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AKAJTEMUK H. 3. ITIOP (1937 — 2006)

"Teopus 6ce20 KAGCCEH GAZOPUMMOE C PACTNANCEHUEM
NPOCMPAHCMEG CWE OAALKE OM COBEPULLHCMEE.

Ham xasicemes 00cmamouno peasucmuneckoti 4eabio
nOCMpPoenUe MaKo20 aA20PUMMa, KOMOPVLl

no ceoell npaxmuueckol spdexmusrocmu

HE Yemynaa vl r-aA20pUMMY U OblA COADL dHce
TOpOwo 0bocHo8aH, Kak Memod saruncoudos’.

“lep



ITpemaucioBue

B 2008 roxy 6b11 u37aH cOOpHUK [1] M30paHHBIX HAYYHBIX TPYIOB aKa-
nemuka Haywma 3ycenesuva Illopa, ocHoBaTesnsi HanmpaBieHWs] HEVIAIKOM
(menuddepenupyemMoii) ONTUMU3AIMY B MATEMATHIECKOM MPOrPaMMUPO-
BaHWH. B cOOPHMK BONLIN JABEHAAIATH HAYIHBIX PAOOT, KOTOPHIE OKA3AJIHI
GOJIBINIOE BIMSHUE HA PA3BUTHE TEOPUU W MPAKTUKU YHCICHHBIX METOJIOB
MuHAM#A3AIE HeauddepeHnupyeMbrx hYHKINANR U CHITPAIN BayKHYIO POJIb
IpY PA3BUTHUU PsiIa HAPABIEHUH B MATEMATHIECKOM MPOTPAMMUDOBAHIH.
[Tepsast 9acTb COOPHUKA CONEPIKUT BOCEMD craTeii [2]-[9] mo uuciennsiM Me-
rTosaM onruMu3anuu weaud depeHnupyeMbrx (OyHKIUNE ¥ UX TPUTOKEHUSIM
B 3aa9ax OJIOYHOrO MPOrpaMMHUPOBAHMS OOMBINON pasdMepHOCcTH. Bropas
4acTh COAepKUT derbipe crarbu [10]-[13], cBs3aHHBIE ¢ HCIOIB30BAHHEM
MeTo10B Heaud HEepeHnupyemMoil ONTUMHU3ANNN TTPU PENTEHNN MATPUIHBIX,
TOJTMHOMUAJIBHBIX W JUCKPETHBIX 33734 OnTuMu3anuu. B cOOpHUK Takke
BKJIFOYEH CAMBIl TIOJMHBIN CIucOK HaydHbIX pabor Haywma 3yceneBuua, Ko-
TOPBINA UMEJICS HA MOMEHT €ro HOJArOTOBKH.

CrpykrypHOe pasnenenue craTeit COOPHUKA Ha, JIBE YACTH OBLIO 00YCI0B-
JIEHO TeM, 9TO CPEIUd MHOTOYMCJIEHHBIX MPUJIOXKeHu MeTomoB uHemudde-
PEHIUPYEMOil ONITUMHU3AINN MOXKHO BBIIEIUTH 1BA TJIABHBIX HAMPABJICHUS,
kotopeiM Haywm 3yceneBud mpugaBaj odenb Oosbiiioe 3Hadenwue. [leppas
4acTh COOPHUKA OTPAXKAeT MEPHUO, B Hay4dHOM nesarerbHocTu Hayma 3yce-
aesuda (¢ 1960 no 1985 roxbl), KOraa rIABHBIM JIBUTATEJIEM IPU Pa3paboT-
K€ YHCJIEHHBIX METOIOB ObLIa HEOOXOAWMOCTH pelraTh HerJIaIKue 3a0a4u,
KOTODBIE€ BO3HUKAIOT TIPH JEKOMITO3UIINU OJIOYHBIX 33718 OOJIBITION pa3zmep-
Hocru. Bropas yacth cbopauka orpazkaer nepuos (¢ 1985 mo 2006 roawr),
KOTOPbIH, TJIABHBIM 0Opa30M, ObLIT CBA3aH C HCCJIEJOBAHUEM <«3a7ad MaT-
prUYHOM onTHMHE3aNuEy! U ajanTanmeil cyOGrpaJMeHTHBIX METOIOB A8 HX
perterus. Takoe npucrajgbHOE BHUMAHUE K MATPUIHON ONTUMU3AIIHA OBLIO
MTPOJMKTOBAHO TEM, UTO K HEil CBOIATCS MHOTHE BAYKHBIE KJIACCHI MHOTOIKC-
TpeMaabHbIX 3a1a49. Hauwnas ¢ 1985 roga, H. 3. Ilopom ymemnst 6oJbIinoe
BHUMAaHWE COBEPIIEHCTBOBAHUIO METOIOB MUHUMU3AIME Heauddepennupy-
eMbIX (QYHKIMH JJIs PEIeHusT PA3TUIHOrO POJA 33149 C HEMJTAJKUMU MaT-
puYHBbIMU (DYHKIUSIMU.

19ror repmun ucmomb3osanca H. 3. ITlopoM i ero yueHHKAME, HAYMHAS C CePE/IHHLL
80-x romoB. Ilog «3amavaMu MATPUIHON ONTUMH3AIMIY [T0{PA3YMEBAJINCH BCE TE 33aTH
ONTUMHU3BAIUHA, e KOIDDHUIMEHTH CAMMETPUIHBIX MATPHIL 33JaHbI JIMHEHHBIMA (DYHKIU-
SIMH, a [[eJIeBble (DYHKIUH JU060 OrpAHMYEHHs BKIIIOYAIOT (DYHKIUA OT MATPHUIBL (JIeTep-
MWHAHT, CJIJ[, MAKCUMaJIbHOEe COOCTBEHHOE YHCJIO, CyMMa B3BEIIEHHBIX MaKCHUMAaJIbHBIX
COBOCTBEHHBIX YUCEN, U T.J.)



