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Main Points of the Talk

The main points of the talk:

@ Impossible to overview the lifetime research in a talk.
@ Therefore only main theoretical results will be considered.

@ All applications and some interesting theoretical results (e.g., exact
penalty functions and their applications to the calculus of variations;
alternance optimality conditions) are left out.
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The main points of the talk:

@ Impossible to overview the lifetime research in a talk.
@ Therefore only main theoretical results will be considered.

@ All applications and some interesting theoretical results (e.g., exact
penalty functions and their applications to the calculus of variations;
alternance optimality conditions) are left out.

@ The results named after prof. V.F. Demyanov are pointed out.
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Main Points of the Talk

The main points of the talk:

@ Impossible to overview the lifetime research in a talk.
@ Therefore only main theoretical results will be considered.

@ All applications and some interesting theoretical results (e.g., exact
penalty functions and their applications to the calculus of variations;
alternance optimality conditions) are left out.

@ The results named after prof. V.F. Demyanov are pointed out.

@ We stress the same details and results as prof. V.F. Demyanov did in
his lectures.
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Let a function f be defined in a neighbourhood of a point x € R”.
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Main Object of Study: Directional Derivative

Let a function f be defined in a neighbourhood of a point x € R”.

Definition 1

The function f is called Dini directionally differentiable at x, if Vg € R”
there exists the finite limit

fh(x,g) = lim
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Main Object of Study: Directional Derivative

Let a function f be defined in a neighbourhood of a point x € R”.

Definition 1

The function f is called Dini directionally differentiable at x, if Vg € R”
there exists the finite limit

. fx+ag)—f(x
oxg) = tim (OO IR,

Definition 2

The function f is called Hadamard directionally differentiable at x, if Vg €
R" there exists the finite limit

| A\

) f(x+ ag') —f(x)
! - .
w(x:e) [& o], +0] o
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Main Object of Study: Directional Derivative

Let a function f be defined in a neighbourhood of a point x € R”.

Definition 1

The function f is called Dini directionally differentiable at x, if Vg € R”
there exists the finite limit

. fx+ag)—f(x
oxg) = tim (OO IR,

Definition 2

The function f is called Hadamard directionally differentiable at x, if Vg €
R" there exists the finite limit

| A\

) f(x+ ag') —f(x)
! - .
w(x:e) [& o], +0] o

v

Note that both functions f}(x, -) and f},(x, -) are positively homogeneous!
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Prof. Demyanov always pointed out that, in the general case, one has

i fxrag)—fG) . flcrag) —f(x)

lg’,a]—[g,+0] « g'—g,a—+0 «

Therefore we must use the notation [g’,a] — [g, +0].

!Giannessi, F. (1995). A common understanding or a common misunderstanding?
Numer. Funct. Anal. Optim., vol. 16, pp. 1359-1363.
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Prof. Demyanov always pointed out that, in the general case, one has

i fxrag)—fG) . flcrag) —f(x)

lg’,a]—[g,+0] « g'—g,a—+0 «

Therefore we must use the notation [g’,a] — [g, +0].

Note that if f is Lipschitz continuous near x, then

fp(x. g) = fj(x,g) VYgeR"

!Giannessi, F. (1995). A common understanding or a common misunderstanding?
Numer. Funct. Anal. Optim., vol. 16, pp. 1359-1363.
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Prof. Demyanov always pointed out that, in the general case, one has

i fxrag)—fG) . flcrag) —f(x)

lg’,a]—[g,+0] « g'—g,a—+0 «

Therefore we must use the notation [g’,a] — [g, +0].

Note that if f is Lipschitz continuous near x, then
fp(x,g) = f(x,g) VgeR"

For the sake of simplicity, hereafter we denote a directional derivative as
f'(x,8)

!Giannessi, F. (1995). A common understanding or a common misunderstanding?
Numer. Funct. Anal. Optim., vol. 16, pp. 1359-1363.
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Prof. Demyanov always pointed out that, in the general case, one has

i fxrag)—fG) . flcrag) —f(x)

lg’,a]—[g,+0] « g'—g,a—+0 «

Therefore we must use the notation [g’,a] — [g, +0].

Note that if f is Lipschitz continuous near x, then
fp(x,g) = f(x,g) VgeR"

For the sake of simplicity, hereafter we denote a directional derivative as
f'(x, g) (all results below are valid for both Dini and Hadamard directional
derivatives).

!Giannessi, F. (1995). A common understanding or a common misunderstanding?
Numer. Funct. Anal. Optim., vol. 16, pp. 1359-1363.
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Optimality Conditions

If x is a local minimizer of the function f, then

f'(x,g) >0 VgeR"
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Optimality Conditions

If x is a local minimizer of the function f, then
f'(x,g) >0 VgeR"

The condition
f'(x,g) >0 YgeR"{0}

is a first order sufficient optimality condition
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Optimality Conditions

If x is a local minimizer of the function f, then
f'(x,g) >0 VgeR"

The condition
f'(x,g) >0 YgeR"{0}

is a first order sufficient optimality condition (such condition is impossible
in the smooth case!).
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Optimality Conditions

If x is a local minimizer of the function f, then
f'(x,g) >0 VgeR"

The condition
f'(x,g) >0 VvgeR"\{0}
is a first order sufficient optimality condition (such condition is impossible

in the smooth case!).

In the case of necessary/sufficient optimality conditions for a maximum one
has to replace “=" with “<" (or “>" with "<").
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Optimality Conditions

If x is a local minimizer of the function f, then
f'(x,g) >0 VgeR"

The condition
f'(x,g) >0 VvgeR"\{0}
is a first order sufficient optimality condition (such condition is impossible

in the smooth case!).

In the case of necessary/sufficient optimality conditions for a maximum one
has to replace “=" with “<" (or “>" with "<").

Thus, first order optimality conditions for the cases of maximum and mini-
mum do not coincide.
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Optimality Conditions

If x is a local minimizer of the function f, then
f'(x,g) >0 VgeR"

The condition
f'(x,g) >0 VgeRM{0}
is a first order sufficient optimality condition (such condition is impossible

in the smooth case!).

In the case of necessary/sufficient optimality conditions for a maximum one
has to replace “=" with “<" (or “>" with "<").

Thus, first order optimality conditions for the cases of maximum and mini-
mum do not coincide. This is also impossible in the smooth case.
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A direction g* € R"” with |g*|| = 1 is called a direction of steepest
descent at x, if

f'(x,g*) = min f'(x,g).
lgl=1
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A direction g* € R"” with |g*|| = 1 is called a direction of steepest
descent at x, if

f'(x,g*) = min f'(x,g).
lgl=1

The value f'(x, g*) is referred to as the rate of steepest descent at x.
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A direction g* € R"” with |g*|| = 1 is called a direction of steepest
descent at x, if

f'(x,8%) = min, f'(x,8).

