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Ïðåäèñëîâèå

Â 2008 ãîäó áûë èçäàí ñáîðíèê [1] èçáðàííûõ íàó÷íûõ òðóäîâ àêà-

äåìèêà Íàóìà Çóñåëåâè÷à Øîðà, îñíîâàòåëÿ íàïðàâëåíèÿ íåãëàäêîé

(íåäèôôåðåíöèðóåìîé) îïòèìèçàöèè â ìàòåìàòè÷åñêîì ïðîãðàììèðî-

âàíèè. Â ñáîðíèê âîøëè äâåíàäöàòü íàó÷íûõ ðàáîò, êîòîðûå îêàçàëè

áîëüøîå âëèÿíèå íà ðàçâèòèå òåîðèè è ïðàêòèêè ÷èñëåííûõ ìåòîäîâ

ìèíèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé è ñûãðàëè âàæíóþ ðîëü

ïðè ðàçâèòèè ðÿäà íàïðàâëåíèé â ìàòåìàòè÷åñêîì ïðîãðàììèðîâàíèè.

Ïåðâàÿ ÷àñòü ñáîðíèêà ñîäåðæèò âîñåìü ñòàòåé [2]�[9] ïî ÷èñëåííûì ìå-

òîäàì îïòèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé è èõ ïðèëîæåíèÿì

â çàäà÷àõ áëî÷íîãî ïðîãðàììèðîâàíèÿ áîëüøîé ðàçìåðíîñòè. Âòîðàÿ

÷àñòü ñîäåðæèò ÷åòûðå ñòàòüè [10]�[13], ñâÿçàííûå ñ èñïîëüçîâàíèåì

ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè ïðè ðåøåíèè ìàòðè÷íûõ,

ïîëèíîìèàëüíûõ è äèñêðåòíûõ çàäà÷ îïòèìèçàöèè. Â ñáîðíèê òàêæå

âêëþ÷åí ñàìûé ïîëíûé ñïèñîê íàó÷íûõ ðàáîò Íàóìà Çóñåëåâè÷à, êî-

òîðûé èìåëñÿ íà ìîìåíò åãî ïîäãîòîâêè.

Ñòðóêòóðíîå ðàçäåëåíèå ñòàòåé ñáîðíèêà íà äâå ÷àñòè áûëî îáóñëîâ-

ëåíî òåì, ÷òî ñðåäè ìíîãî÷èñëåííûõ ïðèëîæåíèé ìåòîäîâ íåäèôôå-

ðåíöèðóåìîé îïòèìèçàöèè ìîæíî âûäåëèòü äâà ãëàâíûõ íàïðàâëåíèÿ,

êîòîðûì Íàóì Çóñåëåâè÷ ïðèäàâàë î÷åíü áîëüøîå çíà÷åíèå. Ïåðâàÿ

÷àñòü ñáîðíèêà îòðàæàåò ïåðèîä â íàó÷íîé äåÿòåëüíîñòè Íàóìà Çóñå-

ëåâè÷à (ñ 1960 ïî 1985 ãîäû), êîãäà ãëàâíûì äâèãàòåëåì ïðè ðàçðàáîò-

êå ÷èñëåííûõ ìåòîäîâ áûëà íåîáõîäèìîñòü ðåøàòü íåãëàäêèå çàäà÷è,

êîòîðûå âîçíèêàþò ïðè äåêîìïîçèöèè áëî÷íûõ çàäà÷ áîëüøîé ðàçìåð-

íîñòè. Âòîðàÿ ÷àñòü ñáîðíèêà îòðàæàåò ïåðèîä (ñ 1985 ïî 2006 ãîäû),

êîòîðûé, ãëàâíûì îáðàçîì, áûë ñâÿçàí ñ èññëåäîâàíèåì ¾çàäà÷ ìàò-

ðè÷íîé îïòèìèçàöèè¿1 è àäàïòàöèåé ñóáãðàäèåíòíûõ ìåòîäîâ äëÿ èõ

ðåøåíèÿ. Òàêîå ïðèñòàëüíîå âíèìàíèå ê ìàòðè÷íîé îïòèìèçàöèè áûëî

ïðîäèêòîâàíî òåì, ÷òî ê íåé ñâîäÿòñÿ ìíîãèå âàæíûå êëàññû ìíîãîýêñ-

òðåìàëüíûõ çàäà÷. Íà÷èíàÿ ñ 1985 ãîäà, Í. Ç. Øîðîì óäåëÿë áîëüøîå

âíèìàíèå ñîâåðøåíñòâîâàíèþ ìåòîäîâ ìèíèìèçàöèè íåäèôôåðåíöèðó-

åìûõ ôóíêöèé äëÿ ðåøåíèÿ ðàçëè÷íîãî ðîäà çàäà÷ ñ íåãëàäêèìè ìàò-

ðè÷íûìè ôóíêöèÿìè.

1Ýòîò òåðìèí èñïîëüçîâàëñÿ Í. Ç. Øîðîì è åãî ó÷åíèêàìè, íà÷èíàÿ ñ ñåðåäèíû

80-õ ãîäîâ. Ïîä ¾çàäà÷àìè ìàòðè÷íîé îïòèìèçàöèè¿ ïîäðàçóìåâàëèñü âñå òå çàäà÷è

îïòèìèçàöèè, ãäå êîýôôèöèåíòû ñèììåòðè÷íûõ ìàòðèö çàäàíû ëèíåéíûìè ôóíêöè-

ÿìè, à öåëåâûå ôóíêöèè ëèáî îãðàíè÷åíèÿ âêëþ÷àþò ôóíêöèè îò ìàòðèöû (äåòåð-

ìèíàíò, ñëåä, ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî, ñóììà âçâåøåííûõ ìàêñèìàëüíûõ

ñîáñòâåííûõ ÷èñåë, è ò.ä.)
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Êàæäûé èç óñëîâíî âûäåëåííûõ ïåðèîäîâ õàðàêòåðèçóåòñÿ äîñòè-

æåíèÿìè, êîòîðûå ïðèçíàíû âåäóùèìè ñïåöèàëèñòàìè â îáëàñòè îïòè-

ìèçàöèè. Ïåðâûé ïåðèîä äàë ìåòîä îáîáùåííîãî ãðàäèåíòíîãî (ñóáãðà-

äèåíòíîãî) ñïóñêà (ïðåäëîæåí Í. Ç. Øîðîì â 1962 ãîäó), êîòîðûé ïî-

ëîæèë íà÷àëî ÷èñëåííûì ìåòîäàì íåäèôôåðåíöèðóåìîé îïòèìèçàöèè.

Íà åãî îñíîâå áûëè ðàçðàáîòàíû ñõåìû äåêîìïîçèöèè, ïîçâîëÿþùèå

ðåøàòü çàäà÷è ïðîèçâîäñòâåííî-òðàíñïîðòíîãî ïëàíèðîâàíèÿ áîëüøîé

ðàçìåðíîñòè. Â 1969�1971 ãîäû ñóáãðàäèåíòíûå ìåòîäû áûëè çíà÷è-

òåëüíî óñîâåðøåíñòâîâàíû áëàãîäàðÿ ïðèìåíåíèþ îïåðàöèè ðàñòÿæå-

íèÿ ïðîñòðàíñòâà, ÷òî ïîçâîëèëî ýôôåêòèâíî ðåøàòü çàäà÷è ìèíèìè-

çàöèè íåãëàäêèõ ôóíêöèé ñ îâðàæíûìè îñîáåííîñòÿìè. Øèðîêóþ èç-

âåñòíîñòü ïîëó÷èëè ÷àñòíûå ñëó÷àè òàêîãî ðîäà ïðîöåññîâ: ìåòîä ýë-

ëèïñîèäîâ, íà îñíîâå êîòîðîãî áûëè ïîëó÷åíû ïîëèíîìèàëüíûå àëãî-

ðèòìû äëÿ ðÿäà çàäà÷ âûïóêëîãî è äèñêðåòíîãî ïðîãðàììèðîâàíèÿ;

r-àëãîðèòìû, êîòîðûå äî ñèõ ïîð ÿâëÿþòñÿ îäíèì èç íàèáîëåå ýôôåê-

òèâíûõ ñðåäñòâ ðåøåíèÿ çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè. Ïðè

ìèíèìèçàöèè ãëàäêèõ ôóíêöèé r-àëãîðèòìû îêàçàëèñü êîíêóðåíòîñïî-

ñîáíûìè ñ íàèáîëåå óäà÷íûìè ðåàëèçàöèÿìè ìåòîäîâ ñîïðÿæåííûõ íà-

ïðàâëåíèé è ìåòîäîâ êâàçèíüþòîíîâñêîãî òèïà.

Âòîðîé ïåðèîä äàë íîâûå ìåòîäû äëÿ ðåøåíèÿ çàäà÷ ïîëèíîìèàëü-

íîé è ìàòðè÷íîé îïòèìèçàöèè, íîâûå ðåçóëüòàòû â îáëàñòè ñëîæíîñòè

êîìáèíàòîðíûõ çàäà÷, íîâûå ìåòîäû àíàëèçà ìíîãîýêñòðåìàëüíûõ è

NP-òðóäíûõ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ. Îäíèì èç ãëàâ-

íûõ äîñòèæåíèé âòîðîãî ïåðèîäà ÿâëÿåòñÿ òåõíèêà ëàãðàíæåâûõ (äâîé-

ñòâåííûõ) îöåíîê â êâàäðàòè÷íûõ íåâûïóêëûõ çàäà÷àõ. Ñ ïîìîùüþ

êâàäðàòè÷íûõ íåâûïóêëûõ ìîäåëåé îïèñûâàþòñÿ çàäà÷è ïîëèíîìèàëü-

íîé îïòèìèçàöèè, ýêñòðåìàëüíûå çàäà÷è íà ãðàôàõ, çàäà÷è äèñêðåòíîãî

è áóëåâîãî ïðîãðàììèðîâàíèÿ è äð. Ýòó òåõíèêó ìîæíî ñ÷èòàòü àëü-

òåðíàòèâîé èñïîëüçîâàíèþ ìåòîäîâ âíóòðåííèõ òî÷åê äëÿ ðåøåíèÿ çà-

äà÷ ïîëóîïðåäåëåííîãî ïðîãðàììèðîâàíèÿ (semide�nite programming)2.

Åå èñïîëüçîâàíèå ïîçâîëèëî óñòàíîâèòü òåñíóþ ñâÿçü ìåæäó çàäà÷à-

ìè ïîëèíîìèàëüíîé îïòèìèçàöèè è 17-é ïðîáëåìîé Ãèëüáåðòà, êàñà-

2Ìíîãèå çàäà÷è ïîëóîïðåäåëåííîãî ïðîãðàììèðîâàíèÿ öåëåñîîáðàçíî ðàññìàò-

ðèâàòü êàê ÷àñòíûé ñëó÷àé çàäà÷ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè è ïðèìåíÿòü

äëÿ èõ ðåøåíèÿ ýôôåêòèâíûå ìåòîäû ìèíèìèçàöèè íåãëàäêèõ âûïóêëûõ ôóíêöèé.

Óñëîâèå íåîòðèöàòåëüíîé îïðåäåëåííîñòè ñèììåòðè÷íîé (n×n)-ìàòðèöû X (ïðèíÿ-

òî îáîçíà÷àòü X�0) ýêâèâàëåíòíî òîìó, ÷òî ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ýòîé

ìàòðèöû λn(X)≥0. Íî λn(X) � âîãíóòàÿ íåäèôôåðåíöèðóåìàÿ ôóíêöèÿ ýëåìåí-

òîâ ìàòðèöû, ò.å. åñëè ýëåìåíòû ìàòðèöû X(u) = {xij}n
i,j=1 ÿâëÿþòñÿ ëèíåéíûìè

ôóíêöèÿìè îò âåêòîðà âàðüèðóåìûõ ïàðàìåòðîâ u ∈ Rm, òî óñëîâèå X(u)�0 ýêâè-

âàëåíòíî âûïóêëîìó íåãëàäêîìó îãðàíè÷åíèþ ϕ(u) = −λn(X(u)) ≤ 0.
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þùåéñÿ ïðåäñòàâëåíèÿ íåîòðèöàòåëüíûõ ðàöèîíàëüíûõ ôîðì â âèäå

ñóììû êâàäðàòîâ ðàöèîíàëüíûõ ôîðì. Î÷åíü èíòåðåñíûìè îêàçàëèñü

ðåçóëüòàòû, ñâÿçàííûå ñ NP-òðóäíîé êîìáèíàòîðíîé çàäà÷åé íàõîæäå-

íèÿ âçâåøåííîãî ìàêñèìàëüíîãî íåçàâèñèìîãî ìíîæåñòâà âåðøèí ãðà-

ôà. Äëÿ íåå ëàãðàíæåâû îöåíêè îêàçàëèñü òåñíî ñâÿçàíû ñ èçâåñòíûìè

÷èñëàìè Ëîâàñà ϑ(G,w) è ϑ′(G,w).
Îáüåì ñáîðíèêà [1] íå ïîçâîëèë îòðàçèòü ðÿä âàæíûõ èäåé, êîòîðûå

ïðîõîäèëè ÷åðåç ðàáîòû êàê ïåðâîãî, òàê è âòîðîãî ïåðèîäîâ íàó÷íîé

äåÿòåëüíîñòè Í. Ç. Øîðà. Äëÿ ïåðâîãî ïåðèîäà íåäîñòàòî÷íî îòðàæåíû

ðàáîòû ïî ðàçðàáîòêå ñóáãðàäèåíòíûõ àëãîðèòìîâ ñ ïðåîáðàçîâàíèåì

ïðîñòðàíñòâà è ïðîöåäóð, êîòîðûå ïðèìåíÿëèñü ïðè ðåøåíèè íåãëàä-

êèõ çàäà÷ áîëüøîé ðàçìåðíîñòè. Äëÿ âòîðîãî ïåðèîäà â òåíè îñòàëèñü

ñóáãðàäèåíòíûå àëãîðèòìû äëÿ ðåøåíèÿ ðÿäà ìàòðè÷íûõ çàäà÷, ñâÿ-

çàííûõ ñ ïîñòðîåíèåì îïèñàííûõ è âïèñàííûõ ýêñòðåìàëüíûõ ýëëèï-

ñîèäîâ. Íå íàøëè îòðàæåíèÿ òàêæå è ïåðâûå ðàáîòû, ñ êîòîðûõ íà÷è-

íàëàñü òåõíèêà ëàãðàíæåâûõ (äâîéñòâåííûõ) îöåíîê â êâàäðàòè÷íûõ

íåâûïóêëûõ çàäà÷àõ. Íàñòîÿùèé ñáîðíèê èçáðàííûõ òðóäîâ àêàäåìè-

êà Í. Ç. Øîðà âîñïîëíÿåò ýòîò ïðîáåë. Ïðèíöèï åãî ïîñòðîåíèÿ òàêîé

æå, êàê è äëÿ ïåðâîãî ñáîðíèêà: äâà ïåðèîäà íàó÷íîé äåÿòåëüíîñòè �

äâå ÷àñòè êíèãè.

Â ïåðâóþ ÷àñòü ñáîðíèêà âêëþ÷åíû äåâÿòü ðàáîò. Ñþäà âîøëè äâå

îáçîðíûå ñòàòüè [14] è [15]. Ðàáîòà [14] ñîäåðæèò äîñòàòî÷íî ïîëíûé

îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ ïî ñóáãðàäèåíòíûì ìåòîäàì ìèíèìèçà-

öèè íåãëàäêèõ ôóíêöèé è èõ ïðèëîæåíèÿì äî 1976 ãîäà3. Âòîðàÿ îáçîð-

íàÿ ðàáîòà [15] äîïîëíÿåò ïåðâóþ. Çäåñü äàåòñÿ ñðàâíèòåëüíàÿ õàðàê-

òåðèñòèêà òðåõ îñíîâíûõ íàïðàâëåíèé â ìåòîäàõ íåäèôôåðåíöèðóåìîé

îïòèìèçàöèè: îáîáùåííûõ ãðàäèåíòíûõ ìåòîäîâ, ñõåìû îòñå÷åíèÿ è ε-
ñóáãðàäèåíòíûõ ìåòîäîâ. Â ÷àñòíîñòè, â ðàáîòå äàåòñÿ èíòåðïðåòàöèÿ

ìåòîäà ýëëèïñîèäîâ Ä. Á. Þäèíà è À. Ñ. Íåìèðîâñêîãî ñ ïîçèöèé ñóá-

ãðàäèåíòûõ ìåòîäîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà.

Îñòàëüíûå ñåìü ñòàòåé â ïåðâîé ÷àñòè ñáîðíèêà ïîìåùåíû â õðî-

íîëîãè÷åñêîì ïîðÿäêå. Ïåðâûå òðè ñâÿçàíû ñ îáîñíîâàíèåì ðÿäà âàðè-

àíòîâ îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â

íàïðàâëåíèè ñóáãðàäèåíòà. Â ðàáîòå [16] âïåðâûå èñïîëüçîâàëîñü ðàñòÿ-

æåíèå ïðîñòðàíñòâà äëÿ óñêîðåíèÿ ñõîäèìîñòè ñóáãðàäèåíòíûõ ìåòîäîâ

3Â 70-80 ãîäû ýòà ðàáîòà áûëà íàñòîëüíîé äëÿ ìíîãèõ, êòî áûë ñâÿçàí ñ ïðèëî-

æåíèåì ìåòîäîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè â áëî÷íûõ çàäà÷àõ ìàòåìàòè-

÷åñêîãî ïðîãðàììèðîâàíèÿ. Â ñòàòüþ âêëþ÷åíî äåòàëüíîå îïèñàíèå ñõåìû äåêîìïî-

çèöèè ïî ïåðåìåííûì (äåêîìïîçèöèÿ Áåíäåðñà). Ñâîåé àêòóàëüíîñòè ýòà ðàáîòà íå

ïîòåðÿëà è ñåé÷àñ.
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ïðè ìèíèìèçàöèè ôóíêöèé îâðàæíîãî òèïà. Â ðàáîòå [17] äëÿ ìèíèìè-

çàöèè âûïóêëûõ ôóíêöèé ïðåäëîæåí è îáîñíîâàí àëãîðèòì îáîáùåí-

íîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà è ðåãóëèðîâêîé

øàãà, èñïîëüçóþùåé àïðèîðíîå çíàíèå çíà÷åíèÿ ôóíêöèè â òî÷êå ìè-

íèìóìà. Â ðàáîòå [18] ýòîò àëãîðèòì ìîäèôèöèðóåòñÿ äëÿ ñëó÷àÿ, êîãäà

çíà÷åíèå ôóíêöèè â òî÷êå ìèíèìóìà íåèçâåñòíî.

Ðàáîòà [19] îáîáùàåò ðåçóëüòàòû î ñõîäèìîñòè îáîáùåííîãî ãðàäè-

åíòíîãî ñïóñêà ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè. Â ñòàòüå [20]

îïèñûâàþòñÿ äâå ìîäèôèêàöèè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñ-

êà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäî-

âàòåëüíûõ ãðàäèåíòîâ ïðèìåíèòåëüíî ê ðåøåíèþ ìèíèìàêñíûõ çàäà÷.

Â ñòàòüå [21] îïðåäåëÿåòñÿ êëàññ ïî÷òè-äèôôåðåíöèðóåìûõ ôóíêöèé.

Äëÿ íàõîæäåíèÿ ëîêàëüíûõ ìèíèìóìîâ òàêèõ ôóíêöèé ïðåäëàãàåòñÿ

ìåòîä ñ ðàñòÿæåíèåì ïðîñòðàíñòâà, êîòîðûé ìîæåò áûòü èñïîëüçîâàí

ïðè ðåøåíèè ñèñòåì íåëèíåéíûõ óðàâíåíèé. Â ðàáîòå [22] ðàçðàáîòà-

íà ïðîöåäóðà ïîñòðîåíèÿ ¾ñóùåñòâåííîé¿ ÷àñòè ëèíåéíûõ îïåðàòîðîâ

ðàñòÿæåíèÿ ïðîñòðàíñòâà ñ ïîìîùüþ ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåí-

íûõ âåêòîðîâ. Ýòà ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â [20] äëÿ

ðåøåíèÿ íåãëàäêèõ çàäà÷ áîëüøîé ðàçìåðíîñòè.

Âî âòîðóþ ÷àñòü ñáîðíèêà â õðîíîëîãè÷åñêîì ïîðÿäêå âêëþ÷åíû

îäèííàäöàòü ðàáîò. Ïåðâûå ÷åòûðå � ýòî ïèîíåðñêèå ðàáîòû ïî òåõíè-

êå ëàãðàíæåâûõ (äâîéñòâåííûõ) îöåíîê äëÿ íåâûïóêëûõ êâàäðàòè÷íûõ

çàäà÷. Â ñòàòüå [23] âïåðâûå ïðåäëîæåí ìåòîä ïîëó÷åíèÿ îöåíîê â êâàä-

ðàòè÷íûõ ýêñòðåìàëüíûõ çàäà÷àõ ñ áóëåâûìè ïåðåìåííûìè, êîòîðûé

âïîñëåäñòâèè èñïîëüçîâàëñÿ ïðè èññëåäîâàíèè ðÿäà NP -òðóäíûõ êîì-
áèíàòîðíûõ çàäà÷ è ýêñòðåìàëüíûõ çàäà÷ íà ãðàôàõ. Ðàáîòà [24] ïîñâÿ-

ùåíà ÷èñëåííûì ìåòîäàì ðåøåíèÿ îöåíî÷íûõ çàäà÷ â ýêñòðåìàëüíûõ

çàäà÷àõ ñ êâàäðàòè÷íûìè öåëåâûì ôóíêöèîíàëîì è îãðàíè÷åíèÿìè.

Ïîêàçàíî, ÷òî â ìíîãîýêñòðåìàëüíîì ñëó÷àå îöåíêè ñíèçó ìèíèìàëüíî-

ãî çíà÷åíèÿ öåëåâîé ôóíêöèè ìîæíî ïîëó÷èòü ìåòîäàìè äâîéñòâåííî-

ñòè, ðåøàÿ âûïóêëóþ îïòèìèçàöèîííóþ çàäà÷ó ñ îãðàíè÷åíèÿìè òèïà

íåîòðèöàòåëüíîé îïðåäåëåííîñòè ìàòðèö. Â ðàáîòå [25] ìåòîäèêà îïòè-

ìàëüíûõ ëàãðàíæåâûõ îöåíîê áûëà ïðèìåíåíà ê èññëåäîâàíèþ îöåíîê

ñíèçó öåëåâîé ôóíêöèè â ïîëèíîìèàëüíûõ çàäà÷àõ ìàòåìàòè÷åñêîãî

ïðîãðàììèðîâàíèÿ ïóòåì èõ ñâåäåíèÿ ê êâàäðàòè÷íûì ýêñòðåìàëüíûì

çàäà÷àì. Îíà áûëà äîïîëíåíà èäååé èñïîëüçîâàòüôóíêöèîíàëüíî èçáû-

òî÷íûå îãðàíè÷åíèÿ äëÿ óëó÷øåíèÿ òî÷íîñòè ýòèõ îöåíîê. Äëÿ ñëó÷àÿ

ìèíèìèçàöèè ïîëèíîìîâ îò îäíîé ïåðåìåííîé ýòî ïîçâîëèëî äîêàçàòü,

÷òî ñîîòâåòñòâóþùèå îöåíêè ÿâëÿþòñÿ òî÷íûìè. Ýòà èäåÿ íàøëà áîëåå

ïîëíîå èçëîæåíèå â ðàáîòå [26] äëÿ çàäà÷è ìèíèìèçàöèè ïîëèíîìîâ îò
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ìíîãèõ ïåðåìåííûõ.

Ñëåäóþùèå ïÿòü ðàáîò ñâÿçàíû ñ ðàçëè÷íûìè âàðèàíòàìè àëãîðèò-

ìîâ äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ ïî îáúåìó âïèñàííûõ â ìíîãîãðàííèê

è îïèñàííûõ âîêðóã ìíîãîãðàííèêà ýëëèïñîèäîâ. Â ðàáîòå [27] çàäà÷à

íàõîæäåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùåãî çàäàííûé

íàáîð òî÷åê, ñâåäåíà ê ñïåöèàëüíîé çàäà÷å ìàòðè÷íîé îïòèìèçàöèè,

êîòîðàÿ çàêëþ÷àåòñÿ â ìàêñèìèçàöèè âîãíóòîé íåãëàäêîé ôóíêöèè îò

ýëåìåíòîâ ñèììåòðè÷íîé ìàòðèöû ïðè óñëîâèè ïîëîæèòåëüíîé îïðåäå-

ëåííîñòè ýòîé ìàòðèöû. Äëÿ å¼ ðåøåíèÿ ðàçðàáîòàíà ìîäèôèêàöèÿ r-
àëãîðèòìà. Èäåÿ ýòîãî ìåòîäà ëåãëà â îñíîâó ðàçðàáîòêè ïðèáëèæåííî-

ãî àëãîðèòìà äëÿ ïîñòðîåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ-

÷àþùåãî ïåðåñå÷åíèå çàäàííûõ ýëëèïñîèäîâ, êîòîðûé èçëîæåí â ðàáîòå

[28]. Â ðàáîòå [29] àëãîðèòì ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà èñïîëüçîâàí äëÿ ïîñòðîåíèÿ ýëëèïñîèäà ìàêñèìàëüíîãî îáú-

åìà, âïèñàííîãî â ìíîãîãðàííèê. Ìåòîä áàçèðóåòñÿ íà àíàëèçå ñîîòâåò-

ñòâóþùåé çàäà÷è ìàòðè÷íîé îïòèìèçàöèè. Â ðàáîòå [30] äëÿ ïîñòðîåíèÿ

îïèñàííîãî ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà ðàçðàáîòàí àëãîðèòì, â

îñíîâó êîòîðîãî ïîëîæåíû ïîñëåäîâàòåëüíûå ñæàòèÿ ïðîñòðàíñòâà. Â

ðàáîòå [31] ïîäîáíûé àëãîðèòì, íî óæå ñ ïîñëåäîâàòåëüíûì ðàñòÿæå-

íèåì ïðîñòðàíñòâà, ïðåäëîæåí è ïðèìåíåí äëÿ ïîñòðîåíèÿ ýëëèïñîèäà

ìàêñèìàëüíîãî îáúåìà, âïèñàííîãî â ìíîãðàííèê.

Â ñòàòüå [32] ïîäûòîæåíû èññëåäîâàíèÿ ïî çàäà÷å ïîñòðîåíèÿ ýëëèï-

ñîèäà ìèíèìàëüíîãî îáüåìà, îïèñàííîãî âîêðóã ìíîãîãðàííèêà, çàäàí-

íîãî êîíå÷íûì íàáîðîì òî÷åê, è çàäà÷å ïîñòðîåíèÿ ýëëèïñîèäà ìàêñè-

ìàëüíîãî îáüåìà, âïèñàííîãî â ìíîãîãðàííèê, çàäàííûé êîíå÷íîé ñè-

ñòåìîé ëèíåéíûõ íåðàâåíñòâ. Çäåñü íàèáîëåå ïîëíî îòðàæåíà êàðòèíà

¾ñëîæíîñòè¿ âñåõ ïÿòè ïîñòðîåííûõ àëãîðèòìîâ äëÿ ðåøåíèÿ ýòèõ çà-

äà÷ (òðè àëãîðèòìà äëÿ ïåðâîé çàäà÷è è äâà àëãîðèòìà äëÿ âòîðîé

çàäà÷è), è äàþòñÿ ðåêîìåíäàöèè ïî èñïîëüçîâàíèþ àëãîðèòìîâ â çàâè-

ñèìîñòè îò êîëè÷åñòâà òî÷åê è ëèíåéíûõ íåðàâåíñòâ. Çàâåðøàåò âòîðóþ

÷àñòü ñáîðíèêà ðàáîòà [33], ñâÿçàííàÿ ñ àëãîðèòìàìè ïîñòðîåíèÿ èíâà-

ðèàíòíîãî ýëëèïñîèäà ìèíèìàëüíîãî îáüåìà äëÿ óñòîé÷èâîé äèíàìè÷å-

ñêîé ñèñòåìû ñ çàäàííûì êîíå÷íûì ìíîæåñòâîì íà÷àëüíûõ ïîëîæåíèé.

Àëãîðèòìû ðàçðàáîòàíû íà áàçå ñóáãðàäèåíòíûõ ìåòîäîâ ñ ïðèìåíåíè-

åì ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé ôàçîâîãî ïðîñòðàíñòâà.

Âñåãî â îáà ñáîðíèêà âêëþ÷åíû òðèäöàòü äâå ðàáîòû, õàðàêòåðèçó-

þùèå èññëåäîâàíèÿ àêàäåìèêà Í. Ç. Øîðà è åãî øêîëû. Èç íèõ ñåìíà-

äöàòü ðàáîò îòíîñÿòñÿ ê ïåðâîìó ïåðèîäó (âîñåìü âêëþ÷åíû â ïåðâûé

ñáîðíèê è äåâÿòü � âî âòîðîé) è ïÿòíàäöàòü ðàáîò � êî âòîðîìó ïå-

ðèîäó (÷åòûðå âêëþ÷åíû â ïåðâûé ñáîðíèê è îäèííàäöàòü âî âòîðîé).
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Îíè äîñòàòî÷íî ïîëíî õàðàêòåðèçóþò èññëåäîâàíèÿ ïî ÷èñëåííûì ìå-

òîäàì ìèíèìèçàöèè íåäèôôåðåíöèðóåìûõ ôóíêöèé è èõ ïðèëîæåíèÿì

â ñëîæíûõ ýêñòðåìàëüíûõ çàäà÷àõ, êîòîðûå ïðîâîäèëèñü â Èíñòèòóòå

êèáåðíåòèêè èìåíè Â. Ì. Ãëóøêîâà ÍÀÍ Óêðàèíû çà ïîñëåäíèå 50 ëåò.

Õî÷åòñÿ íàäåÿòüñÿ, ÷òî ýòè äâà ñáîðíèêà èçáðàííûõ òðóäîâ Íàóìà Çó-

ñåëåâè÷à ñòàíóò ïîìîùíèêàìè â ðàáîòå äëÿ ñïåöèàëèñòîâ â îáëàñòè ìà-

òåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ è åãî ïðèëîæåíèé, à òàêæå ñòóäåíòîâ

è àñïèðàíòîâ ñîîòâåòñòâóþùèõ ñïåöèàëüíîñòåé.

Îáúåì äâóõ êíèã íå ïîçâîëèë ïîìåñòèòü ðÿä ðåçóëüòàòîâ, êîòîðûå

áûëè ïîëó÷åíû ïîä ðóêîâîäñòâîì Í. Ç. Øîðà. Â ÷àñòíîñòè, íå íà-

øëè äîñòàòî÷íî ïîëíîãî îòðàæåíèÿ ðåçóëüòàòû ïî ðàçâèòèþ ìåòîäîâ

ýëëèïñîèäîâ äëÿ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ, ñòîõàñòè÷åñêèì

ìíîãîýòàïíûì çàäà÷àì, ñïåöèàëüíûì çàäà÷àì äðîáíî-ëèíåéíîãî ïðî-

ãðàììèðîâàíèÿ, èñïîëüçîâàíèþ ñóáãðàäèåíòíûõ ìåòîäîâ â ïàêåòàõ

ïðèêëàäíûõ ïðîãðàìì è äð. ×òîáû âîñïîëíèòü ýòîò ïðîáåë, ïëà-

íèðóåòñÿ èçäàòü ñåðèþ íàó÷íûõ ðàáîò ïî íåäèôôåðåíöèðóåìîé îïòè-

ìèçàöèè è å¼ ïðèëîæåíèÿì. Ñðåäè ïåðâûõ èç íèõ â 2009�2010 ãã. ïëà-

íèðóåòñÿ èçäàíèå òð¼õ ðàáîò:

1. Ñîëîìîí Ä. È. ¾Äðîáíî-ëèíåéíîå ïðîãðàììèðîâàíèå è íåäèôôå-

ðåíöèðóåìàÿ îïòèìèçàöèÿ¿;

2. Æóðáåíêî Í. Ã. ¾Ñóáãðàäèåíòíûå ìåòîäû ìèíèìèçàöèè íåãëàä-

êèõ ôóíêöèé¿;

3. Ñòåöþê Ï. È. ¾Ìåòîäû ýëëèïñîèäîâ è èõ îáîáùåíèÿ¿.

Ðåäàêöèîííàÿ êîëëåãèÿ

Êèåâ, Êèøèíýó, ìàé 2009 ã.

Ëèòåðàòóðà

1. Øîð Í. Ç. Ìåòîäû íåäèôôåðåíöèðóåìîé îïòèìèçàöèè è ñëîæíûå

ýêñòðåìàëüíûå çàäà÷è: ñáîðíèê èçáðàííûõ òðóäîâ. � Êèøèíýó, Ýâ-

ðèêà, 2008. � 270 ñ.

2. Øîð Í. Ç., Æóðáåíêî Í. Ã., Ëèõîâèä À. Ï., Ñòåöþê Ï. È.

Ðàçâèòèå àëãîðèòìîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè è èõ

ïðèëîæåíèÿ // Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 2003. � � 4. �
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Îáîáùåííûå ãðàäèåíòíûå ìåòîäû
ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé è

èõ ïðèìåíåíèå ê çàäà÷àì
ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ

Í. Ç. Øîð

Ýêîíîìèêà è ìàòåìàòè÷åñêèå ìåòîäû.

� 1976. � Òîì XII. � � 2. � Ñ. 337�356.

1. Ââåäåíèå

Â ïîñëåäíèå ãîäû ðåçêî âîçðîñ èíòåðåñ ê ïðîáëåìàì áåçóñëîâíîé îïòè-

ìèçàöèè. Øèðîêî ðàñïðîñòðàíèëîñü ïîíèìàíèå òîãî, ÷òî ñâåäåíèå çàäà-

÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ ê çàäà÷å ìèíèìèçàöèè ôóíêöèè

áåç îãðàíè÷åíèé ÿâëÿåòñÿ âî ìíîãèõ ñëó÷àÿõ äîñòàòî÷íî ýôôåêòèâíûì

ïóòåì ê åå ðåøåíèþ, ÷òî ïðîáëåìû ðàçðàáîòêè ýôôåêòèâíûõ ìåòîäîâ

áåçóñëîâíîé îïòèìèçàöèè è èõ îáîñíîâàíèÿ äàëåêî íå òðèâèàëüíû è

÷òî â ýòîé, êàçàëîñü áû, ðàñïàõàííîé âäîëü è ïîïåðåê îáëàñòè èññëåäî-

âàíèé èìååòñÿ âîçìîæíîñòü çíà÷èòåëüíîãî ïðîãðåññà. Ñ òî÷êè çðåíèÿ

ïðèëîæåíèé îñîáåííî âàæíî èìåòü ýôôåêòèâíûå àëãîðèòìû äëÿ ìè-

íèìèçàöèè ¾ïëîõèõ¿ ôóíêöèé: îâðàæíûõ, íåãëàäêèõ. Åñëè àëãîðèòì

ðàññ÷èòàí íà ðåøåíèå øèðîêîãî êðóãà çàäà÷, òî ó èññëåäîâàòåëÿ ïîÿâ-

ëÿåòñÿ âîçìîæíîñòü âûáîðà ìàòåìàòè÷åñêîé ìîäåëè îïòèìèçèðóåìîãî

ïðîöåññà, íàèáîëåå àäåêâàòíî è ýêîíîìíî îòîáðàæàþùåé ðåàëüíûé ïðî-

öåññ, ðåàëèçàöèè áîëåå ãèáêèõ ñðåäñòâ ýêâèâàëåíòíîãî ïðåîáðàçîâàíèÿ

ïåðâîíà÷àëüíîé çàäà÷è â íåêîòîðóþ ñòàíäàðòíóþ è äîñòàòî÷íî ïðîñòóþ

ôîðìó.

Ïðîáëåìû ìèíèìèçàöèè ôóíêöèé, íå âñþäó äèôôåðåíöèðóåìûõ, åñ-

òåñòâåííûì îáðàçîì ïîÿâëÿþòñÿ ïðè ðåøåíèè ñàìûõ ðàçíîîáðàçíûõ

çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, êîãäà èñïîëüçóþòñÿ ñõåìû

äåêîìïîçèöèè, ìèíèìèçèðóþòñÿ ôóíêöèè ìàêñèìóìà, ïðèìåíÿþòñÿ ìå-

òîäû øòðàôíûõ ôóíêöèé ñ íåãëàäêèìè ¾øòðàôàìè¿, à òàêæå ïðè ðå-

øåíèè çàäà÷ îïòèìàëüíîãî ïëàíèðîâàíèÿ è ïðîåêòèðîâàíèÿ, â êîòî-

ðûõ òåõíèêî-ýêîíîìè÷åñêèå õàðàêòåðèñòèêè çàäàþòñÿ â âèäå êóñî÷íî-

ãëàäêèõ ôóíêöèé, è ò. ä.

Â íàøåé ñòðàíå óæå íàêîïëåí ñåðüåçíûé îïûò èñïîëüçîâàíèÿ îáîá-

ùåííûõ ãðàäèåíòíûõ ìåòîäîâ ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé äëÿ

ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ áîëüøîé ðàçìåð-
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íîñòè. Èñõîäÿ èç íåãî, ìíîãèå ñëîæíûå çàäà÷è îïòèìàëüíîãî ïëàíèðî-

âàíèÿ è ïðîåêòèðîâàíèÿ ìîæíî óñïåøíî ðåøàòü ñëåäóþùèì îáðàçîì:

1) ñâîäÿ ê çàäà÷àì áåçóñëîâíîé ìèíèìèçàöèè èëè ìèíèìèçàöèè ôóíê-

öèé ïðè ïðîñòåéøèõ îãðàíè÷åíèÿõ (äëÿ ýòîãî ïðèìåíÿþòñÿ ñõåìû äå-

êîìïîçèöèè, ìåòîä øòðàôíûõ ôóíêöèé è ò. ä.);

2) ìèíèìèçèðóÿ ïîëó÷åííûå, êàê ïðàâèëî, íåãëàäêèå ôóíêöèè, ñ ïî-

ìîùüþ òîé èëè èíîé ìîäèôèêàöèè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî

ñïóñêà (ÎÃÑ).

Ìåòîä ÎÃÑ áûë ðàçðàáîòàí â 1961 ã. [1]. Ñíà÷àëà îí ïðèìåíÿëñÿ äëÿ

ìèíèìèçàöèè êóñî÷íî-ãëàäêèõ âûïóêëûõ ôóíêöèé, ïîÿâëÿþùèõñÿ ïðè

ðåøåíèè òðàíñïîðòíûõ è òðàíñïîðòíî-ïðîèçâîäñòâåííûõ çàäà÷ [1]�[3],

çàòåì äëÿ êëàññà ïðîèçâîëüíûõ âûïóêëûõ ôóíêöèé [4]�[5] è çàäà÷ âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå [6]. Øèðîêîå

ðàçâèòèå ïîëó÷èëè ñòîõàñòè÷åñêèå àíàëîãè ÎÃÑ [7]. Àëãîðèòìû ðåøå-

íèÿ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, ïîñòðîåííûå íà îñíîâå

ÎÃÑ, îòëè÷àþòñÿ ïðîñòîòîé è, ÷òî îñîáåííî âàæíî ïðè áîëüøîé ðàçìåð-

íîñòè, ýêîíîìíûì èñïîëüçîâàíèåì îïåðàòèâíîé ïàìÿòè ÝÂÌ. Ê íåäî-

ñòàòêàì ìåòîäà ÎÃÑ îòíîñèòñÿ åãî äîâîëüíî ìåäëåííàÿ ñõîäèìîñòü è

îãðàíè÷åííîñòü ïðèìåíåíèÿ � òîëüêî ê êëàññó âûïóêëûõ ôóíêöèé.

Â ñâÿçè ñ ýòèì â ïîñëåäíèå ãîäû â Èíñòèòóòå êèáåðíåòèêè ÀÍ ÓÑÑÐ

ðàçðàáîòàíû óñêîðåííûå âàðèàíòû îáîáùåííûõ ãðàäèåíòíûõ ìåòîäîâ

è èõ îáîñíîâàíèå äëÿ äîñòàòî÷íî øèðîêîãî êëàññà íåãëàäêèõ ôóíêöèé.

Îñíîâíîå âíèìàíèå áûëî óäåëåíî èññëåäîâàíèþ ìåòîäîâ ãðàäèåíòíîãî

òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà, èõ ýêñïåðèìåíòàëüíîé è ïðàêòè÷å-

ñêîé ïðîâåðêå. Â äàííîì îáçîðå êðàòêî èçëàãàþòñÿ îñíîâíûå ðåçóëü-

òàòû ðàáîò ïî ãðàäèåíòíûì ìåòîäàì ìèíèìèçàöèè íåãëàäêèõ ôóíê-

öèé, îïèñûâàåòñÿ ðàçíîîáðàçíîå ïðàêòè÷åñêîå ïðèìåíåíèå ýòèõ ìåòî-

äîâ, îñîáåííî ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî ïëàíèðîâàíèÿ è ïðîåê-

òèðîâàíèÿ áîëüøîé ðàçìåðíîñòè.

2. Íåêîòîðûå êëàññû íåãëàäêèõ ôóíêöèé.

Îáîáùåíèÿ ïîíÿòèÿ ãðàäèåíòà

Íà÷íåì ñ êëàññà ïî÷òè-äèôôåðåíöèðóåìûõ ôóíêöèé.

Îïðåäåëåíèå. Ôóíêöèÿ f(x), çàäàííàÿ íà n-ìåðíîì åâêëèäîâîì ïðî-

ñòðàíñòâå En, íàçûâàåòñÿ ïî÷òè-äèôôåðåíöèðóåìîé, åñëè: a) â ëþáîé
îãðàíè÷åííîé îáëàñòè îíà óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà; á) ïî÷òè

âåçäå äèôôåðåíöèðóåìà; â) åå ãðàäèåíò íåïðåðûâåí íà òîì ìíîæåñòâå

M , ãäå îí îïðåäåëåí.
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Ýòîò êëàññ äîñòàòî÷íî øèðîê, ÷òîáû îõâàòèòü âûïóêëûå è âîãíóòûå

ôóíêöèè, êóñî÷íî-ãëàäêèå è ôóíêöèè, âñòðå÷àþùèåñÿ â ìèíèìàêñíûõ

çàäà÷àõ. Â òî æå âðåìÿ äëÿ ôóíêöèé ýòîãî êëàññà ëåãêî ââåñòè îáîá-

ùåííîå ïîíÿòèå ãðàäèåíòà, áëàãîäàðÿ ÷åìó óäàåòñÿ ïîñòðîèòü àíàëîãè

ãðàäèåíòíûõ ïðîöåññîâ äëÿ íàõîæäåíèÿ ëîêàëüíîãî ìèíèìóìà.

Îïðåäåëåíèå. Ïî÷òè-ãðàäèåíòîì ôóíêöèè f(x) â òî÷êå x íàçûâàåò-
ñÿ âåêòîð, ÿâëÿþùèéñÿ ïðåäåëüíîé òî÷êîé íåêîòîðîé ïîñëåäîâàòåëü-

íîñòè ãðàäèåíòîâ g (x1), g (x2), . . . , g (xk), . . ., ãäå {xk}∞k=1 � ïîñëåäî-

âàòåëüíîñòü òî÷åê, ñõîäÿùèõñÿ ê x, è òàêàÿ, ÷òî âî âñåõ åå òî÷êàõ

f(x) äèôôåðåíöèðóåìà.

Â [8] ïîêàçàíî, ÷òî ìíîæåñòâî Gf (x) ïî÷òè-ãðàäèåíòîâ ïî÷òè-äèô-
ôåðåíöèðóåìîé ôóíêöèè f(x) â òî÷êå x ÿâëÿåòñÿ íåïóñòûì, îãðàíè÷åí-
íûì è çàìêíóòûì. Â òî÷êå, ãäå f(x) äèôôåðåíöèðóåìà, ïî÷òè-ãðàäèåíò
ñîâïàäàåò ñ ãðàäèåíòîì, äëÿ âûïóêëîé ôóíêöèè îí ÿâëÿåòñÿ ñóáãðàäè-

åíòîì, äëÿ êóñî÷íî-ãëàäêîé � ñîâïàäàåò ñ ãðàäèåíòîì ê îäíîìó èç ïðè-

ìûêàþùèõ ê äàííîé òî÷êå êóñêîâ, äëÿ ôóíêöèè ìàêñèìóìà îò êîíå÷-

íîãî ÷èñëà íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé � ñ ãðàäèåíòîì ê

îäíîé èç ôóíêöèé, íà êîòîðîé äîñòèãàåòñÿ ìàêñèìóì. Òàêèì îáðàçîì,

â áîëüøèíñòâå ñëó÷àåâ ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ âû÷èñëåíèå

ïî÷òè-ãðàäèåíòà íå âûçûâàåò îñîáûõ òðóäíîñòåé.

Âûïóêëûå íà En ôóíêöèè ñîñòàâëÿþò ïîäêëàññ ïî÷òè-äèôôåðåíöè-
ðóåìûõ ôóíêöèé. Íàïîìíèì ïîíÿòèå îáîáùåííîãî ãðàäèåíòà.

Âåêòîð g (x0) íàçûâàåòñÿ îáîáùåííûì ãðàäèåíòîì (ñóáãðàäèåíòîì)

âûïóêëîé ôóíêöèè f(x) â òî÷êå x0, åñëè îí óäîâëåòâîðÿåò ñëåäóþùåìó

ñîîòíîøåíèþ äëÿ ëþáûõ x ∈ En : f(x) − f (x0) ≥ (g (x0) , x− x0).
Ïóñòü Ĝf (x) � ìíîæåñòâî îáîáùåííûõ ãðàäèåíòîâ âûïóêëîé ôóíê-

öèè f(x) â òî÷êå x. Ýòî ìíîæåñòâî ÿâëÿåòñÿ âûïóêëûì, çàìêíóòûì

è îãðàíè÷åííûì. Åñëè Ĝf (x) ñîñòîèò èç åäèíñòâåííîé òî÷êè, òî â x
ôóíêöèÿ f(x) äèôôåðåíöèðóåìà è îáîáùåííûé ãðàäèåíò ñîâïàäàåò ñ

ãðàäèåíòîì.

Ïóñòü {fi(x)}mi=1 � ñåìåéñòâî âûïóêëûõ ôóíêöèé, f(x) =
m∑
i=1

cifi(x),

ci ≥ 0. Òîãäà f(x) � âûïóêëàÿ ôóíêöèÿ è Ĝf (x) ñîñòîèò èç âñåâîçìîæ-
íûõ âåêòîðîâ âèäà

gf (x) =
m∑
i=1

ci gfi(x), gfi(x) ∈ Ĝfi(x), i = 1, 2, . . . ,m.

Åñëè f(x) = max
1≤i≤m

fi(x), òî f(x) � âûïóêëàÿ ôóíêöèÿ è
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Ĝf (x) = conv
∨

i∈I(x)
Ĝfi(x), ãäå I(x) � ìíîæåñòâî èíäåêñîâ i òàêèõ, ÷òî

f(x) = fi(x), conv � ñèìâîë âûïóêëîãî çàìûêàíèÿ.
Òàêèì îáðàçîì, â áîëüøèíñòâå ïðàêòè÷åñêè âàæíûõ ñëó÷àåâ ñëîæ-

íîñòü âû÷èñëåíèÿ îáîáùåííîãî ãðàäèåíòà íå îòëè÷àåòñÿ îò ñëîæíîñòè

âû÷èñëåíèÿ ãðàäèåíòà. Êàê ïîêàçàíî â [9], âûïóêëàÿ ôóíêöèÿ ïî÷òè

âåçäå äèôôåðåíöèðóåìà (ò. å. çà èñêëþ÷åíèåì òî÷åê ìíîæåñòâà ìåðû

0, îáîáùåííûé ãðàäèåíò ñîâïàäàåò ñ ãðàäèåíòîì). Ïðè ýòîì ãðàäèåíò

âûïóêëîé ôóíêöèè íåïðåðûâåí íà ìíîæåñòâå òî÷åê, ãäå îí îïðåäåëåí.

Ïóñòü η ∈ En, η 6= 0. Ïðîèçâîäíàÿ ïî íàïðàâëåíèþ îò âûïóêëîé

ôóíêöèè f(x) ñóùåñòâóåò è âû÷èñëÿåòñÿ ïî ôîðìóëå

f ′η(x) = max
g∈ bGf (x)

(g, η),

Ðàññìîòðèì ëó÷: y = x+t η, t ≥ 0. Åñëè 0 ≤ t1 ≤ t2, òî f
′
η (x+ t1 η) ≤

≤ f ′η (x+ t2 η). Ýòî ñâîéñòâî ìîíîòîííîñòè ïðîèçâîäíîé ïî íàïðàâëå-

íèþ ïîçâîëÿåò ëåãêî ïîñòðîèòü àëãîðèòì, âû÷èñëÿþùèé ïðîèçâîäíóþ

ïî íàïðàâëåíèþ f ′η (x0) ñ çàäàííîé òî÷íîñòüþ, åñëè ïðåäïîëîæèòü, ÷òî
èìååòñÿ âîçìîæíîñòü âû÷èñëåíèÿ f(x) ñî ñêîëü óãîäíî âûñîêîé òî÷íî-
ñòüþ è â òî÷êå x0 f(x) äèôôåðåíöèðóåìà.

Â ñàìîì äåëå, ñïðàâåäëèâî íåðàâåíñòâî: f (x+ h η)−f(x) ≥ h f ′η(x) ≥
≥ f(x) − f (x− h η), h > 0, êîòîðîå äàåò äâóõñòîðîííèå îöåíêè íà ïðî-
èçâîäíóþ, è ëåãêî ïîäîáðàòü h òàêîå, ÷òîáû ïîãðåøíîñòü íå ïðåâûøà-

ëà çàäàííóþ. Òàê êàê âû÷èñëåíèå ãðàäèåíòà ñâîäèòñÿ ê îïðåäåëåíèþ

÷àñòíûõ ïðîèçâîäíûõ, òî îòñþäà âûòåêàåò àëãîðèòì ðàñ÷åòà ãðàäèåíòà

ñ çàäàííîé òî÷íîñòüþ â òîé òî÷êå, ãäå îí ñóùåñòâóåò.

Ëåãêî ïðèâåñòè ïðèìåðû, ïîêàçûâàþùèå, ÷òî åñëè îáîáùåííûé ãðà-

äèåíò â äàííîé òî÷êå îïðåäåëåí íåîäíîçíà÷íî, òî íå ñóùåñòâóåò àëãî-

ðèòìà, êîòîðûé áû ãàðàíòèðîâàë äëÿ ëþáîãî ε > 0 ïîñòðîåíèå âåêòîðà
gε òàêîãî, ÷òî

min
g∈ bGf (x)

‖gε − g‖ < ε.

Îäíàêî ïîêàçàíî, ÷òî ìîæíî ïîñòðîèòü àëãîðèòì, âû÷èñëÿþùèé

âåêòîð g∗, äëÿ êîòîðîãî ïðè çàäàííûõ ε, δ èìååòñÿ òàêàÿ òî÷êà x, ëå-
æàùàÿ â δ-îêðåñòíîñòè òî÷êè x0, ÷òî

min
g∈ bGf (x)

‖g∗ − g‖ < ε.

Òàêîé àëãîðèòì äàåò âîçìîæíîñòü ïîëó÷èòü âåêòîð, êîòîðûé áëè-

çîê ê îáîáùåííîìó ãðàäèåíòó f(x), âçÿòîìó â òî÷êå, ëåæàùåé â ñêîëü
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óãîäíî ìàëîé îêðåñòíîñòè çàäàííîé òî÷êè. Õîòÿ ýòîò àëãîðèòì íîñèò

óíèâåðñàëüíûé õàðàêòåð, íà ïðàêòèêå îí åùå íå ïðèìåíÿëñÿ, è ìû åãî

çäåñü îïèñûâàòü íå áóäåì, òàê êàê â áîëüøèíñòâå ñëó÷àåâ óäàåòñÿ îáîé-

òèñü áîëåå ïðîñòûìè ñðåäñòâàìè âû÷èñëåíèÿ îáîáùåííîãî ãðàäèåíòà.

Çàìå÷àíèå. Ìîæíî ïîêàçàòü, ÷òî êðàéíèå òî÷êè ìíîæåñòâà îáîá-

ùåííûõ ãðàäèåíòîâ Ĝf (x) ÿâëÿþòñÿ ïî÷òè-ãðàäèåíòàìè, òàê ÷òî Ĝf (x)
ÿâëÿåòñÿ âûïóêëûì çàìûêàíèåì ìíîæåñòâà ïî÷òè-ãðàäèåíòîâ f(x) â x.
Â íåêîòîðûõ ñëó÷àÿõ óäîáíî èñïîëüçîâàòü è äëÿ íåâûïóêëîé ôóíêöèè

ïîíÿòèå îáîáùåííîãî ïî÷òè-ãðàäèåíòà â òî÷êå x0, êàê ïðîèçâîëüíîãî

ýëåìåíòà âûïóêëîãî çàìûêàíèÿ ìíîæåñòâà ïî÷òè-ãðàäèåíòîâ â x0.

3. Îáîáùåííûé ãðàäèåíòíûé ñïóñê

Ïóñòü çàäàíà âûïóêëàÿ ôóíêöèÿ f(x). Ïîä ìåòîäîì ÎÃÑ áóäåì ïîíè-

ìàòü ïðîöåäóðó ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè {xk}∞k=1 âèäà

xk+1 = xk − hk+1 (xk) gf (xk) , gf (xk) ∈ Ĝf (xk) , k = 0, 1, . . . , (1)

ãäå x0 � íóëåâîå ïðèáëèæåíèå � çàäàåòñÿ äî íà÷àëà ïðîöåññà ñïóñêà.

Âûðàæåíèå (1) âíåøíå íè÷åì íå îòëè÷àåòñÿ îò ôîðìóëû, çàäàþùåé

ñïóñê â îáû÷íûõ ãðàäèåíòíûõ ìåòîäàõ, òåì áîëåå, ÷òî îáîáùåííûé ãðà-

äèåíò gf (x) ïî÷òè âñþäó ñîâïàäàåò ñ ãðàäèåíòîì. Îäíàêî ñóùåñòâåí-

íîå ðàçëè÷èå ñîñòîèò â âûáîðå ìåòîäà ðåãóëèðîâêè øàãà. Äåëî â òîì,

÷òî îáû÷íî ïðèìåíÿåìûå äëÿ äèôôåðåíöèðóåìûõ ôóíêöèé ïðèåìû,

íàïðèìåð hk+1 (xk) = h â ìåòîäå ñ ïîñòîÿííûì øàãîâûì ìíîæèòåëåì

èëè âûáîð hk+1 èç óñëîâèÿ min
hk+1

f(xk − hk+1gf (xk)), êàê â ìåòîäå íàè-

ñêîðåéøåãî ñïóñêà, â ñëó÷àå ïðîèçâîëüíîé âûïóêëîé ôóíêöèè, âîîáùå

ãîâîðÿ, íåïðèìåíèìû. Ïðîáëåìà ðåãóëèðîâêè øàãà ïðè èñïîëüçîâàíèè

îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà äîëæíà ðåøàòüñÿ ïî-äðóãîìó.

Ðàññìîòðèì ïðîöåññ îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ïîñòîÿííûì

øàãîì, êîãäà

hk+1 (xk) =
h

‖gf (xk)‖ , h > 0.

Ïóñòü Ω � ìíîæåñòâî ìèíèìóìîâ ôóíêöèè f(x), Ω 6= ∅.
Â äàëüíåéøåì äëÿ ïðîñòîòû èçëîæåíèÿ áóäåì ïðåäïîëàãàòü, ÷òî äëÿ

k = 0, 1, 2, . . ., gf (xk) 6= 0 (åñëè gf (xk) = 0, òî xk ∈ Ω).

Ëåììà 1. Ïóñòü ïðè èñïîëüçîâàíèè ìåòîäà îáîáùåííîãî ãðàäè-

åíòíîãî ñïóñêà hk+1 (xk) =
h

‖gf (xk)‖ , h > 0. Òîãäà äëÿ ëþáîãî ε > 0
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è x∗ ∈ Ω íàéäóòñÿ òàêèå k = k∗ è x ∈ En, ÷òî áóäåò âûïîëíÿòüñÿ

ñâîéñòâî

f (x) = f (xk∗) , ïðè÷åì ‖x− x∗‖ < h

2
(1 + ε).

Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ óñëîâèÿìè ëåììû

xk+1 = xk − h gf (xk)
‖gf (xk)‖ , k = 0, 1, 2, . . . .

Äëÿ ëþáîãî xk ∈ En

‖xk+1 − x∗‖2 =
∥∥∥∥xk − x∗ − h gf (xk)

‖gf (xk)‖
∥∥∥∥2

=

= ‖xk − x∗‖2 + h2 − 2h
(
xk − x∗,

gf (xk)
‖gf (xk)‖

)
≤

≤ ‖xk − x∗‖2 + h2 − 2h b (x∗, xk) ,

ãäå b (x∗, xk) = min
y∈{x : f(x)=f(xk)}

‖y − x∗‖.

Åñëè äëÿ âñåõ k = 0, 1, 2, . . ., b (x∗, xk) ≥ h

2
(1 + ε), òî

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − εh2 ≤ ‖x0 − x∗‖2 − ε(k + 1)h2

ïðè k = 0, 1, 2, . . .. Íî ‖xk+1 − x∗‖2 ≥ 0, ÷òî ïðîòèâîðå÷èò ïðåäû-

äóùåìó âûðàæåíèþ. Çíà÷èò, íàéäåòñÿ òàêîå k∗ = k∗ε (x∗), ÷òî

b (x∗, x∗k) <
h

2
(1 + ε).

Ëåììà äîêàçàíà. Îíà ïîçâîëÿåò íåïîñðåäñòâåííî ïîëó÷èòü ñëåäñòâèÿ,

ôîðìóëèðóåìûå çäåñü â âèäå òåîðåì.

Òåîðåìà 1. Äëÿ ïðîèçâîëüíîãî δ > 0 ìîæíî íàéòè òàêîå hδ, ÷òî ïðè

ïðèìåíåíèè ÎÃÑ ñ øàãîì hk+1 (xk) = hδ/‖gf (xk) ‖ ïðè ëþáîì x0 ∈ En
ëèáî íàéäåòñÿ k∗, ÷òî xk∗ ∈ Ω, ëèáî òàêàÿ ïîäïîñëåäîâàòåëüíîñòü

k1 < k2 < k3 < . . ., ÷òî lim
i→∞

f (xki)− min
x∈ En

f(x) < δ.

Òåîðåìà 2. Åñëè ôóíêöèÿ f(x) èìååò îáëàñòü ìèíèìóìîâ Ω, ñîäåð-

æàùóþ ñôåðó ðàäèóñà r > h/2, òî ïðè èñïîëüçîâàíèè ìåòîäà ÎÃÑ ñ

hk+1 (xk) = h/‖gf (xk) ‖ íàéäåòñÿ òàêîå k∗, ÷òî xk∗ ∈ Ω.
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Ëåììà 1 ãàðàíòèðóåò óìåíüøåíèå ðàññòîÿíèÿ äî òî÷åê îáëàñòè ìè-

íèìóìà íà äàííîì øàãå òîëüêî â ñëó÷àå äîñòàòî÷íî áîëüøîãî ðàññòî-

ÿíèÿ îò íåå. Ñ óìåíüøåíèåì øàãà h ñîêðàùàåòñÿ è ýòî ðàññòîÿíèå.

Ïîýòîìó, ÷òîáû ïîëó÷èòü îáû÷íûå òåîðåìû ñõîäèìîñòè, íóæíî, ÷òîáû

hk+1 (xk) → 0, íî ýòî ñòðåìëåíèå hk+1 (xk) ê 0 íå äîëæíî îñóùåñòâ-

ëÿòüñÿ ñëèøêîì áûñòðî, ÷òîáû ãàðàíòèðîâàòü ñõîäèìîñòü {xk}∞k=0

ê îáëàñòè Ω.
Òàê ìû ïðèõîäèì ê ñòàâøèì óæå êëàññè÷åñêèìè óñëîâèÿì

hk+1 (xk) =
hk

‖gf (xk)‖ , lim
k→∞

hk = 0,
∞∑
k=1

hk = +∞.

Èìååòñÿ íåñêîëüêî âàðèàíòîâ äîêàçàòåëüñòâà òåîðåìû î ñõîäèìîñòè

ìåòîäà ÎÃÑ [5, 6, 10]. Âñå îíè îñíîâàíû íà èçó÷åíèè ïîâåäåíèÿ ïîñëåäî-

âàòåëüíîñòè {ρk}∞k=0, ãäå ρk = min
k∈Ω

‖xk − x‖. Íàèáîëåå îáùèé ðåçóëüòàò
(äëÿ ñëó÷àÿ âûïóêëûõ ôóíêöèé, îïðåäåëåííûõ â ãèëüáåðòîâîì ïðî-

ñòðàíñòâå, êîãäà ìèíèìèçàöèÿ ïðîèçâîäèòñÿ ïðè íàëè÷èè îãðàíè÷åíèé)

ïîëó÷åí Á. Ò. Ïîëÿêîì [6]. Â [5] ïðèâîäèòñÿ äîêàçàòåëüñòâî òåîðåìû î

ñõîäèìîñòè äëÿ êîíå÷íîìåðíîãî ñëó÷àÿ. Îñòàíîâèìñÿ íà íåêîòîðûõ èç

ýòèõ ðåçóëüòàòîâ.

Òåîðåìà 3. [10]. Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ â En,
îáëàñòü ìèíèìóìîâ êîòîðîé Ω îãðàíè÷åíà, è çàäàíà ïîñëåäîâàòåëü-

íîñòü ïîëîæèòåëüíûõ ÷èñåë {hk}, k = 1, 2, . . ., îáëàäàþùàÿ ñëåäóþùè-

ìè ñâîéñòâàìè: lim
k→∞

hk = 0,
∞∑
k=1

hk = ∞. Òîãäà ïîñëåäîâàòåëüíîñòü

{xk}, k = 0, 1, . . ., îáðàçîâàííàÿ ïî ôîðìóëå

xk+1 =

 xk − hk+1
gf (xk)
‖gf (xk)‖ , gf (xk) 6= 0,

xk, gf (xk) = 0,

ïðè ïðîèçâîëüíîì x0 ∈ En õàðàêòåðèçóåòñÿ: lim
k→∞

min
x∈Ω

‖xk − x‖ = 0 è

lim
k→∞

f (xk) = min
x∈En

f(x) = f∗.

Òåîðåìà 4. Åñëè ïðè óñëîâèÿõ òåîðåìû 3 ìû îáðàçóåì ïîñëåäîâàòåëü-

íîñòü {xk} ïî ôîðìóëå xk+1 = xk−hk+1 gf (xk), k = 0, 1, . . ., ãäå x0 ∈ En
� ïðîèçâîëüíàÿ òî÷êà, lim

k→∞
hk = 0,

∞∑
k=1

hk = ∞ è ïîñëåäîâàòåëüíîñòü

{gf (xk)} îãðàíè÷åíà, òî
lim
k→∞

min
x∈Ω

‖xk − x‖ = 0 è lim
k→∞

f (xk) = f∗.
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Â [6] äîêàçàíà àíàëîãè÷íàÿ òåîðåìà, ñîîòâåòñòâóþùàÿ ìåòîäó ïðîåê-

öèè îáîáùåííîãî ãðàäèåíòà, äëÿ ñëó÷àÿ ìèíèìèçàöèè âûïóêëûõ ôóíê-

öèîíàëîâ, îïðåäåëåííûõ â ãèëüáåðòîâîì ïðîñòðàíñòâå ïðè îãðàíè÷å-

íèÿõ äîâîëüíî îáùåãî âèäà. Ïðèâåäåì ôîðìóëèðîâêó ýòîé òåîðåìû ñ

íåáîëüøèìè èçìåíåíèÿìè.

Ïóñòü f(x) � âûïóêëûé ôóíêöèîíàë, îïðåäåëåííûé íà âûïóêëîì

ìíîæåñòâå Q ãèëüáåðòîâà ïðîñòðàíñòâà E, Q = Q1

⋂
Q2, ãäå

Q1 = {x : g(x) ≤ 0}, g(x) � âûïóêëûé íà E ôóíêöèîíàë; Q1 èìååò

âíóòðåííèå òî÷êè (ìíîæåñòâî âíóòðåííèõ òî÷åê � Q0
1); Q2 � âûïóêëîå

çàìêíóòîå ìíîæåñòâî, ïðè÷åì Q0
1

⋂
Q2 6= ∅. Îáîçíà÷èì ÷åðåç PQ2(x)

ïðîåêöèþ òî÷êè x íà Q2, ò. å.

‖x− PQ2(x)‖ = inf
y∈Q2

‖x− y‖.

Ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà çàêëþ÷àåòñÿ â ïîñòðîå-

íèè {xk}∞k=0

xk+1 = PQ2 (xk + ∆xk) , (2)

ãäå ∆xk � ïðîèçâîëüíûé îïîðíûé ôóíêöèîíàë ê ìíîæåñòâó {x : f(x) ≤
≤ f (xk)}, åñëè xk ∈ Q1, è ê ìíîæåñòâó {x : g(x) ≤ g (xk)}, åñëè xk ∈ Q1.

(Ëèíåéíûé ôóíêöèîíàë c íàçûâàåòñÿ îïîðíûì ê R ⊂ E â òî÷êå x ∈ R,
åñëè (c, x) ≤ (c, y) äëÿ âñåõ y ∈ R.)
Òåîðåìà 5. Åñëè f(x) ìîæíî íåïðåðûâíî ïðîäîëæèòü íà E,

lim
k→∞

‖∆xk‖ = 0,
∞∑
k=0

‖∆xk‖ = ∞,

òî ïðè ëþáîì x0 â ìåòîäå (2) íàéäåòñÿ ïîäïîñëåäîâàòåëüíîñòü xkn

òàêàÿ, ÷òî xkn ∈ Q, lim
n→∞ f (xkn) = f∗ = inf

x∈Q
f(x). Åñëè, êðîìå ýòîãî,

S =
{
x : f(x) = f∗; x ∈ Q

}
íåïóñòî è èç óñëîâèÿ f(x) → f∗, x ∈ Q

ñëåäóåò, ÷òî

ρ(x, S) = inf
y∈S

‖x− y‖ → 0, òî lim
k→∞

ρ (xk, S) = 0.

Äëÿ óñêîðåíèÿ ñõîäèìîñòè ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïî-

ëîæåíèÿõ ìîæíî ïðèìåíèòü äðóãóþ ðåãóëèðîâêó øàãîâîãî ìíîæèòåëÿ

[11]�[13].

Òåîðåìà 6. Ïóñòü f(x)� âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà En, è äëÿ
âñåõ x ∈ En âûïîëíÿåòñÿ íåðàâåíñòâî ïðè íåêîòîðîì ϕ, 0 ≤ ϕ < π/2,(

gf(x), x − x∗(x)
)
≥ cosϕ ‖gf(x)‖ · ‖x− x∗(x)‖ , (3)
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ãäå x∗(x) � òî÷êà, ïðèíàäëåæàùàÿ ìíîæåñòâó ìèíèìóìîâ ôóíêöèè

f(x) è ëåæàùàÿ íà êðàò÷àéøåì ðàññòîÿíèè îò x. Òîãäà ïðè çàäàííîì

x0, åñëè ìû âûáåðåì âåëè÷èíó h1, óäîâëåòâîðÿþùóþ íåðàâåíñòâàì

h1 ≥ ‖x∗(x0)− x0‖ cosϕ,
π

4
≤ ϕ <

π

2
, (4)

h1 ≥ ‖x∗(x0)− x0‖
2 cosϕ

, 0 ≤ ϕ <
π

4
, (5)

îïðåäåëèì {hk}∞k=1 â ñîîòâåòñòâèè ñ ðåêóððåíòíîé ôîðìóëîé

hk+1 = hkr(ϕ), k = 1, 2, . . . , (6)

ãäå

r(ϕ) = sinϕ,
π

4
≤ ϕ <

π

2
, (7)

r(ϕ) =
1

2 cosϕ
, 0 ≤ ϕ <

π

4
, (8)

è áóäåì âû÷èñëÿòü {xk}∞k=1

xk+1 = xk − hk+1
gf (xk)
‖gf (xk)‖ ,

òî ëèáî ïðè íåêîòîðîì k gf
(
xk
)

= 0 è xk ïðèíàäëåæèò îáëàñòè ìè-

íèìóìîâ, ëèáî ïðè âñåõ k = 0, 1, 2, . . . áóäóò âûïîëíÿòüñÿ íåðàâåíñòâà

‖xk − x∗ (xk)‖ ≤ hk+1

cosϕ
,

π

4
≤ ϕ <

π

2
, (9)

‖xk − x∗ (xk)‖ ≤ 2 cosϕhk+1, 0 ≤ ϕ <
π

4
, (10)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé π/4 ≤ ϕ ≤ π/2. Äëÿ
k = 0 ðàâåíñòâî (9) âûïîëíÿåòñÿ. Ïóñòü îíî ñïðàâåäëèâî äëÿ k = r è
gf (xr) 6= 0. Äîêàæåì åãî âûïîëíåíèå äëÿ k = r + 1

‖xr+1 − x∗ (xr+1)‖2 ≤ ‖xr+1 − x∗ (xr)‖2 =

= ‖xr − x∗ (xr)‖2 − 2hr+1

(
xr − x∗ (xr) ,

gf (xr)
‖gf (xr)‖

)
+ h2

r+1.
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Âîñïîëüçîâàâøèñü ïîñëåäîâàòåëüíî íåðàâåíñòâàìè (3), (9) è ó÷èòû-

âàÿ, ÷òî ïðè ϕ, π/4 ≤ ϕ < π/2, 1− 2 cos2 ϕ ≥ 0.

‖xr+1 − x∗ (xr+1)‖2 ≤ ‖xr − x∗ (xr)‖2
(
1− 2 cos2 ϕ

)
+ h2

r+1 ≤

≤ h2
r+1

cos2 ϕ
(
1− 2 cos2 ϕ

)
+ h2

r+1 = h2
r+1

(
sinϕ
cosϕ

)2

.

Ïðèíèìàÿ âî âíèìàíèå (6), (7), ïîëó÷àåì

‖xr+1 − x∗ (xr+1)‖2 ≤
h2
r+2

cos2 ϕ
.

Òàêèì îáðàçîì, äëÿ π/4 ≤ ϕ ≤ π/2 òåîðåìà ñïðàâåäëèâà.
Ðàññìîòðèì ñëó÷àé 0 ≤ ϕ <

π

4
. Äëÿ k = 0 (10) âûïîëíÿåòñÿ. Ïóñòü

îíî ñïðàâåäëèâî è äëÿ k = r, gf (xr) 6= 0. Äîêàæåì åãî âûïîëíåíèå äëÿ

k = r + 1.
Âîñïîëüçîâàâøèñü (3), (10), (6), (8), èìååì

‖xr+1 − x∗ (xr+1)‖2 ≤ ‖xr − x∗ (xr)‖2−2hr+1 cosϕ ‖xr − x∗ (xr)‖+h2
r+1 ≤

≤ ‖xr − x∗ (xr)‖2 − ‖xr − x∗ (xr)‖2 + h2
r+1 = h2

r+1 = (2 cosϕhr+2)
2
.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Èç äîêàçàòåëüñòâà î÷åâèäíî, ÷òî äëÿ ñïðàâåäëèâîñòè

òåîðåìû äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (3) ëèøü äëÿ òî÷åê ïîñëåäî-

âàòåëüíîñòè {xk}∞k=0.

Òàêèì îáðàçîì, åñëè óãîë ϕ çàðàíåå èçâåñòåí, òî, ðåãóëèðóÿ øàã ïî

ôîðìóëàì (6) è (7), (8), ìû ìîæåì ïîëó÷èòü ñõîäèìîñòü ê ìèíèìóìó

ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè è çíàìåíàòåëåì q = r(ϕ).
Â (3) cosϕ ïîêàçûâàåò ñòåïåíü âûòÿíóòîñòè ïîâåðõíîñòåé óðîâíÿ

ôóíêöèè f(x). Åñëè â íåêîòîðîé îêðåñòíîñòè ìèíèìóìà f(x) íå ñóùå-
ñòâóåò ϕ < π/2 òàêîãî, ÷òî äëÿ ëþáîãî x èç ýòîé îêðåñòíîñòè âûïîëíÿ-
åòñÿ (3), òî áóäåì íàçûâàòü ýòó ôóíêöèþ ñóùåñòâåííî îâðàæíîé. Ïðè

ìèíèìèçàöèè ñóùåñòâåííî îâðàæíûõ ôóíêöèé ïðèâåäåííûé â òåîðåìå

ñïîñîá ðåãóëèðîâêè øàãîâûõ ìíîæèòåëåé íåïðèìåíèì. Â ýòîì ñëó÷àå

íóæíî èñïîëüçîâàòü óíèâåðñàëüíûé ìåòîä âûáîðà øàãîâûõ ìíîæèòå-

ëåé, êàê â òåîðåìå 4.

Ñôîðìóëèðóåì òåîðåìó, àíàëîãè÷íóþ ïðåäûäóùåé, íåïîñðåäñòâåí-

íî â òåðìèíàõ, õàðàêòåðèçóþùèõ ñòåïåíü ¾âûòÿíóòîñòè¿ ïîâåðõíîñòåé

óðîâíÿ.
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Òåîðåìà 7. [11]. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îïðåäåëåíà íà En,
x∗ � åäèíñòâåííàÿ òî÷êà ìèíèìóìà. Çàäàíî íà÷àëüíîå ïðèáëèæåíèå

x0 è ÷èñëà σ è h1, ïðè÷åì σ ≥ √
2, h1 ≥ ‖x0 − x∗‖ /σ.

Ðàññìîòðèì ìíîæåñòâî Y = {y : ‖y − x∗‖ ≤ σh1}. Åñëè äëÿ ëþáîé

ïàðû òî÷åê x, z ∈ Y è òàêîé, ÷òî f(x) = f(z) 6= f (x∗), âûïîëíÿåòñÿ
óñëîâèå ‖x− x∗‖ / ‖z − x∗‖ ≤ σ, òî ïîñëåäîâàòåëüíîñòü {xk}∞k=0, îáðà-

çîâàííàÿ ñ ïîìîùüþ ðåêóððåíòíûõ ôîðìóë

xk+1 = xk − hk+1
gf (xk)
‖gf (xk)‖ ,

ïðè÷åì hk+1 = hk
√
σ2 − 1/σ, ñõîäèòñÿ ê x∗ ñî ñêîðîñòüþ ãåîìåòðè-

÷åñêîé ïðîãðåññèè, ‖xk − x∗‖ ≤ hk+1σ, k = 0, 1, . . ., çà èñêëþ÷åíèåì

ñëó÷àÿ, êîãäà äëÿ íåêîòîðîãî k = k gf (xk) = 0, ò. å. xk = x∗.

Â [14] ïðåäëîæåí åùå îäèí ñïîñîá ðåãóëèðîâêè øàãîâûõ ìíîæèòåëåé

â ìåòîäå ÎÃÑ, îñíîâàííûé íà àïðèîðíîì çíàíèè çíà÷åíèÿ ôóíêöèè â

òî÷êå ìèíèìóìà.

Ïóñòü f(x) � âûïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ â En, x∗ � åäèíñòâåí-
íàÿ òî÷êà ìèíèìóìà, f (x∗) = f∗. Ïîñòðîèì èòåðàòèâíûé ïðîöåññ âèäà

xk+1 = xk − γ [f (xk)− f∗]

‖gf (xk)‖2
gf (xk) . (11)

Òåîðåìà 8. Ïðè 0 < γ < 2 ïðîöåññ (11) ñõîäèòñÿ ê x∗ èç ëþáîãî

íà÷àëüíîãî ïðèáëèæåíèÿ.

Â [14] ïîëó÷åíû òàêæå óñëîâèÿ, ïðè êîòîðûõ ìåòîä (11) ñõîäèòñÿ ñî

ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè.

Òåîðåìà 9. Ïóñòü f(x) � ñèëüíî âûïóêëûé ôóíêöèîíàë, ïðè÷åì

f(x) − f (x∗) ≥ m ‖x− x∗‖2 óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà íà

îáëàñòè {x : ‖x− x∗‖ ≤ ‖x0 − x∗‖} ñ êîíñòàíòîé M. Òîãäà

‖xk − x∗‖ ≤ qk ‖x0 − x∗‖ ,

q =
(

1− γ (2 − γ)m2

M2

)1/2

< 1.

Â [15] ìåòîä ÎÃÑ îáîáùàåòñÿ íà êëàññ ïî÷òè-äèôôåðåíöèðóåìûõ

ôóíêöèé. Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 10. Ïóñòü f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ,

x∗ � òî÷êà ëîêàëüíîãî ìèíèìóìà ýòîé ôóíêöèè òàêàÿ, ÷òî

f (x∗) = min
x∈Sr

f(x), Sr = {x : ‖x− x∗‖ ≤ r}, ‖x∗ − x0‖ ≤ r

è äëÿ ëþáîãî ε, 0 < ε < r, inf
x∈Sr\Sε

(gf (x), x − x∗) > 0. Tîãäa ïîñëåäîâà-

òåëüíîñòü {xk}∞k=0, îáðàçîâàííàÿ ïî ôîðìóëàì

xk+1 =

 xk+1, åñëè xk+1 ∈ Sr,

x0, åñëè xk+1 ∈ Sr,

ãäå xk+1 = xk − hk
gf (xk)
‖gf (xk)‖ , ïðè óñëîâèÿõ hk > 0,

∞∑
k=0

hk = ∞;

lim
k→∞

hk = 0 cxoäèòñÿ ê x∗.

Â [7] ââåäåíî ïîíÿòèå îáîáùåííîãî ñòîõàñòè÷åñêîãî ãðàäèåíòà, ïðåä-

ëîæåí è îáîñíîâàí ìåòîä ñëó÷àéíîãî ïîèñêà, ÿâëÿþùèéñÿ ñòîõàñòè÷å-

ñêèì àíàëîãîì ÎÃÑ. Â äàëüíåéøåì ýòîò ìåòîä ïîëó÷èë ñâîå ðàçâèòèå â

ðàáîòàõ Þ. Ì. Åðìîëüåâà è åãî ó÷åíèêîâ è ÿâëÿåòñÿ äîâîëüíî ýôôåê-

òèâíûì ñðåäñòâîì ðåøåíèÿ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ.

Èç äðóãèõ èññëåäîâàíèé ìåòîäà ÎÃÑ îòìåòèì ðàáîòó Ì. À. Øåïè-

ëîâà [16], â êîòîðîé ñôîðìóëèðîâàí ðåçóëüòàò îá åãî óñòîé÷èâîñòè ê

ìàëûì îøèáêàì â îïðåäåëåíèè xk è gf (xk).

Òåîðåìà 11. Åñëè ôóíêöèÿ f(x) âûïóêëà â En, ìíîæåñòâî

Ω = {x : f(x) = f∗}

íå ïóñòî, òî ïðè ëþáîé íà÷àëüíîé x0 â xk+1 = xk − λk
gf (xk)
‖gf (xk)‖ , ãäå

‖xk − xk‖ ≤ δk, lim
k→∞

δk = 0, λk > 0, lim
k→∞

λk = 0,

∞∑
k=0

λkδk <∞,
∞∑
k=0

λ2
k <∞,

∞∑
k=0

λk = ∞,

ñïðàâåäëèâî ðàâåíñòâî lim
k→∞

xk = x∗ ∈ Ω.

Ýòà òåîðåìà âìåñòå ñî ñïîñîáîì ïðèáëèæåííîãî âû÷èñëåíèÿ îáîá-

ùåííîãî ãðàäèåíòà, óïîìÿíóòûì íàìè íà ñòð. 15, îáîñíîâûâàåò âîç-

ìîæíîñòü ïîñòðîåíèÿ óíèâåðñàëüíîãî àëãîðèòìà íàõîæäåíèÿ ìèíèìó-

ìà âûïóêëîé ôóíêöèè f(x) (ïðè óñëîâèè, ÷òî ìû èìååì âîçìîæíîñòü
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âû÷èñëÿòü çíà÷åíèÿ ôóíêöèè f(x) â ïðîèçâîëüíîé òî÷êå ñ ëþáîé òî÷-

íîñòüþ).

Â [16] ïîëó÷åíû òàêæå íåêîòîðûå íîâûå äîñòàòî÷íûå óñëîâèÿ ñõî-

äèìîñòè ÎÃÑ, êîãäà ìíîæåñòâî ìèíèìóìîâ íå ÿâëÿåòñÿ îãðàíè÷åííûì.

Å. Ã. Ãîëüøòåéí â [17] ïðåäëîæèë è îáîñíîâàë àëãîðèòì, ïåðåíîñÿùèé

ìåòîä ÎÃÑ íà çàäà÷è íàõîæäåíèÿ ñåäëîâîé òî÷êè âûïóêëî-âîãíóòîé

ôóíêöèè. Àíàëîãè÷íûé àëãîðèòì áåç îáîñíîâàíèÿ ñõîäèìîñòè îïè-

ñàí â [18].

4. Ìåòîä ãðàäèåíòíîãî òèïà

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

â íàïðàâëåíèè ïî÷òè-ãðàäèåíòà

Àíàëèç ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ïîêàçûâàåò, ÷òî ñ ïî-

ìîùüþ îäíèõ ëèøü ïîïûòîê ðåãóëèðîâêè øàãîâîãî ìíîæèòåëÿ òðóäíî

äîáèòüñÿ â äîñòàòî÷íî îáùåì ñëó÷àå çíà÷èòåëüíîãî óñêîðåíèÿ ñõîäèìî-

ñòè. Â ñàìîì äåëå, ìåäëåííàÿ ñõîäèìîñòü ñâÿçàíà ñ òåì, ÷òî àíòèãðàäè-

åíò îáðàçóåò óãîë, áëèçêèé ê π/2, ñ íàïðàâëåíèåì íà òî÷êó ìèíèìóìà.

Â òàêîé ñèòóàöèè ðàññòîÿíèå äî òî÷êè ìèíèìóìà óáûâàåò íà âåëè÷èíó,

íàìíîãî ìåíüøóþ, ÷åì äëèíà øàãà, à çíà÷èò, è ñêîðîñòü óìåíüøåíèÿ

øàãà íå ìîæåò áûòü ñëèøêîì áîëüøîé, åñëè ìû õîòèì ãàðàíòèðîâàòü

ñõîäèìîñòü ê ìèíèìóìó.

Èìååòñÿ ïðîñòàÿ âîçìîæíîñòü èçìåíåíèÿ óãëîâ ìåæäó ãðàäèåíòîì

è íàïðàâëåíèåì íà òî÷êó ìèíèìóìà � èñïîëüçîâàíèå ëèíåéíûõ íåîðòî-

ãîíàëüíûõ ïðåîáðàçîâàíèé ïðîñòðàíñòâà. Âîçíèêàåò èäåÿ ïîñòðîåíèÿ

â ïðîöåññå ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ëèíåéíûõ îïåðàòîðîâ, èç-

ìåíÿþùèõ ìåòðèêó ïðîñòðàíñòâà, è âûáîðà íàïðàâëåíèÿ ñïóñêà, ñî-

îòâåòñòâóþùåãî àíòèãðàäèåíòó â ïðîñòðàíñòâå ñ íîâîé ìåòðèêîé. Ýòî

íàïðàâëåíèå ìîæåò çíà÷èòåëüíî îòëè÷àòüñÿ îò íàïðàâëåíèÿ àíòèãðà-

äèåíòà.

Êàê æå ñòðîèòü îïåðàòîðû ïðåîáðàçîâàíèÿ? Êîãäà ðàññìàòðèâàåòñÿ

êëàññ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, òî îñíîâíàÿ

èäåÿ, ëåæàùàÿ â ïîñòðîåíèè àëãîðèòìîâ ñ èçìåíÿåìîé ìåòðèêîé, ñîñòî-

èò â ïîëó÷åíèè òåì èëè èíûì ñïîñîáîì ìàòðèöû, áëèçêîé ê îáðàòíîé

ãåññèàíó â òî÷êå ìèíèìóìà, ò. å. ôàêòè÷åñêè èñïîëüçóåòñÿ èäåÿ êâàäðà-

òè÷åñêîé àïïðîêñèìàöèè ìèíèìèçèðóåìîé ôóíêöèè è èìèòàöèè ìåòîäà

Íüþòîíà-Ðàôñîíà áåç âû÷èñëåíèÿ âòîðûõ ïðîèçâîäíûõ [19]. Äëÿ ìè-

íèìèçàöèè íåãëàäêèõ ôóíêöèé òàêîé ïîäõîä â ïðèíöèïå íåâîçìîæåí.
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Íàïðèìåð, äëÿ ëþáûõ êóñî÷íî-ëèíåéíûõ ôóíêöèé ãåññèàí ïî÷òè âåçäå

ðàâåí 0, è ìàòðèöû, îáðàòíîé ãåññèàíó, ïðîñòî íå ñóùåñòâóåò. Ïîýòî-

ìó äëÿ ïîñòðîåíèÿ àëãîðèòìîâ ãðàäèåíòíîãî òèïà ñ ïðåîáðàçîâàíèåì

ïðîñòðàíñòâà, ðàññ÷èòàííûõ íà äîñòàòî÷íî øèðîêèé êëàññ íåãëàäêèõ

ôóíêöèé, íóæíî èñïîëüçîâàòü äðóãèå èäåè.

Àâòîðîì áûëè ïðåäëîæåíû äâà òèïà àëãîðèòìà ñ èçìåíÿåìîé ìåò-

ðèêîé. Îáà îíè ñâÿçàíû ñ èñïîëüçîâàíèåì îïåðàöèè ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà â îïðåäåëåííûõ íàïðàâëåíèÿõ.

Ðàññìîòðèì àëãîðèòìû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíè-

ÿõ: ñíà÷àëà ãðàäèåíòà, à çàòåì ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäè-

åíòîâ.

Ïóñòü çàäàí âåêòîð ξ ∈ En, ‖ξ‖ = 1 è ÷èñëî α ≥ 0. Êàæäûé âåêòîð
x ∈ En îäíîçíà÷íî ïðåäñòàâèì â âèäå

x = γξ(x) ξ + dξ(x), (12)

(ξ, dξ(x)) = 0, (13)

Ïðè ýòîì

γξ(x) = (x, ξ) , dξ(x) = x− (x, ξ) ξ. (14)

Îïðåäåëåíèå. Îïåðàòîðîì ðàñòÿæåíèÿ ïðîñòðàíñòâà En â íàïðàâ-

ëåíèè ξ ñ êîýôôèöèåíòîì α íàçîâåì Rα (ξ), äåéñòâóþùèé ñëåäóþùèì

îáðàçîì íà âåêòîð x, ïðåäñòàâëåííûé â ôîðìå (12)�(14)

Rα (ξ)x = αγξ(x) ξ + dξ(x) = x+ (α− 1)(x, ξ) ξ, (15)

ãäå Rα (ξ) � ëèíåéíûé ñèììåòðè÷íûé îïåðàòîð. Ëåãêî âèäåòü, ÷òî

Rαβ (ξ) = Rα (ξ)Rβ (ξ) , Rα (ξ)R1/α (ξ) = R1 (ξ) = I, α > 0,

ãäå R0 (ξ) � îïåðàòîð ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâî, îðòîãî-

íàëüíîå ξ. Îïåðàòîð Rα (ξ) ïðè n ≥ 2 èìååò äâà ñîáñòâåííûõ ÷èñ-

ëà: λ1 = α, λ2 = 1. Ïåðâîìó èç íèõ ñîîòâåòñòâóåò ïîäïðîñòðàí-

ñòâî ñîáñòâåííûõ âåêòîðîâ, ïîðîæäåííîå âåêòîðîì ξ, âòîðîìó � ïîä-
ïðîñòðàíñòâî ñîáñòâåííûõ âåêòîðîâ, ñîñòîÿùåå èç âåêòîðîâ, îðòîãî-

íàëüíûõ ξ.

Ðàññìîòðèì êëàññ àëãîðèòìîâ ìèíèìèçàöèè ïî÷òè-äèôôåðåíöèðóå-

ìûõ ôóíêöèé, íà êàæäîì øàãå êîòîðûõ äâèæåíèå â íàïðàâëåíèè, ïðî-

òèâîïîëîæíîì ïî÷òè-ãðàäèåíòó, áóäåò ñî÷åòàòüñÿ ñ îïåðàöèåé ðàñòÿæå-

íèÿ ïðîñòðàíñòâà â òîì æå íàïðàâëåíèè.
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Ïóñòü f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ, x0 ∈ En � çàäàííîå
íà÷àëüíîå ïðèáëèæåíèå, B0 = A−1

0 � íåîñîáàÿ ìàòðèöà (â ÷àñòíîñòè,

ìîæíî áðàòü B0 = I).
Îïðåäåëèì áåñêîíå÷íî øàãîâûé ïðîöåññ, (k+1)-é øàã êîòîðîãî îïè-

ñûâàåòñÿ ñëåäóþùèì îáðàçîì, k = 0, 1, 2, . . .. Âû÷èñëÿåì: gf (xk) (åñëè
gf (xk) = 0, ïðîöåññ îñòàíàâëèâàåòñÿ)

gϕk
(yk) = B∗

kgf (xk) = g̃k, (16)

ãäå ϕk(y) = f (Bky); yk = Akxk; Ak = B−1
k ; B∗

k � îïåðàòîð, ñîïðÿæåí-

íûé îïåðàòîðó Bk.
Ôîðìóëà (16) äàåò âîçìîæíîñòü íàéòè ïî÷òè-ãðàäèåíò îò ôóíêöèè

ϕk(y) = f
(
A−1
k y

)
, êîòîðàÿ ïîëó÷àåòñÿ èç f(x) ïðè èñïîëüçîâàíèè ëè-

íåéíîãî ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà y = Akx

ξk+1 =
gϕk

(yk)
‖gϕk

(yk)‖ =
g̃k
‖g̃k‖ ,

xk+1 = xk −Bk hk+1 ξk+1. (17)

Âûðàæåíèå (17) ïîëó÷àåòñÿ èç ôîðìóëû

Ak xk+1 = yk − hk+1 ξk+1, (18)

îïðåäåëÿþùåé øàã îáîáùåííîãî ãðàäèåíòíîãî ïðîöåññà äëÿ ôóíêöèè

ϕk(y), ñ ïîñëåäóþùèì ïðèìåíåíèåì ê îáåèì ÷àñòÿì (18) îïåðàòîðà Bk
äëÿ îòîáðàæåíèÿ â îñíîâíîå ïðîñòðàíñòâî En. Çäåñü hk+1 � øàãîâûé

ìíîæèòåëü,

Bk+1 = A−1
k+1 = BkRβk+1 (ξk+1) , (19)

ãäå βk+1 = 1/αk+1, αk+1 > 1 � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà.
Ôîðìóëà (19) äàåò âîçìîæíîñòü âû÷èñëèòü îïåðàòîð Bk+1, îáðàò-

íûé ðåçóëüòèðóþùåìó îïåðàòîðó Ak+1 ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà,

êîòîðûé ïîëó÷àåòñÿ â ðåçóëüòàòå ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ îïåðà-

òîðîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè íîðìèðîâàííûõ ïî÷òè-

ãðàäèåíòîâ ξ1, . . . , ξk+1 ñ êîýôôèöèåíòàìè α1, . . . , αk+1:

Ak+1 = Rαk+1 (ξk+1)Ak,

îòêóäà

Bk+1 = A−1
k+1 = BkR1/αk+1 (ξk+1) = BkRβk+1 (ξk+1) .
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Ïåðåõîäèì ê (k + 2)-ìó øàãó. Òîëüêî ÷òî îïèñàííîå ñåìåéñòâî ïðî-
öåäóð ìèíèìèçàöèè áóäåì íàçûâàòü ÐÏ-àëãîðèòìàìè (àëãîðèòìàìè ñ

ðàñòÿæåíèåì ïðîñòðàíñòâà). Êîíêðåòíàÿ ðåàëèçàöèÿ ÐÏ-àëãîðèòìà çà-

âèñèò îò âûáîðà ïîñëåäîâàòåëüíîñòåé {αk} è {hk}. Íèæå ìû îñòàíîâèì-

ñÿ íà íåêîòîðûõ ñïîñîáàõ âûáîðà ýòèõ ïîñëåäîâàòåëüíîñòåé, îáåñïå÷è-

âàþùèõ ïðè îïðåäåëåííûõ óñëîâèÿõ ñõîäèìîñòü ê òî÷êå ìèíèìóìà.

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.

Òåîðåìà 12. Ïóñòü x∗ � òî÷êà ëîêàëüíîãî ìèíèìóìà ôóíêöèè f(x)
è â ïðîöåññå ðåàëèçàöèè àëãîðèòìà (16)�(18) âûïîëíÿþòñÿ óñëîâèÿ:

1) ‖xk − x∗‖ ≤ d, d > 0, k = 1, 2, . . .,

2) 1 + δ ≤ αk ≤ α∗, αk = 1/βk, δ > 0.

Òîãäà ñóùåñòâóåò òàêàÿ ïîäïîñëåäîâàòåëüíîñòü {xkp}∞p=1 è c > 0,
÷òî ∥∥g̃kp

∥∥ ≤ c

( kp∏
j=1

αj

)−1/n

, p = 1, 2, . . . .

Òåîðåìà 13. Ïóñòü f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îïðåäå-
ëåííàÿ â íåêîòîðîé ñôåðè÷åñêîé îêðåñòíîñòè Sd òî÷êè x

∗ ëîêàëüíîãî
ìèíèìóìà, è â òåõ òî÷êàõ, ãäå ôóíêöèÿ äèôôåðåíöèðóåìà, åå ïðîèç-

âîäíàÿ ïî íàïðàâëåíèþ µ(x) = x− x∗ óäîâëåòâîðÿåò íåðàâåíñòâó

N ≤
f ′µ(x)(x)

f(x)− f (x∗)
≤M, M > N > 0, x 6= x∗.

Òîãäà, åñëè â àëãîðèòìå (16), (17), (19) ïðèìåì

1) x0 ∈ Sd,

2) hk+1 =
2MN

M +N
· f (xk)− f (x∗)

‖g̃k‖ ,

3) αk+1 = α =
M +N

M −N
,

òî íàéäóòñÿ êîíñòàíòà c è ïîäïîñëåäîâàòåëüíîñòü èíäåêñîâ {kp}∞p=1,

kp < kp+1, òàêàÿ, ÷òî f
(
xkp

)− f (x∗) ≤ c α−kp/n.
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Îïèñàííûé â òåîðåìå 13 ñïîñîá âûáîðà êîýôôèöèåíòà ðàñòÿæåíèÿ è

øàãîâîãî ìíîæèòåëÿ íàõîäèò íåïîñðåäñòâåííîå ïðèìåíåíèå ïðè ðåøå-

íèè ñèñòåì íåëèíåéíûõ óðàâíåíèé fi(x) = 0, i = 1, . . . , n, ïóòåì ñâåäå-

íèÿ ê çàäà÷åmin max
1≤i≤n

|fi(x)|. Ïðè ýòîì, êàê ïîêàçàíî â [8], â ðåãóëÿðíîì
ñëó÷àå ïðè äîñòàòî÷íî õîðîøåì íà÷àëüíîì ïðèáëèæåíèè êîíñòàíòûM
è N ìîæíî âûáèðàòü áëèçêèìè ê åäèíèöå, ÷òî îáåñïå÷èâàåò áûñòðóþ

ñõîäèìîñòü.