Kazkapiii u3 yC/IOBHO BBINE/IEHHBIX TTEPUOIOB XapPAKTEPU3YeTCs TOCTH-
JKEHUSIMU, KOTOPBIE MPU3HAHBI BEIYIIIUMU CIEIHAJIUCTAMA B 00JTACTH OITHU-
mu3aruu. [lepsbiii nepuos gas mMeros 06001eHHOro rpaaueHTHoro (cybrpa-
nuentHoro) cuycka (npemoxen H. 3. Ilopom B 1962 romy), Koropbiii no-
JIOYKHUJT HAYAJIO YUCIEHHBIM MeTomaM HeaudepeHIupyeMoil ONTHMU3AINH.
Ha ero ocuoBe ObLau pa3pabOTaHBI CXEMBI JEKOMITO3UINN, TTO3BOJISIOIINE
peInarh 33a91 TPOU3BOICTBEHHO-TPAHCIOPTHOTO TIJIAHUPOBAHUS OOJIBIITON
pasmepraoctu. B 1969-1971 roapr cyOrpaaueHTHBIE METOIbI ObLIN 3HAYHU-
TEJIbHO yCOBEPIIEHCTBOBAHBI OJIAr0IAPs IPUMEHEHUIO OMEpPAIMN PACTIKE-
HUsI TIPOCTPAHCTBA, 9TO MO3BOJMIO 3(PPEKTUBHO PEIaTh 33/1a9U MUHUMU-
3anuy HerJagkuX (QYHKIWH ¢ OBpasKHbIMU ocobenHoCcTsMu. [IIupokyio u3-
BECTHOCTh MOJIyYW/IM YACTHBIE CJYyYad TAKOTO POJIA MPOIECCOB: METO dJI-
JIUTICOUJIOB, HA OCHOBE KOTOPOTO OBLIN MOJIYYEHBI MOJTHHOMUAIBHBIE AJITO-
PUTMBI TS Psifia 3329 BBILYKJIOrO W JTUCKPETHOTO MPOrPAMMUPOBAHIS
7-aJICOPUTMbI, KOTOPBIE JI0 CUX TIOP SIBJISIOTCS OMHUM u3 Hambosee 3ddek-
THUBHBIX CPEJICTB PeIeHus 3aaa49 HeanddepermupyemMoit ontumusanuu. [pn
MUHAMABAMWY TIAIKUX (DYHKIHH 7-aJIrOPUTMbI OKA3aJIUCh KOHKYPEHTOCIIO-
CODHBIME C HAMDOJIEE YIAYHBIMY PEATUBANUAMEA METOIOB COMPSIKEHHBIX Ha~
MIPaBJIEHU U METOJ0B KBA3WHBIOTOHOBCKOIO THIIA.

Bropoit mepuos 1a1 HOBbIE METOIBI [IJIsi PEIIeHUsT 339 MOJTHNHOMUAIIb-
HOM ¥ MATPUYHOW ONTUMU3AIINN, HOBBIE PE3YJIHLTATHI B 00JIACTH CJIOKHOCTH
KOMOWHATOPHBIX 33129, HOBbIE METOIbI AHAJIN33d MHOTOIKCTPEMAJIBHBIX U
NP-TpyasbIx 33/1a9 MATEMATHIECKOTO TporpaMMupoBanus. O THUM U3 raaB-
HBIX JOCTUKEHUI BTOPOIO [IEPUO/IA ABJIAETCH TEXHUKA JIAIPAHKEBBIX (JBOIi-
CTBEHHbIX) OLEHOK B KBaJIPATUYHBIX HEBBIIYKJbIX 3aja4ax. C HOMOIIbLIO
KBaIPATUIHBIX HEBBIMYKJIBIX MOIEIEH OMUCHIBAIOTCS 334N MTOJUHOMHUA b~
HOM ONTUMU3AINY, SKCTPEMAJIbHBIE 3312491 Ha Tpadax, 3312491 JUCKPETHOTO
¥ OyJIeBOr0 MPOrPAMMUPOBAHUS U JIP. DTY TEXHUKY MOMKHO CIUTATH AJIb-
TEPHATUBON MCIIOJIb30BAHUIO METOJIOB BHYTPEHHUX TOYEK JIJIsl PEIeHus] 3a-
Jlad MOJTyOTIpe/Ie/IeHHOro TporpaMvuposanus (semidefinite programming)?.
Ee wucnosp3oBanme mMO3BOJIMIIO YCTAHOBUTH TECHYIO CBSA3b MEXKIY 3a/a9a-
MH TIOJIMHOMHUAJIBLHON ormTuMu3anun u 17-it npobaemoit ['manbepra, Kaca-

2MHuorue 3a/[aqu MOJYONPe/IeIEHHOr0 IPOrPAMMUPOBAHHS [1€ecO06pa3sHO paccMaT-
pHUBaTh KaK YaCTHBIN ciaydail 3amas HeguddepeHnupyeMoil ONTHUMUBANANA U IPUMEHATH
JUISL UX peleHns 3bdeKTUBHbIE METOIbI MUHIMU3AIMY HETTaIKUX BBIIYKJIBIX (DYHKIMI.
VciioBHE HEOTPUIATENBHOM OIPeesIeHHOCTH CUMMeTPHIHOR (nXn)-marpunsr X (npuss-
TO 0603Ha4aTh X ~(0) 5KBUBAJIEHTHO TOMY, YTO MUHHMAJBLHOE COBCTBEHHOE UHCIO STOU
marpunbl Ap(X)>0. Ho An(X) — Bormyras meguddepennupyemas QyHKIHs 3JI€MeH-
TOB MATPHUIIBL, T.e. €CIH daeMeHTsl Marpupl X (u) = {x;;}7,_; ABIAIOTCA THHEUHBIMU
dyHKOESME OT BEKTOPa BapbUPyeMbIX mapamerpoB u € R™, to ycaosue X (u)>=0 sKkBH-
BAJIEHTHO BBIIYKJIOMY HEIIaAKoMy orpanudeHuio p(u) = —An(X(u)) < 0.



IOIEHCsA TPeICTABIEHNsST HEOTPHUIATEHHBIX PAIMOHAIBHBIX (DOPM B BUIE
CYMMBI KBaJpPAaTOB PAIMOHAIBLHBIX (opM. OUeHb WHTEPECHBIMU OKA3aJIUCH
pe3ynbraThl, cBsA3aHHbe ¢ NP-Tpy HOM KOMOMHATOPHOM 3313496l HaX0XKIe-
HUsl B3BEIIEHHOIO0 MAaKCHUMAJIHLHOIO HE3aBUCHMOIO MHOYKECTBA, BEPIIUH IPa-
da. s vee marpaHKeBbl OIMEHKY OKA3AJIUCH TECHO CBS3aHbBI C M3BECTHBIMEU
gucnamu Jlopaca (G, w) n ¥ (G, w).

