOzKeT 6I)ITI> npeJacTaB/IeHa HaXO0XK/IeHUueM MUHUMaKCa JIN-
HeHOTO (DYHKIMOHAJIA [IPU JIMHEHHBIX OIPAHUYIEHUSIX, CBI3YOIINE IIepeMeH-
Hble. DTa 3a/1a9a B HeJUHEHHOH ocTaHoBKe udydasack B padore [4]. Tuxsu-
qeCcKHMe WTphl Ha MOOequTeNs o0JIagaioT JTOCTATOYHON CTEIEHbIO OOIIHOCTH.
Takue Urpbl UMEOT TPUJIOXKEHUsT JIJIsi TPOBEPKU KOPPEKTHOCTU MAPAJLIIE/ b
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HBIX PACIPEEIEHHBIX CUCTEM, B TOM YHCJIE B 33/1a9aX aHAJN3a PACIIMCAHII
[1] , B akTuBHBIX cucremax [2].

B pmannoit pabore moJryueHbl JiBa OCHOBHBIX PE3YJILTATA.

Bo-niepBbix, mist He3HAYNTETBHON MOIUMUKAIINY U3BECTHOI'O METOJIA, U~
HAMHUYECKOrO [IPOrPaMMUPOBaHUs |7] OKA3bIBAEM HOJIMHOMHUAJIBHYIO OIEHKY
€ro OXKIJIaeMOTO BPpEMEHH sl JTI000r0 rpada Urphl.

Teopema 1. Ilycrs 3azan npoussosbmbiii rpacp (V = A, B; E). Paccmar-
PHBaeM MHOXKECTBO HCXOJOB, TTOJIyYCeHHBIX IIPH PABHOMEPHOM PaCIpPEICICHIH
BecoB peGep h' : E — [—h,h]. Cpennee BpeMsi airoputMa JUHAMHIECKO-
ro mporpaMMHPOBaHH, KOTOPBIH peraeTr MOoJIyIeHHYI0 IUKJITYECKYI0 HIDY
Ha nobeauresis yposaersopsier yeaosusiv: f(n, |V]) = O(poly(|V])in(h)) npu
h = Q(exp(|E]).

Paccmorpum TpaekTopHYO urpy 3a t IIaroB u3 HAYAJIBHOU BEPIIMHBL V.
DTa Urpa TakKe HeIPEPHIBHO IMPOXOAUT 10 pebpam rpada um 3aKaHINBaAETCH
TOYHO Yepe3 ¢ maros. Bemrpeiim urpoka A, cOOTBETCTBEHHO ITPOUTPBIIIT UT-
poka B - ecTb cymMa BecoB pebep Bo3HUKINeH TpaekTopun. rpa Komeunasi, ¢
nostHO# nHMOpPMaIueil, I09TOMy B Hell ecTb 1ieHbL. Ilycts f(v, t) - 1ieHa Tpaek-
TOPHOI UI'PBI U3 HAYAJILHOI Bepinuubl v 3a ¢t maros (t =0, ...; v € V). Toraa
neHnl 3a t + 1 mar onpeiessiiorcst YCJAOBAIMU JUHAMUYIECKOTO IPOTPAMMIU-
posanus (1), (2). Hayanbubie nenst mysesoie f(v,0) = 0, v € V. Hasuee
BBeJIeHO obozHauenre V (v)- KOHeUHbIe BepIInHbI pebep, KOTOPbIe NCXOJAT U3
BEPIIUHBI .

fo,t +1) = mavy,ev ol f(w,t) + clv,w)],v € A. (1)
fo,t+1) = minyev ) [f(w, t1) + c(v,w)],v € B. (2)

ITokazaHo, 4TO TpaeTOpHAasi UI'Pa SKBUBAJIEHTHA UI'Pe Ha 1100euTe) sl Ipu
6osibimux t. OTMETHM, 9YTO BapUAHT SKCIIOHEHINAJIBHO OOJIBIINX BECOB pebep
cymecTBerHeH. Hampumep, mpu moJInHOMMAJIBHO MaJjbIX Becax pedep 3ajada
oTIpeiesIeHnsl TOOEIUTEIs TOJTMHOMUABHA TazKe B TapAHTUPOBAHHON OIEHKe
CJIOXKHOCTH.

Bo-BTOpBIX, maeM omnpoBepzkeHune runoresbl paborsr [6]. B murupyemoit
CTaThe JIAaHA TUIIOTE3a O MOJUHOMHAJIBLHOCTU HeJIeTEePMUHUPOBAHHOIO AJII0-
pUTMAa JIUTsi PEIleHrsi UI'P Ha YeTHOCTh. B urpe Ha 4eTHOCTH 1-bIif UTPOK TO-
GexKTaeT, ecI MAaKCHMAJIbHBIN BeC pedep IMUKJIa YeTHBIH, u mobexaaer 2-0it
WUI'POK, €CTH MAKCUMAJLHBII Bec pebep Nukja HedeTHbI. Takue urpbl mosm-
HOMHUAJIBHO CBOJMMBI K MrpaMm Ha nobemuress. B pabore [5] mpemcrasieHst
[IPUMeEPHI 33189 C IKCIIOHEHIINABHBIM BpeMeHeM PabOThl HEJeTeHPMUHUPO-
BAHHOT'O aJITOPUTMA.

Pabora noguepxana PODU-p-Tlososkbe (rpaat N 14-01-97002-a)
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[ABywarosas ceteBas urpa B 3aja4e o nepeso3ke
nacca>kupos

B pabore paccmarpuBaeTcsi CUTyalus Ha PHIHKE C yIacTHEM TpeX (hupm,
KOTOPBIE MPEJJIaraloT HEKOTOPhIE YCJIYTH [0 OPraHU3AlUN MEPEBO30K Tac-
caxkupoB. DT GUPMBI B3aUMOJEHCTBYIOT MexXKy coboit (B2B business) u
pejyiaraior ycjayru Koneunomy norpeburesio (B2C business). IIpumem, aro
o/iHa U3 (PUPM OCYIIECTBIISIET YCIYTH aBUAIIEPEBO30K [0 HEKOTOPOI CETH, 3TO
Oyner aBuakoMmmnanus. OcrajbHble JBe (PUPMBI ABJISIOTCA a3POIOPTAMU, KO-
TOpBIE MPEJIAraloT YCJAYTU JJIsi ABUAKOMIIAHUK 110 OCYIIECTBJICHUIO PEHCOB,
00CIIy?KUBAHUIO ¥ KOHCOJIMJIAIMN 11aCCaXKupoB (B cilydae PeiicoB ¢ mepecaji-
kamu). VlHTepechl aBUAKOMIIAHUU B JIAHHOM COTPYJAHUYECTBE 3aKJI0YAECTCs B
BO3MOXKHOCTH OPTaHU3AIMK PEiCOB Yepe3 PacCMaTPUBAEMbIE adPOIIOPTHI, ITO
[IO3BOJISIET YBEJIMYNTH HAIIOJHEHHOCTH CAMOJIETOB IMACCayKUPAMU U, KAK CJIeI-
CTBUE, IPUBOIUT K YMEHBIIEHUIO U3/IEPKEK HA IIEPEBO3KY OIIHOT'O IMACCAKUPA.
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B ¢Bo10 09epesb, a3poIopThl 3aMHTEPECOBAHBI B YBEJINIEHUN TTACCAZKAPOIIO-
TOKa, U€epe3 HUX, T.K. UX MPUOBLIH 3aBUCUT OT KOJUYIECTBA PEHCOB, KOTOPHIE
COBepIIaeT aBUAKOMIIAHHA C yYaCTHEM a3pOIOpTa, W OT KOJIMYECTBa Iacca-
JKUPOB, UCIOJIB3YIONAX YCIYTH a3pOnopTa. ABHAKOMIIAHAS MOYKET OpTaHM-
30BaTh HOYTH BCE CBOM PEHCHI 9e€pe3 OIUH a3POIIOPT, B 3TOM CJIydae GOMBIIOi
MACCA’KUPOIIOTOK BBI3OBET HU3KUE M3JCPKKH Ha NIEPEBO3KU IACCAKUPOB, HO
U3JIEPKKA HA PEHChl Yepe3 JApyroi aspornopT OYIyT pacTH, 9TO NMPHUBEIET K
norepe KJIMEHTOB U3-3a HOBellleHnsl IeH Ha OuIeThl. 3a/1a9a aBUaKoMIaHUN -
PABHOMEPHO PaCIIPEAEIUTDL PEiChl MEXKly JBYyMs a3pOINOPTAMU ITPU OpraHM-
3aIMU PEHiCOB € OJHON MEPecaKON ¢ yIeTOM MOTOKA HACCAXKUPOB B/HU3 9TUX
a3POIIOPTOB.

O6oznaumm MuEOKecTBO bupMm wepes N, tne N = {1,2,3},i € N, i=1—
aprnakommanus, ¢ € N \ {i = 1} — MHOXKeCTBO a3ponopToB (MCIOIB3yEeMbIX
JIJIS OPraHU3AIMH TIEPECcaIOK ). PaceMoTpuM A - MHOXKECTBO IIyHKTOB OTIPAB-
Jieawsi (a3pPOTMOPTHI OTIIPABJICHNs, HE PACCMATPUBAIOTCS B KadecTBe (hbuUpM)
ACCAYKUPOB, TJE IACCaXKUp U3 MyHKTa a; € A MOXKeT HOIacTh B KOHEYHBII
IyHKT MapmpyTa a; € A Vi # j ronbko depe3 n € {ng,ns}, rue na, ng coor-
BETCTBYIOT (bupMe 2 U 3 B CETH MEPEBO30K, T.€. IIPSAMBIE PEHCHI MEXK Ty ITyHK-
tamu 3 A nckmodensl. [lepecasioanbie myHKTBI 1 € {ng, n3} MOryT GBITH Ha-
YaJbHBIM MM KOHEYHBLIM ITyHKTOM MapHIpyTa peiica, B 3TOM CIydae peiic sB-
JITETCST TIPSIMBIM (HE COJIEPIKUT TIEPECAIIOMHBIX TIyHKTOB B MapmipyTe). MHo-
JKECTBO y3JIOB B ceTH oupezensercs kak V = AU {ng, n3}, MHOXKeCTBO BO3-
MOXKHBIX MapuipyToB peiicoB E = {(a;, Nk, a;)|a;, a; € A, ny, € {n2,ng},Vi #
7Y U{(ai,nk)la; € A,ng € {n2,n3}} U {(ng,a;)|a; € A,ny € {na,ns}}.

Kaxnoe pe6po uz muoxkectB {(a;,ni)la; € An, € {n2,n3}} m
{(nk,a;)la; € Ayng € {n2,n3}} umeer mpomyckuyto cmocobnocts C' =
{CainpsCnrailai € A,mp € {ng,n3}}. Cnpoc ma nanpasienns D =
{daink ) dnkai ) daiaj |ai7 aj € A7 Vi 7é jv ng € {ﬂz, 77‘3}}7 rae daink ’ dnkaia daiaj €
D crpoc 110 COOTBETCTBYIOIIAM HANPABIeHUIM (@i, Ny ), (Mg, a;), (a;, aj), cro-
UMOCTb TIepeJieTa Jyisi Naccaxkxupos 1o pebpam F' = { fa.n, s frya;lai € A,y €
{n2,ns}}.

CTonMOCTb IIepesIeToB IO MapIIpyTaM (a;, N1, ;) u (a;, Mg, Gj) MOTYT OT-
JITYaThCA. B cilydae MUHMMUBaUN U3eprkek, pupMa i = 1 cTpeMuTcs opra-
HHU30BBLIBATH II€PEJIEThl MEHbIEel CTOMMOCTH, Tora hbUpMa TepseT KJIUEHTOB
mo GoJlee JOPOrMM MaplipyTaM. B JaHHOIl 3ajiade IpeiaraeTcs paccMOT-
peThb pemenue, Korja pupMa peryaupyeT HOTOK KJIMEHTOB 10 HAIIPABJICHUSIM
C TIOMOMIBIO MEPECaIOYHBIX MYHKTOB. Y BEIMYCHUE MACCAKHPOIOTOKA depes3
“He MOMYJIAPHDBIE” adPOTOPTHI MO3BOJSIET COKPATUTDL M3JAEPXKKHU MEPEBO30K U
YMEHBIIATH CTOMMOCTD [EPEJIETa.
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B momenmpoBanun 9KOHOMUYECKON CHTYAIMH HCIIOIB3YIOTCH (DUKCAPO-
BaHHbIe crouMocT F' u nporryckabie criocobHoctu C. Obo3Haunm

X ={Za;npa;> Taings Trga; |0is a5 € A, Vi F# §,ny € {na,n3}}

— MHOKECTBO ITACCAYKUPOB [IEPEBO3UMBIX 110 MaPIIPYTaM, OHU SBJISIIOTCS II€-
PEeMEHHBIMHU, KOTOPbIE MOI'YT BBIOMPATHCH aBUAKOMIIAHUEH.

CrenaeM cjemayoiye JOMyIIEeHNs ITPYU IOCTPOEHU MOJIEN: (pUpMBbI § = 2
" ¢ = 3 IPUHUMAIOT PEIIeHUs 110 PACHPEIETIEHUIO PEICOB U CTAPAIOTCS MaK-
CUMU3UPOBATH CBOH MMACCaXKUPOIOTOK; aBUAKOMITaHUS ¢ = 1 He ompesesser
TOYHBIN MApPHIPYT peiica, & OIpeiessieT Hanbo0Iee BHINO/IHbIE HAIPABICHIS Ha
OCHOBe CyMMAapHOIi IIPOIycKHOii criocobnoctn C' u naccazkupororoka D (or-
JIMYIUE HAITPABJIEHUS OT MApIIPyTa B TOM, YTO HAIIPABJICHUE - 3TO HAYAJIbHBIH
W KOHEYHBIM IMyHKT B TO BpeMs, KaK MapIIPyT OTPAXKAET MOJHYIO TOCIeI0-
BaTEIbHOCTb MYHKTOB). JJoIyIeHns Mo3BOJISAIOT CO31aTh UIDOBYIO CUTYAIAIO
MeXKJy KOMIAHUAMUA ¢ = 2 U ¢ = 3 /1 MONCKa KOMIIPOMHACCHOT'O PEIIEHHS 110
pacipesieJieHuIo peiicoB 1yt ¢ = 1. Aspornoptsl ¢ = 2 u i = 3 SABJISIIOTCS UT-
pOKaMu B UI'Pe KOHKYPEHITMHU 3a HAIpaBJIeHHUs, 00Iee KOJIUIECTBO KOTOPHIX
onpenesisier ¢ = 1. MHOXKeCTBO cTpaTeruii UIrpoKoB S OIIPeIe/IsIeTCs CUCTEMOT
HEPAaBEHCTB:

ZajEA,aﬁéai Sainga; + Sa;ne S Camkvvai € Ang € {n27n3}7
<

ZaiGAyai;éaj Sainkaj + Snkaj cnkaj7vaj € Aank S {n27n3}7

LIE Sa;nga;s Saing ¥ Snya; KOJIMIECTBO MACCAKUPOB [IEPEBO3UMBIX 110 COOTBET-
CTBYIOIIAM MAPIIPyTaM, IPOXOISAININAX Yepe3 adponopt ng. Urpoku ¢ = 2 u
i = 3 BBIOMPAIOT CTPATErNH U ONPEJEJISIOT UTPOBYIO CATYanuio (o, x3) € S,
TJie T9 U T3 BEKTOP, OTPAXKAIOMINI KOJIMIECTBO IEPEBO3UMBIX TaCCa’KUPOB 110
BCEM BO3MOXKHBIM MapIIpyTaM, IPOXOIAIINAX dYepe3 1o U 1.3 COOTBETCTBEHHO.
Beibop crpareruit urpokaMu MpOUCXOIUT HA OCHOBE JIOTOBOPEHHOCTEN MEXK-
JTy cODOit M CTPEMJIEHNN KOMIIAHUI yBEJINIATH TOTOK MACCAXKUPOB I€pe3 CBOI
asponopt. Bo3MOXXHBI CUTyaIiH, KOI/1a HU OJ{HA U3 KOMIIAHUI HEe XO4eT YCTYy-
IUTH, B 9TOM CJIyYae UT'POKU He MOy IaroT HUIero. B Takoil mocTaHoBKe UI'PhI
[IPEJITIoIaraeM, 9TO UTPOKHU 00sS3aTeIbHO MPUXOIAT K PEIIeHU0, W HYJIEeBOH
BBIUTDBIIIT KOMIAHIH 3aBeJ0MO UcKodaerca. OyHKINS BBIUTPHIITA UTPOKOB:

F(mk) = Z (fnkai‘rnk(li +fainkxaink)+ Z Z (faink +fnkaj)xainkaj7

a; €A ai€AajEA aj#a;

rie z € S crparerus urpoka i = k. lrpa MoxeT OBbITH IIpejCcTaBIeHa Tapoi
< S, F >.

Ilorck KOMIIPOMUCCHO# CHTyalluM B UTPe KOHKYPEHIIUU CO CJICJTAHHBIMU
nomytienusiva < S, F' > 103BoJjIsieT HaiiTu perenne Jjisi aBuakoManum ¢ = 1



236 Jloxkkuuc A.

B M3HAYAJbHOHN 3ajade cOAAHCUPOBAHHOIO PACIIPE/IESIEHUS PEHCOB MEXKIY
IIyHKTaMU I1epeca/ioK. HOI/ICK PaBHOBeCHS B UT'PE€ OCHOBBLIBACTCH Ha IIPUHITUIIE
onTuMmasbHocTn Bemvana [1].

PasHoBecue mocruraercsa B pedysbrare BolOopa crpareruit (xs,z3) € S
UrpoOKaMu ¢ = 2 U ¢ = 3, KOTOPBIE JOCTABJISIIOT MAKCAMYM CJIEIYIOMEero pyHK-
[MOHAJIA:

Z Z (frkaiTnras + fainiTasme) +

nr€{n2,ng} a;€A

de.a.
+y > > (famni + Fagay )Min(Ta,nya, , min 5 Taina; T

a; €Ange{na2,n3} a; €A a;7#a;

daia]-
+ mazx(0, 5 —xa,in;aj)))>

IJie Ny, WHJEKC, 0003HAYAIOMMIl NTPOKa, KOHKYPHPYIOIIETo ¢ 1y, . [Taccazkmpo-
MIOTOK HAKJAJIbIBAET OTpaHUYIEHNE Ha IMepeMeHHbIe, T.K. TIePeBO3 KOJINIeCTBA
MMACCAXKUPOB TPEBBIMTAIONINN CIIPOC — HEBO3MOKEH.

ane{ng,ng} xainkaj < daiaj7vaiu Qj € A7 @ 7é aj,
La;ng < dainkavai S A,ﬂk S {Tlg,’fl3},
wnkaj < dnkajavaj € A,ﬂk € {n27n3}~

C yderoM OrpaHWYEHUH, IMOJyIaeM CJIEIAYIONLYI0 3aJady HeJMHEHHOIO
IIPOTPAMMUPOBAHMUS:

max Z Z (fnkaixnkai + fa7nkxa1nk) +

nr€{nz,ng} a;€A

, _daa;
2 2 2 Vet e Jin(@ama min(=5 anga, +

a;€Ange{na2,n3} a;€A,a;#a;

dosa,
+ max((), 9 - - xainzaj)))

ane{m,ns} Tainga; < dagay, Vai, a5 € A a; # aj,

ZTayng < dagny, Va; € A,y € {na,ns},

Tnya; < dnga;,Vaj € A;ng € {ng,n3},

ZajEAﬁaﬂéai Tainga; T Tany, < Cagny, Vi € A,ng € {ng,n3},

ZaiEA,aﬁéaj xainkaj + -Tnkaj < anajavaj € A,?’lk € {TLQ,TL?,},
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Pemrenne 3amaun HeTMHEHHOTO TPOIPAMMUPOBAHUS SIBJISETCA PABHOBECH-
€M B UI'De KOHKYDEHIIN
< S, F > urpokoB i = 2 1 i = 3 ¢ MaKCUMU3aIUeil MPUObLIN KOMIIAHUNA 1 = 1.
CrenaHHbIe IOMYIIEHUs SBJISIOTCS UCKYCCTBEHHBIMY JIJIsi BOSMOXKHOCTH Pac-
CMOTPEHHSI UT'POBOTO MOMEHTA MEXK Iy Urpokamu ¢ = 2 u ¢ = 3. OnTuMabHoe
pelenne n3Ha4aJbHON 3a/1a9i PACIpPEJICJICHUA PEHCOB ABJIAETCH CUTyaluei
PaBHOBECHUsI BO BCIIOMOT'ATEJIbHOI UI'De KOHKYPEHIINH.
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OueHuBaHune KavecTBa cTpaTerum pasBuTus
reonosIMTN4eCcKoro akTopa

B nansoit pabore peraercst 3a/1a9a ONeHUBAHNsI KAIeCTBa CTPATErU Pas3-
BUTHS (CONUAJIBHO - SKOHOMHYECKOIO, BOCHHO-TIOJIUTHIECKOTO U T.J1.) I'eOH0-
JIATHYECKOIO aKTOpa (PEOIOIUTHIECKOrO O0beINHEHNS, OT/IEJBHOIO IeOIo-
JIMTHYECKOTO aKTOPa, KPYIHOH TPAHCHAIMOHAJILHON KOMIIAHUU, OKA3BIBAIO-
1(eil BIUsIHNE HA TeOHOJUTHIECKYIO AUHAMUKY ), HA IIPEIMET yBeJIMIeHUsT 1K
YMEHBIIIeHUs] PHIHOYHOM CTOMMOCTH €r0 aKTHBOB (CyMMAapPHOH KAMTAI0eMKO-
CTH TEONOJUTUIECKOIO aKTOpa JUIsi CIydasi aHAJN3a CTPATErHy SKOHOMUYe-
ckoro passutus)|1-3]. PeaynbraToM ncrnoap3oBaHns TOi MM HHOI cTpaTernn
[7—8| reomosuTHYIECKOrO AKTOpA, SBJISETCS OLNEHUBAEMBII IIPOIECC U3MEHEHUS
PBIHOYHOM CTOMMOCTH €r0 aKTHBOB (CyMMAapPHOH KAIMTAJIOEMKOCTH). Bynem
TaKXKe CYMTaTh, UTO 3HAYEHHE CYMMApPHOH KAIMTAJIOEMKOCTH MOXKET Jnbo
yObIBaTh, 160 BO3pacTaTh Ha 1 exunuiyy (Hanpumep, 1 mupa. py6.). Ilpen-
[OJTAraeTCsl, YTO HPOIECC N3MEHEHHs CyMMAPHOI CTONMOCTH AKTHBOB SIBJISET-
C ICKPETHBIM MAPKOBCKUM CJIYIa{HBIM IIPOIECCOM, MHOZKECTBO COCTOSHUI
koroporo {zg,%1,%2,...,%n} CTABATCA B OJHO3HAUHOE COOTBETCTBUE C Dsi-
JIOM TIeJIBIX HeoTpurareabHbix ancest {0, 1,2, ..., n}. s go6oro cocTostHust
nporiecca [6] GuMKARIIIMA COCTOSHUSIMI MOTYT OBITH TOJIBKO T€ COCTOSIHUS,
MHJIEKCBI KOTOPBIX OTJIMYAIOTCS OT MHJIEKCa BBIODAHHOI'O COCTOSIHUSI Ha €/1d-
HUIy. BimkaiiimmM cocTosiHIeM i I'PAHIYHBIX COCTOSHUN To U X, OYAyT
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T1 U Tp_1. a9 cocTogarus Ty OMUAKARIINME COCTOTHUAMEI OYIYT COCTOSHIST
Tp—1 U Tpy1, e k # 0,k # n.