Åñëè f(x) � âûïóêëàÿ ôóíêöèÿ, òî N ìîæíî âñåãäà âûáèðàòü áîëü-

øå èëè ðàâíûì åäèíèöå. Ïðè ðåøåíèè âûïóêëûõ çàäà÷, ìèíèìàêñíûõ è

âûïóêëîãî ïðîãðàììèðîâàíèÿ îáû÷íî f (x∗) íåèçâåñòíî, ïîýòîìó ïðåä-
ñòàâëÿåò èíòåðåñ âîïðîñ î ïîäáîðå f (x∗) â ïðîöåññå ñ÷åòà. Ñïðàâåäëèâà
ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 14. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îáëàäàåò ñëåäóþùèìè

ñâîéñòâàìè: a) ñóùåñòâóåò ïîñòîÿííàÿ M > 1 òàêàÿ, ÷òî åñëè

ϕ(α) = f [(1 − α)x1 + αx2], 0 ≤ α < 1 ñòðîãî óáûâàåò ïî α, òî
âûïîëíÿåòñÿ íåðàâåíñòâî f ′x1−x2

(x1) ≤ M [f (x1)− f (x2)];
á) lim

‖x‖→∞
f(x) = +∞. Òîãäà, åñëè ïðè ïðèìåíåíèè àëãîðèòìà (16),

(17), (19)

αk+1 =
M + 1
M − 1

hk+1 =
2M

M + 1
· [f (xk)− f ]

‖g̃k‖

f âûáðàíî áîëüøèì èëè ðàâíûì f∗ = min
x∈En

f(x), òî ïîñëåäîâàòåëü-

íîñòü {hk} ÿâëÿåòñÿ îãðàíè÷åííîé è äëÿ ïðîèçâîëüíîãî ε > 0 íàéäåòñÿ
k òàêîå, ÷òî f(xk) ≤ f + ε (ñ÷åò ïðåêðàùàåòñÿ, åñëè íà íåêîòîðîì

øàãå f(xk) ≤ f ); åñëè f âûáðàíî ìåíüøèì f∗, òî ïîñëåäîâàòåëüíîñòü
hk ÿâëÿåòñÿ íåîãðàíè÷åííîé.

Ýòà òåîðåìà ïîçâîëÿåò ïîñòðîèòü àëãîðèòì ìèíèìèçàöèè ôóíêöèè

f(x), óäîâëåòâîðÿþùåé óñëîâèþ òåîðåìû, ïðè íåèçâåñòíîì f∗ [20]. Ýòîò
àëãîðèòì ñâÿçàí ñ ïîäáîðîì f∗ ñ èñïîëüçîâàíèåì ñëåäóþùèõ ïðèçíàêîâ:
åñëè ïðè íåêîòîðîì f hk ïðåâîñõîäèò íåêîòîðîå ÷èñëî, òî f óâåëè÷è-

âàåòñÿ; ïðè ïðèáëèæåíèè f (xk) ê f � óìåíüøàåòñÿ 1.

1Ïîäðîáíîå îïèñàíèå è îáîñíîâàíèå àëãîðèòìà ñì. â [21]
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5. Ìåòîä ãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè

äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ

Ýòîò ìåòîä áûë ïðåäëîæåí â [20]. Â [22] îòäåëüíûå ìîäèôèêàöèè åãî

ýêñïåðèìåíòàëüíî èññëåäîâàíû ïðèìåíèòåëüíî ê çàäà÷àì ìèíèìèçàöèè

ãëàäêèõ ôóíêöèé, à â [23]�[24] êóñî÷íî-ãëàäêèõ ôóíêöèé. Â íàñòîÿùåå

âðåìÿ ñ åãî ïîìîùüþ ðåøåíî áîëüøîå ÷èñëî ñëîæíûõ ïðàêòè÷åñêèõ çà-

äà÷ è ìîæíî ñ óâåðåííîñòüþ ãîâîðèòü î âûñîêîé ýôôåêòèâíîñòè ýòîãî

ìåòîäà, îñîáåííî äëÿ çàäà÷ ìèíèìàêñíîãî òèïà, íåëèíåéíîãî ïðîãðàì-

ìèðîâàíèÿ (ñ èñïîëüçîâàíèåì íåãëàäêèõ øòðàôíûõ ôóíêöèé), äëÿ ìè-

íèìèçàöèè ôóíêöèé ¾îâðàæíîãî¿ òèïà.

Ðàññìîòðèì îñíîâíóþ åãî ìîäèôèêàöèþ � òàê íàçûâàåìûé

r(α)-àëãîðèòì ïðèìåíèòåëüíî ê ìèíèìèçàöèè ïî÷òè-äèôôåðåíöèðóå-

ìûõ ôóíêöèé, â ÷àñòíîñòè êóñî÷íî-ãëàäêèõ.

Ïóñòü f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ, α > 1 β = 1/α.
r(α)-àëãîðèòìîì ìèíèìèçàöèè íàçîâåì èòåðàòèâíóþ ïðîöåäóðó ñëåäó-

þùåãî òèïà: íà êàæäîé èòåðàöèè âû÷èñëÿåì n-ìåðíûå âåêòîðû xk, g̃k
è ìàòðèöó ðàçìåðíîñòè n × n Bk = {bij}; x0 ∈ En, g̃0 = 0, B0 � åäè-

íè÷íàÿ ìàòðèöà. Ïóñòü ïðîäåëàíû k èòåðàöèé, âû÷èñëåíû xk, g̃k, Bk.
Íà (k + 1)-é èòåðàöèè íàõîäèì:

1) gf (xk) � ïî÷òè-ãðàäèåíò ôóíêöèè f(x) â òî÷êå xk; åñëè îí

îïðåäåëÿåòñÿ íåîäíîçíà÷íî, òî áåðåì òàêîé ïî÷òè-ãðàäèåíò, ÷òî

(Bk g̃k, gf (xk)) ≤ 0;

2) g∗k = B∗
k gf (xk), g∗k � ïî÷òè-ãðàäèåíò ôóíêöèè ϕk(y) = f (Bk y) â

òî÷êå y = Ak xk, ãäå Ak = B−1
k ;

3) rk = g∗k − g̃k, rk � ðàçíîñòü äâóõ ïî÷òè-ãðàäèåíòîâ îò ôóíêöèè

ϕk(y), âû÷èñëåííûõ â òî÷êàõ yk = Ak xk, ỹk = Ak xk−1;

4) ξk+1 =
rk
‖rk‖ ;

5) Bk+1 = BkRβ (ξk+1), Bk+1 � ìàòðèöà, îáðàòíàÿ Ak+1, Ak+1 � ìàò-

ðèöà ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà ïîñëå (k + 1)-ãî øàãà, Ak+1 =

= Rα (ξk+1)Ak, Rα(ξ) � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà â íà-

ïðàâëåíèè ξ; ‖ξ‖ = 1, α � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà,
β � êîýôôèöèåíò ¾ñæàòèÿ¿ ïðîñòðàíñòâà ãðàäèåíòîâ;
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6) g̃k+1 = Rβ (ξk+1) g∗k = B∗
k+1 gf (xk), g̃k+1 � çíà÷åíèå ïî÷òè-ãðàäè-

åíòà ôóíêöèè ϕk+1(y) = f (Bk+1 y) â òî÷êå y = Ak+1 xk;

7) xk+1 = xk − hk+1Bk+1 g̃k+1, ãäå hk+1 âûáèðàåòñÿ èç óñëîâèÿ

hk+1 = arg min
h≥0

f (xk − hBk+1 g̃k+1) (20)

(îïåðàöèÿ min îçíà÷àåò îïðåäåëåíèå áëèæàéøåãî ê íóëþ ëîêàëü-

íîãî ìèíèìóìà); ïðèìåíèì ê îáåèì ÷àñòÿì 7) îïåðàòîð Ak+1 :
yk+1 = Ak+1 xk+1 = Ak+1 xk−hk+1 g̃k+1 = ỹk+1−hk+1 g̃k+1 è ïîëó-

÷èì, ÷òî 7) ôàêòè÷åñêè ðåàëèçóåò øàã íàèñêîðåéøåãî ñïóñêà äëÿ
ôóíêöèè ϕk+1(y);

8) ïåðåõîä ê (k+2)-é èòåðàöèè ñ çàïîìèíàíèåì xk+1, g̃k+1, Bk+1 èëè

îêîí÷àíèå ðàáîòû àëãîðèòìà ïðè âûïîëíåíèè íåêîòîðîãî êðèòå-

ðèÿ îñòàíîâêè.

Â îòëè÷èå îò äðóãèõ ãðàäèåíòíûõ ìåòîäîâ ìèíèìèçàöèè íåãëàä-

êèõ ôóíêöèé: îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà, ÎÃÑ ÐÏ [10], [25],

r(α)-àëãîðèòì îáåñïå÷èâàåò ìîíîòîííîñòü ñïóñêà áëàãîäàðÿ îïðåäåëåí-

íîìó ïî (20) ñïîñîáó âûáîðà øàãà ñïóñêà: f (x0) ≥ f (x1) ≥ . . . ≥ f (xk).
Îäíàêî îí ñóùåñòâåííî îòëè÷àåòñÿ îò îáû÷íûõ ðåëàêñàöèîííûõ ìå-

òîäîâ ñëåäóþùèì: åñëè hk = 0, òî ýòî íå çíà÷èò, ÷òî ïðîöåññ ñïóñêà

ïðåêðàùàåòñÿ. Ïðè âûïîëíåíèè ñåðèè èòåðàöèé ñ íóëåâûì øàãîì xk
ñòîèò íà ìåñòå, íî èçìåíÿþòñÿ Bk è g̃k. Â ýòî âðåìÿ êàê áû â ñêðûòîé

ôîðìå îñóùåñòâëÿåòñÿ ïîèñê ïîäõîäÿùåãî íàïðàâëåíèÿ ñïóñêà.

×òîáû èçáåæàòü â íåêîòîðîì ñìûñëå ¾ïàòîëîãè÷åñêèõ¿ ñëó÷àåâ,

ïðåäïîëîæèì:

a) lim
‖x‖→∞

f(x) = +∞, ÷òî ãàðàíòèðóåò ñóùåñòâîâàíèå ìèíèìóìà f(x)

è ìèíèìóìà â (20);

á) f(x) îáëàäàåò ñëåäóþùèì ñâîéñòâîì: â ëþáîé îãðàíè÷åííîé îáëà-

ñòè D äëÿ ëþáîãî δ > 0 íàéäåòñÿ òàêîå ε > 0, ÷òî åñëè x, y ∈ D,
f(x) − f(y) < ε è íà îòðåçêå ìåæäó x è y f(x) óáûâàåò, òî

‖x− y‖ < δ (äëÿ âûïóêëûõ ôóíêöèé ýòî ñâîéñòâî ÿâëÿåòñÿ àíàëî-
ãîì ñèëüíîé âûïóêëîñòè).

Íàèáîëåå îáùèé ðåçóëüòàò î ñõîäèìîñòè r(α)-àëãîðèòìîâ, äîêàçàí-
íûé ê íàñòîÿùåìó âðåìåíè, ñôîðìóëèðîâàí â ñëåäóþùåé òåîðåìå.
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Òåîðåìà 15. Åñëè f(x) � íåïðåðûâíàÿ êóñî÷íî-ãëàäêàÿ ôóíêöèÿ, äëÿ

êîòîðîé âûïîëíÿþòñÿ ñâîéñòâà à) è á), òî ïîñëåäîâàòåëüíîñòü {xk},
ãåíåðèðóåìàÿ r(α)-àëãîðèòìîì ïðè ëþáîì α > 1, èìååò â êà÷åñòâå

ñâîåé ïðåäåëüíîé íåêîòîðóþ òî÷êó x, ìíîæåñòâî ïî÷òè-ãðàäèåíòîâ

êîòîðîé îáðàçóåò ëèíåéíî-çàâèñèìîå ñåìåéñòâî âåêòîðîâ. Ïðè ýòîì

â ñèëó ìîíîòîííîñòè ïðîöåññà ñïóñêà ïîñëåäîâàòåëüíîñòü f(xk) ñõî-
äèòñÿ ê f(x).

Äîêàçàòåëüñòâî ñîäåðæèòñÿ â [26]. Òàê êàê îíî äîâîëüíî ãðîìîçäêî,

òî ìû åãî ïðèâîäèòü íå áóäåì; çàìåòèì òîëüêî, ÷òî ýòî äîêàçàòåëü-

ñòâî îñíîâûâàåòñÿ íà èçó÷åíèè ïîâåäåíèÿ øèðèíû âûïóêëîãî çàìûêà-

íèÿ ìíîæåñòâà ïî÷òè-ãðàäèåíòîâ îò ôóíêöèé ϕk(y) = f (Ak y) â òî÷êàõ
{yk}. Èç òåîðåìû 15 âûòåêàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 16. Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 15, x∗ � èçîëèðî-

âàííàÿ òî÷êà ëîêàëüíîãî ìèíèìóìà, x0 � òàêàÿ òî÷êà, ÷òî ñâÿç-

íàÿ êîìïîíåíòà ìíîæåñòâà {x : f(x∗) ≤ f(x) ≤ f(x0)}, ñîäåðæà-

ùàÿ x∗, x0, íå èìååò êðîìå x∗ äðóãèõ òî÷åê z, ó êîòîðûõ ñåìåéñòâî

Gf (z) ëèíåéíî-çàâèñèìî, òî ïîñëåäîâàòåëüíîñòü {xk}∞k=0, ãåíåðèðóå-

ìàÿ r(α)-àëãîðèòìîì, ñõîäèòñÿ ê x∗.

Ñêîðîñòü ñõîäèìîñòè ñëàáî èçó÷åíà (òàê, â [22] îïèñàí ðåçóëüòàò î

ñêîðîñòè ñõîäèìîñòè ïðåäåëüíîãî âàðèàíòà r(α)-àëãîðèòìà). Ìíîãî÷èñ-

ëåííûå âû÷èñëèòåëüíûå ýêñïåðèìåíòû (ñì. [22], [23]) ïîêàçàëè âûñîêóþ

ýôôåêòèâíîñòü r(α)-àëãîðèòìà è åãî ìîäèôèêàöèé, êîòîðûå â îñíîâíîì
ñâÿçàíû ñ ðàçëè÷íûìè ñïîñîáàìè ïðèáëèæåííîãî ïîèñêà ìèíèìóìà ïî

íàïðàâëåíèþ.

Â [27] ïðåäëîæåíû âèäîèçìåíåííûå ñõåìû âû÷èñëåíèé â ìåòîäàõ ñ

ðàñòÿæåíèåì ïðîñòðàíñòâà. Ñóòü èõ ñîñòîèò â òîì, ÷òîáû âìåñòî ìàò-

ðèö Bk, çàïîìèíàòü è ïðåîáðàçîâûâàòü Hk = BkB
∗
k . Òàê êàê Hk � ñèì-

ìåòðè÷íàÿ ìàòðèöà, òî äëÿ åå çàïîìèíàíèÿ òðåáóåòñÿ n2/2 ÿ÷ååê ïà-

ìÿòè. Óìåíüøàåòñÿ ïðè ýòîì òàêæå ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé,

ñâÿçàííûõ ñ ïðåîáðàçîâàíèåì ìàòðèö è âåêòîðîâ. Òàê, r(α)-àëãîðèòì
ïî íîâîé ñõåìå âû÷èñëåíèé ñâîäèòñÿ ê ñëåäóþùåìó.

Ïðèíèìàåì H0 = I. Íà k-ì øàãå èìååì Hk, xk, gf (xk−1).
Âû÷èñëÿåì:

gf (xk), ek = gf (xk)− gf (xk−1);

Hk+1 = Hk −
(
1− β2

k

) (Hk ek) (Hk ek)
T

(ek, Hk ek)
,

xk+1 = xk − tk pk; pk = Hk+1 gf (xk) ; tk = arg minf (xk − tpk
).
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Â [28, 29] îïóáëèêîâàíû äâà ïîõîæèõ ïî èäåå àëãîðèòìà ìèíèìèçà-

öèè ïðîèçâîëüíûõ âûïóêëûõ ôóíêöèé. Ïî ôîðìå îíè áëèçêè, ñ îäíîé

ñòîðîíû, ê ìåòîäó íàèñêîðåéøåãî ñïóñêà ðåøåíèÿ ìèíèìàêñíûõ çàäà÷

Â. Ô. Äåìüÿíîâà, à ñ äðóãîé, � ê îäíîé èç ìîäèôèêàöèé ìåòîäà ñî-

ïðÿæåííûõ ãðàäèåíòîâ. Íàñêîëüêî ìîæíî ñóäèòü ïî ïåðâûì êðàòêèì

ïóáëèêàöèÿì, ýòè àëãîðèòìû ïðè óäà÷íîì âûáîðå ïàðàìåòðîâ îáëàäà-

þò îïðåäåëåííûìè ïðåèìóùåñòâàìè â ñìûñëå áûñòðîòû ñõîäèìîñòè ïî

ñðàâíåíèþ ñ ìåòîäîì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà è òðåáóþò äî-

ïîëíèòåëüíî çàïîìèíàíèÿ îäíîãî èëè íåñêîëüêèõ âåêòîðîâ ðàçìåðíîñòè

n, åñëè ìèíèìèçèðóåìàÿ ôóíêöèÿ îïðåäåëåíà â En.

6. Ïðèìåíåíèå îáîáùåííûõ ãðàäèåíòíûõ

ìåòîäîâ â çàäà÷àõ ìàòåìàòè÷åñêîãî

ïðîãðàììèðîâàíèÿ

Ñõåìû äåêîìïîçèöèè. Ðàññìîòðèì ñõåìó äåêîìïîçèöèè äëÿ çàäà÷

âûïóêëîãî ïðîãðàììèðîâàíèÿ ñ ðàçáèåíèåì ìíîæåñòâà ïåðåìåííûõ íà

äâå ÷àñòè. Íàéòè

min
x,y

f0(x, y) (21)

ïðè îãðàíè÷åíèÿõ

fi(x, y) ≤ 0, i = 1, . . . , n, (22)

ãäå x, y � âåêòîðíûå ïåðåìåííûå, x = (x(1), . . . , x(l)), y = (y(1), . . . , y(m));
f0, fi � âûïóêëûå ôóíêöèè ïî ñîâîêóïíîñòè ïåðåìåííûõ x, y,
i = 1, . . . , n.

Çàôèêñèðóåì x = x è ðàññìîòðèì çàäà÷ó: íàéòè

min
y
f0(x, y) (23)

fi(x, y) ≤ 0, i = 1, . . . , n, (24)

Äëÿ òåõ çíà÷åíèé x, äëÿ êîòîðûõ ñóùåñòâóåò îïòèìàëüíîå ðåøåíèå
çàäà÷è (23)�(24), îïðåäåëèì ôóíêöèþ Φ(x)

Φ(x) = min
y∈D(x)

f0(x, y), (25)

ãäå D (x) � ìíîæåñòâî çíà÷åíèé, óäîâëåòâîðÿþùèõ (24).
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Òåîðåìà 17. Åñëè çàäà÷à (21)�(22) èìååò ðåøåíèå, òî ôóíêöèÿ Φ(x)
â ñîîòâåòñòâèè ñ (25) ÿâëÿåòñÿ âûïóêëîé, îïðåäåëåííîé íà âûïóêëîì

ïîäìíîæåñòâå W ⊆ El. Åñëè äëÿ íåêîòîðîãî x ∈ W âûïîëíÿåòñÿ

óñëîâèå Ñëåéòåðà â çàäà÷å (23)�(24), òî îáîáùåííûé ãðàäèåíò ôóíêöèè

Φ(x) â òî÷êå x = x âû÷èñëÿåòñÿ ïî ôîðìóëå

gΦ (x) = gxLu

(
x, y (x)

)
, (26)

ãäå Lu(x, y) = f0(x, y) +
∑n

i=1 ui fi(x, y); y (x) � îäíî èç îïòèìàëü-

íûõ çíà÷åíèé y â (23)�(24); u = {ui}ni=1 � ìíîæèòåëè Ëàãðàí-

æà çàäà÷è (23)�(24), ïîëó÷åííûå â ñîîòâåòñòâèè ñ òåîðåìîé Êóíà�

Òàêêåðà; gxLu
(x, y(x)) � ïðîåêöèÿ òàêîãî îáîáùåííîãî ãðàäèåíòà ôóíê-

öèè Lu(x) = Lu(x, y) íà ïîäïðîñòðàíñòâî Exl , ó êîòîðîãî ïðîåêöèÿ

íà ïîäïðîñòðàíñòâî Eym ðàâíà íóëþ (îáîáùåííûé ãðàäèåíò áåðåòñÿ â

òî÷êå z = (x, y(x))).

Ñëåäñòâèå. Åñëè â óñëîâèÿõ ïðåäûäóùåé òåîðåìû äîïîëíèòåëüíî ïî-

òðåáîâàòü, ÷òîáû fα(x, y), α = 0, 1, . . . , n, áûëè íåïðåðûâíî äèôôåðåí-

öèðóåìûìè ïî y, òî ôîðìóëà (26) óòî÷íÿåòñÿ ñëåäóþùèì îáðàçîì

gΦ (x) = gxf0(x, y (x)) +
n∑
i=1

ui(x) gxfi
(x, y(x)), (27)

ãäå gxfα
(x, y (x)) � ïðîåêöèè ïðîèçâîëüíûõ îáîáùåííûõ ãðàäèåíòîâ

ôóíêöèè fα â òî÷êå z = (x, y(x)) íà Exl .

Âûðàæåíèå (27) ïîçâîëÿåò ëåãêî ñòðîèòü àëãîðèòìû ðåøåíèÿ çàäà÷

âûïóêëîãî ïðîãðàììèðîâàíèÿ (â ÷àñòíîñòè, ëèíåéíîãî) ñ èñïîëüçîâà-

íèåì ñõåìû ðàçëîæåíèÿ ïî êîîðäèíàòàì. Äëÿ ýòîãî ìû äîëæíû ïðåä-

ïîëîæèòü âîçìîæíîñòü ïîëó÷åíèÿ çà êîíå÷íîå ÷èñëî øàãîâ ðåøåíèÿ

çàäà÷è (23)�(24), ìíîæèòåëåé Ëàãðàíæà u = {ui}ni=1, à òàêæå ¾÷àñò-

íûõ¿ îáîáùåííûõ ãðàäèåíòîâ gxfα
, α = 0, 1, . . . , n. Ýòî ðåàëèçóåìî,

íàïðèìåð, êîãäà (23)�(24) ÿâëÿåòñÿ çàäà÷åé ëèíåéíîãî èëè êâàäðàòè÷-

íîãî ïðîãðàììèðîâàíèÿ. Îñëîæíåíèÿ ìîãóò áûòü ñâÿçàíû ñ òåì, ÷òî

(23)�(24) íå ïðè âñåõ x áóäåò èìåòü ðåøåíèÿ. Ñòàíäàðòíûé âûõîä èç

òàêîé ñèòóàöèè çàêëþ÷àåòñÿ â èñïîëüçîâàíèè ìåòîäà ¾øòðàôíûõ ôóíê-

öèé¿; çàäà÷à (21)�(22) çàìåíÿåòñÿ ñëåäóþùåé: íàéòè

min
x,y,v

[
f0(x, y) +M

n∑
i=1

vi

]
(28)
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ïðè

fi(x, y)− vi ≤ 0, vi ≥ 0, i = 1, . . . , n, (29)

ãäå M � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî.

Çàäà÷à (23)�(24) çàìåíÿåòñÿ òàêîé: íàéòè

min
y,v

[
f0(x, y) +M

n∑
i=1

vi

]
(30)

ïðè

fi(x, y)− vi ≤ 0, vi ≥ 0. (31)

Ëåãêî âèäåòü, ÷òî (23)�(24) èìååò äîïóñòèìîå ðåøåíèå ïðè ëþáîì x
ñ âûïîëíåíèåì óñëîâèÿ Ñëåéòåðà.

Èòàê, ìû ìîæåì ïðåäïîëîæèòü, ÷òî çàäà÷à (21)�(22) ñâåäåíà ê òà-

êîìó âèäó, ÷òî ôóíêöèÿ Φ (x) îïðåäåëåíà äëÿ ëþáîãî x è èìååòñÿ âîç-

ìîæíîñòü âû÷èñëåíèÿ îáîáùåííîãî ãðàäèåíòà gΦ(x) â ïðîèçâîëüíîé
òî÷êå x. Êîðî÷å ãîâîðÿ, ìîæíî ïðèìåíèòü ìåòîä îáîáùåííîãî ãðàäè-

åíòíîãî ñïóñêà èëè ìåòîäû ñ ðàñòÿæåíèåì ïðîñòðàíñòâà ê çàäà÷å ìè-

íèìèçàöèè ôóíêöèè Φ(x).
Èññëåäóåì òåïåðü ñõåìó ðàçëîæåíèÿ ïî îãðàíè÷åíèÿì. Îíà ÿâëÿåòñÿ

â íåêîòîðîì ñìûñëå äâîéñòâåííîé ê ñõåìàì ðàçëîæåíèÿ ïî ïåðåìåííûì.

Ïóñòü èìååòñÿ çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ, ìíîæåñòâî îãðà-

íè÷åíèé êîòîðîé íåêîòîðûì îáðàçîì ðàçáèòî íà äâå ÷àñòè: íàéòè

min f0(x), x ∈ El, (32)

ïðè

fi(x) ≤ 0, i = 1, . . . ,m, (33)

ϕj(x) ≤ 0, j = 1, . . . , n. (34)

Ðàññìîòðèì çàäà÷ó ñëåäóþùåãî âèäà: íàéòè

L(u) = min
x∈D

[
f0(x) +

m∑
i=1

ui fi(x)
]
, (35)

ãäå u = {ui}mi=1 � m-ìåðíûé âåêòîð ñ íåîòðèöàòåëüíûìè êîìïîíåíòàìè;
D � ìíîæåñòâî, îïðåäåëÿåìîå îãðàíè÷åíèÿìè (34).

Â êà÷åñòâå íåïîñðåäñòâåííî ñëåäñòâèÿ òåîðåìû Êóíà�Òàêêåðà ïî-

ëó÷àåì óòâåðæäåíèå: åñëè ðåøåíèå çàäà÷è (32)�(34) ñóùåñòâóåò è îãðà-

íè÷åíèÿ åå óäîâëåòâîðÿþò óñëîâèþ Ñëåéòåðà, D � îãðàíè÷åííîå ìíî-

æåñòâî, òî L(u) � âîãíóòàÿ ôóíêöèÿ, îïðåäåëåííàÿ äëÿ âñåõ u ≥ 0,



37

ìàêñèìóì ôóíêöèè L(u) ñóùåñòâóåò è äîñòèãàåòñÿ â òî÷êå u∗, ïðè ýòîì
u∗ ÿâëÿåòñÿ u-êîìïîíåíòîé ñåäëîâîé òî÷êè ôóíêöèè Ëàãðàíæà çàäà÷è
(32)�(34)

Φ(x, u, v) = f0(x) +
m∑
i=1

ui fi(x) +
n∑
j=1

vj ϕj(x).

Îïðåäåëåíèÿ ìàêñèìóìà âîãíóòîé ôóíêöèè L(u) è ìèíèìóìà âûïóêëîé
ôóíêöèè L1(u) = −L(u) � ýêâèâàëåíòíû.

Ìèíèìóì âûïóêëîé ôóíêöèè L1(u) ïðè îãðàíè÷åíèè u ≥ 0 ìîæíî

íàõîäèòü, èñïîëüçóÿ ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ïðîåê-

òèðîâàíèåì íà ìíîæåñòâî

{u : u ≥ 0} : u(i)
k+1 = max{0, u(i)

k + hk+1 fi(x∗ (uk))}, i = 1, . . . ,m.

Îïåðàöèÿ ïðîåêòèðîâàíèÿ âåêòîðà íà ýòî ìíîæåñòâî î÷åíü ïðîñòà

è ñâîäèòñÿ ê òîìó, ÷òî ïîëîæèòåëüíûå è íóëåâûå êîîðäèíàòû ïðîåêòè-

ðóåìîãî âåêòîðà îñòàþòñÿ íåèçìåííûìè, à îòðèöàòåëüíûå çàìåíÿþòñÿ

íóëåì; x∗ (uk) � îïòèìàëüíûé ïëàí (35).
Äëÿ ÷àñòíîãî ñëó÷àÿ � çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ � ïðè-

âåäåííàÿ ñõåìà ðàçëîæåíèÿ ïîäðîáíî ðàññìîòðåíà â [30]. Êîíêðåòíûå

ïðèëîæåíèÿ ê ðåøåíèþ çàäà÷ áîëüøîãî îáúåìà îïèñàíû â [1]�[4], [12],

[31], [32].

Çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ è îáùèå çàäà÷è íåëè-

íåéíîãî ïðîãðàììèðîâàíèÿ. Ïóñòü fν(x), ν = 0, . . . ,m � âûïóêëûå

ôóíêöèè, îïðåäåëåííûå íà En. Íàéäåì

min f0(x) (36)

ïðè îãðàíè÷åíèÿõ

fi(x) ≤ 0, i = 1, . . . , n. (37)

Åñëè ñóùåñòâóåò ñåäëîâàÿ òî÷êà (x∗, λ∗), λ∗ ≥ 0 ôóíêöèè Ëàãðàíæà

L(x, λ) = f0(x) +
m∑
i=1

λi fi(x), λ = (λ1, . . . , λm), òî, êàê ïîêàçàíî â [33],

çàäà÷à (36)�(37) ýêâèâàëåíòíà çàäà÷å ìèíèìèçàöèè ïî x L+
(
x, λ

)
ïðè

ëþáîì λ ≥ λ∗, ãäå

L+ (x, λ) = f0(x) +
m∑
i=1

λ+
i (x) fi(x);

λ+
i (x) =

 λi, fi(x) > 0,

0, fi(x) ≤ 0.
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Òàêèì îáðàçîì, èìåÿ îöåíêè ñâåðõó äëÿ ìíîæèòåëåé Ëàãðàíæà â

çàäà÷å âûïóêëîãî ïðîãðàììèðîâàíèÿ (âî ìíîãèõ ïðàêòè÷åñêèõ çàäà÷àõ

òàêîãî ðîäà îöåíêè äîâîëüíî ëåãêî ïîëó÷èòü), ìû ñâîäèì åå ê çàäà-

÷å ìèíèìèçàöèè íåãëàäêîé âûïóêëîé ôóíêöèè, äëÿ ðåøåíèÿ êîòîðîé

ìîæíî ïðèìåíÿòü ëþáîé èç èçëîæåííûõ âûøå îáîáùåííûõ ãðàäèåíò-

íûõ ìåòîäîâ. Ïðè ýòîì î÷åâèäíîå ïðåèìóùåñòâî ïî ñðàâíåíèþ ñ ¾ãëàä-

êèì¿ âàðèàíòîì ìåòîäà øòðàôíûõ ôóíêöèé (ìèíèìèçàöèè L̃
(
x, λ

)
=

= f0(x) +
m∑
i=1

λ+
i (x) f2

i (x)) ñîñòîèò â òîì, ÷òî äëÿ ïîëó÷åíèÿ ðåøåíèÿ

ñ âûñîêîé òî÷íîñòüþ íå íóæíî âûáèðàòü ñëèøêîì áîëüøèå øòðàôíûå

êîýôôèöèåíòû èëè óâåëè÷èâàòü èõ â ïðîöåññå ñ÷åòà, ÷òî îòðèöàòåëüíî

âëèÿåò íà ñêîðîñòü ñõîäèìîñòè.

Ìåòîä íåãëàäêèõ øòðàôíûõ ôóíêöèé ìîæíî ñ óñïåõîì èñïîëüçî-

âàòü äëÿ ïîëó÷åíèÿ ëîêàëüíûõ ýêñòðåìóìîâ â îáùèõ çàäà÷àõ íåëèíåé-

íîãî ïðîãðàììèðîâàíèÿ. Íàïðèìåð, òàêîé: íàéòè

min f0(x)

ïðè îãðàíè÷åíèÿõ âèäà

ϕi(x) ≤ 0, i = 1, . . . ,m, ψj(x) = 0, j = 1, . . . , l.

Çàìåíèì åå çàäà÷åé ìèíèìèçàöèè ôóíêöèè

Lλ,µ(x) = f0(x) +
m∑
i=1

λ
+

i (x)ϕi(x) +
l∑

j=1

µj |ψj(x)|

ïðè äîñòàòî÷íî áîëüøèõ {λi}mi=1 è {µj}lj=1. Äëÿ ìèíèìèçàöèè Lλ,µ(x)
ëó÷øå âñåãî èñïîëüçîâàòü îáîáùåííûé ãðàäèåíòíûé ìåòîä ñ ðàñòÿæå-

íèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðà-

äèåíòîâ.

Äðóãîé ñïîñîá ðåøåíèÿ ñîñòîèò â ñâåäåíèè çàäà÷ âûïóêëîãî ïðî-

ãðàììèðîâàíèÿ ê ñèñòåìå âûïóêëûõ íåðàâåíñòâ ñ íåèçâåñòíûì ïàðà-

ìåòðîì � çíà÷åíèåì ôóíêöèîíàëà â òî÷êå ìèíèìóìà. Â ñàìîì äåëå,

åñëè f∗ � ìèíèìàëüíàÿ âåëè÷èíà f0(x) â (36)�(37), òî ýòà çàäà÷à ýêâè-
âàëåíòíà ñèñòåìå íåðàâåíñòâ f0(x) − f∗ ≤ 0,

fi(x) ≤ 0, i = 1, . . . ,m.
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Äëÿ ðåøåíèÿ ýòîé çàäà÷è íàèáîëåå ïîäõîäèò âàðèàíò îáîáùåííîãî

ãðàäèåíòíîãî ìåòîäà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ãðàäè-

åíòà ñ àâòîìàòè÷åñêèì ïîäáîðîì ïàðàìåòðà f∗, àíàëîãè÷íûé àëãîðèòìó
ìèíèìèçàöèè ñ íåèçâåñòíûì çíà÷åíèåì ôóíêöèè â òî÷êå ìèíèìóìà [21].

Ïðè èñïîëüçîâàíèè ñõåì äåêîìïîçèöèè â ëèíåéíîì è âûïóêëîì ïðî-

ãðàììèðîâàíèè ÷àñòî âîçíèêàþò çàäà÷è ìèíèìèçàöèè âûïóêëûõ ôóíê-

öèé Φ(x) ïðè ïðîñòåéøèõ îãðàíè÷åíèÿõ âèäà x ≥ 0. Åñëè ê ðåøåíèþ

òàêîãî ðîäà çàäà÷ ïîïûòàòüñÿ ïðèìåíèòü ãðàäèåíòíûé ìåòîä ñ ðàñòÿæå-

íèåì ïðîñòðàíñòâà, òî íóæíî ïðèìåíèòü ëèáî ìåòîä øòðàôíûõ ôóíê-

öèé, ëèáî íåêîòîðûé àíàëîã ìåòîäà ïðîåêöèè ãðàäèåíòà, ÷òî çàòðóäíÿ-

åòñÿ â ñâÿçè ñ ïðèìåíåíèåì íåîðòîãîíàëüíûõ ïðåîáðàçîâàíèé ïðîñòðàí-

ñòâà.

Â [22] èññëåäîâàí áîëåå ïðîñòîé ñïîñîá ñâåäåíèÿ äàííîé çàäà÷è ê

áåçóñëîâíîé îïòèìèçàöèè, êîòîðûé çàêëþ÷àåòñÿ â òîì, ÷òî ðàññìàòðè-

âàåòñÿ ìèíèìèçàöèÿ ôóíêöèè F (y) = Φ(y+), ãäå êîìïîíåíòû âåêòîðà

y+ ðàâíû ìîäóëÿì êîìïîíåíò âåêòîðà y (ñõåìà ¾çåðêàëüíîãî îòðàæå-

íèÿ¿). Õîòÿ F (y) ìíîãîýêñòðåìàëüíà, íî âñå ëîêàëüíûå ìèíèìóìû ýòîé

ôóíêöèè ÿâëÿþòñÿ ãëîáàëüíûìè. Äëÿ ìèíèìèçàöèè F (y) ìîæíî ïðè-

ìåíèòü îáîáùåííûé ãðàäèåíòíûé ìåòîä ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ. Ôóíêöèÿ

F̃ (y) = Φ({y2
i }) èìååò ¾ëîæíûå¿ ñòàöèîíàðíûå òî÷êè (íàïðèìåð, y = 0)

è ïîýòîìó îíà ìåíåå óäîáíà.

Ñõåìà ¾çåðêàëüíîãî îòðàæåíèÿ¿ ñ óñïåõîì ïðèìåíÿëàñü ïðè ðåøå-

íèè çàäà÷: ëèíåéíîãî è âûïóêëîãî ïðîãðàììèðîâàíèÿ ñ èñïîëüçîâàíèåì

ñõåì äåêîìïîçèöèè; êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ, êîòîðûå, ñëå-

äóÿ [34], ñâîäèëèñü ê çàäà÷àì ìèíèìèçàöèè êâàäðàòè÷íûõ ôóíêöèé ïðè

ïðîñòåéøèõ îãðàíè÷åíèÿõ; çàäà÷ íåëèíåéíîãî ïðîãðàììèðîâàíèÿ (â ñî-

÷åòàíèè ñ ìåòîäîì øòðàôíûõ ôóíêöèé) äëÿ ¾èçúÿòèÿ¿ îäíîñòîðîííèõ

è äâóñòîðîííèõ îãðàíè÷åíèé íà îòäåëüíûå ïåðåìåííûå.

Èç ñïåöèàëüíûõ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ îòìåòèì

íåëèíåéíóþ òðàíñïîðòíóþ, êîòîðàÿ èãðàåò áîëüøóþ ðîëü ïðè ðàñ÷åòå

è âûáîðå îïòèìàëüíûõ ïàðàìåòðîâ ãèäðàâëè÷åñêèõ ñåòåé. Ðå÷ü èäåò îá

îïòèìàëüíîì ðàñïðåäåëåíèè ïîòîêà íà ñåòè ïðè çàäàííûõ ìîùíîñòÿõ

èñòî÷íèêîâ è ñòîêîâ â ñîîòâåòñòâèè ñ îïðåäåëåííîé öåëåâîé ôóíêöèåé,

çàâèñÿùåé îò ïàðàìåòðîâ ïîòîêà (îáû÷íî ñåïàðàáåëüíàÿ ôóíêöèÿ, àä-

äèòèâíûå êîìïîíåíòû êîòîðîé ÿâëÿþòñÿ ôóíêöèÿìè îò ìîäóëÿ ïîòîêà

âäîëü îïðåäåëåííîãî ðåáðà ñåòè). Åñëè ñäåëàòü íà ñåòè ðàçðåçû òàêèì

îáðàçîì, ÷òîáû ñåòü ïðåâðàòèëàñü â äåðåâî (÷èñëî ýòèõ ðàçðåçîâ ðàâíî

÷èñëó íåçàâèñèìûõ êîíòóðîâ â ñåòè), òî, çàäàâàÿ ïîòîêè âäîëü ðàçðåçîâ,

ìîæíî îäíîçíà÷íî îïðåäåëèòü, èñïîëüçóÿ ïåðâûé çàêîí Êèðõãîôà, ïî-
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òîêè âäîëü îñòàëüíûõ ðåáåð. Òàêèì îáðàçîì, íåëèíåéíàÿ òðàíñïîðòíàÿ

çàäà÷à ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè íåêîòîðîé ôóíêöèè îò ïîòîêîâ

âäîëü ðàçðåçîâ ñåòè. Êàê ïðàâèëî, ýòà ôóíêöèÿ îêàçûâàåòñÿ íåãëàä-

êîé, à ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî ïðîåêòèðîâàíèÿ � íåâûïóêëîé.

Äëÿ ïîëó÷åíèÿ ëîêàëüíûõ ìèíèìóìîâ ýôôåêòèâíûì ñðåäñòâîì îêà-

çàëñÿ ãðàäèåíòíûé ìåòîä ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè

ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ [22, 23].

Îáîáùåííûå ãðàäèåíòíûå ìåòîäû îñîáåííî ýôôåêòèâíû ïðè ðåøå-

íèè çàäà÷ ìèíèìèçàöèè ôóíêöèé âèäà: ϕ(x) = max
1≤i≤m

fi(x).

Â [23, 24] îïèñàí îïûò ðåøåíèÿ ìèíèìàêñíûõ çàäà÷ ñ èñïîëüçîâàíè-

åì r(α)-àëãîðèòìîâ. Ïðè ðåøåíèè ìèíèìàêñíûõ çàäà÷ áîëüøîé ðàçìåð-
íîñòè (1200 ïåðåìåííûõ) â [23] óñïåøíî áûë èñïîëüçîâàí ìåòîä, ïðîìå-

æóòî÷íûé ìåæäó ÎÃÑ è r(α)-àëãîðèòìîì, â êîòîðîì âìåñòî ìàòðèöû

Bk çàïîìèíàëàñü ïîñëåäîâàòåëüíîñòü âåêòîðîâ ξ1, . . . , ξk. È. Ã. Îâðóö-
êèì ïðîâåäåíà ñåðèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ ïî ïðèìåíåíèþ r(α)-
àëãîðèòìà äëÿ ðåøåíèÿ çàäà÷ èíòåðïðåòàöèè ðåçóëüòàòîâ ãåîôèçè÷å-

ñêèõ èçìåðåíèé ïî êðèòåðèþ ìèíèìèçàöèè ìàêñèìàëüíîãî îòêëîíåíèÿ

ðåçóëüòàòîâ, ïîëó÷åííûõ ñ ïîìîùüþ òåîðåòè÷åñêîé ìîäåëè, îò ðåçóëü-

òàòîâ èçìåðåíèé. Ýòà çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ ìèíèìóìà ϕi(x),
ãäå ϕ1(x) = max

1≤i≤m
|fi(x)− ai|; x � âåêòîð íåèçâåñòíûõ ïàðàìåòðîâ òåî-

ðåòè÷åñêîé ìîäåëè; fi(x) � òåîðåòè÷åñêîå çíà÷åíèå âåëè÷èíû â i-é òî÷-
êå; ai � åå èçìåðåííîå çíà÷åíèå. Îêàçàëîñü, ÷òî ðåøåíèå ýòîé çàäà÷è

òðåáóåò, êàê ïðàâèëî, ìåíüøå ìàøèííîãî âðåìåíè, ÷åì ðåøåíèå àíàëî-

ãè÷íîé çàäà÷è ïî ìåòîäó íàèìåíüøèõ êâàäðàòîâ, ò. å. íàõîæäåíèå ìè-

íèìóìà ϕ2(x) =
m∑
i=1

[fi(x) − ai]2. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî âû÷èñëåíèå

ïî÷òè-ãðàäèåíòà ôóíêöèè ϕ1(x) òðåáóåò ãîðàçäî ìåíüøå àðèôìåòè÷å-
ñêèõ îïåðàöèé, ÷åì ãðàäèåíò ϕ2(x).

Â çàêëþ÷åíèå îòìåòèì, ÷òî â Èíñòèòóòå êèáåðíåòèêè ÀÍ ÓÑÑÐ ðàç-

ðàáîòàíû ïðîãðàììû ïî îáîáùåííûì ãðàäèåíòíûì ìåòîäàì ñ ðàñòÿæå-

íèåì ïðîñòðàíñòâà íà ÿçûêàõ ¾ÀËÃÎË¿ è ¾ÔÎÐÒÐÀÍ¿ ïðèìåíèòåëü-

íî ê ÝÂÌ ÁÝÑÌ-6 è ñåðèè ÅÑ. Ñ èõ ïîìîùüþ ðåøàþòñÿ ïðàêòè÷åñêèå

çàäà÷è îòðàñëåâîãî ïëàíèðîâàíèÿ (â îñíîâíîì òðàíñïîðòíî-ïðîèçâîä-

ñòâåííûå çàäà÷è áîëüøîé ðàçìåðíîñòè), îïòèìàëüíîãî ïðîåêòèðîâàíèÿ

ñëîæíûõ òåõíè÷åñêèõ îáúåêòîâ (íàïðèìåð, Åäèíîé ãàçîñíàáæàþùåé

ñèñòåìû ÑÑÑÐ), îïðåäåëåíèÿ ïàðàìåòðîâ â íåëèíåéíûõ ìîäåëÿõ ðå-

ãðåññèè è äð. Äëÿ îöåíêè ýôôåêòèâíîñòè òàêèõ ïðîãðàìì ïðîâåäåíû

ìíîãî÷èñëåííûå ìîäåëüíûå ýêñïåðèìåíòû, ðåçóëüòàòû êîòîðûõ îïóá-

ëèêîâàíû â [22, 23].
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Íîâûå íàïðàâëåíèÿ â ðàçâèòèè
ìåòîäîâ íåãëàäêîé îïòèìèçàöèè

Í. Ç. Øîð

Êèáåðíåòèêà. � 1977. � � 6. � Ñ. 87�91.

Çà ïîñëåäíèå äâà � òðè ãîäà â îáëàñòè íåãëàäêîé îïòèìèçàöèè ïðî-

èçîøëè äîâîëüíî çàìåòíûå èçìåíåíèÿ, âûçâàííûå ïîâûøåííûì èíòå-

ðåñîì ê íåé ñî ñòîðîíû øèðîêîãî êðóãà ¾îïòèìèçàòîðîâ¿ � êàê ïðè-

êëàäíèêîâ, òàê è òåîðåòèêîâ.

Ïîÿâèëèñü íîâûå íàïðàâëåíèÿ � ýòî, â ïåðâóþ î÷åðåäü, ε-ñóáãðà-
äèåíòíûå ìåòîäû, ðàçëè÷íûì ìîäèôèêàöèÿì êîòîðûõ ïîñâÿùåíî óæå

äîâîëüíî ìíîãî ðàáîò (ñì., íàïðèìåð, [2]). Íà íîâîé èäåéíîé îñíîâå

âîçðîäèëñÿ èíòåðåñ ê ñõåìàì ñ ïîñëåäîâàòåëüíûì îòñå÷åíèåì. Â òî æå

âðåìÿ íàêîïèëñÿ áîëüøîé ýêñïåðèìåíòàëüíûé ìàòåðèàë ïî èñïîëüçîâà-

íèþ ñåìåéñòâà îáîáùåííûõ ãðàäèåíòíûõ ìåòîäîâ êàê ïðîñòåéøèõ (ìå-

òîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà), òàê è ìåòîäîâ ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà. Âñå ýòî òðåáóåò îïðåäåëåííîãî îñìûñëèâàíèÿ, ÷òîáû ïî-

íÿòü, ÷òî æå íà ñàìîì äåëå äîñòèãíóòî è â êàêîì íàïðàâëåíèè íàäî

äâèãàòüñÿ äàëüøå.

Íåñìîòðÿ íà òî, ÷òî ïðè ïîñòðîåíèè è îáîñíîâàíèè ïðîöåññîâ ðå-

ëàêñàöèîííîãî òèïà [3, 4] ïðè îïðåäåëåííûõ ïðåäïîëîæåíèÿõ ãëàäêî-

ñòè è ðåãóëÿðíîñòè ïîëó÷åíû çíà÷èòåëüíûå ðåçóëüòàòû, èìååòñÿ åùå

áîëüøàÿ ãðóïïà âàæíûõ â ïðàêòè÷åñêîì îòíîøåíèè çàäà÷, êîòîðûå ñ

òðóäîì ïîääàþòñÿ ðåøåíèþ àëãîðèòìàìè ýòîãî òèïà. Ãëàâíûì îáðà-

çîì, ýòî çàäà÷è ëèíåéíîãî è íåëèíåéíîãî ïðîãðàììèðîâàíèÿ âûñîêîé

ðàçìåðíîñòè. Êàê ïîêàçûâàåò âû÷èñëèòåëüíàÿ ïðàêòèêà, ïðèìåíåíèå

òàêîãî èñïûòàííîãî ñðåäñòâà, êàê ñèìïëåêñ-ìåòîä, ïðè ðåøåíèè çàäà÷

ëèíåéíîãî ïðîãðàììèðîâàíèÿ âûñîêîé ðàçìåðíîñòè ðåäêî ïðèâîäèò ê

óñïåõó, ÷òî ñâÿçàíî ñ ðåçêèì âîçðàñòàíèåì ÷èñëà èòåðàöèé è íàêîïëåíè-

åì îøèáîê îêðóãëåíèÿ. Èñïîëüçîâàíèå êëàññè÷åñêèõ ìåòîäîâ äåêîìïî-

çèöèè (íàïðèìåð, ìåòîäà Äàíöèãà � Âóëôà) îêàçàëîñü íà ïðàêòèêå ìà-

ëîýôôåêòèâíûì. Â òî æå âðåìÿ èñïîëüçîâàíèå ñõåì äåêîìïîçèöèè äëÿ

çàäà÷ áëî÷íîé ñòðóêòóðû ïðèâîäèò ê çàäà÷àì ìèíèìèçàöèè, êàê ïðà-

âèëî, ôóíêöèé ñ ðàçðûâíûì ãðàäèåíòîì îò ñâÿçûâàþùèõ ïåðåìåííûõ

èëè îò ìíîæèòåëåé Ëàãðàíæà, ñîîòâåòñòâóþùèõ ñâÿçûâàþùèì îãðàíè-

÷åíèÿì.

Ê çàäà÷àì ìèíèìèçàöèè ôóíêöèé ñ ðàçðûâíûì ãðàäèåíòîì ñâîäÿò-

ñÿ ìíîãèå ìîäåëè èãðîâîãî õàðàêòåðà, ¾ìíîãîêðèòåðèàëüíûå¿ ìîäåëè



45

îïòèìàëüíîãî ïëàíèðîâàíèÿ è ïðîåêòèðîâàíèÿ, êîãäà â êà÷åñòâå öåëå-

âîé ôóíêöèè âûñòóïàåò ôóíêöèÿ ìàêñèìóìà (êàê ïðàâèëî, íåãëàäêàÿ).

Áîëüøîé èíòåðåñ ïðåäñòàâëÿåò ìåòîä íåãëàäêèõ øòðàôíûõ ôóíê-

öèé. Äåëî â òîì, ÷òî íåãëàäêèå øòðàôíûå ôóíêöèè îïðåäåëåííîãî âè-

äà îáëàäàþò íåñîìíåííûì ïðåèìóùåñòâîì ïî ñðàâíåíèþ ñ îáû÷íî ïðè-

ìåíÿåìûìè ãëàäêèìè ôóíêöèÿìè øòðàôà: ïðè èñïîëüçîâàíèè íåãëàä-

êèõ øòðàôíûõ ôóíêöèé, êàê ïðàâèëî, íåò íåîáõîäèìîñòè óñòðåìëÿòü

øòðàôíûå êîýôôèöèåíòû ê ∞ è ìîæíî ïîëó÷èòü çàäà÷ó, â òî÷íî-

ñòè ýêâèâàëåíòíóþ ïåðâîíà÷àëüíîé çàäà÷å íåëèíåéíîãî ïðîãðàììèðî-

âàíèÿ, ïðè îïðåäåëåííûõ êîíå÷íûõ çíà÷åíèÿõ øòðàôíûõ êîýôôèöèåí-

òîâ [5, 6].

Íåîáõîäèìîñòü â ìèíèìèçàöèè íåãëàäêèõ ôóíêöèé, ñîñòîÿùèõ èç

àñòðîíîìè÷åñêîãî ÷èñëà ãëàäêèõ ¾êóñêîâ¿, âîçíèêàåò è ïðè ðåøåíèè çà-

äà÷ äèñêðåòíîãî ïðîãðàììèðîâàíèÿ, êîãäà ìû ïûòàåìñÿ â ìåòîäå âåòâåé

è ãðàíèö ïîëó÷èòü îöåíêè ãðàíèö ïóòåì ïåðåõîäà ê äâîéñòâåííîé çàäà-

÷å [2]. Ôóíêöèè ñ ðàçðûâíûì ãðàäèåíòîì ìîãóò òàêæå íåïîñðåäñòâåííî

âõîäèòü â ìîäåëü çàäà÷è îïòèìàëüíîãî ïëàíèðîâàíèÿ, ïðîåêòèðîâàíèÿ

èëè èññëåäîâàíèÿ îïåðàöèé êàê ðåçóëüòàò êóñî÷íî-ãëàäêîé àïïðîêñè-

ìàöèè òåõíèêî-ýêîíîìè÷åñêèõ õàðàêòåðèñòèê ðåàëüíûõ îáúåêòîâ.

Òàêèì îáðàçîì, ñôåðà ïðèìåíåíèÿ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè

îãðîìíà. Ñîçäàíèå ýôôåêòèâíûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè ÿâ-

ëÿåòñÿ êëþ÷îì ê ðåøåíèþ ìíîãèõ âû÷èñëèòåëüíûõ ïðîáëåì ìàòåìàòè-

÷åñêîãî ïðîãðàììèðîâàíèÿ, â îñîáåííîñòè äëÿ çàäà÷ âûñîêîé ðàçìåð-

íîñòè.

Íèæå ïðèâîäèòñÿ êðàòêèé ñðàâíèòåëüíûé àíàëèç àëãîðèòìîâ ðå-

øåíèÿ äîñòàòî÷íî îáùèõ êëàññîâ çàäà÷ ìèíèìèçàöèè ôóíêöèé ñ ðàç-

ðûâíûì ãðàäèåíòîì, íå òðåáóþùèõ äëÿ ñâîåé ðåàëèçàöèè àïðèîðíîãî

çàäàíèÿ êîíêðåòíîé ñòðóêòóðû ìèíèìèçèðóåìîé ôóíêöèè. Ïðåäîñòàâ-

ëÿåòñÿ ëèøü âîçìîæíîñòü âû÷èñëåíèÿ çíà÷åíèé ôóíêöèè è åå ãðàäè-

åíòîâ (èëè èõ àíàëîãîâ â ñëó÷àå íåäèôôåðåíöèðóåìîñòè � îïðåäåëåí-

íûõ ïðåäñòàâèòåëåé îáîáùåííûõ ãðàäèåíòíûõ ìíîæåñòâ) â ïðîèçâîëü-

íîé òî÷êå.

Åñëè èñêëþ÷èòü òàêèå óíèâåðñàëüíûå ñðåäñòâà, êàê ìåòîäû ñèñòå-

ìàòè÷åñêîãî ïåðåáîðà è ñëó÷àéíîãî ïîèñêà, òî ìîæíî âûäåëèòü òðè

îñíîâíûõ êëàññà ñïåöèôè÷åñêèõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè, äëÿ

ðåàëèçàöèè êîòîðûõ èñïîëüçóåòñÿ âû÷èñëåíèå îáîáùåííûõ ãðàäèåíòîâ.

Íàèáîëåå ðàçâèòûì èç íèõ ÿâëÿåòñÿ êëàññ íåìîíîòîííûõ îáîáùåííûõ

ãðàäèåíòíûõ ìåòîäîâ, êîòîðûå íà÷èíàÿ ñ 1961 ãîäà àêòèâíî ðàçðàáàòû-

âàþòñÿ è èññëåäóþòñÿ â Èíñòèòóòå êèáåðíåòèêè ÀÍ ÓÑÑÐ [1]. Íàèáî-

ëåå ïðîñòûì è îáùèì ÿâëÿåòñÿ ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà
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(ÎÃÑ). Åãî ìîæíî ïðèìåíÿòü êàê äëÿ ìèíèìèçàöèè âûïóêëûõ ôóíê-

öèé, òàê è äëÿ ïîëó÷åíèÿ ëîêàëüíûõ ýêñòðåìóìîâ â ñëó÷àå áîëåå îá-

ùåãî êëàññà ëîêàëüíî ëèïøèöåâûõ (ïî÷òè-äèôôåðåíöèðóåìûõ) ôóíê-

öèé [7]. Îí íå òðåáóåò äîïîëíèòåëüíîé ïàìÿòè, îäíàêî íåäîñòàòêîì

åãî ÿâëÿåòñÿ ìåäëåííàÿ ñõîäèìîñòü è íå âñåãäà õîðîøî êîíòðîëèðó-

åìàÿ òî÷íîñòü ðåøåíèÿ. Èç àëãîðèòìîâ ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

íàèáîëåå õîðîøî ýêñïåðèìåíòàëüíî èññëåäîâàíû ìåòîäû ñ ðàñòÿæåíè-

åì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðà-

äèåíòîâ (r-àëãîðèòìû) [9, 10]. Åñëè ðàçìåðíîñòü ïðîñòðàíñòâà, â êî-

òîðîì ïðîèñõîäèò ìèíèìèçàöèÿ, íå ïðåâûøàåò 200�300, öåëåñîîáðàç-

íîñòü èñïîëüçîâàíèÿ r-àëãîðèòìîâ âìåñòî ÎÃÑ â áîëüøèíñòâå ñëó÷àåâ

íå âûçûâàåò ñîìíåíèé. Ïðè á�îëüøèõ ðàçìåðíîñòÿõ ñîëèäíàÿ äîëÿ âû-

÷èñëèòåëüíîé ðàáîòû óõîäèò íà ïðåîáðàçîâàíèå ìàòðèöû ðàñòÿæåíèÿ

ïðîñòðàíñòâà. Òðóäîåìêîñòü îäíîé èòåðàöèè â r-àëãîðèòìå ìîæåò ïðå-
âûñèòü â íåñêîëüêî ðàç òðóäîåìêîñòü îäíîé èòåðàöèè â ìåòîäå ÎÃÑ, è

çäåñü öåëåñîîáðàçíîñòü ïðèìåíåíèÿ r-àëãîðèòìà òåì áîëüøå, ÷åì ìåíü-

øå îòíîñèòåëüíàÿ äîëÿ âðåìåíè, èäóùåãî íà ïðåîáðàçîâàíèå ìàòðèöû,

è ÷åì áîëüøàÿ òî÷íîñòü òðåáóåòñÿ îò ðåçóëüòàòà. Â êàæäîì êîíêðåò-

íîì ñëó÷àå íóæíî îöåíèòü âðåìÿ ðåøåíèÿ. Ïðè ýòîì ìîæíî ïîëüçî-

âàòüñÿ ñëåäóþùèì ýìïèðè÷åñêèì ïðàâèëîì äëÿ r-àëãîðèòìîâ: îòíîñè-
òåëüíàÿ òî÷íîñòü ðåøåíèÿ ïî ôóíêöèîíàëó óâåëè÷èâàåòñÿ íà ïîðÿäîê

÷åðåç êàæäûå n − 1, 5n èòåðàöèé (n � ðàçìåðíîñòü ìèíèìèçèðóåìîé

ôóíêöèè). ×òî êàñàåòñÿ ìåòîäà ÎÃÑÐÏ [1], òî åãî, ïî-âèäèìîìó, ñòîèò

ïðèìåíÿòü, òîëüêî êîãäà èçâåñòíî çíà÷åíèå ôóíêöèè â òî÷êå ìèíèìóìà.

Â ïðîòèâíîì ñëó÷àå r-àëãîðèòì ÿâëÿåòñÿ áîëåå ýôôåêòèâíûì.

Äëÿ ðåøåíèÿ çàäà÷ ñòîõàñòè÷åñêîãî ïðîãðàììèðîâàíèÿ ñ óñïåõîì

ïðèìåíÿþòñÿ ñòîõàñòè÷åñêèå àíàëîãè ìåòîäà ÎÃÑ [11].

Â ÑØÀ è Çàïàäíîé Åâðîïå ãðàäèåíòíûìè ìåòîäàìè ìèíèìèçàöèè

íåãëàäêèõ ôóíêöèé ñåðüåçíî íà÷àëè çàíèìàòüñÿ ïðèìåðíî ñ 1973 ã. ñíà-

÷àëà â ñâÿçè ñ ïðèëîæåíèÿìè â îáëàñòè äèñêðåòíîãî ïðîãðàììèðîâàíèÿ

[12], à çàòåì � â öåëîì äëÿ ðåøåíèÿ çàäà÷ áîëüøîé ðàçìåðíîñòè [13].

Îá èññëåäîâàíèè ðàáîò ïî ýòîé ïðîáëåìå íà Çàïàäå äîñòàòî÷íî ïîëíîå

ïðåäñòàâëåíèå äàåò ñáîðíèê ñòàòåé [2]. Ñ òåõ ïîð èíòåðåñ è êîëè÷åñòâî

ïå÷àòíûõ ðàáîò â ýòîì íàïðàâëåíèè ðàñòóò ëàâèíîîáðàçíî. Îñîáåííî

èíòåíñèâíî ðàçâèâàåòñÿ íàïðàâëåíèå òàê íàçûâàåìîé ε-ñóáãðàäèåíòíîé
îïòèìèçàöèè, ïî èäåå áëèçêîå, ñ îäíîé ñòîðîíû, ê àëãîðèòìàì Â. Ô. Äå-

ìüÿíîâà ðåøåíèÿ ìèíèìàêñíûõ çàäà÷ [14], ò. å. ê ìåòîäàì ε-íàèñêîðåé-
øåãî ñïóñêà, à ñ äðóãîé (îñîáåííî â ôîðìàëüíîì îòíîøåíèè), � ê àë-

ãîðèòìàì ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ (èëè ¾äàâèäîíîâñêîãî¿

òèïà) [15, 16].
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Ê íàñòîÿùåìó âðåìåíè ðàçðàáîòàíû ëèøü ìîíîòîííûå âàðèàíòû ε-
ñóáãðàäèåíòíûõ ìåòîäîâ, êîòîðûå ïî êîëè÷åñòâó âû÷èñëåíèé íà îäíîé

èòåðàöèè â êàêîé-òî ñòåïåíè ÿâëÿþòñÿ ïðîìåæóòî÷íûìè ìåæäó ìåòî-

äîì ÎÃÑ è ìåòîäàìè ñ ðàñòÿæåíèåì ïðîñòðàíñòâà. Ê ñîæàëåíèþ, ýòè

âàðèàíòû åùå î÷åíü íåäîñòàòî÷íî èññëåäîâàíû ýêñïåðèìåíòàëüíî, à

òåîðåòè÷åñêè îáîñíîâàííàÿ ñêîðîñòü ñõîäèìîñòè (òî÷íîñòü ïîðÿäêà 1/k
çà k3 èòåðàöèé [16] íå äàåò îñíîâàíèé ê îïòèìèçìó. Ïðîâåäåííûå íàìè

÷èñëåííûå ýêñïåðèìåíòû ïîêàçàëè çíà÷èòåëüíîå ïðåèìóùåñòâî r-àëãî-
ðèòìîâ ïî ñðàâíåíèþ ñ ε-ñóáãðàäèåíòíûìè ìåòîäàìè.

È, íàêîíåö, â ñâÿçè ñ èññëåäîâàíèåì îïòèìàëüíûõ àëãîðèòìîâ ìè-

íèìèçàöèè âûïóêëûõ ôóíêöèé çàíîâî âîçðîäèëñÿ èíòåðåñ ê ñõåìàì ïî-

ñëåäîâàòåëüíûõ îòñå÷åíèé îïîðíûìè ãèïåðïëîñêîñòÿìè. Ñðåäè àëãî-

ðèòìîâ ýòîãî òèïà äâà áûëè íàèáîëåå èçâåñòíû.

1. Ìåòîä ñåêóùèõ Êåëëè [17]. Îñíîâàí íà êóñî÷íî-ëèíåéíîé àïïðîê-

ñèìàöèè ãðàôèêà âûïóêëîé ôóíêöèè ñ èñïîëüçîâàíèåì îïîðíûõ ãèïåð-

ïëîñêîñòåé. Íà êàæäîì øàãå ýòîãî ìåòîäà ïðèõîäèòñÿ ðåøàòü çàäà÷ó

ëèíåéíîãî ïðîãðàììèðîâàíèÿ, ïðè÷åì îò øàãà ê øàãó ÷èñëî îãðàíè÷å-

íèé çàäà÷è ìîæåò âîçðàñòàòü.

2. Ìåòîä öåíòðèðîâàííûõ ñå÷åíèé À. Þ. Ëåâèíà. Îñíîâàí íà ïðîâå-

äåíèè îïîðíûõ ãèïåðïëîñêîñòåé ê ïîâåðõíîñòè óðîâíÿ âûïóêëîé ôóíê-

öèè, ïðîõîäÿùèõ ÷åðåç öåíòð òÿæåñòè îáëàñòè ëîêàëèçàöèè îïòèìóìà

[18]. Ïîñëåäîâàòåëüíûå ïðîöåäóðû îòñå÷åíèÿ â ìåòîäå öåíòðèðîâàííûõ

ñå÷åíèé îêàçûâàþòñÿ âåñüìà ýôôåêòèâíûìè, îäíàêî ñëîæíîñòü âû÷èñ-

ëåíèÿ öåíòðà òÿæåñòè â ìíîãîìåðíîì ñëó÷àå ñâîäèò íà íåò ïðàêòè÷å-

ñêóþ öåííîñòü ìåòîäà (ñì. [19]).

Â ïîñëåäíåå âðåìÿ îáíàðóæèëèñü î÷åíü èíòåðåñíûå ñâÿçè ìåæäó àë-

ãîðèòìàìè ïîñëåäîâàòåëüíûõ îòñå÷åíèé è àëãîðèòìàìè ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà [19, 20]. Ïðèâåäåì íåêîòîðûå äîïîëíèòåëüíûå ðåçóëüòàòû

â ýòîì íàïðàâëåíèè. Â ðàáîòå [20] ïîêàçàíî, ÷òî îäíà èç ìîäèôèêàöèé

ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

â íàïðàâëåíèè ãðàäèåíòà (ÎÃÑÐÏ) ôàêòè÷åñêè ðåàëèçóåò ìîäèôèöè-

ðîâàííûé ìåòîä öåíòðèðîâàííûõ ñå÷åíèé (ÌÌ ÖÑ), ðàññìîòðåííûé â

[19] ïðèìåíèòåëüíî ê çàäà÷å âûïóêëîãî ïðîãðàììèðîâàíèÿ, è ïîçâîëÿåò

ïîñëåäîâàòåëüíî ñòðîèòü n-ìåðíûå ýëëèïñîèäû Φk, k = 0, 1, 2, . . ., âíóò-
ðè êîòîðûõ ëîêàëèçîâàí îïòèìóì, ïðè÷åì îáúåìû v0, v1, . . . , vk, . . . ýòèõ
ýëëèïñîèäîâ ïðåäñòàâëÿþò ñîáîé óáûâàþùóþ ãåîìåòðè÷åñêóþ ïðîãðåñ-

ñèþ ñî çíàìåíàòåëåì

qn =

√
n− 1
n+ 1

(
n√

n2 − 1

)n
.
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Ýòîò ðåçóëüòàò ìîæåò îáîáùàòüñÿ è óòî÷íÿòüñÿ ïî íåñêîëüêèì íàïðàâ-

ëåíèÿì.

1. Èç àíàëèçà äîêàçàòåëüñòâà îñíîâíîé ëåììû [20] âèäíî, ÷òî â íåì,

ïî ñóùåñòâó, èñïîëüçóåòñÿ òîëüêî ñëåäóþùåå ñâîéñòâî ñóáãðàäèåíòíîãî

ïîëÿ íàïðàâëåíèé g(x):

(g(x), x − x∗) ≥ 0, (1)

ãäå x∗ � èñêîìàÿ îïòèìàëüíàÿ òî÷êà.
Ïîýòîìó âñå, ÷òî áûëî ñêàçàíî â [20] ïî ïîâîäó ðåøåíèÿ çàäà÷è âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ, ìîæíî ïåðåíåñòè íà áîëåå îáùèé ñëó÷àé

âåêòîðíîãî ïîëÿ, îáëàäàþùåãî ñâîéñòâîì (1).

Èòàê, ïóñòü èìåþòñÿ âåêòîðíîå ïîëå g(x), îïðåäåëåííîå íà En, è
òî÷êà x∗ ∈ En, ëåæàùàÿ íà ðàññòîÿíèè, íå ïðåâûøàþùåìR îò çàäàííîé

òî÷êè x0, äëÿ êîòîðîé ñïðàâåäëèâî ñîîòíîøåíèå (1) ïðè ëþáîì x ∈ En
(ïðè÷åì g(x) 6= 0 ïðè x 6= x∗).

Ïðè n > 1 ðàññìîòðèì ñëåäóþùèé èòåðàòèâíûé àëãîðèòì.

Ïåðåä ïåðâûì øàãîì èìååì x0 ∈ En; B0 = In � åäèíè÷íàÿ ìàòðèöà,
h0 = R/(n + 1). Ïóñòü ïðîäåëàíî k øàãîâ è ïîëó÷åíî xk ∈ En,
Bk � ìàòðèöó ðàçìåðà n× n è hk.

Ïåðåõîäèì ê (k + 1)-ìó øàãó, íà êîòîðîì âû÷èñëÿåì:

1) g(xk);
2) ξk = B∗

kg(xk)/ ‖B∗
kg(xk)‖;

3) xk+1 = xk − hkBkξk;
4) Bk+1 = Bk · Rβ(ξk), β =

√
(n− 1)/(n+ 1); Rβ(ξk) � îïåðàòîð

ðàñòÿæåíèÿ ïðîñòðàíñòâà, Rβ(ξk)x = x+ (β − 1)(x, ξ)ξ [1];

5) hk+1 = hk · r, r = n/
√
n2 − 1.

Ñïðàâåäëèâî óòâåðæäåíèå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïîñëåäîâàòåëüíîñòü {xk}∞k=0, ãåíåðèðóåìàÿ âûøåïðèâå-

äåííûì àëãîðèòìîì, óäîâëåòâîðÿåò íåðàâåíñòâàì:

‖Ak(xk − x∗)‖ ≤ hk(n+ 1); Ak = B−1
k .

Äîêàçàòåëüñòâî òåîðåìû 1 ïðàêòè÷åñêè íå îòëè÷àåòñÿ îò äîêàçà-

òåëüñòâà îñíîâíîé ëåììû â [20].

Ïðèìåíèì òåîðåìó 1 ê îïðåäåëåíèþ ñåäëîâîé òî÷êè âûïóêëî-âîãíó-

òîé ôóíêöèè. Ïóñòü çàäàíà âûïóêëî-âîãíóòàÿ ôóíêöèÿ äâóõ âåêòîðíûõ

ïåðåìåííûõ

f(x, y), x ∈ En, y ∈ Em, z = {x, y} ∈ En × Em ≡ En+m.
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Ïóñòü z∗ � ñåäëîâàÿ òî÷êà ýòîé ôóíêöèè, z0 � çàäàííîå íà÷àëüíîå

ïðèáëèæåíèå è àïðèîðè èçâåñòíî, ÷òî ‖z0 − z∗‖ ≤ R.
Ðàññìîòðèì ïñåâäîãðàäèåíòíîå ìíîæåñòâî

G(z) = Gxf (x, y)× (−Gyf (x, y)),
ãäå Gxf (x, y) � ìíîæåñòâî ÷àñòíûõ ñóáãðàäèåíòîâ ôóíêöèè f(x, y), êîòî-
ðàÿ ðàññìàòðèâàåòñÿ êàê ôóíêöèÿ îò x ïðè ôèêñèðîâàííîì y; −Gyf(x, y)
� ìíîæåñòâî ñóáãðàäèåíòîâ îò ôóíêöèè −f(x, y) ïî y ïðè ôèêñèðîâàí-
íîì x. Ñôîðìèðóåì âåêòîðíîå ïîëå g(z) ñëåäóþùèì îáðàçîì:

g(z) = {gxf (z),−gyf(z)}; gxf (z) ∈ Gxf (z); gyf(z) ∈ Gyf (z).
Ïîêàæåì, ÷òî (g(z), z−z∗) ≥ 0. Èç îïðåäåëåíèÿ ñåäëîâîé òî÷êè ñëåäóåò

f(x, y∗) ≥ f(x∗, y∗) ≥ f(x∗, y).

Äàëåå,

0 ≤ f(x, y∗)− f(x∗, y) = f(x, y∗)− f(x, y) + f(x, y)− f(x∗, y) ≤
≤ (gxf (z), x− x∗)− (gyf(z), y − y∗) = (g(z), z − z∗).

Òàêèì îáðàçîì, äëÿ ëîêàëèçàöèè ñåäëîâîé òî÷êè z∗ ìîæíî ïðèìåíèòü
àëãîðèòì 1)�5).

2. Äëÿ çàäà÷è áåçóñëîâíîé ìèíèìèçàöèè âûïóêëîé ôóíêöèè f(x),
îïðåäåëåííîé íà En, õîòåëîñü áû ïåðåéòè îò îöåíêè ñêîðîñòè ñõîäè-

ìîñòè àëãîðèòìà, âûðàæåííîé â òåðìèíàõ óìåíüøåíèÿ îáúåìà îáëàñòè

ëîêàëèçàöèè ìèíèìóìà, ê îöåíêå ñêîðîñòè ñõîäèìîñòè ïî ôóíêöèîíàëó.

Äëÿ ýòîãî äîêàæåì ñëåäóþùèé ôàêò, îòíîñÿùèéñÿ ê êëàññó àëãîðèòìîâ

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ãðàäèåíòà (ÎÃÑÐÏ) [1].

Òåîðåìà 2. Ïóñòü â ïðîöåññå ïðèìåíåíèÿ àëãîðèòìà ÎÃÑÐÏ âûïîë-

íÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) ‖g(xk)‖ ≤ d, k = 0, 1, . . .;
2) 1 < α = αk, βk = 1/αk, è ïóñòü g̃(xk) = B∗

kg(xk), Ak = B−1
k .

Òîãäà min
1≤r≤k

‖gr(xr)‖ ≤ d
√
k(α2 − 1)√
α2k/n − 1

, k = 1, 2, . . .

Äîêàçàòåëüñòâî. Çàïèøåì ìàòðèöó Ak â âèäå ïðîèçâåäåíèÿ îð-

òîãîíàëüíîé ìàòðèöû Ok è ñèììåòðè÷íîé ïîëîæèòåëüíî îïðåäåëåííîé
ìàòðèöû Sk : Ak = Ok · Sk. Òàê êàê Ak = Rα(ξk) . . . Rα(ξ1), òî ïðîèçâå-
äåíèå ñîáñòâåííûõ ÷èñåë ìàòðèöû Sk ðàâíî

detSk = detAk = αk.
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Ïóñòü {λ(k)
i }ni=1 � ïîñëåäîâàòåëüíîñòü ñîáñòâåííûõ ÷èñåë îïåðàòî-

ðà Sk, çàïèñàííûõ â ïîðÿäêå íåóáûâàíèÿ, {e(k)i }ni=1 � ñîîòâåòñòâóþùàÿ

îðòîíîðìèðîâàííàÿ ñèñòåìà ñîáñòâåííûõ âåêòîðîâ

Ske
(k)
i = λ

(k)
i e

(k)
i ;

n∏
i=1

λ
(k)
i = αk; λ(k)

n ≥ α
k
n . (2)

Ïóñòü Oke
(k)
i = e

(k)
i . Ñèñòåìà âåêòîðîâ {e(k)i }ni=1 òàêæå ÿâëÿåòñÿ îð-

òîíîðìèðîâàííîé ââèäó îðòîãîíàëüíîñòè Ok. Çàïèøåì gf(xk) â ñëåäó-
þùåì âèäå:

gf (xk) =
n∑
i=1

g
(k)
i e

(k)
i ;

n∑
i=1

(g(k)
i )2 ≤ d2.

Äàëåå,

ξk+1 =
g̃k
‖g̃k‖ =

n∑
i=1

µ
(k)
i e

(k)
i , ãäå µ

(k)
i =

g
(k)
i

λ
(k)
i ‖g̃k‖

.

Äîêàçàòåëüñòâî ïðîâåäåì ìåòîäîì îò ïðîòèâíîãî.

Ïóñòü äëÿ íåêîòîðîãî k

vk = min ‖g̃r‖ > d ·
√
k(α2 − 1)√
α2k/n − 1

. (3)

Òîãäà äëÿ r ≤ k, 1 ≤ i ≤ n èç (3) ïîëó÷àåì:

|µ(r)
i | ≤ |g(r)

i |√α2k/n − 1

λ
(r)
i d

√
k(α2 − 1)

. (4)

Èñïîëüçóÿ ýòî ñîîòíîøåíèå, îöåíèì ïðè r, 1 ≤ r ≤ k − 1, ðàçíîñòü
(λ(r+1)
n )2 − (λ(r)

n )2 (λ
(r)
n � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî îïåðàòîðà

Sr). Ðàññìîòðèì ïðîèçâîëüíûé âåêòîð a, ‖a‖ = 1:

a =
n∑
i=1

aie
(r)
i ;

n∑
i=1

a2
i = 1; Ara =

n∑
i=1

aiλ
(r)
i e

(r)
i ; (5)

λ(r+1)
n = max

‖a‖=1
‖Ar+1a‖ = max

‖a‖=1
‖Rα(ξr+1)Ara‖ . (6)

Âîñïîëüçóåìñÿ ôîðìóëîé (ñì. [1]):

‖Rα(ξ)x‖ =
√
‖x‖2 + (α2 − 1)(x, ξ)2.
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Ïðèíÿâ x = Ara, èç (4)�(6) ïîëó÷àåì:

[
λ(r+1)
n

]2
= max

‖a‖=1

[
n∑
i=1

a2
i (λ

(r)
i )2 + (α2 − 1)

(
n∑
i=1

aiλ
(r)
i µ

(r)
i

)2]
≤

≤ max
‖a‖=1

[
(λ(r)
n )2+(α2−1)

(
n∑
i=1

∣∣∣aig(r)
i

∣∣∣)2
(α

2k
n − 1)

kd 2(α2 − 1)

]
≤
[
λ(r)
n

]2
+
α

2k
n − 1
k

;

[
λ(r+1)
n

]2
<
[
λ(r)
n

]2
+
α

2k
n − 1
k

; r < k.

Îòñþäà
[
λ

(k)
n

]2
< 1 + (α

2k
n − 1) = α

2k
n . Ýòî ïðîòèâîðå÷èò λ

(k)
n ≥ α

k
n .

Òåîðåìà äîêàçàíà. Êàê ñëåäñòâèå ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Â ïðåäïîëîæåíèÿõ òåîðåìû 2 ïðè èñïîëüçîâàíèè îïèñàí-

íîãî íàìè àëãîðèòìà 1)�5) è ‖x0 − x∗‖ ≤ R

ρk = min
0≤r≤k

[f(xr)− f(x∗)] ≤ Rdk
√
k(α2 − 1)√

1− β2k/n
· (qn)k/n, k = 1, 2, . . . ,

ãäå dk = max
0≤r≤k

‖g(xr)‖.

3. Òàê êàê äëÿ äîñòàòî÷íî áîëüøèõ n qn ≈ 1 − 1/(2n), òî òåîðåìà 3
ãàðàíòèðóåò ñêîðîñòü ñõîäèìîñòè ¾ðåêîðäîâ¿ îòêëîíåíèé ôóíêöèîíà-

ëîâ îò îïòèìàëüíîãî çíà÷åíèÿ, ñîîòâåòñòâóþùóþ ñêîðîñòè ñõîäèìîñòè

ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì s ≈ 1 − 1/(2n2). Â òî æå

âðåìÿ, êàê ïîêàçàíî â [19], îïòèìàëüíûå àëãîðèòìû äîëæíû îáåñïå÷è-

âàòü òàêóþ æå ñêîðîñòü ñõîäèìîñòè ïî ôóíêöèîíàëó, êàê ãåîìåòðè÷å-

ñêàÿ ïðîãðåññèÿ ñî çíàìåíàòåëåì 1− c/n, îäíàêî èçâåñòíûå àëãîðèòìû,
êîòîðûå îáåñïå÷èâàþò ñîîòâåòñòâóþùóþ ñêîðîñòü ñõîäèìîñòè ïî îòíî-

øåíèþ ê ÷èñëó âû÷èñëåíèé ñóáãðàäèåíòîâ, òðåáóþò ñëèøêîì áîëüøîãî

÷èñëà äîïîëíèòåëüíûõ îïåðàöèé íà îäíîé èòåðàöèè [19]. Òàêèì îáðà-

çîì, ïåðåä íàìè ñòîèò âåñüìà èíòåðåñíàÿ è àêòóàëüíàÿ çàäà÷à: ïîñòðî-

èòü ýôôåêòèâíûå ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ àëãîðèòìû, êîòîðûå

äëÿ äîñòàòî÷íî øèðîêîãî êëàññà âûïóêëûõ ôóíêöèé ñõîäÿòñÿ ïî ôóíê-

öèîíàëó ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè, çíàìåíàòåëü êîòîðîé

èìååò çàâèñèìîñòü îò ðàçìåðíîñòè â ôîðìå q = 1 − c/n, c > 0. Ìîæåì

íàäåÿòüñÿ, ÷òî ïîäîáíûå àëãîðèòìû óäàñòñÿ ïîëó÷èòü, êîìáèíèðóÿ ñõå-

ìû îòñå÷åíèÿ ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà.
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Áîëüøîé èíòåðåñ ïðåäñòàâëÿåò ïðîáëåìà ïîñòðîåíèÿ íåìîíîòîííûõ

âàðèàíòîâ ε-ñóáãðàäèåíòíûõ ïðîöåññîâ, îáëàäàþùèõ ñóùåñòâåííî óñêî-
ðåííîé ñõîäèìîñòüþ ïî ñðàâíåíèþ ñ ìåòîäàìè ÎÃÑ è íå òðåáóþùèõ çíà-

÷èòåëüíîé äîïîëíèòåëüíîé ïàìÿòè. Ðåøåíèå ýòèõ ïðîáëåì äàñò äîïîë-

íèòåëüíûé ñòèìóë äëÿ èñïîëüçîâàíèÿ ìåòîäîâ ìèíèìèçàöèè íåãëàäêèõ

ôóíêöèé ïðè ðåøåíèè ñëîæíûõ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðî-

âàíèÿ.
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Ìåòîä ðàñòÿæåíèÿ ïðîñòðàíñòâà äëÿ
óñêîðåíèÿ ñõîäèìîñòè â çàäà÷àõ

îâðàæíîãî òèïà

Í. Ç. Øîð, Â. È. Áèëåöêèé

Òåîðèÿ îïòèìàëüíûõ ðåøåíèé. � 1969. � � 2. � Ñ. 3�16.

1. Ââåäåíèå

Ìû áóäåì ðàññìàòðèâàòü çàäà÷ó ìèíèìèçàöèè âûïóêëîé ôóíêöèè f(x)
â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En. Îò ôóíêöèè f(x) ìû íå áó-

äåì òðåáîâàòü íåïðåðûâíîñòè ïðîèçâîäíûõ ïî íàïðàâëåíèþ, ïîýòîìó

âìåñòî ïîëÿ ãðàäèåíòîâ íàì ïðèäåòñÿ ðàññìàòðèâàòü åãî àíàëîã � ïîëå

îáîáùåííûõ ãðàäèåíòîâ [2], ò. å. ñîâîêóïíîñòü âåêòîðîâ ĝ (x0), îáëàäà-
þùèõ ñëåäóþùèì ñâîéñòâîì:

f(x)− f (x0) ≥ (ĝ (x0) , x− x0).

Ïóñòü åäèíñòâåííûé ìèíèìóì ôóíêöèè f(x) äîñòèãàåòñÿ â òî÷êå x∗ = 0
è f(x∗) = 0. Åñëè f(x) 6≡ 0, òî ïîâåðõíîñòè f(x) = c > 0 ÿâëÿþòñÿ

çàìêíóòûìè è âûïóêëûìè. Äëÿ ëþáîãî c > 0 è α, |α| = 1 íàéäóòñÿ

ïîëîæèòåëüíûå t
α
c è tαc òàêèå, ÷òî

f
(
t
α
c α
)

= f (−tαc α) = c.

Îáîçíà÷èì t
α
c + tαc ÷åðåç tαc . max

|α1|=|α2|=1

tα1
c

tα2
c

= k(c) íàçîâåì ëîêàëüíûì

êîýôôèöèåíòîì îâðàæíîñòè, k = lim
ε→+0

sup
c≤ε

k(c) � êîýôôèöèåíò îâðàæ-

íîñòè. Åñëè k = +∞, òî ôóíêöèÿ f(x) íàçûâàåòñÿ ñóùåñòâåííî îâðàæ-
íîé.

Èç ðàáîòû [2] ÿñíî, ÷òî ñêîðîñòü ñõîäèìîñòè îáîáùåííîãî ãðàäèåíò-

íîãî ñïóñêà, åñëè âñÿ òðàåêòîðèÿ ñïóñêà ïðîõîäèò â îáëàñòè f(x) ≤ c

ìîæåò áûòü ëèíåéíîé ñ ïîêàçàòåëåì
√

1− [ supr≤c k(r) ]2/ supr≤c k(r),
åñëè supr≤c k(r) <∞. Åñëè ôóíêöèÿ f(x) ÿâëÿåòñÿ ñóùåñòâåííî îâðàæ-
íîé, òî îáû÷íûé îáîáùåííûé ãðàäèåíòíûé ñïóñê íå ãàðàíòèðóåò äàæå

ëèíåéíîé ñêîðîñòè ñõîäèìîñòè ñ ïîêàçàòåëåì, ïðîèçâîëüíî áëèçêèì ê

åäèíèöå.
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Â òî æå âðåìÿ ñóùåñòâåííî îâðàæíûå ôóíêöèè íå ÿâëÿþòñÿ â êàêîì-

òî ñìûñëå ïàòîëîãè÷åñêèìè, ïðàêòè÷åñêè ðåäêî âñòðå÷àþùèìèñÿ. Îñî-

áåííî åñòåñòâåííî îíè ïîÿâëÿþòñÿ â çàäà÷àõ ìèíèìàêñíîãî òèïà. Êàê

ïîêàçûâàåò ïðèìåð f(x) = max
[
x2 + y2, (x − 1)2 + y2

]
, â ýòèõ çàäà÷àõ

ñóùåñòâåííàÿ îâðàæíîñòü ÿâëÿåòñÿ ñêîðåå íå èñêëþ÷åíèåì, à ïðàâèëîì.

Â ñâÿçè ñ ýòèì ïîëó÷åíèå âûñîêîé òî÷íîñòè ìèíèìèçàöèè â çàäà÷àõ

ìèíèìàêñíîãî òèïà ïðåäñòàâëÿåò çíà÷èòåëüíûå òðóäíîñòè.

Ìåòîäû ðåøåíèÿ çàäà÷ îâðàæíîãî òèïà, îïèñàííûå â ëèòåðàòóðå [1],

îáû÷íî îñíîâûâàþòñÿ íà ñëåäóþùåé èäåå: ðàññìàòðèâàÿ íåêîòîðûé îò-

ðåçîê ìèíèìèçèðóåìîé ïîñëåäîâàòåëüíîñòè, íóæíî îïðåäåëèòü íàïðàâ-

ëåíèå ¾âäîëü îâðàãà¿ è â ýòîì íàïðàâëåíèè äâèãàòüñÿ ñ áîëüøèì øàãîì.

Ïðåäëàãàåìûé íèæå ìåòîä îñíîâàí íà äðóãîé èäåå, ñóòü êîòîðîé

ñâîäèòñÿ ê òîìó, ÷òîáû ñäåëàòü ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà En, íà-
ïðàâëåííûå íà óìåíüøåíèå ëîêàëüíûõ êîýôôèöèåíòîâ îâðàæíîñòè.

Ïëîõàÿ ñõîäèìîñòü ãðàäèåíòíûõ ìåòîäîâ äëÿ îâðàæíîãî òèïà îáóñ-

ëîâëåíà òåì, ÷òî íàïðàâëåíèå ãðàäèåíòà (îáîáùåííîãî ãðàäèåíòà) îáû÷-

íî îáðàçóåò óãîë, áëèçêèé ê
π

2
ñ íàïðàâëåíèåì ¾ðóñëà¿ îâðàãà. Ïîýòîìó

ìû ïðèíÿëè â êà÷åñòâå ïîäõîäÿùåé ïðîöåäóðû ïðåîáðàçîâàíèå ïðî-

ñòðàíñòâà En, ðàñòÿæåíèå ýòîãî ïðîñòðàíñòâà â íàïðàâëåíèè îáîáùåí-
íîãî ãðàäèåíòà ôóíêöèè f(x), âçÿòîãî â ðàññìàòðèâàåìîé òî÷êå.

2. Îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà

Ïóñòü çàäàí âåêòîð ξ ∈ En, ‖ξ‖ = 1 è ÷èñëî α > 0. Çàïèøåì ðàçëîæåíèå

ïðîèçâîëüíîãî âåêòîðà X ∈ En â ñëåäóþùåì âèäå:

X = γξ(x) · ξ + dξ(x),

ïðè÷åì (ξ, dξ(x)) = 0. Òîãäà îïåðàòîðîì ðàñòÿæåíèÿ â íàïðàâëåíèè ξ
ñ êîýôôèöèåíòîì α íàçîâåì îïåðàòîð Rα(ξ), äåéñòâóþùèé ñëåäóþùèì
îáðàçîì:

Rα(ξ)X = αγξ(x)ξ + dξ(x).

Ëåãêî âèäåòü, ÷òî Rαβ(ξ) = Rα(ξ)Rβ(ξ). Â ÷àñòíîñòè,

Rα(ξ)R1/α(ξ) = R1(ξ) = E.

Ïóñòü êîîðäèíàòû âåêòîðà ξ â íåêîòîðîé îðòîíîðìèðîâàííîé ñèñòå-
ìå êîîðäèíàò, îïðåäåëÿåìîé îðòàìè e1, . . . , en, ðàâíû ξ1, . . . , ξn. Òîãäà â
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ýòîé ñèñòåìå êîîðäèíàò ïðåîáðàçîâàíèþ Rα(ξ) ñîîòâåòñòâóåò ìàòðèöà
Bα(ξ) ñ ýëåìåíòàìè bij , îïðåäåëÿåìûìè ïî ñëåäóþùèì ôîðìóëàì:

bij =

{
(α− 1)ξi ξj äëÿ i 6= j;

1 + (α− 1)ξ2i äëÿ i = j.

Çàìåòèì, ÷òî ïðèìåíåíèå ìàòðèöû Bα(ξ) ê ïðîèçâîëüíîìó âåêòîðó

x = (x1, . . . , xn) òðåáóåò âñåãî 3n îïåðàöèé óìíîæåíèÿ è ≈ 3n îïåðàöèé

ñëîæåíèÿ è âû÷èòàíèÿ. Óìíîæåíèå ìàòðèöû íà ìàòðèöó Bα(ξ) òðåáóåò
ïîðÿäêà cn2 îïåðàöèé óìíîæåíèÿ, ñëîæåíèÿ è âû÷èòàíèÿ.

Ïóñòü çàäàíà ôóíêöèÿ f(x) è çàäàíî ëèíåéíîå ïðåîáðàçîâàíèå

y = Ax. Ðàññìîòðèì f êàê ôóíêöèþ îò y: x = A−1y; f(x) = f(A−1y).
Ïóñòü ĝ(x0) � îáîáùåííûé ãðàäèåíò ôóíêöèè f(x) â òî÷êå x = x0, ò. å.

f(x)− f(x0) ≥ (ĝ(x0), x− x0),

èëè

f(A−1y)− f(A−1y0) ≥
(
ĝ(x0), A−1(y − y0)

)
=
(
(A∗)−1ĝ(x0), y − y0

)
.

Îòñþäà, äëÿ ϕ(y) = f(A−1y),

ϕ(y) · ϕ(y0) ≥
(
(A∗)−1ĝ(x0), y − y0

)
. (1)

Òàêèì îáðàçîì, îáîáùåííûéãðàäèåíò ê ôóíêöèè ϕ(y) â òî÷êå y=y0 ðà-

âåí (A∗)−1
ĝ(x0), ãäå x0 =A−1y0. Ôîðìóëà (1) äàåò íàì âîçìîæíîñòü âû-

÷èñëèòü îáîáùåííûé ãðàäèåíò ôóíêöèè, ïîëó÷åííîé â ðåçóëüòàòå ëè-

íåéíîãî ïðåîáðàçîâàíèÿ àðãóìåíòîâ, íå ïðåîáðàçóÿ âèäà èñõîäíîé ôóíê-

öèè. Çàìåòèì, ÷òî åñëè A = BkBk−1 . . . B1, òî A
−1 = B−1

1 . . . B−1
k−1B

−1
k .

Òàêèì îáðàçîì, ìû áóäåì ðàññìàòðèâàòü êëàññ àëãîðèòìîâ ñëåäóþ-

ùåãî âèäà:

0-é øàã. Çàäàåìñÿ íà÷àëüíûì ïðèáëèæåíèåì x0 è ìàòðèöåé

A0 = A−1
0 = E; f(x) = f0(x).

k-é øàã. Âû÷èñëåíû xk−1, A
−1
k−1. Íàõîäèì ĝf0 (xk−1), ĝfk

(Ak−1x) =
= (A∗)−1

k−1 ĝf (xk−1) = ηk (çäåñü fk (z) = f(A−1
k−1z)). Çàòåì âû÷èñëÿåì:

ξk = ηk/||ηk||;
xk = xk−1 −A−1

k−1hkξk;

B−1
k = B−1

αk
(ξk) = B1/αk

(ξk) ;

A−1
k = A−1

k−1 · B−1
αk

(ξk) = A−1
k−1 · B1/αk

(ξk) ;
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hk è αk � ïîëîæèòåëüíûå êîíñòàíòû.
Ðàçëè÷íûå ìîäèôèêàöèè àëãîðèòìà áóäóò îòëè÷àòüñÿ äðóã îò äðó-

ãà ñïîñîáîì âûáîðà ïîñëåäîâàòåëüíîñòè hk è αk. Âîîáùå ãîâîðÿ, ìîæíî
ðàññìàòðèâàòü áîëåå îáùèé êëàññ àëãîðèòìîâ, â êîòîðîì îïåðàòîð ïî-

ñëåäîâàòåëüíîñòè Bk ìîæåò îòëè÷àòüñÿ îò îïåðàòîðà ðàñòÿæåíèÿ, íî â
äàííîé ñòàòüå ìû îãðàíè÷èìñÿ òîëüêî ðàññìîòðåíèåì îïåðàòîðîâ ðàñ-

òÿæåíèÿ.

3. Íåêîòîðûå óñëîâèÿ ñõîäèìîñòè ìåòîäà

ðàñòÿæåíèÿ ïðîñòðàíñòâà

Äëÿ âûâîäà óñëîâèé ñõîäèìîñòè ìåòîäà ðàñòÿæåíèÿ ïðîñòðàíñòâà ââå-

äåì íåêîòîðûå îïðåäåëåíèÿ.

Îïðåäåëåíèå 1. Íàçîâåì R-îïåðàòîðîì îïåðàòîð, ÿâëÿþùèéñÿ ïðî-

èçâåäåíèåì îïåðàòîðîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà, ò. å. îïåðàòîð

ñëåäóþùåãî âèäà:

A = Rαm (ξm) · Rαm−1 (ξm−1) · · ·Rα1 (ξ1) .

R+-îïåðàòîð � ýòî R-îïåðàòîð, ó êîòîðîãî αi ≥ 1, i = 1, . . . ,m.
R−-îïåðàòîð � ýòî R-îïåðàòîð, ó êîòîðîãî αi ≤ 1, i = 1, . . . ,m.

Îïðåäåëåíèå 2. Êîýôôèöèåíòîì A � ðàñøèðåíèÿ âåêòîðà x 6= 0 áó-

äåì íàçûâàòü ñëåäóþùåå ÷èñëî:

KA(x) =
‖Ax‖
‖x‖ .

Ëåììà 1. Åñëè A � R+-îïåðàòîð (R−-îïåðàòîð), òî äëÿ âñåõ x 6= 0
KA(x) ≥ 1 (KA(x) ≤ 1).

Äîêàçàòåëüñòâî. Ïóñòü α ≥ 1.

‖Rα (ξ)x‖ =
√
‖αγξ(x)x‖2 + ‖dξ(x)‖2 ≥

≥
√
‖γξ(x)x‖2 + ‖dξ(x)‖2 = ‖x‖ .

Îòñþäà,
‖Rα (ξ)x‖

‖x‖ ≥ 1.
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Åñëè A � R+-îïåðàòîð, òî A = Rαm (ξm) . . . Rα1 (ξ1), ïðè÷åì αi ≥ 1,
i = 1, . . . ,m.

‖Ax‖
‖x‖ =

m∏
k=1

‖Akx‖
‖Ak−1x‖ ,

ãäå Ak = Rαk
(ξk) · · ·Rα1 (ξ1) , k = 1, . . . ,m; A0 = E.

Òàê êàê
‖Akx‖
‖Ak−1x‖ =

‖Rαk
(ξk) · Ak−1x‖
‖Ak−1x‖ ≥ 1, òî

‖Ax‖
‖x‖ ≥ 1.

Äëÿ R−-îïåðàòîðîâ äîêàçàòåëüñòâî ëåììû àíàëîãè÷íîå.