O6pem cbopHuKa [1] HE TO3BOJIMII OTPA3KUTH PsIT BAXKHBIX HJIEH, KOTOPHIE
MTPOXOINJINA Yepe3 pabOThl KAK MEePBOr0, TAK W BTOPOrO MEPUOIOB HAYIHOM
pesrersHoctr H. 3. lopa. s mepBoro nepuoia HeJJOCTATOYHO OTPAZKEHbBI
paboThI O pa3paboTKe CyOrpaueHTHBIX AJITOPUTMOB C MPeoOPa30BaAHUEM
MTPOCTPAHCTBA U MPOIEAYP, KOTOPbIE MPUMEHSIJIUCH TPU DPEIEHUN HErJIaI-
KUX 337249 O0JIbIOM pa3MepHOCTH. i BTOPOro mepuoia B TEHW OCTAJIUCH
CyOrpaIueHTHBIE AJTOPUTMBI /IS PEIIeHUsT PSA/Ia, MATPUYHBIX 337a4, CBS-
BaHHBIX C TOCTPOEHUEM OIMUCAHHBIX W BIUCAHHBIX YKCTPEMAJBHBIX JJIIHII-
counoB. He Hamim orpaykenusi Tak»Ke U HepBbie PADOThI, C KOTOPBIX HAYHU-
HAJIACh TEXHUKA JIArDAHZKEBbIX (/IBONCTBEHHbIX) OLEHOK B KBAJAPATUIHBIX
HEBBIMYKJIBIX 33a9aX. Hacrosmuit COOpHUK W30PAHHBIX TPYIOB aKaIeMU-
xa H. 3. Ilopa Bocmosasier 3ToT mpobes. [IpuHImn ero mocTpoeHust TaKkoi
JKe, KaK ¥ JIjIsi IePBOTr0 COOPHUKA: JBA MEPUOJA HAYIHON JeATETbHOCTH —
JiBe 9aCTU KHUTH.

B nepByto gacrb cOopHUKA BKIIOYEHBI J1eBsaThH pabor. Cioma BoILM J1Be
o63opHbie craThy [14] u [15]. Pabora [14] comep:kuT m10CTATOYHO TOJIHBIH
0030p pe3yJIbTATOB, MOy YeHHBIX 10 CyOrpaJMeHTHBIM METOIaM MUHWMI3a-
MU HETTIQIKUX (DYHKINI 1 UX OpIIosKeHnaM 10 1976 roma®. Bropas 0630p-
Hag pabora [15] monounsier nepByo. 31eCh AaeTCs CDABHUTEIbHAS XapaK-
TEPUCTUKA TPEX OCHOBHBIX HAIPABJIEHUH B MeToax HeauddepeHupyemoi
onTUMU3ANNK: 0O0DIMEHHBIX T'PATNEHTHBIX METOIOB, CXEMbI OTCEYEHUS U &-
CyOrpaJMeHTHBIX METOMOB. B dacTHOCTH, B pabOTe JAeTCS WHTEPIPETAIWS
meroza sstuncounos 1. b. FOguna u A. C. Hemuposckoro ¢ mo3unmii cy6-
IPAIUEHTBIX METOIOB C PACTIKEHUEM IPOCTPAHCTBA.

OcranbHble ceMb crarell B epBOil yacTu cOOPHUKA MMOMEIEHBI B XPO-
HOJIOTHYIECKOM MopsifiKe. [lepBbie Tpy CBsI3aHBI ¢ OOOCHOBAHUEM Dsiia BapH-
aHTOB ODODIIIEHHOTO IPAJUEHTHOTO CITyCKA C PACTSAXKEHUEM MPOCTPAHCTBA B
HampapjeHnu cyorpaauenta. B padore [16] BiepBbie HCIONB30BANIOCH PACTS-
JKeHUe [TPOCTPAHCTBA [IJIsl YCKOPEHUS CXOAMMOCTH CyOTPaJMEHTHBIX METOIOB

3B 70-80 roasl 3Ta paboTa GbLIa HACTOIBHON /I MHOTUX, KTO GBLI CBSI3aH C IPUIO-
JKeHreM MeTooB HeauddepeHIupyeMoil onTuMu3anuu B OJIOYHBIX 33/4a49aX MaTeMaTH-
YeCKOTO IPOrpaMMHUPOBaHUs. B CTAThIO BKIIIOUEHO JI€TAIbHOE ONMMCAHUE CXEMBI JEeKOMIIO-
3unuy o nepemeHHbIM (mexommno3unust Bergepca). Coelt axryaspHOCTH STa paboTa He
noTepsana u ceifdac.



npu MUHUME3anUK QYHKIWH oBpaykHOro Trra. B pabore [17] mis MuHIME-
3alyy BBIMYKJIBIX (DYHKINH TPEIJIOKEeH 1 0OOCHOBAH AJITOPUTM 00OOIIEH-
HOIO MPAJMEHTHOrO CIYCKA C PACTIKEHHEM TPOCTPAHCTBA U PEryJTuPOBKOIA
mara, UCIOJIb3YIOIel alpuopHOe 3HAHUE 3HAYeHUs (DYHKIUH B TOYKE MHE-
uumyma. B pabore [18] sTor asropurm Momubunupyercs jisi Ly dast, KOraa
3Ha4YeHre (PYHKIUU B TOYKE MUHUMYMA, HEU3BECTHO.

Pat6ora [19] o6Gobuiaer pe3yiabraTsl 0 CXOAMMOCTH 0GOOGIIEHHOTO TPaI-
€HTHOI'O CIIyCKa CO CKOPOCTbIO IeoMerpuyeckoiil mporpeccuu. B crarne [20]
OIUCHIBAIOTCS ABE MOANMDHUKAIMI METOIA ODOOIIEHHOTO TPAIUEHTHOTO CITYC-
Ka C PACTSIYKEHUEM MPOCTPAHCTBA B HAIPABJICHUU PA3HOCTH JABYX TOCJIEI0-
BATEIBHBIX MPAJUEHTOB MTPUMEHUTEIHLHO K PEIeHNI0 MUHUMAKCHBIX 3a/1a4.
B crarbe [21] ompeznensiercst Kiace moutw-andbepeHimpyeMbrx byHKIH.
s HAaXOXKAEHHs JIOKAJbHBIX MUHUMYMOB TaKuX (DYHKIMI [PEeIIaraercs
METOJI, C PACTSI?KEHHEM IIPOCTPAHCTBA, KOTOPBIA MOXKET OBbITh MCIIOIb30BAH
IpU DEIeHUur CUCTEeM HeJMHeiHbIx ypasuenuii. B pabore [22] paspabora-
Ha MPOIEIYPa TIOCTPOEHUS «CYIIECTBEHHON» YacTh JIUHEHHBIX OMEPaTOPOB
PACTSIKEHUSI IPOCTPAHCTBA C TIOMOIILI0 COOCTBEHHBIX 3HAYEHUI 1 COOCTBEH-
HBIX BEKTOPOB. DTa pabora IPOJOJKAET UCCIeN0BaHus, HadaTbe B [20] s
pelleHnst HerJIaIKuxX 3a4a4 OOJIbIION pa3sMepHOCTH.