The value f'(x, g*) is referred to as the rate of steepest descent at x.
If x is not a local minimizer, then f/(x, g*) < 0. Suppose that f’'(x, g*) < 0.
")

Then the function f descreases in the direction g*, i.e. f(x + ag®) < f(x)
for any sufficiently small a > 0.
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A direction g* € R"” with |g*|| = 1 is called a direction of steepest
descent at x, if

f'(x,8%) = min, f'(x,8).

The value f'(x, g*) is referred to as the rate of steepest descent at x.
If x is not a local minimizer, then f/(x, g*) < 0. Suppose that f’'(x, g*) < 0.
Then the function f descreases in the direction g*, i.e. f(x + ag®) < f(x)

for any sufficiently small a > 0.

Thus, the direction g* can be used to improve the current estimate x of a
local optimal solution.
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A direction g* € R"” with |g*|| = 1 is called a direction of steepest
descent at x, if

f'(x,8%) = min, f'(x,8).

The value f'(x, g*) is referred to as the rate of steepest descent at x.
If x is not a local minimizer, then f/(x, g*) < 0. Suppose that f’'(x, g*) < 0.
Then the function f descreases in the direction g*, i.e. f(x + ag®) < f(x)

for any sufficiently small a > 0.

Thus, the direction g* can be used to improve the current estimate x of a
local optimal solution.

Similar definitions can be given for the case of steepest ascent.
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Main Objectives

We would like to know how to:
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We would like to know how to:

@ compute f’'(x,-) (general calculus is not constructive);
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We would like to know how to:
@ compute f’'(x,-) (general calculus is not constructive);

@ verify the optimality condition f'(x,-) = 0 in a constructive (i.e. algo-
rithmic) fashion;
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Main Objectives

We would like to know how to:
@ compute f’'(x,-) (general calculus is not constructive);
@ verify the optimality condition f'(x,-) = 0 in a constructive (i.e. algo-
rithmic) fashion;
@ find directions of steepest descent (in the smooth case there is only
one such direction!).
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Main Objectives

We would like to know how to:
@ compute f’'(x,-) (general calculus is not constructive);
@ verify the optimality condition f'(x,-) = 0 in a constructive (i.e. algo-
rithmic) fashion;
@ find directions of steepest descent (in the smooth case there is only
one such direction!).

In other words, we would like to develop a constructive theory of directional
derivatives
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Main Objectives

We would like to know how to:
@ compute f’'(x,-) (general calculus is not constructive);
@ verify the optimality condition f'(x,-) = 0 in a constructive (i.e. algo-
rithmic) fashion;
@ find directions of steepest descent (in the smooth case there is only
one such direction!).

In other words, we would like to develop a constructive theory of directional
derivatives (constructive nonsmooth analysis).
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Figure: Constructive Nonsmooth Analysis!
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Danskin-Demyanov Theorem

Consider the max-function

f(x) = max fi(x).

1<ism
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Consider the max-function

f(x) = max fi(x).

1<ism

Is f directionally differentiable?
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Danskin-Demyanov Theorem

Consider the max-function

f(x) = max fi(x).

1<ism

Is f directionally differentiable? How to compute its directional derivative?
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Danskin-Demyanov Theorem

Consider the max-function

f(x) = max fi(x).

1<ism
Is f directionally differentiable? How to compute its directional derivative?

Theorem 1 (Danskin-Demyanov, 1966)
Let f;, 1 < i < m, be differentiable at x. Then the function

() = max f()

1<i<m

is directionally differentiable at the point x and

f'(x,g) = ,g?aXWf( x),g8) VgeR",

where R(x) = {ie1: m| fi(x) = f(x)}.
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Subdifferential of the Max-Function

Introduce the subdifferential of f at x as follows

0f(x) = co{VFi(x) | i € R(x)}.
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Subdifferential of the Max-Function

Introduce the subdifferential of f at x as follows
0f (x) = co{Vfi(x) | i € R(x)}.
Then with the use of the separation theorem one can easily check that

f'(x,g) = Vgg?x {v,gy=>0 VgeR" « 0€edf(x),
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Subdifferential of the Max-Function

Introduce the subdifferential of f at x as follows
0f (x) = co{Vfi(x) | i € R(x)}.
Then with the use of the separation theorem one can easily check that

f'(x,g) = Vg(;?x {v,gy=>0 VgeR" « 0€edf(x),

and
f'(x,g) >0 VgeR™{0} — 0eintdf(x).
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Subdifferential of the Max-Function

Introduce the subdifferential of f at x as follows
0f (x) = co{Vfi(x) | i € R(x)}.
Then with the use of the separation theorem one can easily check that

f'(x,g) = max <v g)=>0 VgeR" — 0¢€df(x),

vedf(x
and
f'(x,g) >0 VgeR™{0} — 0eintdf(x).
Furthermore, the direction of steepest descent g* = —v*/|v*|, where

v¥ € argmin||v|.
vedf (x)
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MDM-method

Thus, in order to find the direction of steepest descent one has to solve the
problem

min|v|? subjectto ve C,

where C = co{ay,...,as} € R" is the convex hull of a finite set of points

{a1,...,as}.

2Mitche|l, B.F., Demyanov, V.F., Malozemov, V.N. (1971). Finding the point of a
polyhedron closest to the origin. Vestnik Leningr. State Univ., vol. 19, pp. 38-45. (In
Russian)

3Mitche|l, B.F., Demyanov, V.F., Malozemov, V.N. (1974). Finding the point of a
polyhedron closest to the origin. SIAM J. Control, vol. 12, pp. 19-26.
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MDM-method

Thus, in order to find the direction of steepest descent one has to solve the
problem

min|v|? subjectto ve C,
where C = co{ay,...,as} € R" is the convex hull of a finite set of points

{a1,...,as}.

In 1971, the well-known Mitchell-Demyanov-Malozemov (MDM) method
for solving this problem was proposed.?+3

2Mitche|l, B.F., Demyanov, V.F., Malozemov, V.N. (1971). Finding the point of a
polyhedron closest to the origin. Vestnik Leningr. State Univ., vol. 19, pp. 38-45. (In
Russian)

3Mitche|l, B.F., Demyanov, V.F., Malozemov, V.N. (1974). Finding the point of a
polyhedron closest to the origin. SIAM J. Control, vol. 12, pp. 19-26.
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MAOM-meTony - 40 ner

Figure: Prof. V.N. Malozemov and Prof. V.F. Demyanov on the occasion of 40th
Anniversary of the MDM method.
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Pshenichnyi Subdifferential*

Definition 3 (Pshenichnyi, 1969)

A function f defined in a neighbourhood of a point x is called subdiffer-
entiable in the sense of Pschenichnyi (P-subdifferentiable) at this point if

f is directionally differentiable at x, and there exists a nonempty compact
convex set 0f (x) such that

f'(x,g) = max <v g) VgeR".
veof (x

*Pschenichnyi, B.N. (1969) Necessary Extremum Conditions. Nauka, Moscow (in
Russian)
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Pshenichnyi Subdifferential*

Definition 3 (Pshenichnyi, 1969)

A function f defined in a neighbourhood of a point x is called subdiffer-
entiable in the sense of Pschenichnyi (P-subdifferentiable) at this point if
f is directionally differentiable at x, and there exists a nonempty compact
convex set 0f (x) such that

f'(x,g) = max <v g) VgeR".
veof (x

Clearly, all max-functions and all convex functions are P-subdifferentiable.