Ëåììà 2. Ïóñòü A � ïðîèçâîëüíûé ëèíåéíûé îïåðàòîð, z = αx+βy,
ïðè÷åì x è y � ëèíåéíî íåçàâèñèìû, ‖x‖ = ‖y‖ = 1, |α|+ |β| = 1. Òîãäà

‖Az‖
‖z‖ ≤

√
2max(KA(x),KA(y))√

1− |(x, y)| .

Äîêàçàòåëüñòâî.

‖Az‖ = ‖αAx + βAy‖ ≤ |α|KA(x)‖x‖ + |β|KA(y) ‖y‖ ≤

≤ (|α|+ |β|)max(KA(x),KA(y)) = max(KA(x),KA(y)),

‖z‖ = ‖αx+ βy‖ =
√
α2 + β2 + 2αβ (x, y).

Íàéäåì min(α2 + β2 + 2αβ (x, y)) ïðè óñëîâèè |α| + |β| = 1. Î÷åâèäíî,
÷òî ìèíèìóì áóäåò äîñòèãíóò ïðè òàêèõ çíà÷åíèÿõ α è β, ïðè êîòîðûõ
αβ (x, y) ≤ 0. Ïîýòîìó íóæíî ìèíèìèçèðîâàòü |α|2+|β|2−2 |α| |β| |(x, y)|
ïðè óñëîâèè |α| + |β| = 1. Íåñëîæíûé ïîäñ÷åò ïîêàçûâàåò, ÷òî ìè-

íèìóì äîñòèãàåòñÿ ïðè |α| = |β| =
1
2
è ðàâåí

1− |(x, y)|
2

. Îòñþäà,

‖z‖ ≥
√

1− |(x, y)|√
2

è KA (z) =
‖Az‖
‖z‖ ≤

√
2 max(KA(x),KA (y))√

1− |(x, y)| .

Îïðåäåëåíèå 3. Ïóñòü çàäàíî ìíîæåñòâî Σ = {Aγ} ëèíåéíûõ îïå-

ðàòîðîâ. Âåêòîð x 6= 0 íàçîâåì Σ-îñîáûì, åñëè

sup
Aγ∈Σ

KAγ (x) <∞.

Ëåììà 3. Ñîâîêóïíîñòü Σ-îñîáûõ âåêòîðîâ è âåêòîð 0 îáðàçóþò ëè-

íåéíîå ïîäïðîñòðàíñòâî ïðîñòðàíñòâà En, êîòîðîå ìû áóäåì îáîçíà-

÷àòü EΣ.
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Äîêàçàòåëüñòâî. Îáîçíà÷èì ìíîæåñòâî Σ-îñîáûõ âåêòîðîâ ÷åðåçMΣ.

Åñëè x ∈ MΣ, òî è a x ∈ MΣ, (a 6= 0). Åñëè x ∈ MΣ è y ∈ MΣ è x = by
ïðè ëþáîì b, òî x + y ∈ MΣ, ÷òî âèäíî èç ëåììû 2. Îòñþäà ñëåäóåò

óòâåðæäåíèå ëåììû 3.

Îïðåäåëåíèå 4. Íàçîâåì êîýôôèöèåíòîì îáúåìíîãî ðàñøèðåíèÿ ïîä-

ïðîñòðàíñòâà Ek ïîä äåéñòâèåì îïåðàòîðà A îòíîøåíèå íåîðèåíòè-

ðîâàííîãî îáúåìà ìíîæåñòâà {y : Ax = y; x ∈ Sk} ê îáúåìó Sk, ãäå
Sk � ñôepa åäèíè÷íîãî ðàäèóñà, ñîîòâåòñòâóþùåãî ïîäïðîñòðàíñòâó.

Ýòîò êîýôôèöèåíò îáîçíà÷èì VA (Ek).

Ëåììà 4. Êîýôôèöèåíò îáúåìíîãî ðàñøèðåíèÿ ïîäïðîñòðàíñòâà Ek
ïîä äåéñòâèåì îïåðàòîðà Rα (ξ), ‖ξ‖ = 1 ðàâåí

√
1 + (α2 − 1) ‖ψ‖2, ãäå

ψ � ïðîåêöèÿ âåêòîðà ξ íà ïîäïðîñòðàíñòâî Ek.

Äîêàçàòåëüñòâî ëåììû ñëåäóåò èç î÷åâèäíûõ ãåîìåòðè÷åñêèõ ñîîá-

ðàæåíèé.

Òåîðåìà 1. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) äîñòèãàåò ìèíèìóìà â

òî÷êå 0 è ïðè ïðèìåíåíèè àëãîðèòìà ðàñòÿæåíèÿ ïðîñòðàíñòâà

(ñì. ñòð. 52) αk ≥ 1+ε, k = 1, 2, . . . è ïîñëåäîâàòåëüíîñòü {xk} îáëàäà-
åò cëåäóþùèì ñâîéñòâîì: ‖Akxk‖ ≤ c, k = 0, 1, . . ., ãäå c � íåêîòîðàÿ

êîíñòàíòà. Òîãäà lim
k→∞

f (xk) = f(0).

Äîêàçàòåëüñòâî. Èç òîãî, ÷òî ‖Akxk‖ ≤ c ñëåäóåò, ÷òî ‖xk‖ ≤ c. Ñëå-
äîâàòåëüíî, ýòà ïîñëåäîâàòåëüíîñòü èìååò òî÷êè ñãóùåíèÿ. Ïóñòü Σ �

ìíîæåñòâî îïåðàòîðîâ {Ak}. EΣ � ïîäïðîñòðàíñòâî îñîáûõ âåêòîðîâ

ìíîæåñòâà Σ. Êîýôôèöèåíò îáúåìíîãî ðàñøèðåíèÿ ïîäïðîñòðàíñòâà

EΣ îãðàíè÷åí. Îòñþäà âûòåêàåò â ñèëó ëåììû 4 è ñâîéñòâà αk ≥ 1 + ε,
÷òî ïðîåêöèÿ âåêòîðà ξk íà ïîäïðîñòðàíñòâî AkEΣ ñòðåìèòñÿ ê íóëþ,

ò. å. ïðîèçâîäíûå ïî íàïðàâëåíèþ, ëåæàùåìó â ïîäïðîñòðàíñòâå AkEΣ

îò ôóíêöèè ϕ (y) = f
(
A−1x

)
ñòðåìÿòñÿ ê íóëþ.

Ñ äðóãîé ñòîðîíû, âñå òî÷êè ñãóùåíèÿ ïîñëåäîâàòåëüíîñòè {xk}
äîëæíû ëåæàòü â ïîäïðîñòðàíñòâå EΣ, ò.ê. â ïðîòèâíîì ñëó÷àå íå âû-

ïîëíÿëîñü áû ‖Akxk‖ ≤ c äëÿ âñåõ xk. Ïóñòü x � òî÷êà ñãóùåíèÿ, è

f(x) 6= f(0). {x′i} � íåêîòîðàÿ ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíî-
ñòè {xk}, ñõîäÿùàÿñÿ ê x.

Äàëåå, f (x′i)− f(x′i − x) ≤ ϕ′i · ‖x‖, ãäå ϕ′i � ïðîèçâîäíàÿ â íàïðàâëå-
íèè, îïðåäåëÿåìîì âåêòîðîì x â òî÷êå x′i. Íî èç ñêàçàííîãî âûøå, ýòà
ïðîèçâîäíàÿ ñòðåìèòñÿ ê 0. Îòñþäà,

f(x′i) ≤ f(x′i − x) + δi, ãäå δi → 0.
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Ïåðåéäåì ê ïðåäåëó ïðè i→∞. Ïîëó÷èì

lim
i→∞

f(x′i) = f(x) ≤ f(0), ò. å. f(x) = f(0).

Äîêàçàòåëüñòâî òåîðåìû 1 çàâåðøåíî.

Íèæå ìû ðàññìîòðèì ñïîñîáû ðåãóëèðîâêè øàãà è âûáîðà ïîñëåäî-

âàòåëüíîñòè êîýôôèöèåíòà ðàñøèðåíèÿ {αk}, îáåñïå÷èâàþùèå óñëîâèÿ
òåîðåìû 1 äëÿ øèðîêîãî êëàññà âûïóêëûõ ôóíêöèé f(x). Ïðè ýòîì ìû

áóäåì ïðåäïîëàãàòü, ÷òî íàì çàðàíåå èçâåñòíî çíà÷åíèå ôóíêöèè â òî÷-

êå ìèíèìóìà x = x∗ è áåç ïîòåðè îáùíîñòè áóäåì ñ÷èòàòü, ÷òî x∗ = 0
è f (x∗) = 0.

Òåîðåìà 2. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) äîñòèãàåò ñâîåãî ìèíèìó-

ìà â òî÷êå x = 0 è f(x) = 0. Âûáåðåì íà÷àëüíóþ òî÷êó x0 è ïóñòü â

îêðåñòíîñòè ‖x‖ ≤ ‖x0‖ f(x) îáëàäàåò ñëåäóþùèì ñâîéñòâîì:

Nf(x) ≤ |f ′x| · ‖x‖ ≤Mf(x), (2)

ãäå M , N � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, f ′x � îáîáùåííàÿ

ïðîèçâîäíàÿ ïî íàïðàâëåíèþ x â òî÷êå x. Òîãäà, åñëè ìû â ìåòîäå

ðàñòÿæåíèÿ ïðîñòðàíñòâà áóäåì âûáèðàòü øàã

hk = γf (xk−1) / ‖ηk (xk−1)‖ , γ = 2MN/(M +N)

(ηk � çíà÷åíèå îáîáùåííîãî ãðàäèåíòà â ðàñòÿíóòîì ïðîñòðàíñòâå), à
êîýôôèöèåíò ðàñòÿæåíèÿ αk = (M +N)/(M −N), òî ïîñëåäîâàòåëü-
íîñòü {rk} = {‖Akxk‖} áóäåò âîçðàñòàþùåé.

Ïðèìå÷àíèå. Äëÿ ëþáîé âûïóêëîé ôóíêöèè N ìîæíî âûáèðàòü íå

ìåíüøå 1.

Äîêàçàòåëüñòâî.

‖Akxk‖2 = ‖Rα (ξk)Ak−1xk‖2 = ‖Rαk
(ξk)Ak−1xk−1 −Rα (ξk)hkξk‖2 =

=
[
1 +

(
α2
k − 1

) (Ak−1xk−1, ξk)
2

‖Ak−1xk−1‖2
]
‖Ak−1xk−1‖2−

−2(Rαk
(ξk)Ak−1xk−1, αkhkξk) + α2

kh
2
k =

= ‖Ak−1xk−1‖2+
(
α2
k − 1

)
(Ak−1xk−1, ξk)

2−2α2
khk (Ak−1xk−1, ξk)+α2

kh
2
k =

= ‖Ak−1xk−1‖2 + α2
k((Ak−1xk−1, ξk)− hk)2 − (Ak−1xk−1, ξk)

2
. (3)
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Äàëåå, (Ak−1xk−1, ξk) =

∥∥f ′k−1 (Ak−1xk)
∥∥ ‖Ak−1xk‖

‖ηk‖ .

Èç íåðàâåíñòâà (2) èìååì :

Mhk
γ

≥ (Ak−1xk−1, ξk) ≥ Nhk
γ

. (4)

Ðàññìîòðèì 2 ñëó÷àÿ :

1) (Ak−1xk−1, ξk) ≥ hk. Òîãäà: èç hk ≥ γ (Ak−1xk−1, ξk)
M

,

α2
k [(Ak−1xk−1, ξk)− hk]

2 ≤ α2
k

[
(Ak−1xk−1, ξk)− γ (Ak−1xk−1, ξk)

M

]2
=

=
(M +N)2

(M −N)2
·
[
1− 2MN

(M +N)M

]2
(Ak−1xk−1, ξk)

2 = (Ak−1xk−1, ξk)
2
.

Èç (3) èìååì: ‖Akxk‖2 ≤ ‖Ak−1xk−1‖2.

2) (Ak−1xk−1, ξk) ≤ hk.

Èç íåðàâåíñòâà (4) èìååì : hk ≤ γ (Ak−1xk−1, ξk)
N

,

α2
k [(Ak−1xk−1, ξk−1)− hk]

2 ≤ α2
k

[
(Ak−1xk−1, ξk)− γ (Ak−1xk−1, ξk)

N

]2
=

=
(M +N)2

(M −N)2
·
[
1− 2MN

(M +N)N

]2
(Ak−1xk−1, ξk)

2 = (Ak−1xk−1, ξk)
2 .

Îòñþäà ‖Akxk‖2 ≤ ‖Ak−1xk−1‖2.
Àíàëèç ýòèõ ñëó÷àåâ ïîêàçûâàåò, ÷òî âñåãäà ‖Akxk‖2 ≤

≤ ‖Ak−1xk−1‖2, ÷òî è òðåáîâàëîñü äîêàçàòü.

4. ×èñëåííûå ýêñïåðèìåíòû

Äëÿ ÝÂÌ ¾Ì-220¿ áûëà ðàçðàáîòàíà èññëåäîâàòåëüñêàÿ ïðîãðàììà, ñ

ïîìîùüþ êîòîðîé îòðàáàòûâàëèñü ðàçëè÷íûå ìîäèôèêàöèè ìåòîäà ðàñ-

òÿæåíèÿ ïðîñòðàíñòâà.

1 ìîäèôèêàöèÿ. hk = h = const; αk = α = const.

Ïðèìåð 1. f(x) = x2
1 + 40x2

2. Íà÷àëüíîå ïðèáëèæåíèå: x
(0)
1 = 1;

x
(0)
2 = 1; h = 1.
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a) α =
5
3
, 20-ÿ èòåðàöèÿ: x

(20)
1 = 0, 0023; x

(20)
2 = 0, 00026.

á) α =
100
49

, 25-ÿ èòåðàöèÿ: x
(25)
1 = 0, 000018; x

(25)
2 = 0, 000026.

Ïðèìåð 2. f(x) = x2
1 + |x2|3; x

(0)
1 = 1; x(0)

2 = 1; h = 1, α =
5
3
.

Ïîñëå 40 èòåðàöèé: x
(40)
1 = 0, 0000044; x

(40)
2 = 0, 000127.

Ïðèìåð 3. f(x) = max{x2
1+x2

2; 10[(x1−1)2+x2
2]}; x(0)

1 = 0; x(0)
2 = 1;

h = 1, α = 2. Ïîñëå 23 èòåðàöèé: x(23)
1 = 0, 75986; x

(23)
2 = 0, 0051986.

Èñòèííûé ìèíèìóì: x∗1 = 0, 7598; x∗2 = 0.

Ïðèìåð 4. f(x) = x2
1 + 10x2

2 + 30x2
3 + 50x2

4 + 90x2
5 + 100x2

6;

x0 = (1, 1, 1, 1, 1, 1); h = 1, α = 2. Ïîñëå 100 èòåðàöèé:
x

(100)
1 = −1, 42 · 10−5; x

(100)
2 = −2, 48 · 10−6; x

(100)
3 = 3, 23 · 10−7;

x
(100)
4 = 2, 34 · 10−6; x

(100)
5 = −5, 8 · 10−8; x

(100)
6 = 1, 08 · 10−6.

Ýòà æå ôóíêöèÿ îïòèìèçèðîâàëàñü ïðè òîì æå íà÷àëüíîì ïðèáëè-

æåíèè, α = 2, íî hk âûáèðàëàñü ïî ôîðìóëå:

hk =
2f (xk)
‖ηk‖ .

Ïîñëå 50 èòåðàöèé ïîëó÷èëè:

x
(50)
1 = 1, 84 · 10−9; x

(50)
2 = 3, 21 · 10−10; x

(50)
3 = 1, 6 · 10−10;

x
(50)
4 = 3, 81 · 10−10; x

(50)
5 = 8, 52 · 10−11; x

(50)
6 = 7, 87 · 10−11.

Ïðèáëèçèòåëüíî òàêèå æå ðåçóëüòàòû ïîëó÷èëèñü ïðè α =
5
3
çà 60 èòå-

ðàöèé.

Íàèáîëåå èíòåðåñíûì ïðèìåðîì äëÿ aïðîáèðîâàíèÿ äàííîãî ìåòîäà

áûëà ñëåäóþùàÿ çàäà÷à.

Ðåøèòü ñèñòåìó 3-õ óðàâíåíèé ñ 3-ìÿ íåèçâåñòíûìè:
S1 = x1 + x2 + x3 − 1 = 0

S2 = 0, 5x2
1 + 0, 2x3

2 + 0, 5x2
3 − x3 + 0, 5 = 0

S3 = x1 + x2 + 0, 5x2
3 − 0, 5 = 0.

Êàê èçâåñòíî, ýòà çàäà÷à ýêâèâàëåíòíà òàêîé çàäà÷å: ìèíèìèçèðîâàòü

ôóíêöèþ ϕ =
∑3

i=1 S
2
i èëè àíàëîãè÷íî: ìèíèìèçèðîâàòü ôóíêöèþ

ϕ = max
i
S2
i (i = 1, 2, 3). Ìèíèìóì ýòîé ôóíêöèè ñóùåñòâóåò è ðàâíÿ-

åòñÿ 0. Êîîðäèíàòû òî÷êè, â êîòîðîé äîñòèãàåòñÿ ìèíèìóì ôóíêöèè ϕ,
ÿâëÿþòñÿ ðåøåíèåì äàííîé ñèñòåìû.
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Ôóíêöèÿ ϕ ìèíèìèçèðîâàëàñü ïðè ïåðåìåííîì h, ïåðåìåííîì è ïî-

ñòîÿííîì α è íà÷àëüíûõ óñëîâèÿõ x
(0)
1 = 0, 2; x

(0)
2 = 0, 2; x

(0)
3 = 0, 5.

Òî÷íîñòü ðåçóëüòàòîâ äîñòàòî÷íî âûñîêà.

Ïðåäëàãàåòñÿ âíèìàíèþ îäèí èç âàðèàíòîâ ñ÷åòà íà ÝÂÌ.

Ìèíèìèçèðîâàòü ϕ ïðè γ = 3, 5 è α = 2; ϕ = max
i
S2
i .

Ðåçóëüòàòû äàíû â ïðèëîæåíèè.

Êàê âèäíî èç ïðèâåäåííûõ ïðèìåðîâ, ïðåäëàãàåìûé ìåòîä ÿâëÿåòñÿ

ýôôåêòèâíûì äëÿ ìèíèìèçàöèè ôóíêöèè ¾îâðàæíîãî¿ òèïà.

ÏÐÈËÎÆÅÍÈÅ

Ôóíêöèÿ ϕ = max
i=1,2,3

S2
i ìèíèìèçèðîâàëàñü ïðè íà÷àëüíûõ óñëîâèÿõ

x
(0)
1 = 0, 2, x

(0)
2 = 0, 2, x

(0)
3 = 0, 5.

Âðåìÿ ìèíèìèçàöèè: t ≈ 1 ñåê. (áåç ïå÷àòè).

Èñòèííûé ìèíèìóì: x∗1 = 0, x∗2 = 0, x∗3 = 1.

Ðåçóëüòàòû ñ÷åòà

(
α = 2, hk = 3, 5 · f(xk)

||ηk||
)
:

�

èòåðà- x1 x2 x3

öèè

1 −2, 34196905 · 10−2 1, 78810362 · 10−1 9, 41450773 · 10−1

2 −8, 16830448 · 10−2 8, 41567071 · 10−2 8, 83365350 · 10−1

3 −3, 19177314 · 10−4 1, 54071584 · 10−1 9, 31868333 · 10−1

4 −6, 39540071 · 10−2 8, 71700629 · 10−2 9, 06798667 · 10−1

5 −1, 46799376 · 10−2 1, 01292623 · 10−1 9, 65876271 · 10−1

6 −5, 30606773 · 10−2 3, 33666809 · 10−2 9, 79782951 · 10−1

7 −2, 74751833 · 10−2 −7, 79663206 · 10−2 1, 13537478 · 100

8 −2, 48891073 · 10−2 3, 08417906 · 10−1 7, 32521830 · 10−1

9 −3, 74401296 · 10−2 2, 73236657 · 10−2 1, 00958546 · 100

10 −2, 86302821 · 10−3 −6, 80732447 · 10−3 1, 00914536 · 100

( ïðîäîëæåíèå ñëåäóåò)
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( ïðîäîëæåíèå)

�

èòåðà- x2 x2 x3

öèè

11 −2, 62364389 · 10−3 −6, 90444696 · 10−3 1, 00992183 · 100

12 −3, 08415124 · 10−3 −5, 05653411 · 10−3 1, 00778048 · 100

13 −3, 53400917 · 10−3 −1, 01101322 · 10−3 1, 00481517 · 100

14 −4, 37964526 · 10−3 −3, 87906298 · 10−3 1, 00029942 · 100

15 −6, 69755703 · 10−3 1, 99772981 · 10−2 9, 86871125 · 10−1

16 −2, 22250175 · 10−3 1, 01189804 · 10−2 1, 01241284 · 100

17 −4, 61722055 · 10−3 5, 76726461 · 10−3 9, 98830214 · 10−1

18 −4, 80155521 · 10−3 7, 05823834 · 10−3 9, 97758124 · 10−1

19 −4, 34916597 · 10−3 3, 98878782 · 10−3 1, 00035068 · 100

20 −4, 02906569 · 10−3 1, 87312521 · 10−3 1, 00216320 · 100

21 4, 97682155 · 10−4 −2, 62913445 · 10−3 1, 00213871 · 100

22 −1, 47189105 · 10−3 3, 75047645 · 10−3 9, 97721415 · 10−1

23 2, 52797550 · 10−3 −4, 83942860 · 10−4 9, 97955756 · 10−1

24 −7, 20102717 · 10−4 2, 25606586 · 10−3 9, 98463367 · 10−1

25 8, 83980114 · 10−4 −2, 34598877 · 10−4 9, 99349147 · 10−1

26 1, 16860382 · 10−3 −2, 43455684 · 10−4 9, 99075955 · 10−1

27 2, 63516281 · 10−4 −2, 09003892 · 10−4 9, 99944715 · 10−1

28 −2, 71840906 · 10−4 −1, 86175041 · 10−4 1, 00045859 · 100

29 7, 40435296 · 10−4 −2, 27783026 · 10−4 9, 99481177 · 10−1

30 −1, 22790770 · 10−4 4, 98292871 · 10−4 9, 99624297 · 10−1

31 −1, 57573533 · 10−4 7, 54403286 · 10−4 9, 99403321 · 10−1

32 −4, 38755065 · 10−5 −8, 17559547 · 10−5 1, 00012563 · 100

33 −4, 86606774 · 10−5 −4, 65926937 · 10−5 1, 00009523 · 100

( ïðîäîëæåíèå ñëåäóåò)
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( ïðîäîëæåíèå)

�

èòåðà- x2 x2 x3

öèè

34 −5, 01445367 · 10−5 −3, 56555189 · 10−5 1, 00008581 · 100

35 −6, 32631989 · 10−5 6, 07874988 · 10−5 1, 00000246 · 100

36 −7, 51153687 · 10−5 1, 47949611 · 10−4 9, 99927172 · 10−1

37 −5, 65799717 · 10−5 1, 16541053 · 10−5 1, 00004492 · 100

38 2, 31719515 · 10−5 −6, 70734832 · 10−5 1, 00004390 · 100

39 −4, 58273267 · 10−5 1, 42374285 · 10−5 1, 00003159 · 100

40 4, 91778943 · 10−6 −2, 46727375 · 10−5 1, 00001975 · 100

41 5, 37726374 · 10−6 −2, 96939818 · 10−5 1, 00002431 · 100

42 3, 45020334 · 10−6 −8, 62901495 · 10−6 1, 00000517 · 100
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Èñïîëüçîâàíèå îïåðàöèè ðàñòÿæåíèÿ
ïðîñòðàíñòâà â çàäà÷àõ ìèíèìèçàöèè

âûïóêëûõ ôóíêöèé

Í. Ç. Øîð

Êèáåðíåòèêà. � 1970. � � 1. � Ñ. 87�91.

1. Ââåäåíèå

Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè âûïóêëîé ôóíêöèè f(x), îïðåäåëåí-
íîé íà âñåì n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En. Ïðè ýòîì îò ôóíê-

öèè f(x) íå áóäåì òðåáîâàòü íåïðåðûâíîñòè ïðîèçâîäíûõ ïî íàïðàâëå-

íèþ. Â ýòèõ óñëîâèÿõ, êàê èçâåñòíî, îáû÷íûå ãðàäèåíòíûå ìåòîäû èëè

ìåòîäû ïîêîîðäèíàòíîãî ñïóñêà íå ðàáîòàþò, è ïðèõîäèòñÿ èñïîëüçî-

âàòü ìåòîä îáîáùåííîãî ãðàäèåíòíîãî ñïóñêa [2], êîòîðûé ñõîäèòñÿ ïðè

îïðåäåëåííîé ðåãóëèðîâêå øàãà äëÿ ïðîèçâîëüíîé âûïóêëîé ôóíêöèè

f(x), èìåþùåé ìèíèìóì. Îäíàêî, åñëè èñïîëüçîâàòü óíèâåðñàëüíûé

ñïîñîá ðåãóëèðîâêè øàãà, ò. å. òðåáîâàòü, ÷òîáû
∞∑
k=1

hk = ∞ è hk → 0,

ãäå hk � äëèíà ïðèðàùåíèÿ âåêòîðà-àðãóìåíòà íà k-îì øàãå, òî ñêî-

ðîñòü ñõîäèìîñòè ïîëó÷àåòñÿ âåñüìà ìåäëåííîé. Â ðàáîòå [3] ïîêàçàíî,

÷òî ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ, íàêëàäûâàåìûõ íà f(x), ïðè ïî-

ìîùè ñïåöèàëüíîãî ñïîñîáà ðåãóëèðîâêè øàãà ìîæíî äîáèòüñÿ ñõîäè-

ìîñòè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé

ïðîãðåññèè. Òî÷íåå, åñëè âûïóêëàÿ ôóíêöèÿ f(x) äîñòèãàåò ñâîåãî ìè-
íèìóìà â òî÷êå x∗, è ìû âûáðàëè íà÷àëüíîå ïðèáëèæåíèå x0 è íà÷àëü-

íûé øàã h0 òàêèì îáðàçîì, ÷òî ñóùåñòâóåò σ ≥ √2 òàêîå, ÷òî:

1) ‖x0 − x∗‖ ≤ h0σ;

2) äëÿ ïðîèçâîëüíîé ïàðû x, y òàêîé, ÷òî

f(x) = f(y) 6= f(x∗); ‖x− x∗‖ ≤ h0σ; ‖y − y∗‖ ≤ h0σ,

âûïîëíÿåòñÿ íåðàâåíñòâî
‖x− x∗‖
‖y − y∗‖ ≤ σ, òî, âûáèðàÿ øàã â ìåòîäå îáîá-

ùåííîãî ãðàäèåíòíîãî ñïóñêà ïî ôîðìóëå hk+1 = hk

√
σ2 − 1
σ

, ïîëó-

÷èì ñõîäÿùóþñÿ ïîñëåäîâàòåëüíîñòü {xk}, k = 0, 1, 2, . . .; ïðè ýòîì
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‖xk − x∗‖ ≤ hkσ. Íà ïðàêòèêå σ ìîæåò îêàçàòüñÿ äîâîëüíî áîëüøèì

÷èñëîì, ïðè ýòîì çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè îêàçûâàåò-

ñÿ áëèçêèì ê åäèíèöå è ñêîðîñòü ñõîäèìîñòè ìåäëåííîé. Áîëåå òîãî,

äëÿ íåêîòîðûõ f(x) âîîáùå íåâîçìîæíî ïîäîáðàòü σ < ∞, óäîâëåòâî-

ðÿþùåå âûøå ïðèâåäåííûì óñëîâèÿì. Òàêèå ôóíêöèè áóäåì íàçûâàòü

ñóùåñòâåííî îâðàæíûìè.

Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâåííî îâðàæíûå ôóíêöèè âñòðå÷àþòñÿ

íà ïðàêòèêå âåñüìà ÷àñòî, îñîáåííî â íåëèíåéíûõ çàäà÷àõ ìèíèìàêñíî-

ãî òèïà. Íàïðèìåð, ôóíêöèÿ

f(x1, x2) = max
[
x2

1 + x2
2, (x1 − 1)2 + x2

2

]
ÿâëÿåòñÿ ñóùåñòâåííî îâðàæíîé. Èç âûøå ñêàçàííîãî âèäíî, êàêîå

áîëüøîå çíà÷åíèå èìååò óñêîðåíèå ñõîäèìîñòè ìåòîäà îáîáùåííîãî ãðà-

äèåíòíîãî ñïóñêà.

Íèæå áóäåò èçëîæåí ìåòîä ìèíèìèçàöèè âûïóêëûõ ôóíêöèé, ïðåä-

ñòàâëÿþùèé ñîáîé êîìáèíàöèþ ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñ-

êà è ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà àðãóìåíòîâ. Êàê ïîêàçàëè òåîðå-

òè÷åñêèå èññëåäîâàíèÿ è ÷èñëåííûå ýêñïåðèìåíòû, ýòîò ìåòîä, ëèøü

íåçíà÷èòåëüíî îòëè÷àÿñü ïî ñëîæíîñòè îò îáîáùåííîãî ãðàäèåíòíîãî

ñïóñêà, îáëàäàåò áîëüøèìè ïðåèìóùåñòâàìè ïî ñðàâíåíèþ ñ íèì â ñêî-

ðîñòè ñõîäèìîñòè.

2. Âû÷èñëåíèå îáîáùåííîãî ãðàäèåíòà

ôóíêöèè ïðè ëèíåéíîì ïðåîáðàçîâàíèè

ïðîñòðàíñòâà àðãóìåíòîâ

Îáîáùåííûì ãðàäèåíòîì âûïóêëîé ôóíêöèè f(x) â òî÷êå x0 íàçûâàåò-

ñÿ âåêòîð ĝf (x0), óäîâëåòâîðÿþùèé ñëåäóþùåìó íåðàâåâñòâó äëÿ ïðî-

èçâîëüíîãî x ∈ En:

f(x) − f(x0) ≥ (ĝf (x0), x− x0) . (1)

Ïóñòü ïðîèçâåäåíî íåîñîáåííîå ëèíåéíîå ïðåîáðàçîâàíèå ïðîñòðàí-

ñòâà En, îïðåäåëÿåìîå îïåðàòîðîì A:

y = Ax; x = A−1y.

Ðàññìîòðèì ôóíêöèþ

ϕ(y) = f(A−1y).
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Ôóíêöèÿ ϕ(y) ÿâëÿåòñÿ âûïóêëîé. Â ñàìîì äåëå, äëÿ ïðîèçâîëüíûõ

α, β ≥ 0, α+ β = 1

ϕ (αy1 + βy2) = f
(
αA−1y1 + βA−1y2

)2 ≤
≤ αf

(
A−1y1

)
+ βf

(
A−1y2

)
= αϕ(y1) + βϕ(y2).

Âû÷èñëèì îáîáùåííûé ãðàäèåíò ôóíêöèè ϕ(y) â òî÷êå y0 = Ax0:

ϕ(y)− ϕ(y0) = f
(
A−1y

)− f
(
A−1y0

) ≥
≥ (ĝf (x0), A−1(y − y0)

)
=
(
(A∗)−1ĝf (x0), y − y0

)
.

A∗ � îïåðàòîð, ñîïðÿæåííûé A. Òàêèì îáðàçîì,

ϕ(y)− ϕ(y0) ≥
(
(A∗)−1ĝf(x0), y − y0

)
. (2)

Ñðàâíèâàÿ ôîðìóëû (2) è (1), ïîëó÷àåì, ÷òî (A∗)−1ĝf (x0) ÿâëÿåòñÿ

îáîáùåííûì ãðàäèåíòîì ôóíêöèè ϕ(y) â òî÷êå y0 = Ax0.

ĝϕ(y0) = (A∗)−1
ĝf (x0); x0 = A−1y0. (3)

Òàê êàê îáîáùåííûé ãðàäèåíò â çàäàííîé òî÷êå îïðåäåëÿåòñÿ íåîäíî-

çíà÷íî, òî ðàâåíñòâî (3) ñëåäóåò ïîíèìàòü ñëåäóþùèì îáðàçîì: ìåæäó

ìíîæåñòâàìè îáîáùåííûõ ãðàäèåíòîâ {ĝϕ(y0)} è {ĝf(x0)} ìîæíî óñòà-
íîâèòü òàêîå âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå, ÷òî áóäóò âûïîëíÿòüñÿ

ðàâåíñòâà (3). Ôîðìóëû (3) ïîçâîëÿþò âû÷èñëÿòü îáîáùåííûé ãðàäèåíò

ôóíêöèè ϕ(x).

3. Îïåðàòîðû ðàñòÿæåíèÿ ïðîñòðàíñòâà

Ïóñòü çàäàí âåêòîð ξ ∈ En, ‖ξ‖ = 1, è ÷èñëî α > 0. Êàæäûé âåêòîð

x ∈ En îäíîçíà÷íî ïðåäcòàâèì â ñëåäóþùåì âèäå:

x = γξ(x) · ξ + dξ(x), (ξ, dξ(x)) = 0. (4)

Îïðåäåëåíèå 1. Îïåðàòîðîì ðàñòÿæåíèÿ â íàïðàâëåíèè ξ ñ êîýôôè-
öèåíòîì α íàçîâåì oneðàòîð Rα(ξ), äåéñòâóþùèé ñëåäóþùèì îáðàçîì

íà âåêòîð x, ïðåäñòàâëåííûé â ôîðìå (4):

Rα(ξ)x = αγξ(x) · ξ + dξ(x). (5)

Èç ýòîãî îïðåäåëåíèÿ ñðàçó ñëåäóåò:
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1) Rαβ(ξ) = Rα(ξ) ·Rβ(ξ);

2) Rα(ξ) ·R1/α(ξ) = R1(ξ) = E.

Çàìå÷àíèå. Îïåðàòîð ðàñòÿæåíèÿ ñ α < 1 ìû áóäåì èíîãäà íàçûâàòü

îïåðàòîðîì ñæàòèÿ.

Ïóñòü êîîðäèíàòû âåêòîðà ξ â íåêîòîðîé îðòîíîðìèðîâàíîé ñèñòåìå
êîîðäèíàò ðàâíû ξ(1), . . . , ξ(n). Òîãäà â ýòîé ñèñòåìå êîîðäèíàò ïðåîá-

ðàçîâàíèþ Rα(ξ) ñîîòâåòñòâóåò ìàòðèöà Rα(ξ) ñ ýëåìåíòàìè {rij}, âû-
÷èñëÿåìûìè ïî ñëåäóþùèì ôîðìóëàì:

rij =

{
(α− 1)ξ(i) · ξ(j) äëÿ i 6= j;
(α− 1)(ξ(i))2 + 1 äëÿ i = j.

(6)

Çàìåòèì, ÷òî óìíîæåíèå ìàòðèöû Rα(ξ) íà âåêòîð òðåáóåò ïîðÿäêà cn
îïåðàöèé óìíîæåíèÿ, ñëîæåíèÿ è âû÷èòàíèÿ, à óìíîæåíèå Rα(ξ) íà

ìàòðèöó òðåáóåò ïîðÿäêà cn2 àðèôìåòè÷åñêèõ îïåðàöèé.

Îïðåäåëåíèå 2. Êîýôôèöèåíòîì îáúåìíîãî ðàñøèðåíèÿ ïîäïðî-

ñòðàíñòâà Rm ⊆ En ïîä âîçäåéñòâèåì îïåðàòîðà A íàçîâåì
√
G, ãäå

G � îïðåäåëèòåëü Ãðàìà, ïîñòðîåííûé íà âåêòîðàõ σ1, . . . , σm, σi = Aei,
i = 1, . . . ,m, {ei} � îðòîíîðìèðîâàííûé áàçèñ ïîäïðîñòðàíñòâà Rm.
Ýòîò êîýôôèöèåíò áóäåì îáîçíà÷àòü vRm · (A).

Èç ñâîéñòâ îïðåäåëèòåëÿ Ãðàìà ñëåäóþò óòâåðæäåíèÿ:

1) vRm(A1A2) = vA2Rm(A1) · vRm(A2); (7)

2) vEn(Rα(ξ)) = α; (8)

3) vRm(Rα(ξ)) =
√

1 + (α2 − 1)‖ψ‖2, (9)

ãäå ψ � ïðîåêöèÿ âåêòîðà ξ íà ïîäïðîñòðàíñòâî Rm;

4) ïóñòü Rn−m � îðòîãîíàëüíîå äîïîëíåíèå ïðîñòðàíñòâà Rm â En,

òîãäà

vRm(Rα(ξ)) · vRn−m(Rα(ξ)) ≥ α; (10)

èç (9) âûòåêàåò âàæíîå ñëåäñòâèå �

5) åñëè α ≥ 1, òî vRm(Rα(ξ)) ≥ 1 äëÿ ïðîèçâîëüíîãî Rm.
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4. Îáîáùåííûé ãðàäèåíòíûé ñïóñê

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

Íèæå ìû ðàññìîòðèì êëàññ àëãîðèòìîâ ìèíèìèçàöèè âûïóêëûõ ôóíê-

öèé, íà êàæäîì øàãå êîòîðûõ äâèæåíèå â íàïðàâëåíèè îáîáùåííîãî àí-

òèãðàäèåíòà áóäåò ñî÷åòàòüñÿ ñ îïåðàöèåé ðàñòÿæåíèÿ ïðîñòðàíñòâà àð-

ãóìåíòîâ â íàïðàâëåíèè îáîáùåííîãî ãðàäèåíòà. Àëãîðèòìû ýòîãî êëàñ-

ñà ìû áóäåì íàçûâàòü àëãîðèòìàìè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà (ñîêðàùåííî ÎÃÑÐÏ-àëãîðèòìû).

I. Äëÿ çàäàííîé âûïóêëîé ôóíêöèè f(x) èìååòñÿ àëãîðèòì âû÷èñëå-
íèÿ ĝf (x) â ïðîèçâîëüíîé òî÷êå x ∈ En; çàäàíû îïåðàòîðû âû÷èñëåíèÿ

ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ ÷èñåë {hk} è {αk}, k = 1, 2, . . .

II. 0-é øàã àëãîðèòìà.

Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå x = x0 è ìàòðèöó B0 = A−1
0 = E.

III. (k + 1)-é øàã àëãîðèòìà. k = 0, 1, . . .

Âû÷èñëÿåì:

1) ĝf (xk);
2) ĝϕk

(yk) = B∗
k ĝf (xk). (11)

Ïðèìå÷àíèå. ϕk(y) = f(Bky); yk = Akxk.

3) ξk+1 =
ĝϕk

(yk)
‖ĝϕk

(yk)‖ ; (12)

4) hk+1;
5) αk+1;
6) xk+1 = xk −Bkhk+1ξk+1; (13)

7) R−1
αk+1

(ξk+1) = R1/αk+1(ξk+1);

8) Bk+1 = A−1
k+1 = Bk · R1/αk+1(ξk+1). (14)

Ðàçëè÷íûå âàðèàíòû àëãîðèòìîâ ÎÃÑÐÏ áóäóò îòëè÷àòüñÿ äðóã îò äðó-

ãà ñïîñîáàìè âû÷èñëåíèÿ ïîñëåäîâàòåëüíîñòåé {αk} è {hk}.
Òåîðåìà 1. Ïóñòü â ïðîöåññå âûïîëíåíèÿ ÎÃÑÐÏ âûïîëíÿþòñÿ ñëå-

äóþùèå óñëîâèÿ äëÿ k = 0, 1, 2, . . . :

inf
x∗∈M∗

‖Ak(xk − x∗)‖ ≤ r; (15)
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αk ≥ 1 + ε, (16)

ãäå r è ε � íåêîòîðûå ïîëîæèòåëüíûå êîíñòàíòû, M∗ � ìíîæåñòâo

òî÷åê ìèíèìóìà f(x), êîòîðîå ïðåäïîëàãàåòñÿ îãðàíè÷åííûì. Òîãäà

lim
k→∞

f(xk) = f(x∗), x∗ ∈M∗.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ââåäåì íåêîòîðûå îïðåäåëåíèÿ.

Ïóñòü çàäàíî ìíîæåñòâî îïåðàòîðîâ M = {Aγ}. Ïîäïðîñòðàíñòâî

Rm ⊆ En íàçîâåì îñîáûì ïî îòíîøåíèþ ê ìíîæåñòâó M, åñëè

sup vRm(Aγ) <∞.

Â äàëüíåéøåì ïîä vx(A) ìû áóäåì ïîíèìàòü vR1(A), ãäå R1 ïîðîæ-

äåíî âåêòîðîì x 6= 0. Äîêàæåì ëåììó.

Ëåììà. Ïóñòü çàäàíû 2 ëèíåéíî íåçàâèñèìûõ âåêòîðà x, y, îïåðà-

òîð A è êîýôôèöèåíò ðàñòÿæåíèÿ vx(A) =
‖Ax‖
‖x‖ è vy(A) =

‖Ay‖
‖y‖ .

Òîãäà ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî äëÿ ïðîèçâîëüíîãî âåêòîðà

z = ax+ by, z 6= 0:

vz(A) ≤
√

2max (vx(A), vy(A))√
1− |cos(x̂, y)| (17)

Äîêàçàòåëüñòâî.

vz(A) =
‖A(ax+ by)‖
‖ax+ by‖ ≤ |a| · ‖Ax‖+ |b| · ‖Ay‖√

a2‖x‖2 + 2ab(x, y) + b2‖y‖2 ≤

≤
[
‖x‖ · |a|+ |b| · ‖y‖

]
·max

(
vx(A), vy(A)

)
√
a2‖x‖2 + 2ab‖x‖‖y‖ cos(x̂, y) + b2‖y‖2 .

(18)

Íàéäåì ìèíèìóì âûðàæåíèÿ a2 ‖x‖2 + 2ab ‖x‖ · ‖y‖ cosϕ + b2 ‖y‖2 ïî

a, b, ‖x‖ , ‖y‖ ïðè îãðàíè÷åíèè |a| · ‖x‖ + |b| · ‖y‖ = c, ãäå c > 0. Ëåãêî
âèäåòü, ÷òî ýòîò ìèíèìóì äîñòèãàåòñÿ ïðè |a| · ‖x‖ = |b| · ‖y‖ =

c

2
è ïðè

ab cosϕ ≤ 0 ðàâåí
c2

2
(1− |cosϕ|). Îòñþäà è èç (18) ïîëó÷àåì:

vz(A) ≤ cmax(vx(A), vy(A))√
c2

2
(1− |cos(x̂, y)|)

=
√

2 max(vx(A), vy(A))√
1− |cos(x̂, y)| .

Äîêàçàòåëüñòâî ëåììû çàâåðøåíî.
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Ñëåäñòâèå. Ñîâîêóïíîñòü îñîáûõ âåêòîðîâ ïî îòíîøåíèþ ê ìíîæåñòâó

îïåðàòîðîâ M îáðàçóåò ïîäïðîñòðàíñòâî.

Äîêàçàòåëüñòâî. Âûáåðåì ìàêñèìàëüíîå ÷èñëî ëèíåéíî íåçàâèñèìûõ

îñîáûõ âåêòîðîâ. Òîãäà èç ïðåäûäóùåé ëåììû ñëåäóåò, ÷òî è ïðoèçâîëü-

íàÿ ëèíåéíàÿ êîìáèíàöèÿ ýòèõ âåêòîðîâ áóäåò îñîáûì âåêòîðîì, à ýòî

çíà÷èò, ÷òî ñîâîêóïíîñòü îñîáûõ âåêòîðîâ îáðàçóåò ïîäïðîñòðàíñòâî.

Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû. Òàê êàê Ak ÿâëÿåòñÿ

ïðîèçâåäåíèåì îïåðàòîðîâ ðàñòÿæåíèÿ (ñì.(14)), òî èç (16), (7), (9) ñëå-

äóåò, ÷òî ïîñëåäîâàòåëüíîñòü vRm(Ak) äëÿ ïðîèçâîëüíîãî ïîäïðîñòðàí-
ñòâà Rm ⊆ En áóäåò íåóáûâàþùåé ïî k, ïðè÷åì äëÿ âñåõ k = 0, 1, 2, . . .
vRm(Ak) ≥ 1.

Ìíîæåñòâî ìèíèìóìîâ M∗ ôóíêöèè f(x) ÿâëÿåòñÿ çàìêíóòûì, ïî-
ýòîìó â ôîðìóëå (15) èíôèìóì äîñòèãàåòñÿ â íåêîòîðîé òî÷êå, êîòîðóþ

ìû áóäåì îáîçíà÷àòü x∗(xk).
Òàê êàê ‖Ak(xk − x∗(xk))‖ = vxk−x∗(xk)(Ak) × ‖xk − x∗(xk)‖ è

vxk−x∗(xk)(Ak) ≥ 1, òî èç (15) ñëåäóåò:

‖xk − x∗(xk)‖ ≤ r. (19)

Ïóñòü Rm � ïðîñòðàíñòâî îñîáûõ âåêòîðîâ ïî îòíîøåíèþ ê ìíîæåñòâó

{Ak}, k = 0, 1, . . .; Rn−m � îðòîãîíàëüíîå äîïîëíåíèå Rm â En. Èç
(19) è îãðàíè÷åííîñòè M∗ ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü {xk} èìååò
ïðåäåëüíûå òî÷êè. Ïóñòü x /∈ M∗ � íåêîòîðàÿ ïðåäåëüíàÿ òî÷êà, {xki}
� íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü, ñõîäÿùàÿñÿ ê ýòîé òî÷êå. Ïîêàæåì,

÷òî x− x∗(x) ∈ Rm.
Ðàññìîòðèì ðàçëîæåíèÿ

x− x∗(x) = y + z; xki − x∗(xki ) = yki + zki ;

ãäå y, yki ∈ Rm; z, zki ∈ Rn−m.
Ëåãêî ïîêàçàòü, ÷òî lim

k→∞
min

z∈Rn−m

vz(Ak) = ∞. Â ñàìîì äåëå, ðàññìîò-

ðèì ïåðåñå÷åíèå ìíîæåñòâ: Md =
∞⋂
k=0

{
z : z ∈ Rn−m, vz(Ak) ≤ d

}
, ãäå

d > 0. Åñëè ýòî ïåðåñå÷åíèå íå ïóñòî, òî íàéäåòñÿ z 6= 0, z ∈ Rn−m, ÷òî
vz(Ak) ≤ d äëÿ k = 0, 1, 2, . . . Íî òîãäà z ∈ Rm. Ïîëó÷èëè ïðîòèâîðå÷èå.
Ñëåäîâàòåëüíî,

lim
k→∞

min
z∈Rn−m

vz(Ak) = ∞. (20)

Åñëè z 6= 0, òî, íà÷èíàÿ ñ íåêîòîðîãî i, áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî
‖zki‖ ≥ δ > 0, òàê êàê lim

i→∞
zki = z. Íî òîãäà ‖Aki (xki − x∗(xki))‖ ≥
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≥ vzki
(Aki ) · δ − ‖Akiyki‖. Òàê êàê {‖Akiyki‖} îãðàíè÷åíà, òî èç (20)

ïîëó÷àåì ‖Aki(xki − x∗(xki ))‖ → ∞ ïðè i → ∞, íî ýòî ïðîòèâîðå÷èò

(15). Òàêèì îáðàçîì, z = 0, ò. å.

x− x∗(x) ∈ Rm.
Ïî îïðåäåëåíèþ Rm ñóùåñòâóåò êîíå÷íûé ïðåäåë ïîñëåäîâàòåëüíîñòè

vx−x∗(x)(Ak), k = 0, 1, . . .

Íî òîãäà

lim
k→∞

vx−x∗(x)(Ak+1)
vx−x∗(x)(Ak)

= 1. (21)

Â ñèëó (9), (16), (21) ïðîåêöèÿ âåêòîðà ξk íà íàïðàâëåíèå Ak(x−x∗(x))
äîëæíà ñòðåìèòñÿ ê 0, îòêóäà îáîáùåííàÿ ïðîèçâîäíàÿ îò ôóíêöèè

f(x) ïî íàïðàâëåíèþ x − x∗(x) â òî÷êå xk äîëæíà ñòðåìèòñÿ ê 0 ïðè

k →∞.

Çàìå÷àíèå 1. Ïîä îáîáùåííîé ïðîèçâîäíîé îò ôóíêöèè f(x) ïî íà-

ïðàâëåíèþ η â çàäàííîé òî÷êå x0 ïîíèìàåòñÿ ïðîåêöèÿ îáîáùåííîãî

âåêòîðà ãðàäèåíòà â ýòîé òî÷êå íà óêàçàííîå íàïðàâëåíèå. Ìû áóäåì

äëÿ îáîáùåííîé ïðîèçâîäíîé ïî íàïðàâëåíèþ ïðèìåíÿòü îáîçíà÷åíèå

f ′η(x0). Äëÿ ïðîèçâîäíîé ïî íàïðàâëåíèþ îò âûïóêëîé ôóíêöèè f(x)
ñïðàâåäëèâî íåðàâåíñòâî∣∣f ′x−x0

(x)
∣∣ · ‖x− x0‖ ≥ f(x)− f(x0). (22)

Ïðîäîëæèì äîêàçàòåëüñòâî òåîðåìû.

Èç íåðàâåíñòâà (22) ïîëó÷àåì:

|f ′x−x∗(x)(xki )| · ‖x− x∗(x)‖ ≥ f(xki )− f(xki − x+ x∗(x)). (23)

Ïåðåéäåì ê ïðåäåëó ïðè i→∞.

Ïîëó÷èì èç (23):

0 ≥ f(x)− f(x∗(x)).

Çíà÷èò, f(x) = f(x∗(x)), ò. å. x ∈M∗.
Òàêèì îáðàçîì, âñå ïðåäåëüíûå òî÷êè ïîñëåäîâàòåëüíîñòè {xk} ïðè-

íàäëåæàò îáëàñòè ìèíèìóìîâ ôóíêöèè f(x), ÷òî è äîêàçûâàåò òåîðå-

ìó 1.

Â òåîðåìå 1 ìû ïîñòóëèðîâàëè îïðåäåëåííûå ñâîéñòâà ïîñëåäîâà-

òåëüíîñòè {Akxk}. Â òåîðåìå 2 ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ, íàêëà-

äûâàåìûõ íà f(x), ìû ñôîðìóëèðóåì ñïîñîá âûáîðà ïîñëåäîâàòåëüíî-

ñòåé {hk} è {αk}, ïðè êîòîðîì òðåáóåìûå â òåîðåìå 1 ñâîéñòâà {Akxk}
âûïîëíÿþòñÿ.
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Òåîðåìà 2. Ïóñòü ìíîæåñòâî M∗ òî÷åê ìèíèìóìà âûïóêëîé ôóíê-

öèè f(x) îãðàíè÷åíî, è f(x) ïðèíèìàåò íà M∗ çíà÷åíèå m∗.

Ââåäåì îáîçíà÷åíèÿ:

ρ(x) = min
x∗∈M∗

‖x− x∗‖ ;

x∗(x) � òî÷êà, äëÿ êîòîðîé ‖x− x∗(x)‖ = ρ(x). Ïóñòü äëÿ âñåõ x, óäî-
âëåòâîðÿþùèõ óñëîâèþ ρ(x) ≤ c, x /∈ M∗ è x∗ ∈ M∗ âûïîëíÿþòñÿ

ñëåäóþùèå íåðàâåíñòâà:

N [f(x)−m∗] ≤ ∣∣f ′x−x∗(x)∣∣ · ‖x− x∗∗‖ ≤M [f(x)−m∗] , (24)

ãäå x∗∗ � áëèæàéøàÿ ê x òî÷êà ìèíèìóìà, ëåæàùàÿ íà ëó÷å

y = x+ t(x− x∗), t ≥ 0.
Òîãäà, åñëè ïðè ïðèìåíåíèè ÎÃÑÐÏ

1) ρ(x0) ≤ c; (25)

2) hk+1 =
2MN

M +N
· [f(xk)−m∗]
‖ĝϕk

(yk)‖ ; (26)

3) 1 + ε ≤ αk+1 ≤ M +N

M −N
, (27)

òî áóäóò âûïîëíåíû óñëîâèÿ òåîðåìû 1. (Çäåñü M, N, c, ε � ïîëîæè-

òåëüíûå êîíñòàíòû.)

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî ïîñëå-

äîâàòåëüíîñòü min
x∗∈M∗

‖Ak(xk − x∗)‖ ÿâëÿåòñÿ íåâîçðàñòàþùåé.
Èñïîëüçóÿ (14), (13), ïîëó÷àåì :

min
x∗∈M∗

‖Ak(xk − x∗)‖2 =

= min
x∗∈M∗

‖Rαk
(ξk) ·Ak−1(xk − x∗)‖2 =

= min
x∗∈M∗

‖Rαk
(ξk) ·Ak−1(xk−1 − x∗)−Rαk

(ξk)hkξk‖2 ≤

≤ ∥∥Rαk
(ξk) · Ak−1(xk−1 − x∗k−1)−Rαk

(ξk)hkξk
∥∥2
,

(28)

ãäå x∗k−1 � çíà÷åíèå x
∗, ïðè êîòîðîì äîñòèãàåòñÿ ìèíèìóì â âûðàæåíèè:

min
x∗∈M∗

‖Ak−1(xk−1 − x∗)‖ . (29)
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Ââåäåì îáîçíà÷åíèå:

Ak−1(xk−1 − x∗k−1) = zk−1. (30)

Èç (28), (9) ïîëó÷àåì :

min
x∗∈M∗ ‖Ak(xk − x∗)‖2 ≤ ‖Rαk

(ξk)zk−1 −Rα(ξk) · hkξk‖2 =

= ‖Rαk
(ξk) · zk−1‖2 − 2h(Rαk

(ξk)zk−1, Rαk
hkξk) + α2

kh
2
k =

=

[
1 + (α2

k − 1)
(zk−1, ξk)2

‖zk−1‖2
]
· ‖zk−1‖2 − 2α2

khk(zk−1, ξk) + α2
kh

2
k =

= ‖zk−1‖2 + α2
k [(zk−1, ξk)− hk]

2 − (zk−1, ξk)2.

(31)

Îöåíèì (zk−1, ξk), èñïîëüçóÿ (11), (12) :

(zk−1, ξk) =
(
Ak−1(xk−1 − x∗k−1), ξk

)
=
(
xk−1 − x∗k−1, A

∗
k−1ξk

)
=

=

(
xk−1 − x∗k−1,

ĝf(xk−1)∥∥ĝϕk−1(yk−1)
∥∥
)

=

=
f ′xk−1

− x∗k−1(xk−1) ·
∥∥xk−1 − x∗k−1

∥∥∥∥ĝϕk−1(yk−1)
∥∥

(32)

(çäåñü ìû âîñïîëüçîâàëèñü îïðåäåëåíèåì îáîáùåííîé ïðîèçâîäíîé ïî

íàïðàâëåíèþ (ñì. çàìå÷àíèå 1)).

Ðàññìîòðèì äâà ñëó÷àÿ.

I. (zk−1, ξk) ≤ hk; èç (24), (26), (32) ïîëó÷àåì :

hk =
[f(xk−1)−m∗]∥∥ĝϕk−1(yk−1)

∥∥ · 2MN

M +N
≤

≤
f ′xk−1−x∗k−1

(xk−1) ·
∥∥xk−1 − x∗k−1

∥∥ · 2M∥∥ĝϕk−1(yk−1)
∥∥ · (M +N)

= (zk−1, ξk) · 2M
M +N

.

Ïîëó÷àåì

α2
k[(zk−1, ξk)− hk]2 − (zk−1, ξk)2 ≤

≤ α2
k

[
(zk−1, ξk)− (zk−1, ξk) · 2M

M +N

]2
− (zk−1, ξk)

2 ≤

≤
[(

M +N

M −N

)2

·
(

1− 2M
M +N

)2

− 1

]
· (zk−1, ξk)2 = 0.
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II. (zk−1, ξk) ≥ hk; èç (24), (26), (32) ïîëó÷àåì :

hk ≥ f ′xk−1−x∗k−1
(xk−1) ·

∥∥xk−1 − x∗k−1

∥∥ · 2N∥∥ĝϕk−1(yk−1)
∥∥ · (M +N)

=

= (zk−1, ξk) · 2N
M +N

.

Îòñþäà

α2
k [(zk−1, ξk)− hk]

2 − (zk−1, ξk)
2 ≤

≤ α2
k

[
(zk−1, ξk)− (zk−1, ξk) · 2N

M +N

]2
− (zk−1, ξk)2 ≤

≤
[(

M +N

M −N

)2

·
(

1− 2N
M +N

)2

− 1
]
· (zk−1, ξk)2 = 0.

Òàêèì îáðàçîì, â îáîèõ ñëó÷àÿõ:

α2
k · [(zk−1, ξk)− hk]

2 − (zk−1, ξk)2 ≤ 0. (33)

Ïîäñòàâëÿÿ (33) â (31) ïîëó÷àåì :

min
x∗∈M∗

‖Ak(xk − x∗k)‖2 ≤ ‖zk−1‖2 = min
x∗∈M∗

∥∥Ak−1(xk−1 − x∗k−1)
∥∥2
.

Îòñþäà ñðàçó ñëåäóåò òåîðåìà 2.

Åñëè ôóíêöèÿ f(x) èìååò åäèíñòâåííûé ìèíèìóì â òî÷êå x∗, òî â

êà÷åñòâå ñëåäñòâèÿ èç òåîðåìû 2 ïîëó÷àåì òåîðåìó 3.

Òåîðåìà 3. Ïóñòü ìèíèìóì âûïóêëîé ôóíêöèè f(x) äîñòèãàåòñÿ â

åäèíñòâåííîé òî÷êå x∗ è f(x∗) = m∗, à äëÿ âñåõ x, óäîâëåòâîðÿþùèõ
óñëîâèþ ρ(x) ≤ c, âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

N · [f(x)−m∗] ≤ ∣∣f ′x−x∗(x)∣∣ · ‖x− x∗‖ ≤M [f(x)−m∗] .

Òîãäà, åñëè ïðè ïðèìåíåíèè ÎÃÑÐÏ

(1) ρ(x0) ≤ c,

(2) hk+1 =
2MN

M +N
· [f(x)−m∗]
‖ĝϕk

(yk)‖ ,

(3) 1 + ε ≤ αk+1 ≤ M +N

M −N
,

òî áóäóò âûïîëíåíû óñëîâèÿ òåîðåìû 1 (M, N, c, ε � ïîëîæèòåëüíûå

êîíñòàíòû).
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5. Îáñóæäåíèå ðåçóëüòàòîâ

Òåîðåìû 2 è 3 â ñî÷åòàíèè ñ òåîðåìîé 1 äàþò íàì âîçìîæíîñòü ñòðîèòü

ñõîäÿùèåñÿ ïðîöåäóðû ÎÃÑÐÏ. ×òî ìîæíî ñêàçàòü î ñêîðîñòè ñõîäè-

ìîñòè? Åñëè âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3, òî ‖Ak(xk−x∗)‖ ≤ c äëÿ
k = 0, 1, . . . Â ñèëó (7), (8) êîýôôèöèåíò îáúåìíîãî ðàñøèðåíèÿ

vEn(Ak) =
k∏
i=1

αi.

Åñëè îáîçíà÷èòü îáúåì n-ìåðíîãî øàðà ‖y‖ ≤ c ÷åðåç vc, òî âåêòîð

xk − x∗ áóäåò ëîêàëèçîâàí â îáúåìå vc/vEn(Ak) = vc/
k∏
i=1

αi. Åñëè

αi =
M +N

M −N
, i = 1, 2, . . . , òî îáúåì îáëàñòè ëîêàëèçàöèè xk − x∗

óìåíüøàåòñÿ íå ìåäëåííåå, ÷åì ãåîìåòðè÷åñêàÿ ïðîãðåññèÿ ñî çíàìå-

íàòåëåì
M −N

M +N
. Ñëåäóåò îòìåòèòü, ÷òî â ñèëó (22) N ≥ 1, ò. å. ïðè

íåáîëüøèõM ýòîò çíàìåíàòåëü ñóùåñòâåííî îòëè÷åí îò 1. Çàìåòèì òàê-

æå, ÷òî êîíñòàíòûM è N íå ñâÿçàíû íåïîñðåäñòâåííî ñ ¾êîýôôèöèåí-

òîì îâðàæíîñòè¿σ (ñì. � 1) è èíâàðèàíòíû ïo îòíîøåíèþ ê ëèíåéíûì

ïðåîáðàçîâàíèÿì ïðîñòðàíñòâà En.
Åñëè f(x) = (Kx, x) � ïîëîæèòåëüíî îïðåäåë¼ííàÿ êâàäðàòè÷íàÿ

ôîðìà, òîM=N=2. Â ýòîì ñëó÷àå αk ìîæåò áûòü ñêîëüêî óãîäíî áîëü-
øèì ïîëîæèòåëüíûì ÷èñëîì. Â ïðåäåëå ïðè αk → ∞ ÎÃÑÐÏ ïåðåõî-

äèò â îäèí èç ìåòîäîâ îðòîãîíàëèçàöèè äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ

óðàâíåíèé [1], êîòîðûé ñõîäèòñÿ çà n øàãîâ.

Òåîðåìû 2 è 3 ìîæíî ïðèìåíÿòü íåïîñðåäñòâåííî, êîãäà çàðàíåå èç-

âåñòíî çíà÷åíèå f(x) â òî÷êàõ ìèíèìóìà (m∗).
Ýòî èìååò ìåñòî, åñëè íàì íóæíî ðåøàòü ñèñòåìó èç ðàâåíñòâ è

âûïóêëûõ íåðàâåíñòâ:{
Fi(x) = 0; i = 1, . . . , r;
Hj(x) ≤ 0; j = 1, . . . , p.

(34)

Ðåøåíèå ýòîé ñèñòåìû ìîæíî ñâåñòè ê çàäà÷å ìèíèìèçàöèè

f(x) = max
[
0, max

i
F 2
i , max

j
Hj(x)

]
.

Ecëè ðåøåíèå ñèñòåìû (34) ñóùåñòâóåò, òî m∗ = min f(x) = 0. Â îá-

ùåì ñëó÷àå m∗ íåèçâåñòíî. Â íàñòîÿùåå âðåìÿ íàìè èññëåäóþòñÿ àë-

ãîðèòìû, â êîòîðûõ m∗ ïîäáèðàåòñÿ â ïðîöåññå ðàñ÷åòîâ. Êðîìå òîãî,
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èññëåäóþòñÿ àëãîðèòìû ÎÃÑÐÏ, â êîòîðûõ {αk} è {hk} ñòðîÿòñÿ ïî

ñõåìàì, îòëè÷íûì îò ïðèâåäåííûõ â äàííîé ñòàòüå. Â íàñòîÿùåå âðå-

ìÿ â ÈÊ ÀÍ ÓÑÑÐ Â.È.Áèëåöêèì ðàçðàáîòàíà ñòàíäàðòíàÿ ïðîãðàììà

äëÿ ÝÂÌ Ì-220, ñ ïîìîùüþ êîòîðîé ïðîâåäåíî áîëüøîå ÷èñëî ýêñïå-

ðèìåíòàëüíûõ ðàñ÷åòîâ ïî ðàçëè÷íûì ìîäèôèêàöèÿì ÎÃÑÐÏ. Ðåçóëü-

òàòû ðàñ÷åòîâ ïîêàçûâàþò, ÷òî ñêîðîñòü ñõîäèìîñòè ÎÃÑÐÏ ïðàêòè÷å-

ñêè íàìíîãî âûøå, ÷åì ïðè èñïîëüçîâàíèè îáîáùåííîãî ãðàäèåíòíîãî

ñïóñêà áåç ðàñòÿæåíèÿ ïðîñòðàíñòâà. Ïîäðîáíûå äàííûå î ðåçóëüòàòàõ

ýêñïåðèìåíòàëüíûõ ðàñ÷åòîâ ñîäåðæàòñÿ â ñòàòüå [4]. Â çàêëþ÷åíèå ñëå-

äóåò îòìåòèòü, ÷òî îïåðàöèþ ðàñòÿæåíèÿ ïðîñòðàíñòâà óäîáíî ñî÷åòàòü

ñ ðàçëè÷íûìè ìåòîäàìè ãðàäèåíòíîãî òèïà. Ìîæíî íàäåÿòüñÿ, ÷òî äëÿ

ìíîãèõ çàäà÷ ïðèìåíåíèå îïåðàöèè ðàñòÿæåíèÿ ïðîñòðàíñòâà ïîâëå÷åò

ñóùåñòâåííîå óñêîðåíèå ñõîäèìîñòè ïðîöåññà ìèíèìèçàöèè.
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Î ñêîðîñòè ñõîäèìîñòè ìåòîäà
îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ

ðàñòÿæåíèåì ïðîñòðàíñòâà

Í. Ç. Øîð

Êèáåðíåòèêà. � 1970. � � 2. � Ñ. 80�85.

1. Ââåäåíèå

Ìû áóäåì ðàññìàòðèâàòü âûïóêëóþ ôóíêöèþ f(x), îïðåäåëåííóþ íà

âñåì åâêëèäîâîì ïðîñòðàíñòâåEn è îáëàäàþùóþ ñëåäóþùèì ñâîéñòâîì:

lim
‖x‖→∞

f(x) = +∞. (1)

Èç ñâîéñòâà (1) ñëåäóåò, ÷òî îáëàñòü ìèíèìóìîâ ôóíêöèè ÿâëÿåòñÿ çà-

ìêíóòûì îãðàíè÷åííûì âûïóêëûì ìíîæåñòâîì. Ïóñòü ôóíêöèÿ f(x)
ïðèíèìàåò íà M∗ çíà÷åíèå m∗.

Â [1] äëÿ ìèíèìèçàöèè âûïóêëûõ ôóíêöèé áûë ïðåäëîæåí ìåòîä

îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà (ñîêðà-

ùåííî ÎÃÑÐÏ). Îáîñíîâàíèå ýòîãî ìåòîäà áûëî ïðîâåäåíî äëÿ ñïå-

öèàëüíîãî ñëó÷àÿ ðåãóëèðîâêè øàãà è êîýôôèöèåíòà ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà, ïðè÷åì çíà÷åíèå m∗ ïðåäïîëàãàëîñü èçâåñòíûì.
Â íàñòîÿùåé ñòàòüå, íàïîìíèâ îñíîâíûå îïðåäåëåíèÿ è ðåçóëüòà-

òû [1], ïåðåéäåì ê ïîäðîáíîìó èññëåäîâàíèþ àëãîðèòìà, êîãäà m∗ çà-
ðàíåå íåèçâåñòíî.

Çàòåì ìû ïîëó÷èì íåêîòîðûå îöåíêè ñêîðîñòè ñõîäèìîñòè ÎÃÑÐÏ

è îñòàíîâèìñÿ íà âîïðîñàõ ïðàêòè÷åñêîãî èñïîëüçîâàíèÿ ýòîãî ìåòîäà.

2. Îñíîâíûå îïðåäåëåíèÿ è ðåçóëüòàòû

Îáîáùåííûì ãðàäèåíòîì âûïóêëîé ôóíêöèè f(x) â òî÷êå x0 áóäåì íà-

çûâàòü âåêòop ĝf (x0), óäîâëåòâîðÿþùèé ñëåäóþùåìó íåðàâåíñòâó äëÿ
ïðîèçâîëüíîãî x ∈ En:

f(x)− f(x0) ≥ (ĝf (x0), x− x0). (2)

Ïóñòü çàäàí âåêòîð η 6= 0. Îáîáùåííîé ïðîèçâîäíîé ôóíêöèè f(x)
â íàïðàâëåíèè η â òî÷êå x0 ìû áóäåì íàçûâàòü ÷èñëî f ′η (x0), ðàâíîå
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ïðîåêöèè âåêòîðà ĝf (x0) íà íàïðàâëåíèå η:

f ′η (x0) =
(ĝf (x0) , η)

‖η‖ . (3)

Âçÿâ η ðàâíûì x− x0, ïîëó÷èì ñëåäóþùåå íåðàâåíñòâî:

f ′x−x0
(x0) · ‖x− x0‖ ≤ f(x)− f (x0) (4)

èëè

f ′x−x0
(x) · ‖x− x0‖ ≥ f(x)− f (x0) . (5)

Ïóñòü B � íåêîòîðûé ëèíåéíûé îïåðàòîð, îïðåäåëåííûé íà En. Ðàñ-
ñìîòðèì ôóíêöèþ

ϕ(y) = f (By) ; (6)

ϕ(y) ÿâëÿåòñÿ âûïóêëîé ôóíêöèåé, è îáîáùåííûé ãðàäèåíò ϕ(y) ìîæíî
âû÷èñëèòü ïî ñëåäóþùåé ôîðìóëå:

ĝϕ (y0) = B∗ĝf (x0) , (7)

ãäå x0 = By0, B
∗ � îïåðàòîð, ñîïðÿæåííûé îïåðàòîðó B.

Ïóñòü çàäàí íåêîòîðûé âåêòîð ξ, ‖ξ‖ = 1. Îïåðàòîðîì ðàñòÿæåíèÿ

Rα(ξ) â íàïðàâëåíèè ξ ñ êîýôôèöèåíòîì α áóäåì íàçûâàòü ëèíåéíûé

îïåðàòîð, äåéñòâóþùèé ñëåäóþùèì îáðàçîì íà ïðîèçâîëüíûé âåêòîð

x ∈ En:
Rα(ξ)x = αxξ + (x− xξ) , (8)

ãäå xξ = (x, ξ)ξ.
Êîýôôèöèåíòîì ðàñòÿæåíèÿ âåêòîðà x 6= 0 ïîä âîçäåéñòâèåì îïå-

ðàòîðà A áóäåì íàçûâàòü âåëè÷èíó kx (A), îïðåäåëÿåìóþ ïî ôîðìóëå:

kx (A) =
‖Ax‖
‖x‖ . (9)

Åñëè A, B � äâà îïåðàòîðà, òî

kx (AB) = kBx (A) kx (B) . (10)

Äëÿ îïåðàòîðà ðàñòÿæåíèÿ Rα(ξ) ñïðàâåäëèâà ôîðìóëà

kx

(
Rα(ξ)

)
=

√
1 + (α2 − 1) · (x, ξ)2

‖x‖2 . (11)
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Àëãîðèòìîì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà (ñîêðàùåííî ÎÃÑÐÏ-àëãîðèòìîì) ìû áóäåì íàçûâàòü àëãî-

ðèòì ìèíèìèçàöèè âûïóêëûõ ôóíêöèé,îïèñàíèå êîòîðîãî ñëåäóåò íè-

æå.

I. Ïðåäïîñûëêè ïðèìåíåíèÿ àëãîðèòìà ÎÃÑÐÏ.

Äëÿ çàäàííîé âûïóêëîé ôóíêöèè f(x) èìååòñÿ àëãîðèòì âû÷èñ-

ëåíèÿ ĝf (x) â ïðîèçâîëüíîé òî÷êå x ∈ En; çàäàíû îïåðàòîðû âû-

÷èñëåíèÿ ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ ÷èñåë {hk} è {αk},
k = 1, 2, . . ..

II. 0-é øàã àëãîðèòìà Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå x = x0 è

ìàòðèöó B0 = A−1
0 = E.

III. (k + 1)-é øàã àëãîðèòìà; k = 0,1, . . .. Âû÷èñëÿåì:

1) ĝf (xk) ;
2) ĝϕk

(yk) = B∗
k ĝf (xk) . (12)

Ïðèìå÷àíèå. ϕk(y) = f (Bky) ; yk = Akxk;

3) ξk+1 = ĝϕk
(yk)

/ ‖gϕk
(yk) ‖; (13)

4) hk+1;
5) αk+1;
6) xk+1 = xk −Bkhk+1ξk+1; (14)

7) R−1
αk+1

(ξk+1) = R1/αk+1 (ξk+1) ;

8) Bk+1 = A−1
k+1 = BkR1/αk+1 (ξk+1) . (15)

Ðàçëè÷íûå âàðèàíòû àëãîðèòìîâ OÃÑÐÏ îòëè÷àþòñÿ äðóã îò äðó-

ãà ñïîñîáàìè âû÷èñëåíèÿ ïîñëåäîâàòåëüíîñòåé {hk} è {αk}. Â [1] ìû ïî-

äðîáíî ðàññìîòðåëè ñëó÷àé âûáîðà {hk} è {αk} ïðè èçâåñòíîì çíà÷åíèè

ôóíêöèè â òî÷êå ìèíèìóìà è äîêàçàëè ïðè íåêîòîðûõ ïðåäïîëîæåíè-

ÿõ ñõîäèìîñòü ýòîãî ìåòîäà. Ïðè ýòîì hk+1 âûáèðàëîñü ïî ñëåäóþùåé

ôîðìóëå:

hk+1 =
γ [f (xk)−m]
‖ĝϕk

(yk) ‖ , (16)

ãäå γ � íåêîòîðàÿ êîíñòàíòà, íå ìåíüøàÿ 1, m = m∗, ðàâíîé çíà÷åíèþ
ôóíêöèè f(x) â òî÷êå ìèíèìóìà. Íèæå ìû ðàññìîòðèì ïîâåäåíèå ïî-

ñëåäîâàòåëüíîñòè {hk} â òîì ñëó÷àå, åñëè m â (16) âûáðàíî íåâåðíî è

íà îñíîâå ýòîãî ïîëó÷èì àëãîðèòì ìèíèìèçàöèè f(x), êîãäà m∗ íåèç-
âåñòíî.
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3. Àëãîðèòì ìèíèìèçàöèè ñ

íåèçâåñòíûì m∗

Ñíà÷àëà ìû ïîêàæåì, ÷òî åñëè â ôîðìóëå (16) m < m∗, òî sup
k
hk = ∞.

Äëÿ ýòîãî äîêàæåì ëåììó.

Ëåììà 1. Ïóñòü â ïðîöåcce âûïîëíåíèÿ àëãîðèòìà ÎÃÑÐÏ ñîáëþäà-

þòñÿ äëÿ âñåõ k = 1, 2, . . . ñëåäóþùèå óñëîâèÿ:

1) αk ≥ 1 + ε; (17)

2) f (xk)−m∗ ≤ c, (18)

ãäå ε è c � çàäàííûå ïîëîæèòåëüíûå êîíñòàíòû. Òîãäà

lim
k→∞

ĝϕk
(yk) = 0.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ {B∗
k}.

Èç (15) ïîëó÷àåì:

B∗
k+1 = R1/αk+1 (ξk+1) ·B∗

k . (19)

Èç (17) è (11) âûòåêàåò, ÷òî äëÿ ïðîèçâîëüíîãî x 6= 0

kx
(
R1/αk+1 (ξk+1)

) ≤ 1.

Ïðèìåíÿÿ (10), (19), ïîëó÷èì, ÷òî ïîñëåäîâàòåëüíîñòü {kx(B∗
k)} ÿâëÿåò-

ñÿ íåâîçðàñòàþùåé ïî k. Çíà÷èò, äëÿ ëþáîãî x ñóùåñòâóåò lim
k→∞

kx (B∗
k).

Èç ñâîéñòâà (1) ôóíêöèé f(x) ñëåäóåò, ÷òî îáëàñòü

Rc = {x : f(x)−m∗ ≤ c}
ÿâëÿåòñÿ îãðàíè÷åííîé; ñëåäîâàòåëüíî, îãðàíè÷åííîé ÿâëÿåòñÿ ‖ĝf (x)‖
ïðè x ∈ Rc.

Ââåäåì îáîçíà÷åíèå:

% = sup
x∈Rc

‖ĝf(x)‖ . (20)

Ïóñòü x � âåêòîð, òàêîé, ÷òî

lim
k→∞

kx (B∗
k) > 0.

Òîãäà èç (10), (11), (17) ïîëó÷àåì:

lim
k→∞

|(ξk+1, B
∗
kx)| = 0. (21)
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Ðàçëîæèì ĝf (xk) ïî áàçèñó íåêîòîðîé îðòîíîðìèðîâàííîé ñèñòåìû
êîîðäèíàò e1, . . . , en:

ĝf (xk) =
n∑
i=1

c
(k)
i ei. (22)

Ðàçîáúåì {1, 2, . . . , k} íà äâà ïîäìíîæåñòâà: I1 è I2, ãäå I1 � ïîäìíî-
æåñòâî èíäåêñîâ, äëÿ êîòîðûõ lim

k→∞
kei (B∗

k) = 0, I2 � äîïîëíèòåëüíîå

ïîäìíîæåñòâî. Èç (21) ñëåäóåò, ÷òî lim
k→∞

|(ξk+1, B
∗
kei)| = 0 ïðè i ∈ I2,

îòêóäà (ñì. (13))

lim
k→∞

|(ĝϕk
(yk) , B∗

kei)| = 0, i ∈ I2. (23)

Äàëåå,

ĝϕk
(yk) = B∗

k ĝf (xk) =
∑
i∈I1

c
(k)
i B∗

kei +
∑
i∈I2

c
(k)
i B∗

kei;

‖ĝϕk
(yk)‖2 =

∑
i∈I1

c
(k)
i (B∗

kei, ĝϕk
(yk)) +

∑
i∈I2

c
(k)
i (B∗

kei, ĝϕk
(yk)).

Äëÿ èíäåêñîâ i ∈ I1 ñõîäèìîñòü ÷ëåíîâ ñóììû ê 0 ñëåäóåò èç (20)

(|c(k)i | ≤ %) è èç òîãî, ÷òî lim
k→∞

B∗
kei = 0 (i ∈ I1). Äëÿ i ∈ I2 ñõîäèìîñòü

÷ëåíîâ ñóììû ê 0 ñëåäóåò òàêæå èç îãðàíè÷åííîñòè |c(k)i | è èç (23).

Òàêèì îáðàçîì, ëåììà äîêàçàíà.

Òåîðåìà 1. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îáëàäàåò ñëåäóþùèì ñâîé-

ñòâîì: cóùåñòâóåò ïîñòîÿííàÿ M > 1 òàêàÿ, ÷òî åñëè f [(1 − α)x1+
+αx2] (0 ≤ α ≤ 1) ñòðîãî óáûâàåò ïî α, òî âûïîëíÿåòñÿ íåðàâåíñòâî

f ′x1−x2
(x1) · ‖x1 − x2‖ ≤M [f(x1)− f(x2)]. (24)

Òîãäà, åñëè ïðè ïðèìåíåíèè àëãîðèòìà ÎÃÑÐÏ ñ

αk+1 =
M + 1
M − 1

; (25)

hk+1 =
2M [f (xk)−m]

(M + 1) ‖ĝϕk
(yk)‖ (26)

m âûáðàíî áîëüøèì èëè ðàâíûì m∗, òî ïîñëåäîâàòåëüíîñòü {hk} ÿâ-
ëÿåòñÿ îãðàíè÷åííîé è äëÿ ïðîèçâîëüíîãî ε > 0 íàéäåòñÿ k òàêîå,

÷òî f(xk) < m + ε (ñ÷åò ïðåêðàùàåòñÿ, åñëè íà íåêîòîðîì øàãå

f(xk) ≤ m) : åñëè m âûáðàíî ìåíüøèì m∗, òî ïîñëåäîâàòåëüíîñòü

{hk} ÿâëÿåòñÿ íåîãðàíè÷åííîé.
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Äîêàçàòåëüñòâî. Åñëè m ≤ m∗, òî ðàññìîòðèì ôóíêöèþ

fm(x) =
{
f(x), åñëè f(x) ≥ m;
m, åñëè f(x) < m.

Ôóíêöèÿ fm(x) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2 ðàáîòû [1] ñ N = 1.
Òàê êàê äëÿ fm(x)ÎÃÑÐÏ ñõîäèòñÿ ïî ôóíêöèîíàëó, òî äëÿ íåêîòîðîãî

k f(xk) < m+ ε. Äàëåå,

[fm (xk)−m]
‖ĝϕk

(yk)‖ ≤ ‖Ak (xk − x∗k)‖ ,

ãäå x∗k � ïðîèçâîëüíàÿ òî÷êà, äëÿ êîòîðîé fm(x) = m. Èç òåîðåìû 2 [1]

ñëåäóåò, ÷òî x∗k ìîæíî îïðåäåëÿòü òàêèì îáðàçîì, ÷òî {‖Ak (xk − x∗k)‖}
áóäåò íåâîçðàñòàþùåé ïî k. Îòñþäà ñëåäóåò îãðàíè÷åííîñòü {hk}.

Åñëè m âûáðàíî ìåíüøèì m∗, òî âîçìîæíû äâà ñëó÷àÿ:

1) sup
k
f (xk) <∞. Òîãäà âûïîëíÿþòñÿ óñëîâèÿ ëåììû 1:

lim
k→∞

f (xk)−m

‖ĝϕk
(yk)‖ ≥ lim

k→∞
m∗ −m

‖gϕk
(yk)‖ = ∞,

òàê êàê

lim
k→∞

‖ĝϕk
(yk)‖ = 0.

2) sup f (xk) = ∞.

sup
k

f (xk)−m

‖ĝϕk
(yk)‖ ≥ sup

k

f (xk)−m∗

‖ĝf (xk)‖ . (27)

Ðàññìîòðèì ëó÷, èñõîäÿùèé èç òî÷êè xk è ñîåäèíÿþùèé åå ñ íåêî-

òîðîé òî÷êîé ìèíèìóìà f(x). Ïóñòü x∗k � ïåðâàÿ òî÷êà ìèíèìóìà íà

ýòîì ëó÷å. Ïðèìåíèì íåðàâåíñòâî (24):

f (xk)−m∗

‖ĝf (xk)‖ ≥ 1
M

·
f ′xk−x∗k (xk) · ‖xk − x∗k‖

‖ĝf (xk)‖ =

=
(ĝf (xk), xk − x∗k) ‖xk − x∗k‖
M ‖xk − x∗k‖ ‖ĝf (xk)‖ =

(ĝf (xk), xk − x∗k)
‖ĝf (xk)‖ . (28)

Íî âûðàæåíèå (ĝf (xk), xk − x∗k)/ ‖ĝf(xk)‖ åñòü ðàññòîÿíèå îò íåêîòîðîé
òî÷êè ìèíèìóìà x∗k äî îïîðíîé ãèïåðïëîñêîñòè ê ïîâåðõíîñòè óðîâíÿ
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f(x) = f (xk). Òàê êàê f(x) îïðåäåëåíà âî âñåì ïðîñòðàíñòâå, îáëàñòü åå

ìèíèìóìîâ îãðàíè÷åíà, à ïîñëåäîâàòåëüíîñòü f (xk) íåîãðàíè÷åíà, òî

sup
(ĝf (xk) , xk − x∗k)

‖ĝf (xk)‖ = ∞.

Îòñþäà è èç (27), (28) ñëåäóåò, ÷òî suphk = ∞. Äîêàçàòåëüñòâî òåîðåìû

çàâåðøåíî.

Òåîðåìà 1 ïîçâîëÿåò íàì ïîñòðîèòü àëãîðèòì ìèíèìèçàöèè ôóíê-

öèè f(x), óäîâëåòâîðÿþùåé óñëîâèþ ýòîé òåîðåìû, ïðè íåèçâåñòíîìm∗.
Ýòîò àëãîðèòì áóäåò ñîñòîÿòü èç ïîñëåäîâàòåëüíîñòè ýòàïîâ.

1 ýòàï. Âûáèðàåì x
(1)
0 , êîíñòàíòû H , ∆1 > 0 è ïðèìåíÿåì ÎÃÑÐÏ,

êàê îïèñàíî â óñëîâèÿõ òåîðåìû 1, ïðèíèìàÿ m = m1 = f(x(1)
0 )−∆1.

Â ñèëó òåîðåìû 1 íà íåêîòîðîì øàãå k = k1 äîëæíî ïðîèçîéòè õîòÿ áû

îäíî èç äâóõ ñîáûòèé:

à) f(x(1)

k1
) < f(x0)− ∆1

2
;

á) h
(1)

k1+1
> H .

Çàïîìèíàåì min
0≤k≤k1

f(x(1)
k ). Ïóñòü îí äîñòèãàåòñÿ íà k∗1 .

(r + 1)-é ýòàï (r = 1,2, . . .). Åñëè íà r-îì ýòàïå ïðîèçîøëî ñîáûòèå

f
(
x

(r)

kr

)
< f

(
x

(r)
0

)− ∆r

2
, òî âûáèðàåì x

(r+1)
0 = xkr

; ∆r+1 = ∆r. Åñëè íà

r-îì ýòàïå ýòî ñîáûòèå íå ïðîèçîøëî, à ïðîèçîøëî ñîáûòèå h
(r)

kr+1
> H ,

òî âûáèðàåì x
(r+1)
0 = xk∗r , ∆r+1 =

∆r

2
. Â îáîèõ ñëó÷àÿõ âûáèðàåì

m = mr+1 = f(x(r+1)
0 ) − ∆r+1 è ïðèìåíÿåì ÎÃÑÐÏ, êàê îïèñàíî â

òåîðåìå 1.

Íà íåêîòîðîì øàãå k = kr+1 ïðîèçîéäåò õîòÿ áû îäíî èç äâóõ ñîáû-

òèé:

à) f(x(r+1)

kr+1
) < f(x(r+1)

0 )− ∆r+1

2
;

á) hkr+1+1 > H .

Çàïîìèíàåì min
0≤k≤kr+1

f(x(r+1)
k ) è íîìåð k∗r+1, íà êîòîðîì îí äîñòèãàåòñÿ.

Ïåðåõîäèì ê (r + 2)-ìó ýòàïó è äàëåå ïî èíäóêöèè.
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Ïîêàæåì, ÷òî limr→∞ f(x(r)
0 ) = m∗. Òàê êàê f(x(r)

0 ) � íåâîçðàñòàþ-
ùàÿ è îãðàíè÷åííàÿ ñíèçó ïîñëåäîâàòåëüíîñòü, òî limr→∞ f(x(r)

0 ) ñó-

ùåñòâóåò. Èç îïèñàíèÿ àëãîðèòìà è äîêàçàòåëüñòâà òåîðåìû 1 ÿñíî,

÷òî ïðè äîñòàòî÷íî ìàëîì ∆r ñëó÷àé á) ìîæåò ïðîèçîéòè òîëüêî òî-

ãäà, êîãäà mr < m∗. Ñ äðóãîé ñòîðîíû, ñëó÷àé à) ìîæåò ïðîèçîéòè

ïîñëå ñëó÷àÿ á) òîëüêî êîíå÷íîå ÷èñëî ðàç ïîäðÿä. Òàêèì îáðàçîì,

limr→∞ ∆r = 0. Òàê êàê íà÷èíàÿ ñ äîñòàòî÷íî ìàëûõ ∆r, åñëè íà r-îì

ýòàïå ïðîèçîøåë ñëó÷àé á), f(x(r)
0 )−∆r ñëóæèò îöåíêîé ñíèçó äëÿ m

∗,
è limr→∞ f(x(r)

0 ) = m∗.

4. Î ñêîðîñòè ñõîäèìîñòè ìåòîäà ÎÃÑÐÏ

Òåîðåìà 2. Ïóñòü â ïðîöåññå âûïîëíåííÿ ÎÃÑÐÏ ñîáëþäàþòñÿ ñëå-

äóþùèå óñëîâèÿ:

à) αk = α > 1 (k = 1, 2, . . .); (29)

á) inf
{x∗:f(x∗)=m∗}

‖Ak (xk − x∗) ‖ ≤ r (30)

(r � ïîëîæèòåëüíàÿ êîíñòàíòà). Òîãäà ñóùåñòâóåò áåñêîíå÷íàÿ

ïîäïîñëåäîâàòåëüíîñòü {xki} (ki < ki+1; i = 1, 2, . . .) òàêàÿ, ÷òî

f (xki)−m∗ ≤ C · α−ki/n.

Äîêàçàòåëüñòâî. Îïåðàòîðû Ak ìîæíî ïðåäñòàâèòü â âèäå ïðîèçâå-

äåíèÿ îðòîãîíàëüíîãî è ñèììåòðè÷íîãî ïîëîæèòåëüíî îïðåäåëåííîãî

îïåðàòîðà [2]: Ak = Ok · Sk.
Ñîáñòâåííûå ÷èñëà oïåðàòopa Sk λ

(k)
j ≥ 1, j = 1, 2, . . . , n. (Ìû áóäåì

ïðîèçâîäèòü íóìåðàöèþ ñîáñòâåííûõ ÷èñåë â ïîðÿäêå èõ âîçðàñòàíèÿ).

Ðàññìîòðèì îðòîíîðìèðîâàííóþ ñèñòåìó ñîáñòâåííûõ âåêòîðîâ îïåðà-

òîðà Sk : {s(k)1 , . . . , s
(k)
n }, òàê ÷òî

Sks
(k)
j = λ

(k)
j s

(k)
j (i = 1, 2, . . . , n).

Òàê êàê Ak = Rα (ξk) · Rα (ξk−1) . . . Rα (ξ1), ïðè÷åì ïðîèçâåäåíèå ñîá-

ñòâåííûõ ÷èñåë îïåðàòîðà Rα (ξ) = α, òî ïðîèçâåäåíèå ñîáñòâåííûõ

÷èñåë îïåðàòîðà Sk ðàâíî α
k.

n∏
j=1

λ
(k)
j = αk.

Îòñþäà λ
(k)
n ≤ αk/n.
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Ïóñòü λ
(k)
j = c

(k)
j αk/n. Òîãäà c

(k)
n ≥ 1, c(k)1 ≤ 1, òàê êàê

n∏
j=1

c
(k)
j = 1.

Åñëè ïîñëåäîâàòåëüíîñòü {c(k)n } îãðàíè÷åíà ÷èñëîì cmax, òî âûïîëíÿåò-

ñÿ λ
(k)
1 ≥ c

−(n−1)
max ·αk/n, è äëÿ ïðîèçâîëüíîãî x ∈ En è k = 1, 2, . . . èìååì

kx (Ak) ≥ c
−(n−1)
max · αk/n. Íî òîãäà èç (30) âûòåêàåò, ÷òî

inf
{x∗: f(x∗)=m∗}

‖xk − x∗‖ ≤ r · cn−1
max · α−k/n. (31)

Èç âûïóêëîñòè f(x) ñëåäóåò ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïðîèçâîäíûõ
ïî íàïðàâëåíèþ â îãðàíè÷åííîé îáëàñòè, îòêóäà ïîëó÷àåì

f (xk)−m∗ ≤ c · α−n/k

Òàêèì îáðàçîì, åñëè ïîñëåäîâàòåëüíîñòü {c(k)n } îãðàíè÷åíà, òî òåîðåìà
èìååò ìåñòî.

Ðàññìîòðèì ñëó÷àé, êîãäà {c(k)n } íå îãðàíè÷åíà. Òîãäà íàéäåòñÿ áåñ-
êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü ÷èñåë k1 < k2 < . . . < ki < . . . òàêèõ, ÷òî

c
(ki+1)
n > c

(ki)
n , ò. å.

λ(ki+1)
n > n

√
α · λ(ki)

n ; (32)

‖Aki+1s
(ki+1)
n ‖ > n

√
α · λ(ki)

n . (33)

Ðàññìîòðèì ðàçëîæåíèå åäèíè÷íîãî âåêòîðà s
(ki+1)
n ïî âåêòîðàì

s
(ki)
1 , . . . , s

(ki)
n :

s(ki+1)
n =

n∑
j=1

µjs
(ki)
j ;

n∑
j=1

µ2
j = 1;

Akis
(ki+1)
n =

n∑
j=1

λ
(ki)
j µjOkis

(ki)
j =

n∑
j=1

λ
(ki)
j µjs

′
j .

Òàê êàê Oki � îðòîãîíàëüíûé îïåðàòîð, òî ñèñòåìà âåêòîðîâ

{Okis
(ki)
j } = {s′j}, j = 1, 2, . . . , n, ÿâëÿåòñÿ îðòîíîðìèðîâàííîé.

Aki+1s
(ki+1)
n = Rα (ξki+1) · Akis

(ki+1)
n = Rα (ξki+1)

( n∑
j=1

λ
(ki)
j µjs

′
j

)
;

‖Aki+1s
(ki+1)
n ‖ =

√
‖Akis

(ki+1)
n ‖2 + (α2 − 1)

(
ξki+1, Akis

(ki+1)
n

)2

≤
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≤
√√√√λ

(ki)
2

n + (α2 − 1)
( n∑
j=1

λ
(ki)
j µj

(
ξki+1, s′j

))2

=

= λ(ki)
n

√√√√1 + (α2 − 1)
{ n∑
j=1

λ
(ki)
j µj

λ
(ki)
n

(
ξki+1, s′j

)}2

.

(34)

Ïóñòü % � âûðàæåíèå, ñòîÿùåå â ôèãóðíîé ñêîáêå (34):

‖Aki+1s
(ki+1)
n ‖ ≤ λ(ki)

n

√
1 + (α2 − 1) %2 ≤

≤ λ(ki)
n

√(
1 +

α2

2
%2

)2

= λ(ki)
n

(
1 +

α2 − 1
2

%2

)
.

Ïóñòü c1 =

√
2 ( n
√
α− 1)

α2 − 1
. Åñëè äëÿ âñåõ j = 1, 2, . . . , n

∣∣(ξki+1, s
′
j

)∣∣ ≤ c1 · λ
(ki)
n

λ
(ki)
j n

,

òî % ≤ c1, ‖Aki+1s
(ki+1)
n ‖ ≤ n

√
αλ

(ki)
n , ÷òî ïðîòèâîðå÷èò (33). Çíà÷èò,

íàéäåòñÿ òàêîå j, ÷òî | (ξki+1, s
′
j

) | > c1λ
(ki)
n

nλ
(ki)
j

, ò. å.

∣∣∣(s′j , ĝϕki
(yki)

)∣∣∣ > c1λ
(ki)
n

nλ
(ki)
j

∥∥∥ĝϕki
(yki)

∥∥∥ .
Ho (s′j , ĝϕki

(yki)) � îáîáùåííàÿ ïðîèçâîäíàÿ ïî íàïðàâëåíèþ s′j , êîòîðàÿ
íå ïðåâûøàåò

sup
x∈Rr

ĝf (x) · 1

λ
(ki)
j

,

ãäå

Rr =
{
x : inf

{x∗: f(x∗)=m∗}
‖x− x∗‖ ≤ r

}
.

Îòñþäà

‖ĝϕki
(yki) ‖ ≤ sup

x∈Rr

ĝf (x) · nλ(ki)
j ·

(
λ

(ki)
j · c1λ(ki)

n

)−1

=
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= c2

(
λ(ki)
n

)−1

≤ c3 · α−ki/n;

f (xki)−m∗ ≤ r‖ĝϕki

(
yki

)‖ ≤ c · α−ki/n.

×òî è òðåáîâàëîñü äîêàçàòü.

Çàêëþ÷åíèå

Êàê âèäíî èç òåîðåìû 2, åñëè ïðîöåññÎÃÑÐÏ îáëàäàåò îïðåäåëåííûìè

ñâîéñòâàìè, òî îí îáåñïå÷èâàåò ñõîäèìîñòü ê ìèíèìóìó ïî ôóíêöèîíà-

ëó ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè. Â ÷àñòíîñòè, íåîáõîäèìûå

ñâîéñòâà ïðîöåññà ÎÃÑÐÏ îáåñïå÷èâàþòñÿ â óñëîâèÿõ òåîðåìû 1, åñ-

ëè m = m∗ (ñì. òåîðåìû 2 è 3 èç ñòàòüè [1]). m∗ íàì èçâåñòíî, êîãäà

ìû ñâîäèì ê çàäà÷å ìèíèìèçàöèè çàäà÷ó ðåøåíèÿ ñèñòåì óðàâíåíèé

èëè íåðàâåíñòâ. Òàêèì îáðàçîì, ìåòîä ÎÃÑÐÏ äîëæåí îêàçàòüñÿ ýô-

ôåêòèâíûì ïðè ðåøåíèè ñèñòåì íåëèíåéíûõ óðàâíåíèé è íåðàâåíñòâ.

Ñóùåñòâåííîé îñîáåííîñòüþ ýòîãî ìåòîäà ÿâëÿåòñÿ òî, ÷òî ãàðàíòèðî-

âàííûé çíàìåíàòåëü ãåîìåòðè÷åñêîé ïðîãðåññèè q =
1

n
√
α
íå çàâèñèò îò

ñòåïåíè ¾îâðàæíîñòè¿ ôóíêöèè f(x), ÷òî ïîçâîëÿåò ñ óñïåõîì èñïîëü-

çîâàòü åãî äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé, áëèçêèõ ê âûðîæäåííûì.