Bo Bropyro wacTth COOPHUKA B XPOHOJOTHIECKOM IMOPSIIKE BKJIFOYEHBI
OJIMHHAIIATE pa0oT. IlepBble 4eThipe — 3TO MUOHEPCKUE PAOOTHI IO TEXHU-
K€ JIArPAHIKEBbIX (JIBONCTBEHHDIX) OLEHOK JIJIsI HEBBIMYKJIBIX KBAIPATHIHBIX
3azad. B crarbe [23] Buepsble npeajioKen MeTo/| oJly YeHust OUEHOK B KBaJI-
PaATUYHBIX 3KCTPEMAJIbHBLIX 3aJa4aX C OyJIeBbIMHU [I€PEMEHHBIMU, KOTOPLIA
BIIOCJIEJCTBUM KCIOJIb30BAJICS IIPU MCCaenoBanuu psaga N P-TpyaHbIX KOM-
OGUHATOPHBIX 33744 U SKCTPEMAJILHBIX 331a4 Ha rpadax. Pabora [24] moces-
I[eHa, YUCJIEHHBIM METOJAM PEIIeHHs OIEHOUHBIX 33/1a4 B IKCTPEeMaJIbHBIX
3a7a4ax C KBaJAPATUYHLIMU LEJEBBbIM (DYHKIMOHAIOM M OrPAHUYEHHSMHU.
[TokazaHo, 9TO B MHOMO3KCTPEMAILHOM CJIydae OUEHKU CHU3Y MUHUMAJIbHO-
I'0 3HAYEHUs 1eJIeBON (PYHKIUK MOXKHO IIOJy4YUTh METOJAMHU JIBOHCTBEHHO-
CTH, Perasi BLIMYK/IYI0 ONMTUMI3ANUOHHYIO 33249y C OrPAHUYEHUSIMU THUIIA,
HEOTPHIATEIHHON ONpeeJIeHHOCTH MaTpull. B padore [25] Meroauka onru-
MaJIbHBIX JIATPAHKEBBIX OIEHOK OB TTPUMEHEHA, K MCCISTOBAHUIO OIEHOK
CHU3Y IesIeBoli (DYHKIMHU B IOJAHOMHUAJBbHBIX 33aJa4aX MaTeMaTHYeCKOro
[IPOrpaMMUPOBAHUS IIyTEM UX CBEJEHUs K KBaAPATHYHBIM KCTPEMAa/IbHbIM
zagadam. OHa ObLIA JOMOTHEHA U Ieeil MCIOIb30BATH (DYHKITHOHAIHLHO N30bI-
TOYHBIE OTPAHUYEHUS JJIs1 YIIYUIIeHUs] TOYHOCTH STUX OIEHOK. JIJist ciaydas
MHUHUMHABAIAN TTOJTUNHOMOB OT OJHOM MepeMEeHHON 3TO MO3BOJINIIO JOKA3ATh,
YTO COOTBETCTBYOIIME OLEHKHU SABJISIOTCA TOYHBIMU. JTa Ues Hallia 0ojee
HOJIHOE u3JIoKeHue B pabore [26] g 3a1a491 MUHMMU3ALUK [IOJIAHOMOB OT



MHOT'HUX IIEePEMEHHBIX.

Crenyromue nsaTh pabOT CBSA3AHBI C PA3IMIHBIMYU BAPUAHTAMU AJITOPUT-
MOB [IJIsl IOCTPOEHMUSI OIMITUMAJIBHBIX 110 O0beMY BIIMCAHHBIX B MHOMOTDAHHUK
U OIMCAHHBIX BOKPYI MHOIOrpaHHMKA 3juiuiicouzioB. B pabore [27] 3amaua
HAXOXKIEHUSI JJTUTICOUIA MUHIMAJIHHOTO 00beMa, BKIIOUAIOIIEr0 33, 1aHHBIIH
HabOp TOYEK, CBeJeHA K CIENUAJIbHON 3aJade MATPUIHONH ONTUMHU3AINH,
KOTOpast 3aK/II0YAETCI B MAKCUMU3AIMN BOTHYTON HErJIa KON (DYHKIMKH OT
3JIEMEHTOB CUMMETPUYHON MATPUIILI TIPY YCIOBUU HOJOKUTETHLHON Opeie-
JIEHHOCTH 3TOi Marpwuilbl. [Ia eé perenus: pa3padoTaHa MOTU(PUKAIAS 7'~
airopurMma. M es 3Toro Merosia jieraa B OCHOBY pa3pabOTKH MPUOIHKEHHO-
T'0 AJITOPUTMA, JIJIsT IOCTPOEHUS JLIUIICOUIA MUHUMAIHHOTO 00beMa, BKJIIO-
YAIOIIEro Mepecevdenne 3aJaHHbIX JITHIICONIOB, KOTOPBIi N3JI07KeH B padoTe
[28]. B pabGote [29] anropurm cyGrpagueHTHOrO TUIA C PACTIZKEHUEM [IPO-
CTPAHCTBA UCIIOIb30BAH [IJIsl TIOCTPOEHUS SJUTUIICONIA MAKCUMATHLHOTO 00b-
eMa, BIMCAHHOTO B MHOrorpanuuk. Meros 6a3upyercs Ha aHAJUA3e COOTBET-
CTBYIOIIEH 3312491 MATpUIHOI onrumu3anuu. B padore [30] mist mocrpoenust
OTIMCAHHOTO SJUINIICOUA MUHUMAJILHOTO 00beMa pa3paboTaH aJropuTM, B
OCHOBY KOTOPOTO IOJIOYKEHBI TTOC/IeI0BATEIbHBIE CXKATHUSA MPOCTPAHCTBA. B
pabore [31] HOmOGHDBIN AArOPUTM, HO y2KE C MOCJIEAOBATE/IbHBIM PaCTszKe-
HUEM [POCTPAHCTBA, MTPEJIOKEH U MPUMEHEH JJIs TOCTPOEHUS SJLIAICOUIA
MaKCHMAaJIbHOTO 00beMa, BIMCAHHOIO B MHOTDAHHUK.