CiygaiiHbIil IPOTIECC BO3PACTAHUSI WJIN yOBIBAHUSI PHIHOYHONW CTOMMOCTH
AKTHBOB IIPEJCTABIISETCH CKAIKOOOPA3HO M3MEHSIONecs cirydaiiHoil hyHK-
mueit X (t). B pasnudable MOMEHTBI BpeMeHY ¢ 3HaYeHus CIydaiinoil pyHKimn
MOI'yT BO3pacTaTh uin yopiBaTh Ha 1 exauauiy (1 Mapa.py6.), eciu 3HadeHus
caydaitnoit dyHKIH oTyindsbl oT 0 1 Beuaunsl n. Eciu nporece HaxoguTes
B HauaJbHOM cocTostHuu X (t) = 0, TO PBIHOYHAS CTOMMOCTh AKTUBOB MOXKET
Bo3pacTaTh Ha 1 egunuity. Ecim mporece HaX0nTCsI B KOHETHOM COCTOSTHUN
X(t) = n, TO pPBIHOYHAS CTOUMOCTb AKTUBOB MOXKET JIAIIb yObIBATH Ha 1
€JINHUILY.

PaccmarpuBarorcss Takke HI€aTN3UPOBAHHBIE IIPOIECCHI BO3PACTAHUS
nu yObIBAHUSI PBIHOYHON CTOMMOCTU aKTHBOB, JIJIsI KOTOPBIX HE HAKJIAJIbI-
BAIOTCS OUPAHUYEHMs] HA YNUCJIO COCTOSIHUN Iporecca n,n — oo. llpu nzy-
YEHUU TIPOIECCOB BO3PACTAHUS U yOBIBAHWST PHIHOYHOW CTOMMOCTH aKTHUBOB
TEOTIOTUTAIECKOTO aKTOPA CTABUTCS 3371298 OTHICKAHUA XaPAKTEPUCTUK CJIy-
uaiino#t byaxkmun X (t): 1)maremarnaeckoro oxxumanust — M [ X (t)] = my (¢);
2)mucniepenn — D[X (t)] = M[X (t?) — m,(t?)] = D,(t); 3)xoppessrmonnoit
byuxmyn — k; (¢,¢) = M[(X () —m,(¢))(X (') —m,(t'))]; 4)uepBoro cmernan-
HOro HadajgbHOro Momenra — L', (t,¢') = M[X(¢)X'(t)]. Bogurcs nousitue
WHTEHCUBHOCTH ITOTOKA T€OIOJATHIECKAX SIU30/0B, IIPUBOISAIIEH K BO3pac-
TAHUIO PBIHOYHOW CTOMMOCTH AKTHBOB I'E€OIOJUTUYECKOIO AKTOPa, KOTOPAas
obosHauaeTcs \i. TaksKe BBOJIUTCS HOHATHE MHTEHCUBHOCTU IIOTOKA I'€OII0-
JINTUYECKUX SIU30/0B, IPUBOJAINEH K yOBIBAHUIO PBIHOYHON CTOMMOCTH aK-
THBOB T'€OIOJUTUIECKOIO aKTOpa, U OHO obo3HadaeTcs py. Cireyer Takxke
OTMETHUTb, YTO WHTEHCUBHOCTH BO3DACTAHUS U yOBIBAHUS DPBIHOYHONU CTOU-
MOCTU aKTHUBOB SBJISIOTCHA, B OOIIEM CJIydae, HEOTPUIATEIHHBIMU (DYHKIHSI-
mu BpemeHn [4-5|. VccmemnyroTest XapaKTepUCTHKA H/IeATU3UPOBAHHBIX CJTY-
JalHBIX ITPOIECCOB BO3PACTAHUS U YOBIBAHUS PHIHOYHON CTOMMOCTH aKTHBOB
TEOHOJINTUYIECKOTO0 aKTOpa 0e3 OrpaHWYeHUil Ha YHCJIO COCTOSIHUN IIPOIEC-
ca JJis CJIydasi, KOIJa WHTEHCHBHOCTU TIOTOKOB YBEJIMYEHUS W YMEHbBIIICHUS
PBIHOYHON CTOMMOCTH AKTHUBOB $IBJISIOTCH IOCTOSHHBIMU BeJIMIMHAMA. Tak-
K€ OIIPeJIeJIsieTCsl IIPOIECC YMCTOr0 BO3pACcTaus (IIPOIECC YUCTOrO PA3BUTHUS
FEONOJUTUIECKOTO AKTOPA) PHIHOTHON CTOMMOCTH aKTUBOB T€OMOIUTHIECKO-
r'0 aKTOpAa, JTUOO YUCTOrO YOBIBAHNS PHIHOYHOM CTOMMOCTH aKTUBOB (IIPOLIECC
JIerpaJaliiy reOOJUTHIECKOrO aKTOPa) MeOOJIUTHIECKOro akTopa. IIpomece
9HUCTOr0 BO3PACTAHUS PBIHOYHON CTOMMOCTH — 3TO IIPOIECC, [IJIsi KOTOPOTO
dyukuusa X (t) asiserca neybpiBaromeil dbyukiueil spemenu. s Takoro
IpoIecca MHTEHCUBHOCTH, CIIOCODOCTBYIOIINE YOBIBAHUIO PBIHOYHOI CTOMMO-
CTH aKTUBOB, paBHbI Hymo ur = 0,k = 1,n. Ilpomecc "ucToro Bospacra-
HUs PBIHOYHOM CTOMMOCTH MMEET MECTO TOIJIa, KOI/la HAYaJbHOE COCTOSHUE



Manadees O.A., Penunckux H./I. 239

storo mporecca orandao ot n(X(0) < x, = n). Ilporecc aucroro y6uIBa-
HUsI PBIHOYHOI CTOMMOCTH AKTUBOB — 9TO IIPOIIECC, IJIsi KOTOPOI'O CJIydaiiHast
dbyukuua X (t) asngerca mesospacramomeil dynknueit Bpemenu. st 3T0ro0
poIecca MHTEHCUBHOCTH, CIIOCOOCTBYIOIINE YBEINIEHUIO PHIHOYHON CTOMMO-
CTH aKTHBOB, paBHbl Hymio A\, = 0,k = 1,n. HagampHoe cocTogHme TAKOro
poriecca Jo/KHO ormdarbesa or 0(X(0) > x9 = 0). Cieayer oTMeTHTS,
9TO BCE BEPOSTHOCTHBIE XapPAKTEPUCTUKHU IIPOIECCOB BO3PACTaHUs U yObIBa-
HUSI PBIHOYHOM CTOMMOCTH aKTHUBOB TI'€OIOJIMTUYECKOTO aKTOPa, 3aBUCIT OT
CJIEJIYTOMIMX TIAPAMETPOB: 1) KOJMYECTBA COCTOSHUI IPOIECCa BO3PACTAHUS
u yOblBaHUs PHIHOYHON CTOMMOCTH aKTUBOB T + 1; 2)UHTEHCHUBHOCTEH BO3-
pacTaHus PhIHOYHON CTOMMOCTH AKTUBOB A, k = 0,1 — 1; 3)unTencuBHocreit
yObIBaHNS PHIHOYHON CTOMMOCTH aKTHBOB [k, k = 1,n. Takxke B pabore pac-
CMATPUBAETCS MPOIECC YOBIBAHUSI U BO3PACTAHUS PBIHOYHON CTOMMOCTH aK-
THBOB 0€3 OrpaHUYEHNN HA YUCJIO COCTOSTHUII IIPOIecca U JIJIsl CIIydasi, KOTJaa
Ak = A\, pup = p. Uccmenyroress XapaKTepUCTUKHU MIPOIECCOB BO3PACTAHUS U
yOBIBaHUST PHIHOYHON CTOMMOCTU AKTHBOB T'€OINOJATHYIECKOTO aKTOpa € KO-
HEYHBIM YUCJIOM cocTosiHuil. [lyisi Takoro ciydast, HaubOJIbIlee BO3MOXKHOE
3Havenue ciaydaiinoil pynkuuu X (t) He MOXKET IPEBBICUTH HEKOTOPOE YHCIIO
n > 0.

B kadecrse npumepa [9], UHCIEHHO MJUIIOCTPUPYIONIETO BBIMICONUCAH-
HYIO MOJIEJIb, PACCMOTPHUM IIPOIECC M3MEHEHUsI PBIHOYHOW CTOMMOCTH aK-
TuBoB (akumil) TpaHcHAIMOHAJNLHOH Kommanuu <«As. IIpomecc wuzmene-
HUAS PBIHOYHONH CTOMMOCTH AaKIMHA — 39TO MAapKOBCKUN CJydailHbIA IIpo-
[IECC C HEIPEepPBIBHBIM BPEMEHEM U JIMCKPETHBIM YHCJIOM COCTOstHuil. VH-
TEHCUBHOCTD BO3PACTAHMS PBIHOYHOW CTOMMOCTH AKTHUBOB KOMIAHUU <«A»
A pasra 0,0097, WHTEHCHBHOCTH yOBIBAHUS PBIHOYHON CTOMMOCTH aK-
TuBoB Kommanun <«A» p pasma 0,01. BoramcgmM XapaKTepUCTHKH CJIy-
vaiinoit dyukuun X (t). Popmysa s pacdera 3HAYEHHI KOPPEJISIMOH-
Holt dbynkuum k,(t,t') cayuaitnoit dyuxmuu X (t) umeer sum: ki (t,t') =
ﬁ + A—‘Ae’(‘”)‘)t} Y [e*(““‘)(t/*t) - e’(”“‘)t/] BeraucamM  3HaMe-

HUe KOppeadainuoHHoil dbyHkiun KoMmuanuu «A» 3a mnepuog Bpemenu [1,13]
HeJle/Ib, 9UCI0 cocTosHuil 1 mporecca X () pasuo 68. ky(1,13) = 68 x

0,0097 0,01 —0,0197 0,01 ~0,2364 _ ,—0,25617 _
{0,01+0,0097 + 5.01+0,0007 € } 0,0140,0007 [6 € } = 3.7

Dopmyia Juist pacueTa 3HaueHui pucrepcun D, (t) cayqaitnoit dyuxkmun X (t)
AMeeT BUJ:

D,(t) = n [ﬁ + Lef(’“”\)t} Ty [1— e~ (#=N!]. Borauconm snavenne

n

J7ES)
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nuctiepcuu 1pu t = 12 Heenb:

D(lz)_&{ 0,0097 0,01 0,2364} 0,01
(12) =

0,01 + 0,0097 + 0,01 40,0097 0,01 + 0,0097
11— e 0230 = 3,47

Dopmysa IS pacdera 3HAYEHHH MaTeMaTHIECKOTO OXKUJIAHUS My (t) =
n [ﬂ% + ﬂ%e_(’”')‘)t}. BeraucsiuM 3HavMEHNE MaTEMATUYECKOTO OYKUJIAHUS

_ . _ 0,0097 0,01 —0,2364] _
upu t = 12 Henenb: m,(12) = 68 [0,01+0,0097 + 50110.0097¢ ] = 60, 2.
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Baxkmoe mampaBienne pasBUTHS COBPEMEHHOUW Teopum auddepeHIm-
AJIbHBIX UI'P CBS3aHO C Pa3pabOTKOl METOJOB peIIeHUsl WIPOBBIX 3aJiad
[IpeCiIe/IOBAHUS-YKJIOHEHAs] € yIaCTHe HECKOJBKUX 00beKToB [1-4], mpuuem,
KpoMe yIVIyOJIeHusT KJIACCHIEeCKUX METOJOB PEIeHns], aKTUBHO BEJETCs 10~
WCK HOBBIX 33J1a49, K KOTOPBIM IIPUMEHUMBI y¥Ke paspaboTaHHble METOJIbl. B
gacTHOCTH, B pabortax [5-7| paccMATPHUBANNCH 3a/Ia9M TIPECIIETOBAHES JIBYX
JIUII, ONUCHIBAEMbIE YPABHEHUSIMU C JIPOOHBIMY TPOU3BOIHBIME, TJIe ObLIN 110~
JIYYEHBI JIOCTATOYHBIE YCJIOBUSI TIOUMKU.

B mamnoit pabore paccMaTpHBaeTCs 3aJada O IIPECIeIOBAHUU TI'DYIION
rpecJieoBaTesiell 0JHOro yOeraero mpu yeJaOBUd, 9TO YOEralonuii He mo-
KHJIAeT MPEJIEIbl BBITYKJIOI0 MHOTOIPAHHOIO MHOXKECTBA, & JIBUYKEHUE KarK-
JIOTO YIaCTHUKA, OMMUCHIBACTCS JIMHEHHOW CUCTEMOM ¢ JTPOOHBIM ITPOU3BOIHDBI-
MU U 1IpocToit Marpurieit. ITorydeHbl JOCTATOYHBIE YCIOBHS ITOUMKH.

Onpenentenue 1. Hycrs f @ [0,00) — R' — abcomoTHo HenpepbiBHAst
dbyukuuga, o € (0,1). Ipoussoanoit mo Kanyro nopsaka « dbynxiun f Ha-
spiBaercst dyukius D@ f suna

F(l—a)o t—s)™

[ 1) T
(D(a)f) (t) = ! —ds, e I'(B) = [ e ssP~1ds.
/( 0/

B npocrpancrse Rk(k: > 2) paccmarpuBaercs quddepeHnnanbHas urpa
n+ 1 g n upecienoaresneit Py, ..., P, u yberaomuii F. 3aKOH JIBUKEHUS
KaXKJIOro u3 mpecienoBaresieit P; nmeer By

DWWy, = ax; + u;, z;(0) = x?, u; € V.
3akon gBmkenus yoeramomero F umeer BU
D(a)y =ay+v, y(0) = W, veV.

3uech i,y ui,v € RF, V — Bomykisni kommakr, ¢ < 0. JJOmOJHETEIHHO
MIPEIIOIAraeTCsd, 9TO yOeraiommnii B MpOIecce UIPhl He MOKUIAET IIPEIE/Thl
MHOXKeCTBa {) ¢ HEIyCTOl BHYTPEHHOCTHIO BHJIA

Q={yeR"| (pj,y) <pjj=1,...,1}

7€ P1, ... Py — €IMHIYHBIE BEKTOPBI RF, [11, ..., [l — BeIeCTBEHHBIE UNCIIA.
IIycte T > 0 — npou3BOJIBHOE YKCJIO U 0 — HEKOTOPOe KOHEYHOe pasbue-
Hue orpeska [0, 7] rakoe, a0 0 =79 < 71 < ... < Ts < Top1 = 1.
Ompenenenne 2. Kycouno-npoepammnot cmpamezueti @ yberatormero F,
3aJJaHHOU Ha [0, T], COOTBETCTBYIOIIEH pa3OMEHnIo 0, HA3BIBAETCA CEMENCTBO
orobpaskennit b, | = 0,1,..., s, CTABAIINX B COOTBETCTBHE BEJIIMINHAM

(7—173:1(77)""’mn(Tl)’y(Tl)) (1)
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uaMepuMyto GyHKIWIO vy (t), OnpeeneHuyo st t € [, Tj41), ¥ TAKYO, ITO
Ul(t) ev, y(t) e, te [Tl7Tl+1)~

Onpenenenne 3. Kycouno-npoepammnots kowmpempamezuet U; npecyeo-
Baresiss P;, cooTBeTCTBYyIONIEN pa3OUEHUIO ¢, HA3BIBAETCS CEMENUCTBO 0TOOpa-
sxermit ¢!, [ =0,1,...,s, CTaBamuX B cooTBeTcTBHe BemmanHaMm (1) u ympas-
nennio vy (t) uamepumyto bynkimo ul(t), onpesenennyio st ¢ € (1), 7j41) 1
Takyto, uto ui(t) € V, t € [1,T141).

Ompenenenne 4. B uepe npoucrodum noumka, ecin cymecrsyor Ty >
0, kycouHo-mporpammubie KoHTpcrpareruu Uy, ...,U, mpeciiemoBareneii
Py, ..., P,, aro ms jJ1000i KyCOIHO-IIPOIPAMMHOI cTparernu () yOeraroiero
E waiigyrca nomep | u moment T € [0,Tp], aro x;(T) = y(T). O6o3uaxmm
IntA,coA — cooTBeTCTBEHHO BHYTPEHHOCTH M BBITYKJIYIO 0DOJOYKY MHOXKEe-
cTBa A,

20 =20 —0 I()={1,...,n+1}, \(v) =sup{\ =0 | A2 eV —wl,
Ant(v) = (P> v), Or = min max Ai(v),

Vi={veV | max \(w) =0, 05(b) = {z € B, | |12~ b] < 5.
1€

Teopema 1. Ilycrs Q = RF, 6y > 0. Torna B muddepenmanpuoii urpe
IIPOUCXOIUT TOUMKA.
Cnencrsue 1. Iycers Q = R*, V — ¢rporo BIIYK/IbIT KOMIIAKT C IJIa, KOl
rpaHurei u
0 € Intco{z?,...,2%}.

Torma B muddepennmaabHOil Urpe TPOUCXOIAT TOMMKA.
Teopema 2. IIycts = 1,6; > 0. Torma B quddepennuaabHoit urpe mpo-
HUCXONIAT TIOMMKA.
Cnencrue 2. I[lycrs 7 = 1, V' — cTPOro BBILYKJIBII KOMIIAKT C TVIAJIKOMI
rpaHuleil u
0 € Intco{zy,..., 2% p1}.

Torna B muddepennmaabHOil UTpe TPOUCKOIAT TOMMKA.
Teopema 3. Ilyctb n > k,V = 01(0) u

0 € Intco{2?,...,2% p1,...,pr}.

Torna B quddepeHnmaabHON Urpe ITPOUCXOIUT TOMMKA.

Teopema 4. Ilycts §, > 0, min max(p;,v) > 0. Torma B auddepernu-
vEcoVy J
AJILHOI UI'PE MPOUCXOIUT TTOUMKA.

Pabora Beimostaena mpu nozggepxke POOU, npoext Ne 16-01-00346 u Mu-
HOOpHAyKH B paMkax 06a3o0Boit yactu (npoext 2003).
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Impulse Differential Game with Fixed Time and
One-dimensional Aim
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NmnynbcHas gudpcpeperuymanbias nrpa ¢ pukcnpoBaHHbIM
BpeMeHeM U O4HOMEpHON uenbto

JrHaMudecKre CUCTEMBl C UMITYJIbCHBIM YIIPaBJIEHUEM BO3HUKAIOT, Ha-
npuMep, IIPA CUHTE3€ YIPaBJICHUI MEXaHMYCCKUMU CUCTEMaMU IIEPEMEHHOIO
COCTaBa, JBUXKEHNE KOTOPHIX OMMCHIBAETCS ypaBHeHuEeM MerepcKoro [1] Ec-
JIN Ha CI/ICTeMy Hapsuly C CuJIaMU, ABJIAIOIIUMUCA U3BECTHBIMU JINHENHBIMU
dyuKUsiMEI (HA3OBBIX IEPEMEHHBIX, JEHCTBYET ITOMEXa, TO IPUXO/INM K 33,18~
4e UMILYJIbCHOIO yIPaBJICHUS JIUHEHHONR AUHAMUYECKON CUCTEeMOH 1IpU HaJIU-
9UH BO3EHCTBUSI CO CTOPOHBI HEKOHTpOIUpyeMoi momexu. [Ipu mocrpoennm
YIpaBJICHAA B TAKAX 33J@49aX MOXKHO IPUMEHATH IPUHIUII ONTHUMAJIBHOIO
rapaHTUPOBAHHOI'O Pe3yJIbTaTa [2], B OCHOBE KOTOPOTO JIEKUT Teopus Jud-
depeHIaIbHbIX UTP.

B [1] yPpaBHEHHE JBUKEHUA CUCTEMBI IIPYU HAJIMYUU UMILYJIbCHOI'O yIIpaBJie-
st u € R MIepBOTO UI'POKa 1 yIpasienns v € R® BToporo urpoxa 3ammcaHo
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B quddepennnaabHoi hopme
dx = A(t)xdt + B(t)du + C(t)vdt, t<p, x€R". (1)

3aecy A(t), B(t), C(t) — nenpepbiBHast npu ¢ < p MATPUILI COOTBETCTBYIO-
IUAX Pa3MEpPHOCTEN, p — 3aJaHHBbIE MOMEHT BPEMEHU.