Ïðè óâåëè÷åíèè n ýôôåêòèâíîñòü ìåòîäà, âîîáùå ãîâîðÿ, óìåíüøà-

åòñÿ êàê â ñâÿçè ñ òåì, ÷òî q ñòàíîâèòñÿ áëèçêèì ê 1, òàê è èç-çà òîãî,

÷òî òðåáóåòñÿ áîëüøàÿ ïàìÿòü äëÿ çàïîìèíàíèÿ ìàòðèöû Bk. Ïðåäëî-
æåííóþ â äàííîé ñòàòüå ìîäèôèêàöèþ àëãîðèòìà, êîãäà m∗ íåèçâåñò-
íî, ìîæíî ïðèìåíÿòü ïðè ðåøåíèè ìèíèìàêñíûõ çàäà÷, ïðè ðåøåíèè

îáùåé çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ, ñâîäÿ åå ê ðåøåíèþ ïî-

ñëåäîâàòåëüíîñòè ñèñòåì âûïóêëûõ íåðàâåíñòâ èëè ïîëüçóÿñü ìåòîäîì

øòðàôíûõ ôóíêöèé, ïðè èñïîëüçîâàíèè ñõåì ðàçëîæåíèÿ.
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Íåêîòîðûå âîïðîñû ñõîäèìîñòè
îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà

Í. Ç. Øîð, Ï. Ð. Ãàìáóðä

Êèáåðíåòèêà. � 1971. � � 6. � Ñ. 82�84.

Â ðàáîòå [1] äàíî äîêàçàòåëüñòâî òîãî, ÷òî ìåòîä îáîáùåííîãî ãðàäè-

åíòíîãî ñïóñêà ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ ñõîäèòñÿ ñî ñêîðîñòüþ

ãåîìåòðè÷åñêîé ïðîãðåññèè.

Â äàííîé çàìåòêå äàåòñÿ äîêàçàòåëüñòâî ýòîãî ôàêòà ïðè çíà÷è-

òåëüíî îñëàáëåííûõ îãðàíè÷åíèÿõ, íàêëàäûâàåìûõ íà ôóíêöèîíàë.

Êðîìå òîãî, óòî÷íÿåòñÿ ïîêàçàòåëü ñõîäèìîñòè äëÿ ôóíêöèé ñî ñëàáî

âûòÿíóòûìè ëèíèÿìè óðîâíÿ. Òåîðåìû 1 è 2 ñîäåðæàòñÿ â äèññåðòàöèè

Í. Ç. Øîðà [4]. Òåîðåìû 3, 4 ïîëó÷åíû Ï. Ð. Ãàìáóðäîì.

Ïðèâåäåì íåêîòîðûå îïðåäåëåíèÿ [1]. Ïóñòü u = f(x) � âûïóêëàÿ
ôóíêöèÿ, îïðåäåëåííàÿ íà n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En.
Ω � îáëàñòü ìèíèìóìîâ ýòîé ôóíêöèè. Âåêòîð gf (x0), óäîâëåòâîðÿþùèé
óñëîâèþ

f(x)− f(x0) ≥ (gf (x0), x− x0), x ∈ En, (1)

íàçûâàåòñÿ îáîáùåííûì ãðàäèåíòîì ôóíêöèè f(x) â òî÷êå x0. Ïðîöå-

äóðà ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè {xk} âèäà
xk+1 = xk − hk+1(xk) gf(xk), k = 0, 1, 2, . . . , (2)

íàçûâàåòñÿ ìåòîäîì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà. Îáîçíà÷èì ÷å-

ðåç x∗(x) òî÷êó èç Ω, óäîâëåòâîðÿþùóþ óñëîâèþ

‖x− x∗(x)‖ = min
y∈Ω

‖x− y‖ . (3)

Îïðåäåëèì äâà ñåìåéñòâà ìíîæåñòâ:

Lx = {y : f(y) = f(x)},
Lgf (x) = {y : (gf (x), y − x) = 0}.

(Lgf (x) îïðåäåëåíî äëÿ gf (x) 6= 0, ò. å. x /∈ Ω). Ïóñòü x∗ ∈ Ω, x /∈ Ω.
Ïðåäñòàâèì âåêòîð x− x∗ ñëåäóþùèì îáðàçîì:

x− x∗ = ax∗(x)
gf (x)
‖gf (x)‖ + rx, ãäå (rx, gf (x)) = 0. (4)
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Â [1] ïîêàçàíî, ÷òî

ax∗(x) = min
y∈Lgf (x)

‖y − x∗‖ ≥ min
y∈Lx

‖y − x∗‖ = bx∗(x). (5)

Òåîðåìà 1. Ïóñòü äëÿ âñåõ x ∈ En âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåí-

ñòâî:

(gf (x), x − x∗(x)) ≥ cosϕ ‖gf(x)‖ ‖x− x∗(x)‖ , (6)

ãäå
π

4
≤ ϕ <

π

2
. Òîãäà ïðè çàäàííîì x0, åñëè âûáåðåì âåëè÷èíó

h1 ≥ ‖x∗(x0)− x0‖ cosϕ (7)

è îïðåäåëèì {hk} â ñîîòâåòñòâèè ñ ðåêóððåíòíîé ôîðìóëîé

hk+1 = hk sinϕ, k = 1, 2, . . . , (8)

è {xk} ïî ôîðìóëå

xk+1 = xk − hk+1
gf (xk)
‖gf (xk)‖ , (9)

òî ëèáî ïðè íåêîòîðîì k = k, gf (xk) = 0, ëèáî ïðè âñåõ k = 0, 1, 2, . . .
áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

‖xk − x∗(xk)‖ ≤ hk+1

cosϕ
. (10)

Äîêàçàòåëüñòâî. Äëÿ k = 0 íåðàâåíñòâî (10) âûïîëíÿåòñÿ. Ïóñòü îíî
âûïîëíÿåòñÿ äëÿ k = r è gf (xr) 6= 0. Äîêàæåì åãî âûïîëíåíèå äëÿ

k = r + 1. Èç (3) è (7)

‖xr+1 − x∗(xr+1)‖2 ≤

≤ ‖xr − x∗(xr)‖2 − 2hr+1

(
xr − x∗(xr),

gf (xr)
‖gf (xr)‖

)
+ h2

r+1. (11)

Âîñïîëüçîâàâøèñü ïîñëåäîâàòåëüíî íåðàâåíñòâàìè (6) è (10), ïîëó÷àåì

‖xr+1 − x∗(xr+1)‖2 ≤ ‖xr − x∗(xr)‖2 (1− 2 cos2 ϕ) + h2
r+1 ≤

≤ h2
r+1

cos2 ϕ
(1 − 2 cos2 ϕ) + h2

r+1 = h2
r+1

(
sinϕ
cosϕ

)2

. (12)
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(Çäåñü ìû èñïîëüçîâàëè òî, ÷òî äëÿ
π

4
≤ ϕ <

π

2
, 1−2 cos2 ϕ ≥ 0.)

Èç (8) è (12) ñðàçó ïîëó÷àåì ‖xr+1 − x∗(xr+1)‖ ≤ hr+2

cosϕ
, ÷òî è òðåáîâà-

ëîñü äîêàçàòü.

Çàìå÷àíèå. Èç äîêàçàòåëüñòâà î÷åâèäíî, ÷òî äëÿ ñïðàâåäëèâîñòè òåî-

ðåìû 1 äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ (6) ëèøü äëÿ òî÷åê ïîñëåäîâà-

òåëüíîñòè {xk}.
Èç òåîðåìû 1 íåïîñðåäñòâåííî ñëåäóåò òåîðåìà 2 [1].

Òåîðåìà 2. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îïðåäåëåíà íà En, x
∗ �

åäèíñòâåííàÿ òî÷êà ìèíèìóìà è çàäàíû: òî÷êà x0 ∈ En, ÷èñëà σ ≥
√

2

è h1 ≥ ‖x0 − x∗‖
σ

. Ðàññìîòðèì ìíîæåñòâî Y = {y : ‖y − x∗‖ ≤ σh1}.
Åñëè äëÿ ëþáîé ïàðû òî÷åê x, z ∈ Y è òàêîé, ÷òî f(x) = f(z) 6= f(x∗)
âûïîëíÿåòñÿ óñëîâèå

‖x− x∗‖
‖z − x∗‖ ≤ σ, (13)

òî ïîñëåäîâàòåëüíîñòü {xk}, îáðàçîâàííàÿ ñ ïîìîùüþ ðåêóððåíòíûõ

ôîðìóë xk+1 = xk − hk+1 · gf (xk)
‖gf (xk)‖ è hk+1 = hk

√
σ2 − 1
σ

, ñõîäèòñÿ

ê x∗ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè: ‖xk − x∗‖ ≤ hk+1σ, çà
èñêëþ÷åíèåì òîãî ñëó÷àÿ, êîãäà äëÿ íåêîòîðîãî k = k gf(xk) = 0,
ò. å. xk = x∗.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîêàçàòü, ÷òî

(gf (xk), xk − x∗) ≥ 1
σ
‖gf (xk)‖ ‖xk − x∗‖ . (14)

Âîñïîëüçîâàâøèñü (4) è (5), ïîëó÷àåì

(gf (xk), xk − x∗) = ax∗(xk) ‖gf (xk)‖ ≥ bx∗(xk) ‖gf (xk)‖ .

Èç îïðåäåëåíèÿ bx∗(xk) è (13) ïîëó÷èì bx∗(xk) ≥ 1
σ
‖xk − x∗‖. Îòêóäà

âûòåêàåò ñïðàâåäëèâîñòü (14).

Çàìå÷àíèå. Âåëè÷èíà σ îòðàæàåò â êàêîé-òî ìåðå ñòåïåíü ¾âûòÿíó-

òîñòè¿ ïîâåðõíîñòåé óðîâíÿ Lx. Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ÷àñò-

íûé ñëó÷àé ìèíèìèçàöèè ïîëîæèòåëüíî îïðåäåëåííûõ êâàäðàòè÷íûõ

ôîðì: f(x) = (Ax, x).
Ïóñòü λ, λ � íàèìåíüøåå è íàèáîëüøåå ñîáñòâåííûå ÷èñëà îïåðàòî-

ðà A. Îïðåäåëèì ìèíèìàëüíîå çíà÷åíèå âåëè÷èíû

(gf (x), x)
‖gf (x)‖ ‖x‖ =

(Ax, x)
‖Ax‖ ‖x‖ , ‖x‖ 6= 0.
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Äëÿ ýòîãî çàôèêñèðóåì ïðîèçâîëüíûé íåñîáñòâåííûé âåêòîð x0 è ðàñ-

ñìîòðèì äåéñòâèå îïåðàòîðà Px0A íà ïîäïðîñòðàíñòâî E(x0) ðàçìåðíî-
ñòè 2, ïîðîæäåííîå âåêòîðàìè x0 è Ax0, ãäå Px0 � îïåðàòîð ïðîåêòèðî-

âàíèÿ íà ïîäïðîñòðàíñòâî E(x0). Ëåãêî óâèäåòü, ÷òî Px0A îïðåäåëåí-

íûé íà ïîäïðîñòðàíñòâå E(x0), ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííûì

îïåðàòîðîì è åãî ñîáñòâåííûå ÷èñëà λ1, λ2 (çàïèñàííûå â íåóáûâàþùåì

ïîðÿäêå) óäîâëåòâîðÿþò ñëåäóþùèì íåðàâåíñòâàì: λ ≤ λ1 ≤ λ2 ≤ λ.

Ïóñòü x1, x2 � îðòîíîðìèðîâàííàÿ ñèñòåìà ñîáñòâåííûõ âåêòîðîâ

îïåðàòîðà Px0A â E(x0), è ïóñòü ‖x0‖ = 1. Ïðåäñòàâèì x0 â âèäå

x0 = α1x1 + α2x2, ïðè÷åì α2
1 + α2

2 = 1. Òîãäà

(Ax0, x0)
‖Ax0‖ ‖x0‖ =

(Px0Ax0, x0)
‖Px0Ax0‖ ‖x0‖ −

α2
1λ1 + α2

2λ2√
α2

1λ
2
1 + α2

2λ
2
2

.

Ìèíèìèçèðóÿ ïðàâóþ ÷àñòü ïðè óñëîâèè α2
1 + α2

2 = 1, ïîëó÷àåì íåðà-

âåíñòâî
(Ax0, x0)
‖Ax0‖ ‖x0‖ ≥

2
√
λ1λ2

λ1 + λ2
, êîòîðîå ïðåâðàùàåòñÿ â ðàâåíñòâî ïðè

α2
1 =

λ2

λ1 + λ2
, α2

2 =
λ1

λ1 + λ2
. Îòñþäà ñðàçó ïîëó÷àåòñÿ, ÷òî

min
x∈En,x 6=0

(Ax, x)
‖Ax‖ ‖x‖ = 2

√
λλ

λ+ λ

è äîñòèãàåòñÿ ïðè x =
√

λ
λ+λ

s1 +
√

λ

λ+λ
s2, ãäå s1,s2 � ñîáñòâåííûå íîð-

ìèðîâàííûå âåêòîðà îïåðàòîðà A, ñîîòâåòñòâóþùèå ìèíèìàëüíîìó è

ìàêñèìàëüíîìó ñîáñòâåííûì ÷èñëàì.

Îáðàòèìñÿ òåïåðü ê òåîðåìå 1. Äëÿ íàøåãî ïðèìåðà ìû ìîæåì ïðè-

íÿòü cosϕ =
2
√
λλ

λ+ λ
, ïðè ýòîì sinϕ =

λ− λ

λ+ λ
è, åñëè

2
√
λλ

λ+ λ
≤ 1√

2
, îáîá-

ùåííûé ãðàäèåíòíûé ñïóñê, îïèñàííûé â óñëîâèè ýòîé òåîðåìû, äàåò

ïðîöåññ, ñõîäÿùèéñÿ ê òî÷êå ìèíèìóìà ïî íîðìå ñî ñêîðîñòüþ ãåîìåò-

ðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q =
λ− λ

λ+ λ
=
ρ− 1
ρ+ 1

, ãäå ρ � ÷èñëî

îáóñëîâëåííîñòè (ρ = λ/λ) [2], à ïî ôóíêöèîíàëó � ñî çíàìåíàòåëåì q2.

Çàìå÷àíèå. Íàøè ðàññóæäåíèÿ ïî÷òè ïîëíîñòüþ ñîõðàíÿþò ñèëó,

åñëè A � íåîòðèöàòåëüíî îïðåäåëåííûé îïåðàòîð, ‖A‖ = 0, òîëüêî ïîä
λ íóæíî ïîíèìàòü íàèìåíüøåå ïîëîæèòåëüíîå ñîáñòâåííîå ÷èñëî.

Ñîïîñòàâèì ïîëó÷åííûé âûøå ðåçóëüòàò ñ ðåçóëüòàòîì Ë. Â. Êàí-

òîðîâè÷à [3] î ñêîðîñòè ñõîäèìîñòè ìåòîäà íàèñêîðåéøåãî ñïóñêà äëÿ
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êâàäðàòè÷íûõ ôóíêöèîíàëîâ. Ýòîò ìåòîä ñõîäèòñÿ ïî ôóíêöèîíàëó ñî

ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q2.
Îäíàêî ñõåìà ìåòîäà íàèñêîðåéøåãî ñïóñêà äëÿ êâàäðàòè÷íûõ

ôóíêöèîíàëîâ (èëè äëÿ ðåøåíèÿ ñèñòåì ëèíåéíûõ óðàâíåíèé ñ ñèììåò-

ðè÷íîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé) ãîðàçäî ñëîæíåå, ÷åì

ñõåìà, îïèñàííàÿ â óñëîâèÿõ òåîðåìû 1, òðåáóåò ≈ 3n ðàáî÷èõ ÿ÷ååê �

â òðè ðàçà áîëüøå, ÷åì ïîñëåäíÿÿ ñõåìà, ÷òî èìååò çíà÷åíèå äëÿ çàäà÷

áîëüøîãî îáúåìà (ñì. [2], �70).

Òàêèì îáðàçîì, åñëè ìû èìååì âîçìîæíîñòü ïîëó÷èòü äîñòàòî÷-

íî òî÷íóþ îöåíêó ñâåðõó ρ̂ äëÿ ÷èñëà îáóñëîâëåííîñòè ρ è ïðèìåì

sinϕ =
ρ̂− 1
ρ̂+ 1

, òî àëãîðèòì, îïèñàííûé â òåîðåìå 1, ìîæåò îêàçàòüñÿ

ïðàêòè÷åñêè âïîëíå êîíêóðåíòíî ñïîñîáíûì ïî ñðàâíåíèþ ñ ìåòîäîì

íàèñêîðåéøåãî ñïóñêà.

Çàìåòèì, ÷òî äëÿ êâàäðàòè÷íûõ ôóíêöèîíàëîâ f(x) = (Ax, x) âåëè-
÷èíà σ, ôèãóðèðóþùàÿ â òåîðåìå 2, ìîæåò áûòü âçÿòà ðàâíîé

√
ρ, ïðè

ýòîì ìû ïîëó÷àåì ñõîäèìîñòü ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè

ñî çíàìåíàòåëåì q =
√
σ2 − 1
σ

=
√
ρ− 1√
ρ

.

Òåîðåìà 3. Ïóñòü äëÿ âñåõ x ∈ En âûïîëíÿåòñÿ óñëîâèå (6), ãäå
0 ≤ ϕ <

π

3
. Òîãäà ïðè çàäàííîì x0, åñëè ìû âûáåðåì âåëè÷èíó

h0 ≥ ‖x∗(x0)− x0‖ , (15)

÷èñëî q < 1 è óäîâëåòâîðÿþùåå óñëîâèþ

1− 2 cosϕq ≤ 0, (16)

îïðåäåëèì {hk} â ñîîòâåòñòâèè ñ ðåêóððåíòíîé ôîðìóëîé

hk+1 = hkq, k = 0, 1, 2, . . . , (17)

a {xk} ïî ôîðìóëå (9), òî ëèáî ïðè íåêîòîðîì k = k, gf (xk) = 0,
ëèáî äëÿ âñåõ k = 0, 1, 2, . . . áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

‖xk − x∗(xk)‖ ≤ hk. (18)

Äîêàçàòåëüñòâî. Äëÿ k = 0 (18) âûïîëíÿåòñÿ. Ïóñòü îíî âûïîëíÿåò-

ñÿ äëÿ k = r è gf (xr) 6= 0. Äîêàæåì åãî âûïîëíåíèå äëÿ k = r + 1.
Âîñïîëüçîâàâøèñü ïîñëåäîâàòåëüíî (11), (6), (18), ïîëó÷àåì
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‖xr+1 − x∗(xr+1)‖2 ≤
≤ ‖xr − x∗(xr)‖2 − 2hr+1 cosϕ ‖xr − x∗(xr)‖+ h2

r+1 ≤
≤ ‖xr − x∗(xr)‖2 − 2 cosϕq ‖xr − x∗(xr)‖2 + h2

r+1 =

= (1− 2 cosϕq) ‖xr − x∗(xr)‖2 + h2
r+1 ≤ h2

r+1,

(â çàêëþ÷åíèè ìû âîñïîëüçîâàëèñü óñëîâèåì (16)), ò. å. òî, ÷òî òðåáî-

âàëîñü äîêàçàòü.

Àíàëîãè÷íî òåîðåìå 2 äîêàçûâàåòñÿ òåîðåìà 4.

Òåîðåìà 4. Ïóñòü âûïóêëàÿ ôóíêöèÿ f(x) îïðåäåëåíà íà En, x∗ �

åäèíñòâåííàÿ òî÷êà ìèíèìóìà, çàäàíà òî÷êà x0 ∈ En, ÷èñëà 1 ≤ σ < 2

è q < 1 òàêîå, ÷òî 1−2
1
σ
q ≤ 0. Åñëè f(x) óäîâëåòâîðÿåò óñëîâèþ (13),

òî ïîñëåäîâàòåëüíîñòü {xk}, îáðàçîâàííàÿ ñ ïîìîùüþ ðåêóððåíòíûõ

ôîðìóë

xk+1 = xk − hk+1
gf(xk)
‖gf(xk)‖ , hk+1 = hkq, k = 0, 1, 2, . . . ,

ñõîäèòñÿ ê x∗ ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè ‖xk − x∗‖ ≤
≤ hk, çà èñêëþ÷åíèåì òîãî ñëó÷àÿ, êîãäà äëÿ íåêîòîðîãî k = k,
gf (xk) = 0, ò. å. xk = x∗.
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Î ðåøåíèè ìèíèìàêñíûõ çàäà÷
ìåòîäîì îáîáùåííîãî ãðàäèåíòíîãî
ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà

Í. Ç. Øîð, Ë. Ï. Øàáàøîâà

Êèáåðíåòèêà. � 1972. � � 5. � Ñ. 54�58.

Îáøèðíûé êëàññ ïðàêòè÷åñêè âàæíûõ çàäà÷ èç îáëàñòè îïòèìàëü-

íîãî ïëàíèðîâàíèÿ, îïòèìàëüíîãî óïðàâëåíèÿ è èññëåäîâàíèÿ îïåðàöèé

ñâîäèòñÿ ê çàäà÷å îòûñêàíèÿ ìèíèìàêñà è ìàêñèìèíà. Â äàííîé ðàáîòå

ðàññìàòðèâàþòñÿ çàäà÷è ñëåäóþùåãî âèäà:

íàéòè

min
x∈En

F (x) = min
x∈En

max
i∈{1,2,...,m}

fi(x),

ãäå fi(x), i = 1, 2, . . . ,m � âûïóêëûå ôóíêöèè, îïðåäåëåííûå íà åâêëè-

äîâîì ïðîñòðàíñòâå En.
Ê òàêîé ïîñòàíîâêå ìîæíî ñâåñòè îáùóþ çàäà÷ó âûïóêëîãî ïðîãðàì-

ìèðîâàíèÿ, çàäà÷è ÷åáûøåâñêîãî ïðèáëèæåíèÿ, çàäà÷è ìàòåìàòè÷åñêî-

ãî ïðîãðàììèðîâàíèÿ ïðè èñïîëüçîâàíèè ìåòîäà øòðàôíûõ ôóíêöèé,

çàäà÷è ìèíèìèçàöèè êóñî÷íî-ëèíåéíûõ ôóíêöèé è äðóãèå çàäà÷è îï-

òèìèçàöèè.

Â ñâÿçè ñ âàæíîñòüþ ìèíèìàêñíûõ çàäà÷ áîëüøîå âíèìàíèå â

íàñòîÿùåå âðåìÿ óäåëÿåòñÿ ðàçðàáîòêå ìåòîäîâ èõ ðåøåíèÿ. Ðÿä

òàêèõ ìåòîäîâ äëÿ îïðåäåëåííûõ êëàññîâ çàäà÷ ïðåäëîæåí â ðàáîòàõ

Â. Ô. Äåìüÿíîâà, Á. Í. Ïøåíè÷íîãî, Å. Ã. Åâòóøåíêî è äð. [4]�[7].

Â ïðèíöèïå çàäà÷à îòûñêàíèÿ ìèíèìàêñà ìîæåò áûòü ñâåäåíà ê ðå-

øåíèþ ñëåäóþùåé çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ:

íàéòè min y ïðè îãðàíè÷åíèÿõ

fi(x)− y ≤ 0, i = 1, 2, . . . ,m.

Äëÿ ðåøåíèÿ ýòîé çàäà÷è ìîãóò áûòü èñïîëüçîâàíû èòåðàòèâíûå ìå-

òîäû âîçìîæíûõ íàïðàâëåíèé [8]. Îäíàêî òàêîé ïóòü ðåøåíèÿ çàäà÷

ñâÿçàí ñ îïðåäåëåííûìè âû÷èñëèòåëüíûìè òðóäíîñòÿìè:

âî-ïåðâûõ, íàõîæäåíèå ìèíèìóìà ïðè äàííûõ îãðàíè÷åíèÿõ ìåòî-

äàìè âîçìîæíûõ íàïðàâëåíèé ñâÿçàíî ñ íåîáõîäèìîñòüþ ðåøåíèÿ íà

êàæäîé èòåðàöèè ðÿäà âñïîìîãàòåëüíûõ çàäà÷ ëèíåéíîãî èëè êâàäðà-

òè÷íîãî ïðîãðàììèðîâàíèÿ;
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âî-âòîðûõ, äëÿ îáåñïå÷åíèÿ ñõîäèìîñòè ìåòîäîâ âîçìîæíûõ íàïðàâ-

ëåíèé íóæíî èñïîëüçîâàòü ìåðû ïðåäîñòîðîæíîñòè ïðîòèâ ¾çèãçàãîîá-

ðàçíîãî¿ äâèæåíèÿ;

â-òðåòüèõ, íà êàæäîì øàãå ìåòîäà âîçìîæíûõ íàïðàâëåíèé íóæíî

îïðåäåëÿòü ìèíèìóì ïî íàïðàâëåíèþ � äîâîëüíî òðóäîåìêàÿ ïðîöå-

äóðà, òàê êàê ïðèõîäèòñÿ îïðåäåëÿòü ìèíèìóì íåãëàäêîé ôóíêöèè â

óñëîâèÿõ, êîãäà îïðåäåëåíèå çíà÷åíèÿ ôóíêöèè òðåáóåò çíà÷èòåëüíîé

âû÷èñëèòåëüíîé ðàáîòû. È, íàêîíåö, ñêîðîñòü ñõîäèìîñòè ýòèõ ìåòîäîâ

ñëàáî èçó÷åíà êàê òåîðåòè÷åñêè, òàê è ýêñïåðèìåíòàëüíî.

Áîëåå ïðîñòûì ñ âû÷èñëèòåëüíîé òî÷êè çðåíèÿ ÿâëÿåòñÿ ìåòîä îáîá-

ùåííîãî ãðàäèåíòíîãî ñïóñêà, êîòîðûé â ïðèíöèïå ïîçâîëÿåò ðåøàòü

âûïóêëûå ìèíèìàêñíûå çàäà÷è [1]. Îäíàêî ñêîðîñòü ñõîäèìîñòè ýòî-

ãî ìåòîäà íåäîñòàòî÷íî âûñîêà, îñîáåííî ïðè ðåøåíèè çàäà÷ îâðàæíî-

ãî òèïà, êîòîðûå õàðàêòåðíû ïðè îòûñêàíèè ìèíèìàêñîâ. Â ýòîì ñëó-

÷àå ìèíèìóì äîñòèãàåòñÿ ïðè ðàâåíñòâå çíà÷åíèé íåñêîëüêèõ ôóíêöèé,

ïðè÷åì ÷èñëî òàêèõ ôóíêöèé â ðåãóëÿðíîì ñëó÷àå îïðåäåëÿåò ðàçìåð-

íîñòü îâðàãà (ðàçìåðíîñòü îâðàãà ðàâíà (n−m1 + 1), ãäå m1 � ÷èñëî

ôóíêöèé, íà êîòîðûõ äîñòèãàåòñÿ ìèíèìàêñíîå çíà÷åíèå).

Óñêîðåíèå ñõîäèìîñòè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ìî-

æåò áûòü äîñòèãíóòî çà ñ÷åò ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè

îáîáùåííîãî ãðàäèåíòà èëè â íàïðàâëåíèè ðàçíîñòè îáîáùåííûõ ãðà-

äèåíòîâ, âû÷èñëåííûõ â äâóõ ïîñëåäîâàòåëüíûõ òî÷êàõ [2], [3]. Ïðè

èñïîëüçîâàíèè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà îïðåäåëåíèå ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòè ñâÿçàíî ñ

âû÷èñëåíèåì îáîáùåííîãî ãðàäèåíòà ôóíêöèè F (x) â êàæäîé òî÷êå ïî-
ñëåäîâàòåëüíîñòè è ïðèìåíåíèåì îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàíñòâà.

Îáîáùåííûé ãðàäèåíò gF (x), âû÷èñëåííûé â òî÷êå x0, äîëæåí óäî-

âëåòâîðÿòü óñëîâèþ

F (x)− F (x0) ≥ (gF (x0), x− x0)

äëÿ ëþáîãî x ∈ En. Â ñëó÷àå ìèíèìàêñíûx çàäà÷ gF (x0) ìîæíî áðàòü
ðàâíûì gfi∗ (x0), ãäå fi∗ � îäíà èç ôóíêöèé, íà êîòîðîé äîñòèãàåòñÿ ìàê-
ñèìóì. Îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà Rα(ξ) äåéñòâóåò íà ïðîèç-
âîëüíûé âåêòîð x ∈ En, ïðåäñòàâëåííûé â âèäå

x = γξ(x)ξ + dξ(x),

ïðè óñëîâèè (ξ, dξ(x)) = 0, ‖ξ‖ = 1, òàêèì îáðàçîì:

Rα(ξ)x = αγξ(x)ξ + dξ(x),
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ãäå ξ � âåêòîð åäèíè÷íîé äëèíû, â íàïðàâëåíèè êîòîðîãî ïðîèçâîäèòñÿ
ðàñòÿæåíèå ïðîñòðàíñòâà, α � êîýôôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà

(α ≥ 0).
Â ðàáîòå ðàññìàòðèâàåòñÿ ïðèìåíåíèå îáîáùåííîãî ãðàäèåíòíîãî

ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè îáîáùåí-

íûx ãðàäèåíòîâ â äâóx ïîñëåäîâàòåëüíûx òî÷êàx ìèíèìèçèðóþùåé ïî-

ñëåäîâàòåëüíîñòè ê ðåøåíèþ ìèíèìàêñíûx çàäà÷ è íàxîæäåíèþ ìèíè-

ìóìà íåãëàäêèx ôóíêöèé ¾îâðàæíîãî¿ òèïà. Îïèñûâàþòñÿ äâå ìîäè-

ôèêàöèè ìåòîäà.

1. Ïåðâûé àëãîðèòì

Äâèæåíèå íà÷èíàåì èç ïðîèçâîëüíîé òî÷êè x0 ∈ En. Ïðè ýòîì ïîëàãàåì

g̃0 = (0, 0, . . . , 0) ∈ En è B0 = In, ãäå In � åäèíè÷íàÿ ìàòðèöà ðàçìåðíî-
ñòè n× n. (Ñìûñë âåêòîðà g̃ è ìàòðèöû B áóäåò ðàñêðûò íèæå.)

Ïðåäïîëîæèì, ÷òî âûïîëíåíî k èòåðàöèé (k = 1, 2, . . .), â ðåçóëüòàòå
÷åãî îïðåäåëåíû òî÷êè x1, x2, . . . , xk, à òàêæå âåêòîð g̃k è ìàòðèöà Bk.
Äëÿ îïðåäåëåíèÿ òî÷êè xk+1 ïðîèçâîäèì ñëåäóþùèå äåéñòâèÿ.

1. Îïðåäåëÿåì çíà÷åíèå ôóíêöèè â k-îé òî÷êå ïîñëåäîâàòåëüíîñòè:

F (xk) = max
i={1,2,...,m}

fi (xk) = fi∗ (xk) .

2. Âû÷èñëÿåì îáîáùåííûé ãðàäèåíò ôóíêöèè F (x) â òî÷êå xk:

gF (xk) = gfi∗ (xk) .

3. Íàxîäèì îáîáùåííûé ãðàäèåíò gk ôóíêöèè ϕ(y) â òî÷êå yk â ïðå-
îáðàçîâàííîì ïðîñòðàíñòâå ïî ôîðìóëå

gk = gϕk
(yk) = B∗

kgF (xk) ,

êîòîðàÿ ïîëó÷àåòñÿ ïðè ðàñòÿæåíèè ïðîñòðàíñòâà En ïóòåì ëèíåéíîãî

ïðåîáðàçîâàíèÿ âèäà yk = Akxk è èñxîäÿ èç óñëîâèÿ

ϕk(y) = F (x) = F
(
A−1
k y

)
= F (Bky) ,

ãäå Ak � îïåðàòîð ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà; Bk � îïåðàòîð, îáðàò-
íûé îïåðàòîðó Ak; B

∗
k � îïåðàòîð, ñîïðÿæåííûé îïåðàòîðó Bk.

4. Îïðåäåëÿåì ðàçíîñòü îáîáùåííûx ãðàäèåíòîâ

rk = gk − g̃k.
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5. Íàxîäèì îòíîøåíèå äëèí âåêòîðîâ rk è g̃k:

βk =
‖rk‖
‖g̃k‖ ,

êîòîðîå xàðàêòåðèçóåò èçìåíåíèå íàïðàâëåíèÿ îáîáùåííîãî ãðàäèåíòà

â òî÷êå xk−1, îòíîñèòåëüíî íàïðàâëåíèÿ îáîáùåííîãî ãðàäèåíòà â òî÷êå

xk â ðàñòÿíóòîì ïðîñòðàíñòâå.

6. Ñðàâíèâàåì βk ñ çàäàííîé âåëè÷èíîé q1:
à)åñëè βk ≤ q1, òî îïðåäåëÿåì ñëåäóþùóþ òî÷êó ìèíèìèçèðóþùåé

ïîñëåäîâàòåëüíîñòè

xk+1 = xk − hkBk
g̃k
‖g̃k‖ ,

ñîîòâåòñòâóþùóþ ïåðåìåùåíèþ â ðàñòÿíóòîì ïðîñòðàíñòâå òî÷êè y â

òîì æå íàïðàâëåíèè è ñ òîé æå âåëè÷èíîé øàãà hk, ÷òî è íà k-îé èòå-
ðàöèè, ïîñëå ÷åãî ïåðåxîäèì ê âûïîëíåíèþ (k + 2)-îé èòåðàöèè;

á) åñëè βk > q1, ò. å. ïðè çíà÷èòåëüíîì èçìåíåíèè íàïðàâëåíèÿ îáîá-

ùåííîãî ãðàäèåíòà, ïåðåxîäèì ê âûïîëíåíèþ ïîñëåäóþùèx ýòàïîâ.

7. Îïðåäåëÿåì âåêòîð ξk+1, â íàïðàâëåíèè êîòîðîãî áóäåò ïðîèçâî-

äèòüñÿ ðàñòÿæåíèå ïðîñòðàíñòâà:

ξk+1 =
rk
‖rk‖ ,

8. Íàxîäèì îïåðàòîð Bk+1, îáðàòíûé îïåðàòîðó Ak+1 ïî ôîðìóëå

Bk+1 = Bk · R1/α (ξk+1) ,

êîòîðàÿ ÿâëÿåòñÿ ñëåäñòâèåì ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ îïåðàòî-

ðîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà íà êàæäîé èòåðàöèè â íàïðàâëåíèè íîð-

ìèðîâàííûx âåêòîðîâ ξ1, ξ2, . . . , ξk+1 ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ α,
ò. å.

Ak+1 = Rα (ξk+1) · Rα (ξk) · . . . Rα (ξ1) In.

Îòñþäà ñëåäóåò

Bk+1 = A−1
k+1 = A−1

k ·R−1
α (ξk+1) = Bk ·R1/α (ξk+1) .

9. Îïðåäåëÿåì îáîáùåííûé ãðàäèåíò ôóíêöèè ϕ(y) â òî÷êå yk, ñîîòâåò-
ñòâóþùåé òî÷êå xk, ñ ó÷åòîì (k + 1) îïåðàòîðà ðàñòÿæåíèÿ ïðîñòðàí-

ñòâà:

g̃k+1 = B∗
k+1gF (xk) ;

â íàïðàâëåíèè àíòèãðàäèåíòà îñóùåñòâëÿåòñÿ äâèæåíèå íà äàííîé èòå-

ðàöèè.



1
0
0

Òàáëèöà 1.

� èòåðàöèè x(1) x(2) x(3) x(4) x(5) F (x)

Íóëåâîå

ïðèáëèæåíèå 0 0 0 0 1 80

1 0,1119585 0,223917 0,1119585 0,1119585 1,111958 63,0894

6 1,097278 0,788586 0,871869 0,2815889 0,8040123 34,399

11 1,069281 0,7126785 0,8504548 0,8685811 1,102541 25,83837

16 1,063638 0,9135513 1,160926 1,101065 1,073642 24,69413

21 1,076656 0,9905223 1,366388 0,910783 1,116449 22,78248

26 1,129564 0,980844 1,46487 0,936742 1,115325 22,6504

31 1,13501 0,9733332 1,469467 0,9394724 1,11657 22,609

36 1,11975 0,9814588 1,475895 0,9139938 1,126114 22,60392

41 1,128545 0,978718 1,482843 0,9253958 I,123494 22,60168

46 1,122855 0,9793679 1,474063 0,919058 1,124103 22,60064

51 1,124632 0,9793914 1,477879 0,9206665 1,124184 22,60023
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10. Èçìåíÿåì äëèíó øàãà: hk+1 = hk · q2, ãäå 0 < q2 ≤ 1.
11. Îïðåäåëÿåì î÷åðåäíóþ òî÷êó ìèíèìèçèðóþùåé ïîñëåäîâàòåëü-

íîñòè:

xk+1 = xk − hk+1Bk+1
g̃k+1

‖g̃k+1‖ ,
êîòîðàÿ ñîîòâåòñòâóåò òî÷êå ïåðåìåùåíèÿ â ðàñòÿíóòîì ïðîñòðàíñòâå

â íàïðàâëåíèè − g̃k+1

‖g̃k+1‖ íà âåëè÷èíó hk+1 èç òî÷êè yk = Akxk. Ïîñëå

ýòîãî ïåðåxîäèì ê âûïîëíåíèþ (k + 2)-îé èòåðàöèè (k = 1, 2, . . .).
Äëÿ èññëåäîâàíèÿ ýôôåêòèâíîñòè îïèñàííîãî àëãîðèòìà áûëè ñî-

ñòàâëåíû ñòàíäàðòíûå àâòîêîäîâûå ïðîãðàììû äëÿ ÝÂÌ ¾Ìèíñê-22¿

è ïðîâåäåíû ìíîãî÷èñëåííûå ðàñ÷åòû ïî ðåøåíèþ ìèíèìàêñíûx çàäà÷.

Äëÿ ïðîâåäåíèÿ ÷èñëåííûx ýêñïåðèìåíòîâ áûëè âçÿòû çàäà÷è ñëåäóþ-

ùåãî âèäà: íàéòè

min
x∈En

F (x),

ãäå F (x) = maxi∈{1,2,...,m} fi(x), ïðè fi(x) = A(i)
∑n

j=1

(
x(j) − aij

)2
, ãäå

x = {x(1), . . . , x(n)}, {A(i)} � m-ìåðíûé âåêòîð; {aij} � ìàòðèöà m×n.
Â êà÷åñòâå ïðèìåðà ïðèâåäåì ðåçóëüòàòû ðàñ÷åòîâ êîíêðåòíîé çàäà÷è:

n = 5; m = 10; {A(i)} = {1; 5; 10; 2; 4; 3; 1.7; 2.5; 6; 3.5}.
Âåëè÷èíû aij çàäàþòñÿ ñëåäóþùåé ìàòðèöåé:

0 2 1 1 3 0 1 1 0 1
0 1 2 4 2 2 1 0 0 1
0 1 1 1 1 1 1 1 2 2
0 1 1 2 0 0 1 2 1 0
0 3 2 1 1 1 1 1 0 0

 .

Çàäà÷à ðåøàëàñü ïðè ñëåäóþùèx çíà÷åíèÿx ïàðàìåòðîâ: α = 3;
q1 = 0, 9; q2 = 0, 95; h0 = 1. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ áûëà

âçÿòà òî÷êà x0 = (0, 0, 0, 0, 1), ïðè ýòîì F (x0) = 80. Çíà÷åíèÿ ìèíèìè-
çèðóþùåé ïîñëåäîâàòåëüíîñòè è çíà÷åíèÿ ôóíêöèè F (x) â ýòèx òî÷êàx
íà ñîîòâåòñòâóþùèx èòåðàöèÿx ïðèâåäåíû â òàáë. 1. Òî÷íîå çíà÷åíèå

x∗, ïðè êîòîðîì äîñòèãàåòñÿ ìèíèìóì

F (x) = max
i∈{1,...,10}

fi(x),

ðàâíî:

x∗1 = 1, 12434; x∗2 = 0, 97945; x∗3 = 1, 47770;x∗4 = 0, 92023; x∗5 = 1, 12429.
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Ïðè ýòîì

F (x∗) = min
x∈En

max
1≤i≤10

fi(x) = 22, 60016.

Êàê âèäíî èç òàáë. 1, çà 51 èòåðàöèþ ïîëó÷åíî ïðèáëèæåíèå, ó êîòîðîãî

âåðíû øåñòü çíàêîâ äëÿ F (x) è 3, 5 çíàêîâ äëÿ x(j). Ýòîò ðåçóëüòàò

ñëåäóåò ïðèçíàòü xîðîøèì, åñëè ó÷åñòü, ÷òî ôóíêöèÿ èìåëà äâóìåðíûé

îâðàã.

Èçó÷åíèå âû÷èñëèòåëüíîé ñxåìû äàííîãî àëãîðèòìà è ïðàêòèêà âû-

÷èñëåíèé ïîêàçàëè, ÷òî äàííûé àëãîðèòì âïîëíå ïðèãîäåí äëÿ ðåøåíèÿ

ìèíèìàêñíûx çàäà÷, ñ òî÷êè çðåíèÿ ÷èñëåííîé ðåàëèçàöèè îí ÿâëÿåòñÿ

ïðîñòûì è îáåñïå÷èâàåò âïîëíå äîñòàòî÷íóþ ñêîðîñòü ñxîäèìîñòè. Êàê

ïîêàçàëè ýêñïåðèìåíòû, ñêîðîñòü ñxîäèìîñòè è âðåìÿ ðåøåíèÿ çàäà÷

çàâèñÿò îò âûáîðà ïàðàìåòðîâ α è q2. Êîýôôèöèåíò ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà â ïðèíöèïå ìîæåò áûòü ëþáûì, áîëüøå åäèíèöû. Îäíàêî,

åñëè α ñëèøêîì áëèçêî ê åäèíèöå, òî ýôôåêò ðàñòÿæåíèÿ ñëàáî ñêàçû-

âàåòñÿ, ÷òî ïðèâîäèò ê ìåäëåííîé ñxîäèìîñòè, îñîáåííî äëÿ ôóíêöèé

ñ ìíîãîìåðíûì îâðàãîì. Íàîáîðîò, ïðè áîëüøèx α ïðîèñxîäèò áûñòðîå

óáûâàíèå íîðìû ìàòðèöû è, êàê ñëåäñòâèå, áûñòðîå óìåíüøåíèå äëèíû

øàãà â îñíîâíîì ïðîñòðàíñòâå, ÷òî ïðèâîäèò ê óâåëè÷åíèþ ÷èñëà øà-

ãîâ áåç ðàñòÿæåíèÿ ïðîñòðàíñòâà, ýòî òàêæå óìåíüøàåò ñêîðîñòü ñxî-

äèìîñòè. ×èñëåííûé ýêñïåðèìåíò ïîêàçàë, ÷òî íàèáîëåå öåëåñîîáðàçíî

çíà÷åíèå α âûáèðàòü â ïðåäåëàx îò 2 äî 4. Ïàðàìåòð q2, â ïðèíöèïå,

ìîæíî áðàòü ðàâíûì 1. Åñëè ìû âûáèðàåì q2 < 1, òî ýòî ïðèâîäèò ê

óìåíüøåíèþ äëèíû øàãà ðàâíîìåðíî ïî âñåì íàïðàâëåíèÿì (â òî âðåìÿ

êàê ìàòðèöà íåðàâíîìåðíî óìåíüøàåò øàã ïî ðàçëè÷íûì íàïðàâëåíè-

ÿì). Åñëè q2 ñëèøêîì îòëè÷åí îò 1, òî óâåëè÷èâàåòñÿ ÷èñëî ¾õîëîñòûx¿

øàãîâ (áåç ðàñòÿæåíèÿ ïðîñòðàíñòâà), ÷òî ïðèâîäèò ê çàìåäëåíèþ ñxî-

äèìîñòè. Ñ äðóãîé ñòîðîíû, äëÿ ìíîãîìåðíûx çàäà÷ âî ìíîãèx ñëó÷àÿx

öåëåñîîáðàçíî âûáèðàòü q2 < 1, òàê êàê ¾ñðåäíèé¿ ïîêàçàòåëü óìåíü-

øåíèÿ øàãà çà ñ÷åò óìåíüøåíèÿ íîðìû ìàòðèöû ðàâåí
1

n
√
α

è ïðè

áîëüøèx n ìîæåò îêàçàòüñÿ ñëèøêîì áëèçêèì ê 1.

Âûøåîïèñàííûé ÷èñëåííûé ïðèìåð ðåøàëñÿ ïðè ðàçëè÷íûx q2 äî

ïîëó÷åíèÿ ìèíèìàëüíîãî çíà÷åíèÿ F (x) = 22, 60016 ïðè ïîñòîÿííûx

ïàðàìåòðàx α = 3; q1 = 0, 9. Ïðè q2 = 1 áûëî çàòðà÷åíî 69 èòåðàöèé,

èç íèx ñ ðàñòÿæåíèåì ïðîñòðàíñòâà � 52, îòíîøåíèå
52
69

≈ 0, 75. Ïðè
q2 = 0, 95 áûëî çàòðà÷åíî 57 èòåðàöèé, èç íèx ñ ðàñòÿæåíèåì ïðîñòðàí-

ñòâà � 41,
41
57
≈ 0, 72. Ïðè q2 = 0, 9 áûëî çàòðà÷åíî 112 èòåðàöèé, èç íèx

ñ ðàñòÿæåíèåì ïðîñòðàíñòâà � 39,
39
112

≈ 0, 35. Äàëüíåéøåå óìåíüøåíèå
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q2 îêàçàëîñü ÿâíî íåöåëåñîîáðàçíûì. Ýòè ýêñïåðèìåíòû ïîêàçûâàþò,

÷òî, ïî-âèäèìîìó, äëÿ êàæäîé êîíêðåòíîé çàäà÷è ñóùåñòâóåò àñèìïòî-

òè÷åñêè ¾îïòèìàëüíîå¿ q2. Ìîæíî ñòðîèòü àëãîðèòìû, êîòîðûå àâòî-

ìàòè÷åñêè íàñòðàèâàþòñÿ íà ýòî q2. Äëÿ ýòîãî ìîæíî àíàëèçèðîâàòü

îòíîøåíèå ÷èñëà èòåðàöèé ñ ðàñòÿæåíèåì ïðîñòðàíñòâà ê îáùåìó ÷èñ-

ëó èòåðàöèé, è åñëè ýòî îòíîøåíèå ñòàíîâèòñÿ ìåíüøå îïðåäåëåííîãî

÷èñëà, òî óâåëè÷èâàòü q2, è íàîáîðîò, åñëè îíî ñëèøêîì áëèçêî ê 1, òî

óìåíüøàòü q2. Àíàëîãè÷íî ìîæíî ðåãóëèðîâàòü è ïàðàìåòð α.
Ïàðàìåòð q1 ðåêîìåíäóåì âûáèðàòü â ïðåäåëàx 0,9�1.

Ïðèìåíåíèå ïðåäëîæåííîãî àëãîðèòìà öåëåñîîáðàçíî ïðè ðåøåíèè

çàäà÷, ãäå òðåáóåòñÿ âûñîêàÿ òî÷íîñòü. Ïðè ýòîì â îïåðàòèâíîé ïàìÿ-

òè ÝÂÌ íåîáxîäèìî xðàíèòü ìàòðèöó Â ðàçìåðíîñòè n × n. Ïîýòîìó
â ñèëó îãðàíè÷åííîñòè îáúåìà ïàìÿòè àëãîðèòì ìîæåò ïðèìåíÿòüñÿ

äëÿ íàxîæäåíèÿ ìèíèìàêñà ôóíêöèé îò ñðàâíèòåëüíî íåáîëüøîãî ÷èñ-

ëà ïåðåìåííûx (òàê, íàïðèìåð, îïåðàòèâíàÿ ïàìÿòü ÁÝÑÌ-6 ïîçâîëÿåò

ðåøàòü çàäà÷è ðàçìåðíîñòè äî 150).

Ïðè ðåøåíèè çàäà÷ âûñîêîé ðàçìåðíîñòè âîçíèêàþò òðóäíîñòè çà-

ïîìèíàíèÿ ìàòðèöû Â. Â òàêèx çàäà÷àx îáû÷íî ìèíèìóì äîñòèãàåòñÿ

ïðè ðàâåíñòâå çíà÷åíèé íåñêîëüêèx ôóíêöèé, ÷èñëî êîòîðûxm1 íàìíî-

ãî ìåíüøå n � ðàçìåðíîñòè çàäà÷è. Â ñâÿçè ñ ýòèì ïðåäëàãàåòñÿ âòî-

ðîé àëãîðèòì, ïîçâîëÿþùèé èçáåæàòü çàïîìèíàíèÿ ìàòðèö è ñîêðàòèòü

âðåìÿ ñ÷åòà.

Äàäèì îïèñàíèå âòîðîãî àëãîðèòìà.

2. Âòîðîé àëãîðèòì

Êàê è â ïåðâîì àëãîðèòìå, äâèæåíèå íà÷èíàåì èç ïðîèçâîëüíîé òî÷êè

x0 ∈ En, ïîëàãàÿ g̃0 = (0, 0, ....0) ∈ En. Ïðåäïîëîæèì, ÷òî ñäåëàíî k èòå-
ðàöèé (k = 1, 2, . . .), â ðåçóëüòàòå ÷åãî îïðåäåëåíû òî÷êè x1, x2, . . . , xk,
âåêòîð g̃k è ïîñëåäîâàòåëüíîñòü âåêòîðîâ ξ1, ξ2, . . . , ξk, ãäå ξν ∈ En,
(ν = 1, 2, . . . , k), ïîñëåäîâàòåëüíîñòü âåêòîðîâ åäèíè÷íîé äëèíû, â íà-

ïðàâëåíèè êîòîðûx ïðîèçâîäèòñÿ íà êàæäîé èòåðàöèè ðàñòÿæåíèå ïðî-

ñòðàíñòâà En.
Äëÿ îïðåäåëåíèÿ òî÷êè xk+1 íåîáxîäèìî ñäåëàòü ñëåäóþùèå âû÷èñ-

ëåíèÿ.

1. F (xk) = max1≤i≤m fi (xk) � ìàêñèìàëüíîå çíà÷åíèå ôóíêöèè â

òî÷êå xk.
2. gF (xk) � îáîáùåííûé ãðàäèåíò ôóíêöèè F (x) â òî÷êå xk:

gF (xk) = gfi∗ (xk) ;
(
F (xk) = fi∗ (xk)

)
.
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3. gk = R1/α (ξk)R1/α (ξk−1) . . . R1/α (ξ1) gF (xk) � îáîáùåííûé ãðà-

äèåíò ôóíêöèè â ïðåîáðàçîâàííîì ïðîñòðàíñòâå. Â äàííîì àëãîðèò-

ìå âìåñòî ìàòðèöû Bk çàïîìèíàåòñÿ ïîñëåäîâàòåëüíîñòü íîðìèðîâàí-

íûx âåêòîðîâ ξ1, ξ2, . . . , ξk. Îáîáùåííûé ãðàäèåíò gk, âû÷èñëåííûé â

òî÷êå yk = Akxk, ïîëó÷àåòñÿ âñëåäñòâèå ïîñëåäîâàòåëüíîãî ïðèìåíå-

íèÿ îïåðàòîðîâ ðàñòÿæåíèÿ ïðîñòðàíñòâà R1/α (ξ1) ñíà÷àëà ê âåêòî-

ðó gF (xk), çàòåì îïåðàòîð ðàñòÿæåíèÿ R1/α (ξ2) äåéñòâóåò íà âåêòîð

R1/α (ξ1) ·gF (xk) è ò.ä. è, íàêîíåö, îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà ñ
êîýôôèöèåíòîì ðàñòÿæåíèÿ α−1 è â íàïðàâëåíèè âåêòîðà ξk

(
R1/α (ξk)

)
äåéñòâóåò íà âåêòîð, êîòîðûé ïîëó÷èëñÿ â ðåçóëüòàòå ïîñëåäîâàòåëüíî-

ãî äåéñòâèÿ îïåðàòîðîâ ðàñòÿæåíèÿ â íàïðàâëåíèè ξ1, ξ2, . . . , ξk.
Âûðàæåíèå äëÿ îïðåäåëåíèÿ gk ïîëó÷àåòñÿ èç îïðåäåëåíèÿ îáîá-

ùåííîãî ãðàäèåíòà ïðè ðàñòÿæåíèè ïðîñòðàíñòâà En ïóòåì ïîñëåäîâà-

òåëüíîãî ïðèìåíåíèÿ îïåðàòîðîâ ðàñòÿæåíèÿ â íàïðàâëåíèè âåêòîðîâ

ξ1, ξ2, . . . , ξk:
yk = Rα (ξk)Rα (ξk−1) . . . Rα (ξ1)xk

è èç óñëîâèÿ gk = gϕk
(yk), ãäå ϕk (yk) = F

(
A−1
k yk

)
:

ϕk (yk) = F
(
R1/α (ξ1) ·R1/α (ξ2) . . . R1/α (ξk) yk

)
.

4. rk = gk − g̃k � ðàçíîñòü îáîáùåííûx ãðàäèåíòîâ.

5. βk =
‖rk‖
‖g̃k‖ .

6. Ñðàâíèâàåì βk ñ çàäàííîé âåëè÷èíîé q1:

à) åñëè βk ≤ q1, òî xk+1 = xk−hkR1/α (ξ1)·R1/α (ξ2) . . . R1/α (ξk)
g̃k
‖g̃k‖ ,

ò. å. äâèæåíèå ïðîèçâîäèòñÿ â òîì æå íàïðàâëåíèè è ñ òîé æå äëè-

íîé øàãà, ÷òî è íà k-îé èòåðàöèè, ïîñëå ÷åãî ïåðåxîäèì ê âûïîë-

íåíèþ (k + 2)-îé èòåðàöèè;

á) åñëè βk > q1, òî ïåðåxîäèì ê âûïîëíåíèþ ñëåäóþùåãî äåéñòâèÿ.

7. ξk+1 =
rk
‖rk‖ , âåêòîð ξk+1 çàïîìèíàåòñÿ.

8. g̃k+1 = R1/α (ξk+1) · R1/α (ξk) . . . R1/α (ξ1) gF (xk). Ó÷èòûâàÿ âûðà-
æåíèå äëÿ ïîëó÷åíèÿ îáîáùåííîãî ãðàäèåíòà gk, ïîëó÷àåì îêîí÷àòåëü-

íî

g̃k+1 = R1/α (ξk+1) gk,
ãäå g̃k+1 � îáîáùåííûé ãðàäèåíò ôóíêöèè ϕk+1(y) â òî÷êå yk, ñîîòâåò-
ñòâóþùåé òî÷êå xk ñ ó÷åòîì íà (k + 1)-îé èòåðàöèè ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà ñ ïîìîùüþ îïåðàòîðà ðàñòÿæåíèÿ â íàïðàâëåíèè âåêòîðà

ξk+1 ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ α.
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9. hk+1 = hkq2, ãäå 0 < q2 ≤ 1.
10. Îïðåäåëÿåì î÷åðåäíóþ òî÷êó xk+1 èòåðàöèîííîé ïîñëåäîâàòåëü-

íîñòè, êîòîðàÿ ïîëó÷àåòñÿ â ðåçóëüòàòå ïåðåìåùåíèÿ â ðàñòÿíóòîì ïðî-

ñòðàíñòâå â íàïðàâëåíèè −g̃k+1 èç òî÷êè

yk = Rα (ξk) · Rα (ξk−1) . . . Rα (ξ1)xk

â òî÷êó

yk+1 = yk − hk+1
g̃k+1

‖g̃k+1‖ .

Kàê óêàçûâàëîñü âûøå,

yk+1 = Rα (ξk+1) . . . Rα (ξ1) xk+1,

îòêóäà

xk+1 = R1/α (ξ1) ·R1/α (ξ2) . . . R1/α (ξk) yk+1.

Èç ýòèx ñîîòíîøåíèé âûâîäèòñÿ âûðàæåíèå äëÿ ïîëó÷åíèÿ òî÷êè

xk+1:

xk+1 = xk − hkR1/α (ξ1) ·R1/α (ξ2) . . . R1/α (ξk+1)
g̃k+1

‖g̃k+1‖ .

Ïåðåxîäèì ê âûïîëíåíèþ äåéñòâèé íà (k + 2)-îé èòåðàöèè. Òàê êàê
ïàìÿòü äëÿ çàïîìèíàíèÿ âåêòîðîâ ξ1, ξ2, . . . , ξk, . . . îãðàíè÷åíà, ïðèxî-
äèòñÿ îïèñàííûé âûøå ïðîöåññ îáðûâàòü ïîñëå îïðåäåëåííîãî ÷èñëà

øàãîâ r (r < n). Ïîñëå ýòîãî ìàòðèöà B âîññòàíàâëèâàåòñÿ, çíà÷å-

íèå xi ïðèíèìàåòñÿ çà íà÷àëüíîå çíà÷åíèå äëÿ íîâîãî âíóòðåííåãî öèê-
ëà, ïðè ýòîì íà÷àëüíûé øàã áåðåòñÿ â 2�3 ðàçà ìåíüøå, ÷åì â íà÷àëå

ïðåäûäóùåãî öèêëà. Ïðîöåññ ïðîäîëæàåòñÿ äî òåx ïîð, ïîêà íå áóäóò

äîñòèãíóòû ïðèåìëåìûå çíà÷åíèÿ ìèíèìèçèðóåìîé ôóíêöèè èëè ïîêà

ïðèðàùåíèå ôóíêöèè, ïîëó÷åííîå â ðåçóëüòàòå ïðîâåäåíèÿ î÷åðåäíîãî

öèêëà âû÷èñëåíèé, íå ñòàíåò äîñòàòî÷íî ìàëûì. Òàêèì îáðàçîì, âòî-

ðîé àëãîðèòì ÿâëÿåòñÿ ïðîìåæóòî÷íûì ìåæäó îáû÷íûìè àëãîðèòìîì

îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà è àëãîðèòìîì ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà.

Ýòîò àëãîðèòì ïðèìåíÿëñÿ äëÿ ðåøåíèÿ ðÿäà çàäà÷, ñâÿçàííûx ñ

ïðîáëåìîé ïîñòðîåíèÿ îïòèìàëüíûx ýòàëîíîâ. Ïîñòàíîâêà çàäà÷è, èñ-

xîäíûå äàííûå, ïîäïðîãðàììû âû÷èñëåíèÿ ôóíêöèé è ãðàäèåíòîâ áûëè

ëþáåçíî ïðåäîñòàâëåíû Â. À. Êîâàëåâñêèì è ñîòðóäíèêàìè ðóêîâîäè-

ìîãî èì îòäåëà ÈÊ ÀÍ ÓÑÑÐ äëÿ ïðîâåäåíèÿ ÷èñëåííûx ýêñïåðèìåí-

òîâ. Ðåøàëàñü ñëîæíàÿ ìàêñèìèííàÿ çàäà÷à, ÷èñëî ïåðåìåííûx � 1200,

÷èñëî ôóíêöèé, ó÷àñòâóþùèx â îïåðàöèè âçÿòèÿ ìèíèìóìà, � 1536.
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Ýòà çàäà÷à äëÿ ñðàâíåíèÿ ýôôåêòèâíîñòè àëãîðèòìîâ ðåøàëàñü òàê-

æå îáû÷íûì ìåòîäîì îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà áåç ðàñòÿæåíèÿ

ïðîñòðàíñòâà ñ èñïîëüçîâàíèåì ðàçëè÷íûx ìåòîäèê ðåãóëèðîâêè äëèíû

øàãà:

1) hk+1 = hk · 0, 95 è xk+1 = xk + hk+1
gF (xk)
‖gF (xk)‖ ;

2) hk+1 = hk · 0, 95 è xk+1 = xk + hk+1 · gF (xk);

3) hk+1 =
F (x∗)− F (xk)
‖gF (xk)‖ , xk+1 = xk + hk+1

gF (xk)
‖gF (xk)‖ ,

ãäå F (x∗) � ïðåäïîëàãàåìîå çíà÷åíèå â òî÷êå ìàêñèìóìà. Ïðè ýòîì íàè-

áîëåå xîðîøèå ðåçóëüòàòû ðåøåíèÿ çàäà÷è áûëè ïîëó÷åíû ïðè ïåðâîì

ñïîñîáå ðåãóëèðîâêè øàãà. Â òàáë. 2 ïðèâåäåíû ðåçóëüòàòû ñ÷åòà, ïî-

ëó÷åííûå ïðè òàêîé ìåòîäèêå âûáîðà øàãà.

Äëÿ ðåøåíèÿ çàäà÷è ñ ïîìîùüþ îïèñàííîãî çäåñü âòîðîãî àëãîðèò-

ìà, ïðèìåíåíèå êîòîðîãî îáóñëîâëåíî çíà÷èòåëüíîé ðàçìåðíîñòüþ çà-

äà÷è (n = 1200), áûëà ñîñòàâëåíà ïðîãðàììà íà ÿçûêå ÔÎÐÒÐÀÍ. Ðå-
øåíèå ïðîâîäèëîñü íà ÝÂÌ ¾ÁÝÑÌ-6¿, ïðè ýòîì ïîëàãàëîñü α = 3.

Àíàëèç ðåçóëüòàòîâ ðåøåíèÿ çàäà÷è, ïîëó÷åííûx îáîèìè ìåòîäàìè

è ïðèâåäåííûx â òàáë. 2, ïîêàçûâàåò, ÷òî äëÿ äîñòèæåíèÿ ïðèìåðíî

îäíèx è òåx æå çíà÷åíèé îïòèìèçèðóåìîé ôóíêöèè âáëèçè òî÷êè ìàê-

ñèìóìà ïðè èñïîëüçîâàíèè âòîðîãî àëãîðèòìà òðåáóåòñÿ çíà÷èòåëüíî

ìåíüøåå ÷èñëî èòåðàöèé è ìåíüøåå êîëè÷åñòâî ìàøèííîãî âðåìåíè,

÷åì ïðè èñïîëüçîâàíèè ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà áåç

ðàñòÿæåíèÿ ïðîñòðàíñòâà. Òàê, íàïðèìåð, ïðèåìëåìîå çíà÷åíèå îïòè-

ìèçèðóåìîé ôóíêöèè, ðàâíîå 3,88, áûëî ïîëó÷åíî îáîáùåííûì ãðàäè-

åíòíûì ìåòîäîì áåç ðàñòÿæåíèÿ ïðîñòðàíñòâà íà 71-îé èòåðàöèè, ïðè

èñïîëüçîâàíèè æå âòîðîé ìîäèôèêàöèè àëãîðèòìà óæå íà 25-îé èòåðà-

öèè áûëî ïîëó÷åíî çíà÷åíèå F (x), ðàâíîå 3,96.
Êðîìå òîãî, ïðèìåíåíèå âòîðîãî àëãîðèòìà ïîçâîëèëî ïîëó÷èòü çíà-

÷åíèå ìàêñèìèçèðóåìîé ôóíêöèè (5,07 íà 39 èòåðàöèè), ñ xîðîøåé òî÷-

íîñòüþ ñîâïàäàþùåå ñ òåîðåòè÷åñêèì ìàêñèìóìîì, êîòîðóþ ïðè èñ-

ïîëüçîâàíèè îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà äîñòè÷ü íå óäàëîñü, òàê

êàê ýòî òðåáîâàëî ñëèøêîì áîëüøîãî ÷èñëà èòåðàöèé è ïðîäîëæèòåëü-

íîãî âðåìåíè ñ÷åòà.

Â çàêëþ÷åíèå àâòîðû âûðàæàþò áëàãîäàðíîñòü ñîòðóäíèêàì ÈÊ

ÀÍ ÓÑÑÐ Ì. È. Øëåçèíãåðó è Ë. Ñ. Êîðîâÿêèíîé çà ïîìîùü â ïðîâå-

äåíèè ÷èñëåííûx ýêñïåðèìåíòîâ.
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Òàáëèöà 2.

�

èòåðàöèè

Çíà÷åíèå îïòèìèçèðóå-
ìîé ôóíêöèè, ïîëó÷åííîå
îáîáùåííûì ãðàäèåíòíûì
ìåòîäîì ñ ïîìîùüþ ïåðâîé
ðåãóëèðîâêè øàãà

Çíà÷åíèå îïòèìèçè-
ðóåìîé ôóíêöèè,
ïîëó÷åííîå ñ ïî-
ìîùüþ âòîðîãî
àëãîðèòìà

1 −30,92 −30,92

5 −7,009 −11,26

10 −4,548 −8,703

15 −0,3739 1,143

20 1,456 2,785

25 1,911 3,965

30 1,911 4,551

35 2,315 4,870

40 3,350 5,010

45 3,403 5,197

50 3,826 5,277

55 3,779 5,312

60 4,025 5,333

65 3,732 5,347

71 3,882
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Î êëàññå ïî÷òè-äèôôåðåíöèðóåìûõ
ôóíêöèé è îäíîì ìåòîäå

ìèíèìèçàöèè ôóíêöèé ýòîãî êëàññà

Í. Ç. Øîð

Êèáåðíåòèêà. � 1972. � � 4. � Ñ. 65�70.

1. Ââåäåíèå

Â áîëüøèíñòâå ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ ìåòîäîâ ãðàäèåíò-

íîãî òèïà, ïðè îáîñíîâàíèè ñõîäèìîñòè ïðåäïîëàãàåòñÿ íåïðåðûâíîñòü

ãðàäèåíòà [2], [3] èëè âûïóêëîñòü ìèíèìèçèðóåìîé ôóíêöèè [4]�[7]. Íî

÷àñòî â ïðèêëàäíûõ çàäà÷àõ íåëüçÿ ïîñòóëèðîâàòü ãëàäêîñòü ìèíèìè-

çèðóåìîé ôóíêöèè èëè åå âûïóêëîñòü, Íàïðèìåð, â ïðàêòèêå ïëàíèðî-

âàíèÿ è ïðîåêòèðîâàíèÿ ýëåìåíòû ôóíêöèè çàòðàò îáû÷íî çàäàþòñÿ â

âèäå êóñî÷íî-ãëàäêèõ íå îáÿçàòåëüíî âûïóêëûõ ôóíêöèé îò ïàðàìåòðà,

õàðàêòåðèçóþùåãî ïðîèçâîäèòåëüíîñòü (ïðîïóñêíóþ ñïîñîáíîñòü) òîãî

èëè èíîãî óñòðîéñòâà. Îòñóòñòâèå ñâîéñòâ âûïóêëîñòè è ãëàäêîñòè õà-

ðàêòåðíî äëÿ øèðîêîãî êðóãà ìèíèìàêñíûõ (îäíîýòàïíûõ è ìíîãîýòàï-

íûõ) çàäà÷.

Âñå ýòî ïîáóäèëî íàñ ðàññìîòðåòü êëàññ ôóíêöèé, äîñòàòî÷íî øèðî-

êèé, ÷òîáû îõâàòèòü êóñî÷íî-ãëàäêèå ôóíêöèè è ôóíêöèè, âñòðå÷àþ-

ùèåñÿ â ìèíèìàêñíûõ çàäà÷àõ, è â òî æå âðåìÿ íàñòîëüêî óçêèé, ÷òîáû

äëÿ ýòèõ ôóíêöèé ìîæíî áûëî îïðåäåëèòü íåêîòîðûé àíàëîã ãðàäèåí-

òà è èìåòü âîçìîæíîñòü èñïîëüçîâàòü ìåòîäû ãðàäèåíòíîãî òèïà äëÿ

íàõîæäåíèÿ ëîêàëüíûõ ìèíèìóìîâ.

Ýòîò êëàññ ôóíêöèé ìû íàçîâåì ïî÷òè-äèôôåðåíöèðóåìûìè

(ÏÄ-ôóíêöèÿìè). Ïîñòóëèðóÿ âîçìîæíîñòü âû÷èñëåíèÿ ïî÷òè-ãðàäè-

åíòà, ðàññìîòðèì çàòåì ìåòîä ìèíèìèçàöèè, àíàëîãè÷íûé ìåòîäó îáîá-

ùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà [6], [7], êî-

òîðûé áûë ðàçðàáîòàí äëÿ ìèíèìèçàöèè âûïóêëûõ ôóíêöèé. Îïèøåì

âîçìîæíîñòè ïðèìåíåíèÿ ýòîãî ìåòîäà ê ðåøåíèþ ñèñòåì íåëèíåéíûõ

óðàâíåíèé è çàäà÷ íåëèíåéíîãî ïðîãðàììèðîâàíèÿ.

2. Ïî÷òè-äèôôåðåíöèðóåìûå ôóíêöèè

Îïðåäåëåíèå 1. Íåïðåðûâíóþ ôóíêöèþ f(x), çàäàííóþ â îòêðûòîé

îáëàñòè S n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà En, íàçîâåì ïî÷òè-äèô-
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ôåðåíöèðóåìîé, åñëè: à) â ëþáîé îãðàíè÷åííîé îáëàñòè îíà óäîâëåòâî-

ðÿåò óñëîâèþ Ëèïøèöà; á) ýòà ôóíêöèÿ ïî÷òè âåçäå äèôôåðåíöèðóåìà;

â) ãðàäèåíò íåïðåðûâåí íà ìíîæåñòâå M ⊆ S, ãäå îí îïðåäåëåí.

Îïðåäåëåíèå 2. Ïî÷òè-ãðàäèåíòîì (ÏÄ-ãðàäèåíòîì) ôóíêöèè f(x)
â òî÷êå x ìû íàçîâåì âåêòîð, ÿâëÿþùèéñÿ ïðåäåëüíîé òî÷êîé íåêî-

òîðîé ïîñëåäîâàòåëüíîñòè ãðàäèåíòîâ g(x(1)), g(x(2)), . . . , g(x(k)), . . ., ãäå{
x(k)

}∞
k=1

� ïîñëåäîâàòåëüíîñòü òî÷åê, ñõîäÿùàÿñÿ ê x, è òàêàÿ, ÷òî âî
âñåõ òî÷êàõ ýòîé ïîñëåäîâàòåëüíîñòè ôóíêöèÿ f(x) äèôôåðåíöèðóåìà.

Òåîðåìà 1. Ìíîæåñòâî G(x) ïî÷òè-ãðàäèåíòîâ â ëþáîé òî÷êå x
ïî÷òè-äèôôåðåíöèðóåìîé ôóíêöèè ÿâëÿåòñÿ íåïóñòûì, îãðàíè÷åí-

íûì è çàìêíóòûì.

Äîêàçàòåëüñòâî. Èç ñâîéñòâà à) ñëåäóåò îãðàíè÷åííîñòü ïîñëåäîâà-

òåëüíîñòè {g(x(k))}, a îòñþäà � íåïóñòîòà ìíîæåñòâà G(x) è åãî îãðà-

íè÷åííîñòü. Çàìêíóòîñòü ÿâëÿåòñÿ ñëåäñòâèåì îïðåäåëåíèÿ ïî÷òè-ãðà-

äèåíòîâ, êàê ïðåäåëüíûõ òî÷åê. Â ñàìîì äåëå, ïóñòü {ĝ (k)(x)}∞k=1 � ïî-

ñëåäîâàòåëüíîñòü ïî÷òè-ãðàäèåíòîâ, ñõîäÿùàÿñÿ ê g∗. Òîãäà äëÿ êàæ-

äîãî k íàéäåòñÿ x(k) òàêîå, ÷òî ‖x− x(k)‖ ≤ 1
k

; ‖ĝ (k)(x)− g(x(k))‖ ≤ 1
k
,

ïðè÷åì â òî÷êå x(k) f(x) äèôôåðåíöèðóåìà:

‖g∗ − g(x(k))‖ ≤ ‖g∗ − ĝ (k)(x)‖ + ‖ĝ (k)(x)− g(x(k))‖ ≤
≤ ‖g∗ − ĝ (k)(x)‖ +

1
k
.

lim ‖g∗−g(x(k))‖ = 0, îòêóäà ñëåäóåò, ÷òî g∗ ÿâëÿåòñÿ ïî÷òè-ãðàäèåíòîì
f(x) â òî÷êå x.

Òåîðåìà 2. Ïðîèçâîëüíàÿ âûïóêëàÿ ôóíêöèÿ f(x), îïðåäåëåííàÿ â En,
ÿâëÿåòñÿ ïî÷òè-äèôôåðåíöèðóåìîé, à åå ëþáîé ïî÷òè-ãðàäèåíò â

òî÷êå x ñîâïàäàåò ñ íåêîòîðûì îáîáùåííûì ãðàäèåíòîì.

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû Ðàäåìåéñòåðà [1] ïðîèçâîëüíàÿ âû-

ïóêëàÿ ôóíêöèÿ, îïðåäåëåííàÿ â En, ïî÷òè âåçäå íåïðåðûâíî äèôôå-

ðåíöèðóåìà. Èç îáùèõ ñâîéñòâ âûïóêëîé ôóíêöèè èçâåñòíî, ÷òî åå ïðî-

èçâîäíûå ïî íàïðàâëåíèþ â ëþáîé îãðàíè÷åííîé îáëàñòè ðàâíîìåðíî

îãðàíè÷åíû. Òàêèì îáðàçîì, f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ.
Ïóñòü ïî÷òè-ãðàäèåíò ĝf(x) = lim

k→∞
gf (xk), ãäå {gf(xk)} � ãðàäèåíòû

â òî÷êàõ xk, lim
k→∞

xk = x. Èç ñâîéñòâà âûïóêëîñòè f(x) âûòåêàåò äëÿ

âñåõ x ∈ En:
f(x) − f(xk) ≥ (gf (xk), x− xk).
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Óñòðåìèâ k ê ∞ ïîëó÷àåì:

f(x)− f(x) ≥ (ĝf (x), x− x),

ò. å. ĝf (x) ÿâëÿåòñÿ îáîáùåííûì ãðàäèåíòîì ôóíêöèè f(x) â òî÷êå x.
Òåîðåìà äîêàçàíà.

Òåîðåìà 3. Åñëè äâå ôóíêöèè f1(x) è f2(x) ïî÷òè-äèôôåðåíöèðóåìû,
òî f3(x) = f1(x) + f2(x); f4(x) = f1(x) · f2(x) òàêæå ïî÷òè-äèôôåðåí-

öèðóåìû.

Äîêàçàòåëüñòâî. Ðàññìîòðèì N3 � îáúåäèíåíèå ìíîæåñòâ N1 è N2, â

êîòîðûõ ôóíêöèè f1(x) è f2(x) íå äèôôåðåíöèðóåìû. Ìåðà N3 ðàâíà 0.

Â îñòàëüíûõ òî÷êàõ f3(x), f4(x) äèôôåðåíöèðóåìû è èõ ãðàäèåíòû ïîä-

ñ÷èòûâàþòñÿ ïî ïðàâèëàì äèôôåðåíöèðîâàíèÿ ñóììû è ïðîèçâåäåíèÿ

äâóõ ôóíêöèé. Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû.

Òåîðåìà 4. Åñëè f1(x) è f2(x) � ïî÷òè-äèôôåðåíöèðóåìû, òî

f(x) = max(f1(x), f2(x)) � òàêæå ïî÷òè-äèôôåðåíöèðóåìà.

Äîêàçàòåëüñòâî. Ââåäåì îáîçíà÷åíèå:

ϕ+(x) =
{

0, ϕ(x) ≤ 0,
ϕ(x), ϕ(x) > 0.

Òîãäà

f(x) = f1(x) + [f2(x)− f1(x)]
+
.

Èç òåîðåìû 2 ñëåäóåò, ÷òî f2(x)−f1(x) ïî÷òè-äèôôåðåíöèðóåìà. Äàëåå,
â ñèëó íåïðåðûâíîñòè f1(x) è f2(x) ìíîæåñòâî

M12 = {x : f1(x) > f2(x)}

ÿâëÿåòñÿ îòêðûòûì, è ïîýòîìó ôóíêöèÿ f(x) áóäåò äèôôåðåí-

öèðóåìà âî âñåõ òî÷êàõ ýòîãî ìíîæåñòâà, â êîòîðûõ äèôôåðåí-

öèðóåìà ôóíêöèÿ f1(x). Àíàëîãè÷íîå óòâåðæäåíèå ìîæíî ñäåëàòü

äëÿ ìíîæåñòâà M21 = {x : f1(x) < f2(x)}. ×òî êàñàåòñÿ ìíîæåñòâà

M0 = {x : f1(x) = f2(x) = f(x)}, òî ìåðà ãðàíèöû ýòîãî ìíîæåñòâà ðàâ-

íà 0, à äëÿ âñåõ âíóòðåííèõ òî÷åê äèôôåðåíöèðóåìîñòü âûòåêàåò èç

äèôôåðåíöèðóåìîñòè â ñîîòâåòñòâóþùåé òî÷êå f1(x). Îòñþäà âûòåêà-
åò óòâåðæäåíèå òåîðåìû.
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3. Îá îäíîì ìåòîäå íàõîæäåíèÿ ëîêàëüíûõ

ìèíèìóìîâ ÏÄ-ôóíêöèé

Ìû ðàññìîòðèì ìåòîä ìèíèìèçàöèè ÏÄ-ôóíêöèé, ñîîòâåòñòâóþùèé

ìåòîäó ÎÃÑÐÏ äëÿ âûïóêëûõ ôóíêöèé, ðàññìîòðåííîìó â ðàáîòàõ [6],

[7], ñ òåì èçìåíåíèåì, ÷òî ðîëü îáîáùåííîãî ãðàäèåíòà áóäåò èãðàòü

ÏÄ-ãðàäèåíò.

Ïóñòü f(x) � ÏÄ-ôóíêöèÿ, îïðåäåëåííàÿ â En. Ìû áóäåì ïðåäïî-

ëàãàòü, ÷òî èìååòñÿ àëãîðèòì, ïîçâîëÿþùèé ñ ïðîèçâîëüíîé òî÷íîñòüþ

âû÷èñëèòü íåêîòîðûé ÏÄ-ãðàäèåíò ĝf (x) ôóíêöèè f(x) â ïðîèçâîëüíîé
òî÷êå x ∈ En, çàäàíû àëãîðèòìû âû÷èñëåíèÿ äâóõ ïîñëåäîâàòåëüíîñòåé

ïîëîæèòåëüíûõ ÷èñåë {hk} è {βk}, k = 1, 2, . . ., êîòîðûå íàì â äàëü-

íåéøåì ïîíàäîáÿòñÿ, à òàêæå íà÷àëüíîå ïðèáëèæåíèå x0 è íà÷àëüíàÿ

ìàòðèöà B0 = I (I � åäèíè÷íàÿ ìàòðèöà) ðàçìåðíîñòè n× n.
Ïðè ýòèõ óñëîâèÿõ îïðåäåëèì áåñêîíå÷íî-øàãîâûé ïðîöåññ ÏÄÐÏ,

(k+ 1)-é øàã êîòîðîãî îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì (k = 0, 1, 2, . . .):
âû÷èñëÿåì

1) ĝf(xk) (åñëè ĝf (xk) = 0, ïðîöåññ îñòàíàâëèâàåòñÿ);
2) g̃k = B∗

k · ĝf (xk) (B∗
k � ìàòðèöà, òðàíñïîíèðîâàííàÿ Bk);

3) ξk+1 =
g̃k
‖g̃k‖ ;

4) xk+1 = xk −Bk · hk+1 · ξk+1;

5) Bk+1 = Bk · Rβk+1(ξk+1), ãäå Rβ(ξ) � îïåðàòîð ðàñòÿæåíèÿ ïðî-

ñòðàíñòâà â íàïðàâëåíèè ξ ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ β. (Îïðåäå-
ëåíèå ýòîãî îïåðàòîðà, à òàêæå êîììåíòàðèè ê àíàëîãè÷íîé ñõåìå èìå-

þòñÿ â [6]).

Äîêàæåì òåîðåìó, àíàëîãè÷íóþ òåîðåìå 2 èç [7].

Òåîðåìà 5. Ïóñòü x∗ � òî÷êà ëîêàëüíîãî ìèíèìóìà ôóíêöèè f(x)
è â ïðîöåññå ðåàëèçàöèè àëãîðèòìà ÏÄÐÏ âûïîëíÿþòñÿ ñëåäóþùèå

óñëîâèÿ:

1) ‖Ak(xk − x∗)‖ ≤ r, ãäå Ak = B−1
k , r > 0;

2) 1 < αk ≤ α∗; αk =
1
βk

; k = 1, 2, . . .

Òîãäà ñóùåñòâóåò òàêàÿ ïîäïîñëåäîâàòåëüíîñòü xk1 , xk2 , . . . , xkp , . . .,
÷òî ∥∥g̃kp

∥∥ ≤ c

( kp∏
j=1

αj

)−1/n

, p = 1, 2, . . .
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Äîêàçàòåëüñòâî. Ïîâòîðÿåì ðàññóæäåíèÿ, êîòîðûå ìû ïðîâîäèëè

ïðè äîêàçàòåëüñòâå òåîðåìû 2 [7] ñ çàìåíîé îáîáùåííîãî ãðàäèåíòà íà

ÏÄ-ãðàäèåíò.

Òåîðåìà 6. Åñëè ïðè ïðåäïîëîæåíèÿõ òåîðåìû 5 äîïîëíèòåëüíî ïî-

òðåáîâàòü, ÷òîáû ñóùåñòâîâàëà ïîëîæèòåëüíàÿ íåóáûâàþùàÿ ôóíê-

öèÿ δ(ε) äëÿ âñåõ 0 < ε ≤ r òàêàÿ, ÷òî

inf
{x:ε≤‖x−x∗‖≤r}

(ĝf (x), x − x∗) ≥ δ(ε) · ‖x− x∗‖ , (1)

L � êîíñòàíòà Ëèïøèöà f(x) äëÿ {x : ‖x− x∗‖ ≤ r}, òî ñóùåñòâóåò

ïîäïîñëåäîâàòåëüíîñòü
{
xkp

}∞
p=1

, òàêàÿ ÷òî

f(xkp)− f(x∗) ≤ L · ϕ
(
rc

( kp∏
j=1

αj

)−1/n
)
,

ãäå ϕ(q) � êîðåíü óðàâíåíèÿ zδ(z) = q.

Çàìå÷àíèå. Óñëîâèå òèïà (1) ïðåäëîæèë èñïîëüçîâàòü Ë. Ã. Áàæå-

íîâ [10].

Äîêàçàòåëüñòâî. Èñïîëüçóÿ òåîðåìó 5, ïîëó÷àåì:(
ĝf (xkp),

xkp − x∗∥∥Akp(xkp − x∗)
∥∥
)

=
(
B∗
kp
ĝf (xkp),

Akp(xkp − x∗)∥∥Akp(xkp − x∗)
∥∥
)

=

=
(
g̃kp ,

Akp(xkp − x∗)∥∥Akp(xkp − x∗)
∥∥
)

≤ ∥∥g̃kp

∥∥ ≤ c ·
( kp∏
j=1

αj

)−1/n

.

Íî (
ĝf (xkp),

xkp − x∗∥∥Akp(xkp − x∗)
∥∥
)

≥ δ
(‖xkp − x∗‖) · ‖xkp − x∗‖

‖Akp(xkp − x∗)‖ ≥

≥ δ
(‖xkp − x∗‖) · ‖xkp − x∗‖

r
.

Òàêèì îáðàçîì,

δ
(‖xkp − x∗‖) · ∥∥xkp − x∗

∥∥
r

≤ c ·
( kp∏
j=1

αj

)−1/n

;
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f(xkp)− f(x∗) ≤ L
∥∥xkp − x∗

∥∥ ≤ L · ϕ
(
rc

( kp∏
j=1

αj

)−1/n)
,

ãäå ϕ(q) � êîðåíü óðàâíåíèÿ z · δ(z) = q.

Òåîðåìà 7. Ïóñòü f(x) � ïî÷òè-äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îïðåäå-
ëåííàÿ â íåêîòîðîé ñôåðè÷åñêîé îêðåñòíîñòè Sr òî÷êè x

∗ ëîêàëüíîãî
ìèíèìóìà (Sr = {x : ‖x− x∗‖ ≤ r}), è â òåõ òî÷êàõ x, ãäå ôóíêöèÿ

äèôôåðåíöèðóåìà, åå ïðîèçâîäíûå ïî íàïðàâëåíèþ µ(x) =
x− x∗

‖x− x∗‖ óäî-

âëåòâîðÿþò ñëåäóþùåìó íåðàâåíñòâó:

N(f(x)− f(x∗)) ≤ f ′µ(x)(x) · ‖x− x∗‖ ≤M (f(x)− f(x∗)) , (2)

ãäå 0 < N < M .

Òîãäà, åñëè ìû â ÏÄÐÏ-àëãîðèòìå ïðèìåì

(1) x0 ∈ Sr;

(2) hk+1 =
2MN

M +N
· f(xk)− f(x∗)

‖g̃k‖ ;

(3) αk+1 = α =
M +N

M −N
,

òî íàéäóòñÿ êîíñòàíòà c è ïîäïîñëåäîâàòåëüíîñòü èíäåêñîâ {kp}∞p=1
òàêàÿ, ÷òî

f(xkp)− f(x∗) ≤ c · α−kp/n.

Äîêàçàòåëüñòâî. Ïî÷òè ïîâòîðÿÿ äîêàçàòåëüñòâî òåîðåìû 2 èç [6], ïî-

ëó÷àåì, ÷òî äëÿ âñåõ k ‖Ak(xk − x∗)‖ ≤ r. Ïðè ýòîì íåðàâåíñòâà (2)

â òåõ òî÷êàõ, ãäå ôóíêöèÿ íåäèôôåðåíöèðóåìà, çàìåíÿþòñÿ íåðàâåí-

ñòâàìè:

N(f(x)− f(x∗)) ≤ (ĝf (x), µ(x)) ‖x− x∗‖ ≤M(f(x)− f(x∗)).

Çàìå÷àíèå. Â òåêñòå [6] (ñòð. 10�11) èìåþòñÿ îïå÷àòêè: ïðè ðàññìîò-

ðåíèè ñëó÷àåâ I è II íóæíî M è N ïîìåíÿòü ìåñòàìè.

Ïîñëå ýòîãî ïðèìåíÿåì òåîðåìó 5, ó÷èòûâàÿ, ÷òî αk = α. Èìååì:

N(f(xkp)− f(x∗)) ≤ (ĝf (xkp), xkp − x∗) = (A∗kp
g̃kp , xkp − x∗) =

= (g̃kp , Akp(xkp − x∗)) ≤ ∥∥g̃kp

∥∥ · r ≤ rc · α−kp/n,
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f(xkp)− f(x∗) ≤ rc

N
α−kp/n = c · α−kp/n,

÷òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 7 ìîæåò áûòü óòî÷íåíà.

Òåîðåìà 8. Ïóñòü ñîáëþäàþòñÿ óñëîâèÿ òåîðåìû 7. Òîãäà äëÿ ïðîèç-

âîëüíîãî δ, 0 < δ < 1, íàéäåòñÿ cδ òàêîå, ÷òî äëÿ âñåõ k = 1, 2, . . .

min
0≤i≤k

[f(xi)−m∗] ≤ cδ · α−k(1−δ)/n.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì Ak = B−1
k â âèäå ïðîèçâåäåíèÿ îðòîãî-

íàëüíîãî è ñèììåòðè÷íîãî ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà:

Ak = Ok · Sk,

è ïóñòü λ(k) � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî îïåðàòîðà Sk. Ïðåäïî-
ëîæèâ, ÷òî

λ(k+1)

λ(k)
≥ 1 + δ′, δ′ > 0, (3)

ìû òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2 èç [7], ïîëó÷èì:

‖g̃k‖ ≤ c

λ(k) · c(δ′) , (4)

ãäå c(δ′) =
√

2δ′/(α2 − 1). Ïóñòü δ′ äîñòàòî÷íî ìàëî, âî âñÿêîì

ñëó÷àå, ìåíüøå, ÷åì n
√
α − 1, è íà (k + 1), . . . , (k + p)-é èòåðàöèÿõ íå

âûïîëíÿåòñÿ (3). Ïîëó÷èì òîãäà

λ(k+p) ≤ λ(k) · (1 + δ′)p.

Òàê êàê λ(k+p) ≥ ( n
√
α)k+p, òî ÷èñëî p óäîâëåòâîðÿåò íåðàâåíñòâó:

p ln(1 + δ′) + lnλ(k) − (k + p) lnα
n

≥ 0,

p ≤
lnλ(k) − k lnα

n
lnα
n

− ln(1 + δ′)
.

Ïóñòü

δ =
ln(1 + δ′) · n

lnα
.
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Òîãäà

p ≤ n lnλ(k) − k lnα
(1 − δ) lnα

. (5)

Òåïåðü ðàññìîòðèì ñèòóàöèþ:

λ(k)

λ(k−1)
≥ 1 + δ′;

λ(i+1)

λ(i)
< 1 + δ′ äëÿ i = k, . . . , k +m− 1.

Èç íåðàâåíñòâà (5) èìååì äëÿ q ≤ m− 1:

lnλ(k) ≥ q lnα(1 − δ) + k lnα
n

≥ (q + k) · lnα · (1 − δ)
n

. (6)

Äàëåå ïîëó÷àåì, èñïîëüçóÿ (4):

min
0≤i≤k+q

‖g̃i‖ ≤ ‖g̃k−1‖ ≤ aδ′

λ(k−1)
, ãäå aδ′ = c/c(δ′).

Íî
aδ′

λ(k−1)
≤ αaδ′

λ(k)
≤ αaδ′ · α−(q+k)(1−δ)/n. Òàê êàê δ′ îäíîçíà÷íî îïðåäå-

ëÿåòñÿ δ, òî, îáîçíà÷èâ αaδ′ = c̃δ, ïîëó÷àåì: äëÿ âñåõ k, k = 1, 2, . . .,

min
0≤i≤k

‖g̃i‖ ≤ c̃δ · α−k(1−δ)/n.

Äàëåå, èñïîëüçóÿ (2),

min
0≤i≤k

[f(xi)− f(x∗)] ≤ min
0≤i≤k

‖g̃i‖ · r
N
≤ cδ · α−k(1−δ)/n,

ãäå cδ = c̃δ · r
N
.

Ñëåäñòâèå. Òàê êàê δ ìîæåò áûòü ñêîëü óãîäíî ìàëûì, òî èç ïðåäû-
äóùåé òåîðåìû ïîëó÷àåì ñëåäóþùóþ àñèìïòîòè÷åñêóþ îöåíêó:

lim
k→∞

k

√
min

1≤i≤k
[f(xi)− f(x∗)] ≤ 1

n
√
α
,

ò. å. ìåòîä ñõîäèòñÿ ïî ôóíêöèîíàëó àñèìïòîòè÷åñêè ñî ñêîðîñòüþ ãåî-

ìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì
1

n
√
α
.
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4. Ïðèìåíåíèå ê ðåøåíèþ ñèñòåì

íåëèíåéíûõ óðàâíåíèé è çàäà÷

íåëèíåéíîãî ïðîãðàììèðîâàíèÿ

Äëÿ ïðèìåíåíèÿ òåîðåìû 8 íóæíî çíàòü ïðè âûáîðå {hk} è α çíà÷å-

íèå f(x∗) è óìåòü îöåíèâàòü êîíñòàíòû M è N . Íàèáîëåå ïðîcòî ýòî

ïîëó÷àåòñÿ ïðè ðåøåíèè ¾ïîëíûõ¿ ñèñòåì íåëèíåéíûõ óðàâíåíèé.

Ïóñòü èìååòñÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé:

ϕi(x) = 0; x ∈ En; i = 1, . . . , n. (7)

ãäå ϕi(x) � ïî÷òè-äèôôåðåíöèðóåìûå ôóíêöèè. Ðåøåíèå ýòîé ñèñòåìû
ìîæíî ðàçíûìè ñïîñîáàìè ñâåñòè ê ðåøåíèþ çàäà÷è áåçóñëîâíîé ìèíè-

ìèçàöèè.

Â ÷àñòíîñòè, ïîëó÷àþòñÿ ñëåäóþùèå çàäà÷è:

ìèíèìèçèðîâàòü

ψ1(x) = max
1≤i≤n

|ϕi(x)| ;

ìèíèìèçèðîâàòü

ψ2(x) =
n∑
i=1

|ϕi(x)| ;

ìèíèìèçèðîâàòü

ψ3(x) =
n∑
i=1

ϕ2
i (x).

Ëåãêî, óâèäåòü (ñì. òåîðåìû 3, 4), ÷òî ôóíêöèè ψ1(x), ψ2(x), ψ3(x)
òàêæå áóäóò ïî÷òè-äèôôåðåíöèðóåìûìè. Ëîêàëüíûé ìèíèìóì ýòèõ

ôóíêöèé x∗, ñîîòâåòñòâóþùèé ðåøåíèþ ñèñòåìû (7), äàåò ψj(x∗) = 0;
j = 1, 2, 3.

Íàñ áóäåò èíòåðåñîâàòü ïîâåäåíèå ôóíêöèé ψj(x∗) â îêðåñòíîñòè òà-
êèõ ëîêàëüíûõ ìèíèìóìîâ. Òàê êàê ϕi(x) � ÏÄ-ôóíêöèè, òî òèïè÷íîé
ñëåäóåò ñ÷èòàòü ñèòóàöèþ, êîãäà â òî÷êå x∗ ýòè ôóíêöèè äèôôåðåíöè-
ðóåìû è çíà÷åíèå ÿêîáèàíà

det I(x∗) = det
{
∂ϕi
∂xj

(x∗)
}n
i,j=1

6= 0.

Íàçîâåì òàêîé ñëó÷àé ðåãóëÿðíûì. Äîêàæåì òåîðåìó.
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Òåîðåìà 9. Â ðåãóëÿðíîì ñëó÷àå íàéäåòñÿ äëÿ ëþáîãî δ > 0 òàêàÿ

îêðåñòíîñòü Sδ òî÷êè ìèíèìóìà x∗, ÷òî ïðè x ∈ Sδ
(1 − δ)ψj(x) ≤ (ĝψj (x), x− x∗) ≤ (1 + δ)ψj(x)

äëÿ j = 1, 2, 3.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì äëÿ ñëó÷àÿ j = 1, òàê êàê
â ñëó÷àå j = 2, 3 îíî òðèâèàëüíî. Òàê êàê â òî÷êå x∗ ϕi(x), i = 1, . . . , n,
äèôôåðåíöèðóåìû, òî ïðîèçâîäíûå ïî ëþáîìó íàïðàâëåíèþ η, ‖η‖ = 1,
óäîâëåòâîðÿþò ñîîòíîøåíèÿì:

ϕiη(x∗) = (gϕi(x
∗), η);

ψ′1η(x
∗) = max |(gϕi(x

∗), η)| .
Äëÿ ëþáîãî η, ‖η‖ = 1, ψ′1η(x

∗) > 0. Â ñàìîì äåëå, åñëè äëÿ íåêîòîðîãî

η ψ′1η(x
∗) = 0, òî (gϕi(x∗), η) = 0, i = 1, . . . , n, íî òîãäà det I(x∗) = 0,

÷òî ïðîòèâîðå÷èò ðåãóëÿðíîñòè ðåøåíèÿ x∗.
Òàê êàê ïðîèçâîäíûå ïî íàïðàâëåíèþ â òî÷êå x∗ ïðåäñòàâëÿþò çíà-

÷åíèÿ íåïðåðûâíîé ôóíêöèè, îïðåäåëåííîé íà êîìïàêòíîì ìíîæåñòâå

� åäèíè÷íîé ñôåðå, òî ìíîæåñòâî çíà÷åíèé îãðàíè÷åíî è çàìêíóòî. Ñëå-

äîâàòåëüíî, íàéäåòñÿ òàêîå a > 0, ÷òî ψ′1η(x
∗) ≥ a äëÿ âñåõ η, ‖η‖ = 1.

Äëÿ ëþáîãî ε > 0 âûáåðåì òàêóþ îêðåñòíîñòü Oε òî÷êè x
∗, ÷òî äëÿ âñåõ

x /∈ Oε, â êîòîðûõ ϕi(x) äèôôåðåíöèðóåìû, âûïîëíÿþòñÿ ñëåäóþùèå

íåðàâåíñòâà:

|ϕi(x)− (gϕi(x
∗), x− x∗)| ≤ ε ‖x− x∗‖ ;

‖gϕi(x)− gϕi(x
∗)‖ ≤ ε, i = 1, . . . , n.