*Pschenichnyi, B.N. (1969) Necessary Extremum Conditions. Nauka, Moscow (in
Russian)

M.V. Dolgopolik (CNSA-2017) Scientific Research of Prof. V.F. Demyanov



Pshenichnyi Subdifferential*

Definition 3 (Pshenichnyi, 1969)

A function f defined in a neighbourhood of a point x is called subdiffer-
entiable in the sense of Pschenichnyi (P-subdifferentiable) at this point if
f is directionally differentiable at x, and there exists a nonempty compact
convex set 0f (x) such that

f'(x,g) = max <v g) VgeR".
veof (x

Clearly, all max-functions and all convex functions are P-subdifferentiable.
On the other hand, for any P-subdifferentiable function f, the function
h(x) = —f(x) is not P-subdifferentiable.

*Pschenichnyi, B.N. (1969) Necessary Extremum Conditions. Nauka, Moscow (in
Russian)
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Pshenichnyi Subdifferential*

Definition 3 (Pshenichnyi, 1969)

A function f defined in a neighbourhood of a point x is called subdiffer-
entiable in the sense of Pschenichnyi (P-subdifferentiable) at this point if
f is directionally differentiable at x, and there exists a nonempty compact
convex set 0f (x) such that

f'(x,g) = max <v g) VgeR".
veof (x

Clearly, all max-functions and all convex functions are P-subdifferentiable.
On the other hand, for any P-subdifferentiable function f, the function
h(x) = —f(x) is not P-subdifferentiable. How to overcome this problem?

*Pschenichnyi, B.N. (1969) Necessary Extremum Conditions. Nauka, Moscow (in
Russian)
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Quasidifferential

In 1979, Prof. V.F. Demyanov (jointly with A.M. Rubinov and L.N. Polyakova)
introduced a class of quasidifferentiable functions.®

5Demyanov, V.F., Polyakova, L.N., Rubinov, A.M. (1979) On one generalization of
the notion of subdifferential. In Proceedings of the All-Union Conference on Dynamic
Control. Sverdlovsk. pp. 79-84 (In Russian).
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Quasidifferential

In 1979, Prof. V.F. Demyanov (jointly with A.M. Rubinov and L.N. Polyakova)
introduced a class of quasidifferentiable functions.®

Definition 4

A function f defined in a neighbourhood of a point x is called is called
quasidifferentiable at this point, if f is directionally differentiable at x,
and there exists nonempty compact convex sets df (x) and 0f (x) such that

f'(x,g) = max <v g)+ min <W g) VYgeR"

vedrf(x) weof(x)

The pair 2f(x) = [0f(x),0f(x)] is called a quasidifferential of f at x.
The set 0f (x) is referred to as the subdifferential of f at x, while the set
0f (x) is referred to as the superdifferential of f at x.

v

sDemyanov, V.F., Polyakova, L.N., Rubinov, A.M. (1979) On one generalization of
the notion of subdifferential. In Proceedings of the All-Union Conference on Dynamic
Control. Sverdlovsk. pp. 79-84 (In Russian).
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The Smallest Quasidifferential

Clearly, a quasidifferential is not unique.

6Grzybowski, J., Pallaschke D., Urbanski R. (2009). Minimal pairs of bounded
closed convex sets as minimal representations of elements of the Minkowski-Radstrom-
Hormander spaces. Banach Center Publ., vol. 84, pp. 31-55.

7Pa||aschke, D., Urbariski, R. (2012). Quasidifferentiable calculus and minimal pairs
of compact convex sets. Schedae Informaticae, vol. 21, pp. 107-125.
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The Smallest Quasidifferential

Clearly, a quasidifferential is not unique. If 2f(x) = [0f(x),df(x)] is a
quasidifferential of f at x,

6Grzybowski, J., Pallaschke D., Urbanski R. (2009). Minimal pairs of bounded
closed convex sets as minimal representations of elements of the Minkowski-Radstrom-
Hormander spaces. Banach Center Publ., vol. 84, pp. 31-55.

7Pa||aschke, D., Urbariski, R. (2012). Quasidifferentiable calculus and minimal pairs
of compact convex sets. Schedae Informaticae, vol. 21, pp. 107-125.
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The Smallest Quasidifferential

Clearly, a quasidifferential is not unique. If 2f(x) = [0f(x),df(x)] is a
quasidifferential of f at x, then the pair [0f(x) + C,df(x) — C], where C
is a compact convex set, is a quasidifferential of f at x as well.

6Grzybowski, J., Pallaschke D., Urbanski R. (2009). Minimal pairs of bounded
closed convex sets as minimal representations of elements of the Minkowski-Radstrom-
Hormander spaces. Banach Center Publ., vol. 84, pp. 31-55.

7Pa||aschke, D., Urbariski, R. (2012). Quasidifferentiable calculus and minimal pairs
of compact convex sets. Schedae Informaticae, vol. 21, pp. 107-125.
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The Smallest Quasidifferential

Clearly, a quasidifferential is not unique. If 2f(x) = [0f(x),df(x)] is a
quasidifferential of f at x, then the pair [0f(x) + C,df(x) — C], where C
is a compact convex set, is a quasidifferential of f at x as well.

Open Problem 1

How to find the smallest (in some sence) quasidifferential 2f(x)?

6Grzybowski, J., Pallaschke D., Urbanski R. (2009). Minimal pairs of bounded
closed convex sets as minimal representations of elements of the Minkowski-Radstrom-
Hormander spaces. Banach Center Publ., vol. 84, pp. 31-55.

7Pa||aschke, D., Urbariski, R. (2012). Quasidifferentiable calculus and minimal pairs
of compact convex sets. Schedae Informaticae, vol. 21, pp. 107-125.
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The Smallest Quasidifferential

Clearly, a quasidifferential is not unique. If 2f(x) = [0f(x),df(x)] is a
quasidifferential of f at x, then the pair [0f(x) + C,df(x) — C], where C
is a compact convex set, is a quasidifferential of f at x as well.

Open Problem 1

How to find the smallest (in some sence) quasidifferential 2f(x)?