B crarbe [32] MOABITOKEHBI NCCIEIOBAHNUS IO 3a/1ae TOCTPOEHWS SJIIIHTI-
COUJIa MUHUMAJIBHOTO 0ObeMa, OMUCAHHOTO BOKPYT MHOIOIDAHHUKA, 33/1aH-
HOrO KOHEYHBIM HaOOpOM TOYEK, W 33Jade MOCTPOEHUS JLIUIICOUIA MAKCH-
MAJIbHOTO 00beMa, BIMCAHHOTO B MHOIOIDAHHUK, 33AHHBIH KOHEYHOU CH-
CTEMO JIMHEWHBIX HEPABEHCTB. 31eCh HAUOOJIEe TOTHO OTPAYKEHA KAPTUHA,
«CJIOKHOCTU» BCEX TSATH MOCTPOEHHBIX AJITOPUTMOB JJIS PEIEHUS STUX 3a-
Jag (Tpu ajropur™Ma Jjid NepBOil 33JaYdM W BA AJTOPUTMA, JJis BTODPOW
3a/1a4M), M JAIOTCH PEKOMEHIAIUY 110 UCIOJIb30BAHUIO AJIFOPUTMOB B 3aBU-
CHUMOCTH OT KOJIMYECTBA TOYEK U JTUHEHHBIX HEPABEHCTB. 3aBEPIIAET BTOPY IO
yacrb cOopHuka pabora [33], cBa3aHHasi C AJrOPUTMAMU [IOCTPOCHUS UHBA~
PUAHTHOTO 3JIUIICOUIA MUHUMAJIBHOTO 00beMa, [JIS YCTONYINBOM TUHAMUIe-
CKOIf CHCTEeMBI C 33JaHHBIM KOHETHBIM MHOXKECTBOM HAYAIBHBIX MTOJIOKEHUH.
Asnropurmbl pa3paboranbl Ha 6a3e CyOrpaJMeHTHBIX METOAO0B C IPUMEHEHH-
€M TIOCJIEIOBATEIbHBIX MPeobpa3oBaHuii (pa30BOro MPOCTPAHCTBA.

Bcero B 0b6a cO0pHUKA BKIOYEHBI TPUANATH JBE PAOOTHI, XapaKTEPU3Y-
rorue uccaenoBanus akagemuka H. 3. lopa u ero mkossl. I3 Hux cemua-
JIATH pabOT OTHOCATCS K MEPBOMY MEPUOAY (BOCEMb BKJIIOUEHBI B MEPBbIi
COOPHUK ¥ JEBsTb — BO BTOPOM) M IATHAALATH PAbOT — KO BTOPOMY Ie-
puoy (derbipe BKJIIOYEHbI B EPBbI COOPHUK M OJMHHAJLATH BO BTOPOIi).



OHu 10CTATOYHO TIOJTHO XaPAKTEPU3YIOT UCCAEIOBAHUS IO YUCIEHHBIM Me-
TOHAM MUHUMU3ANNN HeauddepeHIupyeMbix (DyHKIUH 1 UX TPUIOKEHUTM
B CJIOXKHBIX YKCTPEMAJIbHBIX 33/1a9aX, KOTOPbIe MpoBoauinch B HcTUTYTE
kubepuernku umenu B. M. Dinymkosa HAH Ykpawuns! 3a ocneaaue 50 mer.
Xouercs HAIEAThCS, YTO ITU 1Ba COOPHUKA U3OpaHHbIX TPynoB Hayma 3y-
ceJleBUYa CTaHYT TMOMOITHUKAMHU B pabOTe JJIs CIEUAJINCTOB B 00JIACTH Ma-
TEeMATUIECKOTO MPOrPAMMUPOBAHUS M €r0 MPUJIOXKEHHIH, & TAKYKE CTYIEHTOB
¥ ACIHUPAHTOB COOTBETCTBYIOIINX CIEIUAILHOCTEN.

Ob6beM ABYX KHUT HE MO3BOJIUI TIOMECTHTD Psifl PE3YTbTATOB, KOTOPHIE
opun TrosTydenbr mon pykosoacreom H. 3. IMlopa. B wacraocTu, He Ha-
IIJIA JOCTATOYHO TTOJTHOTO OTPAYKEHUs PE3YJIbTATHI M0 PA3BUTHUIO METOIOB
SJITATICOUIOB TSt 33129 BBIMYKJIONO MTPOTPAMMUPOBAHNS, CTOXACTHIECKAM
MHOTO9TAITHBIM 33/a9aM, CIEIUAJIBHBIM 33/a9aM JIPOOHO-JIMHEHHOrO MPOo-
rPAMMUPOBAHNS, UCIOJIH30BAHAI0 CyOrDaJIMEHTHBIX METOJ0B B ITaKeTax
MPUKJIQIHBIX MPOTpaMM ¥ Ap. UTOOBI BOCHOJHUATH 3TOT Mpobes, Iia-
HUDPYETCS W3IaTh CEPUI0 HAYYIHBIX pabOT 1o HeaudepeHnupyemMoii OnTu-
Mu3anyu u e€ npusoxkenusm. Cpean nepBbix u3 Hux B 2009-2010 rr. mia-
HUpyeTcsa u3fanue Tpéx pabor:

1. Comomon . U. «/Ipobuo-nureiinoe nporpaMMupoBanue u ueaudde-
PEHIUpYyeMasi OMTUMI3AIAS» ;

2. ZKypbenko H. I. «Cy6rpaauenrabie METOIbI MUHUMUABAIAN HETIIAJI-
KuX QYHKITHHE> ;

3. Cremiok II. . «MeTOIbI 3JIUMICONIOB M WX OOOOIICHIST .

Pedaryuonnaa xoanezus
Kues, Kuwunay, mat 2009 e.
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METO/ 16l MUHUMU3AIINN
HEDIA KX OYHKIIAN



O6ob6mieHHbIe TPAJUEHTHLIE METOIbI
MHUHUMA3AMAN HETJaJKNX (PpYyHKIUA 1
X MPpUMEHeHne K 3aJa9aM
MaTeMaTHYeCKOro IIporpaMMuPOBaHNS