(8)

Âûäåëèì èíäåêñû i, i∗ òàêèå, ÷òî:

ψ1(x) = |ϕi(x)| ; ψ′1µ(x)(x) = |ϕ′
iµ(x)

(x)|;

ψ′1µ(x)(x
∗) = |ϕ′i∗µ(x)(x

∗)|; µ(x) =
x− x∗

‖x− x∗‖ .

Ïðèíèìàÿ âî âíèìàíèå (8), ïîëó÷àåì:

ψ1(x) = |ϕi(x)| ≤ (|ϕ′
iµ(x)

(x∗)|+ ε
) ‖x− x∗‖ ≤

≤ (|ϕ′
iµ(x)

(x)|+ 2ε
) ‖x− x∗‖ ;

ψ1(x) ≥
(
|ϕ′
iµ(x)

(x∗)| − ε
)
‖x− x∗‖ ≥

(
|ϕ′
iµ(x)

(x)| − 2ε
)
‖x− x∗‖ ;
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ψ1(x)

1 +
2ε

ψ′1µ(x)(x)

≤ ψ′1µ(x)(x) · ‖x− x∗‖ ≤ ψ1(x)

1− 2ε
ψ′1µ(x)(x)

;

ψ′1µ(x)(x) ≥ ψ′1µ(x)(x
∗)− ε ≥ a− ε.

Òàê êàê ε ìîæåò áûòü ñêîëü óãîäíî ìàëûì, òî äëÿ ëþáîãî δ ìîæíî

íàéòè òàêîå ε, ÷òî áóäóò âûïîëíÿòüñÿ óñëîâèÿ:

(1 − δ′)ψ1(x) ≤ (ĝψ1(x), x− x∗) ≤ (1 + δ′′)ψ1(x); δ′, δ′′ < δ,

÷òî è òðåáîâàëîñü äîêàçàòü.

Èç äîêàçàííîé òåîðåìû ñëåäóåò, ÷òî â ðåãóëÿðíîì ñëó÷àå, íàõîäÿñü â

äîñòàòî÷íî ìàëîé îêðåñòíîñòè òî÷êè x∗ è ïðèìåíÿÿ ÏÄÐÏ�àëãîðèòì,

ìû ìîæåì ðàáîòàòü â ñîîòâåòñòâèè ñ òåîðåìîé 7 ñ áîëüøèì α è

γ =
2MN

M +N
, áëèçêèìè ê 1. Â ñàìîì äåëå, åñëè N ≥ 1 − δ; M ≤ 1 + δ,

òî, ïðèíÿâ α =
M +N

M −N
≥ 1
δ
, γ =

2MN

M +N
≈ 1, ìû ïîëó÷èì ïðè δ → 0

α→∞. Åñëè ìû èìååì çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ:

íàéòè min f(x)

ïðè îãðàíè÷åíèÿõ

ϕi(x) ≤ 0; i = 1, . . . , k; ϕj(x) = 0; j = k + 1, . . . , k +m,

òî â óñëîâèÿõ, êîãäà ñïðàâåäëèâî îáîáùåííîå ïðàâèëî ìíîæèòåëåé Ëàãðàí-

æà [11], ìû ìîæåì ïîèñê ëîêàëüíîãî ìèíèìóìà ýòîé çàäà÷è ñâåñòè,

èñïîëüçóÿ ìåòîä øòðàôíûõ ôóíêöèè [8], ê çàäà÷å áåçóñëîâíîé îïòèìè-

çàöèè ôóíêöèè

L(x) = f(x) +
k∑
i=1

Si(x)ϕi(x) +
k+m∑
j=k+1

S · |ϕj(x)| ,

ãäå Si(x) =

{
0, ϕi(x) ≤ 0,
S, ϕi(x) > 0,

S � äîñòàòî÷íî áîëüøîå ÷èñëî [8].

Äîïîëíèòåëüíàÿ òðóäíîñòü áóäåò ñîñòîÿòü â òîì, ÷òî L(x∗) íåèçâåñò-
íî. Îäíàêî ìû ìîæåì ïîñòðîèòü àëãîðèòì ñ ïîñëåäîâàòåëüíûì ïîäáî-

ðîì L(x∗) ïîäîáíî àëãîðèòìó, èçëîæåííîìó â [7] (ñòð. 83).
Â äàííîé ñòàòüå ìû ïîêàçàëè âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäîâ ãðà-

äèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà ê çàäà÷àì ìèíèìèçàöèè
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ïî÷òè-äèôôåðåíöèðóåìûõ ôóíêöèé. Ïðèìåíèòåëüíî ê äðóãîìó êëàñ-

ñó ôóíêöèé (òàê íàçûâàåìûõ π-äèôôåðåíöèðóåìûõ ôóíêöèé) áëèçêèå
ðåçóëüòàòû èìåþòñÿ â [9]. Äðóãîé ìåòîä ìèíèìèçàöèè ïî÷òè-äèôôåðåí-

öèðóåìûõ ôóíêöèé îïèñàí â [10].
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Îá îäíîé ìîäèôèêàöèè àëãîðèòìîâ

ìèíèìèçàöèè ãðàäèåíòíîãî òèïà
ñ ðàñòÿæåíèåì ïðîñòðàíñòâà äëÿ

ðåøåíèÿ çàäà÷ áîëüøîé ðàçìåðíîñòè

Í. Ç. Øîð, Â. È. Ãåðøîâè÷

Êèáåðíåòèêà. � 1981. � � 5. � Ñ. 67�70.

1. Äëÿ ðåøåíèÿ çàäà÷è áåçóñëîâíîé ìèíèìèçàöèè ôóíêöèè f(x),
îïðåäåëåííîé â n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En è îáëàäàþùåé

ïî÷òè-ãðàäèåíòîì [1] g(x) (åñëè f(x) äèôôåðåíöèðóåìà, g(x) ñîâïàäàåò
ñ îáû÷íûì ãðàäèåíòîì), ðàññìîòðèì ñëåäóþùóþ îáùóþ ñõåìó èòåðà-

òèâíîãî àëãîðèòìà.

Âûáèðàåì íà÷àëüíóþ òî÷êó x0 ∈ En, âåêòîð g0 è ñèììåòðè÷åñêóþ

ìàòðèöó H0 ïîðÿäêà n× n. Ïîëàãàåì x1 = x0.

Íà k-é èòåðàöèè (k = 1, 2, . . .), èìåÿ xk ∈ En, âåêòîð gk−1 è ìàòðèöó

Hk−1 ïîðÿäêà n× n, ïîýòàïíî âû÷èñëÿåì:

1) ïî÷òè-ãðàäèåíò gk = g(xk);

2) âåêòîðû dtk = Dt(x0, x1, . . . , xk, g0, g1, . . . , gk, H0, H1, . . . , Hk−1),
t = 1, T ;

3) ìàòðèöó Hk = Hk−1 +
T∑
t=1

ξtkd
t
k(d

t
k)
∗, ãäå ξtk � ñêàëÿðû;

4) íàïðàâëåíèå pk = −Hkgk;

5) íîâóþ òî÷êó xk+1 = xk + skpk, ãäå sk � ñêàëÿðíûé øàãîâûé ìíî-

æèòåëü.

Ìíîãèå ñîâðåìåííûå àëãîðèòìû ìèíèìèçàöèè ìîãóò áûòü ïîëó÷åíû

èñõîäÿ èç îïèñàííîé ñõåìû ïðè íàäëåæàùåì âûáîðå âåêòîð-ôóíêöèéDt

è ïðîöåäóð, ïîðîæäàþùèõ ÷èñëîâûå ïîñëåäîâàòåëüíîñòè {ξtk} è {sk}.
Ê òàêèì àëãîðèòìàì îòíîñÿòñÿ ïðîåêòèâíûé âàðèàíò ìåòîäà ñîïðÿæåí-

íûõ ãðàäèåíòîâ, íåêîòîðûå ìîäèôèêàöèè êâàçèíüþòîíîâñêèõ ìåòîäîâ

è ìåòîäîâ ñ ïåðåìåííîé ìåòðèêîé. Â îñíîâå ïåðå÷èñëåííûõ ìåòîäîâ, ïî

ñóùåñòâó, ëåæèò èäåÿ êâàäðàòè÷íîé àïïðîêñèìàöèè ìèíèìèçèðóåìîé
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ôóíêöèè, ïîýòîìó ïðè èõ ïðèìåíåíèè îáû÷íî ïðåäïîëàãàþòñÿ îïðå-

äåëåííûå ñâîéñòâà ãëàäêîñòè. Ïðèìå÷àòåëüíî, ÷òî èñõîäÿ èç ýòîé ñõå-

ìû ìîãóò áûòü ïîëó÷åíû è ìåòîäû îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ

ðàñòÿæåíèåì ïðîñòðàíñòâà [1], îñíîâàííûå íà èäåÿõ, îòëè÷íûõ îò àï-

ïðîêñèìàöèè ãåññèàíà. Ýòè ìåòîäû ïðèìåíèìû è â ñëó÷àå ìèíèìèçàöèè

íåãëàäêèõ ôóíêöèé. Â íàèáîëåå ÷àñòî èñïîëüçóåìîé èõ ìîäèôèêàöèè

� r-àëãîðèòìå [1] � íà ýòàïàõ 2, 3 îáùåé ñõåìû âû÷èñëåíèÿ ïðîâîäÿòñÿ

ñîîòâåòñòâåííî ïî ôîðìóëàì:

dk = γkHk−1ek−1,

ãäå γ2
k =

(
1− α−2

k

)
(ek−1, Hk−1ek−1)

−1
, ek−1 = gk − gk−1, αk > 1 � êîýô-

ôèöèåíò ðàñòÿæåíèÿ ïðîñòðàíñòâà;

Hk = Hk−1 − dkd
∗
k.

2. Íàïðàâëåíèå äâèæåíèÿ, âû÷èñëÿåìîå ïî ôîðìóëå pk = −Hkgk,
ìîæíî ðàññìàòðèâàòü êàê ðåçóëüòàò ïðèìåíåíèÿ ê àíòèãðàäèåíòó ëè-

íåéíîãî ïðåîáðàçîâàíèÿ, çàäàâàåìîãî ìàòðèöåé Hk. Åñòåñòâåííî ïîñòà-

âèòü çàäà÷ó î íàõîæäåíèè ñòðóêòóðû (ñîâîêóïíîñòè ñîáñòâåííûõ çíà÷å-

íèé è ñîáñòâåííûõ âåêòîðîâ) ïðåîáðàçîâàíèÿ Hk. Â ñëó÷àå ïðîèçâîëü-

íîé ìàòðèöû Hk ýòà çàäà÷à äîñòàòî÷íî ñëîæíà, íî îíà ñóùåñòâåííî

óïðîùàåòñÿ, åñëè èçâåñòíà ñòðóêòóðà ìàòðèöû Hk−1 [2]. Åå ðåøåíèå

îñíîâûâàåòñÿ íà ñëåäóþùåì ðåçóëüòàòå.

Ëåììà. Ïóñòü a1, a2, . . . , an � îðòîíîðìèðîâàííàÿ ñèñòåìà èç ñîá-

ñòâåííûõ âåêòîðîâ ñèììåòðè÷åñêîé ìàòðèöû A, ñîîòâåòñòâóþùèõ

ñîáñòâåííûì çíà÷åíèÿì µ1, µ2, . . . , µn. Ïóñòü d =
n∑
j=1

djaj.

Ïîëîæèì B = A− dd∗. Òîãäà:

a) åñëè äëÿ íåêîòîðîãî j dj = 0, òî λ = µj � ñîáñòâåííîå çíà÷åíèå

äëÿ B è ñîîòâåòñòâóþùèé ñîáñòâåííûé âåêòîð b = aj ;

á) D(λ) = det(B − λI) =
[
1 −

n∑
j=1

(dj)2

µj − λ

]
×

n∏
j=1

(µj − λ) (çàìåòèì,

÷òî D(λ) îïðåäåëåí ïðè λ = µj);

â) åñëè D(λ) = 0, ò. å. λ � ñîáñòâåííîå çíà÷åíèå ìàòðèöû B, è
λ 6= µj (j = 1, n), òî ñîîòâåòñòâóþùèé ñîáñòâåííûé âåêòîð

b =
n∑
j=1

dj

µj − λ
aj .
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Äîêàçàòåëüñòâî. Ìàòðèöà ïðåîáðàçîâàíèÿ (B − λI) â áàçèñå

a1, a2, . . . , an èìååò âèä
(µ1 − d1d1 − λ) −d1d2 · · · −d1dn

−d2d1 (µ2 − d2d2 − λ) −d2dn

...
...

. . .
...

−dnd1 −dnd2 · · · (µn − dndn − λ)

 .

Ïîäñ÷åò åå îïðåäåëèòåëÿ äàåò óòâåðæäåíèå ï. á) ëåììû. Ñïðàâåäëè-

âîñòü ïï. à) è â) ïðîâåðÿåòñÿ íåïîñðåäñòâåííî.

Ïðèìåíèì ýòîò ðåçóëüòàò äëÿ èçó÷åíèÿ ñòðóêòóðû ïîñëåäîâàòåëüíî-

ñòè ñèììåòðè÷åñêèõ ìàòðèö, ïîðîæäàåìûõ r-àëãîðèòìîì ïî ôîðìóëàì:

H0 = I, Hk = Hk−1 − dkd
∗
k, k = 1, 2, . . .

Ïðè âñåõ k Hk èìååò n âåùåñòâåííûõ ñîáñòâåííûõ çíà÷åíèé è ïîëíóþ

îðòîíîðìèðîâàííóþ ñèñòåìó èç ñîáñòâåííûõ âåêòîðîâ. Èç ãåîìåòðè÷å-

ñêîãî ñìûñëà îïåðàòîðîâ Hk (êàæäûé èç íèõ åñòü êîìïîçèöèÿ îïåðà-

òîðîâ ñæàòèÿ [1]) ÿñíî, ÷òî âñå èõ ñîáñòâåííûå çíà÷åíèÿ ëîêàëèçîâà-

íû â èíòåðâàëå (0, 1]. Ïóñòü äëÿ Hk−1 èçâåñòíû ñîáñòâåííûå çíà÷åíèÿ

0 < λ1
k−1 ≤ λ2

k−1 ≤ . . . ≤ λnk−1 ≤ 1 è ñîîòâåòñòâóþùàÿ îðòîíîðìè-

ðîâàííàÿ ñèñòåìà èç ñîáñòâåííûõ âåêòîðîâ b1k−1, b
2
k−1, . . . , b

n
k−1. Ïóñòü

dk =
n∑
j=1

djkb
j
k−1. Ïîëîæèì λ0

k = 0. Íåïîñðåäñòâåííî èç ëåììû ñëåäóåò

òåîðåìà.

Òåîðåìà. Âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

à) åñëè äëÿ íåêîòîðîãî j djk = 0, òî λ = λjk−1 � ñîáñòâåííîå çíà÷åíèå

äëÿ Hk è ñîîòâåòñòâóþùèé ñîáñòâåííûé âåêòîð b = bjk−1;

á) åñëè λjk−1 = λj+1
k−1 = . . . = λj+r−1

k−1 , ò. å. ñîáñòâåííîìó çíà÷åíèþ

λjk−1 ñîîòâåòñòâóåò èíâàðèàíòíîå ïîäïðîñòðàíñòâîM ðàçìåð-

íîñòè r > 1, è (djk)
2 + (dj+1

k )2 + . . .+ (dj+r−1
k )2 > 0, òî λ = λjk−1

� ñîáñòâåííîå çíà÷åíèå äëÿ Hk è åìó ñîîòâåòñòâóåò èíâàðè-

àíòíîå ïîäïðîñòðàíñòâî L ðàçìåðíîñòè (r−1); ïðè ýòîì L ⊂M
è L⊥dk;

â) åñëè äëÿ íåêîòîðîãî j < n λjk−1 < λj+1
k−1, òî Hk èìååò ñîáñòâåí-

íîå çíà÷åíèå λ, ñîâïàäàþùåå ñ åäèíñòâåííûì êîðíåì óðàâíåíèÿ
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1−
n∑
j=1

(djk)
2

λjk−1 − λ
= 0 â èíòåðâàëå (λjk−1, λ

j+1
k−1); ïðè ýòîì ñîîòâåò-

ñòâóþùèé ñîáñòâåííûé âåêòîð b = β
n∑
j=1

djk
λjk−1 − λ

bjk−1 (çäåñü β �

íåêîòîðàÿ íîðìèðîâî÷íàÿ ïîñòîÿííàÿ).

Îòìåòèì, ÷òî òåîðåìà ïîëíîñòüþ ðåøàåò âîïðîñ î ñòðóêòóðå ïðåîá-

ðàçîâàíèÿ Hk ïðè çàäàííûõ ñòðóêòóðå ïðåîáðàçîâàíèÿ Hk−1 è âåêòîðå

dk. Ýòî ïîçâîëÿåò ðåàëèçîâàòü r-àëãîðèòì, ðàáîòàÿ ñ ïðåîáðàçîâàíèåì
Hk (k = 0, 1, . . .) íå â îáû÷íîé ìàòðè÷íîé ôîðìå, à çàäàâàÿ åãî ñîâîêóï-
íîñòüþ ñîáñòâåííûõ çíà÷åíèé è âåêòîðîâ.

3. Çíàíèå ñòðóêòóðû ìàòðèö Hk (k = 0, 1, . . .) ïîëåçíî ñ íåñêîëüêèõ
òî÷åê çðåíèÿ. Òàê, â ìåòîäàõ ãëàäêîé îïòèìèçàöèè êâàçèíüþòîíîâñêî-

ãî òèïà, èñïîëüçóþùèõ êâàäðàòè÷íóþ àïïðîêñèìàöèþ, ïîÿâëÿåòñÿ âîç-

ìîæíîñòü ðàáîòàòü îäíîâðåìåííî ñ ïðèáëèæåíèÿìè ê ãåññèàíó è åãî

îáðàòíîìó, ïîëó÷àòü íàïðàâëåíèÿ ¾îòðèöàòåëüíîé êðèâèçíû¿ è ò. ï.

Çäåñü îñòàíîâèìñÿ íà âîçìîæíîñòÿõ, ïîÿâëÿþùèõñÿ ïðè ðåøåíèè ñ ïî-

ìîùüþ r-àëãîðèòìà çàäà÷ áîëüøîé ðàçìåðíîñòè.
Ïóñòü ñðåäè ñîáñòâåííûõ çíà÷åíèé ìàòðèöû Hk ëèøü m ïåðâûõ îò-

ëè÷íû îò åäèíèöû:

0 < λ1
k ≤ λ2

k ≤ . . . ≤ λmk < λm+1
k = λm+2

k = . . . = λnk = 1.

Òîãäà äëÿ ïðîèçâîëüíîãî âåêòîðà v ñïðàâåäëèâî:

Hkv =
n∑
j=1

λjk(b
j
k, v)b

j
k = v −

m∑
j=1

(1 − λjk)(v, b
j
k)b

j
k.

Òàêèì îáðàçîì, åñëè ïðåîáðàçîâàíèå Hk ¾äåéñòâóåò¿ (ò. å. îòëè÷íî îò

òîæäåñòâåííîãî) â ïîäïðîñòðàíñòâå ðàçìåðíîñòè m, äëÿ åãî çàäàíèÿ

âìåñòî ìàòðèöû ïîðÿäêà n × n ìîæíî çàïîìèíàòü ëèøü m n-ìåðíûõ
âåêòîðîâ. Ýòî ñóùåñòâåííî, íàïðèìåð, â ñèòóàöèè, êîãäà çíà÷èòåëüíàÿ

ñëîæíîñòü ïîëó÷åíèÿ èíôîðìàöèè î ìèíèìèçèðóåìîé ôóíêöèè ïîçâî-

ëÿåò ðàññ÷èòûâàòü òîëüêî íà íåáîëüøîå (ïî ñðàâíåíèþ ñ n) êîëè÷åñòâî
øàãîâ èòåðàòèâíîãî ïðîöåññà.

Ïóñòü Hk äåéñòâóåò â ïîäïðîñòðàíñòâå ðàçìåðíîñòè m è çàäàåòñÿ

m âåêòîðàìè. Òîãäà ðàçìåðíîñòü ïðîñòðàíñòâà, â êîòîðîì äåéñòâóåò

Hk+1 íå ïðåâîñõîäèò (m + 1) (íåïîñðåäñòâåííîå ñëåäñòâèå òåîðåìû) è
äëÿ çàäàíèÿ Hk+1 ìîæåò ïîíàäîáèòüñÿ óæå (m + 1) âåêòîð. Ïóñòü ïî

êàêèì-ëèáî ïðè÷èíàì íà âñåõ ïîñëåäóþùèõ øàãàõ íåæåëàòåëüíî äàëü-
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íåéøåå óâåëè÷åíèå êîëè÷åñòâà çàïîìèíàåìîé èíôîðìàöèè. Òîãäà, ÷òî-

áû ñäåëàòü âîçìîæíûì ïåðåõîä ê Hk+1, äåéñòâóþùåìó âm-ìåðíîì ïîä-

ïðîñòðàíñòâå, íåîáõîäèìî ¾ñæàòü¿ èíôîðìàöèþ îá Hk íà îäèí âåêòîð,

ñîõðàíèâ íàèáîëåå ¾ñóùåñòâåííóþ¿ åå ÷àñòü. Ïðè çàäàíèè îïåðàòîðà

Hk ñîâîêóïíîñòüþ åãî ñîáñòâåííûõ çíà÷åíèé è âåêòîðîâ (â îòëè÷èå îò

äðóãèõ [1], [3] ñïîñîáîâ çàäàíèÿ) òàêîå ¾ñæàòèå¿ ïðîâîäèòñÿ ïðîñòî è

åñòåñòâåííî: îòáðàñûâàåòñÿ èíôîðìàöèÿ î ñîáñòâåííîì âåêòîðå, ñîîò-

âåòñòâóþùåì ñîáñòâåííîìó çíà÷åíèþ λmk (íàèáîëåå áëèçêîìó ê åäèíè-

öå). Òàêèì îáðàçîì, Hk çàìåíÿåòñÿ ñâîèì ïðîåêòîðîì íà ïîäïðîñòðàí-

ñòâî, îïðåäåëÿåìîå âåêòîðàìè b1k, b
2
k, . . . , b

m−1
k .

Ïåðåéäåì ê îïèñàíèþ àëãîðèòìà ìèíèìèçàöèè. Â åãî ôîðìóëèðîâêå

ñòðóêòóðû ëèíåéíûõ ïðåîáðàçîâàíèé çàäàþòñÿ çàïèñÿìè âèäà

H =
{
λ1 λ2 . . . λm

b1 b2 . . . bm

}
,

îçíà÷àþùèìè, ÷òî b1, b2, . . . , bm � îðòîíîðìèðîâàííàÿ ñèñòåìà èç m ñîá-

ñòâåííûõ âåêòîðîâ ïðåîáðàçîâàíèÿ H , ñîîòâåòñòâóþùèõ ñîáñòâåííûì

÷èñëàì λ1, λ2, . . . , λm òàêèì, ÷òî 0 < λ1 ≤ λ2 ≤ . . . ≤ λm ≤ 1 (m ≤ n);

äëÿ ïðîèçâîëüíîãî âåêòîðà v Hv = v −
n∑
j=1

(1 − λj)(v, bj)bj .

Çàôèêñèðóåì íàòóðàëüíîåm, âåùåñòâåííûå R ∈ (0, 1] è Q > 1 òàêèå,
÷òî m ≤ n è RQ ≤ 1.

Âûáèðàåì íà÷àëüíóþ òî÷êó x0 ∈ En, âåêòîð g0 = 0 è ïðåîáðàçîâàíèå

H0 =
{

1 1 . . . 1
b10 b20 . . . bm0

}
,

ãäå bj0 � j-é ñòîëáåö åäèíè÷íîé ìàòðèöû. Ïîëàãàåì x1 = x0.

Ïåðåä k-é èòåðàöèåé èìååì xk ∈ En, âåêòîð gk−1 è ïðåîáðàçîâàíèå

Hk−1 =
{
λ1
k−1 λ2

k−1 . . . λmk−1

b1k−1 b2k−1 . . . bmk−1

}
,

k-ÿ èòåðàöèÿ (k = 1, 2, . . .) ñîñòîèò èç íåñêîëüêèõ ýòàïîâ:

1) âû÷èñëÿåì ïî÷òè-ãðàäèåíò gk = g(xk);

2) ôîðìèðóåì èíôîðìàöèþ, íåîáõîäèìóþ äëÿ î÷åðåäíîãî ïåðåñ÷åòà

ñòðóêòóðû ïðåîáðàçîâàíèÿ; åñëè m = n, ïåðåõîäèì ê ï. 2 â;
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a) çàìåíÿåì Hk−1 åãî ïðîåêòîðîì, ïîëàãàÿ

Hk−1 =

λ
1
k−1 λ2

k−1 . . . λm−1
k−1

b1k−1 b2k−1 . . . bm−1
k−1

 ;

á) åñëè λm−1
k−1 < R, ïîëàãàåì λjk−1 = Qλjk−1, j = 1, (m− 1);

â) âû÷èñëÿåì âåêòîð dk = γkHk−1ek−1 = γkHk−1(gk − gk−1), ãäå
γ2
k = (1 − α−2

k )(ek−1, Hk−1ek−1)−1; αk > 1 � êîýôôèöèåíò

ðàñòÿæåíèÿ ïðîñòðàíñòâà;

ã) âû÷èñëÿåì djk = (dk, b
j
k−1), j = 1, (m− 1); åñëè m = n, òî

âû÷èñëÿåì dmk = (dk, bmk−1) è ïåðåõîäèì ê ýòàïó 3; âû÷èñëÿåì

dmk = ‖dk−
m−1∑
j=1

djkb
j
k−1‖ è âåêòîð bmk−1 = (dk−

m−1∑
j=1

djkb
j
k−1)/d

m
k ;

ä) ïîëàãàåì

Hk−1 =

λ
1
k−1 λ2

k−1 . . . λm−1
k−1 1

b1k−1 b2k−1 . . . bm−1
k−1 bmk−1

 ;

3) íàõîäèì ñòðóêòóðó ïðåîáðàçîâàíèÿ Hk = Hk−1 − dkd
∗
k, ò. å. ïîëó-

÷àåì:

Hk =

{
λ1
k λ2

k . . . λmk

b1k b2k . . . bmk

}
;

4) âû÷èñëÿåì íàïðàâëåíèå pk = −Hkgk;

5) âû÷èñëÿåì íîâóþ òî÷êó xk+1 = xk + skpk, ãäå sk � ñêàëÿðíûé

øàãîâûé ìíîæèòåëü.

Çàìåòèì, ÷òî â ñëó÷àå m = n ðåàëèçóåòñÿ ñõåìà, ýêâèâàëåíòíàÿ ñõå-
ìå r-àëãîðèòìà. Ïðè 1 < m < n ïîëó÷àåì àëãîðèòì (íàçîâåì åãî rm-
àëãîðèòìîì), çàíèìàþùèé ïðîìåæóòî÷íîå ïîëîæåíèå ìåæäó ÎÃÑ [1]

è r-àëãîðèòìîì è â íåêîòîðîì ñìûñëå àïïðîêñèìèðóþùèé ïîñëåäíèé.

Â îòëè÷èå îò r-àëãîðèòìà, ðàáîòàþùåãî, âîîáùå ãîâîðÿ, ñ ëèíåéíûì

ïðåîáðàçîâàíèåì âñåãî En, rm-àëãîðèòì ðàáîòàåò ñ ëèíåéíûì ïðåîá-

ðàçîâàíèåì, êîòîðîå äåéñòâóåò â èçìåíÿþùåìñÿ â ïðîöåññå ñ÷åòà ïîä-

ïðîñòðàíñòâå ðàçìåðíîñòè m < n. Ïðè ýòîì (åñëè íå ó÷èòûâàòü ïîä-

ñ÷åò ãðàäèåíòà) îñíîâíûå âû÷èñëèòåëüíûå çàòðàòû íà îäíîì øàãå â
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r-àëãîðèòìå ñâÿçàíû ñ óìíîæåíèåì ìàòðèöû íà âåêòîð è åå ïåðåñ÷åòîì

è èìåþò ïîðÿäîê O (n2) îïåðàöèé, à â rm-àëãîðèòìå � ñ âû÷èñëåíè-

åì ñ îãðàíè÷åííîé òî÷íîñòüþ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

((O(mn)) è ïåðåñ÷åòîì ñèñòåìû ñîáñòâåííûõ âåêòîðîâ (O(m2n)).
Äëÿ ðåøåíèÿ çàäà÷ áîëüøîé ðàçìåðíîñòè îïèñàííûé ïîäõîä ïðåä-

ñòàâëÿåòñÿ ïåðñïåêòèâíûì ïî ñëåäóþùèì ñîîáðàæåíèÿì. Âûñîêàÿ ñêî-

ðîñòü ñõîäèìîñòè, êîòîðóþ ïðàêòè÷åñêè îáåñïå÷èâàåò r-àëãîðèòì, îáó-
ñëîâëåíà åãî ñïîñîáíîñòüþ îñëàáëÿòü îâðàæíîñòü, ¾ðàñòÿãèâàÿ¿ êàð-

òèíó ïîâåðõíîñòåé óðîâíÿ ìèíèìèçèðóåìîé ôóíêöèè. Â ïðèêëàäíûõ

çàäà÷àõ áîëüøîé ðàçìåðíîñòè (èìåþùèõ, êàê ïðàâèëî, îâðàæíûé õà-

ðàêòåð) ðàçìåðíîñòü îâðàãà îáû÷íî íåâåëèêà ïî ñðàâíåíèþ ñ n, ïîýòî-
ìó îñëàáèòü îâðàæíîñòü ìîæåò è àëãîðèòì, êîòîðûé ðàáîòàåò ñ ëè-

íåéíûì ïðåîáðàçîâàíèåì, äåéñòâóþùèì â ïîäïðîñòðàíñòâå ðàçìåðíî-

ñòè ìåíüøå n. Îñëàáëåíèå îâðàæíîñòè ñâÿçàíî ñ óìåíüøåíèåì óãëîâ

ìåæäó àíòèãðàäèåíòàìè è íàïðàâëåíèÿìè íà òî÷êè ìèíèìóìà. Ñëåäî-

âàòåëüíî, ïðèìåíåíèå îïèñàííîé ìåòîäèêè â àëãîðèòìàõ ãðàäèåíòíîãî

òèïà, óìåíüøàþùèõ øàã ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññèè [1],

äîëæíî ïðèâåñòè ê çíà÷èòåëüíîìó óëó÷øåíèþ òî÷íîñòè ðåøåíèÿ ïðè

çàäàííîì êîëè÷åñòâå øàãîâ èòåðàòèâíîãî ïðîöåññà. Äëÿ ýêñïåðèìåí-

òàëüíîé ïðîâåðêè ïðåäëîæåííîãî àëãîðèòìà ìèíèìèçèðîâàëàñü ïëîõî

îáóñëîâëåííàÿ ôóíêöèÿ f(x) =
20∑
i=1

(x(i) − 1)2/2i. Èñïîëüçîâàëèñü: ÎÃÑ

(øàã óìåíüøàëñÿ ãåîìåòðè÷åñêè ñî çíàìåíàòåëåì 0,99); rm-àëãîðèòì (ñ

m = 5, 10, 15, 20; Q = 1,1; R = 1/Q); r-àëãîðèòì. Â rm- è r-àëãîðèòìàõ
ïîëàãàëè êîýôôèöèåíò ðàñòÿæåíèÿ αk ≡ 3. Âî âñåõ ñëó÷àÿõ â êà÷åñòâå
íà÷àëüíîé âûáèðàëàñü òî÷êà x0 = {x(i)

0 = 0, i = 1, 20}. Ïîëó÷åííûå
ðåçóëüòàòû ïðèâåäåíû â òàáë. 1. ×èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò,

÷òî ïðè óâåëè÷åíèèm (âåëè÷èíû èñïîëüçóåìîé ïàìÿòè) â rm-àëãîðèòìå
òî÷íîñòü ðåøåíèÿ óëó÷øàåòñÿ (ïðè çàäàííîì êîëè÷åñòâå èòåðàöèé).

Ïðè ýòîì íå óâåëè÷èâàåòñÿ ÷èñëî îáðàùåíèé ê èíôîðìàöèè î ìèíè-

ìèçèðóåìîé ôóíêöèè, ÷òî óêàçûâàåò íà ïðåèìóùåñòâà rm-àëãîðèòìà
ïî ñðàâíåíèþ ñ ÎÃÑ, êîòîðûå áóäóò îñîáåííî ñóùåñòâåííûìè ïðè ðå-

øåíèè çàäà÷ áîëüøîé ðàçìåðíîñòè.

Â íàñòîÿùåå âðåìÿ èññëåäóþòñÿ ïðîöåäóðû ðåãóëèðîâêè øàãîâûõ

ìíîæèòåëåé â rm-àëãîðèòìå â öåëÿõ ïîëó÷åíèÿ ïðàêòè÷åñêè íàèáîëåå

ýôôåêòèâíîãî àëãîðèòìà. Ðåçóëüòàòû áóäóò îïóáëèêîâàíû ïîçäíåå.
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Òàáëèöà 1:

Àëãîðèòì ×èñëî ×èñëî âû- Äîñòèãíóòîå

ìèíèìè- èòåðàöèé ÷èñëåíèé çíà÷åíèå ‖xk − x∗‖
çàöèè k ãðàäèåíòà ôóíêöèè

ÎÃÑ 100 100 0, 5× 10−2 3,1

ÎÃÑ 150 150 0, 1× 10−2 3,0

r5 100 147 0, 5× 10−4 2,2

r10 100 149 0, 1× 10−5 0,8

r15 100 136 0, 1× 10−10 0, 4× 10−3

r20 100 129 0, 5× 10−14 0, 3× 10−4

r 100 135 0, 2× 10−13 0, 4× 10−4
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Î ìåòîäå ïîëó÷åíèÿ îöåíîê â
êâàäðàòè÷íûõ ýêñòðåìàëüíûõ

çàäà÷àõ ñ áóëåâûìè ïåðåìåííûìè

Í. Ç. Øîð, À. Ñ. Äàâûäîâ

Êèáåðíåòèêà. � 1985. � � 2. � Ñ. 48�54.

Ðàññìàòðèâàåòñÿ êëàññ ýêñòðåìàëüíûõ çàäà÷ ñëåäóþùåãî âèäà:

min f0(x), x = {x1, . . . , xn} (1)

ïðè îãðàíè÷åíèÿõ

fi(x) ≤ 0; i ∈ I+, fi(x) = 0; i ∈ I,
I+ ∪ I = {1, . . . ,m} , (2)

xj ∈ {0, 1} , j = 1, . . . , n, (3)

ãäå fν(x) � êâàäðàòè÷íûå ôóíêöèè îò ïåðåìåííûõ x1, . . . , xn,
ν = 0, 1, . . . ,m.

Óñëîâèå (3) ìîæíî çàìåíèòü êâàäðàòè÷íûìè ðàâåíñòâàìè:

x2
j − xj = 0, j = 1, . . . , n. (3′)

Çàìåòèì, ÷òî áëàãîäàðÿ (3′) áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷è-

òàòü, ÷òî fν(x), ν = 0, . . . ,m, íå ñîäåðæàò ëèíåéíûõ ÷ëåíîâ.
Ïóñòü f∗ � îïòèìàëüíîå çíà÷åíèå öåëåâîé ôóíêöèè â çà-

äà÷å (1)�(3). Óñëîâèìñÿ, ÷òî f∗ = +∞, åñëè çàäà÷à (1)�(3) íå èìååò

äîïóñòèìûõ ðåøåíèé.

Èñïîëüçóåì ñòàíäàðòíûé ìåòîä ìíîæèòåëåé Ëàãðàíæà [3] äëÿ ïîëó-

÷åíèÿ îöåíîê ñíèçó äëÿ f∗. Ïîëó÷àåì ñëåäóþùóþ ôóíêöèþ Ëàãðàíæà

L(x, u) = f0(x) +
m∑
i=1

uifi(x) +
n∑
j=1

uj(x2
j − xj).

Çäåñü u = {u1, . . . , um; u1 . . . , un} � (m+n)-ìåðíûé âåêòîð ìíîæèòåëåé
Ëàãðàíæà.
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Ïóñòü U � ïîäìíîæåñòâî (n+m)-ìåðíîãî ëèíåéíîãî ïðîñòðàíñòâà

ìíîæèòåëåé Ëàãðàíæà, âûðåçàåìîå îãðàíè÷åíèÿìè ui ≥ 0 äëÿ òåõ i,
ó êîòîðûõ â (2) ñòîèò çíàê ¾≤ ¿ (i ∈ I+). Ðàññìîòðèì

Ψ(u) = inf
x
L(x, u). (4)

Ïðè u ∈ U äëÿ ëþáîãî äîïóñòèìîãî x L(x, u) ≤ f0(x). Ñëåäîâàòåëü-
íî, Ψ(u) ≤ f∗, ∀u ∈ U . Îòñþäà Ψ∗ = sup

u∈U
Ψ(u) ≤ f∗.

Ïðè ëþáîì u ∈ U L(x, u) � êâàäðàòè÷íàÿ ôóíêöèÿ, êîòîðóþ ìîæíî

çàïèñàòü â âèäå

L(x, u) = (K(u)x, x) + l(x, u),

ãäåK(u) � ñèììåòðè÷íàÿ ìàòðèöà n×n, l(x, u) � ëèíåéíàÿ ïî xôóíêöèÿ.
Çàìåòèì, ÷òî ýëåìåíòû ìàòðèöû K(u) = {kij(u)}ni,j=1 ëèíåéíî çàâèñÿò

îò u.
Ïóñòü U+ � ïîäìíîæåñòâî U çíà÷åíèé u, ïðè êîòîðûõ K(u) ÿâëÿ-

åòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé, U
+

= {u |u ∈ U,K(u) �

íåîòðèöàòåëüíî�îïðåäåëåííîé ìàòðèöåé}. Ïðè u ∈ U+ çàäà÷à (4) èìååò

åäèíñòâåííûé ìèíèìóì x(u), êîòîðûé ïîëó÷àåòñÿ ïóòåì ðåøåíèÿ ñîîò-

âåòñòâóþùåé ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ïðè u /∈ U +
ìàòðèöà K(u)

èìååò îòðèöàòåëüíûå ñîáñòâåííûå ÷èñëà è Ψ(u) = −∞. Òàêèì îáðàçîì,

ïîèñê supu∈U Ψ(u) ñëåäóåò îãðàíè÷èòü ïîäìíîæåñòâîì U
+
.

Ëåììà. U+ ÿâëÿåòñÿ íå ïóñòûì âûïóêëûì ìíîæåñòâîì.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì ïðîèçâîëüíûå äîïóñòèìûå çíà÷åíèÿ

u1, . . . , um. Ëåãêî âèäåòü, ÷òî çà ñ÷åò âûáîðà äîñòàòî÷íî áîëüøèõ

u1, u2, . . . , un äèàãîíàëüíûå ýëåìåíòû ìàòðèöû K(u) ìîæíî ñäåëàòü

ñêîëü óãîäíî áîëüøèìè, îñòàâëÿÿ áåç èçìåíåíèÿ îñòàëüíûå ýëåìåíòû.

Ýòî äîêàçûâàåò ñóùåñòâîâàíèå çíà÷åíèé u, ïðè êîòîðûõ ìàòðèöà K(u)
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, ò. å. U+ 6= ∅.

Äîêàæåì âûïóêëîñòü U+. Ïóñòü u(1), u(2) ∈ U+, α1, α2 ≥ 0;
α1 + α2 = 1. Ðàññìîòðèì u = α1u

(1) + α2u
(2). Òàê êàê ýëåìåí-

òû ìàòðèöû K(u) ÿâëÿþòñÿ ëèíåéíûìè ôóíêöèÿìè îò u, òî

K(u) = α1K
(
u(1)) + α2K(u(2)

)
. Äëÿ ëþáîãî x 6= 0

(
K(u(1))x, x

)
> 0,(

K
(
u(2)

)
x, x
)
> 0. Îòñþäà

(K(u)x, x) = α1(K(u(1))x, x) + α2(K(u(2))x, x) > 0,

÷òî äîêàçûâàåò ïîëîæèòåëüíóþ îïðåäåëåííîñòü K(u) è, ñëåäîâàòåëüíî,
âûïóêëîñòü ìíîæåñòâà U+. Ëåììà äîêàçàíà.
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Ôóíêöèÿ Ψ(u), êàê èíôèìóì ïî x ëèíåéíûõ ïî u ôóíêöèé, ÿâëÿåòñÿ
âîãíóòîé íà U+. Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ

Ψ∗ = sup
u∈U +

Ψ(u) = − inf
u∈U +

(−Ψ(u)) (5)

ñâîäèòñÿ ê çàäà÷å âûïóêëîãî ïðîãðàììèðîâàíèÿ. Çàìåòèì, ÷òî ìíîæå-

ñòâî U+ ÿâëÿåòñÿ îòêðûòûì, ïîýòîìó ýêñòðåìóì â (5), åñëè îí ñóùå-

ñòâóåò, ìîæåò äîñòèãàòüñÿ è íà ãðàíèöå ìíîæåñòâà U+ , ò. å. âî ìíîæå-

ñòâå U
+
.

Ïóñòü −Ψ(u) = ϕ(u), ϕ(u) � âûïóêëàÿ ôóíêöèÿ. Áóäåì ðåøàòü çà-

äà÷ó îïðåäåëåíèÿ ϕ∗ = min
u∈U +

ϕ(u) â ïðåäïîëîæåíèè, ÷òî ìèíèìóì ñó-

ùåñòâóåò. Äëÿ ðåøåíèÿ ýòîé çàäà÷è ìîæíî âîñïîëüçîâàòüñÿ ìåòîäàìè

íåäèôôåðåíöèðóåìîé îïòèìèçàöèè. Çàìåòèì, ÷òî óñëîâèå u ∈ U +
ñî-

äåðæèò äâà òèïà îãðàíè÷åíèé:

1) ui ≥ 0 ïðè i ∈ I+, ãäå I+ � ïîäìíîæåñòâî èíäåêñîâ îãðàíè÷åíèé

(2), êîòîðûå çàïèñàíû â ôîðìå (≤);

2) K(u) � íåîòðèöàòåëüíî-îïðåäåëåííàÿ ìàòðèöà, ÷òî ýêâèâàëåíòíî
áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ ïî u íåðàâåíñòâ

n∑
i,j=1

yiyjkij(u) ≥ 0, ∀y ‖y‖ = 1, y = {y1, . . . , yn} ,

êîòîðóþ ìîæíî ïåðåïèñàòü â êîìïàêòíîì âèäå:

λ(u) = min
‖y‖=1

n∑
i,j=1

kij(u)yiyj ≥ 0, (6)

ãäå λ(u) � ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû K(u), âîãíó-
òàÿ ôóíêöèÿ îò u.

Òàêèì îáðàçîì, ïîëó÷àåì çàäà÷ó

minϕ(u) | ui ≥ 0, i ∈ I+; λ(u) ≥ 0. (7)

Òàê êàê ôóíêöèÿ ϕ(u) è åå ñóáãðàäèåíò íå îïðåäåëåíû çà ïðåäå-

ëàìè îáëàñòè U+, íåëüçÿ âîñïîëüçîâàòüñÿ ìåòîäîì íåãëàäêèõ òî÷íûõ

âíåøíèõ øòðàôíûõ ôóíêöèé. Ïðèõîäèòñÿ ïðèìåíÿòü äëÿ ïîëó÷åíèÿ
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ïðèáëèæåííîãî ðåøåíèÿ áàðüåðíûå øòðàôíûå ôóíêöèè [6], íàïðèìåð,

â ôîðìå

Sε,δ(u) = ϕ(u) +
∑
i∈I+

ε

ui
+

δ

λ(u)
,

ãäå ε è δ � äîñòàòî÷íî ìàëûå ïîëîæèòåëüíûå ÷èñëà. Äëÿ ìèíèìèçà-

öèè Sε,δ(u) ìîæíî èñïîëüçîâàòü îäèí èç îáîáùåííûõ ãðàäèåíòíûõ ìåòî-
äîâ íåäèôôåðåíöèðóåìîé îïòèìèçàöèè (ìåòîäû ìèíèìèçàöèè ãëàäêèõ

ôóíêöèé â äàííîì ñëó÷àå íå ïðèãîäíû, òàê êàê Sε,δ(u) � íåäèôôåðåí-
öèðóåìàÿ ôóíêöèÿ). Îñòàíîâèìñÿ íà ñïîñîáå âû÷èñëåíèÿ îáîáùåííûõ

ãðàäèåíòîâ gϕ(u), gλ(u) ôóíêöèé ϕ(u) è λ(u) ïðè u ∈ U+. Òàê êàê

ϕ(u) = −ψ(u), gϕ(u) = −gψ(u). Â ñîîòâåòñòâèè ñ èçâåñòíûìè ðåçóëü-

òàòàìè âûïóêëîãî àíàëèçà [3], gψ(u) ïîëó÷àåòñÿ êàê âåêòîð íåâÿçîê â

îãðàíè÷åíèÿõ (2) ïðè x = x(u), ò. å. gψ(u) = {fi(x(u))}mi=1.

Â ñîîòâåòñòâèè ñ ôîðìóëîé (6) äëÿ λ(u) îáîáùåííûé ãðàäèåíò ôóíê-
öèè λ(u) â òî÷êå u = u âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

a) íàõîäèòñÿ ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî λ(u) ìàòðèöû K(u) è
ñîîòâåòñòâóþùèé åìó ñîáñòâåííûé âåêòîð y(u), ‖y(u)‖ = 1 (åñëè λ(u)
� êðàòíîå ñîáñòâåííîå ÷èñëî, òî â êà÷åñòâå y(u) ìîæíî âûáðàòü ïðîèç-
âîëüíûé íîðìèðîâàííûé ñîáñòâåííûé âåêòîð, ñîîòâåòñòâóþùèé λ(u);
â ýòîì ñëó÷àå â òî÷êå u λ(u) íå ÿâëÿåòñÿ äèôôåðåíöèðóåìîé);

á) â êà÷åñòâå gλ(u) áåðåòñÿ ãðàäèåíò ê ëèíåéíîé ïî u ôóíêöèè

e(u) =
n∑

i,j=1

yi(u)yj(u)kij(u).

Çíàÿ ñïîñîáû âû÷èñëåíèÿ gλ(u) è gϕ(u), ëåãêî ïîñòðîèòü àëãîðèòì
âû÷èñëåíèÿ ñóáãðàäèåíòà ôóíêöèè Sε,δ(u) è ïðèìåíèòü äëÿ åå ìèíèìè-
çàöèè îäèí èç èçâåñòíûõ ñóáãðàäèåíòíûõ ìåòîäîâ ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà (íàïðèìåð, r-àëãîðèòì [3]). Çàìåòèì, ÷òî ïðè îïðåäåëåíèè

øàãîâ ïî íàïðàâëåíèþ â r-àëãîðèòìå íóæíî ïîçàáîòèòüñÿ î òîì, ÷òîáû
íå ïåðåõîäèòü ãðàíèöó îáëàñòè U+.

Äðóãîé ñïîñîá ðåøåíèÿ çàäà÷è (7) ñâÿçàí ñ âîçìîæíîñòüþ ïðèìåíå-

íèÿ ìåòîäà ýëëèïñîèäîâ ([1, 4]) èëè åãî ìîäèôèêàöèé [2].

Ñóòü ìåòîäà ýëëèïñîèäîâ ïðè ðåøåíèè çàäà÷ âûïóêëîãî ïðîãðàì-

ìèðîâàíèÿ ñîñòîèò â ñëåäóþùåì: ïåðåä íà÷àëîì î÷åðåäíîé èòåðàöèè

îïòèìóì ëîêàëèçîâàí â íåêîòîðîì ýëëèïñîèäå; áåðåòñÿ òî÷êà x � öåíòð
ýëëèïñîèäà. Åñëè ýòà òî÷êà ÿâëÿåòñÿ äîïóñòèìîé, òî ñ èñïîëüçîâàíèåì

ñóáãðàäèåíòà öåëåâîé ôóíêöèè ñòðîèòñÿ îòñåêàþùàÿ ãèïåðïëîñêîñòü
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è âîêðóã îñòàâøåéñÿ ÷àñòè ýëëèïñîèäà îïèñûâàåòñÿ ýëëèïñîèä ïî âîç-

ìîæíîñòè ìåíüøåãî îáúåìà (åñëè x íå ÿâëÿåòñÿ äîïóñòèìîé, òî äëÿ ïî-
ñòðîåíèÿ îòñåêàþùåé ãèïåðïëîñêîñòè èñïîëüçóåòñÿ ñóáãðàäèåíò ê îãðà-

íè÷åíèþ, êîòîðîå â äàííîé òî÷êå íå âûïîëíÿåòñÿ).

Òàêèì îáðàçîì, ïîñëå çàâåðøåíèÿ î÷åðåäíîé èòåðàöèè ïîëó÷àåì â

êà÷åñòâå îáëàñòè ëîêàëèçàöèè îïòèìóìà îïÿòü ýëëèïñîèä, íî ìåíüøå-

ãî îáúåìà. Ìîäèôèêàöèè ìåòîäà ýëëèïñîèäîâ ïðåäëîæåíû äëÿ óñêîðå-

íèÿ ñõîäèìîñòè ýòîãî ìåòîäà è ñîñòîÿò â òîì, ÷òî ïîãðóæåíèå îáëàñòè

ëîêàëèçàöèè îïòèìóìà â ýëëèïñîèä ïðîèñõîäèò ïîñëå äâóõ èëè áîëü-

øåãî ÷èñëà îòñå÷åíèé. Îòìåòèì, ÷òî ìåòîä ýëëèïñîèäîâ ìîæåò áûòü

ðåàëèçîâàí â ôîðìå îáîáùåííîãî ãðàäèåíòíîãî ìåòîäà ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà [1].

Êàê ñëåäóåò èç ñêàçàííîãî, äëÿ ðåàëèçàöèè ìåòîäà ýëëèïñîèäîâ è

åãî ìîäèôèêàöèé ïðè ðåøåíèè çàäà÷è (7) íåîáõîäèìî óìåòü íàõîäèòü

gϕ(u) äëÿ u ∈ U+ èëè gλ(u) äëÿ u /∈ U+. Íà ñïîñîáàõ âû÷èñëåíèÿ ýòèõ

îáîáùåííûõ ãðàäèåíòîâ îñòàíàâëèâàëèñü âûøå.

Ïðîöåäóðà âû÷èñëåíèÿ gλ(u) îñíîâàíà íà ðåøåíèè çàäà÷è íàõîæ-

äåíèÿ ñîáñòâåííûõ ÷èñåë è âåêòîðîâ ñèììåòðè÷íûõ ìàòðèö, êîòîðàÿ

ÿâëÿåòñÿ äîâîëüíî òðóäîåìêîé, åñëè òðåáóåòñÿ âûñîêàÿ òî÷íîñòü ðå-

çóëüòàòîâ.

Âîñïîëüçóåìñÿ ñïîñîáîì, ïðåäëîæåííûì â [5]. Îí ïîçâîëÿåò ñòðîèòü

îòñåêàþùèå ãèïåðïëîñêîñòè, êîòîðûå îòäåëÿþò äàííóþ òî÷êó u /∈ U+

îò îáëàñòè U+ áåç èñïîëüçîâàíèÿ àëãîðèòìà íàõîæäåíèÿ ìèíèìàëüíîãî

ñîáñòâåííîãî ÷èñëà è ñîîòâåòñòâóþùåãî åìó ñîáñòâåííîãî âåêòîðà.

Ïóñòü u /∈ U+ . Ýòî çíà÷èò, ÷òî ìàòðèöà K(u) íå ÿâëÿåòñÿ ïîëîæè-
òåëüíî îïðåäåëåííîé. Ïóñòü M1(u),M2(u), . . . ,Mn(u) � ïîñëåäîâàòåëü-

íîñòü ãëàâíûõ ìèíîðîâ ýòîé ìàòðèöû. Ïî êðèòåðèþ Ñèëüâåñòðà íàé-

äåòñÿ òàêîé íîìåð t, 1 ≤ t ≤ n, ÷òî di = detMi(u) > 0, i = 1, . . . , t − 1,
dt = detMt(u) ≤ 0.

Ïðè t = 1 k11(u) ≤ 0, è òàê êàê ïðè u ∈ U+ k11(u) > 0 è k11(u)
ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îò u, òî ãèïåðïëîñêîåòü k11(u) = 0 îòñå÷åò
òî÷êó u îò ìíîæåñòâà U+.

Ïóñòü t > 1. Ðàññìîòðèì ïîäìàòðèöû M i
t (u), êîòîðûå ïîëó÷àþòñÿ

ïðè âû÷åðêèâàíèè t-ão ñòîëáöà è i-é ñòðîêè èç ìàòðèöû Mt(u). Ïóñòü

ξt = (−1)i detM i
t (u), i = 1, . . . , t,

ξt = detMt−1 · (−1)t 6= 0, ξ = {ξi}ti=1 ,

ru(u) =
t∑

i,j=1

kij(u)ξiξj =
t∑

j=1

ξj

( t∑
i=1

kij(u)ξi

)
. (8)
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Ïðè u ∈ U+ ru(u) > 0, òàê êàê Mt(u) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-

ëåííîé ìàòðèöåé.

Ïóñòü u = u.
t∑
i=1

kij(u)ξi â ñèëó îïðåäåëåíèÿ âåêòîðà ξ ñ òî÷íîñòüþ

äî çíàêà ñîâïàäàåò ñ îïðåäåëèòåëåì ìàòðèöû, ïîëó÷àþùåéñÿ èç ìàò-

ðèöû Mi(u) çàìåíîé t�ãî ñòîëáöà íà i�é. Åñëè t 6= i, òî ïîëó÷àþùàÿñÿ
ìàòðèöà èìååò äâà îäèíàêîâûõ ñòîëáöà è åå îïðåäåëèòåëü ðàâåí 0.

Òàêèì îáðàçîì,

ru(u) =
t∑

i,j=1

kij(u)ξiξj = ξt · (−1)tdt = dt−1dt ≤ 0. (9)

Çàìåòèì, ÷òî ru(u) � ëèíåéíàÿ ïî u ôóíêöèÿ. Óðàâíåíèå ru(u) = 0
çàäàåò ãèïåðïëîñêîñòü, êîòîðàÿ îòñåêàåò ñîãëàñíî (9) òî÷êó u îò ìíî-

æåñòâà U+. Íåîáõîäèìûé äëÿ îïðåäåëåíèÿ ru(u) âåêòîð ξ âû÷èñëÿåòñÿ
ñ èñïîëüçîâàíèåì ìåòîäîâ ëèíåéíîé àëãåáðû.

Òåïåðü ìîæíî îïèñàòü àëãîðèòì, îñíîâàííûé íà ìåòîäå ýëëèïñîèäîâ

[1, 4] äëÿ ðåøåíèÿ çàäà÷è ïîëó÷åíèÿ îöåíêè (7): minϕ(u) ïðè îãðàíè-

÷åíèÿõ ui ≥ 0, i ∈ I+; λ(u) ≥ 0.

Íà÷àëüíàÿ èíôîðìàöèÿ. Ïóñòü íàì àïðèîðè èçâåñòíû òî÷êà u(0)

è ÷èñëî R0 > 0 òàêîå, ÷òî îïòèìàëüíîå ðåøåíèå çàäà÷è (7) u∗ óäîâëå-
òâîðÿåò ñîîòíîøåíèþ

∥∥u∗ − u(0)
∥∥ ≤ R0.

Çàäàíà òàêæå ìàòðèöà ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà B0 = I (åäè-

íè÷íàÿ (m+ n)× (m+ n) ìàòðèöà).

(k + 1)�é øàã àëãîðèòìà. k = 0, 1, 2, . . . Ïåðåä íà÷àëîì ýòîãî øà-

ãà èìååì òî÷êó u(k), ÷èñëî Rk � ðàäèóñ îáëàñòè ëîêàëèçàöèè îïòèìó-

ìà è ìàòðèöó Bk ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà. Ïðîâåðÿåì íåðàâåíñòâà

ui ≥ 0, i ∈ I+. Åñëè äëÿ íåêîòîðîãî i ∈ I+ ui < 0, òî áåðåì â êà÷åñòâå

g(u(k)) âåêòîð, ó êîòîðîãî âñå êîîðäèíàòû ðàâíû 0, êðîìå êîîðäèíàòû

i, ðàâíîé −1. Â ïðîòèâíîì ñëó÷àå âû÷èñëÿåì, êàê îïèñàíî âûøå, âåëè-

÷èíû d1, d2, . . . , dn, ãäå di = detMt(u(k)). Åñëè d1 ≤ 0, òî áåðåì g(u(k))
ðàâíûì àíòèãðàäèåíòó ôóíêöèè k11(u). Åñëè d1, . . . , dt−1 > 0, a dt ≤ 0,
1 < t ≤ n, òî ôîðìèðóåì, êàê óæå óêàçàíî, ôóíêöèþ ru(k)(u) è çà g(u(k))
ïðèíèìàåì àíòèãðàäèåíò ýòîé ôóíêöèè.

Åñëè di > 0, i = 1, . . . , n, ò. å. u ∈ U+, òî, ðåøàÿ îòíîñèòåëüíî x
ñèñòåìó ëèíåéíûõ óðàâíåíèé

∂L(x, u(k))
∂xj

= 0, j = 1, . . . , n,
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ïîëó÷àåì x(u(k)) è ôîðìèðóåì êîìïîíåíòû âåêòîðà g(u(k)) ñëåäóþùèì
îáðàçîì:

gi(u(k)) = −fi(x(u(k))), i = 1, . . . ,m,

gm+j(u(k)) = −x2
j (u

(k)) + xj(u(k)), j = 1, . . . , n.

Ïîëó÷èâ g(u(k)), èñïîëüçóåì åãî ñòàíäàðòíûì ñïîñîáîì â ìåòîäå ýëëèï-

ñîèäîâ [1]. Íàõîäèì:

ξ(k) =
BTk g(u

(k))∥∥BTk g(u(k))
∥∥ ,

u(k+1) = u(k) − hkBkξ
(k),

Bk+1 = Bk ·Rβ(ξ(k)), β =

√
m+ n− 1
m+ n+ 1

,

hk =
Rk

m+ n− 1
, Rk+1 = Rk · q, q =

m+ n√
(m+ n)2 − 1

è ïåðåõîäèì ê (k + 2)�ìó øàãó.
Ó÷èòûâàÿ, ÷òî ìåòîä ýëëèïñîèäîâ ñõîäèòñÿ äîâîëüíî ìåäëåííî, íà

ïðàêòèêå öåëåñîîáðàçíî èñïîëüçîâàòü åãî óñêîðåííûå ìîäèôèêàöèè, íà-

ïðèìåð, îïèñàííûå â [2], ïðè ýòîì ñïîñîá ïîñòðîåíèÿ îòñåêàþùèõ ãè-

ïåðïëîñêîñòåé îñòàåòñÿ ïðåæíèì.

Êâàäðàòè÷íûå ýêñòðåìàëüíûå çàäà÷è ñ áóëåâûìè ïåðåìåííûìè ÷à-

ñòî âñòðå÷àþòñÿ â ïðèëîæåíèÿõ (êâàäðàòè÷íàÿ çàäà÷à î íàçíà÷åíèÿõ,

çàäà÷à î íàèëó÷øåé àïïðîêñèìàöèè â åâêëèäîâîé ìåòðèêå çàäàííîé

òî÷êè ëèíåéíîé öåëî÷èñëåííîé êîìáèíàöèåé âåêòîðîâ èç çàäàííîãî ñå-

ìåéñòâà è äð.).

Îäíàêî âàæíî îòìåòèòü, ÷òî ìíîãèå çàäà÷è, êîòîðûå, êàê ïðàâè-

ëî, ôîðìóëèðóþòñÿ êàê çàäà÷è áóëåâà ëèíåéíîãî ïðîãðàììèðîâàíèÿ,

ìîãóò áûòü ïåðåôîðìóëèðîâàíû êàê êâàäðàòè÷íûå çàäà÷è ñ áóëåâûìè

ïåðåìåííûìè, ïðè ýòîì ïðåäëàãàåìûå â äàííîé ñòàòüå îöåíêè ôóíêöè-

îíàëîâ ìîãóò îêàçàòüñÿ áîëåå òî÷íûìè, ÷åì ñîîòâåòñòâóþùèå îöåíêè

ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Îñîáåííî ýòî õàðàêòåðíî äëÿ ìîäåëåé,

îòðàæàþùèõ òå èëè èíûå óñëîâèÿ íåñîâìåñòíîñòè (çàäà÷è î ìàêñèìàëü-

íîì âíóòðåííå óñòîé÷èâîì ìíîæåñòâå, î ðàñêðàñêå ãðàôîâ è äð.). Òàê,

åñëè áóëåâû ïåðåìåííûå xi è xj íå ìîãóò îäíîâðåìåííî ïðèíèìàòü çíà-
÷åíèÿ 1, òî ýòî óñëîâèå ìîæíî çàïèñàòü â âèäå xixj = 0, ò. å. â ôîðìå
(2) (ñðàâíèòå ñ ëèíåéíûì îãðàíè÷åíèåì xi+xj ≤ 1). Â òåõ ñëó÷àÿõ, êî-

ãäà ïîëó÷åíèå îöåíîê ëèíåéíîãî ïðîãðàììèðîâàíèÿ òðåáóåò áîëüøèõ
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çàòðàò âðåìåíè ÝÂÌ, áîëåå òî÷íûå îöåíêè, ïîëó÷àåìûå èç êâàäðàòè÷-

íûõ ìîäåëåé, ìîãóò îêàçàòüñÿ ïðàêòè÷åñêè áîëåå ýôôåêòèâíûìè ïðè

ðåàëèçàöèè ìåòîäà âåòâåé è ãðàíèö.

Îòìåòèì, ÷òî âîïðîñ ÷àñòíîãî ñëó÷àÿ çàäà÷è (1)�(3) (îãðàíè÷åíèÿ

(2) îòñóòñòâóþò) î ïîëó÷åíèè îöåíîê ðàññìîòðåí â ðàáîòå [7].
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Êâàäðàòè÷íûå îïòèìèçàöèîííûå
çàäà÷è

Í. Ç. Øîð

Èçâåñòèÿ ÀÍ ÑÑÑÐ. Òåõíè÷åñêàÿ êèáåðíåòèêà. �

1987. � � 1. � Ñ. 128�139.

1. Ïîñòàíîâêà çàäà÷è

Ïîä êâàäðàòè÷íîé îïòèìèçàöèîííîé çàäà÷åé (ê.ç.) áóäåì ïîíèìàòü çà-

äà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ ñëåäóþùåãî âèäà:

îïðåäåëèòü

K∗ = inf K0(x), x ∈M ⊆ En; (1.1)

ïðè îãðàíè÷åíèÿõ

Ki(x) ≤ 0, i ∈ I; Ki(x) = 0; j ∈ J ; I ∩ J = ∅, (1.2)

ãäå Kν(x) = (Aνx, x) + (lν , x) + cν � êâàäðàòè÷íûå ôóíêöèè, îïðåäå-

ëåííûå íà n-ìåðíîì åâêëèäîâîì ïðîñòðàíñòâå En, Aν � ñèììåòðè÷íûå
ìàòðèöû ðàçìåðíîñòè n × n, lν − n-ìåðíûå âåêòîðû, cν � êîíñòàí-

òû, ν ∈ {0} ∪ I ∪ J, I, J � íåïåðåñåêàþùèåñÿ êîíå÷íûå ïîäìíîæåñòâà

íàòóðàëüíûõ ÷èñåë. M ëèáî ñîâïàäàåò ñ En, ëèáî ÿâëÿåòñÿ âûïóêëûì
çàìêíóòûì ìíîãîãðàííûì ïîäìíîæåñòâîì En.

Åñëè çàäà÷à (1.1), (1.2) ÿâëÿåòñÿ íåñîâìåñòíîé, áóäåì ñ÷èòàòü, ÷òî

K∗ = +∞. Ê.ç. ÿâëÿåòñÿ äàëåêî èäóùèì îáîáùåíèåì âûïóêëîé çàäà÷è

êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ, ìåòîäàì ðåøåíèÿ êîòîðîé ïîñâÿùå-

íà îãðîìíàÿ ëèòåðàòóðà (ñì., íàïðèìåð, [1, 2, 19]). Ñðåäè ê.ç. ìîæíî

âûäåëèòü äîñòàòî÷íî èíòåðåñíûå ÷àñòíûå ñëó÷àè:

à) âûïóêëûå ê.ç. (â.ê.ç.), êîãäà J = ∅, Aν ÿâëÿþòñÿ íåîòðèöàòåëüíî-
îïðåäåëåííûìè äëÿ ν ∈ {0} ∪ I;

á) ê.ç. ñ ëèíåéíûìè îãðàíè÷åíèÿìè (ê.ç.ë.î.), êîãäà Aν = 0 äëÿ

ν ∈ I ∪ J . Åñëè A0 � íåîòðèöàòåëüíî-îïðåäåëåííàÿ ìàòðèöà, òî

ïîëó÷àåì âûïóêëóþ çàäà÷ó êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ; â

îáùåì ñëó÷àå ê.ç.ë.î. � ìíîãîýêñòðåìàëüíàÿ çàäà÷à è ïðèíàäëå-

æèò ê êëàññó NP -òðóäíûõ çàäà÷; â ÷àñòíîñòè, ê ýòîìó êëàññó

îòíîñÿòñÿ çàäà÷è âîãíóòîãî êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ;
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â) êâàäðàòè÷íûå îïòèìèçàöèîííûå çàäà÷è ñ áóëåâûìè ïåðåìåííûìè

(á.ê.ç.), êîãäà íà êîìïîíåíòû âåêòîðà x íàêëàäûâàþòñÿ óñëîâèÿ

xk ∈ {0; 1}, k = 1, . . . , n. Ýòè óñëîâèÿ ýêâèâàëåíòíû êâàäðàòè÷-

íûì ðàâåíñòâàì x2
k − xk = 0, k = 1, . . . , n, ò. å. á.ê.ç. ìîæíî ðàñ-

ñìàòðèâàòü êàê ÷àñòíûé ñëó÷àé êâàäðàòè÷íûõ îïòèìèçàöèîííûõ

çàäà÷.

Îòìåòèì, ÷òî ëþáóþ çàäà÷ó íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ ïîëèíî-

ìèàëüíûìè öåëåâîé ôóíêöèåé è îãðàíè÷åíèÿìè ìîæíî ñâåñòè ê ê.ç.,

ââîäÿ íîâûå ïåðåìåííûå è êâàäðàòè÷íûå ïîäñòàíîâêè ñëåäóþùåãî âè-

äà: xixj = z1 ëèáî x
2
i = z2 è ò. ï., ïîíèæàþùèå ïîðÿäîê ïîëèíîìîâ äî

êâàäðàòè÷íîãî.

Ê.ç. èìåþò î÷åíü øèðîêóþ îáëàñòü ïðèëîæåíèé. Òàê ñðåäè ê.ç.ë.î.

îòìåòèì çàäà÷è ïðîåêòèðîâàíèÿ è ðàçìåùåíèÿ ÷èïîâ, çàäà÷è ëèíåé-

íîé äîïîëíèòåëüíîñòè [18]; ñðåäè á.ê.ç. � êâàäðàòè÷íóþ çàäà÷ó î íà-

çíà÷åíèÿõ, ýêñòðåìàëüíûå çàäà÷è íà ãðàôàõ (ìàêñèìàëüíîå âíóòðåííå

óñòîé÷èâîå ìíîæåñòâî, çàäà÷è ðàñêðàñêè è ðàçðåçàíèÿ ãðàôîâ è äð.),

èãðàþùèå áîëüøóþ ðîëü ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî ïðîåêòèðî-

âàíèÿ: ðàçìåùåíèÿ, êîìïîíîâêè, ðàçáèåíèÿ íà áëîêè ýëåìåíòîâ ñëîæ-

íûõ óñòðîéñòâ; çàäà÷è âûáîðà, óïàêîâêè è äð.

Ïî ìíîãîýêñòðåìàëüíûì ê.ç. â äîñòàòî÷íî îáùåé ïîñòàíîâêå èìå-

åòñÿ íåáîëüøîå ÷èñëî ïóáëèêàöèé ([9], [16]). Â îáùåì ñëó÷àå, ââèäó

ñëîæíîñòè ïðîáëåìû, ïðè ðåøåíèè ê.ç. íå èçáåæàòü ïåðåáîðà, ïîýòî-

ìó åñòåñòâåííî ïðèìåíÿòü ñõåìó ìåòîäà ¾âåòâåé è ãðàíèö¿. Äëÿ ðå-

àëèçàöèè ýòîé ñõåìû ñëåäóåò ðàçðàáîòàòü ýôôåêòèâíûé è äîñòàòî÷íî

îáùèé ìåòîä ïîëó÷åíèÿ îöåíîê ñíèçó äëÿ öåëåâîãî ôóíêöèîíàëà â çàäà-

÷å (1.1), (1.2). Â äàííîé ñòàòüå áóäåò èññëåäîâàí äâîéñòâåííûé ïîäõîä

ê ïîëó÷åíèþ íèæíèõ îöåíîê, îñíîâàííûé íà èñïîëüçîâàíèè ôóíêöèè

Ëàãðàíæà. Òàêîé ïîäõîä âïåðâûå îïèñàí â [9]. Îí ïðèâîäèò ê íåîáõîäè-

ìîñòè ðåøåíèÿ ñïåöèàëüíûõ çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ: çà-

äàíî íåêîòîðîå ïàðàìåòðè÷åñêîå ñåìåéñòâî ñèììåòðè÷íûõ ìàòðèö; ñðå-

äè ìíîæåñòâà çíà÷åíèé ïàðàìåòðîâ, ïðè êîòîðûõ ìàòðèöû ÿâëÿþòñÿ

íåîòðèöàòåëüíî-îïðåäåëåííûìè, íåîáõîäèìî íàéòè çíà÷åíèå, íà êîòî-

ðîì íåêîòîðàÿ ôóíêöèÿ îò ïàðàìåòðîâ äîñòèãàåò ìàêñèìóìà. Îêàçûâà-

åòñÿ, ÷òî ýòè çàäà÷è ìîæíî äîñòàòî÷íî ýôôåêòèâíî ðåøàòü, èñïîëüçóÿ

ìåòîäû íåãëàäêîé îïòèìèçàöèè. Îòìåòèì, ÷òî ýêñòðåìàëüíûå çàäà÷è íà

êëàññå íåîòðèöàòåëüíî-îïðåäåëåííûõ ìàòðèö ïîÿâëÿþòñÿ â ìíîãî÷èñ-

ëåííûõ ïðèëîæåíèÿõ, íå ñâÿçàííûõ íåïîñðåäñòâåííî ñ ê.ç.; ðàçðàáîòêà

ýôôåêòèâíûõ àëãîðèòìîâ èõ ðåøåíèÿ íàòàëêèâàåòñÿ íà çíà÷èòåëüíûå

òðóäíîñòè (ñì. [14], [15]). Ïîýòîìó ðàçäåë, ñâÿçàííûé ñ ïîñòðîåíèåì àë-

ãîðèòìîâ íåãëàäêîé îïòèìèçàöèè äëÿ ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷ íà
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êëàññå íåîòðèöàòåëüíî-îïðåäåëåííûõ ìàòðèö, ïðåäñòàâëÿåò è ñàìîñòî-

ÿòåëüíûé èíòåðåñ.

Äàëåå â ðàáîòå áîëåå äåòàëüíî áóäóò ðàññìîòðåíû çàäà÷è ñ ëè-

íåéíûìè îãðàíè÷åíèÿìè è áóëåâû êâàäðàòè÷íûå çàäà÷è. Ðàçäåë, îò-

íîñÿùèéñÿ ê á.ê.ç., îñíîâàí íà ñîâìåñòíûõ ðàáîòàõ Ñ. È. Ñòåöåíêî è

àâòîðà [4], [8], [20].

2. Àëãîðèòìû ïîëó÷åíèÿ íèæíèõ îöåíîê

ôóíêöèîíàëà â êâàäðàòè÷íûõ îïòèìèçà-

öèîííûõ çàäà÷àõ

Ðàññìîòðèì êâàäðàòè÷íóþ îïòèìèçàöèîííóþ çàäà÷ó (1.1), (1.2). Ïóñòü

|I| = m1; |J | = m2; N = m1 + m2, λ = {λ1, . . . , λm1 ; λm1+1, . . . , λN} �
âåêòîð ìíîæèòåëåé Ëàãðàíæà, ó êîòîðîãî ïåðâûå m1 êîìïîíåíò ñîîò-

âåòñòâóþò îãðàíè÷åíèÿì â ôîðìå íåðàâåíñòâ, à îñòàëüíûå � îãðàíè÷å-

íèÿì â ôîðìå ðàâåíñòâ â (1.2), Λ+ � ïîäìíîæåñòâîN -ìåðíîãî ïðîñòðàí-

ñòâà EN , ñîñòîÿùåå èç ïðîèçâîëüíûõ âåêòîðîâ, â êîòîðûõ ïåðâûå m1

êîìïîíåíò íåîòðèöàòåëüíû. Ââåäåì ôóíêöèþ Ëàãðàíæà ê.ç. (1.1), (2.2)

L(x, λ), îïðåäåëåííóþ íà ïðÿìîì ïðîèçâåäåíèè M × Λ+, ñëåäóþùåãî

âèäà

L(x, λ) = K0(x) +
N∑
i=1

λiKi(x).

Ïóñòü T � ìíîæåñòâî äîïóñòèìûõ ðåøåíèé çàäà÷è (1.1), (1.2). Åñëè

x ∈ T , λ ∈ Λ+, òî λiKi(x) ≤ 0 äëÿ {i : 1 ≤ i ≤ m1}; λiKi (x) = 0
äëÿ i = m1 + 1, . . . , N . Òàêèì îáðàçîì, åñëè x ∈ T , λ ∈ Λ+, òî

L(x, λ) ≤ K0(x), îòñþäà

Ψ(λ) = inf
x∈M

L
(
x, λ

) ≤ inf
x∈T

L
(
x, λ

) ≤ inf
x∈T

K0(x) = K∗

ïðè ëþáîì λ ∈ Λ+. Çíà÷èò,

Ψ(λ) = inf
x∈M

L(x, λ)

ñëóæèò îöåíêîé ñíèçó äëÿ K∗ ïðè λ ∈ Λ+. Äëÿ ïîëó÷åíèÿ íàèáîëåå

òî÷íîé îöåíêè òàêîãî òèïà íóæíî ðåøèòü çàäà÷ó íàõîæäåíèÿ

Ψ∗ = sup
λ∈Λ+

Ψ(λ).
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Ôóíêöèÿ Ëàãðàíæà L(x, λ) ïðåäñòàâèìà â ñëåäóþùåì âèäå L(x, λ) =
= (A(λ)x, x) + (l(λ), x) + c(λ), ãäå

A(λ) = A0 +
N∑
i=1

λiAi, l(λ) = l0 +
N∑
i=1

λili, c(λ) = c0 +
N∑
i=1

λici.

Çàìåòèì, ÷òî ýëåìåíòû ìàòðèöû A(λ) = {aij(λ)}ni,j=1 ëèíåéíî çàâèñÿò

îò λ. Ïóñòü D(D) � ïîäìíîæåñòâà EN , ñîñòîÿùèå èç òàêèõ λ, ÷òî A(λ)
ÿâëÿåòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé (ñîîòâåòñòâåííî � íåîòðèöàòåëü-

íî-îïðåäåëåííîé) ìàòðèöåé. Ëåãêî ïîêàçàòü, ÷òî D è D � âûïóêëûå

ìíîæåñòâà, åñëè îíè íå ïóñòû, ïðè ýòîì D ÿâëÿåòñÿ çàìûêàíèåì D.
Íà ìíîæåñòâå D ôóíêöèÿ Ψ(λ) ïðèíèìàåò êîíå÷íûå çíà÷åíèÿ è ÿâëÿ-

åòñÿ âîãíóòîé. Â îáîáùåííîì ñìûñëå îíà ÿâëÿåòñÿ âîãíóòîé è íà D.
Åñëè λ ∈ D, òî çàäà÷à íàõîæäåíèÿ

Ψ(λ) = inf
x∈M

L(x, λ)

ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ è ìîæåò

áûòü ðåøåíà ïðàêòè÷åñêè äîñòàòî÷íî ýôôåêòèâíî êîíå÷íî-øàãîâûì

àëãîðèòìîì. Åñëè λ /∈ D, òî çàäà÷à íàõîæäåíèÿ Ψ(λ) ÿâëÿåòñÿ, âîîáùå
ãîâîðÿ, ìíîãîýêñòðåìàëüíîé è òðóäíî ðàçðåøèìîé. Ïîýòîìó âìåñòî

Ψ∗ = sup
λ∈Λ+

Ψ(λ)

ìû áóäåì ðàññìàòðèâàòü áîëåå ñëàáóþ îöåíêó

Ψ∗ = sup
λ∈D∩Λ+

Ψ(λ) ≤ Ψ∗.

Åñëè M = En, òî ïðè λ /∈ D, Ψ(λ) = −∞. Ïîýòîìó â ýòîì âàæíîì

ñëó÷àå Ψ∗ = Ψ∗. Íèæå äëÿ ïðîñòîòû áóäåì ðàññìàòðèâàòü ñëó÷àé

M = En. Ïðè λ ∈ D ìàòðèöà A(λ) íåâûðîæäåíà, è äëÿ íàõîæäåíèÿ

Ψ(λ) íóæíî ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé 2A(λ)x(λ) + l(λ) = 0,

îòêóäà x(λ) = −1
2
A−1(λ) l(λ),

Ψ(λ) = −1
4
(A−1(λ) l(λ), l(λ)) + c(λ). (2.1)

Â îáëàñòè D ∩Λ+ Ψ(λ) ÿâëÿåòñÿ âîãíóòîé íåïðåðûâíî äèôôåðåíöèðó-
åìîé, ïðè ýòîì åå ãðàäèåíò åñòü

gΨ(λ) = {Ki(x(λ))}Ni=1. (2.2)
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Çàäà÷à íàõîæäåíèÿ

Ψ∗ = sup
λ∈D∩Λ+

Ψ(λ) (2.3)

ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðîâàíèÿ. Ðàññìîòðèì âîçìîæ-

íûå àëãîðèòìû åå ðåøåíèÿ.

à) Ìåòîä ýëëèïñîèäîâ ([5, 11]). Ñóòü ìåòîäà ýëëèïñîèäîâ ïðè

ðåøåíèè çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ min f0(λ) | fi(λ) ≤ 0,
i = 1, . . . ,m, ñîñòîèò â ñëåäóþùåì: ïåðåä íà÷àëîì î÷åðåäíîé èòåðàöèè

îïòèìóì ëîêàëèçîâàí â íåêîòîðîì ýëëèïñîèäå; áåðåòñÿ òî÷êà λ � öåíòð
ýëëèïñîèäà. Åñëè ýòà òî÷êà ÿâëÿåòñÿ äîïóñòèìîé, òî ñ èñïîëüçîâàíèåì

ñóáãðàäèåíòà öåëåâîé ôóíêöèè ñòðîèòñÿ îòñåêàþùàÿ ãèïåðïëîñêîñòü, è

âîêðóã îñòàâøåéñÿ ÷àñòè ýëëèïñîèäà îïèñûâàåòñÿ íîâûé ýëëèïñîèä ïî

âîçìîæíîñòè ìåíüøåãî îáúåìà. Åñëè λ íå ÿâëÿåòñÿ äîïóñòèìîé, òî ñòðî-
èòñÿ ãèïåðïëîñêîñòü, îòäåëÿþùàÿ λ îò îáëàñòè äîïóñòèìûõ çíà÷åíèé

λ, è âîêðóã ÷àñòè ýëëèïñîèäà, ñîäåðæàùåé äîïóñòèìûå òî÷êè, îïèñû-

âàåòñÿ íîâûé ýëëèïñîèä. Â êà÷åñòâå òàêîé îòäåëÿþùåé ãèïåðïëîñêîñòè

ìîæíî áðàòü, â ÷àñòíîñòè, ãèïåðïëîñêîñòü, ïðîõîäÿùóþ ÷åðåç òî÷êó

λ îðòîãîíàëüíî ê ñóáãðàäèåíòó îãðàíè÷åíèÿ, êîòîðîå â äàííîé òî÷êå

íå âûïîëíÿåòñÿ [11]. Â îáîèõ ñëó÷àÿõ (λ � äîïóñòèìàÿ èëè íåäîïóñòè-

ìàÿ òî÷êà) ïîñëå çàâåðøåíèÿ î÷åðåäíîé èòåðàöèè ïîëó÷àåì â êà÷åñòâå

îáëàñòè ëîêàëèçàöèè îïòèìóìà îïÿòü ýëëèïñîèä, íî ìåíüøåãî îáúåìà.

Ìîäèôèêàöèè ìåòîäà ýëëèïñîèäîâ, ïðåäëîæåííûå äëÿ óñêîðåíèÿ åãî

ñõîäèìîñòè, ñîñòîÿò â òîì, ÷òî ïîãðóæåíèå îáëàñòè ëîêàëèçàöèè îïòè-

ìóìà â íîâûé ýëëèïñîèä ïðîèñõîäèò ïîñëå äâóõ èëè áîëüøåãî ÷èñëà

îòñå÷åíèé. Îòìåòèì, ÷òî ìåòîä ýëëèïñîèäîâ ìîæåò áûòü ðåàëèçîâàí

â ôîðìå ìåòîäà îáîáùåííîãî ãðàäèåíòíîãî ñïóñêà ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà [5]. Êàê ñëåäóåò èç ñêàçàííîãî âûøå, äëÿ ðåàëèçàöèè ìåòîäà

ýëëèïñîèäîâ è åãî ìîäèôèêàöèé ïðè ðåøåíèè çàäà÷è (2.3) íåîáõîäèìî

óìåòü íàõîäèòü gΨ(λ) äëÿ λ ∈ D ∩ Λ+ (ýòî ìîæíî äåëàòü ïî ôîðìó-

ëå (2.2)) è ñóáãðàäèåíò ê ôóíêöèè-îãðàíè÷åíèþ, åñëè λ∈D ∩Λ+. (Åñëè

λ ïðèíàäëåæèò ãðàíèöå îáëàñòè D, òî gΨ(λ) íåîáÿçàòåëüíî îïðåäåëåí,
ïîýòîìó â ýòîì ñëó÷àå òàêæå áóäåì èñïîëüçîâàòü ñóáãðàäèåíò ê îãðà-

íè÷åíèÿì.)

Óñëîâèå λ ∈ D ∩ Λ+ ñîäåðæèò äâà òèïà îãðàíè÷åíèé:

a) λi ≥ 0 äëÿ i ∈ I;
á) A(λ) � ïîëîæèòåëüíî-îïðåäåëåííàÿ ìàòðèöà, ÷òî ýêâèâàëåíòíî

áåñêîíå÷íîé ñèñòåìå ëèíåéíûõ ïî λ íåðàâåíñòâ

n∑
i,j=0

aij(λ)xixj > 0, ∀x ∈ En; x = {x1, . . . , xn}, x 6= 0,
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êîòîðóþ ìîæíî ïåðåïèñàòü â êîìïàêòíîì âèäå

µ(λ) = min
{x|‖x‖=1}

n∑
i,j=1

aij(λ)xixj > 0, (2.4)

ãäå µ(λ) � ìèíèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû A(λ).

Çàìå÷àíèå. Èç âûðàæåíèÿ (2.4) î÷åâèäíî, ÷òî µ(λ) � âîãíóòàÿ

ôóíêöèÿ λ. Â êà÷åñòâå ñóïåðãðàäèåíòà ôóíêöèè µ(λ) â òî÷êå λ gµ(λ)
ìîæíî âçÿòü ãðàäèåíò ê ëèíåéíîé ïî λ ôóíêöèè

Ψλ(λ) =
n∑

i,j=1

aij(λ)yi(λ)yj(λ), (2.5)

ãäå yi(λ), i = 1, . . . , n, � êîìïîíåíòû íîðìèðîâàííîãî ñîáñòâåííîãî

âåêòîðà ìàòðèöû A(λ), ñîîòâåòñòâóþùåãî ìèíèìàëüíîìó ñîáñòâåííîìó
÷èñëó µ(λ). µ(λ) � íåãëàäêàÿ ôóíêöèÿ, åå ñóáãðàäèåíò òåðïèò ðàçðûâ
â òåõ òî÷êàõ λ, â êîòîðûõ ìàòðèöà A(λ) èìååò êðàòíîå ìèíèìàëüíîå

ñîáñòâåííîå ÷èñëî.

Äëÿ ïðîâåðêè ïðèíàäëåæíîñòè λ ìíîæåñòâó D ∩Λ+ ðàññìàòðèâàåì

ñíà÷àëà óñëîâèå à). Åñëè äëÿ íåêîòîðîãî i = i∗ ∈ I; λi∗ < 0, òîãäà
â êà÷åñòâå îòñåêàþùåé ãèïåðïëîñêîñòè â ìåòîäå ýëëèïñîèäîâ ìîæíî

âçÿòü λi∗ = 0.
Åñëè óñëîâèå à) âûïîëíÿåòñÿ, ò. å. λ ∈ Λ+, òî ïðîâåðÿåì óñëîâèå á).

Äëÿ ýòîãî îïðåäåëÿåì µ(λ) è ñîîòâåòñòâóþùèé ñîáñòâåííûé âåêòîð ìàò-
ðèöû A(λ). Åñëè µ(λ) ≤ 0, òî â êà÷åñòâå îòñåêàþùåé ãèïåðïëîñêîñòè

ìîæíî âçÿòü ñëåäóþùóþ (gµ(λ), λ − λ) = 0, ãäå gµ(λ) ñîâïàäàåò ñ ãðà-
äèåíòîì ôóíêöèè Ψλ(λ) (ñì. (2.5)). Îïèñàííàÿ âûøå ïðîöåäóðà ïðî-

âåðêè óñëîâèÿ á) è ïîñòðîåíèÿ îòñåêàþùåé ãèïåðïëîñêîñòè â ìåòîäå

ýëëèïñîèäîâ, åñëè ýòî óñëîâèå íå âûïîëíÿåòñÿ, ñâÿçàíà ñ íàõîæäåíèåì

ìèíèìàëüíîãî ñîáñòâåííîãî ÷èñëà ìàòðèöû A(λ), ÷òî ïðàêòè÷åñêè ýê-

âèâàëåíòíî ïî ñëîæíîñòè ðåøåíèþ çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ äëÿ

ìàòðèöû A(λ). Ðåøåíèå ýòîé çàäà÷è ñ âûñîêîé òî÷íîñòüþ òðåáóåò ïðè

áîëüøîì n çíà÷èòåëüíîãî âðåìåíè ñ÷åòà. Â [13] â àíàëîãè÷íîé ñèòóàöèè

ïðåäëàãàåòñÿ äðóãîé ñïîñîá ïîñòðîåíèÿ îòñåêàþùåé ãèïåðïëîñêîñòè â

ìåòîäå ýëëèïñîèäîâ. Ðàññìîòðèì åãî ïðèìåíèòåëüíî ê íàøåé çàäà÷å.

Ïóñòü µ(λ) ≤ 0. Ýòî çíà÷èò, ÷òî ìàòðèöà A(λ) íå ÿâëÿåòñÿ ïîëî-

æèòåëüíî-îïðåäåëåííîé. Ïóñòü R1(λ), . . . , Rn(λ) � ïîñëåäîâàòåëüíîñòü

ãëàâíûõ ìèíîðîâ ýòîé ìàòðèöû. Ïî êðèòåðèþ Ñèëüâåñòðà íàéäåòñÿ òà-

êîé íîìåð t, 1 ≤ t ≤ n, ÷òî di = detRi(λ) > 0 äëÿ i = 1, . . . , t − 1;
dt = detRt(λ) ≤ 0. Åñëè t = 1, dt = a11(λ) ≤ 0, è òàê êàê ïðè λ ∈ D
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a11(λ) > 0 è a11(λ) ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé îò λ, òî ãèïåðïëîñêîñòü
a11(λ) = 0 îòñå÷åò òî÷êó λ îò ìíîæåñòâà D. Ïóñòü t > 1. Ðàññìîòðèì
ïîäìàòðèöû Rit(λ), êîòîðûå ïîëó÷àþòñÿ âû÷åðêèâàíèåì t-ãî ñòîëáöà è
i-é ñòðîêè (i ≤ t) èç ìàòðèöû Rt(λ). Ïóñòü

ξi = (−1)i detRit(λ), i = 1, . . . , t, ξ = {ξi}ti=1.

Ââåäåì ôóíêöèþ, ëèíåéíóþ ïî λ

ρξ(λ) =
t∑

i,j=1

aij(λ)ξi ξj =
t∑

j=1

ξi

(
t∑
i=1

aij(λ)ξi

)
.

Åñëè λ ∈ D, ρξ(λ) > 0, ò. ê. ìàòðèöà aij(λ) ÿâëÿåòñÿ ïîëîæèòåëüíî-

îïðåäåëåííîé. Ïðè λ = λ

Sj =
t∑
i=1

aij(λ)ξi

â ñèëó îïðåäåëåíèÿ âåêòîðà ξ ñ òî÷íîñòüþ äî çíàêà ñîâïàäàåò ñ îïðåäå-

ëåíèåì ìàòðèöû, ïîëó÷àþùåéñÿ èç ìàòðèöû Rt(λ) çàìåíîé t-ão ñòîëáöà
íà j-é. Åñëè t 6= j, òî ýòà ìàòðèöà áóäåò èìåòü äâà îäèíàêîâûõ ñòîëáöà,
ò. å. Sj = 0. Òàêèì îáðàçîì,

ρξ(λ) = ξt

t∑
i=1

ait(λ)ξt = ξt(−1)tdt = dt−1dt ≤ 0.

Çíà÷èò, ãèïåðïëîñêîñòü ρξ(λ) = 0 îòäåëÿåò òî÷êó λ îò îáëàñòè D. Îïè-
ñàííûé ñïîñîá ïîñòðîåíèÿ îòäåëÿþùåé ãèïåðïëîñêîñòè ïðè ðàöèîíàëü-

íîì λ è ðàöèîíàëüíûõ êîýôôèöèåíòàõ êâàäðàòè÷íûõ ôîðì â çàäà÷å

(1.1), (1.2) òðåáóåò ïîëèíîìèàëüíîãî ÷èñëà îïåðàöèé. Íåäîñòàòêîì ýòî-

ãî ñïîñîáà ÿâëÿþòñÿ ñëèøêîì âûñîêèå òðåáîâàíèÿ ê ðàçðÿäíîñòè ÝÂÌ,

íà êîòîðîé ïðîâîäÿòñÿ âû÷èñëåíèÿ.

Äëÿ ïðîâåðêè ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A(λ) íå îáÿ-
çàòåëüíî èñïîëüçîâàòü ïðàâèëî Ñèëüâåñòðà, ìîæíî èñïîëüçîâàòü ïðî-

öåäóðó âûäåëåíèÿ ïîëíûõ êâàäðàòîâ, ñîîòâåòñòâóþùóþ ñëåäóþùåìó

ðàçëîæåíèþ ìàòðèöû: A(λ) = BRBT , ãäå B(BT ) � òðåóãîëüíûå ìàòðè-
öû, R � äèàãîíàëüíàÿ ìàòðèöà. Ïðîöåññ âûäåëåíèÿ ïîëíûõ êâàäðàòîâ

âåäåì äî òåõ ïîð, ïîêà âñå äèàãîíàëüíûå ýëåìåíòû íåðàçëîæåííîé ÷à-

ñòè ìàòðèöû îñòàþòñÿ ïîëîæèòåëüíûìè. Åñëè ïðîöåññ ðàçëîæåíèÿ ïðî-

õîäèò äî êîíöà, òî A(λ) � ïîëîæèòåëüíî-îïðåäåëåííàÿ ìàòðèöà. Ïóñòü
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ïðîöåññ ðàçëîæåíèÿ çàêàí÷èâàåòñÿ íà k-îì øàãå, 0 ≤ k ≤ n. Òîãäà êâàä-
ðàòè÷íàÿ ôîðìà ñ òî÷íîñòüþ äî íóìåðàöèè ïåðåìåííûõ ïðåäñòàâèìà â

ñëåäóþùåì âèäå:

(A(λ)x, x) =
k∑
i=1

rii(λ)
(
xi+

∑
{j:i<j≤n}

bij(λ)xj

)2

+Φλ(xk+1, . . . , xn), (2.6)

ãäå rii(λ) > 0, i = 1, . . . , k; Φλ � êâàäðàòè÷íàÿ ôóíêöèÿ, ó êîòîðîé

êîýôôèöèåíò ïðè x2
k+1 íå ïðåâûøàåò 0. Ðàññìîòðèì ñèñòåìó óðàâíåíèé

ñ òðåóãîëüíîé ìàòðèöåé

xi +
∑

{j:i<j≤n}
bij(λ)xj = 0; i = 1, . . . , k; (2.7)

xk+1 = 1; xk+2 = xk+3 = . . . = xn = 0, (2.8)

è ïóñòü y(λ) 6= 0 � ðåøåíèå ýòîé ñèñòåìû. Â ïðîñòðàíñòâå EN âåêòîðîâ

λ ðàññìîòðèì ãèïåðïëîñêîñòü

(A(λ)y(λ), y(λ)) = 0. (2.9)

(Çàìåòèì, ÷òî A(λ) ëèíåéíî çàâèñèò îò λ, ò. å. âûðàæåíèå (2.9) äåéñòâè-
òåëüíî çàäàåò ãèïåðïëîñêîñòü.) Èç âûðàæåíèÿ (2.6) è îïðåäåëåíèÿ y(λ)
(ñì. (2.7), (2.8)) ñëåäóåò, ÷òî (A(λ)y(λ), y(λ)) ≤ 0; ñ äðóãîé ñòîðîíû, äëÿ
λ ∈ D (A(λ)y(λ), y(λ)) > 0. Òàêèì îáðàçîì, ãèïåðïëîñêîñòü (2.9) îòäå-

ëÿåò òî÷êó λ îò îáëàñòèD, ò. å. åå ìîæíî èñïîëüçîâàòü êàê îòñåêàþùóþ
â ìåòîäå ýëëèïñîèäîâ. Íà âîçìîæíîñòü òàêîãî ñïîñîáà ïîñòðîåíèÿ îò-

ñåêàþùåé ãèïåðïëîñêîñòè óêàçàë àâòîðó À. Ñ. Íåìèðîâñêèé. Õîòÿ ýòîò

ñïîñîá ïî ôîðìå îòëè÷àåòñÿ îò ïðåäûäóùåãî ([13]), íî, ïî-âèäèìîìó,

ñâÿçàí ñ áëèçêèìè âû÷èñëèòåëüíûìè ïðîáëåìàìè íåóñòîé÷èâîñòè àë-

ãîðèòìà âûäåëåíèÿ ïîëíûõ êâàäðàòîâ, êîãäà ìèíèìàëüíîå ñîáñòâåííîå

÷èñëî èëè íåñêîëüêî ñîáñòâåííûõ ÷èñåë áëèçêè ê 0.

á) Ìåòîä øòðàôíûõ ôóíêöèé. Ôóíêöèÿ Ψ(λ) çà ïðåäåëàìè îá-
ëàñòè D â îáû÷íîì ñìûñëå íå îïðåäåëåíà: Ψ(λ) = −∞, åñëè λ /∈ D.
Ïîýòîìó äëÿ ðåøåíèÿ çàäà÷è (2.3) íåëüçÿ ïðèìåíèòü ìåòîä âíåøíèõ

øòðàôíûõ ôóíêöèé. Îäíàêî îñòàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ áàðüåð-

íûõ øòðàôíûõ ôóíêöèé, íàïðèìåð, ñëåäóþùåãî âèäà:

S(λ, s) = Ψ(λ)− s0
µ(λ)

−
∑
i∈I

si
λi
,
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ãäå S = {s0; si, i ∈ I} � âåêòîð ñ äîñòàòî÷íî áîëüøèìè ïîëîæèòåëüíû-
ìè êîìïîíåíòàìè. S(λ, s) � âîãíóòàÿ ôóíêöèÿ λ âíóòðè îáëàñòèD∩Λ+.