Only some particular results are known.®”

6Grzybowski, J., Pallaschke D., Urbanski R. (2009). Minimal pairs of bounded
closed convex sets as minimal representations of elements of the Minkowski-Radstrom-
Hormander spaces. Banach Center Publ., vol. 84, pp. 31-55.

7Pa||aschke, D., Urbariski, R. (2012). Quasidifferentiable calculus and minimal pairs
of compact convex sets. Schedae Informaticae, vol. 21, pp. 107-125.
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Quasidifferential Calculus

For any convex sets U;, V; define

[Ul, Vl] + [UQ, Vz] = [Ul + Uy, Vi + Vz]
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Quasidifferential Calculus

For any convex sets U;, V; define
[Ul, Vl] + [UQ, Vz] = [Ul + Uy, Vi + Vz]

and
[aUi,aV4], ifa=0,

Ui, i] =
alth, Vil {[aVl,aUl], if a <0.

(the same operations as in the Minkowski-R&dstom-Hormander space).
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then

P(a1f + anhh)(x) = a1 Zf(x) + aa P f(x),
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then

P(a1f + anhh)(x) = a1 Zf(x) + aa P f(x),
P(f - h) = A(x)Zh(x) + R(x)Zf(x),
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then

P(a1f + anhh)(x) = a1 Zf(x) + aa P f(x),
P(f - h) = A(x)Zh(x) + R(x)Zf(x),

7 (F(R().60) () = TTOERE) g, ELRCOBC)

ZH(x) DH(x).
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then

P(a1f + anhh)(x) = a1 Zf(x) + aa P f(x),
P(f - h) = A(x)Zh(x) + R(x)Zf(x),

2 (F((), () o) = TECEOD g, FLACOBOI)

Furhtermore, one has
2 max fi(x)

1<i<m
— [co {Qf;(x) - 2 Ofie(x) ‘ ie R(x)}, Z éf,-(x)]_

keR(x)\{i} ieR(x)
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Quasidifferential Calculus

Let functions f;, 1 < i < m be quasidifferentiable at a point x, and a
function F(y1,y>) be differentiable. Then

P(a1f + anhh)(x) = a1 Zf(x) + aa P f(x),
P(f - h) = A(x)Zh(x) + R(x)Zf(x),

2 (F((), () o) = TECEOD g, FLACOBOI)

Furhtermore, one has
2 max fi(x)

1<i<m
— [co {Qf;(x) - 2 Ofie(x) ‘ ie R(x)}, Z éf,-(x)]_

keR(x)\{i} ieR(x)

A similar formula holds true for f(x) = mini<i<m fi(x).
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Quasidifferential Calculus

Let us point out that:
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Quasidifferential Calculus

Let us point out that:

@ the set of all quasidifferentiable functions forms a vector lattice;
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Quasidifferential Calculus

Let us point out that:
@ the set of all quasidifferentiable functions forms a vector lattice;

@ every dc function is quasidifferentiable;
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Quasidifferential Calculus

Let us point out that:

@ the set of all quasidifferentiable functions forms a vector lattice;
@ every dc function is quasidifferentiable;

@ quaisidifferential calculus can be easily implemented on a computer.
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Optimality Conditions

Let f be quasidifferentiable at a point x.
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Optimality Conditions

Let f be quasidifferentiable at a point x. By definition one has

f'(x,g) = max {v,g) + min (w = min max (v, g).
( g) veor (x < g> weof (x) < g> weof (x) VEQf(X)+{W}< g>
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Optimality Conditions

Let f be quasidifferentiable at a point x. By definition one has

f'(x,g) = max {v,g) + min (w = min max (v, g).
( g) veor (x < g> weof (x) < g> weof (x) VEQf(X)+{W}< g>

Thus, f'(x,g) = 0 for all g € R" iff

0 VYwedf Vg e R",
veafoa:(-{w}<V g> v (X) £
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Optimality Conditions

Let f be quasidifferentiable at a point x. By definition one has

f'(x,g) = max {v,g) + min (w = min max (v, g).
( g) veor (x < g> weof (x) < g> weof (x) VEQf(X)+{W}< g>

Thus, f'(x,g) = 0 for all g € R" iff

0 VYwedf Vg e R",
veafoa:(-{w}<V g> v (X) £

which implies that

fl(x,) >0 <= 0edf(x)+{w} VYwedf(x).
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Optimality Conditions

Let f be quasidifferentiable at a point x. By definition one has

f'(x,g) = max {v,g) + min (w = min max (v, g).
( g) veor (x < g> weof (x) < g> weof (x) VEQf(X)+{W}< g>

Thus, f'(x,g) = 0 for all g € R" iff

0 VYwedf Vg e R",
veafoa:(-{w}<V g> v (X) £

which implies that
f'(x,) =0 <= 0€df(x)+{w} Vwedf(x).

Furthermore, directions of steepest descent have the form —v
v* is a solution of the problem

2
v

max
weo ()veaf(x)-‘r{ w}
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Demyanov Difference and Clarke Subdifferential

Let U, V < R" be compact convex sets.
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Demyanov Difference and Clarke Subdifferential

Let U, V < R" be compact convex sets. Denote

pu(x) = max{u,x), py(x)=max{v,x).
uelU veV
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Demyanov Difference and Clarke Subdifferential

Let U, V < R" be compact convex sets. Denote
pU(X) = Tea&( <U7X>7 PV(X) = Tea\;( <V7X>'

Let Q be a set of full measure such that py and py are differentiable at
every point x € Q
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Demyanov Difference and Clarke Subdifferential

Let U, V < R" be compact convex sets. Denote
pU(X) = Tea&( <U7X>7 PV(X) = Tea\;(<v7x>'

Let Q be a set of full measure such that py and py are differentiable at
every point x € Q (since py(x) and py(x) are globally Lipschitz continuous,
such set always exists).

M.V. Dolgopolik (CNSA-2017) Scientific Research of Prof. V.F. Demyanov



Demyanov Difference and Clarke Subdifferential

Let U, V < R" be compact convex sets. Denote
pU(X) = Tealj( <U7X>7 PV(X) = r\I]ea\;(<V7X>'

Let Q be a set of full measure such that py and py are differentiable at
every point x € Q (since py(x) and py(x) are globally Lipschitz continuous,
such set always exists).

Definition 5
The Demyanov difference U — V of the sets U and V is defined as follows

U=V =clco {Vpu(x) — Vpy(x) ‘ X € Q}.
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Demyanov Difference and Clarke Subdifferential

Let f be locally Lipschitz continuous and quasidifferentiable at a point x.

8Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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Demyanov Difference and Clarke Subdifferential

Let f be locally Lipschitz continuous and quasidifferentiable at a point x.

Under some additional assumptions of the function f the following inclusions
hold true

Of (x) = (—0f(x)) € Ocif (x) S Of (x) + Of (x).

8Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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Demyanov Difference and Clarke Subdifferential

Let f be locally Lipschitz continuous and quasidifferentiable at a point x.
Under some additional assumptions of the function f the following inclusions
hold true

Of (x) = (—0f(x)) € Ocif (x) S Of (x) + Of (x).

Thus, one can estimate the Clarke subdifferential with the use of a quasid-
ifferential 8

8Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x.
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x. One
can verify that if f/(-, g) is u.s.c. at x for all g € R, then

f'(x,g) = maCx<v,g>, C < R" is compact and convex.
ve
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x. One
can verify that if f/(-, g) is u.s.c. at x for all g € R, then

f'(x,g) = maCx<v,g>, C < R" is compact and convex.
ve
Similary, if f'(-, g) is L.s.c. at x, then

f'(x,g) = rvnelg (v, 8), C c R" is compact and convex.
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x. One
can verify that if f/(-, g) is u.s.c. at x for all g € R, then

f'(x,g) = maCx<v,g>, C < R" is compact and convex.
ve
Similary, if f'(-,g) is l.s.c. at x, then

f'(x,g) = rvnelg (v, 8), C c R" is compact and convex.

Therefore if f/(-, g) is continuous at x for all g € R", then f is differentiable
at x!
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x. One
can verify that if f/(-, g) is u.s.c. at x for all g € R, then

f'(x,8) = TEaCX<V,g>, C < R" is compact and convex.
Similary, if f'(-,g) is l.s.c. at x, then

f'(x,8) = rvnelg {v,8), C c R" is compact and convex.
Therefore if f/(-, g) is continuous at x for all g € R", then f is differentiable

at x! Thus, topological properties of f/(x, g) define its algebraic properties
(i.e. its structure).
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Discontinuity of Directional Derivatives

Let a function f be directionally differentiable in a neighbourhood of x. One
can verify that if f/(-, g) is u.s.c. at x for all g € R, then

f'(x,g) = maCx<v,g>, C < R" is compact and convex.
ve

Similary, if f'(-,g) is l.s.c. at x, then

f'(x,g) = rvnelg (v, 8), C c R" is compact and convex.

Therefore if f/(-, g) is continuous at x for all g € R", then f is differentiable
at x! Thus, topological properties of f/(x, g) define its algebraic properties
(i.e. its structure).

All subdifferential mappings are discontinuous in the nonsmooth case as
well!
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Nonhomogeneous Approximations

Is it possible to construct a continuous approximation of a nonsmooth func-
tion?
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Nonhomogeneous Approximations

Is it possible to construct a continuous approximation of a nonsmooth func-
tion?

The motivation came from the work of prof. V.N. Malozemov on minimax
problems.
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Nonhomogeneous Approximations

Is it possible to construct a continuous approximation of a nonsmooth func-
tion?

The motivation came from the work of prof. V.N. Malozemov on minimax
problems. For the max-function one has

max fi(x + Ax) ~ max <f,-(x) + <Vf,-(x),Ax>>.

1<i<m 1<i<m
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Nonhomogeneous Approximations

Is it possible to construct a continuous approximation of a nonsmooth func-
tion?

The motivation came from the work of prof. V.N. Malozemov on minimax
problems. For the max-function one has

max fi(x + Ax) ~ max <f,-(x) + <Vf,-(x),Ax>>.

1<i<m 1<i<m

Hence one can solve the “linearized” problem

min _max (f;(x) —|—<Vf,-(x),v>) subject to v e B(0,R)

v 1<i<m

for some R > 0 in order to find a line search direction v*.
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Nonhomogeneous Approximations

Is it possible to construct a continuous approximation of a nonsmooth func-
tion?

The motivation came from the work of prof. V.N. Malozemov on minimax
problems. For the max-function one has

max fi(x + Ax) ~ max <f,-(x) + <Vf,-(x),Ax>>.

1<i<m 1<i<m

Hence one can solve the “linearized” problem

min _max (f;(x) +(Vfi(x), v>) subject to v e B(0,R)
v 1<i<m

for some R > 0 in order to find a line search direction v*. Note that in this

case one uses the nonhomogeneous approximation of the max-function,

which is the maximum of affine functions.
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Codifferential

Definition 6 (Demyanov, 1988)

Let a function f be defined in a neighbourhood of x. The function f
is called codifferentiable at x if there exist compact convex sets df(x),
df(x) = R™1 such that

f(x+Ax)—f(x)= max (a+{v,Ax
(4 B) = F0) = | max (a4 (v, A)

+ min  (b+{(w,Ax)) + o(Ax).
(b,w)edf(x)

The pair Df (x) = [df(x), df(x)] is called a codifferential of f at x.
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Codifferential

Definition 6 (Demyanov, 1988)

Let a function f be defined in a neighbourhood of x. The function f
is called codifferentiable at x if there exist compact convex sets df(x),
df(x) = R™1 such that

f(x+Ax)—f(x) = max (a+{v,Ax
(4 B) = F0) = | max (a4 (v, A)

+ min  (b+{(w,Ax)) + o(Ax).
(b,w)edf(x)

The pair Df (x) = [df(x), df(x)] is called a codifferential of f at x.

Without loss of generality one can suppose that

max a= min b=0.
(a,v)edf(x) (b,w)edf (x)
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Figure: Codifferentials!
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Continuity of the Codifferential Mapping

Let f(x) = |x|.
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1), (—x — |x], —1)}.
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1),(—x — |x|,—1)}. Note that the mapping
x — df(x) is continuous!
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1),(—x — |x|,—1)}. Note that the mapping
x — df(x) is continuous!

Let f(x) = maxici<m fi(x).
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1),(—x — |x|,—1)}. Note that the mapping
x — df(x) is continuous!
Let f(x) = maxi<i<m fi(x). Then

f(x + Ax) — f(x) = max (fi(x) — f(x) + (Vfi(x), Ax)) + o(Ax),

1<i<m
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1),(—x — |x|,—1)}. Note that the mapping
x — df(x) is continuous!
Let f(x) = maxi<i<m fi(x). Then

f(x + Ax) — f(x) = max (fi(x) — f(x) + (Vfi(x), Ax)) + o(Ax),

1<i<m

and we can define df (x) = co{(fi(x) — f(x),Vfi(x) | 1 < i < m} and
df(x) = {0}.
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Continuity of the Codifferential Mapping

Let f(x) = |x|. Then

|x + Ax| — x| = max{x — |x| + Ax, —x — [x| = Ax} = max (a+ vAx),
(a,v)edf(x)

where df(x) = co{(x — |x|,1),(—x — |x|,—1)}. Note that the mapping
x — df(x) is continuous!
Let f(x) = maxi<i<m fi(x). Then

f(x + Ax) — f(x) = max (fi(x) — f(x) + (Vfi(x), Ax)) + o(Ax),

1<i<m

and we can define df(x) = co{(fi(x) — f(x),Vfi(x) | 1 < i < m} and
df(x) = {0}. The mapping x — df(x) is continuous as well!
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then