H. 3. Illop
IKOHOMUKE U MAMEMAMUYECKUE MEMOTbL.
- 1976. — Tom XII. — M 2. — C. 837-856.

1. Bseaenue

B nociennme rogpr pe3ko BO3pOC WHTEpeC K rmpobiemMam 0e3yCIoBHON OnTH-
mvu3anyu. [IIupoko pacopoCcTpaHuIOCh MOHMMAHKE TOTO, 9TO CBEJISHHUE 33,12~
YU MATEMATUYIECKOTO MPOrPAMMUPOBAHUS K 33/1a9€ MUHUMU3AIWH (DyHKIAN
6e3 OrpaHUYeHHil SIBISETCS BO MHOTHUX CJIYYasiX JOCTATOTHO (D PHEKTUBHBIM
yTeM K €€ PEIeHUI0, 9TO MpobIeMbl pa3paboTku 3hHEKTUBHBIX METOI0B
0e3yCJIOBHON ONTUMU3ANUNA W WX ODOCHOBAHWS JAJEKO HE TPUBUAJIBHBI U
YTO B 3TO#1, Ka3aJI0Ch ObI, pACIaXaHHON BIOIbh U MOMEpeK 00JIACTH UCCIIe/0-
BaHUI MMeeTCss BO3MOXKHOCTH 3HAYUTEIbHOrO nporpecca. C ToYKu 3peHust
MIPUIOKEHNH OCODEHHO BAaXKHO MMEThb 3(P(PEKTUBHLIE AJITOPUTMBI JIJIsT MH-
HUMU3AIUE «[UIOXUX» (DYHKIU: OBpaXKHbBIX, HerJaaakuxX. Eciaun aaropurm
paccYnTaH Ha pelreHue MMPOKOTO KPyra 3a/at, TO ¥ MCCAeI0BATEN MOsB-
JISIETCS BO3MOXKHOCTBH BBIOOPA MATEMATHYIECKON MOIETN ONTUMU3IUPYEMOTO
mporecca, Hanbosee aIeKBATHO U SKOHOMHO OTODPAKAIOINIEH PeabHbIN Mpo-
1ece, peagu3anuu 0ojiee rHOKUX CPEICTB SKBHBAJIEHTHOTO IPEOOPA30BAHUSI
MEPBOHAYAIBHOMN 331491 B HEKOTOPYIO CTAHAAPTHYTO U TOCTATOYHO MIPOCTY IO
dopwmy.

[Ipobmembr MuHUME3aIUN PYHKINHA, HE BCIOAY AU DEPEHITNPYEMbIX, €C-
TECTBEHHBIM O0PA30M MMOSIBJISIIOTCSA TIPU PEIIEHUH CAMbBIX DPA3HOOOPA3HBIX
3319 MATEeMATHIECKOro MPOrPAMMUPOBAHUS, KOTIA UCIOIb3YIOTCSI CXEMbI
JIEKOMTIO3HUITNN, MUHUMU3UPYIOTCA (DYHKIUA MAKCUMYMa,, IPUMEHAIOTCS Me-
TOABI MTPpadHBIX (DYHKINI ¢ HEMTIAAKUME «IITpadaMuy, & TAK¥XKe MPUA pe-
IMeHUH 33129 OMTUMAJIbLHOTO ILIAHUPOBAHUSI U MPOEKTUPOBAHUS, B KOTO-
PBIX TEXHUKO-IKOHOMUYIECKUE XaPAKTEPUCTUKU 3aJAI0TCA B BUE KyCOIHO-
rAagKkuX (PYHKOUH, u T. 1.

B mameii ctpare yke HAKOIJIEH CEPHE3HBIN OMBIT MCIOIBL30BAHMSA 0000-
IMEHHBIX TPAJAMEHTHBIX METOJIOB MWHUMU3AINN HErTAJAKUX (QYHKIWHA J1JTst
pelieHus 3339 MATEMATHIECKOrO MPOrPAMMHUPOBAHUSA DOJIBIION pazMep-



unocru. Vcxoas u3 HEro, MHOTHE CJIOYKHBIE 349K ONTUMAJIBHOTO TLIAHUPO-
BAHUS W MTPOEKTUPOBAHUS MOKHO YCIIEITHO PEeIIaTh CJIeIYIOIMNUM 00pa30oM:

1) cBoug K 3aa9aM 63y CJIOBHON MUHMMU3AIMK UM MUHUMU3AIUK (DY HK-
Uuii OpU IPOCTEHIIUX OrPAHUYEHUsX ()i ITOrO IPUMEHSIOTCH CXeMbI Jie-
KOMIO3uiuu, MeTos mrpadHbix GYyHKIUA U T. 1.);

2) MUHUMU3UPY$ Oy Y€HHBIE, KAK MPABUIIO, HErJIaAKkue (DYHKIUY, C MO~
MOIIBIO TOW WJIN WHOM MOTU(PUKAINKA METOIA 0DO0DIIEHHOrO TPaJIMEHTHOTO
cycka (OT'C).

Merozn OI'C 611 paspaboran B 1961 r. [1]. CHauasna o npuMeHsiics 1ist
MUHUMU3ANUNA KYCOYHO-TIIAIKUX BBIMYKIbIX (OYHKIHIA, TOSBIAIONUXCS TPU
PEITIeHNH TPAHCIIOPTHBIX W TPAHCHOPTHO-MPOU3BOACTBEHHBIX 3a1ad [1]-[3],
3aTeM s KJIAcCa MPOU3BOJILHBIX BRIMYKILIX (bynknuit [4]-[5] u 3amat BbI-
MyKJIOTO TIPOrpaMMHUPOBaHust B MiibbepToBoM npocrparcTse [6]. IInpokoe
passurue nosyuuiaun croxacrudeckue anasgoru OLC [7]. Asropurmbl perie-
HUS 33/1a9 MATEeMATHIeCKOrO MPOrPAMMUPOBAHUSI, TOCTPOEHHbBIE HA OCHOBE
OI'C, oramaarorcst IPOCTOTOM U, YTO OCOOEHHO BasKHO IIPU OOJIBIITON pa3Mep-
HOCTH, SKOHOMHBIM HCIOJIb30BaHueM omeparuBHoi mamsatu IBM. K wemo-
crarkam meroma OI'C oTHOCHTCS €ro JOBOJIBLHO MEIJICHHAS CXONUMOCTH U
OTPAHUYEHHOCTDb IPUMEHEHUST — TOJBKO K KJIACCY BBIMYKJIBIX (OyHKITHIA.