Â ëþáîé âíóòðåííåé òî÷êå λ îáëàñòè D ∩ Λ+ S(λ, s) < Ψ(λ) ≤ Ψ. Ïî-
ýòîìó â êà÷åñòâå íèæíåé îöåíêè ôóíêöèîíàëà çàäà÷è (1.1), (1.2) ìîæíî

áðàòü

sup
λ∈D∩Λ+

S(λ, s).

Òàê êàê µ(λ) � íåãëàäêàÿ ôóíêöèÿ, òî S(λ, s) � òàêæå íåãëàäêàÿ ôóíê-
öèÿ, ñòðåìÿùàÿñÿ ê −∞ ïðè ïîäõîäå ê ãðàíèöå ìíîæåñòâà D ∩ Λ+ ïî

âíóòðåííèì òî÷êàì. Ïîýòîìó äëÿ íàõîæäåíèÿ

sup
λ∈D∩Λ+

S(λ, S)

íóæíî íà÷èíàòü èç íåêîòîðîé äîïóñòèìîé âíóòðåííåé òî÷êè λ(0) è èñ-

ïîëüçîâàòü îäèí èç ìîíîòîííûõ ìåòîäîâ íåãëàäêîé îïòèìèçàöèè, îáçîð

êîòîðûõ ñîäåðæèòñÿ â [6], [21].

Äëÿ ðåøåíèÿ çàäà÷è (2.3) ìîæíî ïðèìåíÿòü òàêæå èòåðàòèâíûé

ïðîöåññ òèïà ìåòîäà ¾öåíòðîâ¿, ðåøàÿ íà k-é èòåðàöèè ïðè çàäàííîé

âíóòðåííåé òî÷êå äîïóñòèìîé îáëàñòè λ(k−1) ñëåäóþùóþ çàäà÷ó

max
λ

[
min

[
Ψ(λ)−Ψ(λ(k−1)); µ(λ); λi, i ∈ I

]]
. (2.10)

Â êà÷åñòâå λ(k) äëÿ ñëåäóþùåé èòåðàöèè íóæíî áðàòü ïðèáëèæåííîå

ðåøåíèå çàäà÷è (2.10), ìàêñèìèçàöèþ â (2.10) ìîæíî îñóùåñòâëÿòü ïðî-

èçâîëüíûì ìåòîäîì íåãëàäêîé îïòèìèçàöèè. Ñïåöèàëüíûé âàðèàíò ìå-

òîäà ¾öåíòðîâ¿ îïèñàí òàêæå â [21].

â) Ñïåöèàëüíàÿ ôîðìà r-àëãîðèòìà. Ïðèâåäåííûå âûøå ìåòî-
äû ïîëó÷åíèÿ íèæíèõ îöåíîê öåëåâîãî ôóíêöèîíàëà â çàäà÷å (1.1),

(1.2) íåäîñòàòî÷íî ýôôåêòèâíû. Ìåòîäû ýëëèïñîèäîâ ïðè N ≥ 5 ñõî-

äÿòñÿ ìåäëåííî, ìåòîäû áàðüåðíûõ ôóíêöèé è ¾öåíòðîâ¿ òðåáóþò âû-

÷èñëåíèÿ ìèíèìàëüíûõ ñîáñòâåííûõ ÷èñåë ìàòðèöû A(λ). Ïîýòîìó â

êà÷åñòâå îñíîâíîãî ìåòîäà äëÿ ïîëó÷åíèÿ îöåíîê íàìè áûë âûáðàí ìî-

äèôèöèðîâàííûé ìåòîä îáîáùåííûõ ãðàäèåíòîâ ñ ðàñòÿæåíèåì ïðî-

ñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ãðàäèåíòîâ

(r-àëãîðèòì). Íàïîìíèì, ÷òî â îáëàñòè D ∩Λ+ íóæíî íàéòè ñóïðåìóì

âîãíóòîé ôóíêöèè

Ψ(λ) = −1
4
(A−1(λ)l(λ), l(λ)) + c(λ),
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ïðè÷åì λ âõîäèò â ìàòðèöó A(λ), âåêòîð l(λ) â c(λ) ëèíåéíî. Îãðàíè-
÷åíèå λ ∈ Λ+ ëåãêî ó÷èòûâàåòñÿ ïóòåì ââåäåíèÿ íåãëàäêîé ôóíêöèè

øòðàôà âèäà

r(λ) =
∑
i∈I

S(λi),

ãäå

S (λi) =

{
0, λi ≥ 0;

sλi, λi < 0;

s � äîñòàòî÷íî áîëüøîå ïîëîæèòåëüíîå ÷èñëî. Òàêèì îáðàçîì, áóäåì

ðàññìàòðèâàòü çàäà÷ó íàõîæäåíèÿ sup
λ∈D

Ψ(λ), ãäå Ψ(λ) = Ψ(λ) + r(λ) =

= −1
4
(A−1(λ)l(λ), l(λ))+c(λ)+r(λ). Äîïóñòèì, ÷òî λ(0) � íà÷àëüíàÿ òî÷-

êà îáëàñòè D. sup
λ∈D

Ψ(λ) ìîæåò äîñòèãàòüñÿ ëèáî â îáëàñòè D(λ∗ ∈ D),

ëèáî íà ãðàíèöå ýòîé îáëàñòè (λ∗ ∈ D\D), ïðè÷åì âòîðîé ñëó÷àé ïðàê-

òè÷åñêè âñòðå÷àåòñÿ íàèáîëåå ÷àñòî. Ïîýòîìó èìååò ñìûñë ðàññìîòðåòü

ïîâåäåíèå ôóíêöèè Ψ(λ) âáëèçè ãðàíèöû îáëàñòè D. Ôóíêöèÿ c(λ) ëè-
íåéíà, à r(λ) � êóñî÷íî-ëèíåéíà, ïîýòîìó â ëþáîé îãðàíè÷åííîé îáëàñòè
îíè îãðàíè÷åíû. Îñîáåííîñòè ôóíêöèèΨ íà ìíîæåñòâåD\D âîçíèêàþò

â ñâÿçè ñ ïîâåäåíèåì íåëèíåéíîãî âûðàæåíèÿ (A−1(λ)l(λ), l(λ)). Ïóñòü
λ ∈ D\D. Ìàòðèöà A(λ) âûðîæäåíà. Îáîçíà÷èì ðàçìåðíîñòü èíâàðè-

àíòíîãî ïîäïðîñòðàíñòâà E0(λ) ìàòðèöû A(λ), ñîîòâåòñòâóþùåãî íóëå-
âîìó ñîáñòâåííîìó çíà÷åíèþ, ÷åðåç m(λ), m(λ) ≥ 1. Åñëè ïðîåêöèÿ l(λ)
íà E0(λ) îòëè÷íà îò 0, òî

lim
λ∈D;λ→λ

(A−1(λ)l(λ), l(λ)) = +∞, ò. å. Ψ̃(λ) = lim
λ∈D;λ→λ

Ψ(λ) = −∞.

Ïóñòü Sε(λ)− ε-îêðåñòíîñòü òî÷êè λ. Òîãäà, äëÿ òîãî, ÷òîáû

Ψ+(λ) = lim
ε→0

sup
D∩Sε(λ)

Ψ(λ) > −∞,

íåîáõîäèìî, ÷òîáû l(λ) áûëî îðòîãîíàëüíî E0(λ). Ýòî óñëîâèå ýêâèâà-
ëåíòíî ðàçðåøèìîñòè óðàâíåíèÿ

A(λ)x+ l(λ) = 0. (2.11)

Ïóñòü Q � ïîäìíîæåñòâî ñèììåòðè÷íûõ ìàòðèö A(λ), λ ∈ D\D,
q � ðàçìåðíîñòü ýòîãî ìíîæåñòâà, ðàññìàòðèâàåìîãî êàê ìíîãîîáðàçèå
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â ïðîñòðàíñòâå ñèììåòðè÷íûõ ìàòðèö ðàçìåðíîñòè n(n+ 1)/2. Óñëîâèå
ðàçðåøèìîñòè óðàâíåíèÿ (2.11) ìîæåò áûòü âûðàæåíî â âèäå îäíîãî

èëè íåñêîëüêèõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî λ, è, âîîáùå
ãîâîðÿ, ïîíèæàåò ðàçìåðíîñòü. Òàêèì îáðàçîì, ðàçìåðíîñòü ìíîãîîáðà-

çèÿ ìàòðèö A(λ), ïðèíàäëåæàùèõ Q, äëÿ êîòîðûõ Ψ+(λ) > −∞ ìåíüøå

q ïðè q ≥ 1. Ýòî îçíà÷àåò, ÷òî ïðè äâèæåíèè èç îáëàñòè D ïî íåêîòîðî-

ìó íàïðàâëåíèþ, âåäóùåìó â ãðàíè÷íóþ òî÷êó λ ∈ D\D, ¾âåðîÿòíîñòü¿
òîãî, ÷òî ôóíêöèÿ Ψ(λ) áóäåò ìîíîòîííî âîçðàñòàòü íà îòêðûòîì èí-

òåðâàëå, çàêàí÷èâàþùåìñÿ òî÷êîé λ, ðàâíà 0.
Ôóíêöèÿ Ψ(λ) êàê áû ¾ñàìîýêðàíèðóåòñÿ¿ îò âûõîäà çà ïðåäåëû îá-

ëàñòè ñâîåãî îïðåäåëåíèÿ ïðè èñïîëüçîâàíèè àëãîðèòìîâ ìîíîòîííîãî

ïîäúåìà, ò. å., êàê ïðàâèëî, îòïàäàåò íåîáõîäèìîñòü â èñïîëüçîâàíèè áà-

ðüåðíûõ øòðàôíûõ ôóíêöèé. Ïîÿâëÿåòñÿ âîçìîæíîñòü èñïîëüçîâàíèÿ

ìîíîòîííûõ âàðèàíòîâ r-àëãîðèòìà [6], [10]. Âûõîä çà ïðåäåëû îáëàñòè

D êîíòðîëèðóåòñÿ ïóòåì ïðèìåíåíèÿ ïðîöåäóðû òðåóãîëüíîãî ðàçëî-

æåíèÿ ìàòðèöû A(λ). Åñëè íà äàííîì øàãå ïðîèçîøåë âûõîä çà ïðå-

äåëû îáëàñòè D, òî øàã äðîáèòñÿ äî òåõ ïîð, ïîêà íå áóäåò ïîëó÷åíî

äîïóñòèìîå çíà÷åíèå. Íà îñíîâå óêàçàííîé ìîäèôèêàöèè r-àëãîðèòìà
Ñ. È. Ñòåöåíêî ðàçðàáîòàë ïðîãðàììó äëÿ ðåøåíèÿ íåêîòîðûõ áóëåâûõ

êâàäðàòè÷íûõ çàäà÷ è ïðîâåë óñïåøíûå âû÷èñëèòåëüíûå ýêñïåðèìåí-

òû. Áîëåå ïîäðîáíî îá ýòîì ãîâîðèòñÿ â ðàçä. 4.

3. Êâàäðàòè÷íûå ýêñòðåìàëüíûå çàäà÷è ñ

ëèíåéíûìè îãðàíè÷åíèÿìè

Çàäà÷ó ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè ïðè ëèíåéíûõ îãðàíè÷å-

íèÿõ (ê.ç.ë.î.) çàïèøåì â ñëåäóþùåì âèäå:

íàéòè

inf K0(x), K0(x) = (A0x, x) + (b, x) (3.1)

ïðè ñëåäóþùèõ îãðàíè÷åíèÿõ

lj(x) = (lj , x) + cj ≤ 0; x = {x1, . . . , xn} ∈ En, (3.2)

lj = {l(1)j , . . . , l
(n)
j } ∈ En, cj � êîíñòàíòû, j = 1, . . . ,m. Íåâûïóêëûå çà-

äà÷è êâàäðàòè÷íîãî ïðîãðàììèðîâàíèÿ âîçíèêàþò â ðÿäå ïðèëîæåíèé.

Â ÷àñòíîñòè, ê íèì ñâîäÿòñÿ ïðîáëåìû ëèíåéíîé äîïîëíèòåëüíîñòè, èã-

ðàþùèå áîëüøóþ ðîëü â àíàëèçå ìàêðîýêîíîìè÷åñêèõ ìîäåëåé, çàäà÷è

ïðîåêòèðîâàíèÿ ýëåêòðîííûõ ìîäóëåé (÷èïîâ) íà èíòåãðàëüíûõ ñõåìàõ

è äðóãèå. Â ëèòåðàòóðå îïèñàíû íåñêîëüêî ïîäõîäîâ ê ðåøåíèþ òàêîãî
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ðîäà çàäà÷, â ÷àñòíîñòè, ñâÿçàííûå ñ ïðîöåäóðîé îòñå÷åíèÿ Áåíäåðñà

(ñì. [18]), èññëåäîâàíèÿ â ðàìêàõ îáùèõ ñõåì ðåøåíèÿ ìíîãîýêñòðåìàëü-

íûõ çàäà÷ èëè ñõåì âîãíóòîãî ïðîãðàììèðîâàíèÿ. Â îäíîé èç íåäàâ-

íèõ ðàáîò [18] â îñíîâå àëãîðèòìà ëåæèò ïðåäñòàâëåíèå êâàäðàòè÷íîé

ôîðìû â âèäå ñóììû âûïóêëîé è âîãíóòîé êâàäðàòè÷íûõ ôóíêöèé è

ìåòîä âåòâåé è ãðàíèö. Äëÿ ïîëó÷åíèÿ íèæíèõ îöåíîê öåëåâîé ôóíê-

öèè âîãíóòàÿ ÷àñòü àïïðîêñèìèðóåòñÿ ëèíåéíîé èëè êóñî÷íî-ëèíåéíîé

ôóíêöèåé. Â ïîñëåäíåì ñëó÷àå çàäà÷à îöåíêè îêàçûâàåòñÿ çàäà÷åé ñìå-

øàííîãî òèïà: ñ íåïðåðûâíûìè è áóëåâûìè ïåðåìåííûìè. Íåñìîòðÿ

íà èñïîëüçîâàíèå ìîùíîé ÝÂÌ Cray 1S ( ∼ 108 îïåðàöèé â ñåêóí-

äó), ðåøåíèå çàäà÷ ñðåäíåé ðàçìåðíîñòè (300 âûïóêëûõ ïåðåìåííûõ,

30 âîãíóòûõ, 50 îãðàíè÷åíèé) íàòàëêèâàåòñÿ íà ñåðüåçíûå òðóäíîñòè.

Òàê, äîñòèãíóòàÿ çà ñ÷åòíîå âðåìÿ 1500 ñ òî÷íîñòüþ âñåãî ïîðÿäêà 3%.
Ïîýòîìó àêòóàëüíûì îñòàåòñÿ âîïðîñ î ðàçðàáîòêå íîâûõ ïðàêòè÷åñêè

ýôôåêòèâíûõ àëãîðèòìîâ.

Íåïîñðåäñòâåííîå ïðèìåíåíèå ïðåäëîæåííîãî íàìè âûøå äâîé-

ñòâåííîãî ïîäõîäà ê ïîëó÷åíèþ íèæíèõ îöåíîê öåëåâîé ôóíêöèè â îá-

ùåì ñëó÷àå ê.ç.ë.î. íè÷åãî íå äàåò, òàê êàê ïðè èçìåíåíèè ìíîæèòå-

ëåé Ëàãðàíæà ìåíÿåòñÿ ëèøü ëèíåéíàÿ ïî x ÷àñòü ôóíêöèè Ëàãðàíæà,
êâàäðàòè÷íàÿ ÷àñòü îñòàåòñÿ áåç èçìåíåíèé. Ïîýòîìó, åñëè A0 íå ÿâëÿ-

åòñÿ íåîòðèöàòåëüíî-îïðåäåëåííîé, òî ïðè ëþáûõ ìíîæèòåëÿõ Ëàãðàí-

æà áóäåì èìåòü òðèâèàëüíóþ îöåíêó: Ψ(λ) = −∞.

Îäíàêî ìû ìîæåì èñïîëüçîâàòü ëèíåéíûå îãðàíè÷åíèÿ (3.2) äëÿ

îáðàçîâàíèÿ èç íèõ êâàäðàòè÷íûõ ñëåäñòâèé

Kpj(x) = −lp(x)lj(x) ≤ 0; p, j = 1, . . . ,m. (3.3)

Ðàññìîòðèì ê.ç. (3.1)�(3.3). Ýòà çàäà÷à ýêâèâàëåíòíà çàäà÷å (3.1),

(3.2), îäíàêî ôîðìàëüíî ñîäåðæèò äîïîëíèòåëüíûå îãðàíè÷åíèÿ, êîòî-

ðûå ïîçâîëÿþò âîçäåéñòâîâàòü íà êâàäðàòè÷íóþ ÷àñòü ôóíêöèè Ëàãðàí-

æà. Îáîçíà÷èì ìíîæèòåëè Ëàãðàíæà, ñîîòâåòñòâóþùèå îãðàíè÷åíèÿì

(3.2), ÷åðåç λpj (p, j = 1, . . . ,m). Ïîêàæåì, ÷òî ïðè äîñòàòî÷íî îáùèõ

óñëîâèÿõ ìíîæåñòâî D ∩ Λ+ çàäà÷è (3.1)�(3.3) íå áóäåò ïóñòûì.

Òåîðåìà. Åñëè âûïóêëàÿ îáîëî÷êà âåêòîðîâ lj , j = 1, . . . ,m, â îãðàíè-
÷åíèÿõ (3.2) ñîäåðæèò â êà÷åñòâå âíóòðåííåé òî÷êè 0, òî íàéäåòñÿ
íåîòðèöàòåëüíûé âåêòîð ìíîæèòåëåé Ëàãðàíæà {λpj}mp,j=1, ïðè êî-

òîðîì ìàòðèöà A(λ) ñòàíîâèòñÿ ïîëîæèòåëüíî-îïðåäåëåííîé.

Äîêàçàòåëüñòâî. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ïðîèçâîëüíûé âåê-

òîð y ∈ En ìîæåò áûòü ïðåäñòàâëåí â âèäå ëèíåéíîé êîìáèíàöèè ñ
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íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè âåêòîðîâ lj , j = 1, . . . ,m. Ïóñòü ei
� îðò i-é êîîðäèíàòû, i = 1, . . . , n. Òîãäà ñóùåñòâóåò ïðåäñòàâëåíèå

ei =
m∑
p=1

u
(+)
ip lp; −ei =

m∑
q=1

u
(−)
iq lq, (3.4)

ãäå u
(+)
ip , u

(−)
iq � íåîòðèöàòåëüíûå ÷èñëà, p, q = 1, . . . ,m; i = 1, . . . , n.

Èç (3.4) ïîëó÷àåì ñîîòíîøåíèÿ

xi =
m∑
p=1

u
(+)
ip (lp, x); −xi =

m∑
q=1

u
(−)
iq (lq, x), i = 1, . . . , n.

Çàïèøåì òîæäåñòâà

x2
i =

m∑
p,q=1

u
(+)
ip u

(−)
iq Kpq(x), i = 1, . . . , n,

ãäå Kpq(x) = −(lp, x)(lq, x) è îòëè÷àåòñÿ îò Kpq(x) ëèøü ëèíåéíûìè

÷ëåíàìè (p, q = 1, . . . ,m). Âçÿâ âåêòîð ìíîæèòåëåé Ëàãðàíæà

{λpq}mp,q=1 =
{ n∑
i=1

riu
(+)
ip u

(−)
iq

}m
p,q=1

,

ãäå ri > 0, i = 1, . . . , n, ìû óâåëè÷èì äèàãîíàëüíûé ýëåìåíò ìàòðèöû

A0a
0
ii íà ri, îñòàâëÿÿ íåäèàãîíàëüíûå ýëåìåíòû áåç èçìåíåíèÿ. Ïðè äî-

ñòàòî÷íî áîëüøèõ ri ìàòðèöà ôóíêöèè Ëàãðàíæà ñòàíåò ïîëîæèòåëüíî-
îïðåäåëåííîé.

Ñëåäñòâèå. Åñëè ìíîãîãðàííîå ìíîæåñòâî W , îáðàçîâàííîå îãðàíè-

÷åíèÿìè (3.2), íåïóñòî è îãðàíè÷åíî, òî íàéäóòñÿ íåîòðèöàòåëüíûå

ìíîæèòåëè Ëàãðàíæà {λpq}mp,q=1, ïðè êîòîðûõ ôóíêöèÿ Ëàãðàíæà áó-

äåò íåîòðèöàòåëüíî-îïðåäåëåííîé ïî x.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïðîèçâîëüíûé âåêòîð s ∈ En, ‖s‖ = 1
è äîïóñòèìóþ òî÷êó x0. Òîãäà max

1≤j≤m
(s, lj) > 0, òàê êàê â ïðîòèâíîì

ñëó÷àå âåñü ëó÷ x(t) = x0 + st, t ≥ 0, ñîñòîÿë áû èç äîïóñòèìûõ òî÷åê,

÷òî ïðîòèâîðå÷èò îãðàíè÷åííîñòè W . Îòñþäà ñëåäóåò, ÷òî

min
{s,‖s‖=1}

max
1≤j≤m

(s, lj) > 0,
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íî ýòî óñëîâèå âûðàæàåò òîò ôàêò, ÷òî âûïóêëàÿ îáîëî÷êà {lj}mj=1 ñî-

äåðæèò 0 â êà÷åñòâå ñâîåé âíóòðåííåé òî÷êè, ò. å. óñëîâèå òåîðåìû âû-

ïîëíÿåòñÿ.

Òàêèì îáðàçîì, èñêóññòâåííûé ïðèåì, ñâÿçàííûé ñ ââåäåíèåì îãðà-

íè÷åíèé (3.3), ïîçâîëÿåò ïðèìåíèòü ðàçðàáîòàííóþ ìåòîäèêó ïîëó÷å-

íèÿ íèæíèõ îöåíîê è ê çàäà÷àì ñ ëèíåéíûìè îãðàíè÷åíèÿìè.

4. Áóëåâû êâàäðàòè÷íûå çàäà÷è

Ñðåäè îïòèìèçàöèîííûõ çàäà÷ âèäà (1.1), (1.2) áóëåâû êâàäðàòè÷íûå

çàäà÷è (á.ê.ç.) âûäåëÿþòñÿ íàëè÷èåì â ÷èñëå îãðàíè÷åíèé (1.2) ñïå-

öèàëüíûõ áóëåâûõ îãðàíè÷åíèé âèäà x2
j − xj = 0; j = 1, . . . , n. Ââî-

äÿ ýòè îãðàíè÷åíèÿ ñ ïðîèçâîëüíûìè ìíîæèòåëÿìè Ëàãðàíæà â öå-

ëåâóþ ôóíêöèþ, ìîæíî ïðîèçâîëüíûì îáðàçîì ìåíÿòü äèàãîíàëüíûå

ýëåìåíòû ìàòðèöû A(λ), íå èçìåíÿÿ íåäèàãîíàëüíûå ýëåìåíòû. Ëåãêî

ïîäîáðàòü ìíîæèòåëè Ëàãðàíæà òàê, ÷òîáû A(λ) ñòàëà ïîëîæèòåëüíî-
îïðåäåëåííîé; çíà÷èò, ìíîæåñòâî D â çàäà÷àõ á. ê. ç. íåïóñòî.

Òèïè÷íûì ïðèìåðîì á. ê. ç. ÿâëÿþòñÿ çàäà÷è íàõîæäåíèÿ ìàêñè-

ìàëüíîãî âçâåøåííîãî âíóòðåííå óñòîé÷èâîãî ìíîæåñòâà ãðàôîâ, ò. å.

ñîâîêóïíîñòè âåðøèí ãðàôà, ïîïàðíî íå ñâÿçàííûõ ðåáðàìè, ñ ìàêñè-

ìàëüíûì ñóììàðíûì âåñîì.

Ïóñòü çàäàí ãðàôG(V,E), ãäå V � ìíîæåñòâî âåðøèí, E � ìíîæåñòâî

ðåáåð; V = {1, . . . , n}; ðåáðà, ñîåäèíÿþùèå âåðøèíû i, j ∈ V , áóäåì
îáîçíà÷àòü (i, j). Ñîïîñòàâèì êàæäîé âåðøèíå i ∈ V áóëåâó ïåðåìåííóþ

xi è âåñ ci > 0. Òîãäà çàäà÷à íàõîæäåíèÿ ìàêñèìàëüíîãî âçâåøåííîãî

âíóòðåííå óñòîé÷èâîãî ìíîæåñòâà (MB BÓÌ) ñîñòîèò â íàõîæäåíèè

αc(G) = max
n∑
i=1

cixi (4.1)

ïðè îãðàíè÷åíèÿõ

xixj = 0; ∀(i, j) ∈ E; (4.2)

x2
i − xi = 0; i = 1, . . . , n. (4.3)

Çàäà÷à MB ÂÓÌ èãðàåò áîëüøóþ ðîëü â ìíîãî÷èñëåííûõ ïðèëîæå-

íèÿõ: òåîðèÿ èíôîðìàöèè è êîäèðîâàíèå, ïðîåêòèðîâàíèå ðàçëè÷íûõ

óñòðîéñòâ ïðè îïðåäåëåííûõ óñëîâèÿõ íåñîâìåñòíîñòè; îíà òåñíî ñâÿ-

çàíà ñ èçâåñòíûìè çàäà÷àìè âûáîðà, ðàçáèåíèÿ ìíîæåñòâ, ðàñêðàñêè
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ãðàôîâ è äðóãèìè êîìáèíàòîðíûìè çàäà÷àìè, èìåþùèìè, â ñâîþ î÷å-

ðåäü, ìàññó ïðèëîæåíèé. Ñ äðóãîé ñòîðîíû, îíà ïðèíàäëåæèò ê êëàñ-

ñó NP -ïîëíûõ çàäà÷ (ïðè öåëî÷èñëåííûõ âåñàõ âåðøèí). Î ñëîæíîñòè

ýòîé çàäà÷è ãîâîðèò òî, ÷òî äàæå â ÷àñòíîì ñëó÷àå, êîãäà âñå ci = 1,
i = 1, . . . , n, íå íàéäåí ïîëèíîìèàëüíûé àëãîðèòì, êîòîðûé áû ãàðàíòè-

ðîâàë (ñêîëü-óãîäíî áîëüøóþ) ôèêñèðîâàííóþ îòíîñèòåëüíóþ ïîãðåø-

íîñòü ðåøåíèÿ ïî ôóíêöèîíàëó äëÿ ëþáîãî ãðàôà D(V,E).
Îáû÷íî äëÿ ðåøåíèÿ çàäà÷ íàõîæäåíèÿ MB ÂÓÌ èñïîëüçóþòñÿ ìå-

òîäû ¾âåòâåé è ãðàíèö¿, ïðàêòè÷åñêàÿ ýôôåêòèâíîñòü êîòîðûõ âî ìíî-

ãîì îïðåäåëÿåòñÿ àëãîðèòìàìè ïîëó÷åíèÿ îöåíîê öåëåâîé ôóíêöèè.

Äëÿ çàäà÷è MB ÂÓÌ â ñâÿçè ñ èññëåäîâàíèÿìè ïî òåîðèè êîäèðî-

âàíèÿ â [12, 13], [17] áûëè ïðåäëîæåíû íåñêîëüêî ýêâèâàëåíòíûõ îöå-

íîê. Íàïðèìåð, ñëåäóþùàÿ: ïóñòü mG � êëàññ íåîòðèöàòåëüíî-îïðå-

äåëåííûõ ìàòðèö B = {bij}ni,j=1, äëÿ êîòîðûõ bij = 0, åñëè i 6= j;

(i, j) ∈ E;
n∑
i=1

bii ≤ 1; îñòàëüíûå ýëåìåíòû ïðîèçâîëüíûå.

Òîãäà

ν(G) = max
B∈mG

n∑
i,j=1

√
cicj bij ≥ αc(G). (4.4)

Â [4] ïîêàçàíî, ÷òî îïèñàííûé â äàííîé ñòàòüå äâîéñòâåííûé ïîäõîä ê

ïîëó÷åíèþ îöåíîê â ê.ç. äàåò äëÿ çàäà÷è (4.1)�(4.3) îöåíêó, ñîâïàäàþ-

ùóþ ïî âåëè÷èíå ñ ν(G). Àâòîð ñîâìåñòíî ñ Ñ. È. Ñòåöåíêî ðàçðàáîòàë
àëãîðèòì, îñíîâàííûé íà ìåòîäå ¾âåòâåé è ãðàíèö¿, â êîòîðîì â êà÷å-

ñòâå îöåíîê èñïîëüçóþòñÿ îïèñàííûå â äàííîé ñòàòüå îöåíêè âèäà (2.3),

è ïðîâåëè âû÷èñëèòåëüíûå ýêñïåðèìåíòû. Íàõîæäåíèå îöåíîê ïðîèçâî-

äèëîñü ñ ïîìîùüþ ñïåöèàëüíîé ìîäèôèêàöèè ìåòîäà ñóáãðàäèåíòíîãî

òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà � r-àëãîðèòìà (ñì. ðàçä. 3). Ýêñïå-

ðèìåíòû ïðîèçâîäèëèñü íà ãðàôàõ ñ ÷èñëîì âåðøèí îò 30 äî 60 ïðè

ñðåäíåé ñòåïåíè âåðøèí 4, ðåáðà ãåíåðèðîâàëèñü ñëó÷àéíûì îáðàçîì,

âåñà ïðåäñòàâëÿëè ñîáîé ñëó÷àéíûå öåëûå ÷èñëà, áîëüøèå 20 è ìåíü-

øèå 40. Êàê âèäíî èç [4], ðàçìåðíîñòü çàäà÷è ïî x ðàâíà |V | � ÷èñëó

âåðøèí, à ïî λ � ÷èñëó ðåáåð. Âî âñåõ ýêñïåðèìåíòàõ áûëî ïîëó÷åíî

îïòèìàëüíîå ðåøåíèå, ïðè÷åì ïåðâàÿ îöåíêà îòëè÷àëàñü îò îïòèìàëü-

íîãî çíà÷åíèÿ íå áîëåå ÷åì íà 5%, áëàãîäàðÿ ÷åìó êîëè÷åñòâî âåðøèí
â äåðåâå âåòâëåíèé áûëî íåáîëüøèì (îò 3 � 5 ïðè |V | = 30 äî íåñêîëü-

êèõ äåñÿòêîâ ïðè |V | = 60). Âðåìÿ ñ÷åòà íà ÅÑ-1060 ìåíÿëîñü îò 1,5

� 2 ìèí. ïðè |V | = 30 äî 1 ÷àñà ïðè |V | = 60. Ýêñïåðèìåíòû ïîêàçàëè

óñòîé÷èâóþ ðàáîòó àëãîðèòìà îöåíêè è õîðîøåå êà÷åñòâî îöåíîê.
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5. Ýêñòðåìàëüíûå çàäà÷è íà êëàññå

íåîòðèöàòåëüíî-îïðåäåëåííûõ ìàòðèö

Ïîëó÷åíèå îöåíîê â ê.ç. (1.1), (1.2) ïðèâîäèò ê ñïåöèàëüíûì ýêñòðå-

ìàëüíûì çàäà÷àì íà êëàññå ïîëîæèòåëüíî-îïðåäåëåííûõ ìàòðèö. Ê òà-

êîãî æå òèïà çàäà÷àì ïðèâîäèò âû÷èñëåíèå îöåíêè Ëîâàñà (4.4), ñòàòè-

ñòè÷åñêèå çàäà÷è îáðàáîòêè ðåçóëüòàòîâ ýêçàìåíîâ [14, 15] è ðÿä äðó-

ãèõ çàäà÷ îáðàáîòêè ðåçóëüòàòîâ íàáëþäåíèé, ñâÿçàííûõ ñ êîððåëÿöè-

îííûìè ìàòðèöàìè. Òàê êàê ìíîæåñòâî íåîòðèöàòåëüíî-îïðåäåëåííûõ

ìàòðèö ïðåäñòàâëÿåò ñîáîé âûïóêëîå ìíîæåñòâî ñ íåãëàäêîé ãðàíèöåé,

ïðè ðåøåíèè òàêîãî ðîäà çàäà÷ ïî ñóùåñòâó îêàçûâàþòñÿ ïîëåçíûìè

ìåòîäû íåäèôôåðåíöèðóåìîé îïòèìèçàöèè. Ïîïûòêè ðåøåíèÿ ýòèõ çà-

äà÷ êëàññè÷åñêèìè ìåòîäàìè íåëèíåéíîãî ïðîãðàììèðîâàíèÿ íàòàëêè-

âàþòñÿ íà ñåðüåçíûå òðóäíîñòè [14], [15], [13].

Íàìè íàêîïëåí îïûò ðåøåíèÿ ðÿäà ýêñòðåìàëüíûõ çàäà÷ íà êëàñ-

ñå íåîòðèöàòåëüíî-îïðåäåëåííûõ ìàòðèö â ñâÿçè ñ ïðîáëåìàìè îöåíêè

õðîìàòè÷åñêîãî êëàññà ãðàôîâ è õðîìàòè÷åñêîãî ÷èñëà ãðàôîâ ñïåöè-

àëüíîãî âèäà ([3], [8], [20]). Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçàëè,

÷òî r-àëãîðèòì â ñî÷åòàíèè ñ ìåòîäîì òî÷íûõ íåãëàäêèõ øòðàôíûõ

ôóíêöèé, åñëè öåëåâàÿ ôóíêöèÿ îïðåäåëåíà íà âñåì ïðîñòðàíñòâå, ÿâ-

ëÿåòñÿ äîñòàòî÷íî íàäåæíûì è ýôôåêòèâíûì ñðåäñòâîì ðåøåíèÿ òà-

êîãî ðîäà çàäà÷.

Òàêèì îáðàçîì, íåäèôôåðåíöèðóåìàÿ îïòèìèçàöèÿ îòêðûâàåò õî-

ðîøèå ïåðñïåêòèâû ðåøåíèÿ øèðîêîãî êðóãà ïðàêòè÷åñêè âàæíûõ ýêñ-

òðåìàëüíûõ çàäà÷ íà êëàññå íåîòðèöàòåëüíî-îïðåäåëåííûõ ìàòðèö.
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Îá îäíîì ïîäõîäå ê ïîëó÷åíèþ
ãëîáàëüíûõ ýêñòðåìóìîâ â
ïîëèíîìèàëüíûõ çàäà÷àõ

ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ

Í. Ç. Øîð

Êèáåðíåòèêà. � 1987. � � 5. � Ñ. 102�106.

Ðàññìîòðèì åâêëèäîâî ïðîñòðàíñòâîEn ñ âåêòîðàìè z = {z1, z1, . . . , zn}.
Ïîä ïîëèíîìèàëüíîé çàäà÷åé ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ áó-

äåì ïîíèìàòü çàäà÷ó ñëåäóþùåãî âèäà: íàéòè

inf P0(z) (1)

ïðè îãðàíè÷åíèÿõ

Pi(z) = 0, i = 1, . . . ,m, (2)

ãäå P0(z), Pi(z), i = 1, . . . ,m � ïîëèíîìèàëüíûå ôóíêöèè îò z.
Òî, ÷òî îãðàíè÷åíèÿ (2) çàäàíû â ôîðìå ðàâåíñòâ, ñóùåñòâåííî íå

îãðàíè÷èâàåò îáùíîñòü çàäà÷è, òàê êàê ëþáîå ïîëèíîìèàëüíîå íåðà-

âåíñòâî âèäà R(z) ≤ 0 ìîæíî ñâåñòè ê ïîëèíîìèàëüíîìó ðàâåíñòâó

R(z) + t2 = 0, ãäå t � äîïîëíèòåëüíàÿ ïåðåìåííàÿ.
Ââîäÿ íîâûå ïåðåìåííûå è èñïîëüçóÿ êâàäðàòè÷íûå ïîäñòàíîâêè âè-

äà z2
i = yi, zjk = zjzk, y

2
i = vi è ò. ï., ìîæíî ñíèçèòü ñòåïåíü ïîëèíîìîâ

â (1), (2) äî êâàäðàòè÷íîé, ðàññìàòðèâàÿ èõ êàê ôóíêöèè îò ðàñøèðåí-

íîãî ìíîæåñòâà ïåðåìåííûõ, ïðè ýòîì ïîÿâëÿþòñÿ íîâûå êâàäðàòè÷íûå

ðàâåíñòâà, ñîîòâåòñòâóþùèå óêàçàííûì âûøå ïîäñòàíîâêàì. Òàêèì îá-

ðàçîì, ëþáóþ çàäà÷ó âèäà (1)�(2) ìîæíî ñâåñòè ê êâàäðàòè÷íîé ýêñ-

òðåìàëüíîé çàäà÷å: íàéòè

inf
x
K0(x), x ∈ En, n ≥ n, (3)

ïðè îãðàíè÷åíèÿõ:

Ki(x) = 0, i = 1, . . . ,m; m ≥ m. (4)

ãäå Kν(x), ν = 0, 1, . . . ,m � êâàäðàòè÷íûå ôóíêöèè. Â ðàáîòå [1] äëÿ

ïîëó÷åíèÿ îöåíîê ñíèçó îïòèìàëüíîãî çíà÷åíèÿ öåëåâîé ôóíêöèè ïðåä-

ëîæåí ìåòîä, êîòîðûé áóäåì íàçûâàòü äâîéñòâåííûì, òàê êàê îí èñ-

ïîëüçóåò ìíîæèòåëè Ëàãðàíæà.



157

Ðàññìîòðèì ôóíêöèþ Ëàãðàíæà: L(x, u) = K0(x) +
m∑
i=1

uiKi(x) =

= (A(u)x, x) + (l(u), x) + c(u). Çäåñü A(u) � ñèììåòðè÷íûå ìàòðèöû

n×n, l(u) � âåêòîðû ðàçìåðíîñòè n, c(u) � êîíñòàíòû, çàâèñÿùèå îò âåê-
òîðà ìíîæèòåëåé Ëàãðàíæà u = {u1, . . . , um}. Ïóñòü Ω (Ω) � ìíîæåñòâî
òàêèõ çíà÷åíèé u = {u1, . . . , um}, ïðè êîòîðûõ ìàòðèöà A(u) ïî-
ëîæèòåëüíî îïðåäåëåííàÿ (íåîòðèöàòåëüíî îïðåäåëåííàÿ). Ïðè u ∈ Ω
min
x
L(x, u) = ψ(u) äîñòèãàåòñÿ â íåêîòîðîé òî÷êå x(u), ÿâëÿþùåéñÿ ðå-

øåíèåì ëèíåéíîé ñèñòåìû óðàâíåíèé

2A(u)x+ l(u) = 0. (5)

Îïðåäåëèì ψ(u) = L(x(u), u) ïðè u ∈ Ω. Äëÿ ëþáîãî äîïóñòèìîãî x
L(x, u) = K0(x), ïîýòîìó ψ(u) ≤ K0(x) äëÿ ïðîèçâîëüíîãî u. Îòñþäà
ψ∗ = sup

u∈Ω
ψ(u) ≤ K0(x) äëÿ ïðîèçâîëüíîãî äîïóñòèìîãî x, ò. å. ψ∗ ≤ f∗,

ãäå f∗ � îïòèìàëüíîå çíà÷åíèå öåëåâîé ôóíêöèè â çàäà÷å (3)�(4)

(åñëè ñèñòåìà óðàâíåíèé (4) íåñîâìåñòíà, áóäåì ñ÷èòàòü, ÷òî f∗ = +∞),

ψ(u) � âîãíóòàÿ ôóíêöèÿ íà Ω, Ω � âûïóêëîå, ëèáî ïóñòîå ìíîæåñòâî.

Â ïîñëåäíåì ñëó÷àå áóäåì ñ÷èòàòü, ÷òî ψ∗ = −∞.

Çàäà÷à íàõîæäåíèÿ ψ∗ = sup
u∈Ω

ψ(u) îòíîñèòñÿ ê âûïóêëîìó ïðîãðàì-

ìèðîâàíèþ. Äëÿ íåå ðàçðàáîòàíû äîâîëüíî ýôôåêòèâíûå àëãîðèòìû,

â ÷àñòíîñòè, õîðîøèå ïðàêòè÷åñêèå ðåçóëüòàòû äàë r-àëãîðèòì ñî ñïå-

öèàëüíîé ðåãóëèðîâêîé øàãîâîãî ìíîæèòåëÿ [2]. Çàäà÷è âèäà (1)�(2) è

ñîîòâåòñòâóþùèå èì (3)�(4) ìîãóò áûòü íåâûïóêëûìè è ìíîãîýêñòðå-

ìàëüíûìè. Ïîýòîìó íåëüçÿ â îáùåì ñëó÷àå ãàðàíòèðîâàòü ðàâåíñòâî

ψ∗ = f∗. Îäíèì èç ïîäõîäîâ ê ïîëó÷åíèþ ãëîáàëüíîãî îïòèìóìà ìîæåò

áûòü ìåòîä âåòâåé è ãðàíèö ñ èñïîëüçîâàíèåì óêàçàííûõ âûøå äâîé-

ñòâåííûõ îöåíîê. Ïðèìåðîì òàêîãî ïîäõîäà ìîæåò ñëóæèòü àëãîðèòì

íàõîæäåíèÿ ìàêñèìàëüíîãî âçâåøåííîãî íåçàâèñèìîãî ìíîæåñòâà âåð-

øèí ãðàôà, îïèñàííûé â [3]. Îäíàêî ìåòîä âåòâåé è ãðàíèö íå äëÿ âñåõ

çàäà÷ äîñòàòî÷íî ýôôåêòèâåí. Èíòåðåñíî èññëåäîâàòü òàêèå êëàññû ïî-

ëèíîìèàëüíûõ íåâûïóêëûõ çàäà÷, äëÿ êîòîðûõ ψ∗ = f∗. Îòìåòèì, ÷òî
ïðè ïåðåõîäå îò ïîëèíîìèàëüíûõ çàäà÷ ê êâàäðàòè÷íûì ìîæíî èñïîëü-

çîâàòü ðàçëè÷íûå êâàäðàòè÷íûå ïîäñòàíîâêè è â çàâèñèìîñòè îò ýòîãî

áóäåò ìåíÿòüñÿ ψ∗. Êðîìå òîãî, ìîæíî ãåíåðèðîâàòü íîâûå îãðàíè÷å-

íèÿ, êîòîðûå ÿâëÿþòñÿ àëãåáðàè÷åñêèìè ñëåäñòâèÿìè ïðåæíèõ, îñòàâ-

ëÿÿ îáëàñòü äîïóñòèìûõ ðåøåíèé áåç èçìåíåíèÿ. Ïðè ýòîì äâîéñòâåí-

íûå îöåíêè íå óáûâàþò, à â íåêîòîðûõ ñëó÷àÿõ âîçðàñòàþò, è óâåëè÷è-

âàþòñÿ øàíñû ñîâïàäåíèÿ ψ∗ è f∗.
Ëåãêî äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1. Åñëè ψ∗ = sup
u∈Ω

ψ(u) äîñòèãàåòñÿ íà ìíîæåñòâå Ω,

òî ψ∗ = f∗.

Äîêàçàòåëüñòâî. Ãðàäèåíò ôóíêöèè ψ(u) ïðè u ∈ Ω ñîâïàäàåò ñ âåê-

òîðîì íåâÿçîê

gψ(u) = {Ki(x(u))}mi=1 .

Åñëè ìàêñèìóì ψ(u) äîñòèãàåòñÿ â íåêîòîðîé òî÷êå u∗ ∈ Ω, òî

Ki(x(u∗)) = 0, i = 1, . . . ,m, ò. å. x(u∗) � äîïóñòèìàÿ òî÷êà, ïðè ýòîì

f∗ ≤ K0(x(u∗)) = ψ(u∗) = ψ∗. Íî ψ∗ � íèæíÿÿ îöåíêà äëÿ f∗. Îòñþäà
ñëåäóåò, ÷òî f∗ = ψ∗, ÷òî è òðåáîâàëîñü äîêàçàòü.

Òàêèì îáðàçîì, åñëè ψ∗ < f∗, òî ñóïðåìóì ψ(u) äîñòèãàåòñÿ íà ãðà-
íèöå îáëàñòè Ω. Ïóñòü u∗ � òî÷êà íà Ω\Ω, â ëþáîé îêðåñòíîñòè êîòîðîé
ïðè çàäàííîì ïðîèçâîëüíî ε > 0 íàéäóòñÿ òî÷êè u ∈ Ω, äëÿ êîòîðûõ

ñïðàâåäëèâî ψ∗ − ψ(u) < ε. Ïðè ýòîì ðàíã ìàòðèöû A(u∗) äîëæåí ñîâ-
ïàäàòü ñ ðàíãîì ïðèñîåäèíåííîé ìàòðèöû (A(u∗)|l(u∗)), ò. å. ñèñòåìà (5)
äîëæíà èìåòü ïðè u = u∗ ðåøåíèå. Ïîÿñíèì ñêàçàííîå íà ïðèìåðàõ.

I. Íàéòè min [(Ax, x) + (c, x)] ïðè îãðàíè÷åíèÿõ (x, x) − 1 = 0,
x ∈ En.

Ïðèâåäåì ìàòðèöó A ê äèàãîíàëüíîìó âèäó ïóòåì îðòîãîíàëüíîãî

ïðåîáðàçîâàíèÿ. Ïîëó÷àåì â íîâûõ ïåðåìåííûõ y = {y1, . . . , yn} ñëåäó-
þùóþ çàäà÷ó: íàéòè minK0(y), ãäå

K0(y) =
n∑
i=1

λiy
2
i +

n∑
i=1

aiyi, (6)

ïðè îãðàíè÷åíèÿõ

K1(y) =
n∑
i=1

y2
i − 1 = 0. (7)

Ïóñòü λ1, . . . , λn � ñîáñòâåííûå ÷èñëà ìàòðèöû A, çàïèñàííûå â

íåóáûâàþùåì ïîðÿäêå ñ ó÷åòîì èõ êðàòíîñòè, è ìèíèìàëüíîå ñîá-

ñòâåííîå ÷èñëî èìååò êðàòíîñòü 1. Ðàññìîòðèì ôóíêöèþ Ëàãðàíæà

çàäà÷è (6)�(7):

L(y, u) = K0(y) + uK1(y).

Ïðè u > −λ1 L(y, u) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. L(y, u)
ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå:

L(y, u) =
n∑
i=1

(λi + u)
(
yi +

ai
2(λi + u)

)2

−
n∑
i=1

a2
i

4(λi + u)
− u.
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Ïðè u+ λ1 > 0

ψ(u) = min
x
L(x, u) = −1

4

n∑
i=1

a2
i

λi + u
− u.

Åñëè a1 6= 0, òî ïðè u > −λ1, u → −λ1, ψ(u) → −∞, ïðè u → +∞,

ψ(u) → −∞. Òàêèì îáðàçîì, maxψ(u) äîñòèãàåòñÿ â îáëàñòè ïîëîæè-

òåëüíîé îïðåäåëåííîñòè: −λ1 < u∗ < +∞, è åìó ñîîòâåòñòâóåò ãëî-

áàëüíûé ýêñòðåìóì çàäà÷è (6)�(7). Åñëè a1 = 0, òî max
u

ψ(u) ìîæåò

äîñòèãàòüñÿ êàê íà ãðàíèöå îáëàñòè ïîëîæèòåëüíîé îïðåäåëåííîñòè

(u + λ1 = 0), òàê è âíóòðè, ïðè ýòîì ψ∗ = f∗. Àíàëîãè÷íûå ðàññóæ-
äåíèÿ ïðîõîäÿò è â ñëó÷àå êðàòíûõ ñîáñòâåííûõ ÷èñåë ìàòðèöû A.

II. Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè ïîëèíîìà 4-é ñòåïåíè îò îäíîé

ïåðåìåííîé

min(x4 + ax2 + bx).

Ïðîèçâåäåì ïîäñòàíîâêó: x2 − y = 0. Ïîëó÷àåì ñëåäóþùóþ êâàäðàòè÷-

íóþ çàäà÷ó:

min(y2 + ay + bx)

ïðè îãðàíè÷åíèè x2 − y = 0. Ôóíêöèÿ Ëàãðàíæà èìååò ñëåäóþùèé âèä
(ïðè u > 0):

L(x, y, u) = y2 + ay + bx+ u(x2 − y) =

=
(
y +

a− u

2

)2

+ u

(
x+

b

2u

)2

−
(
a− u

2

)2

− b2

4u
.

Ïðè u > 0 (â îáëàñòè ïîëîæèòåëüíîé îïðåäåëåííîñòè ïî y, x ôóíêöèè

Ëàãðàíæà) ψ(u) = −
(
a− u

2

)2

− b2

4u
. Ïðè b 6= 0, u → +0, ψ(u) → −∞.

Ïðè u → +∞, ψ(u) → −∞. Çíà÷èò, max
u>0

ψ(u) äîñòèãàåòñÿ â òî÷êå u∗,

0 < u∗ < +∞ îáëàñòè Ω : u > 0 è åìó áóäåò ñîîòâåòñòâîâàòü åäèíñòâåí-

íûé ãëîáàëüíûé îïòèìóì x = − b

2u∗
. Ïðè b = 0, a ≥ 0, èìååì u∗ = a,

ψ(u∗) = 0, x∗ = 0. Ïðè b = 0, a < 0, sup
u≥0

ψ(u) äîñòèãàåòñÿ â òî÷êå íà

ãðàíèöå Ω, u∗ = 0, ïðè ýòîì y∗ = x∗
2

= −a
2
, ψ∗ = −a

2

4
, ÷òî ñîîòâåò-

ñòâóåò äâóì ðàçëè÷íûì ãëîáàëüíûì ìèíèìóìàì: x∗ = ±
√
−a

2
. Òàêèì

îáðàçîì, âî âñåõ ñëó÷àÿõ sup
u>0

ψ(u) = ψ∗ = f∗.
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Îêàçûâàåòñÿ, ÷òî ðåçóëüòàò, ïîëó÷åííûé äëÿ ìíîãî÷ëåíîâ 4-é ñòåïå-

íè ìîæíî îáîáùèòü íà ìíîãî÷ëåíû îò îäíîé ïåðåìåííîé ïðîèçâîëüíîé

÷åòíîé ñòåïåíè. Ðàññìîòðèì ìíîãî÷ëåí ÷åòíîé ñòåïåíè 2n, n ≥ 1, îò
ïåðåìåííîé x1, ó êîòîðîãî êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè ðàâåí 1:

P2n(x1) = x2n
1 +

2n∑
k=1

a2n−kx2n−k
1 . (8)

Ââåäåì îáîçíà÷åíèÿ: xk = xk1 ; k = 0, 1, . . . , n. Â ýòèõ îáîçíà÷åíèÿõ (çà-

ìåòèì, ÷òî x0 = 1) çàäà÷à ìèíèìèçàöèè P2n(x1) ïðåâðàùàåòñÿ â êâàä-
ðàòè÷íóþ ýêñòðåìàëüíóþ çàäà÷ó ñëåäóþùåãî âèäà:

íàéòè ìèíèìóì

K2n(x) = x2
n +

n−1∑
k=1

a2n−kxnxn−k +
n∑
i=0

an−ixn−i (9)

ïðè îãðàíè÷åíèÿõ:

xpxq − xrxs = 0, p+ q = r + s ≤ 2n− 2, p ≥ q, p > r ≥ s, (10)

ãäå p, q, r, s � íåîòðèöàòåëüíûå öåëûå ÷èñëà. Âûðàæåíèå, ñòîÿùåå â
ëåâîé ÷àñòè ðàâåíñòâ âèäà (10), îáîçíà÷èì R(p, q; r, s), ìíîæåñòâî ðàç-
ëè÷íûõ äîïóñòèìûõ ÷åòâåðîê (p, q; r, s) â (10) îáîçíà÷èì Q2n.

Çàìå÷àíèå. Î÷åâèäíî, ÷òî ñðåäè ðàâåíñòâ âèäà (10) ÷àñòü ÿâëÿåòñÿ àë-

ãåáðàè÷åñêè èçáûòî÷íûìè, íåêîòîðûå ðàâåíñòâà ÿâëÿþòñÿ äàæå ëèíåé-

íûìè ñëåäñòâèÿìè äðóãèõ, èìåííî èõ ìîæíî îòáðîñèòü áåç óùåðáà äëÿ

äàëüíåéøèõ ðàññóæäåíèé. Ìû ñîçíàòåëüíî ñîõðàíÿåì âñå ìíîæåñòâî

âûðàæåíèé R(p, q; r, s) äëÿ óïðîùåíèÿ îáîçíà÷åíèé è äîêàçàòåëüñòâ.
Êàæäîìó ðàâåíñòâó âèäà R(p, q; r, s) = 0 ñîïîñòàâèì ìíîæèòåëü

Ëàãðàíæà λ(p, q; r, s). Ñîâîêóïíîñòü ìíîæèòåëåé Ëàãðàíæà îáðàçóåò

âåêòîð λ.
Ïóñòü x = (x1, . . . , xn), x0 = 1.
Îáðàçóåì ôóíêöèþ Ëàãðàíæà êâàäðàòè÷íîé çàäà÷è (9)�(10):

L(x, λ) = K2n(x) +
∑

(p,q; r,s)∈Q2n

λ(p, q; r, s)R(p, q; r, s).

Ïóñòü Ω(P2n) (Ω(P2n)) � ìíîæåñòâî òàêèõ âåêòîðîâ λ, ïðè êîòîðûõ

êâàäðàòè÷íàÿ ïî x ôóíêöèÿ L(x, λ) ÿâëÿåòñÿ ïîëîæèòåëüíî (íåîò-

ðèöàòåëüíî) îïðåäåëåííîé. Ôóíêöèÿ ψ(λ) = min
x
L(x, λ) îïðåäåëåíà
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ïðè λ ∈ Ω(P2n). Åñëè ñóïðåìóì ψ(λ) ïðè λ ∈ Ω(P2n) ñîâïàäàåò ñ

f∗ = min
x1

P (x1), òî áóäåì ãîâîðèòü, ÷òî P2n îáëàäàåò ω-ñâîéñòâîì. Åñ-

ëè ýòîò ñóïðåìóì äîñòèãàåòñÿ íà λ∗ ∈ Ω(P2n), òî áóäåì ãîâîðèòü, ÷òî

ïîëèíîì P2n îáëàäàåò ñèëüíûì ω-ñâîéñòâîì, ïðè ýòîì (ñì. òåîðåìó 1)

ψ(λ∗) ñîâïàäàåò ñ f∗, ò. å. P2n îáëàäàåò ω-ñâîéñòâîì.
Ïîêàæåì, ÷òî ω-ñâîéñòâî ñîõðàíÿåòñÿ ïðè ñäâèãå íà÷àëà êîîðäèíàò.

Èòàê, ñïðàâåäëèâà

Òåîðåìà 2. (Î ñäâèãå). Åñëè P (x1) îáëàäàåò ω-ñâîéñòâîì, òî è ïîëè-

íîì P (x1) = P (x1 + a) îáëàäàåò ω-ñâîéñòâîì ïðè ïðîèçâîëüíîì a.

Äîêàçàòåëüñòâî. Ââåäåì ïåðåìåííóþ x1 = x1 − a. Òîãäà P (x1) =
= P (x1). Òàêèì îáðàçîì, ïåðåõîä îò ïîëèíîìà P ê P ñâîäèòñÿ ê ïîä-

ñòàíîâêå: x1 = x1 + a â P (x1). Åñëè îïðåäåëèòü xk = x1
k, k = 1, . . . , n,

òî äëÿ xk ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ:

xk = (x1 + a)k =
k∑
i=0

Cika
ixk−i. (11)

Äëÿ ïðîäîëæåíèÿ äîêàçàòåëüñòâà íàì ïîíàäîáÿòñÿ äâå ëåììû.

Ëåììà 1. Ïóñòü çàäàíà ñèñòåìà ðàâåíñòâ âèäà

yi − yj = 0; i, j = 1, . . . , k; i 6= j. (12)

Òîãäà ëþáàÿ ëèíåéíàÿ ôîðìà l(y) =
k∑
i=1

ciyi ïðè óñëîâèè
k∑
i=1

ci = 0 ìî-

æåò áûòü çàïèñàíà â âèäå ëèíåéíîé êîìáèíàöèè ëåâûõ ÷àñòåé ðà-

âåíñòâ (12).

Äîêàçàòåëüñòâî. Ïðè k = 1 ëåììà òðèâèàëüíà. Äëÿ k > 1 ëåãêî åå

äîêàçàòü èíäóêöèåé îò n ê n+ 1, èñïîëüçóÿ ïðîñòîå òîæäåñòâî

n+1∑
i=1

ciyi =
n−1∑
i=1

ciyi + (cn + cn+1)yn + cn+1(yn+1 − yn).

Ëåììà 2. Ëþáîå âûðàæåíèå âèäà xsxq − xpxr; s+ q = p+ r, ãäå s, q,
p, r � öåëûå íåîòðèöàòåëüíûå ÷èñëà, ïðè ïîäñòàíîâêàõ âèäà (11) ïå-

ðåõîäÿò â âûðàæåíèÿ îò ïåðåìåííûõ x0, x1, . . . , xn, ïðåäñòàâëÿþùèå
ñîáîé ëèíåéíóþ êîìáèíàöèþ âûðàæåíèé âèäà xsxq−xp xr, s+q = p+r;
s, q, p, r � öåëûå íåîòðèöàòåëüíûå ÷èñëà.
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Äîêàçàòåëüñòâî. Èñïîëüçóåì ðàâåíñòâà (11):

xsxq − xpxr =

(
s∑
i=0

aiCis xs−i

) q∑
j=0

ajCjqxq−j

−

−
(

p∑
i=0

aiCipxp−i

) r∑
j=0

ajCjrxr−j

 =

=
s+q∑
t=0

at

 ∑
i,j:i+j=t

CisC
j
qxs−i xq−j −

∑
i,j:i+j=t

CipC
j
r xp−ixr−j

 .

Êàê ñëåäóåò èç áèíîìèàëüíûõ òîæäåñòâ è ðàâåíñòâà s+ q = p+ r,∑
i,j:i+j=t

CisC
j
q −

∑
i,j:i+j=t

CipC
j
r = Cts+q − Ctp+r = 0.

Èñïîëüçóÿ ëåììó 1 ìíîãîêðàòíî ïðè ðàçëè÷íûõ t, ïîëó÷àåì, ÷òî âûðà-
æåíèå xsxq−xpxr ïðåäñòàâèìî â âèäå ëèíåéíîé êîìáèíàöèè âûðàæåíèé
âèäà xsxq − xpxr, s + q = p + r, s, q, p, r � öåëûå íåîòðèöàòåëüíûå

÷èñëà. Ëåììà äîêàçàíà.

Ïðîäîëæèì äîêàçàòåëüñòâî òåîðåìû.

Ïîëèíîì P (x1) îáëàäàåò ω-ñâîéñòâîì. Ýòî çíà÷èò, ÷òî íàéäåòñÿ âåê-
òîð ìíîæèòåëåé Ëàãðàíæà λ∗ òàêîé, ÷òî ôóíêöèÿ Ëàãðàíæà L(x, λ)
êâàäðàòè÷íîé çàäà÷è (9)�(10) ïðè λ = λ∗ ÿâëÿåòñÿ íåîòðèöàòåëüíî

îïðåäåëåííîé ïî x è ψ(λ∗) = f∗, ãäå f∗ = min
x1

P (x1). Ïîäñòàâèì â

L(x, λ∗) âìåñòî êîìïîíåíò âåêòîðà x âûðàæåíèÿ èç (11). (Ôîðìóëû (11)

ìîæíî ðàññìàòðèâàòü êàê ïåðåõîä îò îäíîé ñèñòåìû êîîðäèíàò ê äðó-

ãîé.) Ïîëó÷èì êâàäðàòè÷íóþ îòíîñèòåëüíî x ôóíêöèþ L(x, λ∗), è òàê

êàê ïîëîæèòåëüíî (íåîòðèöàòåëüíî) îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôóíê-

öèÿ ïðè íåîñîáûõ ëèíåéíûõ ïðåîáðàçîâàíèÿõ êîîðäèíàò ïåðåõîäèò â

ïîëîæèòåëüíî (íåîòðèöàòåëüíî) îïðåäåëåííóþ ôóíêöèþ, òî L(x, λ∗)
áóäåò íåîòðèöàòåëüíî îïðåäåëåííîé. Çàìåòèì, ÷òî îáëàñòè çíà÷åíèé

L(x, λ∗) è L(x, λ∗) ñîâïàäàþò, îòêóäà ψ∗ = min
x
L(x, λ∗) = f∗. Ñ äðó-

ãîé ñòîðîíû, èñïîëüçóÿ ëåììó 2, ïðèõîäèì ê âûâîäó, ÷òî âûðàæåíèå

L(x, λ∗) ìîæåò áûòü çàïèñàíî â ôîðìå ôóíêöèè Ëàãðàíæà êâàäðàòè÷-
íîé çàäà÷è, ñîîòâåòñòâóþùåé íàõîæäåíèþ minP (x1):
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minK(x) (13)

ïðè îãðàíè÷åíèÿõ

xpxq − xrxs = 0, (p, q; r, s) ∈ Q2n, (14)

ãäå K(x) � ðåçóëüòàò ïîäñòàíîâêè â K2n(x) (9) âìåñòî êîìïîíåíò âåêòî-
ðà x âûðàæåíèé (11); ïðè ýòîì ñîîòâåòñòâóþùèå ìíîæèòåëè Ëàãðàíæà

ëèíåéíî âûðàæàþòñÿ ÷åðåç êîìïîíåíòû λ∗. Òàêèì îáðàçîì, äëÿ çàäà÷è

(13), (14) ñóùåñòâóåò âåêòîð ìíîæèòåëåé Ëàãðàíæà λ∗, ïðè êîòîðîì ñî-

îòâåòñòâóþùàÿ êâàäðàòè÷íàÿ ôóíêöèÿ îò x íåîòðèöàòåëüíî îïðåäåëå-

íà è åå ìèíèìóì ñîâïàäàåò ñ f∗ çíà÷åíèåì ìèíèìóìà ïîëèíîìîâ P (x1)
è P (x1). Çíà÷èò, ïîëèíîì P òàêæå îáëàäàåò ω-ñâîéñòâîì. Òåîðåìà 2 î
ñäâèãå äîêàçàíà.

Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíîãî ðåçóëüòàòà.

Òåîðåìà 3. Ëþáîé ïîëèíîì P2n(x1) âèäà (8) ÷åòíîé ñòåïåíè îáëàäàåò
ω-ñâîéñòâîì.

Äîêàçàòåëüñòâî. Äëÿ n = 2 ω-ñâîéñòâî äîêàçàíî (ñì. ïðèìåð 2).

Ïðîâåäåì äîêàçàòåëüñòâî òåîðåìû èíäóêöèåé ïî n. Ïóñòü ω-ñâîéñòâî
ñïðàâåäëèâî äëÿ ïîëèíîìîâ âèäà (8) ñòåïåíè 2n. Äîêàæåì åãî ñïðà-

âåäëèâîñòü äëÿ ïîëèíîìîâ ñòåïåíè 2(n+1). Ïî òåîðåìå 2 (î ñäâèãå)

ω-ñâîéñòâî ñîõðàíÿåòñÿ ïðè ñäâèãå àðãóìåíòà, ïîýòîìó ìîæíî ïðåä-

ïîëîæèòü, íå óìåíüøàÿ îáùíîñòè, ÷òî ãëîáàëüíûé ìèíèìóì íà-

õîäèòñÿ â 0 è çíà÷åíèå ïîëèíîìà â 0 ðàâíî 0. Îòñþäà áóäåò ñëåäî-

âàòü, ÷òî ó ðàññìàòðèâàåìîãî ïîëèíîìà P 0
2n+2(x1) êîýôôèöèåíòû

ïðè ìëàäøèõ ñòåïåíÿõ a0 = a1 = 0 è a2 ≥ 0, ò. å. îí ïðåäñòàâèì â âèäå

P 0
2n+2(x1) = x2

1 · P2n(x1), ïðè÷åì ïîëèíîì P2n(x1) ïðèíèìàåò íåîòðèöà-
òåëüíûå çíà÷åíèÿ íà âñåé îñè. Ïî ïðåäïîëîæåíèþ èíäóêöèè äëÿ P2n(x1)
âûïîëíÿåòñÿ ω-ñâîéñòâî, ò. å. äëÿ ñîîòâåòñòâóþùåé êâàäðàòè÷íîé çàäà-
÷è íàéäåòñÿ âåêòîð ìíîæèòåëåé Ëàãðàíæà λ∗, ïðè êîòîðîì ôóíêöèÿ

Ëàãðàíæà L2n(x, λ∗) áóäåò ïðèíèìàòü íåîòðèöàòåëüíûå çíà÷åíèÿ ïðè

ëþáîì x, ò. å. ìîæåò áûòü çàïèñàíà â âèäå L∗2n(x) =
n∑
i=1

li(x) + r2, ãäå

li(x) � ëèíåéíûå ôóíêöèè îò (x1, . . . , xn), r2 � íåîòðèöàòåëüíàÿ êîíñòàí-
òà.

Ðàññìîòðèì âûðàæåíèå x2
1L

∗
2n(x). Åìó ñîîòâåòñòâóåò êâàäðàòè÷íàÿ

ôîðìà

L∗2n+2(x) =
n∑
i=1

l
2

i (x) + r2x2
1,
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ãäå li(x) � ëèíåéíàÿ ôóíêöèÿ îò ïåðåìåííûõ x1, . . . , xn, xn+1, ñëå-

äóþùèì îáðàçîì ïîëó÷àþùàÿñÿ èç li: åñëè li(x) =
n∑
j=1

lijxj + li0, òî

li(x) =
n∑
j=0

lijxj+1. Ëåãêî âèäåòü, ÷òî L
∗
2n+2(x) ïîëó÷àåòñÿ èç ôóíêöèè

Ëàãðàíæà êâàäðàòè÷íîé çàäà÷è, ñîîòâåòñòâóþùåé ìèíèìèçàöèè ïîëè-

íîìà P 0
2n+2(x1) ïðè òåõ æå çíà÷åíèÿõ ìíîæèòåëåé Ëàãðàíæà, êîòîðûå

îáðàçóþò âåêòîð λ∗, îäíàêî ýòè çíà÷åíèÿ îòíîñÿòñÿ ê ¾ïðåîáðàçîâàí-

íûì¿ îãðàíè÷åíèÿì: îãðàíè÷åíèÿì âèäà xpxq − xrxs = 0, îòíîñÿùèì-
ñÿ ê çàäà÷å ìèíèìèçàöèè P2n(x1), áóäóò ñîîòâåòñòâîâàòü îãðàíè÷åíèÿ
xp+1xq+1 − xr+1xs+1 = 0 â çàäà÷å ìèíèìèçàöèè P 0

2n+2(x1). Ìèíèìàëü-

íîå çíà÷åíèå L∗2n+2(x) äîñòèãàåòñÿ ïðè x = 0 è ðàâíî 0. Òàêèì îáðàçîì,

ïðè îïðåäåëåííûõ çíà÷åíèÿõ ìíîæèòåëåé Ëàãðàíæà êâàäðàòè÷íîé çà-

äà÷è, ñîîòâåòñòâóþùåé ìèíèìèçàöèè ïîëèíîìà P 0
2n+2(x1), ïîëó÷àåòñÿ

òî÷íàÿ îöåíêà, ò. å. ïîëèíîì P 0
2n+2(x1) îáëàäàåò ω-ñâîéñòâîì. Ïî òåîðå-

ìå î ñäâèãå ýòèì æå ñâîéñòâîì áóäåò îáëàäàòü ïðîèçâîëüíûé ïîëèíîì

P2n+2(x1) ñòåïåíè 2n + 2 ñ êîýôôèöèåíòîì, ðàâíûì 1, ïðè ñòàðøåì

÷ëåíå. Òåîðåìà 3 äîêàçàíà.

Ñäåëàåì íåñêîëüêî çàìå÷àíèé.

1. Ñâåäåíèå çàäà÷è ìèíèìèçàöèè P2n(x1) ê êâàäðàòè÷íîé çàäà÷å

íåîäíîçíà÷íî, ýòî ñâÿçàíî ñ íåîäíîçíà÷íîñòüþ ïðåäñòàâëåíèÿ xk1 , íà-
ïðèìåð, x5

1 = x1x4 = x2x3 = x5 è ò. ï. Â çàâèñèìîñòè îò ïðèíÿòîãî

ïðåäñòàâëåíèÿ èçìåíÿþòñÿ îïòèìàëüíûå ìíîæèòåëè Ëàãðàíæà, îäíàêî

ω-ñâîéñòâî îò êîíêðåòíîãî ïðåäñòàâëåíèÿ íå çàâèñèò.

2. Ìèíèìàëüíîå ÷èñëî îãðàíè÷åíèé, êîòîðûå íóæíî ó÷èòûâàòü ïðè

ôîðìóëèðîâêå ýêâèâàëåíòíîé êâàäðàòè÷íîé çàäà÷è ïðè ìèíèìèçàöèè

P2n(x1), ðàâíî (n−1), òàê êàê íóæíî îïðåäåëèòü ïåðåìåííûå x2, . . . , xn.
Îñòàëüíûå îãðàíè÷åíèÿ èçáûòî÷íû, ò. å. èõ äîáàâëåíèå íå ñóæàåò îá-

ëàñòè äîïóñòèìûõ ðåøåíèé. Ðîëü èçáûòî÷íûõ îãðàíè÷åíèé ñîñòîèò â

ðàñøèðåíèè ÷èñëà äâîéñòâåííûõ ïåðåìåííûõ ôóíêöèè Ëàãðàíæà, ÷òî

ïðèâîäèò, âîîáùå ãîâîðÿ, ê áîëåå òî÷íûì îöåíêàì. Äîáàâëåíèå îãðà-

íè÷åíèÿ, êîòîðîå ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé èìåþùèõñÿ, íå îòðà-

æàåòñÿ íà òî÷íîñòè äâîéñòâåííûõ îöåíîê, òàê êàê ¾âêëàä¿ ýòîãî îãðà-

íè÷åíèÿ â ôóíêöèþ Ëàãðàíæà ýêâèâàëåíòåí îïðåäåëåííîìó èçìåíåíèþ

ìíîæèòåëåé Ëàãðàíæà ïðè èìåþùèõñÿ îãðàíè÷åíèÿõ.

3. Èçáûòî÷íîñòü ÷èñëà îãðàíè÷åíèé ïðèâîäèò, êàê ïðàâèëî, ê íåîä-

íîçíà÷íîñòè âåêòîðà îïòèìàëüíûõ ìíîæèòåëåé Ëàãðàíæà λ∗. Ïî ãåî-
ìåòðè÷åñêîìó ñìûñëó îïòèìàëüíûõ ìíîæèòåëåé Ëàãðàíæà � ýòî êî-

ýôôèöèåíòû ðàçëîæåíèÿ ïî ãðàäèåíòàì îãðàíè÷åíèé îðòîãîíàëüíîãî

ê ìíîãîîáðàçèþ, âûðåçàåìîãî îãðàíè÷åíèÿìè, àíòèãðàäèåíòà öåëåâîé
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ôóíêöèè â îïòèìàëüíîì òî÷êå. Ïðè íåîäíîçíà÷íîñòè ðàçëîæåíèÿ ñîâî-

êóïíîñòü äîïóñòèìûõ âåêòîðîâ êîýôôèöèåíòîâ îáðàçóåò ëèíåéíîå ìíî-

ãîîáðàçèå. Ïåðåñå÷åíèå ýòîãî ìíîãîîáðàçèÿ ñ Ω(P ) è äàåò ìíîæåñòâî

îïòèìàëüíûõ âåêòîðîâ Ëàãðàíæà.

Âåñüìà ïðàâäîïîäîáíûì êàæåòñÿ ïðåäïîëîæåíèå, ÷òî ïðè ìèíèìè-

çàöèè ïîëèíîìèàëüíîé ôóíêöèè ìíîãèõ ïåðåìåííûõ P (x1, . . . , xn) ïó-
òåì ïîñòðîåíèÿ ýêâèâàëåíòíîé êâàäðàòè÷íîé çàäà÷è ïðè èñïîëüçîâà-

íèè ôèêñèðîâàííîãî ìíîæåñòâà èçáûòî÷íûõ îãðàíè÷åíèé ïîëó÷àåòñÿ

òî÷íàÿ äâîéñòâåííàÿ îöåíêà çíà÷åíèÿ ãëîáàëüíîãî ìèíèìóìà (àíàëîã

òåîðåìû 3). Åñëè ýòî ïðåäïîëîæåíèå óäàñòñÿ äîêàçàòü, òî â àðñåíàëå

ìåòîäîâ íàõîæäåíèÿ ãëîáàëüíîãî ìèíèìóìà ïîëèíîìèàëüíûõ ôóíêöèé

îò íåñêîëüêèõ ïåðåìåííûõ ïîÿâèòñÿ ìåòîä, îñíîâàííûé íà äâîéñòâåí-

íûõ îöåíêàõ. Ýòîò ìåòîä ìîæíî â ðàçëè÷íûõ ôîðìàõ êîìáèíèðîâàòü

ñ ìåòîäîì âåòâåé è ãðàíèö è ìåòîäîì ðåëàêñàöèè îãðàíè÷åíèé. Åùå

áîëüøèé èíòåðåñ ïðåäñòàâëÿåò îáîáùåíèå íàìå÷åííîé â äàííîé ñòàòüå

òåîðèè íà îáùèé êëàññ ïîëèíîìèàëüíûõ çàäà÷ ñ îãðàíè÷åíèÿìè âèäà

(1), (2). Ìîæíî ëè â îáùåì ñëó÷àå äàòü ñïîñîá ãåíåðàöèè èçáûòî÷íîé

ñèñòåìû îãðàíè÷åíèé, ÷òîáû ãàðàíòèðîâàòü, ÷òî äâîéñòâåííàÿ îöåíêà

îêàæåòñÿ òî÷íîé? Â íàñòîÿùåå âðåìÿ èäåò ýêñïåðèìåíòàëüíîå èññëåäî-

âàíèå ýôôåêòèâíîñòè ïðåäëîæåííîé ìåòîäèêè äâîéñòâåííûõ îöåíîê íà

ðÿäå êëàññîâ ýêñòðåìàëüíûõ çàäà÷ òåîðèè ãðàôîâ è íåâûïóêëûõ êâàä-

ðàòè÷íûõ çàäà÷ ñ ëèíåéíûìè îãðàíè÷åíèÿìè [3].
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Îá îäíîì êëàññå îöåíîê ãëîáàëüíîãî
ìèíèìóìà ïîëèíîìèàëüíûõ ôóíêöèé

Í. Ç. Øîð

Êèáåðíåòèêà. � 1987. � � 6. � Ñ. 9�11.

Ïóñòü En � n-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî, íà êîòîðîì îïðåäåëå-

íà ïîëèíîìèàëüíàÿ âåùåñòâåííàÿ ôóíêöèÿ P (x) = P (x1, . . . , xn). Ðàñ-
ñìîòðèì çàäà÷ó íàõîæäåíèÿ f∗ = inf

x∈En
P (x1, . . . , xn). Åñëè f∗ > −∞,

ò. å. P (x) îãðàíè÷åíà ñíèçó, òî íàçîâåì åå ÎÑ-ôóíêöèåé. Òàê êàê

ïîëèíîì íå÷åòíîé ñòåïåíè îò îäíîé ïåðåìåííîé ìîæåò ïðèíèìàòü

ñêîëü óãîäíî áîëüøèå ïî àáñîëþòíîé âåëè÷èíå ïîëîæèòåëüíûå

è îòðèöàòåëüíûå çíà÷åíèÿ, òî äëÿ òîãî, ÷òîáû P (x) áûëà ÎÑ-ôóíê-
öèåé, íåîáõîäèìî, ÷òîáû äëÿ ëþáîãî i ≤ n ñòàðøèå ñòåïåíè si ïå-

ðåìåííûõ xi áûëè ÷åòíûìè, à çíà÷åíèÿ êîýôôèöèåíòîâ ïðè íèõ

ïðè ëþáûõ çíà÷åíèÿõ îñòàëüíûõ ïåðåìåííûõ ïðèíèìàëè íåîòðèöà-

òåëüíûå çíà÷åíèÿ. ÎÑ-ôóíêöèÿìè äîëæíû òàêæå ÿâëÿòüñÿ ôóíêöèè

P (x; xi = c) îò (n − 1)-ïåðåìåííîé, êîòîðûå ïîëó÷àþòñÿ èç P (x), åñ-
ëè ïðèäàòü ïðîèçâîëüíîé ïåðåìåííîé xi (i ≤ n) îïðåäåëåííîå çíà÷åíèå
xi = c. Ïðîâåðêà òîãî, ÷òî äàííàÿ ïîëèíîìèàëüíàÿ ôóíêöèÿ P (x) ÿâ-
ëÿåòñÿ ÎÑ-ôóíêöèåé, � äàëåêî íå òðèâèàëüíàÿ çàäà÷à.

Ïóñòü si = 2li; i = 1, . . . , n. Ðàññìîòðèì öåëî÷èñëåííûå âåêòîðû

α = {α1, . . . , αn} ñ íåîòðèöàòåëüíûìè ýëåìåíòàìè è îäíî÷ëåííûå âûðà-
æåíèÿ âèäà

R[α] = xα1 . . . xαn
n , ãäå 0 ≤ αi ≤ li; i = 1, . . . , n. (1)

Èìååì ñèñòåìó òîæäåñòâåííûõ ñîîòíîøåíèé

R[α(1)
1 , . . . , α(1)

n ]R[α(2)
1 , . . . , α(2)

n ]−
−R[α(3)

1 , . . . , α(3)
n ]R[α(4)

1 , . . . , α(4)
n ] = 0 (2)

(èëè R[α(1)]R[α(2)]−R[α(3)]R[α(4)] = 0) ïðè α(1)
i +α

(2)
i = α

(3)
i +α

(4)
i ≤ si,

i = 1, . . . , n. Ëþáîé ïîëèíîì P (x) = P (x1, . . . , xn) ñî ñòàðøèìè ñòåïå-

íÿìè ïðè xi, ðàâíûìè si = 2li, i = 1, . . . , n, ìîæåò áûòü íåîäíîçíà÷íî,
âîîáùå ãîâîðÿ, çàïèñàí â âèäå êâàäðàòè÷íîé ôóíêöèè îò ïåðåìåííûõ

R[α(ν)] (ñì. (1)) ñëåäóþùåãî âèäà:
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P (x) = K(R, λ) =
∑
i,j

cijR[α(i)]R[α(j)]+

+
∑

(k,l;m,n)

λk,l;m,n

(
R[α(k)]R[α(l)]−R[α(m)]R[α(n)]

)
,

ãäå R[α(i)]R[α(j)] � íåêîòîðîå ïðåäñòàâëåíèå îäíî÷ëåíà ïîëèíîìà P (x) â
âèäå ïðîèçâåäåíèÿ îäíî÷ëåíîâ âèäà (1); cij � ñîîòâåòñòâóþùèå êîýôôè-
öèåíòû; λk,l;m,n � ïðîèçâîëüíûå ìíîæèòåëè ïðè ëåâûõ ÷àñòÿõ òîæäå-

ñòâåííûõ ñîîòíîøåíèé (2). Ñ äðóãîé ñòîðîíû, K(R, λ) ìîæíî ðàññìàò-
ðèâàòü êàê ôóíêöèþ Ëàãðàíæà êâàäðàòè÷íîé ýêñòðåìàëüíîé çàäà÷è:

ìèíèìèçèðîâàòü

K(R) =
∑
i,j

cijR[α(i)]R[α(j)]

ïðè îãðàíè÷åíèÿõ (2), ïðè ýòîì λk,l;m,n ìîãóò èíòåðïðåòèðîâàòüñÿ êàê

ìíîæèòåëè Ëàãðàíæà. Òàêèì îáðàçîì, çàäà÷à áåçóñëîâíîé ìèíèìèçà-

öèè ïîëèíîìà ñâåäåíà ê çàäà÷å ìèíèìèçàöèè êâàäðàòè÷íîé ôóíêöèè

K(R) ïðè êâàäðàòè÷íûõ îãðàíè÷åíèÿõ (2).
Ïóñòü ìíîæåñòâî òåõ λ = {λk,l;m,n}, äëÿ êîòîðûõ êâàäðàòè÷íàÿ

ôóíêöèÿK(R, λ) ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé ïîR, íå ïóñòî.
Îáîçíà÷èì åãî Λ+. Âíóòðåííþþ ÷àñòü ýòîãî ìíîæåñòâà (ñîâîêóïíîñòü

òåõ λ, ïðè êîòîðûõ K(R, λ) ïîëîæèòåëüíî îïðåäåëåíà) îáîçíà÷èì Λ+.

Çàìåòèì, ÷òî ïðè λ ∈ Λ+ infRK(R, λ) äîñòèãàåòñÿ â íåêîòîðîé òî÷êå
R∗(λ). Ëåãêî âèäåòü, ÷òî Λ+(Λ+) � âûïóêëûå ìíîæåñòâà. Ïóñòü

ψ(λ) = inf
R
K(R, λ). (3)

Òàê êàê K(R, λ) ëèíåéíà ïî λ, òî ψ(λ) â îáëàñòè ñâîåãî ñóùåñòâîâà-

íèÿ (â ÷àñòíîñòè, íà Λ+) � âîãíóòàÿ ôóíêöèÿ. Òàê êàê ïðè ëþáîì λ è

äîïóñòèìîì âåêòîðå R K(R, λ) = K(R), òî

ψ(λ) = inf
R
K(R, λ) ≤ f∗. (4)

Åñëè P (x) íå ÿâëÿåòñÿ ÎÑ-ôóíêöèåé, òî Λ+ ïóñòî. Ïóñòü f = sup
λ∈Λ+

ψ(λ).

Èç (4) ñëåäóåò, ÷òî f ≤ f∗.
Åñëè íàéäåòñÿ λ∗ ∈ Λ+ òàêîé, ÷òî ψ(λ∗) = f = f∗ > −∞, òî áóäåì

ãîâîðèòü, ÷òî P (x) è ñîîòâåòñòâóþùàÿ êâàäðàòè÷íàÿ çàäà÷à âèäà (3),

(2) îáëàäàåò ω-ñâîéñòâîì.
Åñëè ïîëèíîì P (x) îáëàäàåò ω-ñâîéñòâîì, òî äëÿ ïîëó÷åíèÿ îöåí-

êè ñíèçó äëÿ f∗ ñ ïðîèçâîëüíîé òî÷íîñòüþ íóæíî ðåøàòü çàäà÷ó âû-

ïóêëîãî ïðîãðàììèðîâàíèÿ: íàéòè supλ∈Λ+ ψ(λ) = − infλ∈Λ+(−ψ(λ)).
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Â [1, 2] ïîêàçàíî, ÷òî äëÿ ðåøåíèÿ çàäà÷è òàêîãî òèïà ìîæíî ïðèìå-

íÿòü ìåòîä ýëëèïñîèäîâ. Ïðàêòè÷åñêè õîðîøî ðàáîòàþò ïðè ðåøåíèè

ïîäîáíûõ çàäà÷ äðóãèå ìåòîäû íåäèôôåðåíöèðóåìîé îïòèìèçàöèè, íà-

ïðèìåð, îïðåäåëåííûå ìîäèôèêàöèè r-àëãîðèòìà.
Òàêèì îáðàçîì, äëÿ ïîëèíîìèàëüíûõ ôóíêöèé, îáëàäàþùèõ ω-ñâîé-

ñòâîì, ïîëó÷àåì íåïåðåáîðíûé àëãîðèòì îöåíêè ãëîáàëüíîãî ýêñòðåìó-

ìà. Îòìåòèì òàêæå, ÷òî åñëè supλ∈Λ+ ψ(λ) äîñòèãàåòñÿ íà λ∗ ∈ Λ+, òî

ãðàäèåíò ôóíêöèè ψ(λ) â ýòîé òî÷êå, ðàâíûé âåêòîðó íåâÿçîê â îãðà-

íè÷åíèÿ (2), ïðè R = R(λ∗) ðàâåí 0, ò. å. âñå îãðàíè÷åíèÿ (2) âûïîëíÿ-
þòñÿ. Íî ýòî çíà÷èò, ÷òî K(R(λ∗), λ∗) = K(R(λ∗)) = f∗, ò. å. f = f∗ è
ω-ñâîéñòâî âûïîëíÿåòñÿ. Òàêèì îáðàçîì, åñëè ω-ñâîéñòâî íå âûïîëíÿ-
åòñÿ, òî supλ∈Λ+ ψ(λ) äîëæåí äîñòèãàòüñÿ íà ãðàíèöå îáëàñòè íåîòðè-

öàòåëüíîé îïðåäåëåííîñòè.

Îêàçàëîñü, ÷òî âîïðîñ î òîì, îáëàäàåò ëè äàííàÿ ïîëèíîìèàëüíàÿ

ÎÑ-ôóíêöèÿ ω-ñâîéñòâîì, òåñíî ñâÿçàí ñ âîçìîæíîñòüþ åå ïðåäñòàâëå-

íèÿ â âèäå ñóììû êâàäðàòîâ ïîëèíîìîâ. Äîêàæåì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ïîëèíîì P (x) = P (x1, . . . , xn), ïðèíèìà-
þùèé ìèíèìàëüíîå çíà÷åíèå â òî÷êå 0 è ðàâíûé ïðè ýòîì 0, îáëàäàë
ω-ñâîéñòâîì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îí áûë ïðåäñòàâèì â

âèäå ñóììû êâàäðàòîâ ïîëèíîìîâ.

Äîêàçàòåëüñòâî. 1. Íåîáõîäèìîñòü. Ïóñòü ïîëèíîì îáëàäàåò ω-ñâîé-
ñòâîì. Òîãäà íàéäåòñÿ λ∗ ∈ Λ+, ïðè êîòîðîì K (R, λ∗) íåîòðèöàòåëüíî
îïðåäåëåíà êàê ôóíêöèÿ îò R è K (0, λ∗) = 0. Íî ëþáóþ íåîòðèöàòåëü-

íî îïðåäåëåííóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ñóììû êâàäðàòîâ

ëèíåéíûõ ôóíêöèé. Ïîäñòàâèâ â ôóíêöèþ K (R, λ∗), ïðåäñòàâëåííóþ â

ôîðìå ñóììû êâàäðàòîâ, âìåñòî ïåðåìåííûõ R[α(ν)] èõ âûðàæåíèÿ â

ôîðìå îäíî÷ëåíîâ, ïîëó÷èì èñêîìîå ïðåäñòàâëåíèå P (x) â ôîðìå ñóì-
ìû êâàäðàòîâ ïîëèíîìîâ.

2. Äîñòàòî÷íîñòü. Ïóñòü P (x) ïðåäñòàâèì â âèäå ñóììû êâàäðàòîâ

ïîëèíîìîâ P1(x), . . . , Pm(x):

P (x) =
m∑
i=1

P 2
i (x).

Ïîëèíîìû Pk(x), k = 1, . . . ,m, íå äîëæíû ñîäåðæàòü ñâîáîäíûõ ÷ëå-

íîâ, èíà÷å P (0) > 0, à ýòî ïðîòèâîðå÷èò P (0) = 0. Ïîäñòàâèâ âìå-

ñòî êàæäîãî îäíî÷ëåíà â ïîëèíîìàõ Pk(x) ñîîòâåòñòâóþùåå caR[α], ïî-
ëó÷èì îäíîðîäíóþ íåîòðèöàòåëüíî îïðåäåëåííóþ ôîðìó îòíîñèòåëüíî

R, ìèíèìóì êîòîðîé ïðè R = 0 ðàâåí 0. Ñðàâíèâ êîýôôèöèåíòû ïðè
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R[α(i)]R[α(j)] â ïðåäñòàâëåíèè P (x) â ôîðìå ñóììû êâàäðàòîâ K(R)
ñ êîýôôèöèåíòîì ïðè R[α(i) + α(j)] â ïðåäñòàâëåíèè P (x) = K(R) =
= K(R, 0), íàéäåì λ, ïðè êîòîðîì K(R) = K(R, λ). Òàêèì îáðàçîì,

íàéäåòñÿ λ òàêîé, ÷òî ψ(λ) = min
R
K(R, λ) = K(0, λ) = 0. Çíà÷èò,

ω-ñâîéñòâî âûïîëíÿåòñÿ.

Òåîðåìà äîêàçàíà.

Ïóñòü minP (x1, . . . , xn) = f∗ è äîñòèãàåòñÿ ïðè x = x∗.
Ðàññìîòðèì ïîëèíîì P0(x) = P (x − x∗) − f∗. P0(x) ïðèíèìàåò ñâîå

ìèíèìàëüíîå çíà÷åíèå â òî÷êå 0 è ýòî çíà÷åíèå ðàâíî 0.

Ãðàôèêè ïîëèíîìîâ P0(x) è P (x) ñîâïàäàþò ïðè ñîîòâåòñòâóþùåì

ñäâèãå â ïðîñòðàíñòâå x è ïî f . Ëåãêî ïîêàçàòü, ÷òî ñäâèãó â ïðîñòðàí-
ñòâå êîîðäèíàò x ñîîòâåòñòâóåò ëèíåéíîå íåâûðîæäåííîå ïðåîáðàçîâà-

íèå â ïðîñòðàíñòâå êîîðäèíàò R[α]. Òàê êàê ïðè òàêèõ ïðåîáðàçîâàíèÿõ
ñîõðàíÿåòñÿ íåîòðèöàòåëüíàÿ (ïîëîæèòåëüíàÿ) îïðåäåëåííîñòü êâàäðà-

òè÷íûõ ôóíêöèé, òî è ñîõðàíÿåòñÿ ω-ñâîéñòâî, à òàêæå âîçìîæíîñòü

ïðåäñòàâëåíèÿ ôóíêöèé â ôîðìå ñóììû êâàäðàòîâ. Òàêèì îáðàçîì, èç

òåîðåìû 1 âûòåêàåò áîëåå îáùàÿ.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû îãðàíè÷åííûé ñíèçó ïîëèíîì P (x) îáëà-
äàë ω-ñâîéñòâîì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïîëèíîì P (x)− f∗
áûë ïðåäñòàâèì â âèäå ñóììû êâàäðàòîâ ïîëèíîìîâ.

Ê ñîæàëåíèþ, íå âñÿêàÿ ïîëèíîìèàëüíàÿ ôóíêöèÿ, ïðèíèìàþùàÿ

íåîòðèöàòåëüíûå çíà÷åíèÿ, ïðåäñòàâèìà â âèäå ñóììû êâàäðàòîâ ïî-

ëèíîìîâ. Ýòîò âîïðîñ ðàññìàòðèâàëñÿ åùå â 1888 ãîäó ìîëîäûì â òî

âðåìÿ Ä. Ãèëüáåðòîì [3]. Îí èçó÷àë ïðåäñòàâèìîñòü â ôîðìå ñóììû

êâàäðàòîâ îäíîðîäíûõ ïîëèíîìîâ (ôîðì) ÷åòíîé ñòåïåíè m ñ ÷èñëîì

ïåðåìåííûõ n (m � ìàêñèìàëüíàÿ ñóììà ñòåïåíåé ïåðåìåííûõ, âõîäÿ-

ùèõ â îäíî÷ëåí äàííîãî ïîëèíîìà; äëÿ îäíîðîäíûõ ïîëèíîìîâ ñóììà

ñòåïåíåé ïåðåìåííûõ, âõîäÿùèõ â ïðîèçâîëüíûé îäíî÷ëåí, ðàâíà m).

Ãèëüáåðò ïîêàçàë, ÷òî ïðè n=3, m ≥ 6 è n ≥ 4, m ≥ 4 íàéäóò-

ñÿ íåîòðèöàòåëüíûå ôîðìû, íå ïðåäñòàâèìûå â âèäå ñóììû êâàäðàòîâ

ôîðì.

Ëèøü äëÿ íåêîòîðûõ îáùèõ êëàññîâ ôîðì, à èìåííî:

1) m = 2, n � ïðîèçâîëüíîå ÷èñëî (êâàäðàòè÷íûå ôîðìû);

2) n = 2; m � ÷åòíîå ïðîèçâîëüíîå, ò. å. ïðîèçâîëüíûå ôîðìû îò

äâóõ ïåðåìåííûõ (èì ñîîòâåòñòâóþò ïðîèçâîëüíûå ïîëèíîìû îò îäíîé

ïåðåìåííîé);

3) m = 4, n = 3, ò. å. ïðîèçâîëüíûå áèêâàäðàòíûå ôîðìû ñ òðåìÿ

ïåðåìåííûìè (èì ñîîòâåòñòâóþò ïðîèçâîëüíûå ïîëèíîìû 4-é ñòåïåíè ñ
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äâóìÿ ïåðåìåííûìè) � âîïðîñ î ïðåäñòàâèìîñòè â âèäå ñóììû êâàäðà-

òîâ íåîòðèöàòåëüíûõ ôîðì ðåøàåòñÿ ïîëîæèòåëüíî.

Îòñþäà âîçíèêëà ñëåäóþùàÿ çàäà÷à, èçâåñòíàÿ êàê 17-ÿ ïðîáëåìà

Ãèëüáåðòà [4]. Ðàññìàòðèâàåòñÿ ïîëå ðàöèîíàëüíûõ ôóíêöèé îò âåùå-

ñòâåííûõ ïåðåìåííûõ. Åñëè ðàöèîíàëüíàÿ ôóíêöèÿ â îáëàñòè ñâîåãî

îïðåäåëåíèÿ íåîòðèöàòåëüíà, òî âñåãäà ëè îíà ïðåäñòàâèìà â âèäå ñóì-

ìû êâàäðàòîâ ðàöèîíàëüíûõ ôóíêöèé? Îêîí÷àòåëüíûé ïîëîæèòåëü-

íûé îòâåò íà ýòîò âîïðîñ áûë äàí â ðàáîòå Ý. Àðòèíà â 1927 ã. [5].

Äëÿ íåîòðèöàòåëüíûõ ïîëèíîìèàëüíûõ ôîðì P (x) ýòî îçíà÷àåò, ÷òî
âñåãäà ìîæíî íàéòè òàêóþ ïðåäñòàâèìóþ â âèäå ñóììû êâàäðàòîâ íåîò-

ðèöàòåëüíóþ ôîðìó P0(x), ÷òî P0(x)P (x) ïðåäñòàâèì â âèäå ñóììû

êâàäðàòîâ ïîëèíîìîâ. Èíòåðåñíûì îñòàåòñÿ âîïðîñ î êîíñòðóêòèâíîì

ñïîñîáå âûáîðà P0(x).
Ïîñëå êðàòêîãî îòñòóïëåíèÿ âåðíåìñÿ ê ðàññìîòðåíèþ íåêîòîðûõ

âàæíûõ ÷àñòíûõ ñëó÷àåâ ýêñòðåìàëüíûõ ïîëèíîìèàëüíûõ çàäà÷, äëÿ

êîòîðûõ ω-ñâîéñòâî ñïðàâåäëèâî.
Ñèñòåìû ïîëèíîìèàëüíûõ óðàâíåíèé. Ïóñòü çàäàíà ñèñòåìà

óðàâíåíèé

Pi(x) ≡ Pi(x1, . . . , xn) = 0; i = 1, . . . ,m. (5)

Ðàññìîòðèì P (x) =
m∑
i=1

P 2
i (x).