D(a1fi + anfh)(x) = a1 DA (x) + aaDfy(x),
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then

D(a1fi + anfh)(x) = a1 DA (x) + aaDfy(x),
D(fi - ) = fi(x) Dfa(x) + f2(x) Dfi(x),
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then
D(a1fi + anfh)(x) = a1 DA (x) + aaDfy(x),
D(fi - f2) = fi(x)Dha(x) + fa(x) Dy (x),

D(F(A(), () () = LB OFG(). ()

Dfi(x) + Dfp(x).
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then
D(a1fi + anfh)(x) = a1 DA (x) + aaDfy(x),
D(fi - f2) = fi(x)Dha(x) + fa(x) Dy (x),

D(F(A(), () () = LB OFG(). ()

Dfi(x) + Dfp(x).
Furhtermore, one has

D max fi(x)

1<i<m

_ [co{{(f,-(x) — £(x),0) + dfi(x) — Y dfi(x) ‘ iel: m},idf,-(x)].
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Codifferential Calculus

Let functions f;, 1 < i < m be codifferentiable at a point x, and a function
F(y1,y2) be differentiable. Then
D(a1fi + anfh)(x) = a1 DA (x) + aaDfy(x),
D(fi - f2) = fi(x)Dha(x) + fa(x) Dy (x),

D(F(A(), () () = LB OFG(). ()

Dfi(x) + Dfp(x).
Furhtermore, one has

D max fi(x)

1<i<m

_ [co{{(f,-(x) — £(x),0) + dfi(x) — Y dfi(x) ‘ iel: m},idf,-(x)].

The continuity of a codifferential mapping is preserved under all standard
operations!
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A Connection with Quasidifferentials

If f is codifferentiable at x, then f is quasidifferentiable at x, and

“Kuntz, L. (1991) A characterization of continuously codifferentiable functions and
some consequences. Optim., vol. 22, pp. 539-547.

10Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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A Connection with Quasidifferentials

If f is codifferentiable at x, then f is quasidifferentiable at x, and

of(x) ={veR"|(0,v) edf(x)}, 0f(x)={weR"|(0,w)edf(x)}

®Kuntz, L. (1991) A characterization of continuously codifferentiable functions and
some consequences. Optim., vol. 22, pp. 539-547.

10Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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A Connection with Quasidifferentials

If f is codifferentiable at x, then f is quasidifferentiable at x, and
of(x) ={veR"|(0,v) edf(x)}, 0f(x)={weR"|(0,w)edf(x)}

Conversely, if f is quasidifferentiable at x, then f is codifferentiable at x,
and one can define

®Kuntz, L. (1991) A characterization of continuously codifferentiable functions and
some consequences. Optim., vol. 22, pp. 539-547.
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If f is codifferentiable at x, then f is quasidifferentiable at x, and
of(x) ={veR"|(0,v) edf(x)}, 0f(x)={weR"|(0,w)edf(x)}

Conversely, if f is quasidifferentiable at x, then f is codifferentiable at x,
and one can define

df(x) = {0} x 0f (x), df(x) = {0} x Of(x).

The continuity of codifferential is equivalent to the outer semicontinuity of
quasidifferential.? However, codifferential is more convenient for numerical
methods, then quasidifferential (the method of codifferential descent!?).

®Kuntz, L. (1991) A characterization of continuously codifferentiable functions and
some consequences. Optim., vol. 22, pp. 539-547.
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Back to Directional Derivatives: Convexificators

Clearly, not all directionally differentiable functions are quasidifferentiable.

"Demyanov, V.F. (1994) Convexification and concavification of a positively homo-
geneous function by the same family of linear functions. Universita di Pisa, Report
3,208,802.

2 Demyanov, V.F., Jeyakumar, V. (1997) Hunting for a smaller convex subdifferential.
J. Glob. Optim., vol. 10, pp. 305-326.
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Clearly, not all directionally differentiable functions are quasidifferentiable.
What to do in the general case?

Let f be directionally differentiable at x, and denote h(g) = '(x, g).

Definition 7 (Demyanov, 1994)
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Back to Directional Derivatives: Convexificators

Clearly, not all directionally differentiable functions are quasidifferentiable.
What to do in the general case?

Let f be directionally differentiable at x, and denote h(g) = '(x, g).

Definition 7 (Demyanov, 1994)

A convex compact set C < R is a convexificator of h(g) if

min (w, g) < h(g) < max{v,g) VgeR"
weC veC

Convexificators are more conveniet than quasidifferential for the study of
equality constraints and applications to variational analysis (metric regular-
ity, stability, implicit function theorems, etc.)

nDemyanov, V.F. (1994) Convexification and concavification of a positively homo-
geneous function by the same family of linear functions. Universita di Pisa, Report
3,208,802.

2 Demyanov, V.F., Jeyakumar, V. (1997) Hunting for a smaller convex subdifferential.
J. Glob. Optim., vol. 10, pp. 305-326.
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Minimal Convexificators!3

Let C be a convexificator of h(g) = f/(x, g). If x is a point of local min-
imum/maximum of f, then 0 € C.

3Demyanov, V.F. (2000) Exhauster and convexificators — new tools in nonsmooth
analysis. In: Quaisidfferentiability and related topics, Demyanov, V.F. Rubinov, A.M.
(eds.) Kluwer Academic Publishers, Dordrecht, pp. 85—-137.
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the “better” the optimality condition 0 € C.
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Definition 8

A convexificator C* of h(g) is called minimal, if for any other convexificator
C of h(g) one has C* < C.

A minimal convexificator always exists! Is it unique?

3Demyanov, V.F. (2000) Exhauster and convexificators — new tools in nonsmooth
analysis. In: Quaisidfferentiability and related topics, Demyanov, V.F. Rubinov, A.M.
(eds.) Kluwer Academic Publishers, Dordrecht, pp. 85—-137.

M.V. Dolgopolik (CNSA-2017) Scientific Research of Prof. V.F. Demyanov



Minimal Convexificators!3

Let C be a convexificator of h(g) = f/'(x,g). If x is a point of local min-
imum/maximum of f, then 0 € C. Clearly, the smaller the convexificator,
the “better” the optimality condition 0 € C.

Definition 8

A convexificator C* of h(g) is called minimal, if for any other convexificator
C of h(g) one has C* < C.

A minimal convexificator always exists! Is it unique?

Theorem 2 (Demyanov, 2000)

Let h(g) = f'(x, g) be continuous. Then a minimal convexificator of h(g)
is unique iff h(g) is either convex or concave (in this case C* = dh(0) or

C* = 3h(0)).