Honycmumotc cmpameaueti 6mopo2o u2poka SIBISIETCS MTPOU3BOJIbHAS
byuxms v : [tg, p] XR™ = V, rae V' C R® — cBsA3HBI KOMIAKT; t) — HAYAIb-
HBIT MOMEHT BpeMeHH. J[onycmumas cmpamezus nepeozo uzpoka UIeTcs B
Buge u = p(t)w(t,x), rme w : [to,p] X R® — U — upoussosibuas byHKIwMs,
U C R! — BBIIyK/IBIA CHMMETPUYHBIH KOMIAKT. 1lpu mocTpoennn dbyHKINI
¢ : [to,p] = R4 B OTIesIbHBIE MOMEHTBI BPEMeHH ty = Tp < 71 < ... < Tqg =D
OCYIIECTBIISIETCSI ee KOPpeKIwms. 3aaano aucio p(tg) = 0, koropoe ompee-
JIsIeT KOJIMIECTBO PecypCoB, KOTOPOE MOXKHO M3PACXOJ0BATh IIPU HOCTPOCHUN
dbyukuuu ¢(t). B MoMeHT BpeMenu T;, IEpBbIii UTPOK, 3HAsA PEATU30OBABIIE-
ecst cocroguue x(7;) u ocraBinuiica 3amac pecypcos u(7;) = 0, BbiOupaer
CJIEJIY IO MOMEHT KOPPEKINH T; < T;11 < P, HEyOBIBAIOILYIO abCOIOTHO-
HENPEPBIBHYIO DYHKIMIO @; : [T, Ti+1] — Ry u uncno A; > 0 takue, aTo

p(t) = p(m) — Oy — /wz 0, 71 <t< i1

Bosemenm pasbuenne w : 7; = tO0 <t < . < t*+D = 7w mocrpomm
JIOMaHYIO

xw(t(o)) = z(1;) + A B(m)w(i, 2(73)),

iy (t) = A(D)au(t) + ¢i(t) B w (Y, z, (t9))) + C(t)w (D), 2, (t9))), (2)
+) <t< U+

CeMelicTBO JIOMaHBIX Xy, (t) Ha OTPE3KE [T;, Tj41] Y/IOBIETBOPSIOT YCIOBHSIM
reopembl Apuesna [3, C. 104]. Ilox asuzxkenuem cucrembl (1) npu BHIGPAHHBIX
JIOIYCTHMBIX CTPATETUAX UTPOKOB MOHUMAECTCS JIOO0H PABHOMEPHBIN MPEIE
MOCJIEIOBATEIBLHOCTH JIOMAHBIX (2), y KOTOPBIX JUaMeTp Pa3OueHusl CTPEMUT-
cd K HYJIIO.

Sadurcupyem BekTOop ¥y € R", umcia € > 0, C € R u paccmorpum
3aJ1ady, B KOTOPOil TIEPBBIl HT'POK CTPEMUTCH OCYIECTBATH HEPABEHCTBO

[(tho, x(p)) = C| <e. 3)

3aech (-, ) — ckassiproe npoussesienne B R™. Ileas BToporo urpoka mpoTu-
BOIOJIOKHA.
O6o3uaunm uepes (t) pemenne 3anaun Komm

D) = A" O9(1), b(p) = o; t<p.
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3aecs A*(t) — TpaHCHOHMPOBAHHASI MATPUIIA.
Tlostoxkum

by (t) = max(y(t), C(t)v), b-(t) = min(y(t), C(t)v);

veV veV

b(E) = 500 = b (1)) 2 0, m(t) = max max(b(0), BE)w) > 0

t(e) = inf{t <p: /tpb(r)dr < 5},

P
Gt 1) = pm(t) + < — / b(r)dr pn (&) < ¢ < p,
t

) oy
G(t, ) =m(t) (H - /t :;L((r)) dr) upu t < t(e).

Teopema. ITycmov navaavroe cocmosnue tog < p, x(tg) € R™, u(ty) = 0
YO0BAEMBOPACT, HEPAGEHCTNEY

|2(to)| < G(to, u(to)), (4)

“lt0) = (Wlta)alta)) + 5 [ (bl +0- () —C.

to

Toeda cywecmsyem cmpamezus NEPeo2o Uzpoka MaKad, “mo O 10601
cmpamezuy 6Mopo20 uzpoKa U OAA 100020 PEAAU30EABUEL0CH OBUINCENUA
x(t) 6ydem ewinosneno nepasencmeso (3). Ecau nepaserncmeo (4) ne svinos-
HEHo, MO CYWLLCTNBYEM CMPAME2UA 6MOPO20 UDOKG MAKAS, WMO 0As 110000
cmpamezuu Nepeozo uzpoka U 0As4 M06020 Pearu306asuezocs dsudicenus x(t)
Hepasencmso (3) ne 8bnoAHEHO.

IIpu 0KA3aTENBCTBE TEOPEMBI COOTBETCTBYIOIIAE CTPATEINH UTPOKOB TIO-
CTPOEHBI B SIBHOM BHJIE U JIOILYCKAIOT YUCJICHHYIO PEATU3AIIHUIO.

Anajornunble pe3yibTaThl UMEIOT MECTO M B CJIydasX, KOIJa Ha BBIOOD
YIPAaBJIeHUs BTOPOrO UIPOKA HAKJIAIBIBAIOTCH MHTEIPAJIbHbIE, CMENIAHHbIE U
UMITYJIbCHBIE OIPAHNIEHNUSI.

Jnst cotydast, KOrja nepBblil IIPOK CTPEMUTCS OCYIECTBUTH HEPABEHCTBO

0 <0< [(¢o,z(p)) — Cl <, ()

TaKKe HalJIeHbl yCJIOBHs, TAPAHTHPYIOIIUE BO3MOXKHOCTD MEPBOIO UTPOKA
OCYIIECTBUTh HepaBeHCTBO (5) M3 3aaHHOTO HAYAJBHOTO COCTOSHUS. DTH
ycsioBusi uMeroT BuJI [4]

Glto, 1u(to)) < |2(to)| < Glto, ulto)),  plto) = M(to).
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Oyukmn g, @, M w COOTBETCTBYIOIIHE CTPATETMHA WI'POKOB IIOCTPOEHBI B
ABHOM BH/JIC.

IIpuBeieHbI TPUMEPHI, KOTOPBIE MIIIOCTPUPYIOT TEOPETUIECKUN MaTepu-
aJl.

Pabora Beimostaena mpu nozzepkke rpanta Qo MePCIEeKTUBHBIX HAY -
wveix uccaenoBanuit ®I'BOY BO "Yensibunckuit rocyiapcTBeHHBIN yHIUBED-
curer" (2017 r.).
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Section 7

Nonlinear Chebyshev Approximations
and Nonsmooth Optimization

Finite Dimensional Chebyshev Subspaces of Classical
Banach Spaces Il
Kamal A.
akamal@squ.edu.om
Department of Mathematics, Sultan Qaboos University, Al Khoud 123, Muscat,
Oman

The set A of the normed linear space X is said to be proximinal in X if
for each z € X there is yo € A such that the distance d(z, A) = inf{||lz — y| :
y € A= ||z —yo||- In this case, yo is called a best approximation for z from
A. The set A is called a Chebyshev subset of X if for each x € X, the best
approximation for x from A is unique.

Finite dimensional Chebyshev subspaces of Banach spaces were the center
of attentions of the mathematicians for a long time. In 1956 Mairhuber [6]
proved that for any compact Hausdorff space @, and for any n > 2, the
Banach space C(Q) admits an n dimensional Chebyshev subspaces if and
only if @ is homeomorphic to a subset of a circle. In 1962, Ahiezer [1] showed
that L'[0, 1] has no finite dimensional Chebyshev subspaces. His proof is not
direct and difficult to conclude. It is easy to show that every finite dimensional
subspace of a strictly convex space is a Chebyshev subspace.

In this talk the author studies the existence of the n dimensional
Chebyshev subspaces in some classical Banach spaces like L*°[0,1], {°°,
L'[0,1] and '

It is shown that if X = L°°[0, 1], [°°, or L![0,1] then for n > 2, X has no
n dimensional Chebyshev subspaces. The method of the proof is direct and
easy. For X = [', the story is different.

In the case when X = L*°[0,1] or X = [*° , the author uses the fact
that X is an abstract M Banach Lattice with a strong order unit to show
that X is isometric to C(Q) for some compact Hausdorff space @, and uses
Mairhuber Theorem and the fact that X is not separable to obtain the result.
In the case when X = L1[0, 1] the author uses some version of Hobby Rice
Theorem to obtain the result. It is not difficult to show that for any n > 1,
the Banach space X = I' have a finite dimensional Chebyshev subspace of
dimension n. The author has the following conjecture:

Theorem. For each i, define e; in I* by e; = (x1,79,23,...) with x; =
1 and z; = 0 if i # j. Let N be an n dimensional subspace of then N
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is Chebyshev subspace iff there are iy1,1s,...,9, such that N is generated by
{ei17ei2, ey ein}.
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Convergence Analysis of Two-dimensional Wavelet for
Nonlinear Partial Integro-Differential Equation
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In this work, a numerical solution for nonlinear partial integro-differential
equation (NPIDE) will be discussed. For the solution of NPIDE, we developed
a numerical technique based on two-dimensional wavelet approximation using
operational matrices which is proposed for NPIDE. By implementing the
wavelets operation matrices on NPIDE, NPIDE converted into system of
algebraic equation and then find the solution of this algebraic equation
via collocation method. Convergence analysis and error analysis are also
discussed. Illustrative examples have been shown that the validity and
applicability of the technique.
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Numerical Method Based on Chebyshev polynomial for
Solving Non-linear Fractional Variational Problems
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This paper presents a numerical method based on Chebyshev polynomial
for solving a class of non- linear fractional variational problems (NLFVPs).
The proposed approach converts the NLFVPs into a system of non-linear
algebraic equations, and after solving these equations, the approximate
solution is obtained.Convergence analysis of the proposed method is also
provided. Numerical simulations are performed on the illustrative examples
to test the accuracy and applicability of the proposed method. Further, the
obtained results presented in form of tables and figures. Results are also
compared with some other polynomials.
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Application of Chebyshev Wavelet Approximation for
Nonlinear Partial Differential Equation Arising From
Viscoelasticity
Singh S., Singh V.
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Department of Mathematical Sciences, Indian Institute of Technology(Banaras
Hindu University),Varanasi,221005,India

In this work, we investigated the convergence rate of wavelet collocation
method for viscoelasticity problem based on non-liner partial integro-
differential equation(PIDE) with non-smooth kernel along with the given
initial and boundary conditions. This problem can be found in the
mathematical modeling of physical phenomena involving viscoelastic forces.
We introduced a matrix formulated algorithm by using Chebyshev wavelet
approximation for the proposed PIDE. Some numerical results are presented
to simplify applications of operational matrix formulation and reduce
the computational cost. Convergence analysis,numerical stability and rate
of convergence(C-order) of the proposed method are also investigated
by considering a test function. Numerical results confirm the predicted
convergence rates and also exhibit optimal accuracy in the L? and L™
norms. Finally,we compare the proposed Chebyshev wavelet collocation
method(CWCM) with well known Crank-Nicolson and Crandall’s methods.
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In this work, I developed an algorithm to obtain approximate numerical
solution of complex partial differential equation (CPDE) with a numerical
wavelet collocation method (NWCM) using a technique based on two-
dimensional Chebyshev wavelet (TDCW) approximation and its operational
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matrices. For the solution of CPDE, firstly, I reduced CPDE into system of
PDE with real and imaginary variable and then after transformation we split
system of PDE into coupled PDE of real and imaginary variable respectively.
Finally, I converted the coupled PDE into partial integro-differential equation
(PIDE). I used TDCW approximation and its operational matrices to convert
both PIDE into system of algebraic equations which is associated with CPDE
by using collocation method based on Chebyshev wavelet. Convergence, error
analysis and some illustrated examples has been discussed for the validity and
applicability of the proposed technique.
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In the article the estimation problem of the state of nonlinear dynamic
system, based on a spline approximation of functions, is examined. Are given
examples of application in the tasks of filtration and detecting the signals.

CI'IJ'IaﬁH—aI'II'IPOKCI/IMaLI,VIFI B 3aaa44e oueHnBaHunA COCTOoAHUA
HEeNNHENHbIX ANnHaMn4yeCckKnx cncrtem

Cy1iecTByeT MHOXKECTBO METOJIOB PEIlleHNs 33249 OlleHUBaHUsI HeJIMHEeli-
HBIX JUHAMWYECKUX cucTeM. KarKIblil U3 3TUX METOI0B UMEET CBOU JOCTOUH-
CTBa U HEJOCTATKU. DOJIBIIMHCTBO U3 HUX OCHOBBIBAIOTCSI HA PA3JIOXKEHUU B
dyuknmonanbublil pag Teitopa. Takast anmpoKCHMAaIds HOCUT JIOKAJIbHBIN
XapakTep U MO3ITOMY MPHU OOJIBITUX OTKJIOHEHUSIX OT HOMUHAJBHONW TPAEKTO-
pun ommbKU MOTYT OKa3aThCs HelpHeMJIeMbIMHU. B HacTosmeil crarbe pac-
CMATPUBAETCS IOJIX0J, OCHOBAHHBII HA IPUMEHEHWH CILIAfHOB, YTO IIO3BO-
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JIIeT IPOBOJUTH IIOGATBHYIO AIIPOKCUMAIMIO HenHeHHbIX dynknumii. Cy-
HOCTb TIPEJIJIAraeMOro TI0/IX0/1a TPOUJLIIOCTPUPYEM Ha CJIEJLYIONIEM ITPUMEDE.

ITpeonoKuM, 9TO 3aJaHa CTOXACTHIECKAs TMHAMUYECKAsA CHCTEMa
(JC) ypaBHeHuit Buja:

{ %:f(x)+n1 (1) (1)

z=x+mng(t),

<np(t) >=0,<ny1(t) >=0,< ni()nT (t — 1) >= N14(7),

< no(t)nd'(t — 7) >= Nyd(7)— xoppensmuonnbie byHKIIE GOPMUPYTO-
ero u HabJIFIAeMOTO TIIyMOB;

f(z) — usBecTHAst dyHKIUs cBonX aprymeHToB; No, N1 — CIIEKTpasbHBIE
IJIOTHOCTH IIyMa HaOJoIeHust 1 (DOPMUPOBAHHUSI.

Takum obpaszom 1-oe ypaBHEHNE ONMCHIBAET JUHAMUKY COCTOSHHUS, a 2-0€
ABJISETCS ypaBHEHUEM HAOJIIONEHHs TIPONecca. PaccMoTpuM cirydaii, Korma
(1) aBisieTcsl CKAJISIPHOI CHCTEMOIA.

{ Q= f(2)+ni(t), (2)

z=xz+mng(t).

Aunnpokcumupyem dyHKIimio f (.), BXOAMILYI0 B ypAaBHEHUE COCTOSIHUS,
Ha TIOJIyUHTEPBAJIAX [T, L;41) KyCOUHO-JMHENHON DyHKIHMeH, OlpeIessromnieit
citaiin nepsoil crenenu S; kiaacca C [1]:

3a a/ UM JINHEHHBI WHTEPIOJISIIHOHHBINA CIUIAIH MEXK/Ly y3/aMU CEeTKU:

(x —x1)

Si(x)=01—w) fi +ufiy1, u= A,

s A=z —

AcumMnroTryeckn HanydIee paBHOMEPHOe IPUOJIMKEHNEe CILIAHOM IIep-
Boii crenern Sp (r) GyHrpuf () ompesesnsiercss BbIparXkKeHHEM:

1 1
Sy=1~u)|fi— 16X (A7 ,,A7) fi] +u [fi—i—l — Tgmex (AZ,A7) firr

T L x < xiy1, A1 =Axn =0, n — IUCJIIO HHTEPBAJIOB ANMIPOKCUMAITIH.

BeengM byHKIUIO IPsIMOYTOJIBHOTO OKHA Ai(.), KOTOPYIO ONPEeInM CJie-
AyomuM 00pazom

1, xT € [l’i7l'i+1)
0, x ¢ [z;xir1).

h (i, Tiz1) _{

n
Torya MoxKHO 3amucarsb: S1 = Y h(z;, xi41) (a2 + b;).
i=1
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C yuerom nocieauero, croxacruieckoe J1C (1), y koroporo koaddunuent
cHoca f (Z) anpOKCUMUPOBAH KyCOIHO-TMHERHBIMA (DYHKIUSIMU, UMEET BUT:

fl% :Zh(xi,$i+1)(ai$+bi)+”1 (1) (3)

VYpasuenue (3) onpeesisier MapKOBCKUil IPOIECC, CTATUCTHYECKHIE XAPAK-
TEPUCTUKU KOTOPOTO HMOJHOCTBIO ONPEIENAIOTC JByMs OJHOMEPHBIME Pac-
Ipe/IeIeHUSIMU: HAYAJIBLHONR U IEePeXOHON MJIOTHOCTAMHU BEpOATHOCTH. AHa-
JINTUIECKOE BBIPAyKEHUE 1T HUX MOXKHO HAMTH, peIIas COOTBETCTBYIOIIEE
ypasuenue Poxkepa-Ilnanka-Komamoroposa [2]:

Ip 0 |
5= o Z h(zi, zi1)(aix + bi)p

i=1

Ipu HaYaIBHBIX yCIOBUAX p = 0(x — 1) pelleHueM ypaBHEeHus Oymuer:

2
p(z,t) = éexp w

7R (1) or@y [0 0= me0=0

n
my(t) = xopexp ch(wi,xiH)ai ,
i=1

R(t) = 0.25N() Z h(aci, $i+1) + a; 1-— exp 2t Z h({,CZ, xiJrl)ai
i=1 1=1

Takum 06pa3zoM, MOYKHO 3allMCaTh ypaBHEHHUE OIEHKH COCTOAHUS JMHAMUYe-
CcKoii cucreMmsr (2):

Ccltf = 221 (@i, xip1) (@i + b;) + Nio (u— &),

an _ g (4)
2

dE N9 3 b, wipn)aiR — L

i=1

Y4auThiBasi, 9TO HA YPOBHE MATEMATHICCKUX MOJIEJNIEH CUCTeMa W CHIHAJI
HEpa3/InIuMbL, ypasHeHusi (4) MOryT ObITh HUCIOJL30BAHBI U [IPU PEIICHUN
3aza4 bunbrpaimuu u obHapyxkenus [2].

VIMuTAITIOHHOE MOJIETMPOBAHUE YPABHEHMS TOKA3BIBAET, ITO IJIOTHOCTH
BeposiTHOCTH p(,t) 1porecca & (t) MOXKHO [IPEJCTABUTH B BUJIE COWICHEHUSI
OTPE3KOB I'ayCCOBKUX IIOTHOCTEH BEPOSITHOCTH (KarKIblil M3 KOTOPBIX COOT-
BETCTBYET ITIOJYUHTEPBANLY [T;, T;41)). IIpH 9TOM MOIyT BO3HHKATH Pa3pbl-
BBI 1-r0 poma. st Toro, 9rober 37010 He OBLIO, B JONOJHEHNE K OOBITHOMY
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YCJIOBUIO HODMUPOBKH IJIOTHOCTH BEPOATHOCTH Ilepexojia BBOJAUTCA YCJIOBUE
ee HeIPEepPbIBHOCTH Ha rpaHuiie. MoKHO TakKe BBECTHU CIVIAXKUBAIOIIEe OKHO.
B cayuae, xorja @ = (21, T2, ..., Ty ) MOXKHO 3aIIMCATH:

<
3

b = Ayiy + Bi + Kz

n v Al = h xi,x’i ai — K’L
%52 = Aoy + By + Kazy Z; | )

_A ___________ Bi = h Tiy Tg b

% = AmflAjm + Bm + KmZM7 Z; ( +1)

C yueroMm IocjeHero, ypaBHeHHe OIEHUBaHUSI JIJIsi (1) MO2KHO 3allicaTb B
BUIE:
4 — A2+ B+ Kz, K=RN;", 5
%—If:Nl—AR+RA—RNO_1R, ®)

A — jmuaronasnbuble MaTpunpl (m X m) ; B, z — Bekrop-cToabusl (m X 1);
K— wmarpuunbiii koaddunuent ycuienust (m X m); R — KOppeJasuoHHAs
MaTpHIa OmKrboK dbuiabrpanuu (m X m).
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06 ycToi4nBOCTU pelseHnst HEKOTOPbIX 3aga4y Mo
LWApPOBbIM OLLEHKaM BbINYK/bIX Tes

1. Iycrs D 3anannoe Boinykioe teso u3 RP, a n(x) — HekoTopas HOpMa
na RP. Ha mpeameTr yCTONYINBOCTH peIIeHusT paCCMaTPUBAECTCS 3a1ada,

o(z,7) = h(D, Bn(z,r)) — ixenﬂgj (1)

Baecy Bn(x,r) = {y € R : n(x —y) < r} - map ¢ paJjuycoM r 1 NEeHTPOM
B TouKe x, h(A, B) = max{sup inf n(a — b), sup inf n(a — b)} — paccrosHue
acAbEB beBacA

Xaycnopda, MHAYIMPOBAHHOE HOPMOIL 1 (-).
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Bamaua (1) sBisiercs KaHOHMYECKOIl Jlsi HEKOTOPOIO KJIacca 3alad 10
IIAPOBBIM OIEHKAM BBIIYKJIBIX TeJ [3]. A MMEeHHO, CBOMMM DEIIEHUsIMUA OHA
crIoCcOOHa BBIPAXKATh PEIeHus TOW WJIM MHON 3aJa4y U3 TOr0 KJacca B 3a-
BUCUMOCTH OT 3HadeHud napamerpa r > 0. Hampumep, 3aja4dm o BOucanHoMm
¥ ONMCAHHOM Iapax, MUHIMAJILHON IIAapOBOil 000JI0YKe TpaHurbl Teaa D,

sasaan 06 achepuanocrn u ap. ([1]-[3]).
IIycts D. HEKOTOpOE BBIIYKJIOE TEJI0, TAKOe UTO

WD, D.)<e, €>0.