Åñëè ñèñòåìà (5) ñîâìåñòíà, òî f∗ = minP (x) = 0; P (x)− f∗ = P (x)
ïðåäñòàâèì â âèäå ñóììû êâàäðàòîâ, ò. å. P (x) îáëàäàåò ω-ñâîéñòâîì.
Ìíîæåñòâî ðåøåíèé ñèñòåìû (5) â ñëó÷àå åå íåëèíåéíîñòè ìîæåò áûòü

ïóñòûì, êîíòèíóàëüíûì èëè äèñêðåòíûì. Ëèøü â èñêëþ÷èòåëüíûõ ñëó-

÷àÿõ ðåøåíèå åäèíñòâåííî. Ïîýòîìó ïðè ìèíèìèçàöèè P (x) ïóòåì ñâå-

äåíèÿ ê êâàäðàòè÷íîé çàäà÷å îïòèìàëüíàÿ îöåíêà áóäåò äîñòèãàòüñÿ,

êàê ïðàâèëî, íà ãðàíèöå Λ+ ïðè âûðîæäåííîé ìàòðèöå êâàäðàòè÷íîé

ôîðìû, ÷òî íå ïîçâîëèò íåïîñðåäñòâåííî ïîëó÷èòü õîòÿ áû îäíî èç ðå-

øåíèé. Äëÿ ïîëó÷åíèÿ êîíêðåòíîãî ðåøåíèÿ íóæíî èñïîëüçîâàòü äî-

ïîëíèòåëüíûå ñðåäñòâà äëÿ îòäåëåíèÿ êîðíåé (íàïðèìåð, äîïîëíèòåëü-

íûå íåðàâåíñòâà íà ïåðåìåííûå, èñïîëüçîâàíèå ε-âîçìóùåíèÿ êîýôôè-
öèåíòîâ ôóíêöèè P (x) äëÿ ïîëó÷åíèÿ ïðèáëèæåíèÿ ê ðåøåíèþ è ò. ï.).

Èíòåðåñíûì ÿâëÿåòñÿ âîïðîñ � âñåãäà ëè â ñëó÷àå íåñîâìåñòíîñòè

ñèñòåìû (5) ïðè ìèíèìèçàöèè

P (x) =
m∑
i=1

P 2
i (x) sup

λ∈Λ+
ψ(λ) > 0?
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Çàäà÷à î ëèíåéíîé äîïîëíèòåëüíîñòè. Äàííàÿ çàäà÷à [6] ñòà-

âèòñÿ ñëåäóþùèì îáðàçîì: îïðåäåëèòü âåêòîð x = {x1, . . . , xn} ∈ En,
óäîâëåòâîðÿþùèé ñèñòåìå íåðàâåíñòâ x ≥ 0; Ax + b ≥ 0 (A � ìàòðèöà

n × n, b � n-ìåðíûé âåêòîð), è òàêîé, ÷òî (x, Ax + b) = 0. Ïóñòü ai,
i = 1, . . . , n, � ñòðîêè ìàòðèöû A. Ââåäåì äîïîëíèòåëüíûå ïåðåìåííûå

vi, i = 1, . . . , n, è ðàññìîòðèì çàäà÷ó: íàéòè

f∗ = min
x≥0;v≥0

{ n∑
i=1

[(ai, x) + bi − vi]
2 + c

n∑
i=1

xivi

}
, (6)

ãäå v = {v1, . . . , vn}, c > 0. Ëåãêî âèäåòü, ÷òî f∗ ≥ 0 è ðàâíî 0 òî-

ãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùàÿ çàäà÷à î ëèíåéíîé äîïîë-

íèòåëüíîñòè èìååò ðåøåíèå. Çàäà÷à (6) ïóòåì ïîäñòàíîâîê xi = y2
i ;

vi = ω2
i , i = 1, . . . , n, ñâîäèòñÿ ê çàäà÷å áåçóñëîâíîé ìèíèìèçàöèè

ôóíêöèè P (y, ω), ÿâëÿþùåéñÿ ïîëèíîìîì 4-é ñòåïåíè îò êîìïîíåíò y,
ω è ïðåäñòàâèìîé â âèäå ñóììû êâàäðàòîâ. Òàêèì îáðàçîì, åñëè çà-

äà÷à ëèíåéíîé äîïîëíèòåëüíîñòè èìååò ðåøåíèå, òî P (y, ω) îáëàäàåò
ω-ñâîéñòâîì. Çàäà÷à î ëèíåéíîé äîïîëíèòåëüíîñòè ÿâëÿåòñÿ ÷àñòíûì

ñëó÷àåì çàäà÷è ìèíèìèçàöèè ïðîèçâîëüíîé êâàäðàòè÷íîé ôóíêöèè ïðè

ëèíåéíûõ îãðàíè÷åíèÿõ. Åñëè ýòè îãðàíè÷åíèÿ èìåþò ôîðìó x ≥ 0, òî
ìîæíî äîáàâèòü êâàäðàòè÷íûå îãðàíè÷åíèÿ xi · xj ≥ 0, i, j = 1, . . . , n,
ÿâëÿþùèåñÿ ñëåäñòâèåì îãðàíè÷åíèé x ≥ 0, ïðèìåíèòü ê ðàñøèðåííîé
çàäà÷å ìåòîä ìíîæèòåëåé Ëàãðàíæà è ïîñòðîèòü äâîéñòâåííûå îöåí-

êè, ñëåäóÿ îïèñàííîé â ñòàòüå ìåòîäèêå. Õîòÿ ýòè îöåíêè íå âñåãäà

ÿâëÿþòñÿ òî÷íûìè, îäíàêî îíè îáû÷íî îêàçûâàþòñÿ áîëåå òî÷íûìè,

÷åì îöåíêè, ïîëó÷åííûå ïóòåì ëèíåàðèçàöèè âîãíóòûõ ñîñòàâëÿþùèõ

êâàäðàòè÷íîé ôóíêöèè [7].

×àñòíûé ñëó÷àé òåîðåìû 2 äëÿ ïîëèíîìîâ îò îäíîé ïåðåìåííîé ïðè-

âîäèòñÿ â [8].
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Èñïîëüçîâàíèå òî÷íûõ øòðàôîâ ïðè
ïîñòðîåíèè îïèñàííûõ ýëëèïñîèäîâ

ìèíèìàëüíîãî îáúåìà

Í. Ç. Øîð, Ñ. È. Ñòåöåíêî

Êèáåðíåòèêà. � 1989. � � 2. � Ñ. 117�119.

Çàäà÷à àïïðîêñèìàöèè îáëàñòåé äîñòèæèìîñòè èëè ïðîèçâîëüíûõ

ñîâîêóïíîñòåé òî÷åê ýëëèïñîèäàìè øèðîêî èñïîëüçóåòñÿ â îïòèìàëü-

íîì óïðàâëåíèè, èãðîâûõ çàäà÷àõ è äðóãèõ ïðèëîæåíèÿõ [1]. Èññëåäó-

åì çàäà÷ó íàõîæäåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùåãî

çàäàííûé íàáîð òî÷åê x1, . . . , xm ïðîñòðàíñòâà Rn. Ýëëèïñîèä E â Rn

ìîæíî çàäàòü íåðàâåíñòâîì

(K(x− a), x− a) ≤ 1, (1)

ãäåK � ñèììåòðè÷íàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà,K ∈ Rn×n,
a = (a1, . . . , an) � öåíòð ýëëèïñîèäà, x = (x1, . . . , xn) � òî÷-

êà ýëëèïñîèäà. Îáúåì ýëëèïñîèäà, çàäàííîãî íåðàâåíñòâîì (1), ðàâåí

V = ωn · (detK)−1/ 2, ãäå ωn � îáúåì n-ìåðíîãî åäèíè÷íîãî øàðà, êîí-
ñòàíòà ïðè ôèêñèðîâàííîì n. Óñëîâèå ïðèíàäëåæíîñòè íàáîðà òî÷åê

x1, . . . , xm ýëëèïñîèäó E âèäà (1) ìîæíî çàïèñàòü êàê ñèñòåìó íåðà-

âåíñòâ

(K(xj − a), xj − a) ≤ 1, j = 1, . . . ,m. (2)

Ïðåäïîëîæèì, ÷òî ðàíã ñèñòåìû âåêòîðîâ {x2 − x1, . . . , xm − x1} ðà-
âåí n, â ïðîòèâíîì ñëó÷àå ìàòðèöà îïòèìàëüíîãî îïèñàííîãî ýëëèïñîè-

äà áóäåò âûðîæäåííîé, è äëÿ ðåøåíèÿ èñõîäíîé çàäà÷è íóæíî áóäåò ïå-

ðåéòè ê ïðîñòðàíñòâó Rt, t < n, ãäå t = rang{x2 − x1, . . . , xm − x1}. Çà-
äà÷ó ïîñòðîåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùåãî òî÷-

êè x1, . . . , xm ∈ Rn, ìîæíî çàïèñàòü â âèäå

max
K,a

(ln detK), (3)

(K(xj − a), xj − a) ≤ 1, j = 1, . . . ,m, (4)

K � 0, (5)



174

ãäå K = (kij)ni,j=1 � ñèììåòðè÷íàÿ ìàòðèöà n×n, xj ∈ Rn, j = 1, . . . ,m,
a ∈ Rn, rang{x2 − x1, . . . , xm − x1} = n, K � 0 îçíà÷àåò ïðèíàäëåæ-

íîñòü K êëàññó ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö.

Â [2] ýòà çàäà÷à (áåç ëîãàðèôìà â öåëåâîé ôóíêöèè) áûëà ñâåäå-

íà ê ìàêñèìèçàöèè ñòðîãî êâàçèâîãíóòîé ôóíêöèè íà âûïóêëîì ìíî-

æåñòâå è äëÿ åå ðåøåíèÿ ïðåäëàãàëîñü èñïîëüçîâàòü ìåòîä ýëëèïñîè-

äîâ [3]. Ó÷èòûâàÿ, ÷òî ñêîðîñòü ñõîäèìîñòè ìåòîäà ýëëèïñîèäîâ ðåçêî

ïàäàåò ïðè óâåëè÷åíèè ðàçìåðíîñòè çàäà÷è p (çíàìåíàòåëü ãåîìåòðè÷å-
ñêîé ïðîãðåññèè, îïðåäåëÿþùèé ñêîðîñòü ñõîäèìîñòè ïî ôóíêöèîíàëó,

q ≈ 1− 1/ 2p2), öåëåñîîáðàçíî èññëåäîâàòü äðóãèå ïðîöåäóðû íàõîæäå-

íèÿ îïòèìàëüíûõ îïèñàííûõ ýëëèïñîèäîâ.

Îáîçíà÷èì y = (k11, . . . , k1n, k22, . . . , k2n, . . . , knn, a
1, . . . , an). Ðàçìåð-

íîñòü âåêòîðà y ðàâíà p = n(n + 3)/ 2. Îáîçíà÷èì f0(y) = − ln detK,

fj(y) = (K(xj − a), xj − a)− 1, j = 1, . . . ,m, M+ = {y : K � 0}. Çàäà÷ó
(3)�(5) ìîæíî ïåðåïèñàòü â âèäå

V (0) = min
y

{
f0(y) : fj(y) ≤ 0, j = 1, . . . ,m; y ∈M+

}
. (6)

Èñïîëüçóåì äëÿ ó÷åòà îãðàíè÷åíèÿ (4) íåãëàäêóþ øòðàôíóþ ôóíêöèþ.

Ïîëîæèì

F (y) = max {0, f1(y), . . . , fm(y)} , (7)

ΦN (y) = f0(y) +N · F (y). (8)

Äëÿ îöåíêè ïàðàìåòðà N âîñïîëüçóåìñÿ òåîðåìîé 2.14 èç [4]. Ïóñòü

f0, f1, . . . , fm � íåïðåðûâíûå ôóíêöèè, M � íåêîòîðîå ìíîæåñòâî. Ïî-

ëîæèì

V (z) = inf
y

{
f0(y) : fj(y) ≤ zj, j = 1, . . . ,m; y ∈M} . (9)

Òåîðåìà 2.14. [4] Ïóñòü inf
λ>0

V (λ · 1)− V (0)
λ

= −L > −∞ è N > L.

Òîãäà òî÷êè ìèíèìóìà çàäà÷è P (0) è çàäà÷è inf
y
{ΦN (y) : y ∈M} ñîâ-

ïàäàþò.

Çäåñü P (0) � çàäà÷à ìèíèìèçàöèè, ñòîÿùàÿ â ïðàâîé ÷àñòè ñîîòíîøå-
íèÿ (9) ïðè z = (0, 0, . . . , 0), ΦN (y) ñòðîèòñÿ ïî ôóíêöèÿì f0, f1, . . . , fm
ñîãëàñíî (7), (8); 1 = (1, 1, . . . , 1).

Óñëîâèå (K(xj − a), xj − a)− 1 ≤ λ ýêâèâàëåíòíî óñëîâèþ( K

1 + λ
− (xj − a), xj − a

)
≤ 1 èëè (K(1) (λ) (xj − a), xj − a) ≤ 1,
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÷òî ñîîòâåòñòâóåò ïîäñòàíîâêå kij → k
(1)
ij /(1+λ) â ïåðâîíà÷àëüíîé çàäà-

÷å. Ó÷èòûâàÿ, ÷òî detK ÿâëÿåòñÿ îäíîðîäíîé ôóíêöèåé ñòåïåíè n ñâîèõ
ýëåìåíòîâ, ïîëó÷àåì, ÷òî ïðè λ > −1 V (λ · 1) − V (0) = − ln(1 + λ)n,
îòêóäà

inf
λ>0

V (λ · 1)− V (0)
λ

= inf
λ>0

(−n)
ln(1 + λ)

λ
= −n > −∞.

Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà. Ïðè N > n òî÷êè ìèíèìóìà çàäà÷è (6) è çàäà÷è

infy{ΦN (y) : y ∈ M+}, ãäå ΦN (y) îïðåäåëåíà ñîãëàñíî (7), (8),
ñîâïàäàþò.

Â [2] ïîêàçàíî, ÷òî åñëè íà÷àëüíàÿ òî÷êà 0 ëåæèò âíóòðè ýëëèï-

ñîèäà E, ò. å. (Ka, a) < 1, íåðàâåíñòâî (1) ìîæíî ïåðåïèñàòü â âèäå

(Bx, x) + 2(b, x) ≤ 1, ãäå

B = K/(1− (Ka, a)), b = −aK/(1− (Ka, a)). (10)

Â ýòîì ñëó÷àå îáúåì ýëëèïñîèäà E ðàâåí V = ωn · (ϕ(B, b))−1/ 2, ãäå

ϕ(B, b) = (detB)n+1/(− detC)n, C =

(
B bT

b −1

)
, à íåðàâåíñòâà (2) ïðè-

ìóò âèä

hj(B, b) = (Bxj , xj) + 2(b, xj)− 1 ≤ 0, j = 1, . . . ,m. (11)

Â íàøåé çàäà÷å äëÿ âûïîëíåíèÿ óñëîâèÿ 0 ∈ E ìîæíî, íàïðèìåð,

ïåðåíåñòè íà÷àëî êîîðäèíàò 0 â òî÷êó, ÿâëÿþùóþñÿ ñðåäíèì àðèôìåòè-

÷åñêèì òî÷åê x1, . . . , xm, è ïåðåñ÷èòàòü êîîðäèíàòû òî÷åê â ñìåùåííîì

áàçèñå. Ïîýòîìó, íå óìåíüøàÿ îáùíîñòè, çàäà÷ó (3)�(5) ìîæíî ïåðåïè-

ñàòü â ýêâèâàëåíòíîì âèäå

max
B,b

ln
[
(detB)n+1

/ (− det
(
B bT

b −1

))n]
, (12)

(Bxj , xj) + 2(b, xj) ≤ 1, j = 1, . . . ,m, (13)

B � 0, (14)
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èëè, ñ ó÷åòîì ïðèíÿòûõ îáîçíà÷åíèé,

V (0) =
{
min
B,b

[− lnϕ(B, b)] : hj(B, b) ≤ 0, j = 1, . . . ,m; B � 0
}
.

Îãðàíè÷åíèÿ (13), (14) îáðàçóþò âûïóêëîå ìíîæåñòâî ïðîñòðàí-

ñòâà Rn. Êàê ïîêàçàíî â [2], ôóíêöèÿ ϕ(B, b) ÿâëÿåòñÿ ñòðîãî êâàçè-

âîãíóòîé ïðè B � 0. Àíàëîãè÷íûì ñâîéñòâîì, êàê ëåãêî ïîêàçàòü, áó-

äåò îáëàäàòü ôóíêöèÿ lnϕ(B, b). Ñëåäîâàòåëüíî, çàäà÷à (12)�(14) èìååò
åäèíñòâåííîå ðåøåíèå. Ó÷èòûâàÿ, ÷òî

fj(y) = (1− (Ka, a))
[

(Kxj , xj)
1− (Ka, a)

− 2(Ka, xj)
1− (Ka, a)

− 1
]
≤

≤ (Bxj , xj) + 2(b, xj)− 1

ïðè 0 < (Ka, a) < 1, âìåñòî øòðàôíîé ôóíêöèè ΦN (y) ìîæíî çàïèñàòü
øòðàôíóþ ôóíêöèþ

ψN (B, b) = − lnϕ(B, b)+N ·max
{
0, (1−(Ka, a))hj(B, b); j = 1, . . . ,m

}
,

êîòîðàÿ ñîîòâåòñòâóåò çàäà÷å (3)�(5) ïðè çàìåíå ïåðåìåííûõ (10).

Øòðàôíàÿ äîáàâêà ψN (B, b) ïðè çàìåíå êîìïîíåíò (1− (Ka, a))hj(B, b)
íà hj (B, b) ïðè óñëîâèè 0 < (Ka, a) < 1 ìîæåò ëèøü óâåëè÷èòüñÿ, ïî-

ýòîìó â øòðàôíîé ôóíêöèè

ψN (B, b) = − lnϕ(B, b) +N ·max
{
0, h1(B, b), . . . , hm(B, b)

}
, (15)

êîòîðàÿ ñîîòâåòñòâóåò êâàçèâîãíóòîé çàäà÷å (12)�(14), ìîæíî âîñïîëü-

çîâàòüñÿ òåì æå øòðàôíûì ìíîæèòåëåì, ÷òî è â øòðàôíîé ôóíêöèè

äëÿ çàäà÷è (3)�(5). Â ñèëó ëåììû ïðè N > n åäèíñòâåííîå ðåøåíèå,

ñîâïàäàþùåå ñ V (0), áóäåò èìåòü çàäà÷à

min
B,b

{
ψN (B, b) : B � 0

}
. (16)

Ôóíêöèÿ ψN (B, b) íåãëàäêàÿ, äëÿ åå ìèíèìèçàöèè ìîæíî èñïîëüçî-
âàòü r-àëãîðèòì [3], ïðè ýòîì ñóáãðàäèåíòû ψN (B, b) âû÷èñëÿþòñÿ ïî

ôîðìóëàì

ĝij = ∂ψN (B, b)/∂bij = 2(−(n+ 1)b−1
ij + nc−1

ij +Nxirx
j
r), 1 ≤ i < j ≤ n,

ĝii = ∂ψN (B, b)/∂bii = −(n+ 1)b−1
ii + nc−1

ii +N(xir)
2, i = 1, . . . , n,
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ĝi = ∂ψN (B, b)/∂bi = 2
(
nc−1
i n+1 +Nxir

)
, i = 1, . . . , n,

ãäå B−1 = (b−1
ij )ni,j=1 � ìàòðèöà, îáðàòíàÿ ê B, C−1 = (c−1

ij )n+1
i,j=1 �

ìàòðèöà, îáðàòíàÿ ê C =
(
B bT

b −1

)
,

N =

{
N, åñëè hr(B, b) = max

1≤j≤m
hj(B, b) > 0,

0 â ïðîòèâíîì ñëó÷àå .

Ïðè èñïîëüçîâàíèè ìîíîòîííûõ âàðèàíòîâ r-àëãîðèòìà (16) ìîæíî
ðåøàòü êàê çàäà÷ó áåçóñëîâíîé ìèíèìèçàöèè. Âûïîëíåíèå îãðàíè÷åíèÿ

B � 0 â ïðîöåññå ïîèñêà ðåøåíèÿ ãàðàíòèðóåòñÿ òåì, ÷òî ïðè äâèæå-

íèè ìàòðèöû B èçíóòðè äîïóñòèìîé îáëàñòè ê åå ãðàíèöå ϕ(B, b) → 0,
lnϕ(B, b) → −∞, à çíà÷èò, ψN (B, b) →∞. Òàêèì îáðàçîì, íàëè÷èå ëîãà-

ðèôìà â öåëåâîé ôóíêöèè ïðåäñòàâëÿåò åñòåñòâåííûé ¾áàðüåð¿, íå ïîç-

âîëÿþùèé ïðè ìèíèìèçàöèè ψN (B, b) âûéòè çà ïðåäåëû îáëàñòè B � 0.
Âûõîä çà ãðàíèöó îáëàñòè â ïðîöåññå ïðèìåíåíèÿ r-àëãîðèòìà âîç-

ìîæåí èç-çà áîëüøîãî çíà÷åíèÿ øàãîâîãî ìíîæèòåëÿ. Äëÿ òîãî, ÷òîáû

ýòîãî íå ïðîèçîøëî, ïðåäëàãàåòñÿ èñïîëüçîâàòü â r-àëãîðèòìå ñëåäó-

þùóþ ðåãóëèðîâêó øàãîâîãî ìíîæèòåëÿ. Ïðåäïîëîæèì, Bk � 0. Íà
(k + 1)-ì øàãå âû÷èñëÿåì Bk+1 = Bk + hkĝk. Ïðîâåðÿåì, ÿâëÿåòñÿ ëè

ìàòðèöà Bk+1 ïîëîæèòåëüíî îïðåäåëåííîé, íàïðèìåð, ïóòåì åå òðå-

óãîëüíîé ôàêòîðèçàöèè. Åñëè Bk+1 íå ÿâëÿåòñÿ ïîëîæèòåëüíî îïðå-

äåëåííîé, òî øàã hk äåëèòñÿ ïîïîëàì 1, 2, . . . , s ðàç äî òåõ ïîð, ïîêà

ìàòðèöà B′
k+1 = Bk +

hk
2s
ĝk íå áóäåò ïîëîæèòåëüíî îïðåäåëåíà.

Ïðåäëàãàåìûé ìåòîä ïîñòðîåíèÿ îïòèìàëüíîãî îïèñàííîãî ýëëèïñî-

èäà, âêëþ÷àþùåãî çàäàííûé íàáîð òî÷åê, áûë èñïîëüçîâàí äëÿ ðåøå-

íèÿ áîëåå ñëîæíîé çàäà÷è � ïîñòðîåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáú-

åìà âîêðóã ïåðåñå÷åíèÿ êîíå÷íîãî ÷èñëà çàäàííûõ ýëëèïñîèäîâ. Ïðè-

áëèæåííûé èòåðàòèâíûé àëãîðèòì ðåøåíèÿ òàêîé çàäà÷è ïîñëåäîâà-

òåëüíî ãåíåðèðóåò òî÷êè èç ïåðåñå÷åíèÿ ýëëèïñîèäîâ è ñòðîèò ïî íèì

ýëëèïñîèä, ïðèáëèæàþùèéñÿ ê îïòèìàëüíîìó. Ïðè ïðîâåäåíèè ÷èñ-

ëåííûõ ýêñïåðèìåíòîâ ìíîãîêðàòíî ðåøàëèñü çàäà÷è ïîñòðîåíèÿ îïòè-

ìàëüíûõ ýëëèïñîèäîâ, âêëþ÷àþùèõ çàäàííûé íàáîð òî÷åê. Îïèñàííûé

âûøå ìåòîä îêàçàëñÿ äîñòàòî÷íî ýôôåêòèâíûì è íàäåæíûì íà ïðàê-

òèêå.
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Àëãîðèòìû ïîñòðîåíèÿ îïòèìàëüíûõ
îïèñàííûõ ýëëèïñîèäîâ íà îñíîâå
ìåòîäîâ íåãëàäêîé îïòèìèçàöèè

Í. Ç. Øîð, À. Ñ. Äàâûäîâ, Ñ. È. Ñòåöåíêî

Ìåòîäû ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷ è ñìåæíûå âîïðîñû.

� 1989. � Ñ. 25�30.

Îïèñàí ïðèáëèæåííûé àëãîðèòì ïîñòðîåíèÿ ýëëèïñîèäà ìè-
íè ìàëüíîãî îáúåìà, âêëþ÷àþùåãî ïåðåñå÷åíèå çàäàííûõ ýëëèï-
ñîèäîâ. Àëãîðèòì îñíîâàí íà ìåòîäå íàõîæäåíèÿ îïòèìàëüíîãî
îïèñàííîãî ýëëèïñîèäà ïî çàäàííîìó íàáîðó òî÷åê, ãäå îïòèìàëü-
íîñòü ïîíèìàåòñÿ â ñìûñëå ìèíèìóìà îáúåìà ýëëèïñîèäà.

Ïîñòðîåíèå ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþ-

ùåãî çàäàííûé íàáîð òî÷åê. Èññëåäóåì çàäà÷ó íàõîæäåíèÿ ýëëèï-

ñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùåãî çàäàííûé íàáîð òî÷åê

x1, . . . , xm ïðîñòðàíñòâà Rn. Óðàâíåíèå ýëëèïñîèäà E â Rn ìîæíî çà-

äàòü íåðàâåíñòâîì

(x − a)A(x− a)T ≤ 1, (1)

ãäå A � ñèììåòðè÷íàÿ, ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà; A ∈ Rn×n;
a ∈ Rn � öåíòð ýëëèïñîèäà; x ∈ Rn � òî÷êà ýëëèïñîèäà. Îáúåì ýë-

ëèïñîèäà, çàäàííîãî íåðàâåíñòâîì (1), ðàâåí wn · (detA)−1/2, ãäå wn �

êîíñòàíòà ïðè ôèêñèðîâàííîì n . Çàäà÷ó ïîñòðîåíèÿ ýëëèïñîèäà ìèíè-
ìàëüíîãî îáúåìà, âêëþ÷àþùåãî òî÷êè x1, . . . , xm ∈ Rn, ìîæíî çàïèñàòü
â âèäå

max
A,a

{
ln detA : (xj − a)A(xj − a)T ≤ 1, j = 1, . . . ,m; A � 0

}
, (2)

ãäå A � 0 îçíà÷àåò ïðèíàäëåæíîñòü A êëàññó ïîëîæèòåëüíî îïðåäåëåí-

íûõ ìàòðèö.

Â [1] ïîêàçàíî, ÷òî, åñëè íà÷àëüíàÿ òî÷êà 0 ëåæèò âíóòðè ýëëèïñî-

èäà E, íåðàâåíñòâî (1) ìîæíî ïåðåïèñàòü â âèäå xBxT + 2bxT ≤ 1,
ãäå B = A/(1 − aAaT ); b = −aA/(1 − aAaT ). Â ýòîì ñëó÷àå îáú-

åì ýëëèïñîèäà Qwn · (ϕ(B, b))−1/2, ãäå ϕ(B, b) = (detB)n+1/(− detC)n,
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C =
(
Bn, bT

b, −1

)
, à óñëîâèå ïðèíàäëåæíîñòè íàáîðà òî÷åê x1, . . . , xm

ýëëèïñîèäó E ìîæíî çàïèñàòü êàê ñèñòåìó íåðàâåíñòâ

hj(B, b) = xjBx
T
j + 2bxTj − 1 ≤ 0, j = 1, . . . ,m.

Äëÿ âûïîëíåíèÿ óñëîâèÿ 0 ∈ E ìîæíî, íàïðèìåð, ïåðåíåñòè íà÷àëî

êîîðäèíàò 0 â òî÷êó(x1 + x2)/2 è ïåðåñ÷èòàòü êîîðäèíàòû âñåãî íàáîðà

òî÷åê â ñìåùåííîì áàçèñå. Ïîýòîìó, íå óìåíüøàÿ îáùíîñòè, çàäà÷ó (2)

ìîæíî ïåðåïèñàòü â ýêâèâàëåíòíîì âèäå

ϕ∗ = max
B,b

{lnϕ(B, b) : hj(B, b) ≤ 0, j = 1, . . . ,m; B � 0} . (3)

Â [1] äîêàçàíî, ÷òî ôóíêöèÿ ϕ(B, b) ñòðîãî êâàçèâîãíóòà ïðè B � 0.
Íåòðóäíî ïîêàçàòü, ÷òî àíàëîãè÷íûì ñâîéñòâîì áóäåò îáëàäàòü ôóíê-

öèÿ lnϕ(B, b). Ïîýòîìó (3) êàê çàäà÷à ìàêñèìèçàöèè ñòðîãî êâàçèâî-

ãíóòîé ôóíêöèè íà âûïóêëîì ìíîæåñòâå áóäåò èìåòü åäèíñòâåííîå ðå-

øåíèå.

Äëÿ ó÷åòà îãðàíè÷åíèé hj(B, b) ≤ 0, j = 1, . . . ,m, âîñïîëüçóåìñÿ
ìåòîäîì íåãëàäêèõ øòðàôíûõ ôóíêöèé. Ïîëîæèì

F (B, b) = max {0, h1(B, b), . . . , hm(B, b)} .

Îáîçíà÷èì

ΦN(B, b) = − lnϕ(B, b) +N · F (B, b).

B [2] ïîêàçàíî, ÷òî ïðè N > n åäèíñòâåííîå ðåøåíèå, ñîâïàäàþùåå ñ

ϕ∗, áóäåò èìåòü çàäà÷à

min
B,b

{ΦN (B, b) : B � 0} . (4)

Ôóíêöèÿ ΦN (B, b) íåãëàäêàÿ, äëÿ åå ìèíèìèçàöèè ìîæíî èñïîëü-

çîâàòü r-àëãîðèòì, ïðè ýòîì ñóáãðàäèåíòû ΦN (B, b) âû÷èñëÿþòñÿ ïî

ôîðìóëàì:

ĝij = ∂ΦN(B, b)/∂bij = 2(−(n+ 1)b−1
ij + nc−1

ij +Nxirx
j
r), 1 ≤ i < j ≤ n,

ĝii = ∂ΦN (B, b)/∂bii = −(n+ 1)b−1
ii + nc−1

ii +N(xir)
2, i = 1, . . . , n,

ĝi = ∂ΦN (B, b)/∂bi = 2(nc−1
in+1 +Nxir), i = 1, . . . , n,
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ãäå B−1 = (b−1
ij )ni,j=1 � ìàòðèöà, îáðàòíàÿ ê B; C−1 = (c−1

ij )n+1
i,j=1 �

ìàòðèöà, îáðàòíàÿ ê C;

N =

{
N, åñëè hr(B, b) = max

1≤j≤m
hj(B, b) > 0,

0 â ïðîòèâíîì ñëó÷àå.

Ïðè èñïîëüçîâàíèè ìîíîòîííûõ âàðèàíòîâ r-àëãîðèòìà (4) ìîæíî ðå-
øàòü êàê çàäà÷ó áåçóñëîâíîé ìèíèìèçàöèè. Âûïîëíåíèå îãðàíè÷åíèÿ

B � 0 â ïðîöåññå ïîèñêà ðåøåíèÿ ãàðàíòèðóåòñÿ òåì, ÷òî ïðè ïðèáëèæå-
íèè ìàòðèöû B ê ãðàíèöå äîïóñòèìîé îáëàñòè (èçíóòðè åå) ϕ(B, b) → 0,
lnϕ(B, b) → −∞, à çíà÷èò, ΦN (B, b) →∞. Òàêèì îáðàçîì, íàëè÷èå ëî-

ãàðèôìà â öåëåâîé ôóíêöèè ïðåäñòàâëÿåò ¾áàðüåð¿, íå ïîçâîëÿþùèé

ïðè ìèíèìèçàöèè ΦN (B, b) âûéòè çà ïðåäåëû îáëàñòè B � 0 ïðè ñïå-

öèàëüíîé ðåãóëèðîâêå øàãîâîãî ìíîæèòåëÿ r-àëãîðèòìà.

Ïîñòðîåíèå ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà, âêëþ÷àþ-

ùåãî ïåðåñå÷åíèå çàäàííûõ ýëëèïñîèäîâ. Ïóñòü çàäàíû k ýëëèï-
ñîèäîâ Ej = (Aj , aj), j = 1, . . . , k (k ≥ 2). Òðåáóåòñÿ ïîñòðîèòü ýëëèï-
ñîèä E∗ = (A∗, a∗) ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùèé

⋂k
j=1 Ej . Îïè-

øåì êîíñòðóêòèâíûé àëãîðèòì ïðèáëèæåííîãî ðåøåíèÿ äàííîé çàäà÷è.

Àëãîðèòì èòåðàòèâíûé, íà êàæäîé èòåðàöèè ñòðîèòñÿ ýëëèïñîèä

ìèíèìàëüíîãî îáúåìà, âêëþ÷àþùèé íåêîòîðîå ñãåíåðèðîâàííîå ìíîæå-

ñòâî òî÷åê èç
⋂k
j=1 Ej , è íàõîäèòñÿ ïîäìíîæåñòâî òî÷åê èç

⋂k
j=1 Ej , íå

ïðèíàäëåæàùèõ ïîñòðîåííîìó ýëëèïñîèäó. Îáúåäèíåíèå ýòîãî ïîäìíî-

æåñòâà è èìåþùåãîñÿ ìíîæåñòâà òî÷åê ÿâëÿåòñÿ áàçîâûì äëÿ ïîñòðî-

åíèÿ ýëëèïñîèäà íà ñëåäóþùåé èòåðàöèè. Îïèøåì îñíîâíûå ïóíêòû

àëãîðèòìà.

Ïîèñê íà÷àëüíîé òî÷êè. Ïðîâîäèòñÿ ïîèñê òî÷êè x0 ∈
⋂k
j=1 Ej .

Äëÿ ýòîãî ðåøàåòñÿ íåãëàäêàÿ çàäà÷à âûïóêëîãî ïðîãðàììèðîâàíèÿ

f∗ = min
x

max
{
(x − aj)Aj(x− aj)T − 1, j = 1, . . . , k

}
. (5)

Åñëè f∗ > 0, òî
⋂k
j=1 Ej = ∅ è àëãîðèòì îñòàíàâëèâàåòñÿ.

Ãåíåðàöèÿ íà÷àëüíîãî áàçîâîãî ìíîæåñòâà òî÷åê.Íåîáõîäèìî

ñãåíåðèðîâàòü íåêîòîðîå ìíîæåñòâî òî÷åê ãðàíèöû
⋂k
j=1 Ej . Äëÿ ýòî-

ãî èç òî÷êè x0 ïðîâåäåì ñåêóùèå äî ïåðåñå÷åíèÿ ñ ýëëèïñîèäàìè, ïðè

ýòîì íàïðàâëåíèÿ ñåêóùèõ çàäàäèì èçîòðîïíûìè âåêòîðàìè ñ íà÷à-

ëîì â x0. Íàïîìíèì, ÷òî ñëó÷àéíûé âåêòîð s = (s1, . . . , sn) íàçûâàåòñÿ
èçîòðîïíûì, åñëè òî÷êà s/|s| ðàñïðåäåëåíà ðàâíîìåðíî íà ïîâåðõíîñòè
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ñôåðû |s| = 1. Óðàâíåíèå ñåêóùåé ïðåäñòàâèì â âèäå x(z) = x0 + zs.
Äëÿ òîãî, ÷òîáû íàéòè òî÷êè ïåðåñå÷åíèÿ x(z) ñ ýëëèïñîèäîì Ej , íóæ-
íî ðåøèòü êâàäðàòíîå óðàâíåíèå c1z

2 + 2c2z + c3 = 0, ãäå c1 = sAjs
T ,

c2 = sAj(x0− aj)T , c3 = (x0− aj)Aj(x0− aj)T . Îáîçíà÷èì z1
j è z

2
j êîðíè

êâàäðàòíîãî óðàâíåíèÿ (z1
j ≥ 0, z2

j < 0). Íàéäåì z � ìèíèìàëüíûé ýëå-

ìåíò ìíîæåñòâà
{
z1
1 , . . . , z

1
k

}
è z̃ � ìàêñèìàëüíûé ýëåìåíò

{
z2
1 , . . . , z

2
k

}
.

Íåòðóäíî ïðîâåðèòü, ÷òî òî÷êè x1 = x0 + zs è x2 = x0 + z̃s ïðèíàä-
ëåæàò ãðàíèöå

⋂k
j=1 Ej . Ïðîâîäÿ N0 ñåêóùèõ èç òî÷êè x0, ïîëó÷èì

2N0 òî÷åê ãðàíèöû
⋂k
j=1 Ej . Îáîçíà÷èì íà÷àëüíîå áàçîâîå ìíîæåñòâî

X1, |X1| = 2N0 = M1.

Ïîñòðîåíèå îïèñàííîãî ýëëèïñîèäà. Òðåáóåòñÿ ïîñòðîèòü ýë-

ëèïñîèä ìèíèìàëüíîãî îáúåìà Ei = (ai, Ai), âêëþ÷àþùèé âñå òî÷êè

èç Xi, |Xi| = Mi. Ìåòîä è àëãîðèòì òàêîãî ïîñòðîåíèÿ îïèñàíû âûøå.

Äëÿ çàïèñè óðàâíåíèÿ ïîëó÷åííîãî ýëëèïñîèäà íåîáõîäèìî ïðîèçâåñòè

òàêèå ïðåîáðàçîâàíèÿ: a = bB−1, A = B/(1− bB−1bT ).
Ïîñëå ïîñòðîåíèÿ îïèñàííîãî ýëëèïñîèäà ïðîâîäèòñÿ ñæàòèå áàçîâî-

ãî ìíîæåñòâà òî÷åê Xi. Íàçîâåì âåëè÷èíó ϕi(x) = 1−(x−ai)Ai(x−ai)T
îòêëîíåíèåì òî÷êè x îò ýëëèïñîèäà Ei. Ïðè ñæàòèè â ìíîæåñòâå Xi

îñòàâëÿåì òî÷êè, îòêëîíåíèÿ êîòîðûõ îò ýëëèïñîèäà Ei ìåíüøå çàäàí-
íîé âåëè÷èíû, ò. å. òî÷êè, ëåæàùèå âáëèçè ãðàíèöû Ei. Îáîçíà÷èì
ñæàòîå ìíîæåñòâî X0

i

Ãåíåðàöèÿ íîâîãî ïîäìíîæåñòâà òî÷åê. Íàéäåì òî÷êè
⋂k
j=1 Ej ,

êîòîðûå íå ïðèíàäëåæàò Ei, â äâà ïðèåìà. Ñíà÷àëà èç òî÷êè ai ïðî-
âåäåì N ñåêóùèõ äî ïåðåñå÷åíèÿ ñ Ej , j = 1, . . . , k. Íàõîæäåíèå òî÷åê
ïåðåñå÷åíèÿ ñåêóùèõ ñ ãðàíèöåé

⋂k
j=1 Ej îïèñàíî âûøå. Òî÷êè ñ ìàêñè-

ìàëüíûìè ïîëîæèòåëüíûìè îòêëîíåíèÿìè îò ïîñòðîåííîãî ýëëèïñîèäà

Ei (èõ ìíîæåñòâî îáîçíà÷èì Xi) ïðèñîåäèíèì ê ìíîæåñòâó X0
i .

Çàòåì ðåøèì çàäà÷ó: íàéòè òî÷êó x ∈ ⋂kj=1Ej , ìàêñèìàëüíî óäà-

ëåííóþ îò Ei. Åå ìîæíî çàïèñàòü â âèäå

max
x
{[(x− ai)Ai(x− ai)T − 1

]
: ϕj(x) ≤ 0, j = 1, . . . , k}, (6)

ãäå ϕj(x) = (x− aj)Aj(x− aj)T − 1. Èñïîëüçóÿ ìåòîä òî÷íûõ íåãëàäêèõ
øòðàôíûõ ôóíêöèé, ïåðåïèøåì çàäà÷ó (6) â âèäå

max
x
{[(x− ai)Ai(x− ai)T − 1

]− s

k∑
j=1

max{0, ϕj(x)}}, (7)
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ãäå s � äîñòàòî÷íî áîëüøîé øòðàôíîé ìíîæèòåëü. Òàê êàê çàäà÷è (6)

è, ñîîòâåòñòâåííî, (7) ìíîãîýêñòðåìàëüíûå, çàäàâàÿ â êà÷åñòâå íà÷àëü-

íûõ ïðèáëèæåíèé òî÷êè èç X0
i ∪ Xi, ïîëó÷èì, ðåøèâ (7), ëîêàëüíûå

ìàêñèìóìû çàäà÷è (6). Îáîçíà÷èì ìíîæåñòâî ïîëó÷àåìûõ ëîêàëüíûõ

ìàêñèìóìîâ, îòêëîíåíèå êîòîðûõ îò ýëëèïñîèäà Ei áîëüøå ε (ε � çà-

äàííàÿ òî÷íîñòü ïîñòðîåíèÿ îïèñàííîãî ýëëèïñîèäà), X̃i.

Ñôîðìèðóåì áàçîâîå ìíîæåñòâî äëÿ ñëåäóþùåé èòåðàöèè:

Xi+1 = X0
i ∪Xi ∪ X̃i, |Xi+1| = Mi+1.

Ïðåîáðàçîâàíèå ïðîñòðàíñòâà. Ïîñëå ïîñòðîåíèÿ íîâîãî îïèñàí-

íîãî ýëëèïñîèäà E1 = (A1, a1) ïðîâåäåì ëèíåéíîå ïðåîáðàçîâàíèå ïðî-

ñòðàíñòâà, â ðåçóëüòàòå êîòîðîãî ýëëèïñîèä ïðåîáðàçóåòñÿ â åäèíè÷íûé

øàð. Òàê êàê ñåêóùèå èç öåíòðà ýëëèïñîèäà ïðîâîäÿòñÿ ÷åðåç òî÷êè,

ðàâíîìåðíî ðàñïðåäåëåííûå íà ïîâåðõíîñòè ñôåðû, òî â ñëó÷àå ñèëüíî

âûòÿíóòîãî ïî êàêèì-òî íàïðàâëåíèÿì ýëëèïñîèäà òî÷êè ïåðåñå÷åíèÿ

ñåêóùèõ ñ ýëëèïñîèäîì áóäóò íåðàâíîìåðíî ðàñïðåäåëåíû íà åãî ïî-

âåðõíîñòè. Óêàçàííîå ïðåîáðàçîâàíèå ïðîñòðàíñòâà âûðàâíèâàåò ïëîò-

íîñòü ðàñïðåäåëåíèÿ ýòèõ òî÷åê.

Ìàòðèöó A1 ìîæíî ïðåäñòàâèòü â âèäå A1 = RΛRT , ãäå Λ � äèàãî-

íàëüíàÿ ìàòðèöà ñîáñòâåííûõ ÷èñåë A1; R � ñîîòâåòñòâóþùàÿ ìàòðèöà

ñîáñòâåííûõ âåêòîðîâ. Îáîçíà÷èì v = RΛ, ãäå Λ
2

= Λ. Òîãäà A1 = vvT .
Ñäåëàåì çàìåíó ïåðåìåííûõ y = xv. Óðàâíåíèå ýëëèïñîèäà E1 â íî-

âûõ ïåðåìåííûõ ïðåâðàòèòñÿ â óðàâíåíèå åäèíè÷íîãî øàðà ñ öåíòðîì

â òî÷êå a1v. Óðàâíåíèå ýëëèïñîèäà Ej ïåðåïèøåì â âèäå

(y − ajv)v−1Aj(v−1)T (y − ajv)T ≤ 1, j = 1, . . . , k.

Äëÿ âîçâðàòà ê èñõîäíûì ïåðåìåííûì íåîáõîäèìî ñäåëàòü çàìåíó

x = v−1y.

Êðèòåðèé îñòàíîâà àëãîðèòìà. Àëãîðèòì îñòàíàâëèâàåòñÿ, êî-

ãäà íå óäàåòñÿ çà îïðåäåëåííîå ÷èñëî ïîïûòîê ñãåíåðèðîâàòü íè îäíîé

òî÷êè
⋂k
j=1 Ej , íå ïðèíàäëåæàùåé ïîñòðîåííîìó ýëëèïñîèäó.

Ðåàëèçàöèÿ àëãîðèòìà. Îïèñàííûé àëãîðèòì òðåáóåò ðåøåíèÿ

òðåõ íåãëàäêèõ çàäà÷ ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ:

(5) � ïîèñê íà÷àëüíîé òî÷êè;

(4) � ïîñòðîåíèå îïòèìàëüíîãî îïèñàííîãî ýëëèïñîèäà ïî òî÷êàì;

(7) � ïîèñê ìàêñèìàëüíî óäàëåííîé îò ýëëèïñîèäà òî÷êè èç
⋂k
j=1 Ej .

Ýòè çàäà÷è ìîæíî óñïåøíî ðåøèòü ñ ïîìîùüþ r-àëãîðèòìà.
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Ïðè ðåøåíèè (4) èñïîëüçóåòñÿ ñïåöèàëüíàÿ ðåãóëèðîâêà øàãà r-àë-
ãîðèòìà. Âûõîä çà ãðàíèöó îáëàñòè ïîëîæèòåëüíîé îïðåäåëåííîñòè

ìàòðèöû B âîçìîæåí èç-çà áîëüøîãî çíà÷åíèÿ øàãîâîãî ìíîæèòåëÿ.

Ïðåäïîëîæèì, Br � 0. Íà (r + 1)-ì øàãå âû÷èñëÿåì Br+1 = Br + hrgr.
Ôàêòîðèçóÿ ìàòðèöó Br+1, ïðîâåðèì, ÿâëÿåòñÿ ëè îíà ïîëîæèòåëüíî

îïðåäåëåííîé. Åñëè óñëîâèå Br+1 � 0 íå âûïîëíÿåòñÿ, òî øàã hr1 äå-

ëèòñÿ ïîïîëàì 1, 2, . . . , s ðàç äî òåõ ïîð, ïîêà ìàòðèöà Br+1 = Br+
hr
2s
gr

íå áóäåò ïîëîæèòåëüíî îïðåäåëåííîé.

Àëãîðèòì ðåàëèçîâàí äëÿ ñëó÷àÿ ïåðåñå÷åíèÿ äâóõ ýëëèïñîèäîâ.

Ïðîãðàììà íàïèñàíà íà ÿçûêå ÔÎÐÒÐÀÍ, íà ÑÌ 1420 áûë ïðîñ÷èòàí

ðÿä òåñòîâûõ ïðèìåðîâ äëÿ ïðîñòðàíñòâà ðàçìåðíîñòüþ n = 2÷ 5.
×èñëåííûå ýêñïåðèìåíòû ïîêàçàëè õîðîøóþ òî÷íîñòü âû÷èñëåíèÿ

ïàðàìåòðîâ îïòèìàëüíîãî îïèñàííîãî ýëëèïñîèäà.
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Èñïîëüçîâàíèå àëãîðèòìà
ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæåíèåì

ïðîñòðàíñòâà äëÿ ïîñòðîåíèÿ
ýëëèïñîèäà ìàêñèìàëüíîãî îáúåìà,

âïèñàííîãî â ìíîãîãðàííèê

Í. Ç. Øîð, Î. À. Áåðåçîâñêèé

Êèáåðíåòèêà. � 1989. � � 6. � Ñ. 119�120.

Âàæíîñòü çàäà÷è ïîñòðîåíèÿ n-ìåðíîãî ýëëèïñîèäà EM ìàêñèìàëüíî-

ãî îáúåìà, âïèñàííîãî â çàäàííûé n-ìåðíûé ìíîãîãðàííèê M ⊆ Rn,
îïðåäåëÿåòñÿ òåì, ÷òî öåíòð a(EM ) òàêîãî ýëëèïñîèäà áëèçîê ïî ñâîèì
ñâîéñòâàì öåíòðó òÿæåñòè CM òåëà M . Â ÷àñòíîñòè, ïîëîæåíèå öåí-

òðà ýëëèïñîèäà a(EM ) òàê æå, êàê è CM , èíâàðèàíòíî ïî îòíîøåíèþ

ê ëèíåéíîìó ïðåîáðàçîâàíèþ êîîðäèíàò. Äàëåå, êàê ïîêàçàíî â [1], ïðè

ïðîâåäåíèè ÷åðåç òî÷êó a(EM ) ïðîèçâîëüíîé îòñåêàþùåé ãèïåðïëîñêî-
ñòè îáú¼ì ýëëèïñîèäà, âïèñàííîãî â íîâûé ìíîãîãðàííèê, íå ïðåâûøàåò

0,843 îáú¼ìà EM (àíàëîãè÷íàÿ êîíñòàíòà äëÿ CM ðàâíà 1/e [2]). Ýòî

äàåò âîçìîæíîñòü ñòðîèòü àëãîðèòìû ìèíèìèçàöèè îïðåäåëåííûõ íà

ìíîãîãðàííèêå M âûïóêëûõ ôóíêöèé, îñíîâàííûå íà ìåòîäå ïîñëåäî-

âàòåëüíûõ îòñå÷åíèé, ïðîõîäÿùèõ ÷åðåç òî÷êè a(EMk
), ãäå {Mk}∞k=1 �

ïîñëåäîâàòåëüíîñòü ëîêàëèçóþùèõ òî÷êó ìèíèìóìà ìíîãîãðàííèêîâ,

M1 = M [1].

Íàõîæäåíèå öåíòðà òÿæåñòè CM òðåáóåò ñ âîçðàñòàíèåì ðàçìåðíî-

ñòè n è ÷èñëà îòñåêàþùèõ ïëîñêîñòåé (ãðàíåé) m ýêñïîíåíöèàëüíî ðàñ-

òóùåãî îáúåìà âû÷èñëåíèé. Ïðàêòè÷åñêè, óæå ïðè n = 4 íàõîæäåíèå

CM ïðè äîñòàòî÷íî áîëüøîì m ïðåäñòàâëÿåò ñ âû÷èñëèòåëüíîé òî÷-

êè çðåíèÿ âåñüìà òÿæåëóþ çàäà÷ó. Òåì áîëüøåå çíà÷åíèå ïðèîáðåòàåò

ïðîáëåìà ïîñòðîåíèÿ ìàêñèìàëüíîãî ïî îáúåìó âïèñàííîãî ýëëèïñîèäà.

Â ïîñëåäíèå ãîäû ýòà çàäà÷à áûëà ðàññìîòðåíà â ðÿäå ðàáîò [1, 3].

Ïóñòü ìíîãîãðàííèê M çàäàåòñÿ ñèñòåìîé ëèíåéíûõ íåðàâåíñòâ

(bix) ≤ 1, i = 1, . . . k, bi, x ∈ Rn. (1)

Óðàâíåíèå ýëëèïñîèäà EM çàïèøåì â âèäå

(K(x− a), x− a) ≤ 1, (2)
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ãäå K = {kij}ni,j=1 � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàò-

ðèöà ñ íåèçâåñòíûìè êîìïîíåíòàìè kij , i, j = 1, . . . , n, kij = kji,
a = {a1, . . . , an} � íåèçâåñòíûé öåíòð ýëëèïñîèäà EM .

Äàëåå ïîêàæåì, êàê çàäà÷à íàõîæäåíèÿ ìàêñèìàëüíîãî âïèñàííîãî

ýëëèïñîèäà EM ìîæåò áûòü ñâåäåíà ê çàäà÷å âûïóêëîãî ïðîãðàììèðî-

âàíèÿ, à çàòåì, ñ èñïîëüçîâàíèåì òî÷íîé íåãëàäêîé ôóíêöèè øòðàôà,

ê çàäà÷å áåçóñëîâíîé ìèíèìèçàöèè íåãëàäêîé âûïóêëîé ôóíêöèè. Äëÿ

ðåøåíèÿ ïîñëåäíåé çàäà÷è ïðèìåíÿëàñü ñïåöèàëüíàÿ ìîäèôèêàöèÿ

r-àëãîðèòìà [4], ðåàëèçóþùåãî ìåòîä ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæå-
íèåì ïðîñòðàíñòâà â íàïðàâëåíèè ðàçíîñòè äâóõ ïîñëåäîâàòåëüíûõ ñóá-

ãðàäèåíòîâ.

Óñëîâèå òîãî, ÷òî ýëëèïñîèä EM (2) ñîäåðæèòñÿ â ìíîãîãðàííèêåM ,

ìîæíî çàïèñàòü â âèäå

min
x∈Mi

(K(x− a), x− a) ≥ 1, Mi = {x : (bi, x) ≥ 1}, i = 1, . . . , k. (3)

Îáúåì ýëëèïñîèäà EM ïðîïîðöèîíàëåí (detK)−1, ïîýòîìó çàäà÷à

ïîëó÷åíèÿ ìàêñèìàëüíîãî ïî îáúåìó âïèñàííîãî ýëëèïñîèäà ìîæåò

áûòü ñôîðìóëèðîâàíà â ñëåäóþùåé ôîðìå: min(ln detK) ïðè óñëîâèè

(3), K ∈ Ω+, Ω+ � êëàññ ïîëîæèòåëüêî îïðåäåëåííûõ ìàòðèö.

Óñëîâèå (3) ìîæíî âûðàçèòü â ÿâíîì âèäå, èñïîëüçóÿ ìåòîä ìíîæè-

òåëåé Ëàãðàíæà ñ ó÷åòîì òîãî, ÷òî çàäà÷è âèäà (3) ïðåäñòàâëÿþò ñîáîé

çàäà÷è âûïóêëîãî ïðîãðàììèðîâàíèÿ ïðè K ∈ Ω+.

Ïóñòü

Li(x, λ) = (K(x− a), x− a) + λ(1 − (bi, x)).

Ðåøåíèå i-é çàäà÷è âèäà (3) ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé
∂Li
∂x

= 2Kx− 2Ka− λbi = 0,

∂Li
∂λ

= (bi, x)− 1 = 0.

Îòñþäà èìååì

x = a+K−1bi(1− (a, bi))/(K−1bi, bi), i = 1, . . . , k. (4)

Èç (3), (4), ó÷èòûâàÿ, ÷òî (bi, a) < 1, ïîëó÷àåì√
(K−1bi, bi) + (bi, a)− 1 ≤ 0, i = 1, . . . , k. (5)
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Ïóñòü K−1 = Q = {qij}ni,j=1, òîãäà çàäà÷à ïîñòðîåíèÿ ìàêñèìàëüíî-

ãî ïî îáúåìó âïèñàííîãî ýëëèïñîèäà ìîæåò áûòü ïðåäñòàâëåíà ñëåäó-

þùèì îáðàçîì: íàéòè

V0 = inf
y
{f0(y) : fi(y) ≤ 0, i = 1, . . . , k; y ∈ Ω}, (6)

ãäå

y =
{{qij}ni,j=1, {ai}ni=1

}
, f0(y) = − ln detQ,

fi =
√

(Qbi, bi) + (bi, a)− 1, i = 1, . . . , k, Ω = {y : Q ∈ Ω+}.
Èñïîëüçóåì äëÿ ó÷åòà îãðàíè÷åíèé â (6) íåãëàäêóþ øòðàôíóþ ôóíê-

öèþ â ôîðìå ôóíêöèè ìàêñèìóìà:

ΦN (y) = f0(y) +N · F (y),
F (y) = max{0, f1(y), . . . , fk(y)}.

(7)

Â ìîíîãðàôèè Á. Í. Ïøåíè÷íîãî [5] ïðèâîäèòñÿ ñëåäóþùàÿ òåîðåìà.

Ïóñòü

V (z) = inf
{
f0(y) : fi(y) ≤ zi; i = 1, . . . , k; y ∈M

}
,

ãäå fi(y), i = 0, . . . , k, � íåïðåðûâíûå ôóíêöèè, M ⊆ Rn � íåêîòîðîå

ìíîæåñòâî, I � âåêòîð, âñå êîìïîíåíòû êîòîðîãî ðàâíû åäèíèöå.

Òåîðåìà. Ïóñòü inf
λ>0

V (λI)− V (0)
λ

= −L > −∞ è N > L, òîãäà

òî÷êè ìèíèìóìà çàäà÷ V (0) è inf
y

ΦN (y), ãäå ΦN(y) îïðåäåëÿåòñÿ ïî

ôîðìóëå (7), ñîâïàäàþò.

Ïðèìåíèì ñôîðìóëèðîâàííóþ òåîðåìó äëÿ îïðåäåëåíèÿ øòðàôíîãî

êîýôôèöèåíòà N â çàäà÷å îïðåäåëåíèÿ ìàêñèìàëüíîãî ïî îáúåìó âïè-

ñàííîãî ýëëèïñîèäà. Óñëîâèå
√

(Qbi, bi) + (bi, a) − 1 ≤ λ ýêâèâàëåíòíî

óñëîâèþ

√
(Qbi, bi)
(1 + λ)2

+
(bi, a)
1 + λ

− 1 ≤ 0, êîòîðîìó ñîîòâåòñòâóåò íåðàâåí-

ñòâî

√
(Q̃bi, bi) + (bi, ã)− 1 ≤ 0, ãäå Q̃ =

Q

(1 + λ)2
, ã =

a

1 + λ
.

Ó÷èòûâàÿ, ÷òî detQ ÿâëÿåòñÿ îäíîðîäíîé ôóíêöèåé ñòåïåíè n, ïî-
ëó÷àåì, ÷òî ïðè λ > −1

V (λf)− V (0) = − ln(1 + λ)2n = −2n ln(1 + λ),
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Òàáëèöà 1.

n k t m δ × 106

2 4 1,04 50 0,3

3 6 2,69 77 0,5

4 8 6,50 94 1,5

5 10 20,16 129 0,7

10 20 308,19 251 0,3

inf
λ>0

V (λf)− V (0)
λ

= inf
λ>0

−2n ln(1 + λ)
λ

= −2n > −∞.

Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïðè N > 2n òî÷êè ìèíèìóìà çàäà÷è (6) è çàäà÷è: íàéòè

inf ΦN (y) ïðè y /∈ Ω, ñîâïàäàþò.

Ïóñòü Q = P 2, P = {pij}ni,j=1� ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà.

Ïðè ýòîì çàäà÷à (6) ïðèíèìàåò ñëåäóþùèé âèä: íàéòè inf
p,a

(−2 ln detP )

ïðè îãðàíè÷åíèÿõ ‖Pbi‖ + (bi, a) − 1 ≤ 0, i = 1, . . . , k, P ∈ Ω+. Â ñè-

ëó òåîðåìû 1 îíà ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè òî÷íîé øòðàôíîé

ôóíêöèè:

ΦN(P, a) = −2 ln detP +N max{0, max
i

(‖Pbi‖+ (bi, a)− 1)}

ïðè óñëîâèè, ÷òî P ∈ Ω+ ïðèíàäëåæèò êëàññó ïîëîæèòåëüíî îïðåäå-

ëåííûõ ìàòðèö è N > 2n. Òàê êàê Ω+ � âûïóêëîå ìíîæåñòâî â ïðî-

ñòðàíñòâå ñèììåòðè÷íûõ ìàòðèö ðàçìåðíîñòè n, ΦN (P, a) � âûïóêëàÿ
ôóíêöèÿ, òî ñîîòâåòñòâóþùàÿ çàäà÷à ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðî-

ãðàììèðîâàíèÿ. Ó÷åò îãðàíè÷åíèÿ P ∈ Ω+ îáëåã÷àåòñÿ òåì, ÷òî ïðè

ïðèáëèæåíèè ê ãðàíèöå Ω+ detP ñòðåìèòñÿ ê 0, ò. å. −2 ln detP → +∞,

÷òî ñîçäàåò åñòåñòâåííûé ¾áàðüåð¿ îò âûõîäà ìàòðèöû P çà ïðåäåëû

îáëàñòè ïðè èñïîëüçîâàíèè ìîíîòîííîãî ìåòîäà ìèíèìèçàöèè ΦN (P, a),
íà÷èíàÿ îò íåêîòîðîé äîïóñòèìîé òî÷êè (P0, a0), P0 ∈ Ω+.

Òàê êàê ΦN(P, a) � âûïóêëàÿ íåäèôôåðåíöèðóåìàÿ ôóíêöèÿ, òî

äëÿ åå ìèíèìèçàöèè åñòåñòâåííî ïðèìåíÿòü îäèí èç ýôôåêòèâíûõ ìå-

òîäîâ ñóáãðàäèåíòíîãî òèïà. Ñðåäè òàêèõ ìåòîäîâ áûñòðîé ïðàêòè÷å-

ñêîé ñõîäèìîñòüþ îáëàäàåò r-àëãîðèòì [4]. Íà åãî îñíîâå àâòîðàìè ïî-

ñòðîåí àëãîðèòì ìèíèìèçàöèè ΦN (P, a). Ýòà ìîäèôèêàöèÿ r-àëãîðèòìà
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ó÷èòûâàåò íåêîòîðûå îñîáåííîñòè çàäà÷è, ÷òî äîñòèãàåòñÿ ðåãóëèðîâ-

êîé øàãà. Êàæäàÿ èòåðàöèÿ âêëþ÷àåò ïðîâåðêó óñëîâèé P ∈ Ω+ è

(bi, a) ≤ 1, i = 1, . . . , k. Â ñëó÷àå èõ íàðóøåíèÿ øàã äðîáèòñÿ, ïî-

êà {P, a} íå âîçâðàòèòñÿ â äîïóñòèìóþ îáëàñòü. Êðîìå òîãî, òàê êàê

P /∈ Ω+ \ Ω+, äëÿ ëó÷øåé ñõîäèìîñòè âû÷èñëèòåëüíîãî ïðîöåññà P íå

äîïóñêàåòñÿ ê ãðàíèöå Ω+, ÷òî äîñòèãàåòñÿ äðîáëåíèåì øàãà â ñëó÷àå,

åñëè
|ln detPm|
|ln detPm+1| > c, ãäå c � íåêîòîðàÿ êîíñòàíòà,m � íîìåð èòåðàöèè.

Íåêîòîðûå ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ íà ÅÑ ÝÂÌ ïðèâî-

äÿòñÿ â òàáë. 1, ãäå â ïåðâîé ñòðîêå óêàçûâàåòñÿ ðàçìåðíîñòü ïðîñòðàí-

ñòâà n, âî âòîðîé � êîëè÷åñòâî èñõîäíûõ îãðàíè÷åíèé k, â òðåòüåé �

âðåìÿ ñ÷åòà t â ñåê, çà êîòîðîå ïîëó÷åí ðåçóëüòàò ñ òî÷íîñòüþ

max
j

(
Pmjj − Pm−1

jj

)2(
Pm−1
jj

)2 < 10−12, j = 1, . . . , n,

â ÷åòâåðòîé � êîëè÷åñòâî èòåðàöèé m, â ïÿòîé � δ,

δ =
‖am − a(EM )‖
max

x1,x2∈M
‖x1 − x2‖ .

Îòìåòèì, ÷òî â [1], [3] äëÿ íàõîæäåíèÿ âïèñàííîãî ìàêñèìàëüíîãî

ïî îáúåìó ýëëèïñîèäà EM ïðåäëàãàåòñÿ èñïîëüçîâàòü ìåòîä ýëëèïñîè-

äîâ [4], êîòîðûé, îäíàêî, îáëàäàåò ìåäëåííîé ñõîäèìîñòüþ.
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Àëãîðèòì ïîñëåäîâàòåëüíîãî ñæàòèÿ
ïðîñòðàíñòâà äëÿ ïîñòðîåíèÿ

îïèñàííîãî ýëëèïñîèäà ìèíèìàëüíîãî
îáúåìà

Í. Ç. Øîð, Ñ. È. Ñòåöåíêî

Èññëåäîâàíèå ìåòîäîâ ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷. � 1990.

� Ñ. 25�29.

Â îñíîâå àëãîðèòìà � ïîñëåäîâàòåëüíûå ñæàòèÿ ïðîñòðàíñòâà
ïî ìàêñèìàëüíîìó âåêòîðó. Àëãîðèòì ïðîòåñòèðîâàí íà áîëüøîì
÷èñëå çàäà÷.

Ðàññìîòðèì çàäà÷ó ïîñòðîåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà,

âêëþ÷àþùåãî íàáîð òî÷åê X = {x1, . . . , xm} ïðîñòðàíñòâà Rn. Ýëëèï-
ñîèä E = (A, a) â Rn ïðåäñòàâëÿåòñÿ íåðàâåíñòâîì (A(x− a), x− a) ≤ 1,
ãäå A � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà; A ∈ Rn×n;
a =

(
a1, . . . , an

)
� öåíòð ýëëèïñîèäà; x =

(
x1, . . . , xn

)
� òî÷êà ýëëèïñîè-

äà. Ïîêàçàíî [1], ÷òî ýòó çàäà÷ó ìîæíî çàïèñàòü â âèäå

max
A

ln detA, (1)

(A(xj − a), xj − a) ≤ 1, j = 1, . . . ,m, (2)

A � 0, (3)

ãäå A � 0 � óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû A. Ðàç-
ìåðíîñòü âåêòîðà ïåðåìåííûõ (A, a) ðàâíà n(n+ 3)/2.

Äëÿ ðåøåíèÿ çàäà÷è (1)�(3) ïðåäëîæåí [1] ìåòîä òî÷íûõ íåãëàäêèõ

øòðàôíûõ ôóíêöèé, íàéäåíà îöåíêà âåëè÷èíû øòðàôíîãî ìíîæèòåëÿ.

Äëÿ ìàêñèìèçàöèè íåãëàäêîé ôóíêöèè øòðàôà èñïîëüçîâàí ìåòîä ãðà-

äèåíòíîãî òèïà ñ ðàñòÿæåíèåì ïðîñòðàíñòâà � r-àëãîðèòì [2] ñî ñïåöè-

àëüíîé ðåãóëèðîâêîé øàãîâîãî ìíîæèòåëÿ. Îïåðàöèè ñ ìàòðèöåé ðàñ-

òÿæåíèÿ ïðîñòðàíñòâà òðåáóþò O
(
n4
)
îïåðàöèé íà êàæäîé èòåðàöèè

àëãîðèòìà.

Îïèøåì äðóãîé ïîäõîä ê ðåøåíèþ óêàçàííîé çàäà÷è. Âìåñòî íàõîæ-

äåíèÿ ýëëèïñîèäà ñ íåèçâåñòíûì öåíòðîì â Rn áóäåì èñêàòü ýëëèïñîèä
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â (n+1)-ìåðíîì ïðîñòðàíñòâå Rn+1 ñ öåíòðîì â íà÷àëå êîîðäèíàò. Ïåðå-

âåäåì òî÷êè x1, x2, . . . , xm â ïðîñòðàíñòâîRn+1, çàôèêñèðîâàâ xn+1
i = 1,

i = 1, . . . ,m. Íîâàÿ çàäà÷à ïðèìåò âèä

max
B

ln detB, (4)

(
Bxj , xj

)
≤ 1, j = 1, . . . ,m, (5)

B � 0, (6)

ãäå xj = (xj , 1), j = 1, . . . ,m, B � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðå-

äåëåííàÿ ìàòðèöà, B ∈ R(n+1)×(n+1).

Ðåøèâ çàäà÷ó (4)�(6), íàéäåì îïòèìàëüíûé ýëëèïñîèä E â (n + 1)-
ìåðíîì ïðîñòðàíñòâå ñ öåíòðîì â O. Îïòèìàëüíûé ýëëèïñîèä E ∈ Rn
ïîëó÷èòñÿ â ñå÷åíèè ýëëèïñîèäà E ãèïåðïëîñêîñòüþ xn+1 = 1. Ïóñòü

ìàòðèöà B èìååò âèä B =
(
B bT

b b̂

)
, ãäå B � ãëàâíûé ìèíîð ìàò-

ðèöû B ðàçìåðíîñòüþ n × n; b =
(
bn+1,1, . . . , bn+1,n

)
, b̂ = bn+1,n+1.

Òîãäà îïòèìàëüíîå ðåøåíèå çàäà÷è (1)�(3) íàõîäèòñÿ ïî ôîðìóëàì

a = −B−1b, A = B/(1− b̂+
(
B−1b, b

)
). (7)

Ôóíêöèÿ ln detB ñòðîãî âîãíóòà â îáëàñòè ïîëîæèòåëüíîé îïðåäå-

ëåííîñòè ìàòðèö B. Òàê êàê îãðàíè÷åíèÿ (5) ëèíåéíû, à óñëîâèå ïî-

ëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû � âûïóêëîå íåðàâåíñòâî, çàäà-

÷à (4)�(6) ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî ïðîãðàììèðîâàíèÿ. Â ñëó÷àå,

êîãäà ðàíã ñîâîêóïíîñòè òî÷åê {x2 − x1, . . . , xm − x1} ñîâïàäàåò ñ ðàç-
ìåðíîñòüþ ïðîñòðàíñòâà n, çàäà÷à (4)�(6) èìååò åäèíñòâåííîå ðåøåíèå.

Îïèøåì àëãîðèòì ðåøåíèÿ çàäà÷è (4)�(6). Èäåÿ àëãîðèòìà ñîñòî-

èò â ñëåäóþùåì. Ïóñòü W � âûïóêëîå çàìûêàíèå òî÷åê O, x1, . . . , xm.
Íóæíî ïîñòðîèòü ýëëèïñîèä E ñ öåíòðîì â O, ñîäåðæàùèé W , òàêîé,

÷òîáû îòíîøåíèå îáúåìîâ V (E)/V (W ) áûëî ìèíèìàëüíûì. Îòíîøåíèå
îáúåìîâ íå ìåíÿåòñÿ ïðè íåâûðîæäåííûõ ëèíåéíûõ ïðåîáðàçîâàíèÿõ

ïðîñòðàíñòâà. Âñåãäà íàéäåòñÿ òàêîå ïðåîáðàçîâàíèå, ÷òî îïòèìàëüíûé

ýëëèïñîèä ñòàíåò ñôåðîé. Áóäåì ïðèáëèæàòüñÿ ê îïòèìàëüíîìó ýëëèï-

ñîèäó ïóòåì ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè îïèñàííûõ ñôåð â ïðåîá-

ðàçîâàííûõ ïðîñòðàíñòâàõ.

Îïèøåì âîêðóã W ñôåðó ìèíèìàëüíîãî ðàäèóñà, êîòîðûé ñîîòâåò-

ñòâóåò íîðìå ìàêñèìàëüíîãî âåêòîðà. Äîïóñòèì, ÷òî òàêîé âåêòîð xj
åäèíñòâåííûé. Òîãäà, åñëè ïðîâåñòè ñæàòèå âäîëü xj ñ êîýôôèöèåíòîì
q < 1, òî îáúåì W óìåíüøèòñÿ â q ðàç. Åñëè ïðè ýòîì îáðàç xj â íîâîì
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ïðîñòðàíñòâå îêàæåòñÿ îïÿòü ìàêñèìàëüíûì ïî íîðìå, òî îáúåì ñôå-

ðû óìåíüøèòñÿ â qn+1 ðàç, ò. å. îòíîøåíèå îáúåìîâ óìåíüøèòñÿ â qn

ðàç. Íà ñàìîì äåëå òåìï èçìåíåíèÿ ýòîãî îòíîøåíèÿ áóäåò ìåíüøå ïðè

ïîÿâëåíèè ¾êîíêóðèðóþùèõ¿ òî÷åê. Èäåÿ ñæàòèÿ ïî ìàêñèìàëüíîìó

âåêòîðó ïðèâîäèò ê èòåðàöèîííîìó ïðîöåññó, íà êàæäîì øàãå êîòîðîãî

èùåòñÿ ìàêñèìàëüíûé âåêòîð, ïðîâîäèòñÿ ñæàòèå ïðîñòðàíñòâà âäîëü

ýòîãî âåêòîðà è âû÷èñëÿåòñÿ ìàòðèöà ïðåîáðàçîâàíèÿ èñõîäíîãî ïðî-

ñòðàíñòâà.

Ïóñòü çà k øàãîâ ïîëó÷åíû: Xk � ìàòðèöà, ñîñòàâëåííàÿ èç âåêòîð-

ñòîëáöîâ xk1 , . . . , x
k
m � îáðàçîâ òî÷åê x1, . . . , xm â ïðåîáðàçîâàííîì ïðî-

ñòðàíñòâå; Ak � ìàòðèöà ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà.
Íà (k + 1)-ì øàãå âû÷èñëÿåì

τk+1 = max
1≤i≤m

∥∥xki ∥∥ =
∥∥xkj∥∥ ,

ξk+1 = xkj /
∥∥xkj ∥∥ ,

Xk+1 = Rαk+1 (ξk+1)Xk,

Ak+1 = Rαk+1 (ξk+1)Ak.

Çäåñü Rα (ξ) � îïåðàòîð ñæàòèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ξ ñ êî-
ýôôèöèåíòîì α, α < 1 [2]. Êîýôôèöèåíòû αk = 1 − βk âûáèðàþòñÿ èç
óñëîâèÿ

βk > 0,
∞∑
k=1

βk = +∞, βk −→
k→∞

0. (8)

Ìàòðèöà ýëëèïñîèäà, ÿâëÿþùåãîñÿ ïðîîáðàçîì ñôåðû ðàäèóñà τk
ïðåîáðàçîâàííîãî ïðîñòðàíñòâà â èñõîäíîì ïðîñòðàíñòâå, âû÷èñëÿåòñÿ

ïî ôîðìóëå Bk = AkA
T
k

/
τ2
k . Òðóäîåìêîñòü îäíîé èòåðàöèè ïðåäëàãàå-

ìîãî àëãîðèòìà ðàâíà O(n(n +m)).
Äîêàçàòåëüñòâî ñõîäèìîñòè ê îïòèìàëüíîìó ýëëèïñîèäó ïðîâåäåì

äëÿ ñëó÷àÿ m = n. Ïóñòü x1, . . . , xn � ëèíåéíî íåçàâèñèìûå âåêòîðû,

‖xi‖ = 1, i = 1, . . . , n. Ïðîâåäåì ñæàòèå ïðîñòðàíñòâà â íàïðàâëåíèè

îäíîãî èç âåêòîðîâ íàáîðà xj , j ∈
{
1, . . . , n

}
ñ êîýôôèöèåíòîì 1 − β.

Ïîëó÷èì íàáîð âåêòîðîâ

x
(j)
i (β) = R1−β (xj)xi = xi − β (xi, xj)xj , i = 1, . . . , n.

ÏóñòüX (X(j)(β)) � ìàòðèöû, ñîñòàâëåííûå èç âåêòîð-ñòîëáöîâ {xi}ni=1

({x(j)
i (β)}ni=1) ñîîòâåòñòâåííî, ò. å. X(j) (β) = R1−β (xj)X , îòêóäà
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detX(j) (β) = (1 − β) detX . Îïðåäåëèì êîýôôèöèåíò îáóñëîâëåííîñòè

n-ìàòðèöû A ñî ñòîëáöàìè {ai}ni=1 ñëåäóþùèì îáðàçîì:

α(A) =
√

det (ATA)
/ n∏

i=1

‖ai‖ .

Ó÷èòûâàÿ, ÷òî

‖x(j)
i (β) ‖2 = 1− 2β (xi, xj)

2 + β2 (xi, xj)
2 = 1− 2β (xi, xj)

2 +O
(
β2
)
,

α(x(j)(β))/α(X) =

√
det
([
X(j) (β)

]T
X(j) (β)

)
√

det
(
XTX(1− β)

∏n
i=1,i6=j ‖xi‖

) =

= 1 + β

n∑
i=1,i6=j

(xi, xj)
2
. (9)

Èñïîëüçóÿ (9), äîêàæåì ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1. Â ðåçóëüòàòå èñïîëüçîâàíèÿ îïåðàöèè ñæàòèÿ ïðîñòðàí-

ñòâà ïî âåêòîðó xj ñ êîýôôèöèåíòîì 1− β îáóñëîâëåííîñòü ñèñòåìû

óâåëè÷èâàåòñÿ íà âåëè÷èíó ïîðÿäêà β
∑n

i=1,i6=j(xi, xj)
2.

Ëåììà 2. Ïðè óñëîâèÿõ (8) α (Xk) −→
k→∞

1, ãäå Xk � ïîñëåäîâàòåëü-

íîñòü ìàòðèö, ïîëó÷àåìûõ â àëãîðèòìå.

Òåîðåìà. Åñëè m = n, {xi}ni=1 � ëèíåéíî íåçàâèñèìû, òî

lim
k→∞

(
xki , x

k
j

)∥∥xki ∥∥ ∥∥xkj ∥∥ = 0 äëÿ i 6= j,

∥∥xki ∥∥∥∥xkj∥∥ → 1, lim
k→∞

Bk = B∗,

B∗ � ìàòðèöà îïòèìàëüíîãî ýëëèïñîèäà.

Òåñòèðîâàíèå àëãîðèòìà ïðîâîäèëîñü ñëåäóþùèì îáðàçîì. Ñ ïîìî-

ùüþ äàò÷èêà ñëó÷àéíûõ ÷èñåë ãåíåðèðîâàëèñü òî÷êè íà ïîâåðõíîñòè

ñôåðû åäèíè÷íîãî ðàäèóñà ñ öåíòðîì â 1 = (1, 1, . . . , 1) ïðîñòðàíñòâà
Rn, n = 2, 3, . . . , 10. Ïî ýòèì òî÷êàì ñòðîèëñÿ ýëëèïñîèä ìèíèìàëüíîãî

îáúåìà. Ñíà÷àëà ïðîâîäèëîñü ñæàòèå ïðîñòðàíñòâà ñ ïîñòîÿííûì êîýô-

ôèöèåíòîì α = 1 − β, ãäå β = 0.2. Êîãäà óìåíüøåíèå äëèí ìàêñèìàëü-
íûõ âåêòîðîâ çàìåäëÿëîñü, êîýôôèöèåíò ñæàòèÿ âûáèðàëñÿ αk = 1−βk,
ãäå βk = 1/k, k = 1, 2, . . ..



194

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïðèâåäåíû â òàáëèöå. Ïðèíÿ-

òû òàêèå óñëîâíûå îáîçíà÷åíèÿ: n � ðàçìåðíîñòü ïðîñòðàíñòâà; m � ìè-

íèìàëüíîå ÷èñëî òî÷åê, ïî êîòîðûì óäàâàëîñü âîññòàíîâèòü èñõîä-

íóþ ñôåðó ñ òî÷íîñòüþ 0.01 ïî äåòåðìèíàíòó è êîîðäèíàòàì öåíòðà;

ε � òî÷íîñòü ðåøåíèÿ çàäà÷è (4)�(6) ïî ôóíêöèîíàëó; k � ÷èñëî èòå-

ðàöèé; t � âðåìÿ ðåøåíèÿ â ñåêóíäàõ. Ýêñïåðèìåíòû ïðîâîäèëèñü íà

ÝÂÌ IBM PC AT ñ îðäèíàðíîé òî÷íîñòüþ.

n 2 3 4 5 6 7 8 9 10

m 30 50 70 70 90 100 110 120 130

ε 0.001 0.001 0.001 0.01 0.01 0.01 0.01 0.01 0.01

k 200 300 300 400 400 500 600 700 700

t 17 35 62 91 127 203 280 348 383
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Ïîñòðîåíèå ýëëèïñîèäà
ìàêñèìàëüíîãî îáúåìà, âïèñàííîãî â
ìíîãîãðàííèê, ñ èñïîëüçîâàíèåì
ïîñëåäîâàòåëüíîãî ðàñòÿæåíèÿ

ïðîñòðàíñòâà

Í. Ç. Øîð, Î. À. Áåðåçîâñêèé

Êèáåðíåòèêà è âû÷èñëèòåëüíàÿ òåõíèêà. � 1992. � Âûï. 93. � Ñ. 1�6.

Ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ýëëèïñîèäà ìàêñèìàëüíî-
ãî îáúåìà, âïèñàííîãî â ìíîãîãðàííèê, ñ èñïîëüçîâàíèåì ïîñëå-
äîâàòåëüíîñòè ïðåîáðàçîâàíèé ïðîñòðàíñòâà. Ñ ïîìîùüþ äàííîãî
àëãîðèòìà ðåàëèçóåòñÿ ìåòîä âïèñàííûõ ýëëèïñîèäîâ äëÿ ìèíè-
ìèçàöèè âûïóêëûõ ôóíêöèé.

Ýëëèïñîèä E = (K, a) â ïðîñòðàíñòâå Rn çàäàåòñÿ íåðàâåíñòâîì

(K(x− a), x− a) ≤ 1,

ãäå K � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ n × n ìàòðèöà;

a � n-ìåðíûé âåêòîð öåíòðà ýëëèïñîèäà; x � òî÷êà ýëëèïñîèäà, x ∈ Rn.
Â ðàáîòå [1] àâòîðû óæå îáðàùàëèñü ê çàäà÷å ïîñòðîåíèÿ îïòèìàëü-

íî âïèñàííîãî â ìíîãîãðàííèê M = {x : (ci, x) ≤ 1, i = 1, . . . ,m} ýë-
ëèïñîèäà, ãäå îíà ðàññìàòðèâàëàñü â ñëåäóþùåé ïîñòàíîâêå:

min(ln detK)

ïðè óñëîâèè

max
x

(ci, x) ≤ 1, i = 1, . . . ,m, ïðè îãðàíè÷åíèè (K(x− a), x− a) ≤ 1;

K ∈ Ω+ � óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû. Äàííàÿ

ïðîáëåìà ñâîäèëàñü ê çàäà÷å ìèíèìèçàöèè âûïóêëîé íåãëàäêîé øòðàô-

íîé ôóíêöèè ïðè óñëîâèè K ∈ Ω+ è îöåíêå øòðàôíîãî ìíîæèòåëÿ.

Â ïðîãðàììíîé ðåàëèçàöèè ïðåäëîæåííîãî àëãîðèòìà ðåøåíèÿ ðàññìàò-

ðèâàåìîé çàäà÷è èñïîëüçîâàëñÿ ìåòîä ñóáãðàäèåíòíîãî òèïà ñ ðàñòÿæå-

íèåì ïðîñòðàíñòâà � ìîäèôèêàöèÿ r-àëãîðèòìà [2], òðåáóþùàÿ íà êàæ-
äîé èòåðàöèè O(n4) îïåðàöèé. Â [3] ïðåäëîæåí ìåòîä âíóòðåííèõ òî÷åê

äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ âïèñàííûõ ýëëèïñîèäîâ.
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Íèæå ðàññìàòðèâàåòñÿ äðóãîé ïîäõîä ê ðåøåíèþ çàäà÷è ïîñòðîåíèÿ

îïòèìàëüíî âïèñàííîãî ýëëèïñîèäà, èäåÿ êîòîðîãî àíàëîãè÷íà èäåå àë-

ãîðèòìà, ïðåäëîæåííîãî â [4] äëÿ ïîñòðîåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî

îáúåìà, îïèñàííîãî âîêðóã çàäàííîãî íàáîðà òî÷åê. Òðåáóåòñÿ ïîñòðî-

èòü ýëëèïñîèä E∗, âïèñàííûé â ìíîãîãðàííèê M òàê, ÷òîáû îòíîøå-

íèå îáúåìîâ V (M)/V (E∗) áûëî ìèíèìàëüíî. Äëÿ ýòîãî áóäåì èñêàòü

ëèíåéíî ïðåîáðàçîâàííîå ïðîñòðàíñòâî, â êîòîðîì èñêîìûé ýëëèïñî-

èä ïðåäñòàâëÿåò ñîáîé ñôåðó. Ðåçóëüòàò äîñòèãàåòñÿ ïóòåì ïîñòðîåíèÿ

ïîñëåäîâàòåëüíîñòè âïèñàííûõ ñôåð â ñîîòâåòñòâóþùèì îáðàçîì ïðå-

îáðàçîâàííûõ ïðîñòðàíñòâàõ.

Âïèøåì â ìíîãîãðàííèêM ñôåðó ìàêñèìàëüíîãî îáúåìà ñ öåíòðîì

â çàäàííîé òî÷êå a. Äîïóñòèì, ÷òî îíà êàñàåòñÿ òîëüêî îäíîé j-é ãèïåð-
ïëîñêîñòè. Òîãäà, åñëè ïðîâåñòè ðàñòÿæåíèå ïðîñòðàíñòâà ñ êîýôôèöè-

åíòîì α âäîëü âåêòîðà ξ = cj/ ‖cj‖ è ñìåñòèòü öåíòð a âäîëü âåêòîðà−ξ,
òî îáúåì M óâåëè÷èâàåòñÿ â α ðàç. Åñëè æå ïðè ýòîì â ïðåîáðàçîâàí-

íîì ïðîñòðàíñòâå àêòèâíûì îïÿòü îêàæåòñÿ j-å îãðàíè÷åíèå, òî îáúåì
ñôåðû óâåëè÷èòñÿ íå ìåíåå ÷åì â αn ðàç, ò. å. îòíîøåíèå îáúåìîâ â ýòîì
ñëó÷àå óìåíüøèòñÿ â αn−1 ðàç, ÷òî âåðíî è äëÿ ïðîîáðàçîâ ìíîãîãðàí-

íèêà è ñôåðû â èñõîäíîì ïðîñòðàíñòâå, ïîñêîëüêó îòíîøåíèå îáúåìîâ

íå ìåíÿåòñÿ ïðè íåâûðîæäåííûõ ëèíåéíûõ ïðåîáðàçîâàíèÿõ ïðîñòðàí-

ñòâà. Â äåéñòâèòåëüíîñòè òåìï èçìåíåíèÿ ýòîãî îòíîøåíèÿ áóäåò ìåíü-

øå ïðè ïîÿâëåíèè ¾êîíêóðèðóþùèõ¿ îãðàíè÷åíèé.

Îïèøåì îáùóþ ñõåìó àëãîðèòìà.

Çàäàíû: ìàòðèöà C0, ñîñòàâëåííàÿ èç âåêòîðîâ ñòîëáöîâ ci0,
i = 1, . . . ,m, è m-ìåðíûé âåêòîð b, êîòîðûå çàäàþò ìíîãîãðàí-

íèê M =
{
x : (ci0, x) + bi ≤ 0, i = 1, . . . ,m; x ∈ Rn}. Âûáèðàåì íåîñî-

áåííóþ n × n ìàòðèöó P0 (â îáùåì ñëó÷àå P0 = In � åäèíè÷íàÿ ìàò-

ðèöà) è òî÷êó a0 íà÷àëüíîãî ïðèáëèæåíèÿ öåíòðà ýëëèïñîèäà, a0 ∈M .

Ïóñòü â ðåçóëüòàòå âû÷èñëåíèé ïîñëå k øàãîâ èìååì ìàòðèöó ïðåîáðà-

çîâàíèÿ ïðîñòðàíñòâà Pk, î÷åðåäíîå ïðèáëèæåíèå ak öåíòðà èñêîìîãî
ýëëèïñîèäà â ýòîì ïðåîáðàçîâàííîì ïðîñòðàíñòâå è ìàòðèöó Ck îáðà-
çîâ âåêòîðîâ ci0, i = 1, . . . ,m, â ýòîì ïðåîáðàçîâàííîì ïðîñòðàíñòâå.

Òîãäà (k + 1)-é øàã îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì. Âû÷èñëÿåì:

1) rk+1 = min
1≤i≤m

ρik+1 = ρjk+1, ãäå ρik+1 = (−bi − (cik, ak))/
∥∥cik∥∥ � ðàñ-

ñòîÿíèå îò òî÷êè ak äî i-é ãèïåðïëîñêîñòè;

2) γik+1 = rk+1/ρ
i
k+1, i = 1, . . . ,m;

3) zk+1 =
∑
i∈I

γik+1c
i
k, I =

{
i : γik+1 ≥ γ∗, i = 1, . . . ,m

}
,
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4) a′k = ak + (αk+1 − 1)rk+1zk+1

/ ‖zk+1‖;

ξk+1 = cjk/‖cjk‖;
5) ak+1 = R1/αk+1(ξk+1)a′k;

Ck+1 = Rαk+1(ξk+1)Ck;

Pk+1 = PkRαk+1(ξk+1).

Çäåñü Rα(ξ) � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà â íàïðàâëåíèè ξ
ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ α, α > 1 [2]. Êîýôôèöèåíòû αk = 1− βk
âûáèðàþòñÿ èç óñëîâèÿ

βk > 0,
∞∑
k=1

βk = +∞, βk −→
k→∞

0. (1)

Ìàòðèöà è öåíòð èñêîìîãî ýëëèïñîèäà, êîòîðûé ÿâëÿåòñÿ ïðîîáðà-

çîì ñôåðû ðàäèóñà rk ïðåîáðàçîâàííîãî ïðîñòðàíñòâà â èñõîäíîì ïðî-

ñòðàíñòâå, âû÷èñëÿþòñÿ ïî ôîðìóëàì

(K∗
k)
−1 = PkP

T
k r

2
k;

a∗k = Pkak.

Ïîêàæåì, ÷òî äàííûé ïðîöåññ ìîæíî èíòåðïðåòèðîâàòü êàê ìåòîä

ñóáãðàäèåíòíîãî ñïóñêà ñ èçìåíÿåìîé ìåòðèêîé.

Â ðàáîòå [1] óêàçàíî, ÷òî, åñëè âñå ïðàâûå ÷àñòè îãðàíè÷åíèé, îïðå-

äåëÿþùèõ ìíîãîãðàííèê, ðàâíû 1, çàäà÷à ïîñòðîåíèÿ îïòèìàëüíîãî

âïèñàííîãî ýëëèïñîèäà ñâîäèòñÿ ê ìèíèìèçàöèè øòðàôíîé ôóíêöèè

S(P, a) = − ln detP + nmax
i

(‖Pci‖+ (ci, a)− 1) . (2)

Âû÷èñëèì ñóáãðàäèåíò ýòîé ôóíêöèè â òî÷êå {In, a}:

∂S

∂P
(P, a) = −P−1 + n

Pcjc
T
j

‖Pcj‖ ,

ãäå j � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìàêñèìóì â (2).

Îòñþäà

∂S

∂P
(In, a) = −In + n

cjc
T
j

‖cj‖ ,
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∂S

∂a
(In, a) = ncj .

Ðàññìîòðèì øàã ñóáãðàäèåíòíîãî ñïóñêà èç òî÷êè {In, a}:
P0 = In, a0 = a,

P1 = P0 − h
∂S

∂P
(In, a),

a1 = a− h
∂S

∂a
(In, a),

ãäå h > 0 � íåêîòîðûé øàãîâûé ìíîæèòåëü.

P1 = In − h

(
−In + n

cjc
T
j

‖cj‖

)
= (1 + h)

(
In − hn ‖cj‖

1 + h

cjc
T
j

‖cj‖2
)

=

= (1 + h)Rβ0(ξj),

ãäå ξj =
cj
‖cj‖ , β0 = 1−hn ‖cj‖

1 + h
. Rβ(ξ) � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàí-

ñòâà â íàïðàâëåíèè ξ ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ β; a1 = a− hncj .
Ñäåëàåì çàìåíó ïåðåìåííûõ:

(1 + h)Rβ0(ξj)P = P , P = P
R1/β0(ξj)

1 + h
. (3)

Òîãäà

S(P, a) = − ln detP+ln[β0(1+h)]+nmax
i

{
‖PR1/β0(ξj)ci‖

1 + h
+ (ci, a)− 1

}
.

Îáîçíà÷èì ci = R1/β0 (ξj) ci/(1 + h).
Òîãäà

S(P, a) = − ln detP+ ln[β0(1 + h)]+

+nmax
i
{‖P ci‖+ (ci, Rβ0(ξj)a(1 + h))− 1}.

Ïîñëå çàìåíû ïåðåìåííûõ P1 ñîîòâåòñòâóåò P 1 = In, ò. å. â ïðåîáðà-

çîâàííîì ïðîñòðàíñòâå ìû îïÿòü íàõîäèìñÿ â òî÷êå In, è íîâûé öèêë

âû÷èñëåíèé, ñâÿçàííûé ñ øàãîì ñóáãðàäèåíòíîãî ñïóñêà â ïðåîáðàçî-

âàííîì ïðîñòðàíñòâå, íå áóäåò îòëè÷àòüñÿ îò ïðåäûäóùåãî.

Îïèñàííûé âûøå àëãîðèòì ôàêòè÷åñêè ðåàëèçóåò ñóáãðàäèåíòíûé

ìåòîä ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâà ïî ôîðìóëå (3). Óñëîâèå βk → 0
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ñîîòâåòñòâóåò óñëîâèþ hk → 0 â ñóáãðàäèåíòíîì ïðîöåññå. Êðîìå òîãî,

òåìï èçìåíåíèÿ ìåòðèêè ïðîñòðàíñòâà ñ óâåëè÷åíèåì k ñòðåìèòñÿ ê 0,

ò. å. ïðè áîëüøèõ k îïèñàííûé âûøå àëãîðèòì ïðàêòè÷åñêè íå îòëè÷à-

åòñÿ îò ñóáãðàäèåíòíîãî ïðîöåññà.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà: ïðè óñëîâèè (1) îïèñàííûé âûøå àë-

ãîðèòì âûäàåò ïîñëåäîâàòåëüíîñòè {Pk, rk, ak} òàêèå, ÷òî
PkP

T
k r

2
k → (K∗)−1, Pkak → a∗.

Îòìåòèì, ÷òî â îòëè÷èå îò àëãîðèòìà, îïèñàííîãî â [1], ðàññìîò-

ðåííûé âûøå òðåáóåò íà êàæäîé èòåðàöèè âñåãî O(n(n + m)) îïåðà-

öèé. Ïðè òåñòèðîâàíèè, êîòîðîå ïîêàçàëî óäîâëåòâîðèòåëüíûå ðåçóëü-

òàòû, γ∗ ïðèñâàèâàëîñü çíà÷åíèå 0,99, à ïîñëåäîâàòåëüíîñòü βk âûáè-

ðàëàñü ñëåäóþùèì îáðàçîì: ñíà÷àëà ðàñòÿæåíèå ïðîñòðàíñòâà ïðîâî-

äèëîñü ñ ïîñòîÿííûì êîýôôèöèåíòîì (íàïðèìåð, β0 = 0,2), à çàòåì,

êîãäà detK ïåðåñòàâàë óìåíüøàòüñÿ, êîýôôèöèåíò ðàñòÿæåíèÿ âûáè-

ðàëñÿ αk = 1− βk, βk =
1

k + 1
, k = 1, 2, . . ..

Ïîñòðîåíèå ýëëèïñîèäà ìàêñèìàëüíîãî îáúåìà, âïèñàííîãî â ìíîãî-

ãðàííèê, ñâÿçàíî ñ øèðîêèì êðóãîì ïðèëîæåíèé, íàïðèìåð, òàêèõ, êàê

àïïðîêñèìàöèÿ îáëàñòåé äîñòèæèìîñòè â òåîðèè óïðàâëåíèÿ è äèôôå-

ðåíöèàëüíûõ èãðàõ, ëîêàëèçàöèÿ îáëàñòåé âîçìîæíûõ çíà÷åíèé ïàðà-

ìåòðîâ äèíàìè÷åñêèõ ñèñòåì [5], â ñòàòèñòèêå, ïëàíèðîâàíèè ýêñïåðè-

ìåíòîâ, ïðè ðåøåíèè çàäà÷ âûïóêëîãî ïðîãðàììèðîâàíèÿ, ïîèñêà ñåä-

ëîâûõ òî÷åê è äð. Â ÷àñòíîñòè, îíî èñïîëüçóåòñÿ â ìåòîäå âïèñàííûõ

ýëëèïñîèäîâ [6], ÿâëÿþùèìñÿ ìåòîäîì îòñå÷åíèÿ äëÿ ðåøåíèÿ çàäà÷

âûïóêëîãî ïðîãðàììèðîâàíèÿ. Îñíîâíàÿ èäåÿ ýòîãî ìåòîäà çàêëþ÷àåò-

ñÿ â ñëåäóþùåì. Òðåáóåòñÿ ìèíèìèçèðîâàòü âûïóêëóþ ôóíêöèþ f(x)
íà âûïóêëîì ìíîæåñòâå G0 ⊂ Rn. Â ñîîòâåòñòâèè ñ îáùåé ñõåìîé ìå-

òîäîâ îòñå÷åíèé íà k-é èòåðàöèè ñòðîèì âïèñàííûé â Gk−1 ýëëèïñîèä

Ek = (Kk, ak) ìàêñèìàëüíîãî îáúåìà è îïðåäåëÿåì òåêóùèé ëîêàëèçà-

òîð ðåøåíèÿ çàäà÷è

Gk = {x : x ∈ G0, (gradf(ai), x− ai) ≤ 0, i = 1, . . . , k}.
Ïðè ýòîì îòíîøåíèå îáúåìîâ

V (Ek+1)/V (Ek) ≤ 0, 843. (4)

Ó÷èòûâàÿ, ÷òî îòíîøåíèå îáúåìîâ îïòèìàëüíûõ îïèñàííûõ âîêðóã

âûïóêëîãî òåëà G è âïèñàííûõ â íåãî ýëëèïñîèäîâ íå ïðåâûøàåò nn,
ïîñëåäîâàòåëüíîñòü {V (Gk)}∞k=0 ìàæîðèðóåòñÿ ñâåðõó ãåîìåòðè÷åñêîé

ïðîãðåññèåé ñî çíàìåíàòåëåì 0,843.
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Íåðàâåíñòâî (4) äîïóñêàåò ñëåäóþùåå îáîáùåíèå â ñëó÷àå, åñëè ìàê-

ñèìàëüíûé ýëëèïñîèä, â öåíòðå êîòîðîãî ðàññåêàåòñÿ Gk, íàõîäèòñÿ
ïðèáëèæåííî ñ îòíîñèòåëüíîé ïîãðåøíîñòüþ ïî îáúåìó η ∈ (0, 1]:

V (Ek+1)
/
V (Ek) ≤ 0, 843η−2,

îòêóäà ïðè ôèêñèðîâàííîì η, íàïðèìåð η = 0,99, âûòåêàåò ãàðàíòèðî-

âàííàÿ îöåíêà

N(ε) ≤ 6, 64n ln
1
ε

(5)

÷èñëà èòåðàöèé N(ε), äîñòàòî÷íûõ äëÿ äîñòèæåíèÿ îòíîñèòåëüíîé òî÷-
íîñòè ìèíèìèçàöèè ε [6]. Òàêèì îáðàçîì, êàê è èçâåñòíûé ìåòîä öåí-

òðîâ òÿæåñòåé, ìåòîä âïèñàííûõ ýëëèïñîèäîâ ÿâëÿåòñÿ îïòèìàëüíûì

ïî ïîðÿäêó ÷èñëà èòåðàöèé ìåòîäîì âûïóêëîãî ïðîãðàììèðîâàíèÿ â

êëàññå ìåòîäîâ, èñïîëüçóþùèõ ëèøü ëîêàëüíóþ èíôîðìàöèþ î ïîâåäå-

íèè ìèíèìèçèðóåìîé ôóíêöèè â îêðåñòíîñòÿõ òî÷åê-ïðèáëèæåíèé.