B cBs3u ¢ arum B ociennue rogaet B Uacruryre kudbepueruku AH YCCP
pa3paboTaHbl YCKOPEHHBIE BAPUAHTHI OOOOIIEHHBIX IPAIUEHTHBIX METO/IOB
" uX 0DOCHOBaHUE JJIs1 JOCTATOUYHO IMMHUPOKOrO KJIACCA HETJIAJAKUX (DyHKIIMIA.
OcHoBHOE BHUMaHUE OBIJIO YIEIEHO UCCIEIOBAHUIO METOIOB T'PAIUEHTHOTO
TUMA C PACTAYKEHUEM MPOCTPAHCTBA, UX IKCIEPUMEHTAIBHON U TPaKTHde-
cKoit mpoBepke. B manHOM 0030pe KpPaTKO H3JIAralOTCs OCHOBHBIE Pe3yilb-
TaThl PAOOT MO TPAJMEHTHBIM METOJAM MWHUMU3AINU HErTaJKuX (QyHK-
Ui, OMUCHIBAETCS PA3HOOOPA3HOE MPAKTUYECKOE MPUMEHEHHE TUX MEeTO-
JIOB, OCODOEHHO MPU PEIeHU] 3389 ONTUMAJILHOTO IJIAHUPOBAHUS U MPOEK-
TUPOBAHUS OOJIBINON PA3MEPHOCTH.

2. HekoTopsbie Kjacchl HETVIAJKNX (DYHKITHIA.
O060011eHNS ITOHATHS TPAJaNEHTa

Haunem ¢ kmacca moaru-auddepeHnupyeMbx Oy HKITHA.

Ounpegenenne. Qyuxyus f(), 360aHHAA HA N-MEPHOM E8KAUIOBOM NPO-
cmpancmee B, , nasveaemcs nowmu-ouddepernyupyemoti, ecau: a) 6 410601
oepanusennoli 0baacmu ona ydosaemeopsem yeaosuio Junwuya; 6) nowmu
sesde dudepenyupyema; 8) ee epaduenm HeNPePbIEER KA MOM MHONCECTNEE
M, 20e on onpedenen.



DTOT KJIACC TOCTATOYHO IITUPOK, YTOOBI OXBATUTH BBITYKJIBIE U BOTHY THIE
dbyHKINN, KyCOUHO-TIaAKNE U (DYHKINK, BCTPEUYAIONINECT B MUHIMAKCHBIX
3agadax. B To ke Bpemsa ayisa GyHKIHIE 3TOr0 KIacca Jerko BBECTH 0000-
IIIEHHOE TOHSATHE IPAJIUEHTa, OJAroaps 9eMy yIaeTcs MOCTPOUTH AHAJOTH
IPAIMEHTHBIX MMPOIECCOB JJisi HAXOXK/IEHUS JIOKATBHONO MUHUMYMA.

Oupegenenne. IToumu-zpaduenmom Pynryuy f(x) 6 mouke T nasweaem-
CA BEKMOP, ABAAOUUTCA NPEIesbHoti owKoT HEKOTOPOUT NOCAC008ATNEAL-
nocmu epaduenmos g (x1), g(x2), ...,9(xk), ..., 2de {xx}72 | — nocaedo-
B8AMENLHOCTND MOYEEK, CTOOAUUTCA K T, U MAKAL, MO 80 6CET ee MOUKAL
f(z) dudpdepenyupyema.

B [8] mokaszano, 110 MHOXKeCTBO Gy (T) HOUTH-TPATUEHTOB TOUTH- (-
dbepennupyemoii Gyukuuu f(z) B TOUKe T sABISETCS HEILyCTHIM, OlPAHUYEH-
HBIM U 3aMKHYTbIM. B rouke, rae f(z) quddepenuupyema, nouTu-rpajueHt
COBIIAJIAET C TPAJUEHTOM, [JIs BBIMYKJION (DYHKIIUU OH ABJSETCS CyOrpam-
€HTOM, IJIsT KyCOYHO-TJIQIKON — COBIMAJIAET C TPATUEHTOM K OTHOMY U3 TIPHU-
MBIKAIOIIUX K JAHHOM TOYKE KYCKOB, IJIs (DYHKIIUU MAKCUMyMa OT KOHEY-
HOTO YHCJIa HEMpPepbIBHO AudepeHnupyeMbix GyHKIMNA — ¢ TPAJUEHTOM K
OMHOM m3 (PYHKIHi, Ha KOTOPO#H JTOCTUTAeTCsS MaKCHMyM. Takum obpasom,
B OOJIBIIIMHCTBE CJIyYaeB MPHU PEIIEHUN MPAKTHIECKUX 3339 BLIYUCICHUE
MTOYTH-TPATUEHTA HE BBI3BIBAET OCOOBIX TPYIHOCTEMA.

Beimykiibte #Ha F,, QYyHKINNT COCTABISIOT MOAKJIACC MOYTH-TUd DepeHIm-
pyembix ¢dyuknuit. Hamomanm mousTue 0600IIIEHHOTO TPAIAEHTA.

Bekrop g (z¢) Ha3biBaercs 06061IeHHBIM TPagueHTOM (CyOrpa ueHTom )
BbILyKJIOH dbyHKmu f(x) B TOUKe X, €CJIU OH yJOBIETBOPSET CJIELYIOIEMY
COOTHOIIEHUIO Jyist oObX © € Ey, @ f(x) — f (z0) > (g (z0) ,z — 20).

IIycrs G # (T) — MHOXKeCTBO OOODIIEHHBIX [PAANEHTOB BIITYKIIOH (byHK-
mn f(x) B TOYKe T. DTO MHOXKECTBO SIBJISIETCS BBIMYKJIBIM, 3aMKHYTHIM
¥ OTpaHUYEHHBIM. Ecin G 7 (T) cOCTOUT M3 €IUHCTBEHHOH TOUKH, TO B T
dbyuxums f(z) muddepennupyema u 0000OIIEHHBINH IPAJUEHT COBIATALT C

rpaJIuEHTOM.
m

ITycrs {fi(x)}™, — cemeiictBo BhuIyKIbIX byHKIui, f(z) = Z cifi(x),
i=1
¢; > 0. Torma f(x) — Bemykiaas dyaknust u Gy() COCTOUT U3 BCEBO3MOK-
HBIX BEKTOPOB BUJIA

m
gr(z) = Zcigfi(a:), gp(x) € Gy (x), i=1,2,...,m.
i=1

Ecmn  f(z) = 1%%);fi(a:), ro f(x) — BeykIas QyHKIWS ©



éf(a:) = conv \/ éfi, (x), rme I(x) — MHOYXKECTBO MHIEKCOB i TaKWX, 4TO
iel(x)
f(z) = fi(x), conv — cHMBOJI BBITYKJIOrO 3aMbIKAHHS.