Hapsizy ¢ «rounoii» samaqeit (1) najsee paccMaTpuBaeM U «[IPUOJIUKEHHYIO»
3aj1a9y

ve(x,r) = h(D., Bn(z,r)) — greuRr%’ (2)

st permeHuii «TOTHOMY U «IPUOIMKEHHOM 33,189 BBEIeM 0003HATEHUST

f(r) = min p(z,r),  C(r) ={y €R”: @(y,7) = f(r)},

fe(r) = min o, (z,r),  Ce(r) ={y €R”: @e(y,7) = fe(r)}-

Teopema 1. Jasa awbvix r > 0, € > 0 evinoanaemcs

|f(r) = fe(r) < e.

Teopema 2. Jlas ecarxozo r = 0 umeem mecmo

sup inf n(zx—y) =0, npuelO0.
yeC. (r) T€C(r)

Ormernm, Kak IIOKA3bIBAIOT IIPUMEPBI, BO3MOXKHBI CJIydau, KOra
h(C(r),C:(r)) - 0 upu € | 0.

2. ByzmeMm mosiaraTh, 9TO HAM M3BECTHBI DENEHWs 33789 O BHENTHEH M
BHYTDEHHeil oreHke Texa D mapom:

R(z,D) = Igleag)(n(x —y) = min, (3)
p(z,D) = min n(x—y) — max, 4)

rae  =RP\ D u nanee P(z,D) = p(x, D) — p(z, Q).
BBenem myisa permennit aTux 3a1a9 0003HATECHUST

R* = IEI]IRI}) R(z,D), Cr={yeRP:R(y,D)=R"},

pr=maxp(z,Q), C,={yeR:p(y,Q)=p"},
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B ciyuae eguncrsennoctn pernennst srux 3a1a4, Cr = {zgr}, Cp = {z,},
0603HAYNM Yepe3

R* — P(xg, D) _ R(z,, D)+ p*

TR 2 9 TP - 2

ITycrs nanee xoucranra Cp > 0 rakas, 4ro ||z|| < Cin(x), Vo € RP.
Teopema 3. ITycmv nopma n(-) ABAAEMCA Ap—CUADHO KEASUSHNYKAOT
(ee edunumnblll Wap ABAAEMCA Ap—Ccusvho sunykavm [4]) Tozda pewenue
3adawu (1) asasemca eOUHCTNBEHHBIM, NPULEM
C(r) = Cr = {xgr}, npu wmobom r € [0,rg] u npu 6cexr docmamouro
maavix € 2 0 6unoAHACMCsH

sup |lz — 2|l < 2¢/Ci A (R* + 2e)e.

z€C.(r)

Teopema 4. ITycmv meao D AGAAEMCA AD—CUADHO BBINYKABIM MHO-
orcecmeom. Tozda pewenue sadavu (1) Asasemca eQuUHCMBEHHBIM, NPUYEM
C(r) = C, = {z,}, npu mobom r > rp U Npu 6cex JdOCMAMOUHO MAADLL
e > 0 svnoanaemcs

sup ||z — z,| < 24/CiApe.

z€Ce

Teopema 5. IIycmv Cr N C, = &, n(-) Aeasemca Ap—Cuivho K6a3U-
sunYKA0T Hopmol, D - Ap—cuavro ewnykivim mroocecmsom. Tozda npu
mobom T = 0 3adava (1) umeem eduncmeennoe pewenue: C(r) = {z(r)}
u das moboeo T € (0,(rp — TRr)/2) npu ecex docmamouno maswx € = 0
BOINOAHACTNCA

€ €
sup sup |z —z(r)|| < 24/ — ()x—&-),
re€lrr+7,rp—7] x€C (1) b(T) b(T)

20e

_|min{R(z(rg +7),D) — R*, P(x(rp — 7),D) 4 p*}
b(T) - 201A )

A=Ap+d\,, d= zrr;%)én(x — ).

€ € o
O6osnaunm wepes Cj n Cf MuozkecTBa pemenmuit 3a1a4 (3) u (4) (o rerm-
Hell 1 BHYTPEHHEH OleHKax Teya D mapOM).
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CaencrBue 1. Ecaun(-) A, -Cuabho Ka6a3UBLNYKAGH HOPMG, TO Delue-
nue sadauu (3) eduncmsenno: Cr = {xg} u das ecex docmamouno masvix
e = 0 swvnoansemces

sup ||z — zgr|| < 2v/C1 A (R* + 2¢)e.

zeCy

2. Ecau D-\p-cuavho uinykaoe mnodtcecmeo, mo pewerue 3adawu (4) edun-
cmeenno: C, = {z,} u daa scex docmamouno marvix € > 0 8LINOAHAETNCA

sup ||z — z,|| < 2v/CiApe.

zeCy

Pa6ora BbIO/IHEHA B paMKax IIPOEKTHOM YacTu roc3aganus MuHoOpHay-
ku P®, mpoext Nel1.1520.2014K.
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[BoiicTBeHHOCTb B 3a4a4ax Hauay4llero
ApObHO-paumoHanbLHOro Npuban>xeHns

IIycTts m, n — HaTypajbHbIE YHCIA U

H(X,t) = P(A1) _ Yy aiuilt) 0

Q(B,t) Y bivi(t)
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Baecs X = (A, B) = (a1,...,0n,b1,...,by). Oysxuun u,(t), v;(t) oupemne-
Jenbl Ha HeKoTopoM Mmuokectse D C RY. Bpeném na D KOHEUHYIO CETKY
{t;};jen, cocrosimyro He MeHee ueM u3 N+ m Touek, [N| > n+m, u paccMor-
PHUM JIMCKPETHYIO 3aJ1a1y HAWJIYYIIero PABHOMEPHOIO IPUOJIVKEHUsT 38, /1aH-
uoit dyukuuu y(t) gpobamu suga (1):

go(X)::rjne%(’H(X,tj) —y(tj)| — inf. (2)

Ha xoaddunmentsr X HaKIaIBIBACTCS OTPAaHUICHUE
O'jQ(B,tj)>O VjGN, (3)

rie 0 = {0j}jen — UKCHPOBAHHBIN BEKTOP, KOMIOHEHTBI KOTOPOIO PaB-
ubl +1. Bekrop o ompejensier 3Haku 3HameHarens @Q(B,t) mnpoou H(X,t)
B y3nax cerku t;. IIpocrefimmii ciaydait — Korja Bce 0; PaBHbBI €JIMHUIIE.
MuozkecTBo BeKTOPOB X, yIOBJIETBOPSIONUX orpanudenuto (3) sazaqdu (2),
oboznaunm U (o). B manpueitimem canrtaem, aro U (o) # .

Hazosém 6asucom mroboe moamuoxkectBo J C N, cocrosiiiee u3 1 + m
MHJIEKCOB, U BBEJEM YaCTHBIE 38491 HAUIYUNIero MpUOIMsKeHusT

p(X, J):=max|H (X, t;) — y(t;)| — inf (4)
JE
IIpu COIVJIaCOBaHHOM OI'DaHUYIE€HUUN
O'jQ(B,tj)>0 Vi€ J. (5)

MuoxkecTBo BeKTOpOB X, yioBJjeTBopsomux orpanndenuto (5) sazaqdn (4),
oboznaunm U (o, J).
Teopema. CupaseyinBo COOTHOIIEHNE JTBOWCTBEHHOCTH
inf (X)=max inf o(X,J). 6
xas (X) max et (X, J) (6)
AnanornuHyio TeopeMy Il 381891 HAMITY 9IIEro MOJUHOMHAIBHOTO MTPH-
6mmkernst mokasas JI.I. [Taupensman [1]. On ommpascs Ha Teopemy Xesum

0 IIepeceveHNy BBIIYKJIBIX MHOXKecTB. MBI ucrnons3yem 0600IIeHE TEOPEMBI
Xesum Ha ciryvaii nepecevyeHus! BBILYKJIBIX KOHYCOB [2].
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Estimates of the Best Approximations of Periodic
Functions
2Kyx B.B.
C.-ITerepbyprckuii rocyIapCTBEHHbBI YHUBEPCUTET, Y HUBEpCUTETCKas Hab., 1. 7-9,
Cankt-Ilerep6ypr, 199034, Poccust

06 oueHkax HaUNYYLWNX NPUOANIKEHNIT NEepUOANHECKNX
dbyHKUNiA

Wnest, koTopast JIEXKUT B OCHOBE M3JIATAEMBIX PE3YJILTATOB, OYEHb IIPOCTA
U YAMBUTEJIHHO TOYEMYy OHA He ObLIa Deajn30BaHa €Ilé B TO BPEMs, KOTJa
HavaJa Pa3BUBATLCSA Teopus amnrnpokcumarmu. OHa UMeeT MHOTHE IIPUJIOZKe-
HUSI W, B YaCTHOCTH, HAPSIJAY C HOBBIMH PE3YJIbTATAMU IIO3BOJISIET IT0JIyYaTh
¥ XOPOIIIO M3BECTHBIE CTaphble, HO KOTOPhIE YCTAHABINBAJINCH BECbMa, HETPU-
BUAJIHHO.

IIycts C' — npocrpancTBO 27-TIeprOAnIecKuX (DYHKIUN ¢ PAaBHOMEPHOM
Hopmoit, B, (f) — Hamrydrree npubimkenue HGyHKIWMH f TPUTOHOMETPHYCCKH-
MM TIOJMHOMAMH HODsJIKa He Bbime n B npocrpancree C, w,.(f, h) — Moayin
HelpepbIBHOCTU MYHKIWMH f mopsiaka r B mpocrpanctee C.

XopoImo u3BecTHO, 4To st J11060it f € C upun € Zy, vy > 0 cupasejmmBo
HEPABEHCTBO

YT
Ealf) < Crn(f. 250, (1)

rie nocrosiaHast C(r,7y) 3aBUCUT TOJILKO OT BBIIUCAHHBIX aprymentos. Hepa-
BeHCcTBa Tuna (1) UrparoT BasKHYIO POJIb B TEOPUM AIIPOKCUMAIAM U UX
U3y49eHHio (B PA3IMYIHBIX HAIIPABJICHUSX) MOCBANICHO GOJIBINOE KOJUIECTBO
paboT MHOIUX aBTOPOB. Y TBEPKJEHHs aHAJIOTUYHbIE cOOTHOIIeHMO (1) mpu-
HSITO HA3BIBATH MIPSMBIMU TEOPEMAMU TEOPUU AITPOKCUMAIIH HJIA 000DIIEH-
HBIMHU HepaBeHCTBaMu JI7KeKcoHa.

VI3BecTeH psifi TIOJXOIOB K YCTAHOBJIEHUIO HEPABEHCTB TAKOTO THUNA (CM.
[1,¢.202 - 211; 2, c. 202 - 205; 3, c. 272 - 275; 4, c. 251 - 253; 5; 6, c. 157 - 159;
7,¢. 57; 8, c. 195 - 203; 9 - 13]). B nacrosamem pok/aze g X014y 00paTUTh BHU-
MaHWe Ha OYeHb IIPOCTON U BMECTE C TeM MMEIOIIHUH IMUPOKUE MPUIOKEHUST
METO/I YCTAHOBJIEHUSI HEPABEHCTB JIJIsl HAWIYIIINX TPUOIMKEHI aHAI0T Y-
HBbIX 00001IeHHOM TeopeMe JIzkekcona. OrpaHUYyCh PacCMOTPEHHEM TOJIBKO
poCTOli cuTyalmu, cBsi3aHHol ¢ HepaseHcTBoM (1). Bostee nogpo6rO Bopoc
paccMoTpeH B craTbax [14 - 16].
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IIyctn

sh,l(f,x)z%/f(xﬂ)dt, Spa(fo ) = Spa (Swa(f), @)

— ¢dyukmua B. A. CrekjoBa mepBoro u BTOpOro MOPsIKa COOTBETCTBEHHO.
Xopomro u3BecTHO, uTo JyIst mob6oii f € C'2)

2

T E.(f").

Hnst f € C numeem

En(f) < En(f = Sn2(f)) + En(Sh2(f)) <

7.(.2

< En(f — Sha2(f)) + mEn(SZz(f)),
2
B(Sf () = 2080,

e
Su(f,x) = f(z+h) = 2f(z) + fz = h)

— KOHEYHAs] CAMMETPHYHAS PA3HOCTb BTOPOrO MOPAIKa (DYHKIUN f.
D10 paccyKjeHue IpoBOIUIOCH MHOI'O Pas.
ITonoxum h = n'Y—J:rl Seno, uTo
2
E,(05,(f)) < 4En(f).

CiremoBaTe/IbHO

724E,(f) 1

E.(f) < Ex(f — Sha(f)) + S(n )22 = En(f = Sha(f)) + T,yzEn(f)

A reneps 3ameuanne. 1o/ uepKHYTHIN WJIeH [IEPEHOCATCS B JIEBYIO YaCTh
(BMecTO TOrO, 4TOGBI €r0 OIEHUBATH CBEPXY )

1

=) < En(f — Sha(f))-

Taxum obpazom, ecau 272 — 1 > 0, To

2

Ea(f) < =2

X 272 — 1En(f - Sh,2(f))'
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DTa U3BECTHAS OIEHKA PaHee MOJIydaaach JAJEKO He TPUBUAILHBIM 00Pa30M.
B ugacTHOCTH U3 Hee ciexyeT, YTO

2 2 2
En(f) < W%E"(f - Sh,2(f)) < ﬁ WZ(fa h’)a

T.e. HepaBeHCTBO JI)KeKCcoHa M1l MOJIyJIsi HEIIPEPBHIBHOCTH BTOPOT'O MOPSIIKA.
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Some Exact Estimates for the Derivatives of Trigonometric
Polynomials
2Kyx B.B., Tymxa O.A.
C.-ITerepbyprckuii rocyIapCTBEHHbBI YHUBEPCUTET, Y HUBEpCUTETCKas Hab., 1. 7-9,
Cankt-ITerep6ypr, 199034, Poccust

o HEKOTOPbIX TOYHbIX OUeHKaX O NMPon3BOAHbIX
TpUroHoMeTpmn4yeCckux noJimHOMoB

1. B nanpneitmem R, Ry, N cyTh COOTBETCTBEHHO MHOXKECTBA, BEIIIECTBEH-
HBIX, HEOTPUIATEIbHBIX, HATYPAJIbHBIX YHUCET; BCe (DYHKIMH IIPEIITOjIara-
IOTCSI BeIecTBeHHbIMU. Uepe3 H,, obo3HadTaeM MHOXKECTBO TPUTOHOMETPHU-
YeCKHX IMOJIMHOMOB TIODsiJiKa, He Bbilie 1, C' — TPOCTPAHCTBO HEIPEPBIBHBIX
2m-nepuojaeckux GyHKIWmi f ¢ HOpMmoit || f|| = max |f(z)]. Honaraem

5 (fx) = flm+t)+ f(z —t) — 2f(2),

= /(1 — cosnt)U(t)dt.
0

Yepes W oboznadaem muokectBo dyukimonanos ® : C — R, rakwux,

aro O(f + g) < (f) + P(g) sz mobwx f,g € C. CumBosn § mornMaeTcs
kak 0. ITomaraem

gy e
M(®) = sup rrs - m(®) = sup .

2. Teopema 1. Ilycts n € N, T' € H,, dynxmua ¥ : [0,7] — Ry
cymmupyema Ha [0, 7], Touka xg € R takas, aro [T (x¢)| = ||7"||. Torma

usy

‘0/63(T, J;O)\I/(t)dt’ >

2 an

17

n2
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Cnencrsue 1. Ilycrs n € N, T € H,,, bynknus ¥ : [0, 2] = Ry cym-

mupyema Ha [0, 2], a,, > 0. Torza
1" n2 f 2
< 5| [ )
0

JlokazareabeTBo TeopeMbl 1 CYIIECTBEHHO OMUpAETCd Ha yTBEPIKJICHUE
(em. [1, c. 43-45; 2, c. 15-17]): ecrm T € H,,,T(wo) = ||T||, To nmpm [t| < T
CIIPABE/IUBO HEPABEHCTBO

T(xg+t) = ||T| cosnt.

B cBsizu ¢ Teopemoit 1 u ciencrBueM 1 ymecTHO ymoMsiHYTH paboTst [3; 4].
3. Teopema 2. ITlyctrb n € N, & € W, M(®) = M < 400, m(®) =m <
+00, dyukius ¥ € H, yunosiersopsier yciopusm: U(t) > 0, ¥(—t) = U(t)

™
npu t € R, f U =1, a, > 0. Homoxum

—T

U(f7x):/f(x+t)\11(t)dt.

Torma msa f € C

it

f w0 17 -+ |

2mn?

(f) < (M+ /Z(Sf(f,m)\ll(t)dtH.

n

Hoxkaszareanctso. Juamoboit f € C oyuner U(f) € Hy,. Ilosromy
B CHJIy CJieJicTBUs 1

™

n

0/ 5?(U(f),w)\1’(t)dtH <

2
" n
<
10" () < oo

n

) w B
<o (s -l v+ | o)
0 0
CrenoBaTesibHO,

o(f) <O(f-U()) +2U(f) < Mlf -UNI+



264 3opkaJibiies B..

mn2
Fml0" (< M= U+ (4 = Ul

xi@(t)dt+ "i&f(f,x)\ﬂ(t)dt”) =
0 0

2mn? mn?
20,

:<M+

n

/@(t)dt) Ilf=U)+ jég(ﬁ xﬂj(t)dtH'
0 0

CaencrBue 2. B ycioBusx TeopeMbl 2

jus

o(f) < <M+ mn <4/n\11(t)dt+1>>H]|§f(f7m)]\11(t)dtH.
i b

20,

[Ipenmonaraercs mMOAPOOHO OCTAHOBUTHCH HA IIPUIOKEHUSAX TPUBEICHHBIX
BBIIIIE PE3YJIBTATOB K BOIIPOCAM AITPOKCAMAIUN (DY HKITHIH.

JINTEPATYPA

[1] Bapm H.K., Tpuzonomempuneckue padu, @usmarrus,M.(1961).

[2] Creuxnn C.B., Hsbpannwe mpydw: Mamemamura, Hayka, ®Pusmarmiwr,
M.(1989).

[3] ?Kyk B.B., Ilyepos I'.O., “HekoTopble HEPABEHCTBA JJIsi TPUTOHOMETPHIECKHAX
MOJIMHOMOB U K03 durmertroB Pypwe”’, 3an. nayun. cemunapos ITOMU, 429,
64-81 (2014).

[4] Vinogradov O.L. and Zhuk V.V. “Sharp estimates for errors of numerical
differentiation type formulas on trigonometric polinomials”, Journal of
mathematical sciences, 105, No. 5, 2347-2376 (2001).

Chebyshev and Others Projections of Point on Polyhedron
3opraavuese B.U.
zork@isem.irk.ru
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YebbiweBckne un Apyrue npoekuymnnm TO4HKM Ha nonauvsap

B meromax BbIuuC/IeHUil, B MATEMATHIECKOM MOJIEIMPOBAHUN YACTO BO3-
HUKAIOT 33/[a9M [TOMCKA BEKTOPOB JIMHEHHOrO MHOTrO0Opa3us u, B bGosee 00-
IIeM CIIydae, HOIIdApa, HanMeHee yIAJeHHbIX OT 3aJaHHol Touku. [Ipu sTom
MOTYT IIPUMEHSITHCSI PA3HbIe CIIOCOObI KOHKPETU3AIUHU MOoHATHs "6sm30cTh" .
B Tom umciie ¢ UCIOIB30BAaHMEM PACCTOSTHUIL, HOPOKIAEMBIX OKTa3[PaJib-
HBIMH, €BKJIMJIOBBIMH, T'éJIbJEPOBCKIMH, Y€OLIIIEBCKUMU HOpMaMu. B artmx
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HOPMAaX BO3MOXKHO BBEJIEHIE BECOBBIX KOI(DDUIMEHTOB, & B T€/IbIEPOBCKUX —
BapbUPOBaHUE CTeleHHOro Kodddunuenta. IlosTomy Kaxkias U3 3TUX HOPM
[IpeJICTaBJIEHA 3/1eChb BO MHOYKECTBEHHOM YHUC/IE.

Kak cBszanbl MexXIy cOOOU perlleHnsl yKa3aHHOW MeOMEeTPUYECKOl Mpo-
6JIEMBI TIPU PA3JIMYHBIX ONpee/IeHuAX moHaTusa "6m3octs"? Kakumu cBoii-
CTBaMHU, JIOCTOMHCTBAMH U HEJOCTATKAMU O0JIAJAI0T pa3Hble CIIOCOObI "KOH-
kperusarun " morsaTus "oau3octs"? Kak Bimsier Ha pellieHre BHIOOP U Bapbu-
pOBaHNe BECOB B YKA3aHHBIX BbIIE HOPMAax?

B mokiane miaHuWpyeTcsi MpeCTaABUTh PE3YJIbTAThI MCCIEIOBAHUN ITUX
BOIIPOCOB, ONUPasiACh Ha HpemnecTByoomume padorst [1, 2]. Ilpu srom ocoboe
BHUMAHNE OyIeT yIeaeHO YeOBINIEBCKUM MPOEKIINAM, UTO OOYCIOBIEHO OC-
HOBHOW TeMAaTHUKOW KoH(MEepeHInr U OOJBIION POJbI0 MUHUMAKCA B Pa3HBIX
paszesiax UCCIeJOBaHus onepanuit [3].