Íèæå ïðåäëàãàåòñÿ àëãîðèòì, ðåàëèçóþùèé ìåòîä âïèñàííûõ ýë-

ëèïñîèäîâ [6] ñ èñïîëüçîâàíèåì ðàññìîòðåííîãî â ýòîé ðàáîòå ïðèáëè-

æåííîãî ïîñòðîåíèÿ îïòèìàëüíîãî âïèñàííîãî ýëëèïñîèäà. Íåîáõîäè-

ìî îñîáî ïîä÷åðêíóòü, ÷òî ïðè ïåðåõîäå ê ñëåäóþùåé èòåðàöèè ìåòîäà

ïðîñòðàíñòâî íå âîññòàíàâëèâàåòñÿ, ò. å. ïîñòðîåíèå ñëåäóþùåãî ýëëèï-

ñîèäà íà÷èíàåòñÿ â òîì æå ïðåîáðàçîâàííîì ïðîñòðàíñòâå, â êîòîðîì

ïðåäûäóùèé ýëëèïñîèä ïðåäñòàâëÿë èç ñåáÿ ñôåðó. Áëàãîäàðÿ ýòîìó

èñêëþ÷àåòñÿ ñèëüíàÿ ¾âûòÿíóòîñòü¿ äîïóñòèìîé îáëàñòè, ÷òî ïîçâî-

ëÿåò óìåíüøèòü êîëè÷åñòâî èòåðàöèé äëÿ ðåøåíèÿ âíóòðåííåé çàäà÷è

ïîñòðîåíèÿ îïòèìàëüíîãî ýëëèïñîèäà, óïðîùàåò âûáîð ïîñëåäîâàòåëü-

íîñòè {βk}∞k=1 è ñïîñîáñòâóåò óëó÷øåíèþ ðàáîòû àëãîðèòìà.

Îáùàÿ ñõåìà àëãîðèòìà âûãëÿäèò ñëåäóþùèì îáðàçîì. Çàäàíû: ìàò-

ðèöà C0, ñîñòàâëåííàÿ èç âåêòîðîâ ñòîëáöîâ ci0, i = 1, . . . ,m, è âåêòîð

b, b ∈ Rm, êîòîðûå çàäàþò äîïóñòèìóþ îáëàñòü â âèäå ìíîãîãðàííèêà

M = {x : (ci0, x) + bi ≤ 0, i = 1, . . . ,m}, ìèíèìèçèðóåìàÿ ôóíêöèÿ f(x),
âåêòîð àêòèâíîñòè îãðàíè÷åíèé s0 = 0, íåîñîáåííàÿ ìàòðèöà P0 = In è
òî÷êà aH1 íà÷àëüíîãî ïðèáëèæåíèÿ öåíòðà ýëëèïñîèäà íà ïåðâîé èòåðà-

öèè ìåòîäà, aH1 ∈M . Ïîñëå k èòåðàöèé èìååì ìàòðèöó ïðåîáðàçîâàíèÿ

Pk (PHk+1 = Pk), ìàòðèöó Ck è âåêòîð b, çàäàþùèå ãèïåðïëîñêîñòè îãðà-
íè÷åíèé â ýòîì ïðåîáðàçîâàííîì ïðîñòðàíñòâå, òî÷êó aHk+1 íà÷àëüíîãî

ïðèáëèæåíèÿ öåíòðà ýëëèïñîèäà íà (k+1)-é èòåðàöèè â ïðåîáðàçîâàí-
íîì ïðîñòðàíñòâå,(
Pka

H
k+1

) ∈Mk = {x : x ∈M, (gradf(Piai), x− Piai) ≤ 0, i = 1, . . . , k},
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è âåêòîð àêòèâíîñòè îãðàíè÷åíèé sk (sik ðàâíî êîëè÷åñòâó èòåðàöèé,

íà ïðîòÿæåíèè êîòîðûõ i-e îãðàíè÷åíèå íå ó÷àñòâîâàëî â ïîñòðîåíèè

îïòèìàëüíûõ ýëëèïñîèäîâ).

Îïèøåì (k + 1)-é øàã àëãîðèòìà:

1) ñòðîèì îïòèìàëüíî âïèñàííûé â Mk ýëëèïñîèä

Ek+1 = (Kk+1, Pk+1ak+1) ,

ïðè ýòîì ïðîâåðÿÿ àêòèâíîñòü îãðàíè÷åíèé (åñëè õîòü ðàç ðàñòÿ-

æåíèå ïðîñòðàíñòâà ïðîèñõîäèëî ïî íàïðàâëåíèþ íàïðàâëÿþùåé

i-é ãèïåðïëîñêîñòè, sik+1 = 0, â ïðîòèâíîì ñëó÷àå sik+1 = sik + 1);
Pk+1 � ìàòðèöà ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà, â êîòîðîì ýëëèïñî-

èä Ek+1 ïðåäñòàâëÿåò ñîáîé ñôåðó ðàäèóñà 1;

2) ïðîâåðÿåì àêòèâíîñòü îãðàíè÷åíèé: åñëè sik+1 > smax, òî i-å îãðà-
íè÷åíèå âûáðàñûâàåòñÿ;

3) îïðåäåëÿåì îòñåêàþùóþ ãèïåðïëîñêîñòü (cm+k+1
k+1 , x)+bm+k+1 ≤ 0

â ïðåîáðàçîâàííîì ïðîñòðàíñòâå

cm+k+1
k+1 = PTk+1gradf(Pk+1ak+1), bm+k+1 = −(cm+k+1

k+1 , ak+1);

4) âû÷èñëÿåì íà÷àëüíîå ïðèáëèæåíèå öåíòðà ýëëèïñîèäà äëÿ ñëåäó-

þùåé èòåðàöèè

aHk+2 = ak+1 − δrk+1c
m+k+1
k+1 /‖cm+k+1

k+1 ‖, rk+1 = 1.

Ïðè òåñòèðîâàíèè âûáèðàëîñü smax = 8, δ = 0, 5 è äëÿ âíóòðåí-

íåé çàäà÷è ïîñòðîåíèÿ ýëëèïñîèäà βk = 1/(1 + k). Â êà÷åñòâå òåñòîâûõ

ïðèìåðîâ èñïîëüçîâàëèñü îäíî- è ìíîãîìåðíûå ¾îâðàæíûå¿ ôóíêöèè â

ïðîñòðàíñòâå ðàçìåðíîñòüþ äî 10. Êîëè÷åñòâî èòåðàöèé, íåîáõîäèìûõ

äëÿ äîñòèæåíèÿ îòíîñèòåëüíîé òî÷íîñòè ε, ñîîòâåòñòâîâàëî îöåíêå (5).
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New algorithms for constructing
optimal circumscribed and inscribed

ellipsoids

NAUM Z. SHOR and O. A. BEREZOVSKI 1

Optimization Methods and Software. – 1992. – 1. – P.283–299.

This paper is an overview of some methods used to solve the prob-
lem of constructing an ellipsoid of minimal volume containing a set
of m points and the problem of constructing an ellipsoid of maximal
volume inscribed in a polyhedron defined by a system of m linear in-
equalities in n-dimensional Euclidean space (using nonsmooth convex
penalty functions and successive space transformation). The type 1
algorithms require O(n3) or O(m3) arithmetical operations per itera-
tion (depending on whether the prime or dual algorithm is conside-
red); the type 2 algorithms require O(nm) arithmetical operations
per iteration.

1. Introduction

The solution of problems of constructing optimal with respect to volume
circumscribed and inscribed ellipsoids is of great interest due to the broad
range of their applications. Primarily, these problems can be used to define
the �upper� and �lower� approximations of complex sets, for example, the
regions of attainability in the theory of control and differential games; to
refine the regions of localization of probable values of dynamic system pa-
rameters using a priori information and results of measurements [1]; then in
statistics, in planning of experiments to determine parameters of regression
models [3], in numerical mathematics to describe sets of possible solutions
of linear and nonlinear equations with perturbed coefficients etc.

In recent years, interest in the problems of constructing inscribed and
circumscribed ellipsoids has increased considerably owing to their possible
applications in mathematical programming for approximating regions of lo-
calization of optimal points in extremal problems. Thus, the widespread

1The authors are grateful to the referees for useful comments.
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�ellipsoid method� and its modifications are based on constructing ellip-
soids of minimal volume, circumscribed around regions of optimum localiza-
tion; the centres of optimal inscribed ellipsoids were used in [4] to construct
fast converging cutting plane algorithms for finding the minimum of a convex
function on a polyhedron. Geometrical ideas linked with the approximation
of regions of localization of extremums by ellipsoids are used in the �interior
points� methods [5]. Based on these methods, polynomial algorithms are
built for solving important classes of convex programming problems.

Consider the problems of constructing in a sense optimal inscribed
and circumscribed ellipsoids. Let Wn be a set of convex compact bodies
of n-dimensional Euclidean space IRn including interior points. For each
M ∈ Wn let O1(M) be a set of ellipsoids circumscribed around M (in-
cluding M) and O2(M) be a set of n-dimensional ellipsoids inscribed in M
(included in M); V (M) is an n-dimensional volume of compact M ⊂ IRn.
Let E∗(M) ∈ O1(M) be a circumscribed ellipsoid of minimal volume, and
E∗(M) ∈ O2(M), an inscribed ellipsoid of maximal volume for a convex
body M . The existence and uniqueness of E∗(M) and E∗(M) were first
justified by Lewner in an oral presentation, so these ellipsoids are some-
times called �Lewner’s� ellipsoids. Behrend [10] for n = 2 and John [11]
for arbitrary n substantiated the existence and the uniqueness of optimal
circumscribed and inscribed ellipsoids for any M ∈ Wn. John proved also
that for each M ∈ Wn the pair of homotetic ellipsoids E+(M) (circum-
scribed) and E+(M) (inscribed) with a common centre and coefficient of
gomotety 1/n exists. Examples of such pairs can be:

(a) ellipsoid E∗(M) and ellipsoid E∗+(M) with the coefficient of homotety
1/n homotetic to it with respect to the centre of E∗(M);

(b) ellipsoid E∗(M) and ellipsoid E∗+(M) with the coefficient of homotety
n homotetic to it with respect to the centre of E∗(M).

If set M is a central-symmetric body then the constant n in John’s theorem
can be replaced by n1/2 [11].

It should be noted that the problems connected with inscribed
and circumscribed ellipsoids are closely linked and are in a sense
equivalent. This follows from the properties of the so-called polar transfor-
mation poM = {y : (x, y) ≤ 1, x ∈ M} introduced by Minkovski for the
set M ∈ Wn, 0 ∈ int M :

po(poM) = M ;
po (

⋂m
i=1Mi) = conv (

⋃m
i=1 poMi);

if M1 ⊂M2 then poM2 ⊂ poM1;
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if M is an ellipsoid then poM is an ellipsoid too;
if M = (K, 0) is an ellipsoid with centre at the point 0 then

poM =
(
K−1, 0

)
and V (M) · V (poM) = w2

n where wn is the volume of the
sphere {x : ‖x‖ ≤ 1};

if E∗ is an ellipsoid of minimal volume, circumscribed around M (the
ellipsoid centre is fixed at the origin), then poE∗ is the ellipsoid of maximal
volume inscribed in poM (with the same centre).

The transition from the algorithms for solving problems of constructing
ellipsoids with fixed ellipsoid centres to solving problems with any centres
is based on the next lemma.

Lemma 1. Let the (n + 1)-dimensional ellipsoid En+1 be intersected by
hyperplane P and this hyperplane does not contain the centre of En+1. Let
En be an n-dimensional ellipsoid defined by En = En+1

⋂
P . Then the ratio

of volumes

V (En)
V (En+1)

=
wn
wn+1

·
(
1− h2/h2

∗
)n/2

h∗
,

where h∗ is the distance from the centre of En+1 to the hyperplane tangent
to the ellipsoid En+1 and parallel to P ; and h is the distance from the centre
of En+1 to P .

Corollary 1. To solve the problem of constructing ellipsoid En = (K, b∗) ∈
∈ IRn optimal with respect to volume for the set Mn it is sufficient
to find the solution of the problem of constructing an optimal ellipsoid
En+1 = (K, 0) ∈ IRn+1 provided:

(a) condition En ⊆Mn (or En ⊇Mn) for sets from IRn is transferred to
the respective sets of the hyperplane xn+1 = h;

(b) hyperplane xn+1 = h∗ is tangential to En+1, h∗ > h.

And

b∗ = −h K̃−1 r, (1)

K = K̃/(1− k h2 + h2 rt K̃−1 r), (2)

where K̃, r, rt and k are corresponding blocks of

K =
[
K̃ r
rt k

]
. (3)
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A reduction of the general extremal ellipsoid problem to the case of a
fixed centre was obtained by Titterington [14].

Now one knows the polynomial-time solvability algorithms for construct-
ing an optimal circumscribed ellipsoid ([5, 13, 15]). The algorithms consid-
ered below are simpler than these algorithms and can be competitive at large
n and m when great accuracy of defining the parameters of the extremal
ellipsoids is not required.

Consider the mathematical models of the problems of constructing in-
scribed and circumscribed ellipsoids optimal with respect to volume.

2. Solutions of the problems

of finding extremal ellipsoids
using the penalty function

2.1. The problem of constructing an ellipsoid
of maximal volume inscribed in a polyhedron

Consider an ellipsoid represented as follows:

E = (K, b) = {x : (x− b∗)
t
K (x− b∗) ≤ 1}

(K = {kij}ni,j=1 is a symmetric positive definite n × n matrix, b∗ is an
n-dimensional vector of the ellipsoid centre) the volume of which is
V (E) = ν0(detK)−1/2, where ν0 is the volume of an n-dimensional unit
sphere. The problem of finding E∗(M) where M is defined by a finite
system of linear inequalities (without loss of generality if 0 ∈ M then one
may write this system of inequalities as (ci, x) ≤ 1, i = 1, . . . , k) may be
represented as follows ([4, 5, 13]):

find

V = min{f0(y)
∣∣ fi(y) ≤ 0, i = 1, . . . , k; y ∈ Ω}, (4)

where

f0(y) = − ln detQ, K−1 = Q = {qij}ni,j=1

y = {{qij}ni,j=1, {b∗}},
fi(y) =

√
c ti K

−1ci + (ci, b∗)− 1,

Ω = {y : Q ∈ Ω+}.
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To take into account the restrictions in (4) we use a penalty function in
the maximum form. To define penalty coefficient N the following theorem
is used [9].

Let fi(x), i = 1, . . . ,m, be continuous functions and M ⊂ IRn.
Define

V (y) = inf{f0(x) : fi(x) ≤ yi, i = 1, . . . ,m; x ∈ IRn}, (5)

where V(0) corresponds to the initial problem,

ΦN (x) = f0(x) +NF (x), (6)

F (x) = max{0, f1(x), . . . , fm(x)}. (7)

Further we need

Theorem 1. Let infλ>0
V (λ) − V (0)

λ
= −L > −∞ and N > L. Then the

solution of the problem of finding inf ΦN (x) is equal to the solution of the
problem V (0).

Remark 1. Since V (λ) is a decreasing function on λ (the lower bound is
higher in a narrower region than in a wider region) then L ≥ 0.
Remark 2. If fi(x), i = 1, . . . ,m are convex functions and the Slaiter
conditions are fulfilled then L =

∑m
i=1 u

∗
i where u∗i is the vector component

of optimal Lagrange multipliers obtained from the Kuhn-Tucker theorem.
If f0(x) is strictly convex then N can be equal to L.

The inequality
√
c ti Qci + (ci, b∗) − 1 ≤ λ, is equivalent to

√
c ti Q̂ ci+

+
(
ci, b̂∗

)
−1 ≤ 0, where Q̂ = Q/(1+λ)2, b̂∗ = b∗/(1+λ). Then for λ > −1

V (λ)− V (0) = − ln(1 + λ)2n = −2n ln(1 + λ),

inf
λ>0

V (λ)− V (0)
λ

= inf
λ>0

(
−2n

ln(1 + n)
λ

)
= −2n > −∞.

Thus we have proved

Theorem 2. If N > 2n then the solution of the problem of finding

inf{ΦN (y) : y ∈ Ω}

is the solution of problem (4).
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Finally, using Theorem 2 and variable substitution P = {pij}ni,j=1,
Q = P tP , problem (4) is reduced to the problem of minimization of the
nonsmooth penalty function

Φ1
N (P, b∗) = −2 ln detP +N max{0,max

i
(‖Pci‖+ (ci, b∗)− 1)} (8)

under the conditions P ∈ Ω+ and N > 2n. Note that N can equal 2n as it
follows from remark 2.

2.2. The problem of constructing an ellipsoid of
minimal volume containing a finite set of points

Let M be a convex polyhedron represented as the convex hull of a finite
number of points {bi}mi=1 in the space IRn. Then the problem of constructing
E∗ may be modified to

min{f0(y) : E ∈ O1(M)}, (9)

where

f0(y) = − ln detK,

y = {{kij , b∗}ni,j=1, b∗}
E ∈ O1(M) is expressed by a system of inequalities

(bi − b∗)
t
K (bi − b∗) ≤ 1, i = 1, . . . ,m.

(9′)

Consider the problem of finding an optimal (n+1)-dimensional ellipsoid
E =

(
K, 0

)
(the ellipsoid centre is fixed at the origin) containing a set of

points {b1, . . . , bm} where b
t

i = (bti, 1) and bi ∈M :

V = min{f0(y)|fi(y) ≤ 0, i = 1, . . . ,m, y ∈ Ω}, (10)

where

f0(y) = − ln detK,

fi(y) = b
t

i K bi − 1,

y = {{kij}n+1
i,j=1}, K = {kij}n+1

i,j=1,

Ω = {y : K ∈ Ω+}.
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Using the solution of problem (10) one may easily calculate the parameters
of the n-dimensional elllipsoid E∗ = (K, b∗) from problem (9), (9′) by for-
mulas (1), (2). This is possible because E∗ is obtained by the intersection
of E and the hyperplane xn+1 = 1 (Corollary 1 of Lemma 1 for h = 1).

To solve problem (10) one uses the penalty function in maximum form
(6), (7) and defines the penalty coefficient N by using Theorem 1. Similarly
to Theorem 2 we prove

Theorem 3. If N > n + 1 then the solution of the problem of finding
inf{ΦN (y) : y ∈ Ω} is equal to the solution of problem (10).

So the problem of constructing a minimal ellipsoid containing a finite
set of points is reduced to that of minimization of the nonsmooth penalty
function

Φ
2

N (K) = − ln detK +N max{0, max
i

(b
t

i K bi − 1)} (11)

provided K ∈ Ω+ and N > n+ 1.
As Ω+ is a convex set and Φ1

N (P, b∗) and Φ2
N (K) are convex nonsmooth

functions, (8) and (11) are convex programming problems. Taking into
account the constraints of type Z ∈ Ω+ (Z = P for (8) and Z = K for (11))
is essentially facilitated due to − ln detZ → +∞ when Z approaches the
boundary of Ω+. The above feature creates a natural �barrier� to prevent
the exit of matrix Z out of the region when the monotonic minimization
method is used.

The dimension of problem (11) of finding the minimal ellipsoid is a
function of the space dimension (n+ 1)(n+ 2)/2. When the quantity m of
constraints is less than this value it is expedient to use another problem,
the solution of which is the solution of problem (9), (9′) and which is the
problem of minimization of a nonsmooth function of m variables.

Theorem 4. The solution of the problem of finding the minimal ellipsoid
(K, 0) containing the set {bi, i = 1, . . . ,m} with a fixed centre at the origin
is equal to the solution of the following problem:

f (p∗) = min{f(p) : p ∈ P}, (12)

where f(p) = − ln det (BWBt), B is an n×m matrix the columns of which
are vectors bi ∈ IRn, i = 1, . . . ,m, W = diag [p] is a diagonal matrix with
wii = pi, i = 1, . . . ,m, P = {p : p ≥ 0,

∑m
i=1 pi = 1} ⊂ IRm. Under this

K = (BW∗Bt)
−1
/n.
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Proof. When b∗ = 0, the Lagrange function of problem (9), (9′) is

L(K,u) = − ln detK +
m∑
i=1

ui
(
btiK bi − 1

)
.

∂L(K,u)/∂k lj = −q lj +
m∑
i=1

uib
l
i b
j
i = 0, (K−1 = {q lj}nl,j=1).

Therefore,
K−1 = B ∪Bt, where U = diag [u]. (13)

Moreover, from Remark 2 of theorem 1 we have

m∑
i=1

ui = n. (14)

Since (9), (9′) is a convex programming problem, its solution is equal to
the solution of a dual problem which may be written considering (13), (14)
and a complementary condition as follows:

max
u

{
ln det(B ∪Bt) : U = diag[u],

m∑
i=1

ui = n, u ≥ 0, u ∈ IRn
}
.

By substituting variables p = u/n we obtain problem (12). The theorem is
proved.

Theorem 5. The solution of problem (9), (9′) is equal to the solution of
the problem

f0(p) = min{f0(p) | p ∈ P}, (15)

where

f0(p) = − ln det(BWB
t

i ),

B
t

i = (1tm|Bt), B is a matrix composed of the vectors bi as columns,

W = diag[ p ],

P = {p | p ≥ 0,
m∑
i=1

pi = 1, p ∈ IRm}

And b∗ = Bp∗, K = (B̃∗WB̃∗)−1/n, where B̃ is an n×m matrix composed
of vectors (bi − b∗) as columns, W∗ = diag[ p∗].
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Proof. As mentioned above, for solving problem (9), (9′) it is sufficient to
solve problem (10) and calculate the parameters of the desirable ellipsoid
by formulas (1), (2). By Theorem 4 the solutions of problems (10) and (15)
coincide and

K−1 = (n+ 1)BWB
t
= (n+ 1)

 BWBt
m∑
i=1

pibi

m∑
i=1

pib
t
i 1

 . (16)

Using formulas (1), (2) for transforming E =
(
K, 0

) ∈ IRn+1 to
E = (K, b∗) ∈ IRn it is easy to receive from (16):

K−1 = n
(
BWBt − b∗ bt∗

)
= nB̃∗WB̃t∗,

b∗ =
m∑
i=1

p∗i bi.

The theorem is proved.
To solve problem (16), we use the penalty function in form (6), (7). We

also take into account that the solution of problem (16) does not change

if one takes the restriction
m∑
i=1

pi = 1 in the form
m∑
i=1

pi ≤ 1. Similarly to

Theorem 2 we can prove

Theorem 6. If N > n+1 then the solution of the problem of finding ΦN (p)
at p > 0 is equal to the solution of problem (15).

Thus we have obtained another problem the solution of which allows
us to readily calculate (by formulas (1), (2)) the parameters of the mini-
mal circumscribed ellipsoid. The latter problem is one of minimizing the
nonsmooth convex penalty function

Φ3
N (p) = − ln det(BWB

t
) +N max{0,

m∑
i=1

pi − 1} (17)

provided p ≥ 0 and N > n+ 1.
To minimize the functions of type (8), (11), (17) we used modifications

of an r-algorithm which are monotonic and rapidly converge [12]. The re-
alization of one iteration of these algorithms requires O

(
n3
)

or O
(
m3
)

arithmetical operations (depending on whether the prime or dual algorithm
is used) [16]. Below we propose another approach to construct optimal with



212

respect to volume ellipsoids using successive space transformations. Itera-
tive algorithms realizing the idea of this approach are convenient when high
accuracy for defining the parameters of extremal ellipsoids is not necessary.
They require only O (nm) arithmetical operations per iteration.

3. ”Simple” algorithms for constructing
optimal with respect to volume ellipsoids

3.1. The problem of constructing an ellipsoid of
minimal volume containing a finite set of points

Consider the problem of minimizing the penalty function

f(K) = − ln detK + nmax
i
{(Kai, ai)− 1} (18)

to which the original problem of constructing an optimal with respect to
volume ellipsoid containing the set of points {ai}mi=1 with centre fixed at
point 0 is reduced. Let B be a non-degenerate n×nmatrix. By substituting
ai = Ba′i, i = 1, . . . ,m, we obtain:

f(K) = − ln detK + nmax
i

[
(KBa′i, Ba

′
i)− 1

]
=

= − ln detK ′ + C(B) + nmax
i

[
(K ′a′i, a

′
i)− 1

]
,

where

K ′ = BtKB, C(B) = −2 lndetB, a′i = B−1ai,

f ′ (K ′) = f(K)− C(B) = − ln detK ′ + nmax
i

[
(K ′a′i, a

′
i)− 1

]
.

(19)

Thus, the problem of minimization (18) is reduced to that of minimizing
f ′ (K ′), which differs from the former only by the values of {ai}mi=1.

Let K0 = d0In, d0 > 0. Carry out one step of a subgradient descent for
function (18) from point K0. Calculate the subgradient:

gf (K0) = gf (d0In) = −In/d0 + nai∗a
t
i∗ , ai∗ = arg max

i
‖ai‖ .

Let h0 > 0 be a step multiplier. Then

K1 = K0 − h0gf (x0) = d0In − h0

(
In/d0 + nai∗a

t
i∗
)

=
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= (d1 + h0/d0)
[
In − nh0 ‖ai∗‖2 ξ0ξt0

/
(d0 + h0/d0)

]
=

= d1R1−µ (ξ0) ,

where ξ0 = ai∗/ ‖ai∗‖ , d1 = (d0 + h0) /d0, µ1 = nh0

∥∥a2
i∗
∥∥ /d1;

Rα(ξ) is the operator of space dilation in the direction ξ with the dilation
coefficient α [12].

Let β1 = 1 − √
1− µ1, B(1) = R1−β1 (ξi∗), K = d1 In. Use of the

substitution B(1)ai = a
(1)
i , i = 1, . . . ,m, results in a new family of points

{a(1)
i }mi=1. When this substitution takes place, (18) reduces to the problem

of minimizing the function

f (1)(K) = − ln detK + nmax
i

[(
Ka

(1)
i , a

(1)
i

)
− 1
]

(20)

and the approximationK1 for (18) passes to the approximationK1 for (20).
Herewith, the following correlation takes place:

K1 = B(1)K(1)B(1)t.

Let N iterations similar to the iterations of the subgradient descent be
made but each time for a new function

f (r)(K) = − ln detK + nmax
i

[(
Ka

(r)
i , a

(r)
i

)
− 1
]
,

where a(r)
i = R1−βr (ξr−1) a

(r−1)
i ,

ξr−1 = a
(r−1)
i∗(r−1)

/ ∥∥∥a(r−1)
i∗(r−1)

∥∥∥ , ∥∥∥a(r−1)
i∗(r−1)

∥∥∥ = min
i

∥∥∥a(r−1)
i

∥∥∥ ,
βr is a positive constant, βr < 1; the step of the subgradient descent is
carried out from the point Kr = drIn, dr = dr−1 + hr−1

/
dr−1, hr−1 > 0

is a step multiplier, r = 1, . . . , N . After N steps we have:

KN = dNIN ,
{
a
(N)
i

}m
i=1

=
{
B(N)ai

}m
i=1

,

BN = R1−βN (ξN−1) . . . R1−β1 (ξ0) .

As

K = B(N)K(N)B(N)t. (21)

KN = dNIN corresponds to the pointKN = dNBNB
t
N of the original space.
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Lemma 2. Let KN (d) = dBNB
t
N . Then mind>0 f(KN (d)) is obtained at

d = 1/‖a(N)
i∗(N)‖, i∗(N) = arg mini ‖a(N)

i ‖.
Proof.

f
(
KN (d)

)
= −n ln(d)− 2

N∑
i=1

ln (1− βi) + nmax
i
{d ‖BNai‖2 − 1}.

This function is convex and reaches its minimum at the stationary point:

−n/d+ nmax ‖BNai‖2 = 0, d = 1/ ‖BNai‖2 = 1/‖a(N)
i ‖2.

The lemma is proved.
Based on the above considerations, it is natural to use the following

modification of the subgradient process with a variable metric to minimize
the penalty function f(K) [7]. In general, the problem of constructing
an optimal with respect to volume ellipsoid containing the set of points
S = {ai}mi=1 ∈ IEn with tne centre fixed at point 0 is represented as fol-
lows: a sphere S0 of minimal radius is chosen with its centre at point 0 and
including S as the initial approximation. Then the space IEn is pressed in
the direction of the maximal norm point from S; in the transformed space,
the set S(1) corresponds to the set S and one chooses sphere S1 of the
minimal radius with the centre 0 and including S(1), etc. The sequence of
spheres in the transformed spaces corresponds to the sequence of ellipsoids
E0, E1, . . . , EN , . . . containing S in the origin space. Under certain condi-
tions the sequence EN converges to the optimal circumscribed ellipsoid.

Formally the algorithm from [7] is written as follows:
0-step.
B0 = In (unit matrix n× n), {a(0)

i }mi=1 = {ai}mi=1, r0 = max
i
‖ai‖.

After N iterations we have the resultant matrix BN of the space trans-

formation, {a(N)
i }mi=1 = {BNai}mi=1 and rN = max

i
‖a(N)
i ‖ = ‖a(N)

i∗(N)‖.

(N+1)-step. Calculate:

1. ξN+1 = a
(N)
i∗(N)

/ ‖a(N)
i∗(N)‖. (22)

α
(N+1)
i = R1−β (ξN+1) a

(N)
i , i = 1, . . . ,m. (23)

BN+1 = R1−β (ξN+1)BN . (24)

2. rN+1 = max
i=1,m

‖a(N+1)
i ‖ = ‖a(N+1)

i∗(N+1)‖. (25)
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Theorem 7. Let KN = BtNBN/r
2
N , and conv{0, {ai}mi=1} be a convex body

of dimension n. If:

(1) 0 < βN < 1, N = 1, 2, . . . .

(2)
∞∑
N=1

βN = +∞, βN → 0 when N → +∞,

then limN→+∞KN = K∗, where K∗ is the matrix of a unique optimal
ellipsoid corresponding to the minimum of the penalty function f(K) (18).

Divide the proof into stages. First, consider the lemma proving the
boundedness of the sequence {KN}∞N=0.

Lemma 3. The sequence {cN}∞N=1 of the ratios of large axis lengths to
small axis lengths for the ellipsoids

EN = {x ∈ IEn : ‖BNx‖ ≤ 1}

is limited.

Proof. BN can be represented as BN = SNON where SN is the sym-

metric positive definite matrix, ON is the orthogonal matrix; λ(N)
1 , . . . , λ

(N)
n

are the eigenvalues of matrix SN which are written in non-increasing order

with regard to the multiplicity, e(N)
1 , . . . , e

(N)
n are eigenvectors corresponding

to them which form the orthonormal system: ν(N)
j = Oej , j = 1, . . . , n.

The lemma statement means the boundedness of the sequence

{cN}∞N=1 = {λ(N)
1 /λ(N)

n }∞N=1

that is equivalent to the boundedness of the sequence ratios

{qN}∞N=1 =
{( n∏

j=1

λ
(N)
j

)1/n /
λ(N)
n

}
.

Note that BN+1 = R1−βN (ξN )BN , i.e.
n∏
j=1

λ
(N+1)
j =

n∏
j=1

λ
(N)
j (1− βN ).

The proof of the lemma is reduced to the proof of the following statement:

if λ
(N)
1 /λ

(N)
n is sufficiently large then λ

(N+1)
n > λ

(N)
n (1− βN )1/n, i.e.

qN+1 < qN .
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Consider the decomposition of vectors ai, i = 1, . . . ,m, by the eigenvec-
tors of matrix SN :

ai =
n∑
j=1

αijej, i = 1, . . . ,m,

n∑
j=1

α2
ij ≤ R2

0,

where R0 = max
i
‖ai‖ = ‖ai∗‖, a(N)

i = BNai =
n∑
j=1

λ
(N+1)
i αij ν

(N)
j .

Consider the vector z : ‖z‖ = R0, z =
∑n
j=1 βjej ,

∑n
j=1 β

2
j = R2

0.

BNz =
∑n
j=1 λjβjν

(N)
j . If z = R0en then ‖Bz‖ = λ

(N)
n R0 for any z,

‖z‖ = R0, ‖Bz‖ ≥ λ
(N)
n R0. Z

(N)
ε = {z : ‖z‖ = R0, ‖Bz‖ ≤

≤ λ
(N)
n R0(1 + ε), ε > 0}.

Let max
i
|αi1| = α. Since conv{0, {αi}mi=1} has interior points, α > 0,

‖a(N)
i ‖ ≥ λ

(N)
i α, from which maxi ‖a(N)

i ‖ = ‖a(N)
i∗ ‖ ≥ λ

(N)
1 α. Let z ∈ Z(N)

ε

and its decomposition is z =
∑n
j=1 βjej . Then BNz =

n∑
j=1

λ
(N)
j βjν

(N)
j .

From this
n∑
j=1

(
λ

(N)
j

)2
β2
j ≤

(
λ(N)
n

)
R2

0(1 + ε)2. (26)

Let J = {j : λ(N)
j /λ

(N)
n ≥ 2, j = 1, . . . , n}. Rewrite (26) in the form of

n∑
j=1

[(
λ

(N)
j

)2 − (λ(N)
n

)2]
β2
j ≤

(
λ(N)
n

)2
R2

0 ε(2 + ε).

Hence ∑
j∈J

(
3/4
)(
λ

(N)
j

)2
β2
j ≤ ε(2 + ε)

(
λ(N)
n

)2
R2

0,

∑
j∈J

(
λ

(N)
j

)2
β2
j ≤

(
4/3
)
ε(2 + ε)

(
λ(N)
n

)2
R2

0.
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Estimate | cos(α(N)
i∗(N), Bz)| when z ∈ Z(N)

ε .

∣∣cos2
(
α

(N)
i∗(N), Bz

)∣∣ ≤ ∣∣ n∑
j=1

λjαi∗(N)λjβj
∣∣ / (λ1 |α|λnR0

) ≤
≤
(
|
∑
j∈J

λjαi∗(N)λjβj |+ |
∑
j 6∈J

λjαi∗(N)λjβj |
) /

(λ1 |α|λnR0) ≤

≤ λ
(N)
1 R0λ

(N)
n

√
(4/3) ε(2 + ε)R0 + 4(λ(N)

n )2R2
0 ≤

≤ c1
√
ε+ c2

(
λ(N)
n /λ

(N)
1

)
.

(27)

Let x ∈ IEn. ‖R1−β(x)‖2 = ‖x‖2 − (2β − β2)(x, ξ)2,(‖R1−β(x)‖/‖x‖
)2 = 1− (2β − β2) cos2(x̂, ξ). (28)

Let λ(N+1)
n be the minimal eigenvalue of matrix SN+1 provided that

SN+1 satisfies the condition BN+1 = SN+1ON+1 where ON+1 is an orthog-
onal matrix.

BN+1 = R1−βn (ξN )BN , ξN = a
(N)
i∗(N)

/
a
(N)
i∗(N). (29)

By virtue of ratio (29) min‖BN+1z‖ is obtained at vector y which sat-
isfies BN y ∈ Z(N)

βN
. In the estimation (29) take βN = ε. In view of (28) the

following estimate is valid:( n∏
j=1

λ
(N+1)
j

)1/n /
λ(N+1)
n =

= (1− βN )1/n
n∏
j=1

λ
(N)
j

/ (
λ(N)
n

[
1− (2β − β2) cos2(α(N)

i∗ BN y)
])
.

Taking into account (27) it is easy to see that the expression in square
brackets becomes larger than (1− βN )1/n provided that βN and λ(N)

n /λ
(N)
1

are sufficiently small, i.e.
n∏
j=1

λ
(N+1)
j

/
λ(N+1)
n ≤

n∏
j=1

λ
(N)
j

/
λ(N)
n .

Thus, the sequence
{ n∏
j=1

λ
(N)
j

}∞
N=1

cannot unlimitedly increase, which com-

pletes the proof.
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Note that the sequence of small axes of ellipsoids generated via (22)–(25)
EN = {x : (KNx, x) ≤ 1} is upper bounded, because at least one point
of the family {ai}mi=1 is on the ellipsoid surface. It follows from the proved
lemma that the sequence of volumes {V (EN )}∞N=1 is upper bounded.

Now to proceed to the proof of the theorem.
The proof will be fulfilled by means of contradiction. As the sequences

of matrices {KN}∞N=1 and {K−1
N }∞N=1 are bounded they have cluster points.

In the case of convergence of the whole process to the solution KN → K∗,
K−1
N → (K∗)−1. If it is not so, then fix some cluster point K 6= K∗. For

any δ > 0 and β > 0 one can choose sufficiently large N in the sequence
{KN}∞N=1 so that

a) βN < β when N > N (as βN → 0);

b) ‖KN −K‖ < δ.
(30)

By substitution:
K = BNRB

T
N

(31)

one obtains the following problem for matrix variables R

min
R>0

f(R) where f(R) = − ln detR+ n max
i∈1,m

{(
Ra

(N)
i , a

(N)
i

)
− 1
}
.

Mark: R0 = In, {bi}mi=1 = {a(N)}mi=1, βk = βk+N , k = 1, 2, . . .. Use
the above subgradient process with variable metric to minimize f(R). Step
multipliers are chosen such that the approximation Rk on the k-step is
multiple of the matrix R(1−βk)

2 (ξk).

Let η(k)
1 be the direction of subgradient descent at the point Rk and

η
(k)
2 be the direction of the movement corresponding to subgradient descent

at a respective point of the space with the variable metric at the linear
transformation

Rk = BkRkB
t

k, (32)

where Bk = Rβk
(ξk) . . . Rβ1 (ξk).

Let Ql =
∏l
i=1R1−βi (ξi) . detQl =

∏l
i=1 (1− βi) and as λmax (Ql) ≤ 1:

ρ (Ql) = λmin (Ql) /λmax (Ql) ≥ ∏l
i=1 (1− βi) > 1−∑l

i=1 βi.
The following inequalities are correct for symmetric positive definite ma-

trices A [11]:

cos(Ax, x) = (Ax, x)/ ‖Ax‖ ‖x‖ ≥ 2
√
ρ(A)/(1 + ρ(A)) (33)
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sin(Ax, x) ≤ (
1− ρ(A)

)
/
(
1 + ρ(A)

)
. (34)

Use the formula for calculating a subgradient when linear transformations
of arguments take place [11]. Then

sin
(
η
(l)
1 , η

(l)
2

)
= sin

{
η
(l)
1 , QlQ

t
l η̂

(l)
1 Qtl Ql

}≤
≤ [1− (1− l∑

i=1

βi
)4] / [1 +

(
1−

l∑
i=1

βi
)4] ≤ 4

l∑
i=1

βi (35)

when
∑l

i=1 βi sufficiently small.
Further consider the following construction in the space of variables R.

Let R be the point corresponding to the cluster point K in the space K,
R∗ = argminR>0 f(R). Let S(a, r) be a sphere of the radius r with centre
a in the space R. Consider

S0 = S (In, ‖In −R∗‖ /2) ,

R(1) = arg min
R∈S0,R>0

f(R),

R(λ) = (1− λ) In + λR(1), 0 ≤ λ ≤ 1.

Let f (R0) − f (R∗) = 2∆ > 0. As the function f(R) is convex
f
(
R(0)

)− f
(
R(λ)

) ≥ ∆λ.
Consider P (λ) = Mλ

⋂
Sλ, where

Mλ =
{
R : f(R) ≤ f (R0)−∆λ/2

}
,

Sλ = S
(
R(λ), λ

∥∥R(0)−R(1)
∥∥);

Sλ = S
(
K(λ), ∆λ/(2c)

)
,

where c = max ‖gf (R)‖; R ∈ S(R(1),
∥∥R(1)−R(0)

∥∥). It is easy to see that
Sλ ⊆ P (λ), and if R ∈ Sλ and R 6∈ P (λ) then

cos (gf (R), R−R(λ)) ≥ ∆λ
/ [

2c
∥∥R(0)−R(λ)

∥∥] ≥ 2t ≥ 0, (36)

where t is a positive constant independent of λ.
By virtue of estimation (35), one can choose the constant L > 0 such

that if
∑l

i=1 βi ≤ L then the angle between the direction of the anti-
subgradient at points Ri, i = 1, . . . , l, and the direction of movement by
algorithm (22)–(25) is not larger than the value ϕ(L) dependent only on L.
And when L → 0 ϕ(L) → 0. By virtue of inequalities (36), if points
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R1, . . . , Rl belong to Sλ and do not belong to Pλ then when L is sufficiently
small

cos
(
Ri+1 −Ri, Ri −R(λ)

) ≥ t, i = 1, . . . , l − 1. (37)

Let Ri ∈ Sλ, Ri 6∈ P (λ) and (37) are correct. Then

‖Ri+1 −R(λ)‖2 = ‖Ri −R(λ) +
(
Ri+1 −Ri

)‖2 ≤
≤ ‖Ri −R(λ)‖2 − ‖Ri+1 −Ri‖

(
2t
∥∥Ri −R(λ)

∥∥ − ‖Ri −Ri+1‖
)
.

If ‖Ri −Ri+1‖2 ≤ t
∥∥Ri −R(λ)

∥∥ then

‖Ri+1 −R(λ)‖2 ≤ ‖Ri −R(λ)‖2 − t ‖Ri −Ri+1‖ ‖Ri −R(λ)‖.

Let for i = 1, . . . , l, Ri 6∈ S(λ). Then

0 ≤ ‖Ri+1 − R(λ)‖2 ≤ λ2‖K(0)−K(1)‖2−

−[t∆λ/(2c)] l∑
i=1

‖Ri+1 −Ri‖ =

= λ
(
λ‖R(0)−R(1)‖2 − [t∆/(2c)] l∑

i=1

‖Ri+1 −Ri‖
)
.

When L is fixed and λ is sufficiently small the latter expression is negative.
This contradiction is due to the supposition that all Ri, i = 1, . . . , l, belong
to Sλ. Thus one can find (when β and λ are sufficiently small) i ≤ l such
that Ri 6∈ S(λ), i.e. f(R) ≤ f (R0) − λ∆/2. As KN can be close to the
cluster point K as possible (at definite N) we showed that if K 6= K∗ then
there are cluster points with a significantly smaller value of the penalty func-
tion f , i.e. there is a subsequence {KNt}∞t=1, Nt+1 > Nt, that converges
to K∗. On the other hand as βn → 0 then it is easy to prove that although
the sequence {f(KN)}∞N=0 is not monotonic in general

sup
r

[
f
(
KN+r

)− f
(
KN

)] N→∞−−−−→ 0.

The consequence of this is the convergence f (KN ) → f (K∗) and, as K∗ is
unique, that KN → K∗. The theorem is proved.
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3.2. The problem of constructing an ellipsoid
of the maximal volume inscribed in a polyhedron

Let polyhedron Mn be defined by the finite system of linear inequalities
which, without loss of generality, if 0 ∈ intMn, are represented as (ci, x) ≤ 1,
i = 1, . . . ,m, x ∈ IRn. Similar to the case of constructing an optimal
circumscribed ellipsoid, consider the problem in the (n + 1)-dimensional
space (Corollary 1 of Lemma 1):

a) the condition En ⊆ Mn represents the intersection of the hyperplane
(c̃0, x) ≤ 1 where c̃0 = (0n : 1) (0n ∈ IRn) and of

Mn+1 =
{
x : (c̃i, x) ≤ 1, c̃i = (ci, 0) , i = 1,m, x ∈ IRn+1

}
;

b) define the hyperplane (d, x) ≤ 1, where d = h∗c̃0 (h∗ ∈ IR1, h∗ > 1)
that puts upper bounds to the optimal ellipsoid.

The proposed algorithm is analogous to the above ”simple” algorithm.
0-step. P0 = I0,

{
c
(0)
i

}m
i=0

=
{
c̃i
}m
i=0

.
Let after k steps we have matrix Pk which is inverse to the matrix of

space transformation,
{
c
(k)
i

}m
i=0

.
(k + 1 )-step. Calculate:

1. A0(i) = (c(k)0 , c
(k)
0 )(c(k)i , c

(k)
i )− (c(k)0 , c

(k)
i )2,

A1(i) = (c(k)0 − c
(k)
i , c

(k)
0 )

/
A0(i),

A2(i) = (c(k)i − c
(k)
0 , c

(k)
i )

/
A0(i),

r2k+1 = mini=1,m(A1(i) + A2(i)) = A1(i∗) + A2(i∗) (the square of the
minimal distance from the point 0n+1 ∈ IRn+1 to the intersection of the
hyperplane (c(k)0 , x) ≤ 1 and the body M (k)

n+1).

2. zk+1 = A1c
(k)
i∗ +A2c

(k)
0 ,

3. B = (zk+1, c
(k)
0 )

/
(c(k)0 , c

(k)
0 ),

α′k+1 = (rk+1 −B)−1/2
(
h2
∗
/

(c(k)0 , c
(k)
0 )−B

)−1
,

ξ′k+1 = c
(k)
0

/ ‖c(k)0 ‖.
3′. P ′k+1 = PkR1/α′k+1

(ξ′k+1),

c
′(k+1)
i = R1/α′k+1

(ξ′k+1)c
(k)
i , i = 1,m,

z′k+1 = Rα′k+1
(ξ′k+1)zk+1.



222

Transform the space so that the sphere (In+1/(z′k+1, z
′
k+1), 0n+1) (In+1 is a

unit matrix (n+1)×(n+1)) of maximal volume tangents to the hyperplane
(c′(k+1)

0 , x′′) = 1 in the new space.

4. ξk+1 = z′k+1

/ ‖z′k+1‖,
4′. c

(k+1)
i = R1/αk+1(ξk+1)c

′(k+1)
i , i = 0,m,

Pk+1 = P ′k+1R1/αk+1(ξk+1).

The following theorem is true. Its proof is similar to those of Theorem 7.

Theorem 8. Let K−1
k = P ′kP

′t
k ‖z′k‖2 and conv{0, {ci}mi=1} be a convex body

of dimension n. If:

(1) 0 < βk < 1, k = 1, 2, . . . , .

(2)
n∑
j=1

βk = +∞, βk → 0 when k → +∞,

where βk = αk − 1 then limk→+∞Kk = K∗, where K∗ is the matrix of
unique optimal ellipsoid in the space IRn+1. Further the parameters of the
desirable ellipsoid in IRn are calculated by formulas (1), (2).

In practice, it is more advantageous to use another algorithm that is
based on the same ideas but considers the problem in the space Rn and
does not require the ellipsoid tangents of the limiting hyperplane.

0-step. P0 = I0, a0 ∈ int M , M = {x : (ci, x) ≤ 1, i = 1,m}
(for example a0 = 0), {c(0)i }mi=1 = {ci}mi=0.

Let after k steps we have matrix Pk, which is inverse to the matrix of
space transformation, {c(k)i }mi=1, ak.

(k + 1)-step. Calculate:

1. rk+1 = min
i=1,m

ρ
(k+1)
i = ρ

(k+1)
i∗ , ρ

(k+1)
i = (−1− c

(k)
i , ak)

/ ‖c(k)i ‖.

2. γ(k+1)
i = rk+1

/
ρ
(k+1)
i

3 . zk+1 =
∑
i∈I

γ
(k+1)
i c

(k)
i ;

I = {i : γ(k+1)
i ≥ γ∗, i = 1,m}, γ∗ ≤ 1 (γ∗ = 0.99);

a′k = ak + (αk+1 − 1)rk+1zk+1

/ ‖zk+1‖.
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4. ξk+1 = c
(k)
i∗
/ ‖c(k)i∗ ‖.

4′. ak+1 = R1/αk+1 (ξk+1) a′k;

c
(k+1)
i = R1/αk+1 (ξk+1) c

(k)
i , i = 1,m;

Pk+1 = PkR1/αk+1 (ξk+1) .

The following theorem is true which is also proved similarly to Theorem 7.

Theorem 9. Let K−1
k = PkP

t
kr

2
k+1, ak = Pkak and conv

{
0, {ai}mi=1

}
be a

convex body of dimension n. If:

(1) 0 < βk < 1, k = 1, 2, . . . .

(2)
∞∑
k=1

βk = +∞, βk → 0 when k → +∞,

where βk = αk − 1 then limk→+∞Kk = K∗ and limk→+∞ ak = a∗, where
(K∗, a∗) is the desirable optimal ellipsoid in the space IRn.

To test algorithm (22)–(25) problems were generated by using special
stochastic procedures. The algorithm parameters were regulated in the fol-
lowing way; in k0 initial iterations the space was pressed at a fixed coefficient
α = 1− β, β = 0.2 and, starting from the k0 + 1 iteration, α was chosen as
αk0+k = 1− βk0+k, βk0+k = 1/(20 + k), k = 1, 2, . . .. Some results of these
computational tests are given in Table 1, where n is the dimension of the
space, m is the number of points, ε is the relative precision on the criterion
function, and k is the number of iterations [7].

Table 1.

n 2 3 4 5 6 7 8 9 10

m 30 50 70 70 90 100 110 120 130

εk 0.001 0.001 0.001 0.01 0.01 0.01 0.01 0.01 0.01

k 200 300 300 400 400 500 600 700 700
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The above proposed algorithms for constructing optimal ellipsoids may
be used successfully for the approximation of convex sets when the in-
formation is not known fully a priori and can be added during the process
of optimization. In particular, this takes place in the method of ”inscribed
ellipsoid” for minimizing convex functions [4]. ”Simple” algorithms for
constructing an optimal ellipsoid inscribed in a polyhedron were tested and
gave good results for finding cuts in this method. Note that in the ”in-
scribed ellipsoid” method a relative precision on the order of 0.01 for a
volume does not influence virtually the efficiency of the algorithms on the
whole [8]. Therefore, we used only 100 iterations in the interior problem
for approximation of the optimal inscribed ellipsoid (n ≤ 10). It should be
very interesting to compare the efficiency of the proposed algorithms and
the polynomial-time algorithms.
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Àëãîðèòìû ïîñòðîåíèÿ
èíâàðèàíòíîãî ýëëèïñîèäà

ìèíèìàëüíîãî îáúåìà äëÿ óñòîé÷èâîé
äèíàìè÷åñêîé ñèñòåìû

Í. Ç. Øîð, Î. À. Áåðåçîâñêèé

Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. � 1995. � � 3. � Ñ. 130�137.

Â ïîñëåäíèå ãîäû íàáëþäàëñÿ îïðåäåëåííûé èíòåðåñ ê çàäà÷àì ïî-

ñòðîåíèÿ îïòèìàëüíûõ ïî îáúåìó âïèñàííûõ è îïèñàííûõ ýëëèïñîèäîâ

[1]�[3], êîòîðûé ÿâèëñÿ ïðåäâåñòíèêîì ñåãîäíÿøíåé àêòèâèçàöèè èññëå-

äîâàòåëüñêîé äåÿòåëüíîñòè âîêðóã çàäà÷ ìàòðè÷íîé îïòèìèçàöèè (çà-

äà÷è ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ, öåëåâóþ ôóíêöèþ èëè ôóíê-

öèè îãðàíè÷åíèé êîòîðûõ ìîæíî ñôîðìóëèðîâàòü â òåðìèíàõ ìàòðè÷-

íîãî èñ÷èñëåíèÿ). Ïðè÷èíîé ïîâûøåííîãî ê íèì âíèìàíèÿ ÿâëÿåòñÿ

øèðîêàÿ îáëàñòü ïðèëîæåíèÿ. Ýêñòðåìàëüíûå ýëëèïñîèäû èñïîëüçó-

þòñÿ äëÿ àïïðîêñèìàöèè ¾ñâåðõó¿ è ¾ñíèçó¿ ñëîæíûõ ìíîæåñòâ, íà-

ïðèìåð îáëàñòåé äîñòèæèìîñòè â òåîðèè óïðàâëåíèÿ è äèôôåðåíöè-

àëüíûõ èãðàõ, è äëÿ ëîêàëèçàöèè îáëàñòåé âîçìîæíûõ çíà÷åíèé ïà-

ðàìåòðîâ äèíàìè÷åñêèõ ñèñòåì ïî àïðèîðíûì äàííûì è ðåçóëüòàòàì

èçìåðåíèé [1]. Îíè òàêæå íàõîäÿò ïðèìåíåíèå â ñòàòèñòèêå, ïëàíèðî-

âàíèè ýêñïåðèìåíòîâ äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ ðåãðåññèîííûõ ìî-

äåëåé [4], â âû÷èñëèòåëüíîé ìàòåìàòèêå ïðè îïèñàíèè ìíîæåñòâ âîç-

ìîæíûõ ðåøåíèé ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé ñ âîçìóùåííûìè

èëè íåòî÷íî çàäàííûìè ïàðàìåòðàìè, â ìàòåìàòè÷åñêîì ïðîãðàììèðî-

âàíèè äëÿ àïïðîêñèìàöèè îáëàñòåé, ëîêàëèçóþùèõ îïòèìàëüíóþ òî÷êó

ýêñòðåìàëüíîé çàäà÷è [5]�[7], è ò. ä.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèé àâòîðîâ â îá-

ëàñòè ïîñòðîåíèÿ ýêñòðåìàëüíûõ ýëëèïñîèäîâ (ñì., íàïðèìåð, [8]) è ïî-

ñâÿùåíà ñëåäóþùåé çàäà÷å, ñâÿçàííîé ñ èçó÷åíèåì ïðîáëåì èäåíòèôè-

êàöèè, óñòîé÷èâîñòè è óïðàâëåíèÿ äèíàìè÷åñêèìè ñèñòåìàìè.

Ïóñòü çàäàíà íåêîòîðàÿ äèíàìè÷åñêàÿ ñèñòåìà, äâèæåíèå êîòîðîé

îïèñûâàåòñÿ óñòîé÷èâîé ëèíåéíîé ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâ-

íåíèé

ẋ = Ax, x ∈ En. (1)

Ýëëèïñîèä E ñ öåíòðîì â òî÷êå 0 íàçûâàåòñÿ èíâàðèàíòíûì äëÿ

óñòîé÷èâîé ñèñòåìû âèäà (1), åñëè ïðè óñëîâèè, ÷òî x(t0) ∈ E, èìååò
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ìåñòî x(t) ∈ E äëÿ âñåõ t ≥ t0. Áóäåì ðàññìàòðèâàòü ýëëèïñîèä E ∈ En
çàäàííûì â âèäå

E = (K, 0) =
{
x : xTKx ≤ 1

}
,

ãäå K = {kij}ni,j=1 � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðè-

öà n × n; ïðè ýòîì îáúåì ýëëèïñîèäà E ðàâåí V (e) = V0(detK)−1/2,

ãäå V0 � îáúåì åäèíè÷íîãî n-ìåðíîãî øàðà. Òîãäà óñëîâèå èíâàðèàíò-
íîñòè ýëëèïñîèäà E = (K, 0) ìîæíî çàïèñàòü òàê: ATK +KA � 0 (ïîä
âûðàæåíèåì D ≺ 0 (D � 0) áóäåì ïîíèìàòü îòðèöàòåëüíóþ (íåïîëî-

æèòåëüíóþ) îïðåäåëåííîñòü ìàòðèöû D) [9].
Ñôîðìóëèðóåì èññëåäóåìóþ çàäà÷ó: òðåáóåòñÿ ïîñòðîèòü èíâàðè-

àíòíûé ýëëèïñîèä ìèíèìàëüíîãî îáúåìà äëÿ óñòîé÷èâîé äèíàìè÷åñêîé

ñèñòåìû, îïèñàííîé óðàâíåíèåì (1), ïðè çàäàííîì êîíå÷íîì íàáîðå ñî-

ñòîÿíèé M = {bi}mi=1 ⊂ En â ìîìåíò âðåìåíè t0. Åé ìîæíî ïîñòàâèòü â
ñîîòâåòñòâèå çàäà÷ó ìàòåìàòè÷åñêîãî ïðîãðàììèðîâàíèÿ

min{f0(K) : M ⊂ En}, (2)

ãäå f0(K) = − ln detK, à óñëîâèþ M ⊂ E, êîòîðîå îïðåäåëÿåò ìíî-

æåñòâî èíâàðèàíòíûõ ýëëèïñîèäîâ äëÿ ñèñòåìû (1), ñîäåðæàùèõ M ,

ñîîòâåòñòâóåò ñèñòåìà íåðàâåíñòâ

bTi Kb
T
i ≤ 1, i = 1, . . . ,m, (3)

λmax(W ) ≤ 0, W = ATK +KA (4)

(λmax(W ) � ìàêñèìàëüíîå ñîáñòâåííîå ÷èñëî ìàòðèöû W ).

Êàê âèäèì, çàäà÷à (2)�(4) îòëè÷àåòñÿ îò îáùåèçâåñòíîé çàäà÷è íà-

õîæäåíèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà ñ öåíòðîì â òî÷êå 0, îïè-

ñàííîãî âîêðóã êîíå÷íîãî íàáîðà òî÷åê (íàïðèìåð, [3]), íàëè÷èåì äî-

ïîëíèòåëüíîãî îãðàíè÷åíèÿ (4) íà îòðèöàòåëüíóþ îïðåäåëåííîñòü ìàò-

ðèöû Ëÿïóíîâà (ôèçè÷åñêèé ñìûñë îãðàíè÷åíèÿ (4) ñâîäèòñÿ ê òîìó,

÷òî èç ëþáîé òî÷êè ýëëèïñîèäà E òðàåêòîðèÿ äâèæåíèÿ äîëæíà áûòü

íàïðàâëåíà âíóòðü ýòîãî ýëëèïñîèäà).

Äëÿ ó÷åòà îãðàíè÷åíèé (3) è (4) ðàññìàòðèâàåìîé çàäà÷è èñïîëüçóåì

íåãëàäêóþ øòðàôíóþ ôóíêöèþ â ôîðìå ôóíêöèè ìàêñèìóìà. Â ïðèí-

öèïå åå ìîæíî ââîäèòü îòäåëüíî äëÿ êàæäîãî òèïà îãðàíè÷åíèé. Îäíà-

êî, åñëè íåñêîëüêî óñèëèòü îãðàíè÷åíèå (4), ïðåäñòàâèâ åãî â âèäå

(1/ε)λmax(W ) ≤ −1, (5)
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ãäå ε � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî, áëèçêîå ê íóëþ, ïîÿâëÿåòñÿ âîç-
ìîæíîñòü èñïîëüçîâàòü îäíó øòðàôíóþ ôóíêöèþ F (K) êàê äëÿ ó÷åòà
îãðàíè÷åíèé (3), òàê è îãðàíè÷åíèÿ (5):

F (K) = max
{

0, max
i

(bTi Kbi − 1), (1/ε)λmax(W ) + 1
}
, (6)

ïðè÷åì â ýòîì ñëó÷àå ëåãêî îöåíèòü øòðàôíîé ìíîæèòåëü. Âèäíî, ÷òî

ïðè èçìåíåíèè ïðàâîé ÷àñòè îãðàíè÷åíèé (3) è îãðàíè÷åíèÿ (5) íà íåêî-

òîðîå δ, îïòèìàëüíîå çíà÷åíèå öåëåâîé ôóíêöèè ìåíÿåòñÿ íà nδ+ o(δ).
Îòñþäà âûòåêàåò (ñì. [10]) ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïðè N ≥ n òî÷êè ìèíèìóìà çàäà÷è (2), (3), (5) è çàäà÷è:

íàéòè

inf
K>0

Φ(K), (7)

ãäå

Φ(K) = − ln detK +N max
{

0, max
i

(bTi Kbi − 1),
1
ε
λmax(W ) + 1

}
, (8)

ñîâïàäàþò.

Òàê êàê êëàññ ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö îáðàçóåò âûïóê-

ëîå ìíîæåñòâî è ôóíêöèÿ Φ(K) (8) ïðèíàäëåæèò êëàññó âûïóêëûõ

íåäèôôåðåíöèðóåìûõ ôóíêöèé, çàäà÷à (7) ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî

ïðîãðàììèðîâàíèÿ. Îòìåòèì, ÷òî ó÷åò îãðàíè÷åíèÿK � 0 ñóùåñòâåííî
îáëåã÷àåòñÿ áëàãîäàðÿ ñëåäóþùåìó ôàêòó: ïðè ïðèáëèæåíèè ê ãðàíèöå

ïîëîæèòåëüíîé îïðåäåëåííîñòè − ln detK ñòðåìèòñÿ ê +∞, ÷òî ñîçäàåò

åñòåñòâåííûé ¾áàðüåð¿ äëÿ âûõîäà ìàòðèöû K çà ïðåäåëû äîïóñòèìîé

îáëàñòè ïðè èñïîëüçîâàíèè ìîíîòîííîãî ìåòîäà ìèíèìèçàöèè.

Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ èíâàðèàíòíîãî ýëëèïñîèäà ìè-

íèìàëüíîãî îáúåìà äëÿ çàäàííîé óñòîé÷èâîé ëèíåéíîé ñèñòåìû äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ïðè îïðåäåëåííîì íàáîðå íà÷àëüíûõ óñëî-

âèé ñâîäèòñÿ ê çàäà÷å ìèíèìèçàöèè âûïóêëîé íåãëàäêîé øòðàôíîé

ôóíêöèè ðàçìåðíîñòè n(n+ 1)/2 (âåêòîð ïåðåìåííûõ çàäà÷è ñîñòàâëÿ-
þò òîëüêî ýëåìåíòû âåðõíåãî òðåóãîëüíèêà ñèììåòðè÷íîé ìàòðèöû K).

Äëÿ åå ðåøåíèÿ ïðåäëàãàåòñÿ èñïîëüçîâàòü r-àëãîðèòì [7] êàê îáëàäàþ-

ùèé áûñòðîé ïðàêòè÷åñêîé ñõîäèìîñòüþ è õîðîøî çàðåêîìåíäîâàâøèé

ñåáÿ äëÿ ðåøåíèÿ çàäà÷ âûïóêëîé íåãëàäêîé îïòèìèçàöèè. Íà êàæäîé

l-é èòåðàöèè ýòîò àëãîðèòì òðåáóåò çíà÷åíèå ñóáãðàäèåíòà, êîòîðûé

âû÷èñëÿåòñÿ ïî ôîðìóëå

gl = K−1
l +N · Vl,
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ãäå

Vl =


0, åñëè F (Kl) = 0,

bjb
T
j , åñëè F (Kl) = bTj Klbj − 1,

AuuT + (AuuT )T , åñëè F (Kl) = (1/ε)λmax(Wl) + 1.

Çäåñü j = argmax
i
bTi Klbi, u � ñîáñòâåííûé âåêòîð ìàòðèöû Wl,

ñîîòâåòñòâóþùèé λmax(Wl). Äëÿ óäîáñòâà ñóáãðàäèåíò çàïèñàí â âè-

äå ìàòðèöû n × n äëÿ çàäà÷è, êîãäà ìèíèìèçàöèÿ ïðîâîäèòñÿ ïî âñåì

ýëåìåíòàì ìàòðèöû K áåç ó÷åòà åå ñèììåòðè÷íîñòè. Íà ïðàêòèêå ïðè

ïåðåõîäå ê çàäà÷å ðàçìåðíîñòè n(n + 1)/2 äëÿ äèàãîíàëüíûõ ýëåìåí-

òîâ ôîðìóëà îñòàåòñÿ â ñèëå, à äëÿ ýëåìåíòîâ âåðõíåãî òðåóãîëüíèêà

óìíîæàåòñÿ íà äâà.

Íèæå ïðåäëàãàåòñÿ äðóãîé ïîäõîä äëÿ ðåøåíèÿ ïåðâîíà÷àëüíîé çà-

äà÷è ïîñòðîåíèÿ ìèíèìàëüíîãî ïî îáúåìó èíâàðèàíòíîãî ýëëèïñîèäà

äëÿ óñòîé÷èâîé ñèñòåìû (1), èñïîëüçóþùèé ïîñëåäîâàòåëüíîå ïðåîá-

ðàçîâàíèå ïðîñòðàíñòâà è ðàñøèðÿþùèé êëàññ òàê íàçûâàåìûõ ¾ïðî-

ñòûõ¿ àëãîðèòìîâ ([8, 11]). Èòåðàöèîííûå àëãîðèòìû, ðåàëèçóþùèå

èäåè ýòîãî ïîäõîäà, óäîáíî èñïîëüçîâàòü, êîãäà íåò íåîáõîäèìîñòè â

ñëèøêîì áîëüøîé òî÷íîñòè îïðåäåëåíèÿ ïàðàìåòðîâ ýêñòðåìàëüíûõ ýë-

ëèïñîèäîâ ëèáî êîãäà èíôîðìàöèÿ íå çàäàíà ñðàçó ïîëíîñòüþ, à êîð-

ðåêòèðóåòñÿ â ïðîöåññå ñ÷åòà.

Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè øòðàôíîé ôóíêöèè f(P ):

f(P ) = −2 ln detP +N max
{
max
i

(‖Pbi‖2 − 1), (1/ε)λmax(W ) + 1
}
, (9)

ãäå W = ATPTP + PTPA, ê êîòîðîé ñâîäèòñÿ èñõîäíàÿ çàäà÷à (îíà

ïîëó÷àåòñÿ èç çàäà÷è (7) ïóòåì çàìåíû ïåðåìåííûõ K = PTP ). Ñóá-
ãðàäèåíò ôóíêöèè f(P ) âû÷èñëÿåòñÿ ïî ôîðìóëå g(P ) = −2P−1+2NV ,
ãäå

V =

{
Pbjb

T
j , åñëè ‖Pbj‖2 ≥ (1/ε)λmax(W ) + 2,

PAuuT + P (AuuT )T â ïðîòèâíîì ñëó÷àå.

Çäåñü j = argmax
i
‖Pbi‖2 � ñîáñòâåííûé âåêòîð ìàòðèöû W , ñîîòâåò-

ñòâóþùèé λmax(W ).
Ïóñòü B � íåâûðîæäåííàÿ ìàòðèöà n×n. Ïðîâåäåì ïðåîáðàçîâàíèå

ôàçîâîãî ïðîñòðàíñòâà, çàäàííîå ìàòðèöåé B: x = B−1x′. Òîãäà ôóíê-
öèÿ f(P ) â íîâîì ïðîñòðàíñòâå ïðèìåò âèä f ′(P ′) = −2 ln detP ′+D(B)+
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+N max{max
i

(‖P ′b′i‖2 − 1), (1/ε)λmax(W ′) + 1}, ãäå D(B) = 2 ln detB,

P ′ = PB−1, b′i = Bbi, W ′ = A′TP ′TP ′+P ′TP ′A′, A′ = BAB−1 (10)

(ïîñêîëüêó ẋ = Ax ïåðåõîäèò â ẋ′ = BAB−1x′).
Òàêèì îáðàçîì, çàäà÷à ìèíèìèçàöèè ôóíêöèè f(P ) (9) ñâåëàñü ê

çàäà÷å ìèíèìèçàöèè f ′(P ′), êîòîðàÿ îòëè÷àåòñÿ îò ïðåäûäóùåé ëèøü

çíà÷åíèÿìè ìíîæåñòâà âåêòîðîâ {bi}mi=1 è ýëåìåíòîâ ìàòðèöû W .

Ðàññìîòðèì ïðîöåññ ñóáãðàäèåíòíîãî ñïóñêà äëÿ ôóíêöèè (9), êàæ-

äûé øàã êîòîðîãî ïðîâîäèòñÿ â ïðåîáðàçîâàííîì ôàçîâîì ïðîñòðàí-

ñòâå, â êîòîðîì òåêóùåå ïðèáëèæåíèå èñêîìîé ìàòðèöû ïðèíèìàåò âèä

åäèíè÷íîé ìàòðèöû. Ïóñòü ïîñëå k øàãîâ òàêîãî ïðîöåññà èìååì íåêî-

òîðîå ôàçîâîå ïðîñòðàíñòâî, ïåðåõîä ê êîòîðîìó îò èñõîäíîãî ïðîñòðàí-

ñòâà çàäàåòñÿ ìàòðèöåé ïðåîáðàçîâàíèÿ Bk : x = B−1
k x′. Äëÿ ýòîãî ïðî-

ñòðàíñòâà èìååì ïðåîáðàçîâàííûå ñåìåéñòâî íà÷àëüíûõ ôàçîâûõ ñî-

ñòîÿíèé {b(k)i }mi=1 è ìàòðèöó Ak (ïåðåõîä îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè
(10)). Îòìàñøòàáèðóåì òåêóùåå ïðîñòðàíñòâî òàê, ÷òîáû ñôåðà ìèíè-

ìàëüíîãî îáúåìà, îïèñàííàÿ âîêðóã ìíîæåñòâà {b(k)i }mi=1, áûëà åäèíè÷-

íîãî ðàäèóñà. Ýòà ïðîöåäóðà ñâîäèòñÿ ê îïåðàöèÿì:

Ãk = Ak, B̃k = Bk/rk, b̃
(k)
i = b

(k)
i /rk, i = 1, . . . ,m,

ãäå rk = max
i
‖b(k)i ‖. Èòàê, ïîñëå k èòåðàöèé èìååì ïðèáëèæåíèå ìàò-

ðèöû ïåðåìåííûõ Pk = B̃k, êîòîðàÿ â òåêóùåì ôàçîâîì ïðîñòðàíñòâå

ðàâíà åäèíè÷íîé � P
(k)
k = In. Ïðîâåäåì äëÿ ôóíêöèè (9) îäèí øàã

ñóáãðàäèåíòíîãî ñïóñêà èç òî÷êè P
(k)
k â ýòîì ïðîñòðàíñòâå. Âû÷èñëèì

ñóáãðàäèåíò â P
(k)
k :

gf(P
(k)
k ) = gf (In) = −In +NVk,

ãäå

Vk =

{
b̃
(k)
i b̃

(k)T
j , åñëè ‖b̃(k)j ‖2 = 1 ≥ (1/ε)λmax(Wk) + 2,

Ãkuu
T + (ÃkuuT )T â ïðîòèâíîì ñëó÷àå.

Çäåñü j = argmaxi ‖b(k)i ‖, u � ñîáñòâåííûé âåêòîð ìàòðèöû

Wk = ÃTk + Ãk, ñîîòâåòñòâóþùèé λmax(Wk).

Ïóñòü hk > 0 � øàãîâûé ìíîæèòåëü. Òîãäà
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P
(k)
k+1 = P

(k)
k − hkgf(P

(k)
k ) = In − hk(−In +NVk) =

= (1 + hk) [In −NhkVk] = (1 + hk)×

×
{
In −Nhk b̃

(k)
i b̃

(k)T
j /(1 + hk), åñëè − 1 ≥ (1/ε)λmax(Wk),

In −Nhk(ÃkuuT + (ÃkuuT )T )/(1 + hk) â ïðîòèâíîì ñëó÷àå,

= (1 + hk)

{
R1−βk

(ξk), åñëè − 1 ≥ (1/ε)λmax(Wk),

In − βk(ÃkuuT + (ÃkuuT )T ) â ïðîòèâíîì ñëó÷àå,

ãäå ξk = b̃j (íàïîìíèì, ÷òî ïðîñòðàíñòâî îòìàñøòàáèðîâàíî òàê, ÷òî

‖b̃j‖ = 1, βk = Nhk/(1+hk), à Rα(ξ) � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàí-
ñòâà â íàïðàâëåíèè ξ ñ êîýôôèöèåíòîì ðàñòÿæåíèÿ α [7]).

Çíàÿ íîâîå ïðèáëèæåíèå ìàòðèöû ïåðåìåííûõ P
(k)
k+1 â ïðîñòðàíñòâå,

ïåðåõîä ê êîòîðîìó çàäàåòñÿ ìàòðèöåé B̃k, ïåðåéäåì îò íåãî ê íîâîìó

ïðîñòðàíñòâó ñ ïîìîùüþ ïðåîáðàçîâàíèÿ, çàäàííîãî ìàòðèöåé

Sk =

{
R1−βk

(ξk), åñëè − 1 ≥ (1/ε)λmax(W ),

In − βk(ÃkuuT + (ÃkuuT )T ) â ïðîòèâíîì ñëó÷àå.

(îíî ñîîòâåòñòâóåò îïåðàòîðó ïðåîáðàçîâàíèÿ èñõîäíîãî ïðîñòðàíñòâà

Bk+1 = SkBk). Â ýòîì ïðîñòðàíñòâå Ak+1 = SkÃkS
−1
k , Bk+1 = SkB̃k,

b
(k+1)
i = Skb̃

(k)
i , i = 1, . . . ,m, Wk = ÃTk + Ãk. Ïðîâåäÿ îïåðàöèþ ìàñ-

øòàáèðîâàíèÿ, ïîëó÷àåì ñíîâà ïðîñòðàíñòâî, â êîòîðîì Pk+1 = B̃k+1

ïðèíèìàåò âèä åäèíè÷íîé ìàòðèöû è ìîæíî ïðîäåëàòü øàã ñóáãðàäè-

åíòíîãî ñïóñêà ïî òîé æå ñõåìå, ÷òî è íà k-ì øàãå.

Âñå ýòè ðàññóæäåíèÿ àíàëîãè÷íû òåì, êîòîðûå ïðèâåäåíû â ðàáîòå

[8] ïðè ðàññìîòðåíèè çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî ïî îáúåìó ýë-

ëèïñîèäà, îïèñàííîãî âîêðóã êîíå÷íîãî íàáîðà òî÷åê, îäíàêî äëÿ äàí-

íîé çàäà÷è ïðåîáðàçîâàíèå ïðîñòðàíñòâà çàäàåòñÿ íå òîëüêî îïåðàòî-

ðîì ðàñòÿæåíèÿ, íî è ìàòðèöåé âèäà
[
I − γ(AuuT + (AuuT )T )

]
.

Ôîðìàëüíî àëãîðèòì çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

0-é øàã. Ìàòðèöà A0 = A, B0 = In (n-ìåðíàÿ åäèíè÷íàÿ ìàòðèöà),

{b(0)i }mi=1 = {bi}mi=1.

Ïîñëå k øàãîâ èìååì Bk � ðåçóëüòèðóþùóþ ìàòðèöó ïðåîáðàçîâà-

íèÿ ïðîñòðàíñòâà, è Ak.
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(k + 1)-é øàã.

1. rk = max
i
‖b(k)i ‖ = ‖b(k)j ‖.

2. Ìàñøòàáèðîâàíèå: Ãk = Ak, B̃k = Bk/rk, b̃
(k)
i = b

(k)
i /rk,

i = 1, . . . ,m.

3. q = (1/ε)λmax(Wk), Wk = ÃTk + Ãk.

4. Åñëè −1 ≥ q, òî ξk+1 = b̃
(N)
j , Ak+1 = R1−βk

(ξk+1)ÃkR1−1/βk
(ξk+1),

Bk+1 = R1−βk
(ξk+1)B̃k, b

(k+1)
i = R1−βk

(ξk+1 )̃b
(k)
i , i = 1, . . . ,m.

Â ïðîòèâíîì ñëó÷àå

Ak+1 =
[
In − βk

(
Ãku

T
k uk +

(
ÃTk u

T
k uk

)T)]
Ãk×

×
[
In − βk

(
Ãku

T
k uk +

(
ÃTk u

T
k uk

)T)]−1

,

Bk+1 =
[
In − βk

(
Ãku

T
k uk +

(
ÃTk u

T
k uk

)T)]
B̃k,

b
(k+1)
i =

[
In − βk

(
Ãku

T
k uk +

(
ÃTk u

T
k uk

)T)]
b̃
(k)
i , i = 1, . . . ,m.

Îïèñàíèå àëãîðèòìà çàâåðøåíî.

Àíàëîãè÷íî òåîðåìå î ñõîäèìîñòè ¾ïðîñòîãî¿ àëãîðèòìà ïîñòðîå-

íèÿ ìèíèìàëüíîãî ïî îáúåìó ýëëèïñîèäà, îïèñàííîãî âîêðóã çàäàííîãî

êîíå÷íîãî íàáîðà òî÷åê (ñì. [8]), ìîæíî äîêàçàòü ñõîäèìîñòü ïðèâåäåí-

íîãî àëãîðèòìà ïðè îïðåäåëåííûõ óñëîâèÿõ.

Òåîðåìà 2. Ïóñòü Pk = Bk/rk è conv{0, {bi}mi=1} ïðåäñòàâëÿåò ñîáîé

n-ìåðíîå âûïóêëîå òåëî. Òîãäà åñëè:

1) 0 < βk < 1, k = 1, 2, . . .,

2)
∞∑
k=1

βk = +∞, βk → 0 ïðè k → +∞, òî lim
k→+∞

Pk = P ∗,

ãäå K∗ = P ∗T · P ∗ � ìàòðèöà ýêñòðåìàëüíîãî ýëëèïñîèäà, ñîîòâåò-

ñòâóþùåãî ìèíèìóìó øòðàôíîé ôóíêöèè f(P ) (7).
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Èòàê, äëÿ ïîñòðîåíèÿ ýêñòðåìàëüíîãî èíâàðèàíòíîãî ýëëèïñîèäà

ïðåäëîæåíû àëãîðèòìû äâóõ òèïîâ, ïåðâûé èç êîòîðûõ èñïîëüçóåò íå-

ãëàäêóþ øòðàôíóþ ôóíêöèþ, à âòîðîé � ïîñëåäîâàòåëüíîå ïðåîáðà-

çîâàíèå ïðîñòðàíñòâà (êàê è äëÿ ýêñòðåìàëüíûõ ýëëèïñîèäîâ â ðàáî-

òå [8]). Îäíàêî äëÿ äàííîé çàäà÷è, â îòëè÷èå îò ðàññìîòðåííûõ â [8],

àëãîðèòì âòîðîãî òèïà íå äàåò ñóùåñòâåííîãî óïðîùåíèÿ âû÷èñëåíèé

íà îäíîé èòåðàöèè ïî îòíîøåíèþ ê àëãîðèòìó ïåðâîãî òèïà. Ðàññìîò-

ðåííûå â [8] àëãîðèòìû ïåðâîãî òèïà òðåáîâàëè O(n4 + mn) (O(m3)
äëÿ äâîéñòâåííîé çàäà÷è) àðèôìåòè÷åñêèõ îïåðàöèé íà êàæäîé èòå-

ðàöèè, à âòîðîãî � O(nm) àðèôìåòè÷åñêèõ îïåðàöèé (ñëåäóåò îãîâî-

ðèòüñÿ, ÷òî íåîáõîäèìîå äëÿ äîñòèæåíèÿ îïðåäåëåííîé òî÷íîñòè ðå-

øåíèÿ êîëè÷åñòâî èòåðàöèé äëÿ àëãîðèòìîâ âòîðîãî òèïà çíà÷èòåëü-

íî áîëüøå, ÷åì äëÿ ïåðâîãî). Äëÿ ðàññìàòðèâàåìîé â ñòàòüå çà-

äà÷è èìååì O(n4 + nm) è O(n3 + nm) àðèôìåòè÷åñêèõ îïåðàöèé

ñîîòâåòñòâåííî (ñ÷èòàåì, ÷òî âû÷èñëåíèå ìàêñèìàëüíîãî ñîáñòâåí-

íîãî ÷èñëà ïðîèçâîäèòñÿ ñ çàäàííîé òî÷íîñòüþ îòíîñèòåëüíî ñëåäà

ìàòðèöû). Êîíå÷íî, âû÷èñëåíèå îáðàòíîé ìàòðèöû ñïåöèàëüíîãî âèäà

(In − γ(AuuT + (AuuT )T ) òðåáóåò íà ïîðÿäîê ìåíüøå èòåðàöèé, åñëè

âîñïîëüçîâàòüñÿ èçâåñòíûì óòâåðæäåíèåì � êîãäà D = C + abT , òî
D−1 = C−1 − (C−1abTC−1)/(1 + bTC−1a), íî òðóäîåìêàÿ îïåðàöèÿ íà-

õîæäåíèÿ ìàêñèìàëüíîãî ñîáñòâåííîãî ÷èñëà è ñîîòâåòñòâóþùåãî åìó

ñîáñòâåííîãî âåêòîðà ïðèñóòñòâóåò êàê â àëãîðèòìå ïåðâîãî òèïà, òàê

è âòîðîãî. Îäíàêî èñïîëüçîâàíèå íà ïðàêòèêå èäåè ïîñëåäîâàòåëüíîãî

ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà äëÿ ðåøåíèÿ èññëåäóåìîé çàäà÷è íåëüçÿ

áåçîãîâîðî÷íî îòáðàñûâàòü. Ïîäòâåðæäåíèåì ýòîìó ÿâëÿåòñÿ ïðåäëî-

æåííûé íèæå àëãîðèòì.

Èñõîäíàÿ çàäà÷à ñîñòîèò â òîì, ÷òîáû ïîñòðîèòü ýëëèïñîèä ìèíè-

ìàëüíîãî îáúåìà ñ öåíòðîì â òî÷êå 0, ñîäåðæàùèé âñå òðàåêòîðèè äâè-

æåíèÿ, âûõîäÿùèå èç òî÷åê ìíîæåñòâàM äëÿ t ≥ t0 è îïèñàííûå óñòîé-
÷èâîé ñèñòåìîé (1). Åñëè àïïðîêñèìèðîâàòü êàæäóþ èç ýòèõ òðàåêòî-

ðèé êîíå÷íîé ïîñëåäîâàòåëüíîñòüþ òî÷åê, òî ïîëó÷èì çàäà÷ó ïîñòðîå-

íèÿ ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà ñ öåíòðîì â òî÷êå 0, îïèñàííîãî

âîêðóã çàäàííîãî íàáîðà òî÷åê. Ñëîæíîñòü ïðè òàêîì ïîäõîäå ñîñòîèò

â ñóùåñòâåííîì óâåëè÷åíèè òðóäîåìêîñòè çàäà÷è (ðàçìåðíîñòè àïïðîê-

ñèìèðóåìîãî ýëëèïñîèäîì ìíîæåñòâà òî÷åê) äëÿ íàõîæäåíèÿ èíâàðè-

àíòíîãî ýëëèïñîèäà ñ ïðèåìëåìîé òî÷íîñòüþ.

Íèæå ïðåäëàãàåòñÿ ðåàëèçóþùèé ýòîò ïîäõîä àëãîðèòì, êîòîðûé

ïîçâîëÿåò ðàññìàòðèâàòü òîëüêî ÷àñòü òî÷åê òðàåêòîðèé, ÷òî äåëàåò

åãî äîñòàòî÷íî ðàáîòîñïîñîáíûì. Â îñíîâå ýòîãî àëãîðèòìà ëåæèò ¾ïðî-

ñòîé¿ ìåòîä ïîñòðîåíèÿ îïèñàííîãî âîêðóã çàäàíîé ñîâîêóïíîñòè òî÷åê
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S0 ∈ En ýëëèïñîèäà ìèíèìàëüíîãî îáúåìà [11], êîòîðûé çàêëþ÷àåòñÿ

â ïîñëåäîâàòåëüíîì ñæàòèè ïðîñòðàíñòâà â íàïðàâëåíèè ìàêñèìàëü-

íî óäàëåííîé îò íà÷àëà êîîðäèíàò òî÷êè àïïðîêñèìèðóåìîãî ìíîæå-

ñòâà S0 â òåêóùåì ïðåîáðàçîâàííîì ïðîñòðàíñòâå. Âíåøíå ýòîò ìåòîä

âûãëÿäèò ñëåäóþùèì îáðàçîì. Â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ âû-

áèðàåòñÿ ñôåðà S
0
ìèíèìàëüíîãî ðàäèóñà ñ öåíòðîì â òî÷êå 0, âêëþ-

÷àþùàÿ S0. Çàòåì ïðîñòðàíñòâî En ñæèìàåòñÿ â íàïðàâëåíèè àêòèâ-

íîé òî÷êè, ò. å. òî÷êè, ïðèíàäëåæàùåé ìíîæåñòâó S0 è ëåæàùåé íà

ýòîé ñôåðå. Â ïðåîáðàçîâàííîì ïðîñòðàíñòâå ìíîæåñòâó S0 ñîîòâåò-

ñòâóåò S1, äëÿ êîòîðîãî îïÿòü ñòðîèòñÿ ñôåðà ìèíèìàëüíîãî ðàäè-

óñà S
1
, âêëþ÷àþùàÿ S1, è ò. ä. Ïîñëåäîâàòåëüíîñòè ñôåð â ïðåîáðà-

çîâàííûõ ïðîñòðàíñòâàõ ñîîòâåòñòâóåò ïîñëåäîâàòåëüíîñòü îïèñàííûõ

âîêðóã S0 ýëëèïñîèäîâ E0, E1, . . . , Ek â ïåðâîíà÷àëüíîì ïðîñòðàíñòâå.

Ïðè îïðåäåëåííûõ óñëîâèÿõ, êàê äîêàçàíî â [8], ïðåäåëîì ïîñëåäîâà-

òåëüíîñòè Ek ÿâëÿåòñÿ îïòèìàëüíûé îïèñàííûé ýëëèïñîèä. Ïðè ðåà-

ëèçàöèè ýòîãî ìåòîäà íå îáÿçàòåëüíî ïðîñìàòðèâàòü âñå òî÷êè íà âñåõ

øàãàõ � íåîáõîäèìî ëèøü, ÷òîáû êàæäàÿ òî÷êà ìîãëà áûòü ïðîñìîòðåíà

íåîãðàíè÷åííîå ÷èñëî ðàç.

Èñïîëüçóåì âîçìîæíîñòü ýòîãî ìåòîäà â ïðîöåññå åãî ðàáîòû êîð-

ðåêòèðîâàòü àïïðîêñèìèðóåìîå ìíîæåñòâî òî÷åê. Îñíîâíàÿ èäåÿ ïðåä-

ëàãàåìîãî àëãîðèòìà ïîñòðîåíèÿ èíâàðèàíòíîãî ýëëèïñîèäà ñîñòîèò â

òîì, ÷òîáû, íà÷èíàÿ ñ èñõîäíîãî M0 = M (ìíîæåñòâà òî÷åê â ìîìåíò

âðåìåíè t0), íà êàæäîé ïîñëåäóþùåé èòåðàöèè äîïîëíÿòü ýòî ìíîæå-

ñòâî òîëüêî òåìè òî÷êàìè òðàåêòîðèé, êîòîðûå ëåæàò ðÿäîì ñ àêòèâíîé

òî÷êîé íà äàííîé èòåðàöèè è ìîãóò ïîâëèÿòü íà âèä ýêñòðåìàëüíîãî ýë-

ëèïñîèäà.

Ïåðåéäåì íåïîñðåäñòâåííî ê îïèñàíèþ àëãîðèòìà.

0-é øàã. B0 = In (Bk � ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ, ñîîò-

âåòñòâóþùàÿ ïåðåõîäó îò íà÷àëüíîãî ïðîñòðàíñòâà ê òåêóùåìó íà k-ì
øàãå àëãîðèòìà; íà íóëåâîé èòåðàöèè ðàâíà n-ìåðíîé åäèíè÷íîé ìàò-

ðèöå); M0 =
{
M0
i

}m
i=1

, ãäå M0
i = {bi} (Mk

i ïðåäñòàâëÿåò ñîáîé íàáîð

òî÷åê òðàåêòîðèè, âûõîäÿùåé èç òî÷êè bi, â òåêóùåì ïðîñòðàíñòâå; íà

íóëåâîì øàãå ýòî ìíîæåñòâî ñîñòîèò òîëüêî èç íà÷àëüíîé òî÷êè â ìî-

ìåíò âðåìåíè t0), m(0) = |M0| = m, r0 = maxj=1,m(0) ‖bj‖.
Ïîñëå k øàãîâ èìååì Bk � ðåçóëüòèðóþùóþ ìàòðèöó ïðåîáðàçîâà-

íèÿ ïðîñòðàíñòâà, Mk =
{
Mk
i

}m
i=1

, rk = maxj=1,m(k) ‖b(k)j ‖ = ‖b(k)j∗(k)‖,
m(k) = |Mk|, b

(k)
j∗(k) ∈M (k)

i∗(k).
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(k +1)�é øàã.

1. ξk+1 = b
(k)
j∗(k)/‖b(k)j∗(k)‖.

2. b
(k+1)
j = R1−βk

(ξk+1)b
(k)
i , j = 1,m(k), Bk+1 = R1−βk

(ξk+1)Bk, ãäå
Rα(ξ) = In + (α − 1)ξξT � îïåðàòîð ðàñòÿæåíèÿ ïðîñòðàíñòâà â

íàïðàâëåíèè âåêòîðà ξ ñ êîýôôèöèåíòîì α [7].

3. Äîáàâëÿÿ íîâûå òî÷êè ê Mk
i∗(k) (∀i 6= i∗(k) Mk+1

i = Mk
i ), ñòðîèì

ìíîæåñòâî Mk+1. Äëÿ ýòîãî îñóùåñòâëÿåì ñëåäóþùèå îïåðàöèè:

a) íàõîäèì áëèæàéøèå ïðåäøåñòâóþùóþ è ïîñëåäóþùóþ ïî âðåìå-

íè ê b
(k)
j∗(k) òî÷êè èç Mk

i∗(k)(ìíîæåñòâà òî÷åê òðàåêòîðèè, âûõîäÿ-

ùåé èç òî÷êè bi∗(k) â òåêóùåì ïðîñòðàíñòâå ïîñëå k øàãîâ); ýòè

òî÷êè õàðàêòåðèçóþòñÿ ìîìåíòàìè âðåìåíè t1, t2 è tj∗(k) ñîîòâåò-
ñòâåííî;

á) âû÷èñëÿåì òî÷êè b1 = x
((
t1 + tj∗(k)

)
/2
)
è b2 = x

((
t2 + tj∗(k)

)
/2
)

(íàïðèìåð, ïî ðàçíîñòíîé ñõåìå); ïðè tj∗(k) = t0 òî÷êà b1 íå ñòðî-
èòñÿ, è åñëè x(tj∗(k)) ÿâëÿåòñÿ ïîñëåäíåé ïî âðåìåíè òî÷êîé ìíî-

æåñòâà Mk
i∗(k), òî b2 = x(ti∗(k) + τ), ãäå τ � íåêîòîðûé ïîñòîÿííûé

øàã (íàïðèìåð, τ = 0,01);

â) ïåðåâîäèì ïîëó÷åííûå òî÷êè b1, b2 â òåêóùåå ïðîñòðàíñòâî è äî-

áàâëÿåì èõ ê Mk
i∗(k) : Mk

i∗(k+1) = {Mk
i∗(k), Bkb1, Bkb2}.

Ïîñëå âûïîëíåíèÿ ï. 3 èìååì

Mk+1 =
{
Mk
i

}
i6=i∗(k) ∪Mk

i∗(k+1), m(k + 1) = |Mk+1|.

4. rk+1 = max
j=1,m(k+1)

‖b(k+1)
j ‖ = ‖b(k+1)

j∗(k+1)‖.

Îïèñàíèå àëãîðèòìà çàâåðøåíî.

×òîáû ïîêàçàòü ñõîäèìîñòü äàííîãî àëãîðèòìà, ïðèâåäåì ñëåäóþ-

ùèå ðàññóæäåíèÿ. Ðàññìîòðèì àëãîðèòì, êîòîðûé îòëè÷àåòñÿ îò ôîð-

ìàëüíî çàïèñàííîãî âûøå òîëüêî ï. 3 (ñïîñîáîì ïîñòðîåíèÿ ìíîæå-

ñòâà Mk+1). Ïóñòü, íà÷èíàÿ ñ èñõîäíîãî M0 = M (ìíîæåñòâà òî÷åê

â ìîìåíò âðåìåíè t0), íà êàæäîé ïîñëåäóþùåé èòåðàöèè ýòî ìíîæå-

ñòâî äîïîëíÿåòñÿ íåêîòîðûì êîíå÷íûì ïîäìíîæåñòâîì M̃k òî÷åê òðà-

åêòîðèé, âûõîäÿùèõ èç âñåõ íà÷àëüíûõ ñîñòîÿíèé M0 äèíàìè÷åñêîé

ñèñòåìû � Mk+1 = Mk + M̃k, |M̃k| < +∞. Òîãäà ïðè óñëîâèè, ÷òî
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ñ óâåëè÷åíèåì êîëè÷åñòâà øàãîâ k èòåðàöèîííîãî àëãîðèòìà èìååò ìå-
ñòî áîëåå òî÷íàÿ àïïðîêñèìàöèÿ ìíîæåñòâîìMk âñåõ

∣∣M0
∣∣ òðàåêòîðèé

(ò. å. ìàêñèìàëüíîå ðàññòîÿíèå ìåæäó ñîñåäíèìè òî÷êàìè äëÿ êàæäîé

òðàåêòîðèè ñòðåìèòñÿ ê íóëþ ïðè k → +∞), ñïðàâåäëèâî óòâåðæäåíèå:

åñëè

1) 0 < βk < 1, k = 1, . . . ,

2)
∞∑
k=1

βk = +∞, βk → 0 ïðè k → +∞,

òî lim
k→+∞

Kk = K∗, ãäå Kk = BTk Bk/r
2
k, à K

∗ � ìàòðèöà èíâàðèàíòíîãî

ýëëèïñîèäà E∗ ìèíèìàëüíîãî îáúåìà äëÿ äèíàìè÷åñêîé ñèñòåìû (1).

Îäíàêî ïîíÿòíî, ÷òî äëÿ ïîñòðîåíèÿ ýëëèïñîèäà E∗ äîñòàòî÷íî èìåòü
òîëüêî òå òî÷êè òðàåêòîðèé M∗, êîòîðûå ëåæàò íà ïîâåðõíîñòè E∗ è
íåïîñðåäñòâåííî âëèÿþò íà âèä ýëëèïñîèäà. À çíà÷èò, è äëÿ ñõîäèìî-

ñòè àëãîðèòìîâ, ðåàëèçóþùèõ ýòîò ïîäõîä, äîñòàòî÷íî, ÷òîáû, íà÷èíàÿ

ñ íåêîòîðîãî êîíå÷íîãî N â ïîñëåäîâàòåëüíîñòè ìíîæåñòâ Mk,

k = N,N + 1, N + 2, . . ., ìîæíî áûëî âûäåëèòü ïîñëåäîâàòåëüíîñòü ïîä-
ìíîæåñòâ, êîòîðàÿ ñòðåìèòñÿ ê M∗ ïðè k → +∞. Ôîðìàëüíî îïèñàí-

íûé âûøå àëãîðèòì ýòîìó óñëîâèþ óäîâëåòâîðÿåò.

Ðàññìîòðåííûå â ñòàòüå àëãîðèòìû áûëè ïðîãðàììíî ðåàëèçîâàíû

è ïðîâåðåíû íà ðÿäå ÷èñëåííûõ ýêñïåðèìåíòîâ, êîòîðûå ïîêàçàëè èõ

ðàáîòîñïîñîáíîñòü.
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