3Demyanov, V.F. (2000) Exhauster and convexificators — new tools in nonsmooth
analysis. In: Quaisidfferentiability and related topics, Demyanov, V.F. Rubinov, A.M.
(eds.) Kluwer Academic Publishers, Dordrecht, pp. 85—-137.
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Another Approach: Upper Convex Approximations*

Definition 9 (Pschenichnyi, 1980)

A sublinear function p(g) is called an upper convex approximation(u.c.a.)
of the function h(g) = f'(x, g), if h(g) < p(g) for all g € R".

Similary, a superlinear function g(g) is called a lower concave approxima-
tion(l.c.a.) of h(g), if h(g) = q(g) for all g € R".

14Pschenichnyi, B.N. (1980) Convex Analysis and Extremal Problems. Nauka Pub-
lishers, Moscow (in Russian).
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of the function h(g) = f'(x, g), if h(g) < p(g) for all g € R".

Similary, a superlinear function g(g) is called a lower concave approxima-
tion(l.c.a.) of h(g), if h(g) = q(g) for all g € R".

Note that C is a convexificator of h(g) iff pc(g) = max,ec{v,g) is a u.c.a.
of h(g), and gc(g) = minyec{w, g) is a l.c.a. of h(g).

14Pschenichnyi, B.N. (1980) Convex Analysis and Extremal Problems. Nauka Pub-
lishers, Moscow (in Russian).
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Another Approach: Upper Convex Approximations*

Definition 9 (Pschenichnyi, 1980)

A sublinear function p(g) is called an upper convex approximation(u.c.a.)
of the function h(g) = f'(x, g), if h(g) < p(g) for all g € R".

Similary, a superlinear function g(g) is called a lower concave approxima-
tion(l.c.a.) of h(g), if h(g) = q(g) for all g € R".

Note that C is a convexificator of h(g) iff pc(g) = max,ec{v,g) is a u.c.a.
of h(g), and gc(g) = minyec{w, g) is a l.c.a. of h(g).

If x is a local minimizer of f, and p(g) is a u.c.a. of h(g) = f'(x, g), then
0 € dp(0).

14Pschenichnyi, B.N. (1980) Convex Analysis and Extremal Problems. Nauka Pub-
lishers, Moscow (in Russian).
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Definition 10 (Rubinov, 1981)
A family {px}, A € A, of u.c.a. of h(g) is called exhaustive, if

h(g) = inf px(g) VgeR"
AeN
Similary, a famliy {gx}, A € A, of l.c.a. of h(g) is called exhaustive, if

h(g) =supq(g) VgeR"
AeN

lsDemyanov, V.F., Rubinov, A.M. (1981) On some approaches to nonsmooth opti-
mization problems. Economics and Mathematical Methods, vol. 17, pp. 1153-1174 (in
Russian).
16Demyanov, V.F., Rubinov, A.M. (1982) Elements of Quasidifferential Calculus. In:
“Nonsmooth Problems of Optimization Theory and Control”. Ed.: V.F. Demyanov,
Leningrad University Press, Leningrad, pp. 5-127 (in Russian).
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Similary, a famliy {gx}, A € A, of l.c.a. of h(g) is called exhaustive, if

h(g) =supq(g) VgeR"
AeN

v

Exhaustive families of u.c.a. and l.c.a. provide a simple and complete
description of f'(x, g).
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Russian).
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A family {px}, A € A, of u.c.a. of h(g) is called exhaustive, if

h(g) = inf px(g) VgeR"
AeN
Similary, a famliy {gx}, A € A, of l.c.a. of h(g) is called exhaustive, if

h(g) =supq(g) VgeR"
AeN

v

Exhaustive families of u.c.a. and l.c.a. provide a simple and complete
description of f'(x, g). But when do such families exist?

lsDemyanov, V.F., Rubinov, A.M. (1981) On some approaches to nonsmooth opti-
mization problems. Economics and Mathematical Methods, vol. 17, pp. 1153-1174 (in
Russian).
16Demyanov, V.F., Rubinov, A.M. (1982) Elements of Quasidifferential Calculus. In:
“Nonsmooth Problems of Optimization Theory and Control”. Ed.: V.F. Demyanov,
Leningrad University Press, Leningrad, pp. 5-127 (in Russian).
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Exhaustive Families of U.C.A. and L

Theorem 3 (Rubinov, 1995)

Let the function h(g) = f'(x,g) be continuous. Then there exist an ex-
haustive family of u.c.a. of h(g) and an exhaustive famliy of I.s.c. of h(g).

17Demyanov, V.F., Rubinov, A.M. (1995) Constructive Nonsmooth Analysis. Peter
Lang, Frankfurt am Main.
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Exhausters!®

Suppose that f is quasidifferentiable at x. Then one has
fl(x,g) = min pu(g), pw(g)= max {8

weof (x) veor(x)

18Demyanov, V.F. (1999) Exhausters of a positively homogeneous function. Optim.,

vol. 45, pp. 13-29.
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Exhausters!®

Suppose that f is quasidifferentiable at x. Then one has

f'(x,g) = min py(g), pw(g)= _max {(v,g)
weof (x) vedf (x)+{w}

Thus, {pw(g)}, w € df(x) is an exhaustive family of u.c.a. of f'(x, g).

18Demyanov, V.F. (1999) Exhausters of a positively homogeneous function. Optim.,

vol. 45, pp. 13-29.
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Exhausters!®

Suppose that f is quasidifferentiable at x. Then one has

f'(x,g) = min pu(g), pw(g)= _max {(v,g)
weof (x) veof (x)+{w}

Thus, {pw(g)}, w € df(x) is an exhaustive family of u.c.a. of f'(x, g).
Definition 11 (Demyanov, 1999)

A family E,(h) of convex compact set is called an upper exhauster of the
function h(g) = f'(x, g), if

h(g) = inf Vg € R".
(&) CG'E*<h)TaX<" ,8) Vege

Similarly, a family E*(h) of convex compact sets is called a lower exhauster
of h(g), if

h(g) = sup m|n<W g VgeR"
CeE*(h) W

lsDemyanov, V.F. (1999) Exhausters of a positively homogeneous function. Optim.,

vol. 45, pp. 13-29.
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Existence and Optimality Conditions

Clearly, if h(g) = f'(x,g) is continuous, then there exist both upper and
lower exhausters of h(g).
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Clearly, if h(g) = f'(x,g) is continuous, then there exist both upper and
lower exhausters of h(g).

If x is a point of local minimum of f, and E, is a lower exhauster of f'(x, g),
then 0 € C for all C € E..
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Clearly, if h(g) = f'(x,g) is continuous, then there exist both upper and
lower exhausters of h(g).