Saganbl MaTpuna A pazmepa m X n, Bekrop b € R™. OupeaeiuM moImsap

X={xeR": Az > b}. (1)

CuuraeM, yro 0 ¢ X, X # .
O6oznaunm @ MHOKeCTBO [lapeTo-onTuMabHBIX PEeIleHnii MHOrOKPUTE-
pHUaJIbLHON 3amavn:

|z;] > min, j=1, ..., n, z€X. (2)

To ectp BekTOp € X BXomuT B (), ecsin He cymiecTByeT y € X TAKOro, 9TO

n

n
Z|yj|<2|33j|, ‘yj|<|$j‘7j:1, s T (3)
j=1

Jj=1

O6osuauum Jo(z), Jo (), J_(x), J(x) — MHOXKECTBA HOMEPOB KOMIIOHEHT
BEKTOpA T C HYJIEBBIMH, TTOJIOKUTETbHBIMA, OTPATIATETHHBIMA W HEHYJICBHIMA
snadeHussMu. [lycTn

In(z) = Jo(Ax — b), I(z) = J(Axz — D). (4)

0O603uaurM D MHOXKECTBO BEKTOPOB & € X TaKWX, 9TO He CyIecTByeT y € X
[P KOTOPOM

Jo(y) € Jo(z), Lo(y) € Io(x) (5)
7 XOTsI OBI OHO W3 3TUX BhIpazkeHwuit crporoe. IlycTh

B=DnQ. (6)

BekTopnr u3 B 6ymeMm Ha3bBATH 0c06bLMU. TncI0 BeKTOpOB B D u, cireioBa-
TesibHO, B B, koreuno. Cormacuo (6)

BCQ. (7)
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3amevanme. Fcau X aunetinoe mnozoobpasue, mo B = D. B cayuae
AUKETH020 MHO2000pa3us MHOMCECMB0 B Mmootcno onpedeaums (cm.[1]) xax
Habop eexmopos u3 X ¢ MAKCUMAALHOMU (HEPACULUPALMBLMU) HOCUMEA-
mu. Hem neobrodumocmu 6 (6) u moeda coommnowenue (7) yorce ne 6ydem
mpusuasvHvm caedcmeuem u3 (6).

MHozkecTBO () CBSI3HOE, 3aMKHYTOE, OTPAHUIEHHOE M BO MHOTUX CJIYJasX
HeBBIyKJIoe (Iaxe, ecnin X — juHeitHoe MHOr0o6Gpasme, npu n > 4). Cupa-
BEJUIUBO COOTHOIIIEHUE

coB = co(, (8)

rae co — BbIHyKﬂaﬂ O60.HO'~IKa..
MHO?KeCTBO Q COCTOUT U3 KOHEYHOI'O YUCJIa ITOJINTOIIOB
Q= U Q; 9)

i=1 k

e ey

npu HeKoTopoM k. OTHOCHTE/IbHAST BHYTPEHHOCTD 74 (); KAXKJIOTO MOJIMTOMA
(Q; COCTOUT M3 BEKTOPOB C OJIMHAKOBBIMU 3HAYEHUSIMU 3HAKOB KOMIOHEHT U
OJIMHAKOBBIMK HAOOPaMU HEAKTUBHBIX OIPAHUYEHUI: JIJIs JIFOOBIX T, Y U3 T1Q);

() =Ty (y), J-(x) = J-(y), I(z) = I(y). (10)
Iycrs y € i Q;. Torma st Beex « € Q;
Ji(x) € Ji(y), J-(z) € J-(y),I(z) € I(y) (11)

U He CylIecTByeT £ € () TaKoro, 4To

J+(y) - J+(m),J,(y) < J,(aj)71(y) - I($)> (12)

re XOTs OBl OJTHO W3 BKJIFOUEHUI BBIMOJHSETCHA B CTpOroit dpopme. BekTopnt
u3 B cayxkar BeprmHaMu MOJATOIOB ().

O6o3naunm F muoxkecTBO JuddepennupyeMbix (GYHKIH OT BEKTOPOB
R™, kaxjast u3 Koropbix f € F B pe3ysbraTe HEKOTOPOI'O BO3PACTAIOIIE-
ro juddepeHIupyeMoro npeodpa3oBaHusi MEPEXOIUT B CTPOrO BBITYKJIYIO
dyukImo n 061a/1aeT CBORCTBOM

sign (V;f(x)) = sign(z;),j =1, ..., n. (13)

Hokazano [2], aro st moboit byuknuu f € F cyliecTByeT U eJIMHCTBEH-
HBIII BEKTOP

z(f) = argmin{f(z) : = € X}. (14)

MHo02KkecTBO TaKUX BEKTOPOB 0003HAYNM

PF ={x(f): feF}. (15)
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MmuoxectBy F' npunajiexart réibIepOBCKHE HOPMBI, KaXKJIas U3 KOTO-
PBIX B Pe3yJIbTaTe MOHOTOHHBIX IpeobpasoBaHuii (BO3BEIEHUST B CTEIEHD D)

IePEXOIUT B (DYHKITIIO
n

op(@) =Y hy(lz))". (16)
j=1

3aecy h; > 0 Becosble Koddurmentel, p > 1 crenenHoil kosbduUIUEHT.
YacTHbIM citydaeM Tpu p = 2 OyAyT KBaJAPaThl €BKJINIOBBIX HOpM. B 3TOM
cayqae 3a1a43a (14) permaercss METOIOM HAMMEHBINNX KBaapaTos. [losyuen-
HOe perienne Oy/ieT eBKJINJ0BOI POoeKIell Hadasa KOOPINHAT Ha ITOJIH/IP.
Beemem MuOXKECTBA TE/IBAEPOBCKUX IPU (DUKCUPOBAHHOM CTEIIEHHOM KO-
addurmenTe n Beex TéIbIEPOBCKAX MPOEKIINY HAYaIa KOODJAWMHAT HA OJIU-

31p: npu p > 1

P, ={a(¢l): heR", h> 0}, (17)
P= pglpp. (18)

Cupasegussl [2] coorHomenus: npu jobom p > 1
P, =P = PF, (19)

P2§Q7 CZPQZQv (20)

e ¢l — 3amblKanne MHOXKecTBa. [lepBoe M3 3THX COOTHOINEHU pu p = 2
03HAYAET, 9TO, 38 CIET BHIOOPA BECOBHIX KO MUITMEHTOB, METOIOM HANMEHb-
MIUX KBAJIPATOB MOYKHO IOJIy9aTh JIIOOYIO T€JIbIEPOBCKYIO IPOEKINIO HAYAIA
KOODJIMHAT Ha TToJm3p. Bosee Toro, cormacuo (20) MeTO HANMEHBIINX KBAI-
pATOB IIO3BOJISIET, 3a CUYET BAPbUPOBAHUS BECOBBIX KOI(MMUIMEHTOB, IOJIY-
vyarh pemtenue 3aga4n (14) Muanmuzanuu mrpadHoil GyHKIMI Ha OJIUIpEe
st YHKINN U3 MIHPOKOTo Kiacca F.

Corunacuo (7), (19), (20) MeT0/0OM HAMMEHBINIX KBaJIPATOB MOYKHO IOJTY-
qaTh ¢ JII0OOI TOYHOCTBHIO Jitoboe pemierne u3 B u . B sTom miane "crapbiit
APYT’ METOJi HAaMMEHBIINX KBa/IPATOB HE XYy2Ke "HOBBIX TPeX — IOCTaHOBOK
pobJieMbl TIOUCKa OJIMKANIINX K HAYALY KOODJMHAT TOYEK II0Judapa: 1) B
BUJIE 331441 BBIYMCJICHUsI OCODBIX BEKTOPOB U3 B; 2) B BUjE 33Ja49U [OUCKA
BEKTOPOB mosimyipa ¢ llapero-MuHUMAIBHBIMA AOCOJIOTHBIMU 3HAYCHUSIMEI
KOMIIOHeHT; 3) B BuJe 3ajaun (14) munuMusaimuu mrpadHbix QyHKIUA 13
IIIPOKOTro Kjacca F.

Kpome n3BeCTHBIX BBIYUCIUTENBHBIX YA0DCTB METO/ HAUMEHBIIINX KBaJI-
paToB, CJle/lyeT OTMETHTDb U TaKOe €ro IPEUMYIIECTBO: eBKJIMIOBA IPOEKIIHs
2(ph) aBageTCAa HepepHIBHOI BEKTOP-(MYHKIHEl OT BEKTOPa BECOBBIX KOI(M-
dummentos h > 0.
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NmeroTcs pacimpenns Kiaacca mrpadubix GyuKInit F na #Hequddepen-
nupyeMmble dyHKIUUA. PaccMoTpuM JBa TaKUX PACHIMPEHHS: OKTa3IpPaJIbHbIE
(okTasmpuuecKne) u 9eObIIEeBCKIe IPOEKIIN HAuaa KOOPJANHAT Ha MOJIUID.

OxTasapanbHble (OKTa3ApUYECKUEe) MPOEKIMU. 3812494 [IOUCKA, BEK-
TOpoB U3 X ¢ MUHUMAJILHON OKTa3ApaJbHON (OKTasApUIecKoil) HOpMOit Mo-
JKeT UMeTh HeeJnHCTBeHHOe perenne. OBo3HATNM

Pl = ArgminZhj|x|, reX
j=1

MHOYKECTBO PEIeHH 9TOi 3a/1a"u P 3aJ[AHHOM BEKTOPE BECOBBIX KO dhu-
nureHToB h > 0 B OKTa3/IpajibHO HOpMe. AHOHCHPYEM JIBE TEOPEMBI
Teopema 1. P, = Q, 2de P, = hL>J0 P

Teopema 2. IIpu ao6om h > 0, ecau x € P!, mo y € Pl npu aobom
y € X maxom, umo

Ji(y) € I (2), J-(y) € J-(2), I(y) € I(2).

CaexnctBue 1. IlIpu aobom h > 0

P'NB+ 2.

CaencrBue 2. Ecau npu darnom h > 0 oxkmasdpasvras npoexyus edur-
cmeennan (mmosicecmeo Pl cocmoum uz odnozo éexmopa), mo amo 6ydem
ocobuili sexmop (m.e. npunadaesrcawyud B).

Corsacuo teopeme 1 j11060it BeKTOp U3 () MOXKET OBITH IOJIyI€H KAK OK-
TasapasIbHas MPOEKIns Hadaga Koopamuar Ha X. Kazamock Obl, 3TOT dakT
03HAYAET TAKYIO XKe 3(DPPEKTUBHOCTH METO/Ia MUHUMU3AINN CYMMbI MOJLYJIeit,
KaK U y MeTOJa HAMMEHBIINX KBaJIpaToB. leopema 2, BO3MOXKHAasl HEOIHO-
3HAYHOCTb OKTaIPAJIbHBIX IIPOEKIUil, BHOCUT OOJIBIIYIO “JIOXKKY JErTs .

Mmuorue BeKTOPBI U3 () MOTYT OBITh OKTa3IPATHHBIM MPOEKITUSIME [IPU
HEKOTOPOM h B TOM U TOJIBKO TOM CJIy4ae, eCJIM TAKUX IPOEKINil IPU STOM h
MHOTI'0, HEKHIi TIOJIUTOI B ().

Her HempepbiBHOCTH B M3MEHEHUsIX OKTa3/IPaJIbHBIX IPOEKIH OT U3Me-
HEHUI BEKTOPa BECOBBIX KO3 duiimeHToB. BO3MOXKHA cUTYaIHsl, KOTJa CKOJIb
YTOJHO MAaJioe M3MEHEHUE BEKTOPA BECOBBIX KOI(MMUIUEHTOB h MOYXKET Ipu-
BOJIUTH K TIEPEXOJLy OT MPOEKITHii, COMEePKAIINX TOJHKO OJINH BEKTOp u3 B, K
[TPOEKITUSIM, COJIEPKAIIUM TAKXKe TOJILKO OJMH, HO y2Ke JPYroi BeKTop u3 B.

YebbIlieBCKIE MPOEKIAU. 3a/[a49a MUHUMU3AIUA HAa X 4Ye0bIIeBCKO
HOPMBI

h
e, = max hyla|
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npu 3ajganaoM h > (0 TakyKe MOXKET WMeTh HeeJIuHCTBeHHOe pernenne. Cpe-
JIM ee pellleHuil 0bsi3aTeIbHO OyjieT BeKTOp u3 (). MoryT okasarbes cpeiu
pelleHnii U BEeKTOPHI, He NpUHAJJIEXKAIIE (), KOTOpbIe HE IOJSsITCsI HA POJIb
OMKANIIMX K HaYa Iy KOOPIAMHAT TOYEK ITOJIMIJIPA U3 COJIEPKATETbHBIX CO-
0OpazKeHmii.

[Ipennaraercst B KadecTBe 9e€0BIIEBCKON TPOEKIMH HAYAIA KOODJMHAT HA
mosimdap X paccMaTpuBaTh BEKTOD

y(h) = arg lex min = max  hj|zj],
zeX j=1,...,n
rJie BbIpaXkeHue [exr min 03HAYAeT, YTO IPUMEHSIETCS CJIeIYIOIIasl IPOIeLypa
JieKCuKOrpadrieckoit (Ioc/ie10BaTe/1bHOl) OITUMU3AIMH.

Ha mepsom sTame pemraercst 3aga9a MUHAMA3AIAA IeOBITIEBCKON HOPMBI
na X. B pesynbrare perreHus 3Toit 3aJa91 OMPEIeIIeTCs OHO U3 OMTHMAIb-
HBIX PENeHnii (eCm UX HECKOJIBKO) U OCYIIECTBIISIETCsT pa3neHne MHOYKECTBA,
HoMepoB j =1, ..., n Ha aBa nogMuoxKectsa Iy, Ji. B nabop I; Bxoaar e
HOMEpPa KOMITOHEHT BEKTOPa T, KOTOPhIE MMEIOT OJHO U TO XK€ 3HaYeHUe JIJIst
JI060T0 OITHMAJIBHOTO pernenns. B Habop J; BXOAAT HOMepa ITepeMeHHBIX T,
KOTOpBbIE MOTYT NPWHUMATH Pa3Hble 3HAUEHUS JJIsT ONMTUMAJILHBIX PENTeHmit
3a/1a491 [IEPBOTO JTAlla.

Ilepemennbie ¢ HoMepamu u3 [| PUKCUPYIOTCS U PEIIAETCs 33,1298 MIHU-
MuU3aMU TOi ke DYHKIMU HA HoJu3ape X [0 OCTABIIMMCS [IEPEMEHHBIM (C
nomepamu u3 Jp ). [osy4uaem onTuManbHOe pellieHne 1 pa3buenne MHOKECTBA
HOMEDPOB J; Ha nBa moaMHOXKecTBa Io, Jo. B mabop I, BXomsaT HOMepa mepe-
MEHHBIX Z;, KOTOPBbIC B PE3yabTaTe PEMICHUs 33a9i ONTUMHU3AIINA BTOPOTO
sTamna uAeHTUMUIUPYIOTCS KAK MMEIOIre OJHO U TOXKe 3HAYEHUe IS BCEX
ONTHUMAJIBLHBIX PEIIeHn. JTHU IepeMeHHble (DUKCUPYIOTCS Ha JIOCTUTHYTOM
ONTUMAaJIBLHOM YPOBHE IPH MEPEXOJIe K 3a/ade CJISYIOIMEro STara.

IIporemypa mepexoma K CIEIYIOMIEMY ITAIy IOBTOPSIETCS IO T€X IIOP, I0-
Ka Ha OYepeJHOM dTane ¢ He OKaxKercs, 4ro J; = . Tak Kak Ha BCcex dramax
MHOXKecTBO I, k = 1, 2, ..., He MyCTO, TO Yepe3 KOHEUHOE UHUCJIO ITAIIOB
GyzieT 07IHO3HAYHO onpejiesieH BekTop y(h).

VKazaHHYIO MPOIEAYPY ITOC/IEI0BATEILHOTO PEIeHUsT 3a/1a9 ONTUMMA3a-
1y (OHU NPEJCTABJSIOTCA B BUJE 3a/a4 JIMHEHHOIO IPOrPAMMUPOBAHMS )
", 9TO OCODEHHO BaKHO, pa3/]esIeHUsT MEPEMEHHBIX Ha YKA3aHHbIE BBIIIE B
MTOIMHOKECTBA, €CTECTBEHHBIM 00pa30M, MOYKHO OPraHU30BaTh Ha 6a3e ajro-
pI/ITI\’IOB7 IIpI/IBOﬂHHLI/IX K OTHOCUTEJIBHO BHyTpeHHI/II\i TOYKaM OIITHUMaJIbHBIX
pemnenuii. Takum cBOMCTBOM 00JIaJAI0T AJTOPUTMBI METOJIa BHYTPEHHUX TO-
9eK.

AHoHCUpYEM IBa yTBEPXKICHUSI.

Teopema 3. ¢l Py, = Q, 2de Py, = {y(h): h € R™ h>0}.
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Teopema 4. UYebvauesckas npoexuyus y(h) asasemces nenpepwvieHol
sexmop-Ppyrryuet om sexmopa h.

MoKHO pe3IoMUpPOBATh, UTO OIpPEe/IeHHbIE 3/1eCh YEOBIIEBCKUE MTPOEK-
W BIIOJIHE KOHKYPEHTOCIOCOOHBI C €BKJIMIOBBIMU ITPOEKIUSME. Bbranc/iu-
TeJbHBbIE MPOOJIEMBI, CBA3aHHBIE C HEOOXOIMMOCTBHIO IOMCKA OTHOCUTEIBHO
BHYTPEHHUX TOYEK ONTHMAJILHBIX PENIeHUH 3a/1a9 JUHEHHOrO IIPOrPaMMHUPO-
BaHUs, JIETKO IPeoJ0JnMbL. [Ipn 9TOM B HEKOTOPBIX CIydasx YeOBbIIIeBCKUE
[IPOEKINH MOI'YT UMETh COJEPXKATEIbHbBIE IPEUMYIIECTBA.

Pabora Bemosinena npu noggaepxke POOU, npoekt Ne15-07-07412a.

JINTEPATYPA

[1] Bopxambnes B.U., “OkTasapuyeckue n €BKIUIOBBI IPOCKIINU TOIKH HA JIMHEH-
Hoe MHoroobpasue”, Tpydv, uncmumyma mamemamuru u mexaruky YpO PAH,
18, No. 3, 106-118 (2012).

[2] 3opkanbues B.I., “IIpoekuun Toukn Ha moimsap’, 2KypHaa 6vbiuucas. mMamem.
u mamem. Pusuru, 53, No. 1, 4-19 (2013).

[3] Hdembsinos B.®., Manozemues B.H. Bsedenue 6 munumarc, Hayka, (1982).

The Example of Best Uniform Approximation
in Multidimensional Space
Manozémos B.H., ITromxun A.B.
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Mpumep Hannyylwero paBHOMeEpHOro NpPUoAMIKEeHNA
B MHOFOMEpHOM cJrly4ae

Iycts n > 2 — GUKCUPOBAHHOE HATYPAJIBHOE YUCIO, T = (T1,...,Tpn) —
BEKTOD C IIOJIOKUTE/LHLIMA KOMIIOHEHTAMU 1

H(z)=n Z L
=1 Tk
— QyHKIHUs, 3HAYEHNE KOTOPOW PaBHO CPEIHEMY IapMOHHYECKOMY €€ apry-
menToB. Joonpenenum H (x) Ha MHOXKeCTBE R”} BEKTOPOE ¢ HEOTPHUIIATEIb-
HBIMU KOMIOHEHTAMHU, IIOJIOKUB 110 HenpepbiBaoctu H (x) = 0, ecau xoTs 6b1
OHA KOMITOHEHTa BEKTOpa T paBHA HYJIIO.
O6oznaunM depe3 () TeJIeCHBII CHUMILIEKC, COCTOSIIIMII M3 BEKTOPOB
z € RY, y KOoTOpbIx Y or—q @k < 1, B pACCMOTPHM 3a/ady HAHJIYIIErO PaB-
HOMEDPHOI'O TIPUOJINKEHUS:

v(c) ::I;?éqH(gc) —(c,x)| — Cnel]gll . (%)
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JlokazaHbl CIEIYIONINe YTBEPKICHUS:

1

— sadaua (%) umeem eduncmeennoe pewenue ¢ = (5=, ...

wee NOAHBIM AGADMEPHAHCOM;
—  BDNOAHAECNCA YCA0BUE CUALHOT eQUHCMBEHHOCTIU

1
%) , 0baadaro-

o(c) = ples) 27z —
1 .
V4an2—-3n’
— npu KangaOM n KOHCMAHMA CUADHOU eduHCmGeHHocmu T acumnmomu-
Yecru movHa.

cr =
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Section 8

Polyhedral Analysis and Polyhedral
Optimization

Polyhedral Approximations in Rn
Balashov M.
balashov73@mail.ru
Moscow Institute of Physics and Technology, Institutskii pereulok 9, Dolgoprudny,
141707, Russia

Let R™ be a real n-dimensional Euclidean space with the inner product
(x,9).

Let E be a Banach space and let a subset A C E be convex and closed.
The modulus of convexity §4 : [0,diam A) — [0, +00) (was introduced in [1],
see also [2]) is the function

1+ o
2

§A(5):sup{(5>0 ‘Bg( > CA, Vo,20€ A |x1—x2|=€}.

We shall consider the standard polyhedral approximation of a closed
convex compactum A C R™ on a grid G = {py}i_, of unit vectors from
R" with step A € (0, 1) in the sense of [3]:

A={zeR"| (pr,z) < s(pr,A), Vk, 1 <k < N}.
Here s(p, A) is the supporting function of the set A, i.e.
s(p, A) = sup(p, x).
z€A

The main result of the paper [4] is that
WA < Se(a)a,

where £(A) is a solution of the equation 2 = 2 and

h(A,A) = max |s(p, 4) = s(p, 4)|

is the standard Hausdorff distance between the sets A and A.
The main result of the talk (see [5] for details) is an estimate of the error

for polyhedral approximation of a convex compactum from R"™ when the
compactum is given with the help of the presupporting function.
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For a positively uniform function f : R™ — R define the set

Op={peR" | |[pll=1, convf(p) = f(p)}

We shall postulate that convf(p) is a proper function (and f(p) itself is not
necessary CONvex).