If x is a point of local minimum of f, and E, is a lower exhauster of f'(x, g),
then 0 € C for all C € E,. Similarly, if x is a point of local maximum of f,
and E* is an upper exhauster of f'(x, g), then 0 € C for all C € E*.
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Existence and Optimality Conditions

Clearly, if h(g) = f'(x,g) is continuous, then there exist both upper and
lower exhausters of h(g).

If x is a point of local minimum of f, and E, is a lower exhauster of f'(x, g),
then 0 € C for all C € E,. Similarly, if x is a point of local maximum of f,
and E* is an upper exhauster of f'(x, g), then 0 € C for all C € E*.

Any direction of steepest descent g* has the form g* = —v*/||v*|, where

v* is a solution of the problem

sup min | v
CEE* ve
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Existence and Optimality Conditions

Clearly, if h(g) = f'(x,g) is continuous, then there exist both upper and
lower exhausters of h(g).

If x is a point of local minimum of f, and E, is a lower exhauster of f'(x, g),
then 0 € C for all C € E,. Similarly, if x is a point of local maximum of f,
and E* is an upper exhauster of f'(x, g), then 0 € C for all C € E*.

Any direction of steepest descent g* has the form g* = —v*/||v*|, where

v* is a solution of the problem

sup min | v

CEE* ve

Thus, exhausters solve the original problem, since they provide constructive
optimality conditions and exist in most particular cases!
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Converters and Demyanov-Ryabova Conjecture?

Let E be a bounded family of compact convex sets.

19Danilidis, A., Petitjean, C. (2017) A partial answer to the Demyanov-Ryabova con-
jecture. arXiv: 1702.00168.
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Converters and Demyanov-Ryabova Conjecture?

Let £ be a bounded family of compact convex sets. For any g € St (unit
sphere) define

C(g) = cIco{w(C) eC ’ (w(C),g) = vrpgig(w,g>, Ce E}.

Denote E° = {C(g) | g € S*}. The operator ¢ is called the convertor.

19Danilidis, A., Petitjean, C. (2017) A partial answer to the Demyanov-Ryabova con-
jecture. arXiv: 1702.00168.
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Denote E° = {C(g) | g € S'}. The operator ¢ is called the convertor. If E
is an upper (lower) exhauster of h(g), then E® is a lower (upper) exhauster
of h(g), while E°® is again an upper (lower) exhauster of h(g) that is, in
general, different from E.

19Danilidis, A., Petitjean, C. (2017) A partial answer to the Demyanov-Ryabova con-
jecture. arXiv: 1702.00168.
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Converters and Demyanov-Ryabova Conjecture?

Let £ be a bounded family of compact convex sets. For any g € St (unit
sphere) define

C(g) = cIco{w(C) eC ’ (w(C),g) = ‘/r“£1ei2<w,g>7 Ce E}.

Denote E° = {C(g) | g € S'}. The operator ¢ is called the convertor. If E
is an upper (lower) exhauster of h(g), then E® is a lower (upper) exhauster
of h(g), while E°® is again an upper (lower) exhauster of h(g) that is, in
general, different from E. What will happen if we apply converator infinitely
many times?

19Danilidis, A., Petitjean, C. (2017) A partial answer to the Demyanov-Ryabova con-
jecture. arXiv: 1702.00168.
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general, different from E. What will happen if we apply converator infinitely
many times? Does the convertor have a fixed point?
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9

Converters and Demyanov-Ryabova Conjecture?

Let £ be a bounded family of compact convex sets. For any g € St (unit
sphere) define

C(g) = C|CO{W(C) eC ’ (w(C),g) = vrpgig(w,g>, Ce E}.

Denote E° = {C(g) | g € S'}. The operator ¢ is called the convertor. If E
is an upper (lower) exhauster of h(g), then E® is a lower (upper) exhauster
of h(g), while E°® is again an upper (lower) exhauster of h(g) that is, in
general, different from E. What will happen if we apply converator infinitely
many times? Does the convertor have a fixed point?

Conjecture (Demyanov—Ryabova, 2000)

If the convertor is applied to a family of polyhedral sets sufficiently many
times, then the process will stabilise with a 2-cycle.

19Danilidis, A., Petitjean, C. (2017) A partial answer to the Demyanov-Ryabova con-
jecture. arXiv: 1702.00168.
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Let f be codifferentiable at x. Then

f(x+ Ax)—f(x) = min ma

X a—+«v, Axy) + o(Ax).
(b,w)edf(x) (a,v)edf (x)+{(b,w)} ( < >) ( )

D Aban'kin A.E. (1998) Unconstrained minimization of H-hyperdifferentiable func-
tions. Comput. Math. Math. Phys., vol. 38, pp. 1439-1446.

21Demyanov, V.F. (1999) Exhausters of a positively homogeneous function. Optim.,
vol. 45, pp. 13-29.
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From Codifferential to Coexhauster??:21

Let f be codifferentiable at x. Then

f(x+Ax)—f(x) = min ma (a+ (v, Ax)) + o(Ax).

X
(bw)edf(x) (a;v)edf (x)+{(b,w)}

By analogy with the definition of exhausters, one can define coexhausters.

Definition 12 (Aban’'kin, 1998; Demyanov, 1999)

A family E(f(x)) of convex compact subsets of R"*! is called a (generalized)
lower coexhauster of f at x, if

f(x+Ax)—f(x)= inf  max (a+{v,Ax)) + o(Ax).
CeE(f(x)) (a,v)eC

D Aban'kin A.E. (1998) Unconstrained minimization of H-hyperdifferentiable func-
tions. Comput. Math. Math. Phys., vol. 38, pp. 1439-1446.

21Demyanov, V.F. (1999) Exhausters of a positively homogeneous function. Optim.,
vol. 45, pp. 13-29.
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Figure: Coexhausters!
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Theorem 4

Let f be u.s.c. in a neighbourhood of x. Then there exists a generalized
lower coexhauster of f at x.

2Rubinov, A.M. (2000) Abstract Convexity and Global Optimization. Kluwer Aca-
demic Publishers, Dordrecht.
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Theorem 4

Let f be u.s.c. in a neighbourhood of x. Then there exists a generalized
lower coexhauster of f at x.

This result is a simple corollary to some fundamental theorems from abstract
convexity theory.??

2Rubinov, A.M. (2000) Abstract Convexity and Global Optimization. Kluwer Aca-
demic Publishers, Dordrecht.
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Theorem 4

Let f be u.s.c. in a neighbourhood of x. Then there exists a generalized
lower coexhauster of f at x.

This result is a simple corollary to some fundamental theorems from abstract
convexity theory.??

Let us note that optimality conditions can be written in terms of coex-
hausters, and one can construct a minimization method utilizing coex-
hausters.

2Rubinov, A.M. (2000) Abstract Convexity and Global Optimization. Kluwer Aca-
demic Publishers, Dordrecht.
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Figure: Understand?
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