Let R > r > 0 be such constants that r||p|| < f(p) < R|p| for all p.
Suppose also that there exists § > 0 such that for any p € Oy and for all
q € Bs(p) N9B1(0) we have

fla) = f(p) = (f'(p),q = p) < w(llg = pl),
where f/(p) is some subgradient, w(t) > 0 for ¢ € (0,4) and tlirilo wt) — o,
—

t
Let
A={zeR" | (p,x)

fl:{a:e]R" | (p,x)

f(p);, Vp € R"},
f(p), ¥p e G}.

Then for sufficiently small step A we have the estimate

NN

h(A,A) < E w(AA)2 :
r 1—T

The order (on A) of the right side in the previous formula is the best
possible.

The work was supported by grant RFBR 16-01-00259-a.
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An Algorithm for Data Analysis via Polyhedral
Optimization
Gabidullina Z.
Zgabid@mail.ru
Kazan Federal University, Institute of Computational Mathematics and
Information Technologies, 35, Kremljovskaja street, Kazan, 420008, Russia

For a long time, from both theoretical and practical points of view, the
different aspects of linear separability of sets are of increasing interest due to
a broad range of applications, most notably in data analysis. Actually, as a
fundamental topic of mathematics, linear separability has a large literature.
Let us focus the attention on only some of recent sources of leading authorities
in the field, that are most relevant and helpful for our question of concern,
such as [1]- [3].

In respect to this paper, it represents a continuation of our previous work
on theoretical issues of linear separability of sets and its practical applications.
Our preceding results used in the study have been published in a series
of papers [4]-[10]. In this talk, we consider the m arbitrary nonempty
pattern sets in the n— dimensional Euclidean space R™ denoted by @;,
ielI=4{1,2,...,m}. By classical definition, a pattern is an entity that can
be represented by a feature vector (a collection of properties and variables).
As examples of patterns can be enumerated a patient with the results of the
medical tests; an audio signal with its frequency spectral components; or a
digitized image formed by pixels or color samples. Some more words about
our notation now. Each of pattern sets ®;, ¢ € I is a polyhedron given
as the convex hull of finite number of vectors. Let us note that, owing to its
boundedness, such type of a convex polyhedron is frequently (but not always)
called a polytope. Let ® be the intersection of the considered finite collection
of polyhedra ®;, i.e. ® := N;jc;P;. Let & # @. Let B — ¢ stand for the
Minkowski difference for some set B and point ¢ € R™, i.e.

B-g:={x€eR":z=b—¢q, be B}.
For the case when B := convgex{br}, there was proved in [5] the following
useful property:
B — g = convge g {bx — q}-

In data analysis, a nontrivial important question arising in many scientific
areas such as computer science, engineering, biology, and medicine, among
others is whether or not, for some arbitrary pattern p, it holds p €
O = Ner®P;? For answering such a question for one polygon (but not for
the intersection of some ones) in the two-dimensional case, for instance,
there can be utilized the so-called point-in-polygon algorithm [11]. For the
same purpose, in the three-dimensional case, there may be used the point-
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in-polyhedron algorithm [12]-[13]. In [14], using parallel projection, this
algorithm reduces the dimensionality of the problem in concern to the solvable
two-dimensional case. Then one applies the point-in-polygon algorithm to
explore whether the test point lies outside the image of a projected face
or not. The objective of this paper is to develop the algorithm for solving
the problem under study in the n—dimensional case, i.e. for the arbitrary
dimensionality. Moreover, we investigate the more complex case when the
structure of the considered set @ is defined as an intersection of the finite
collection of pattern sets. Among other things, our approach is differed from
the above-mentioned ones in respect to the tools (such as parallel computing
with its advantages) operating in our investigation. Necessary and sufficient
conditions for emptiness of the cones of generalized support vectors and a
linear separability criterion for sets of Euclidean space from [6]-[7] provide
the useful background for the current treatment. Let us further note that
the problem in consideration is closely relevant to the best approximation
problem (BAP) which is to find the projection of a given point p onto ®. We
refer the interested reader to [15], [16] for a very helpful systematic survey
of existing results on iterative projection algorithms which are (and, in some
cases, are not) appropriate for solving of BAP.

Here, we apply the concept of “linear separability”, so we have to remind
at least briefly the meaning of this term for concreteness. The point ¢ and
pattern set B are said to be linearly separable, if and only if there exists
some non-zero vector ¢ € R™ such that:

(c,q) < géilr?l (¢, b). (1)

To define the strong separability of the objects in concern, the inequality (1)
should be fulfilled strictly (for definitions and more details see, e.g., [6]).

As is already known from mathematical theory, the point p belongs to
® if and only if the origin of R™ belongs to the Minkowski difference ® — p.
For this reason, our goal is finding out whether or not the origin belongs
to (Njer®;) — p. For the purpose, we will have to clarify whether or not
the origin belongs to N;c7(®; — p). Due to well-known connectedness of the
problem in concern with the linear separation problem, our further task is
to separate linearly the origin of R™ from the set N;cr(®; — p). Taking into
account a special structure of N;c7(®; — p), we can naturally decouple the
above-mentioned separation problem into the independent subproblems of
separating the origin from the individual sets ®; — p, ¢ € I. By the way,
we note that, in particular, there can be used here a decomposition and
coordination framework for linear separability criterion proposed in [7]. The
next our task is to solve separately the afore-mentioned subproblems using
the linear separation framework. To serve this purpose, for instance, one
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can use the different types of a reduction of the projection problem from
[8]. In particular, we may as well apply the so-called MDM-algorithm [17]
in the case when there is not required to recognize precisely the origin as
the interior or boundary point after we have been found out already that the
origin belongs to the set ®; —p, ¢ € I. However, in practice one often is faced
with the necessity of exact identifying the given point as exterior, interior, or
boundary. For such more deep analysis, the maximin setting of the projection
problem (see, e.g., [8]) is most suitable to solve the subproblems. Further, we
coordinate the solutions of individual subproblems in order to arrive now
at a complete answer to our original question about position of the point p
relatively to the set ®. Namely, whether a given point lies inside, outside, or
on the boundary of .

Let us further describe shortly the proposed algorithm which has the three
following main stages:

— Reducing the Problem 1 to the Problem 2, where the first one consists
in linear separating the given pattern p from the set ®, and the second
one represents the problem of linear separation of the origin of R™ from
P —p.

— Decomposing the Problem 2 into the collection of the independent
subproblems of linear separating the origin of R" from ®; —p, i € I.
Using the polyhedral optimization for solving the subproblems by sequen-
tial or parallel computing.

— Based on a linear separability criterion, coordinating the obtained
solutions of the subproblems to determine the interposition of the pattern
p and set .

The termination condition for the algorithm are defined based on a linear
separability criterion [6].
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In present paper, we propose a novel approach to solving of the so-called
polyhedral projection problem (PPP) [1] which serves to project a point
onto a polyhedron given by the linear inequality constraints. Our approach
is based on an idea of making use of a reduction of PPP to the problem
of projecting the origin of Euclidean space onto the Minkowski difference
of the considered polyhedron and point. We make use our results related
to the concept of the Minkowski difference for the afore-mentioned objects
(see, e.g., [2]-[3]). The proposed approach is new (relative to the traditional
ones) thanks to further reducing of PPP to the problem of projecting the
origin onto the convex hull of some vectors corresponding to the gradients
of the constraints [4]. The presented reduction makes wider a spectrum of
the powerful tools of mathematical programming which may be operated for
solving PPP.

The polyhedral projection problem has a wide range of important
applications. As is remarked in [1], in the case when Newton’s method
is utilized to determine a feasible point of the set defined by a system
of equations and inequalities, the constraints are linearized and on each
iteration there is solved a polyhedral projection problem. For a polyhedral
constrained smooth optimization problem, each iteration of the gradient
projection algorithm involves a gradient step followed by a projection onto the
polyhedron (see, e.g., [5]). Likewise, in each iteration of solving a polyhedral
constrained problem of optimizing the nondifferentiable objective function
by the subgradient projection method, the subgradient has to be projected
onto the polyhedron (see, e.g., [5]). The polyhedral projection problem may
be also used to solve the denoising problem in signal processing [6]. Let us
note that PPP has as well a valuable applications in the following areas such
as

— best approximation theory (see, e.g., [7]-[8] and references therein),

— image reconstruction (discrete models) (see, e.g., [7]-[8] and references
therein),

— variational analysis (more precisely, variational inequalities)([9]- [12], to
name only a few),
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— theory of minimax (see, e.g., [13] and references therein, see also [14]
for details related to interconnection of the problems of maximin and
projection),

— theory of the cones of generalized support vectors (see, e.g., [10], [2]),

— theory of linear separation of sets(see, e.g., [15]-[17]).

Finally, let us note that, in the paper, we aim to deal with the problem
consisting in projecting a given point p € R™ onto the nonempty set defined
by a system of the linear constraints as follows

. 2
— 1
min |2 — pl (1)

D:={zeR": Ar<b}, AcR™" hecR™
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We consider the Minimum Affine Separating Committee (MASC)
combinatorial optimization problem, which is related to ensemble machine
learning techniques on the class of linear weak classifiers combined by the rule
of simple majority. Actually, interpretation of the MASC problem is twofold.
From the first hand, the MASC problem is a mathematical formalization of
the famous Vapnik-Chervonenkis principle of structural risk minimization in
the majoritary class of linear classifiers. According to this principle, for each
learning dataset, it is required to construct a best performance ensemble
classifier belonging to a family of the least possible VC-dimension. From
another hand, MASC is closely related to the well known optimal polyhedral
separability computation geometry problem coined by N.Megiddo. Here, it is
required to find the minimum number of hyperplanes separating some given
red-blue-colored finite subset according to some majoritary Boolean formula.

It is known that the MASC problem is N P-hard and remains intractable
in Euclidean spaces of any fixed dimension d > 1 even under an additional
constraint on the separated sets to be in general position. This special case
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of the MASC problem called MASC-GP(d) is the main subject of interest of
the present paper.

To design polynomial-time approximation algorithms for a class of
combinatorial optimization problems containing the MASC problem, we
propose a new framework, adjusting the well-known Multiplicative Weights
Update method. Following this approach, we construct polynomial-time
approximation algorithms with state-of-the-art approximation guarantee
for the MASC-GP(d) problem. The results obtained provide a theoretical
framework for learning a high-performance ensembles of affine classifiers.

According to the classic linear setting of the two-class classification
problem, for a finite (training) labeled sample

(T1,91)5 -+ 5 (T Ym), (1)

where x; are points in an d-dimensional Euclidean feature space F, and the
labels y; € {—1,1}, it is required to construct (learn) a committee piecewise

linear classifier
k

h(z) = signz a; Sign(w;‘rx —b;) (2)
j=1
for some integers a; > 0. Since any partial classifier sign(wJTﬂc —b;) is
just a composition of an affine and threshold functions, it is called affine
classifier. Meanwhile, the classifier h is called affine separating committee
since it aggregates the partial decisions according to the simple majority
voting rule.

In the context of Vapnik-Chervonenkis structural risk minimization
framework, it is significant to design learning algorithms, which, given sample
(1), construct perfect committee classifiers of form (2) belonging to a family
of the minimum VC-dimension.

The main our motivation is based on the following two facts:

(i) for any non-contradictory sample (1) (i.e., a sample, for which inequality

Yi, # Vi, implies x;, # x;,), there exists a committee classifier h, which

is perfect w.r.t. this sample [1];

(ii) the family of classifiers (2) defined on the d-dimensional space E and

sharing the property Z§=1 a; = ¢ has VC-dimension O(qd) [2].

In the MASC problem, the goal is to search for perfect committee
(2) w.r.t. sample (1) having the minimum value (which is also called
committee length) of the total weight Z?Zl ;. Therefore, the MASC problem
can be considered as a mathematical formalization of the structural risk
minimization principle in the class of committee classifiers. Any optimal (or
even a good approximate) solution of this problem produces a classifier with
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a high generalization performance and a good polyhedral separation rule for
the appropriate set of points.

Unfortunately, the MASC problem is strongly NP-hard and remains
intractable even in a fixed-dimensional space (for any dimension d > 1) and
under the additional constraint of general position for a training pointset.
This special case denoted by MASC-GP(d) is the main subject of interest
of this paper. Since this problem is intractable, the question of its effective
approximability remains still open. Up to 2015, the best (state-of-the-art)
known [2] ratio for polynomial-time approximation algorithms for the MASC-
GP(d) problem is O(m/d) (in the general case) and O(Inm) for some special
instances, we call them nice).

We develop [3] a new approximation framework generalizing the well
known Multiplicative Weights Update technique (see, e.g. [4]) and the famous
boosting by sampling [5] learning strategy. As a consequence, we construct
new polynomial-time approximation algorithms for the MASC problem
with significantly improved accuracy bounds. In particular, we present an
algorithm with a general approximation ratio of O((Z2)!/2) and a ratio
of O(Inm) for the same nice instances, where m is the length of the training
sample.
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About Constructing a Dual Polyhedral Cone in Three
Dimensional Space
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Russia
The problem of constructing a dual cone of a convex polyhedral cone
arises in many mathematical problems. Consider a convex polyhedral cone

Q@ = cone co {Ua1;UO}, a; € R3, ||a;|| #0, m > 3.
i=1

We denote by coA the convex hull of A and by coneA the cone hull of
A. Assume that among the vectors a;, ¢« € I = 1,...,m, there are not
proportional ones. Vectors a;, ¢ € I, are called generating vectors of Q.
The cone @ is closed.

Let the convex cone @ be solid (with nonempty interior) and acute. For an
acute polyhedral cone there is a unique (up to a positive scalar) generating set
of extremal rays. In three dimensional space each face of a convex polyhedral
cone is a plane convex polyhedral cone. It is necessary to construct the dual
cone for @

Q" ={zeR|(ai,z) >0, a, €R® icl}. (1)

In order to determine a set of points which are solutions of homogeneous
system of linear inequalities (1), it is necessary to find the skeleton of Q°

P

_ 3

Q° = cone co Ubj , bj €R”,
Jj=1

here b;, j € J=1,...,p, are extremal rays of Q°.

At first, rotate @ such that it is completely in the half-space z > 0 and
the intersection of the resulting cone with the coordinate plane Oxy consists
only from the zero point. It is possible because @ is acute. For this find a
non-zero vector v € int @) for which

(v,z) >0 VzeQ.

There exists such vector. Then by using the Householder transformation we
rotate the vector v so that it is lying on the axis Oz, i. e., it takes the
following form v’ = (0,0,2)”, z > 0. It is known that under the action of
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an orthogonal operator to a vector, its length does not change. Therefore the
angle between each of these vectors a}, i € I, and v' = (0,0, 2)7 will remain
the same. Consequently all vectors also lie in the upper half-space, i. e. their
third coordinate is positive. Denote it by

m
Q' = cone co{Uag}, al, € R®.

i=1

Let e = (0,0,1)”. Obviously, the direction of the vector e coincides with the
direction of the vector v'. Consequently, the vector e belongs to the interior
of the cone @'. Divide all vectors a} by their third coordinate to get a; =

/
a'’
ﬁ, i € I. The vectors a;, ¢ € I, and e, lie in the plane z = 1 and have

a;

coordinates a@; = (@14, a2;,1)T. Construct the convex hull of these vectors

M—co{gai}.

Obviously, the polyhedron M also lies in the plane z = 1. By construction,
the vector e is in the relative interior of this polyhedron. Note also that

Q' = cone co{@ai}.

i=1

In order to construct the dual cone of the cone Q' it is necessary to find
the vertices of M and to determine the order in which they are located. First
of all, it is necessary to eliminate the vectors a;, 7 € I, which lie in the interior
of Q' and accordingly in the relative interior of M.

Using the Graham algorithm we find all vertices of the convex hull and
them the order along its boundary. As a result of the algorithm a lot of &
consisting of the vertices of the convex hull in the counterclockwise order will
be constructed. If we construct rays from the zero point and each point of £,
then these rays are extreme rays of @’. Let

5:Ua;, Li=1,...p, mi >3, @ = coneco ().
i€l

Each face of the cone @)’ is a plane spanned by two extreme vectors of the
constructed convex hull. Ranking faces are known from its construction. In
order to find the extreme rays of the polar cone of the cone @Q’, it is necessary
to find the projection of point ¢ = (0,0,1)” onto each face of the cone. It
is possible to do by using an algorithm of orthogonal projecting onto the
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face spanned by extreme rays. After that we apply again the Householder
transformation to Q’°.
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Polyhedral Estimation of the Controllability Region of a
Nonlinear System
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Notation. ||-|| is the Euclidean norm. Given a set of points z*, 22,..., 2,
conv(z!,2%,...,2") is their convex hull. Given a polyhedron X =
conv(zt, 22,...,2N), r(X) is its “radius”, i. e.,

X)= i - . 1
r(X)=max min |z -2 (1)

Given a set X and a point z, p(z, X) is the distance from z to X, i. e.,

X) = mi —£&||. 2
pz, X) ggw | (2)
Given a set X, O.(X) is its open e-neighborhood, i. e.,
0.(X) = &+ plx, X) < ). (3)
Problem statement. Consider the discrete-time nonlinear control
system
a:k_H:f(xk,uk), k=0,1,...,T—1 (4)
under state and input constraints
r,€X, k=1,2,...,T—1, (5)
rr € Xp C X, (6)

uy €U, k=0,1,...,T—1. (7)
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Assume the following.

1. The system is invertible in time, i. e., there exists function f~!(z,u) such
that

F @) =2 Ve ®)

2. f(z,u) and f~1(z,u) are globally linearizable Lipschitz functions, i. e.,

f(@,u) = fo(z,u, Z,0) + fre(@, u, T, 0), (9)
fﬁl(x,u) = f[l(m,u,i,ﬂ) + fn_el(x,u,:f,ﬂ), (10)

1f (@, w) = f(Z,0)|| < Lg(lle = Z|| + [Ju — al]) (11)

1f = ) = FH @ @)l < Ly (|l — 2| + [lu— al]) (12)
Ve, u, T, U (13)

where f¢(z,u,z,u) and f; *(...) are affine in # — 7 and u — @ and

£, u, 2, )| < My (o = 2|* + [lu - a]]?), (14)
£ (@, u, 2, @) || < My (|l = 2] + u — a]]?) (15)

for some constants My and M;-1.
3. Sets X, Xr, and U are connected, compact, and contain the origin in the
interior.

Definition. The controllability region of the system (4) under constraints
(5)—(7) is the set of the initial states xy for which there is a control sequence
admissible with respect to the constraints.

The problem addressed by this paper is to estimate the controllability
region numerically.

The problem of controllability region estimation is related to estimation of
the basin of attraction (when the system is without control) and the reachable
set (when time is reversed). These topics have been studied extensively in the
past and still attract considerable attention. For linear systems with convex
constraints there is an effective approach that approximates the region by
finding tangent hyperplanes. Development of this approach can even yield
explicit formulation of the region’s border [1]. For nonlinear systems, the
region is sometimes estimated by a level surface of a quadratic or higher-order
Lyapunov function [2]. However, this approach is usually quite conservative,
in particular when the set in question is non-convex.

The algorithm. The proposed algorithm approximates the controllability
region by a set of convex polyhedra. It is based on the simple observation
that a linearizable function maps a “small enough” convex polyhedron into a
set which is “almost equal” to the convex hull of the images of the original
polyhedron’s vertices. The following lemma quantifies this statement.
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Lemma. Let

X = conv(zt,2?,...,2P) C X, (16)
U = conv(u',u?,...,u?) C U, (17)
X =conv{f 2", v)), i=1,2,....,p, j=1,2,....q}. (18)

Under assumptions about the function f(z,u) made above,
Vo€ O(X) JueU: f(x,u) € O5X) (19)

where § = 3M (L}r(X)* +r(U)?) + Lye.

Consider a positive number § and a polyhedron U = U;U; C U where
U; = conv(u},u?, ..., ul") such that r(U;) < § and U C Os(U).

Given a polyhedron X C X, let P(X) be a new polyhedron defined by
the following procedure.
1. Split X into convex polyhedra as X = U; X; where X; = conv(z;,z?,...,2")
and r(X;) < 9.
Let V;; = Conv{f’l(xr,us) r=1,2,...,p;,8 = 1,2,...,qj}.
3. Let P(X) = Ui,thij~

The following is the main result.

Theorem. Consider a polyhedron X7 C Xr such that Xr C O.(Xr) and
define a sequence of polyhedra Xy, X1,..., X771 by

o

Xp = P(Xig). (20)

Then X, is an estimation of the controllability region C of the system (4)
under constraints (5)—(7) in the sense that

Xo C C C O(Xo) (21)

where
e=L{(LY —1)(Ly — 1) (BM(L} + 1)6% + Lyd). (22)

The theorem gives an explicit finite algorithm to construct a lower
estimation of the controllability region with any given accuracy e. It has
been verified numerically in two-dimensional examples.
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30oHOoTONbI, NNHelHble HepaBeHCTBA U NPOeKTUpOBaHue
nonvagpos

30HOTOIB! — BBILYKJIbIE MHOIOI'DAHHUKH, SIBJISIIOIIUECS NPOEKUUAMU MHO-
romepHoro Ky6a [1]:

Z(zp) ={z€R": 2=z + Huw, ||w|loo <1}, w eR™ n<m. (1)

Marpuna H = [hy hs ... hy,] € R ™ comeput crosbipi-2enepamopst h; €
R™. Bynem mpenmnosnarars uro H comepxkut 6asuc R™. YcioBumcs Takxke,
9TO TI0 OTHOIIEHUIO K TIOJIMYIPY “IMPOEKITHsT 03HATAET T€OMETPUTIECKOE MECTO
BCEX €ro TOYEK IIPH JefCTBUM Ha HUX HEKOTOPOro aduHHOIO omeparopa, a
110 OTHOIIEHWIO K TOYKe — OJIMKANIIYIO K Hell TOUKY B IIpeJIejiaXx HEKOTOPOro
mosm3ipa. Bece BeKTOpa MO YMOTYAHUIO MIPEJIOJIATAIOTCS CTOJIOIOBBIMU, a
CKaJIAPHOE [IPOU3BEICHIE T U} 3AIlChIBACTCS KaK T .

30HOTOII MOXKET OBITH OIPEJIETIEH TAKXKe KaK cyMMa MUHKOBCKOTO KOHEU-
HOT'O YHCJIa OTPE3KOB Ha, IPSMBIX, 3aJaHHBIX BeKTopaMu h;, i = 1, m. Pebpa
30HOTOIIA OKa3bIBAIOTCs MapaslIeJIbHBl BEKTOpaM h;, a HOPMaJd K TPAaHSM
MaKCHUMAaJIbHOI Pa3MEPHOCTH — OPTOTOHAJIBHBI HAOOPY U3 1 — 1 BEKTOPOB h;,
ob6pasyromux 6asuc R” ™. MoKHO 3aIMCATh CHCTEMY HEPABEHCTB, ONCHIBA-

romux Z(0) (em. [2,3]):

m
+d7> <Y dlhisign(dThi), j=T,N, N = ( an . ) , (2)
i=1

JUIsI ee TIOCTPOEHWS BBIMOJIHAETCS Mepebop BCeX BO3MOXKHBIX KOMOUHAIHN
n — 1 BekTOpPOB h; U IIOMCK OPTOrOHAJIBHBIX MM BEKTOpOB d; (st KOp-
PEKTHOTO OIHCAHHUS CHUMMETPHYHOIO OTHOCHTEJBHO Hadaja KOODIHHAT 30-
HOTOIIa HEOOXOJUMO BKJIIOYUTH IIPOTUBOIOJIOXKHBIE II0 HAIIPABJIEHUIO BEKTO-
pa d;). Ecau samucars cucremy (2) B Buge Dz < g, BIOJHE OYEBUIHO TITO
Z(z0) ={z:Dz< g+ zD}.

Bce BepimmmabI 30HOTONA ABIIIOTCA 00pa3aMn KaKUX-IN00 BEPIITAH HUCXO/I-
HOro KyOa (HEKOTOPBIE U3 HUX [IPH 3TOM OY/LyT 0TOOParKaThCsi BHYTPh 30HOTO-
na). IIpu Hajmuuy HOpMAX K IPaHu d; UHIUACHTHLIE STOI IPAHN BEPIINHEL
20, 3ouoToma Z(0) MOXKHO OIpeIe/nTh 0 cilemylomei dhopmyire:

Slgn(d]ThZ)a dfhl 7é Oa

3
+1,dj h; = 0. @

m
205k = g hisij7 Sij =
i=1
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B manmnoit dopmyne a1a h;, opTOroHaIbHBIX dj;, HEOOXOIUMO IepedpaTh Bee
BO3MOZKHbIe KOMOMHAITIN KaK +1, Tak 1 —1 B KadecTBe 3HAUEHUI S;j, HOITOMY
k< 2™, rme M — kosmdecrso h; TaKHX, 9TO djThi = 0. OueBuaHoO, YTO
BepinHbl Z(2)) BBIUUCIAIOTCS IPOCToii Tpancisanueit sepiud Z(0): zx=20+
205k

Takum obpaszoM, B OT/IHYINE OT MHOTOIPAHHUKA OOINEro BUIA I JTBOM-
HOTO OIMCAHUsI 30HOTONA (T.e. KAK C MOMOIIBI0 HAGOpA BEDINNH, TAK M CH-
CTeMOH JIMHENHBIX HepaBeHCTB [4]) MOYKHO NPUMEHSITH crenuduiecKue st
9TOTO CIydJas aaropuTMbI. Tak, MOYKHO BBIUUCIATH BEKTOPa d; C MOMOIIBIO
aHajuTHIeckux popmyi [5] ¢ yuyacrueM MUHOPOB MATPUIIBI, COCTABJICHHON U3
nHabopa 1 — 1 BekTopoB h;. OTMeTHM, 9TO BBIMHUC/IEHUS dj MOI'YT OBITB JIETKO
pacnapaJutesienbl. J[BoiiHoe omucanue B JJAHHOM CJIydae HEOOXOIUMO JIJIsT MC-
KJIFOUeHNUs1 N30bITOUHBIX HepaBeHCTB B (2) u BepumH B (3). K npusoxenusm
30HOTOIIOB OTHOCSITCSI, HAIIPUMED, 3aJ[a9l OIEHKU 00JiacTeil JTOCTUKUMOCTH
U yUPaBJISIeMOCTH JMHAMHUYECKUX cucreM [3,6] u obiacreil pacupemesnenus
MOMEHTOB B CHCTEMAaX YIPABJICHHs HOJIETOM [2].

B [7] @ymxucure u 1p. mMpeIozKeH HOBbIN TPOEKITMOHHBINA METO]T, PETITEHHST
3as1a4u JuHelHoro nporpamvuposanus (JIIT) suga

min ¢’z mpm Az = b, ||z]|0 < 1. (4)

Hannyio 3agady MOKHO 1epedopmyupoBaTh ¢ yuerom (1) kax

miny:l(y)z[z]EZ(O),H:[ﬁ]. (5)

Tenepb Mbl HIlleM MUHUMAJBHYIO IO 7y TOYKY IlepecedeHus HpsiMoii [(7y)
u 30H0TONA Z. Anropurm LP-Newton, npengoxkennsiii B [7], pemaer 3amady
3a KOHEYHOE YHUCJIO IaroB. BechbMa MOXOXKUil aJIfOPUTM IIPEJJIOXKEH TI03][HEE
rakxke B [8] mig ppyroit 3amauun, a B [9] meron [7] GbL1 pacupocTpaneH Ha
obmmuit caydgait JIIT ¢ mpoekmueit Ha konyc. B magase paGoThl asropurma
BBITTOJIHSIETCST TIPOEKITNsI TPOU3BOJIBHON BHEITHEN 110 OTHOIIEHUIO K 30HOTO-
Iy TOYKH, IpUHAJIEKAel npsamoii [(7), Ha 30HOTON. 3aTeM HINETCs TOUKA
repecedeHns: PsIMOl € IJIOCKOCTBIO, KACATEJIbHOW K IMOBEPXHOCTH yPOBHSI
KBaIPATUYIHON (DYHKIMU PACCTOSHMS B TOYKE NPOEKIUH (ABTOPBI PabOTHI
[7] upoBomgar anasoruu ¢ meromom Hprorona jyis moucka KOpHeH CHCTEMbI
yDaBHEHUil, 0TCIO/Ia HA3BAHUE METOJA). 3aTeM BCe OllePALUY IIOBTOPSIOTCS €
HOBOI TOYKOW.

B paBorax C.H. Yepnukosa [10] npemiarancst MeTOJ| pelieHnst 3a1a9u
JITI, ocHOBaHHBII Ha MTOC/IEI0BATEILHOM UCKJIIOUYEHUN [IEPEMEHHBIX U3 CACTE-
MbI OrpaHudenuii (¢ J00aBI€HHBIM K HUM HEPABEHCTBOM, COOTBETCTBYOMIUM
neseBoii dbyukiuu). B nanbneiiniem pemenue 3aga4au JIIT Moxker 6biTh 1mosry-
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9eHO OOpATHOM IMOJICTAHOBKOW B HEPABEHCTBA, U3 KOTOPBIX MOCTIEI0BATEb-
HO HUCKJIIOYEHbI Pa3/INIHbIEC IIEpEMEHHbIE. HCK.HIOLIGHI/IQ IIepeMEeHHbIX B O6HL61\/I
caydae BbinosHsieTcs agropurMom Pypre-Monkuna [11], KoTopsit 110 cyTn
SIBJIAETCS AJrOpUTMOM npoekTupoBanus mosaudapa (IIIT) ma momupocrpan-
crBo. B [12] nokazano 4ro ¢ nmomorpio ITI1 MokeT GBITH MOIYYIEHO PEIIeHIEe
zagaun JIII B 3amkuyroii dopme (r.e. B Buie Habopa addunubix GyHKImi
OT 3aJ]aHHBIX TapaMerpos). B reopun aBromarundeckoro yupassenus 11T uc-
[T0JIB30BAJIOCH [IJIsI CUHTE3a PEryJisiTopa ¢ OJHOBPEMEHHBIM HOUCKOM IIOJIH-
sapasbHoll dyrkimu JIsmyrosa [13]. B [14,15] ucciemnoBascs OTIAMYHBIN OT
asropurma Pypre-Monkunaa asropurMm [1I1, ucnonbsyrommuii e “obepThi-
BaHUs MOJIN/IPATHLHOIO MHOKECTBA MHIIEPINIOCKOCTHIO. B [16] mokazano, 1to
3ajaqn Mmuorokputepuaabuoro JIIT u 1111 skBuBameHTHBI, U JIJTsT PENIEHUST IO~
cjesHel MOYKHO HCIHOJIB30BATH AJTOPUTMBI JJIsI TIEPBOil, B YaCTHOCTU AJITO-
purMm Bencona (OCHOBBIBAIOMIMIACS HA METOIE OTCEKAIOIIUX ILIOCKOCTEH, CM.
http://bensolve.org). Anropurmbr IIT1 [14,15,16] onupatorca Ha penienue 3a-
naa JIII. B nocneaneit padore [17] nokasana skeusasentHocts IIIT n 3318~
qn d.c. TPOrpaMMHUPOBAHUSI C MOJUIPATHHBIMUA (DYHKIUIME. VIHTEpecHbIM
[PUJIOXKEHUEM aJTOPUTMOB IIPOEKTHPOBAHUSI [TOJINYIPA SBIISIOTCS TAKIKE aB-
TOMATHYECKHE METO/Ibl PacIapauleIMBaHNs] KOMIIBIOTEPHBIX porpaMum [18].

B HacrositeM JOKJa/e Ha OCHOBe KOMOHHAIMY uien u3 [6] u npejcrasiie-
HUs 30HOTOIA B Bujie (2) mpejjiaraercs aJrOpUTM UCKJ/IIOYEHHs IEPEMEHHBIX
73 CHCTEMBI HEPABEHCTB HA OCHOBE IPOIE/LYyPhI IBHOIO KOHCTPYUPOBAHUS 30-
HOTOIIA [IPU HAJIMIUU WHTEPBAJIBLHBIX OIPAHUYEHUI HA BCe mepeMennble. Pac-
CMOTPUM CHCTEMY HEPABEHCTB BUJA

Az < b, Az = A1x1 + Asxg, A=1[A; Ag], x = [x? :172T]T, [|z]|co <1, (6)

3Jlech UCKJII0oUaeMble IepeMeHHbIe COeP:KaTca B BeKTope X1. 1IpoeKIus 3a-
nauaoro (6) mosmsapa

Py, =A{xg s Jz1, A1y + Asxo < b, ||21]|e < 1, |[22]|0 < 1}, (7)

T.e. Jyist 000ro xo € P, Haiijiercs T TAKOM, YTO BMECTe 9TH J[Ba BEKTODA
YIOBJIETBOPSAIOT cucreme HepaBeHceTs (6). Tak, Hanpumep, st JIOGOro MHO-
rOrpaHHUKA HA IJIOCKOCTH €r0 MPOEKIUS — 3TO OTPE30K.

st Toro, urobsl npusectu cucremy orpanundenuit B (6) k Bumy (1), Be-
JeM (QHAJIOTMYIHO NpPUeMy, UCIOJb3yommeMycsi B cuMiiiekc-meroze JIIT) no-
MOJIHUTEJILHBIE TIePeMEHHbIe, COOPaHHbIE B BEKTOD ¥:

Az +y=b. (8)

O6ozHauuM depes a; cTpoky Marpuipl A € RI%? ¢ sjementaMu a;; B COOT-
BETCTBYIONIUE €l KOMIIOHEHTBI BEKTOPOB ¥ U b Kak ¥; u b;. BHauajie MoxeM
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yaamth u3 (6) Bee HepaBencTsa al x < b;, IS KOTOPBIX
q
max a] r <b;, max a]x= E lagjl. 9)
[lz]]oo <1 [lz|]oo <1 —

Jj=1

Jljist ocTaBITHIXCST HEPABEHCTB
q
alz4y; =b;, y; €[0,b; — min alz], min alz=— E laij|.
lelloe <1 lzlloe <1 =~

B pesysbrare cMokeM IIpUBECTH CHCTEMY (6) K BUILY
Az +Cy=—Asza +b+y", w=[2] 7", |Ju||l <1,  (10)

3nech C —nuaroHajibHasi MATPUIA ¢ KOMIIOHEHTAMU, COOTBETCTBY IOIIIMU IITH-
pUHE UHTEPBAJIOB JJIS Y;, & Y* — BEKTOP IEHTPAJIBHBIX 3HAYEHHI HHTEPBAJIOB
st y;. Temeps BosbMmeM B (1) H = [A; C, 29 = 0. IToctponm cucremy Hepa-
BeHCTB (2) BBUge Dz < g upu z = — Ayze+b+y*. Torma nommaap Py, onpee-
JIeH cyreytommeit cucreMoit HepaseHeTB: —DAgxly < g— D(b+y*), ||72]|c0 < 1.

B noxutaze Oyzer Takike mpejictaBiaeH HeOOJIbINON nakeT B cpene Matirad,
pa3paboTaHHBII aBTOPOM Jjist pADOTHI C 30HOTOIAMHU U JOCTYITHBIN TIO aJIpecy
https://github.com/mdemenkouv/zonotopes.

Aprop 6aaromapen B.T. IToisiky 3a 1mocTaHOBKY 3ajia49u pa3pabOTKH aJl-
ropuTM™Ma IPOEKINH IO/ Ipa Ha TpajuinoHHOl MOJIOJEXKHOI IIKOJIE TIO OII-
TUMH3anUU U yupasiennio Ha 03. Cenex B 2013 1.
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Improper Faces of Convex Compact Sets in the Context of
Galois Duality
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Face of a face of a convex compact is called improper if it is not a face
of this compact. The faces of various ranks form a system of closed sets by
Galois. Improper faces are the cause of the instability of the solution of the
lexicographic problem in the convex programming.

HecobcTBeHHble rpaHun BbINYKbIX KOMNAKTOB B KOHTEKCTE
ABoiicTtBeHHocTu lManya

XoTs COOTBETCTBYIOMIAS KJIACCU(DUKAINS THUIIOB TOYEK OBLIA IMOCTPOEHA
emg Pasapom [1|, TepMuUH «rpaHb» B 9TOM KOHTEKCTE BIIEPBbBIE MOSBJISETCS
B Tpakrtare Bypbaku [3|. K BesiukoMmy coxkajieHUI0, UMEHHO B Hy2KHOM dpar-
MEHTe TPAaKTaTa JIOIyIIeHa CePbE3Has ONnOKa, Ha KOTOPYIO aBTOD yKa3aJl B
cratbe [4]: BBeséHHOE Bypbaku OTHOIIEHNE CONPSIKEHHOCTH TpaHeil oKasa-
Jioch HecuMMeTpudHbIM. 1lo 3T0it ke mpuumne Kjaccel Bypbaku He Bcerma
coemazaoT ¢ Kiaaccamn Papapa. WU3-3a Toro, 4ro TekcT masHeil crarbu [4]
He BBIJIOXKEH B WHTepHeTe, caM (akT omubku Bypbakn okazasics Hem3BeCTeH
MOJIOZIOMY ITOKOJIEHHIO MATEMATHKOB, YTO YPEBATO HEKOPPEKTHBIM HCIIOJIH30-
BaHUEM.

JlecsiruiieTust CIyCTsi CTaJId HOHSITHBI TVIYOMHHbBIE ITPUYUHBI 9TON OIIMO-
ku. ¥ Bypbaku [3]| 1o/ rpansMy OHUMAIOTCS TOJBKO IPAHU IIEPBOTO PAHIa
(oupenesenue cMm. Huzke). VX COBOKYITHOCTD He BCerja 06pa3yer CUCTeMy 3a-
MKHYTBIX B CMBICJIe ['ajya MOAMHOKECTB, YTO U HOCIYKHUJI0 IPUINHON OIro-
KH.

Hamnporus, rpain pasjindHbIX PAHIOB Takyio cucremy obpasytor. Cambiii
IIPOCTOI CIIOCOO yOeIUThCs B 9TOM — PACCMOTPETh HAPSLY C BBILYKJIBIM KOM-
IMAKTOM €ro mojspy. 1orma MexXy WX I'DaHsIMU PA3JIMIHBIX PAHIOB YIAAETCS
YCTAHOBUTH B3aUMHO OJIHO3HAYHOE COOTBETCTBHE.

Tparuveckas rubesnp [amya cTaja MPUIUHON TOrO, ITO €ro reHuaJbHas
paboTa [2] mosyumia M3BECTHOCTH M NPU3HAHUE TOJBKO CILyCTS JIECATUIIE-
tust. Ho ecsin Teopust [astya y2ke 3aHsijia JIOCTOHOE MECTO B COCTaBE BBICIIEH
arebpsI, TO 0 MpuopuTere lagya B 9aCTU MOHSITHIT 3aMBIKAHUS U JBOCTBEH-
HOCTH JI0 CHX IIOD He 3HAIOT JaKe MHOTHE POMECCHOHAIbHbBIE MATEMATHKH.
Me:xay TeMm, TpebOBaHNE 3aMKHYTOCTH €INHUIT KJTACCU(PUKAIINNT — HEITPEMeH-
HOe ycioBue e€ KoppekTHocTr. OHO OTHOCUTCSI HE TOJIBKO K 3a/[a9aM KJIACCH-
dukaru B MaTeMaTHKe, HO U JIaJIeKO 3a e€ IpejesiaMu, B 9aCTHOCTH, B OHO-
JIOTMH, TYMAHUTAPHBIX U COIMAJBbHBIX HAayKaX. [IpuMepoM MOXKeT CJIy»KUTh
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pabora HaTypasmcra B akcreauiun. OOHAPYKUB HOBOE It cebsi pacTeHue,
OH IIBITAETCSI HAllTH ero Mecto B KaTaJjore. C 3Toii 11eJIbI0 OH CBEpSIeT IIPU3HA-
KU HAJIEHHOIO PACTEHUsI C IIPEJICTABIEHHBIMU B KaTaJjore. 3j1eCb BO3MOXKHBI
TPU NPUHIUNHUAJIBHO PA3IUIHBIX CJIydasi.

Ilepseiit, Korma HallIEHHOE PACTEHNE y2Ke IIPUCYTCTBYET B KaTajore. Y 4é-
HBIIl HAXOUT €r0 W yCTPAaHsET IPODeJI JIUIb B COOCTBEHHBIX 3HAHUAX.

Bo BTOpOM cityuae HacTymaeT MOMEHT, KOIJ[@ OYEPEHON ITPOBEPSEMbIit
[IPU3HAK MOXKET IPUHUMATH Pa3Hble 3HaYeHUsl. [Ipu 3TOM HECKOJIBKO M3 HUX
3a(PUKCUPOBAHBI B KATAJIOre, HO BCE OHM CYIECTBEHHO OTJIMYAIOTCS OT 3HA-
YeHUs ITOTO 2Ke TPU3HAKA y HalleHHOro pacrerus. [Ipexke Bcero, yu€HbIi
JIOJKeH yOeIuThCs B HECJIyYallHOCTU OT/IM4us (HAIIPUMED, IIBET MOI' PE3KO
U3MEHUTHCS M3-33 HAJUYHUS B [I0YBE AHOMAJIBHOIO KOJHMYECTBA KAKOIro-aubo
MeTajula W T.IL.). 3a 9TUM HCKJIFOUEHHEM, CKOPee BCEro, pedb IOUAET 06 oT-
KPBITHM HOBOT'O BHJIA.

WNurepecnee Bcero Tperuit ciydait. OH oTiM9aeTcs OT MEPBOrO JIWIIb TEM,
910, HAWIA HYyKHOE MECTO B KATAJIOre, YIEHDBIN He COIJIAIIAETCS C PEKOMEH-
JIOBAHHBIM BBIBOJIOM. Torja y4€HBIT caM Jo/KeH OyaeT chOopMyaInpoBaTh
HEJIOCTAIOIINII B KaTaJjore IPU3HAK: YeM MMEHHO HafiJeHHOe pacTeHue OTJIU-
qaeTcsd OT IPEeJCTABJIEHHOIO B KaTaJjore, C KOTOPBIM OHO COBIIAJIO II0 BCeil
[EIIOYKE TPU3HAKOB.

PaccMoTpuM Terepb MHOMKECTBO KUBOTHBIX (DACTEHUIl MM MHBIX O0b-
€KTOB), JJIsl KOTOPBIX Mbl XOTHM IIOCTPOMTH <«XOPOIIYIO» KJIACCU(DUKAIMIO.
Brinenus Kakoe-mnb0 UX MOIMHOZKECTBO, MBI MOXKEM COCTaBHUTBH CIIHCOK BCEX
uX OOIIUX CBOMCTB.

3areM MBI MOXKEM HAWTU HOBOE MHOYKECTBO, COJIEpIKAIlee Bce OOBEKTHI C
BBINMCAHHBIMU CBoiicTBaMu. Tak Kak Bce TpexKHUe 00bEKThI 00181l HY K-
HBIMU CBOCTBAMMU, TO OHU 0OSI3aTEIHHO BOWIYT B HOBOE MHOXKeCTBO. OTHAKO,
K HEMY MOTYT JIO0ABUTHCSA U KaKNWe-TO JPyrue o0beKThl. Ecmm 9To cryaunTes,
TO CUMTAEM IIpeXKHee MHOXKECTBO HE3aMKHYTBIM, a HOBOE MHOXKECTBO Ha30-
BEM €ero 3aMbIKaHUEM. A eC/iu HUYero He J06aBUIOCH (T.e. HOBOE MHOXKECTBO
COBIIQJIAET C HPEXKHUM), TO CIUTAEM IPEKHEe MHOXKECTBO 3aMKHYTBHIM (TaK
KaK ero 3aMblKaHUe COBIAJAET C HUM CAMUM).

AnayornaHbiM 06pa30M MOXKHO MOCTYIIUTH W C MHOYKECTBAMHU CBOMCTB.
«Yyno» cocTOUT B TOM, 4TO BEpHA TeopeMa l'ajya: IBOHCTBEHHOE K JI060MY
MHOXKECTBY 3aBEJ[OMO SIBJISIETCS 3aMKHYTBIM. [[09TOMYy HET HUKAKOI'O CMBIC/IA
IIPUMEHSTH [TEPEX0J] K JBOMCTBEHHOMY MHOYKECTBY OoJjiee IBYX pa3 MOJPsi],
a OIIepaIiio 3aMbIKaHUs — DOJIee OHOTO Pa3a.

Ilepestoxkenne opurnnabHOM KOHCTPYKIUU ['alya Ha A3bIK MTOSBUBIIEH-
csl 3HAYUTEIBHO II03/Hee Teopuu MHOxKecTB KaHTOpa ¢ mpmMepamu, OTHO-
CAIUMHUCS K JIMHEHHOM aJirebpe, adUHHON reoMeTpun, KOHycaM U TEOPUU
BBIIIYKJIBIX TeJI, MOXKHO HaiiTu B crarbe [5]. Tam ke 06CTOSATEIBHO JeTain3u-
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POBAHO OIIpe/IeJIeHne TpaHell pa3inIHbIX panroB. OMyCTHB TpeTheCTEeTeHHbIe
110/IpOOHOCTH, TIOBTOPUM 37€Ch €r0 OCHOBHBIE IIAIU.

I'panu mepBOro paHra — 3TO IEpecevYeHUs BBIIMYKJIOIO KOMIIAKTA C €ro
OMOPHBIMU THIEPILIOCKOCTSIMHU. TOJBKO OHU CUMTAIOTCS rpaHsmu y Bypba-
Ku [3].

JIerko MmoHSATH, 9TO I'PAHb TOXKE SBJISETCHA BBIIMYKJIBIM KOMIakToM. Ilo-
ITOMY HOSBJISIETCS BO3SMOXKHOCTH PACCMATPUBATH IPAHU IPAHEll, KOTOPbIE MBI
Ha30BEM I'PaHsIMA BTOPOT'O paHIa, a 3aTeM aHAJIOIMYIHO BBOIUM I'DaHU 0oJiee
BBICOKUX DAHIOB.

Ecim kopazMepHOCTh BBIIYKJIOIO KOMIIAKTA KOHEYHA, TO PAHT I'DAHU HE
MOXKeT IpeB30iiTu eé. B yacTHOCTH, B €BKJINIOBOM IIPOCTPAHCTBE PAHT TPAHI
HE IIPEBBIIIAET PA3MEPHOCTH IIPOCTPAHCTBA.

O/1HO ¥ TO Ke TIOJIMHOYKECTBO BBIILYKJIOI'O KOMIIAKTA MOXKET OJJHOBPEMEHHO
0Ka3aThCsl er0 'PAHBIO C PA3HBIMU 3HAYEHUSIME paHra. Kcjin Bee 9Tu 3HAYeHUsT
6osibire 1, TO TaKyr IpaHb HA30BEM HECOOCTBEHHOIA.

Paccmorpum Teneps oy n3 3a7a9 BBITYKJIONO IPOTPAMMUPOBAHUS: 10~
HCK 9KCTPEMYMa JIMHEHHON 11e1eBoil (DYHKIMK Ha BBIILYKJIOM U KOMIIAKTHOM
MHOXKECTBE JIOIyCTUMBIX IIJIAHOB. E€ perlieHneM siBJIsieTCsi COOTBETCTBYIOIIAST
rpaHb epBOro panra. Eciu HaiijleHHasi TPaHb HEe CBOJMUTCS K €IMHCTBEHHOM
TOYKE, TO YMECTHO BBECTU BTOPYIO IEJIEBYIO (DYHKIMIO W UCKATH €€ IKCTpe-
MyM Ha HaiifeHHON rpanu. Kcim u Ha BTOpPOM Imare He OYJET JOCTUTHYTA
€/INHCTBEHHOCTH ONTHUMAJIBHOIO ILIAHA, TO MOXKHO BBECTH TPETHIO IEJIEBYIO
dyukImo u T. 1. Takast mocTaHOBKa 33/1a91 HOCUT HA3BAHUE JIEKCUKOTpadu-
qeckKoil. fICHO, UTO €€ pellleHusIMA CTaHyT ITOJIXOJSIIIe IPAHN COOTBETCTBY-
FOIUX PAaHIOB.

BaxkHbIM CBOMICTBOM 3KCTpEMAJIBHBIX 33149 SIBJISETCS YCTONIUBOCTD MX
pelreHnit Mo OTHOIEHUIO K “HEe3HATUTEIHLHOMY HN3MEHEHHWIO MCXOIHBIX JIaH-
HbIX. VI3 aHa/m3a cBOMCTB HECODCTBEHHBIX I'DAHEN JIETKO IIOHATH, YTO B JIEK-
cukorpaduIecKoil 3aja4ue, Kak MMPaBUJIO, HET HUKAKUX OCHOBAHUI OXKUJIATh
YCTORYUBOCTH.
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MNonuappanbHblii TpeHO B COBPEMEHHOW Teopuu
ynpasneHus

3a 6oJiee YeM TIOJIYBEKOBOI HEPUOJl CBOErO CYIIECTBOBAHUS HETJIAJKUIT
ananu3 (HI'A) u BosHuKIIAs 0/HOBpeMeHHO HenuddepeHiupyemMas OnTHME-
zanus (HIIO) npeBparuiuch B caMOCTOSTENLHBIA pa3/ies COBPEMEHHOM pu-
KJIaTHOM MaTeMaTuku. B nociennue mecsruiterus Borpock HCA u HIO mpu-
BJIEKAIOT BCe OOJIbIllee BHUMAHUE CIIEIUAJINCTOB B OOJIACTA TEOPUU ABTOMA-
THUYECKOT'O YIIPABJIEHNUsI, IJ[€ B IOCTAHOBKAX 337189 IIPOTPECCUPYET TEHEHITHS
K 0oJiee aJIeKBATHOMY OIMCAHHUIO YIIPABJIAEMBIX [IPOIECCOB IIyTEM OCBODOXK-
JIeHUsT OT TPAJINIINOHHBIX IIPEJIITOJIOXKEHNN O TIaJKocTh. B mokmase obcyx-
JAeTCs TeHE3WUC, JIOTUKA, CTAHOBJIEHUS M OCOOEHHOCTH METOOJIOTUU OIHOTO
73 IEePCIEeKTUBHBIX HAIIPABJIEHNN COBPEMEHHON TEOPUU YIIPABJIEHNUsI, B OCHO-
Be KOTOPOTO JIEXKAT KOHCTPYKIIMN BBIMYKJIOTO aHaau3a 1| — noausdpaavrot
onmumuzayuy (ITO) npoueccos ynpasaenua [2-4].

1. Tene3uc MeTOOJIOTUH MOJUIAPATBHON ONTUMU3ANUAA TIPOIEC-
COB YIIpaBJIEHUS

B coBpemennoit Teopum ymupaBiieHUsI JTOMUHUPYET METOOJIOTUS KBAJl-
parununoil onrummzanuu (KO) mpomeccoB yupasiieHusi, OCHOBaHHAs Ha
MHTErpaibHO-KBAIPATHIHBIX KPUTEPUAX KadecTBa. [Ipm 3ToM dUpe3BbIdaii-
HOIt norrysisipHocTH MeTogosoruun KO criocobcTBOBaIN €e 0UeBUIHBIE JJOCTO-
WHCTBA: BHEIIIHsIsI IPOCTOTA, 3aKOHYEHHOCTh U AHAJIUTUIHOCTD pernerus. O1-
HakKo, ocHOBBI Teopun KO YacTo momBeprajuch pe3Koil KPUTHUKE N3BECTHBI-
MUI OT€YEeCTBEHHBIMU U 3aPyOEKHBIMUA yIEHBIMH, BK/IIOYAsi CAMUX €€ OCHOBO-
nojoxkaukoB P. Kasmana u A.M. Jlerosa. JlaHHast KpuTuka 0OyCJIOBJIEHA,
[IpezK/ie BCEro, OTCYTCTBHEM Y ONTUMU3UPYEMbBIX KBaIPATHIHBIX KPUTEPUEB
KaJvecTBa IIPOIECCOB YIIPABJIEHUs SICHOIO (DU3UYECKOrO CMBICJIA: OHU UTI'PAIOT
JINIIB POJIb (DOPMAJBHOTO MHCTPYMEHTA, MO3BOJISIONIErO I ONTUMU3AIIT
WCIOJIB30BATh JOCTATOYHO MPOCTOil Maremarnyeckuit ammapar KO.

WNurepec K 3a1a9aM BBITYKJION HETJIQIKON U, YACTHOCTH, ITOJIUIIPATHHOIM,
onruMmu3aruu Bo3HuK eme B X VIII-XIX BB. B paborax 1mo aHAJIUTUIECKOI
MEXaHUKe U Teopuu JUHEeHHbIX HepaBeHCTB. B 1854 r. I1.JI. YebblimeBbiM 11pu
WCCJIeIOBAHUU TTPe0OPAa30BaHNs BO3BPATHO-IIOCTYIATEIFHOIO BUXKEHUS BO
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BpaIlliaTesibHOe B 1apoBoil mammue k. YarTa BuepBble ObLIa BLIIBUHYTA
njiesd MUHUMaKCHOT'O KpUTepusd KadeCTBa JABU2KEHUA BUIA

i t - at )
m;ntgg§]|f() z(p,t)]

nccaenoBasirerocs 3areM B pamkax H/IO B paborax B.®. [lembsauosa, B.1.
Maustozemosa, A.M. I'ymasa, JI.B. Bacunsesa, H.3. Illopa, B.11. Hopkuna,
E.A. Hypmunckoro, B.T. ITonska, A.M. Py6unosa, 1.B. Kounosa u ap. (cm.,
HanpuMep, [5]).

IIpumeHUTEIBHO K CHCTEMAM aBTOMATHYIECKOTO YIIPABJIEHUsI JAHHBIN KPU-
Tepuil MMeeT CMBICJ MAKCUMAJBLHONW JUHAMUYECKON OINMMOKU W UMEHYETCs
Kpumepuem pashomepHozo npubiudicerus Wi TpocTo kpumepuem debviue-
8a. BriepBbie, mo-BuamMoMy, 4eObITEBCKUI KPUTEPHil ObLT PACCMOTPEH B 3a-
nade B.B. Bynarakosa 0o MakcnMaJbHOM OTKJIOHEHUM JINHEHHOM cucreMsr [6].
B sanaue cunrTesa peryiasrTopa oH ObuLl BeABuHYT Hezapucumo B.B. Coso-
noBHUKOBbIM U A.A. @enpabaymom [7, 8] Kak KpuTepuil mmepeperyaupoBa-
uus. [IpuMmenenne 4eObIMEBCKOTO KPUTEPUsT KAYECTBA K MPOCTEHINM 3a/1a-
JaM ONTUMAaJILHOTO yIpaB/IeHnsa ObLIO paccMOTpeHo B pabotax P. Bemnvana,
N. Timkcbepra u O. T'pocca [9]. HaubGoutee ynauHble NONIBITKA PA3BATUS JIAH-
HOTO KpuTepusi ObLIN HpeanpuHsThl B paborax A.A. ITepsossanckoro (cm.
[10] m [11], crp. 475-478). Buocsencrsun 0ocobyo BaskKHOCTh Kpurepusi Je-
ObIeBa I TPUKJIAIHBIX 33J1a9 YIPABIEHUsT HEOTHOKPATHO TIOIY€PKUBAIIN
[IPaKTUYIECKU BCEe U3BECTHBIE OTeYecTBeHHbIe aBTopbl: E.A. Bapb6ammun, H.H.
Kpacosckuii, H.H. Moucees, A.B. Kypxkancknii, FO.C. Ocunos, 9.3. Ipim-
kuH, B.A. dxy6oBuu, A.U. Ilponoit, B.®. Jlembsinos, A.4. JlyGounkuii,
A.A. Muwmorun, K.A. Jlypwe, P.II. ®enopenko, B.A. Tpounxkuii, A.1. Cy6-
6orun, A.T'. Yennos, B.M. Keiin, A.E. Bapa6anos, O.H. I'pannann, C.®. Co-
koJioB, B.T. [Tossk, 9.4. Pamonopt, A.®. [Ilopukos u ap. OgHaKko, HeCMOTPST
Ha SICHBIN (DUBUIECKUIH CMBICT U MPAKTHIECKYIO 3HAIMMOCTD, IeObIEeBCKIi
KPUTEpHUii TaK U He MOJIyYMUJI IIIMPOKOr0 IIPUMEHEHUs] B aBTOMAaTHUKE.

2. OcHOBHBIE KOHCTPYKIINH HOJUIAPATLHOI0 PopMaIn3IMa

Pacemorpum Kitace IUHAMUYIECKUX O0BEKTOB YIIPABJIEHUSI, OITUCHIBAEMBIX
JIMHEHHBIM BEKTOPHBIM PA3HOCTHBIM YPABHEHUEM COCTOSTHUS:

x(t+1) = A@t)x(t) + B(t)u(t), y(t) = Cx(¢),

rie A: = R"™"uB: S — R"™" — byHKInoHaJbHbIE MATPUIEL, ¢ € &
- nuckpernoe Bpems; S = [0, — 1] C Z4 — unHTepBas yIpaBJIeHHs, IIPUIEM
T > 1; x = col(z1, 22, ..., zn) € P(t) € X = R™ — BekTOp cocrognus; u =
col(uy,ug,...,u,) € E(t) C U = R” - BeKTOp yIpaBJIsIONIUX [EPEMEHHbBIX
(3mecy P(t),E(t) - nommsaper); y € R™ — Beixog o6bekra, C € R™*"™; X-
[IPOCTPAHCTBO COCTOAHMMN; Zi 4 - MHOXKECTBO HEOTPUIATEbHBIX HEJIbIX TUCEJL.
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3nech u nasee noausdpom [1] GymeM HA3BIBATH MHOXKECTBO DEIEHN KOHETHOM
CHUCTEMBI JINHEIHBIX HEPpaBEHCTB.

Hoausdparvroili Gopmanu3m ONTUMUABAIIN TPOIECCOB YIIPABJICHUST OXBa~
THIBAET BCE KJIFOUYEBBIE 3JIEMEHTHI B IIOCTAHOBKE 33Ja9W YIIPABJIEHUs: eI
yOpaBJIeHNs, KPUTEPHl ONTUMAILHOCTH, (ha30Bble U PECYPCHBIE OTPAHUIE-
HUsl Ha yTIpaBJiseMble NBUXKeHus. [[pr 9ToM B 0CHOBE JaHHOTO (hOpMAIN3Ma
JIeXKAT TIOJIM3IPaIbHbIe (DYHKIUN ¥ TOJUIIPATHHBIE HOPMBI.

Hoauadpanvrasn gynrkyus f: X = R™ — R - 3ro dyukuust, Haarpaduk
KOTOPOI SIBJISIETCSI BBIMYKJIBIM TTOJIUIPOM. BarKHeHImuM KOHCTPYKTUBHBIM
CBO¥iCTBOM J11060# 1O/ ApaibHOi byHKIMK f(X) sABIgeTC BO3MOKHOCTD €€
npejicTaBIeHns] B BHjie (DYHKIIUU JAUCKPETHOIO MAKCHMYMA:

f(x) = max {p1(x), p2(x), ... on (%)}, pi(x) = bi + (ai, x),
b; €R7ai EX,i :m

Ioausdpanvras HOPpMa - TO HOPMA, SIBJISTIOIIASCS TTOTUIIPAIBLHON DYHK-
nueit koopauHat. K K1accy momsIpajbHbIX HOPM OTHOCATCS, HAIIPUMED, OK-
Tasnpuyeckas (paBHOMEpHas) win Kybudeckas (4eObIeBeKas) HOPMBbIL:

n
Il = Do Tbelo = s ol
3. INosmmsapasbHbIe KPUTEPUU KAadeCTBA ITPOIECCOB YIIPABJIEHUS
KoncTpykiinn KpuTepreB KatdecTBa IMPOIECCOB YIIPABJICHUS JTOJKHBI KOM-
IJIEKCHO OTPAXKaTh XapaKTep JABMUKEeHNs 00beKTa K I1eJIEBOMY IO/ IPAIBLHO-
My MHOXKE€CTBY X* ¢ TOUKM 3pEHUsI JUHAMHUIECKOTO KAIECTBA, YIIPABJISEMbBIX
IBUKEHUIT U PECYPCHBIX 3aTpar. BBeeM B pacCMOTpEHNE BEJIMIMHBL:

e(t) =y(t) =y (1), Ax(t) = x(t +1) = x(t), Au(t) = u(t + 1) - u(?),

rue y*(t) — 3amaHHas TPAEKTOPHs BBIXOJA, U BbIGEPEM HEKOTOPBIE [IOJIHI-
paJibHbIe HOPMBI:

H : X—>R;Hax: X—=>R;Hy: U—=R;Hpay: U—R.

Torma ¢BOMCTBO MPONECCa YIPABJICHUS B TEKYIIMA MOMEHT BPEMEHU MOXKHO
XapaKTepU30BaTh MOKa3aTessiMu To9HoCTH yrpasaerus H.(e(t)), Hax(Ax(t))
u 3arpar Ha yupasienue Hy(u(t)), Hau(Au(t)), nmeronmmmu noiusdpaisvhyio
cmpyxmypy. B KadecTBe mpuMepa MOXKHO B3ATh CJIEIyOIIUE HOIH3IPAIbHbIE
[OKa3aTesiu TOYHOCTH yupasJienus P(t) u 3arpar na yupasienue F(t):

P(t) = max{A(t) H(e(1)), Aax(t)Hax(Ax(1))},
E(t) = max{Au(t)Hu(u(t)), Aau(t)Hau(Au(t))},
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e Ae(t) 2 0, Aax(t) = 0, Au(t) = 0, Aau(t) = 0 — Becosble K03 burmenTs!,
KOTOpbIE, B YACTHOCTH, MOI'YT UMETh BUJI cTeleHHbIX (yHKimit: Cp t¥, v €
Z,,C, = const.

VI3 BBe/IeHHBIX TOYHOCTHBIX U PECYPCHBIX MOKa3aTeseil MoxKHO hopMupo-
BATh PA3IINIHBIE NOAUIOPAALHBIE KPUMEPUL KAYECTNEA NPOYECCH YNPABACHUA,
HAIIPUMED, CJIEJLYIONIEro BHUJIA:

— HOJIMIPAJIbHBIA TEPMUHAJIBHBINA KpUTepuil (Maliepo6cko2o TUIIA):
Fy = P(T),
— HOJIMpaJIbHBIE UHTErPAJIbHBIE KPUTEPUH (AQ2PAHIICE6020 THIIA):

F;, = max P(t)+ max FE(t),
te[1,7T)] tel0,T—1]

— HOJIM3JIpAJIbHBbIE CMEIIAHHbIE KpuTepun (604bUe6CK020 TUIIA):
Fp=Fy+ Fr.

4. 3aga4va moJIM3APaJIbHON ONITUMU3AINY ITPOIECCOB YITPaBJIECHUS

Ob6mmas 3amada 1O auCKpeTHBIX MPOIECCOB YIIPABJIEHUs] 3aKJIFOIAETC B
HAXOXKJIEHUH yIIPABJIAIOIEro BoaeiicTBus u(t), 06eCclednBaiomero JoCTuzKe-
HUE T[JIEBOTO0 MHOXKECTBA U ONTUMAJIBHOTO 110 KPUTEPUIO

F(X,U) 5> min, F: X x U = R,

rne U = {u(0),..,u(T — 1)} — mnporpamma yupasieHus u X =
{x(1),...,x(T)} — nopoxnennast um haszoBasi TPAEKTOPHUS JBIZKEHUST 00b-
eKTa.

Crueruduka 3amaqau [1O mporeccos yrpasiieHnsi COCTOUT B TOM, 9TO BCE €€
KOMIIOHEHTBI UMEIOT HOJIUPAJIbHYIO CTPYKTYDY, T.e. dynkuuu H (x),P(x),
E(u) u F(X,U) aBasiorcs NOJM3APATbHBIME (DYHKIUSMHA, & AJIOPUTMU3a-
Iyl YIPABJIEHUS OCHOBAHA HA BBIYMCJIMTENBHBIX METOJAAX JIMHEHHOrO Mpo-
rpaMMHUpOBaHusd. [ljis OpraHu3anyuy yupasaeHust 110 TPUHIUITY 00paTHO CBs-
3U 1eJIECOOOPA3HO BOCIOJIB30BATHCS CTPATEIHE NPO2PamMMHO-NOZULUONHHOL0
ynpasaenus — GopMUPOBATH TUOKUE, IUKJINIECKU OOHOBJIIEMbIE (B YaCTHO-
CTH, Ha KaXKJIOM TaKTe) MPOrPAMMBI YIPABJIEHUs, HIest KOTOPBIX (HCIOIb30-
BaHUE IIPOIPAMMHON, T.€. PA3OMKHYTON CTPATETUH YIIPABJICHUS JIJI PEATA3a-
(MU TIO3UIMOHHOMN, T.e. 3aMKHYTOH CTpATEernu yIpaBJIeHNs) BHICKA3BIBAIACH
eme B padore /Ix.E. Beprpama u P.E. Capaunka [12].

Ha ocrHoBe mosmsapaibHO METOMOJOIAH YIAETCA yCIENTHO PENIaTh psil
3a/1a9 ONTHMU3AIMHA [IPOIECCOB YIPABJICHAA C yueToM (Da30BBIX U Pecypc-
HBIX OTPAHUYEHUI, BKIIOUAs 331491 yIIPABJICHAA U HAOIIONCHAS B YCJIOBUAX
HEOIIPE IEJIEHHOCTH B IITATHBIX, KOHMIIMKTHBIX 1 KPUTHIECKUX CUTYAIHsIX [4].
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