Takum 06pa3oM, B OONBIMTUHCTBE TPAKTUIECKH BAaKHBIX CJIYIaeB CI0K-
HOCTH BBIYMCJICHWsT ODODIIEHHOrO IPAIUEHTA HE OTJIMYAETCS OT CJIOXKHOCTH
Bbluucjenus rpajguenra. Kak mokazano B [9], Bbinykiias (pyHKIUs 109TH
Besne auddepennupyema (T. €. 38 UCKIOYCHUEM TOYEK MHOMKECTBA, MEPHI
0, 0GOOMIEHHBII MPAIMEHT COBIAAaeT ¢ rpaguentoM). I[Ipu 3ToM rpagueHt
BBIMTYKJION (DYHKI[MY HENPEPHIBEH HA MHOYKECTBE TOYEK, TJIe OH OMPEIETIeH.

IMycrs n € E,, n # 0. [IpousBoanas MO HAOPABIEHUIO OT BBLITYKJION
dbyukuuu f(x) cymecrsyer u Bbramcisiercs no popmysie

fo(x) = max (g,7),
9€Cs (@)

Pacemorpum iyw: y = z+tn, t > 0. Ecrm 0 <ty < to, 10 f) (z +t17m) <
< f (z +t27m). DTO CBOUCTBO MOHOTOHHOCTH MPOM3BOJHOM MO HAMPABIE-
HUIO MO3BOJISIET JIETKO IMOCTPOUTDH AJTOPUTM, BBIYHC/ISIONIHNA TPOM3BOIHYIO
1o Hampasaenmio f, (To) ¢ 33 IaHHOH TOYHOCTBIO, €CIIN MPENOIOKHATD, ITO
UMeeTcsi BO3MOYKHOCTD BbIUHCIeHNs f(Z) CO CKOJIb YTOJHO BBICOKON TOYHO-
crbio u B Touke g f(x) auddepenuupyema.

B camom siesie, cipaseiiuso nepasenctso: f (x4 hn)—f(z) > h f}(z) >
> f(z) — f(z — hn), h > 0, KOTOpPOE HAET JBYXCTOPOHHKME OLUEHKH HA IIPO-
U3BOIHYIO, U JIETKO MOA00paTh h Takoe, 4TOOBI MOTPENTHOCTD HE TTPEBBIIIa-
Ja 3a7aHHy0. Tak Kak BBIYUC/IEHUE IPAJUEHTa CBOAUTCI K OIPEICTICHUIO
YACTHBIX TIPOU3BOIHBIX, TO OTCIOIA BHITEKAET AJTOPATM PACYETa TPATUEHTA,
C 3aJJaHHOW TOYHOCTBIO B TOU TOYKE, IJIe OH CYIIECTBYEeT.

Jlerko npuBecTu npuMephI, TOKA3BIBAIOIINE, 9TO €CJIi OOODIEHHbIH rpa-
JINEHT B JIAHHOH TOYKE OIPE/eIeH HEOJHO3HAYHO, TO HE CYHIECTBYET AJrO-
pPHUTMa, KOTOPBIH ObI TApAHTUPOBAJI [IJIs JIFOO0T0 € > () MOCTPOeHre BEKTOPA
Je TAKOTO, 9TO

min lge — g <e.
g€G ()

OaHako TOKa3aHO, 9TO MOYKHO TOCTPOWTH AJTOPUTM, BBIYHCIISIONINAN
BEKTOD ¢*, IIJIg KOTOPOTO TP 33JAHHBIX €, 0 UMEETCS TaKasd TOYKA T, Jie-
JKamasa B 0-OKPECTHOCTU TOYKH L(, UTO

min_[|g" — gl <e.
9€G (@)

Takoit ajroput™ Jaer BO3MOXKHOCTD TIOJyIUTHh BEKTOD, KOTODPBIH OJu-
30K K 000buienHomy rpajuenty f(z), B34TOMY B TOYKE, JeXKallell B CKOJIb



YTOIHO MAJION OKPECTHOCTH 3aJAHHON TOYKM. XOTS STOT AJTOPUTM HOCHUT
YHUBEPCAJILHBIN XapaKTep, Ha, MPAKTUKE OH eIe He MPUMEHSIJICA, U MBI €10
3/1eCh OMMCBHIBATH HE OyaeM, TaK KaK B OOJBIIHHCTBE CAy9IaeB yaaeTcs 00oii-
THCH OOJIee TPOCTHIMUA CPEICTBAMU BBIUUCIECHNUST OOODITEHHOrO I'PaIUEHTA.
3ameuanne. MoxHO NOKa3aTh, YTO KpafiHue TOUYKH MHOXKECTBa 0600~
IIEHHBIX MPAAUEHTOB G f(x) ABISIOTCS HOUTH-TPAAUEHTAaMH, TaK 9To Gy ()
SIBJISIETCST BBIMYKJIBIM 3aMBbIKAHUEM MHOXKECTBA MOYTH-TPAANeHToB f(Z) B .
B HekOTOpBIX Caydasix ya0O0HO MCIOIB30BAThH U I HEBBIMYKJION (DYyHKIMN
moHsiTre OOOBIIEHHOr0 NOYTH-TPAJMEHTA B TOYKE I, KAK MPOU3BOJIBLHOIO
3JIEMEHTA BBIMYKJIOTO 3aMbIKAHIS MHOXKECTBA NOYTH-TPAJUEHTOB B Z(.

3. OO06ob6mieHHbI TPAIMEHTHBIN CITYCK

[Tycrs 3anana seinykiaas dyukmps f(x). [ox meromom OI'C Gymem moHu-
MaTh OPOIEAYPY HMOCTPOCHHS IOCIEJOBATENBHOCTH {X) }70 | BUIA

Tri1 = 2 — hirr (1) 95 (@), g7 (z) € Gy (@), k=0,1,..., (1)

rae To — HyJaeBoe Hpub/MKeHue — 3a4aeTCs /10 Hadajia IPOLEecca CILyCKa.
Boipazkenue (1) BHeIHE HUYEM He OTJIUYACTCS OT (POPMYJIBI, 3a1aM0MIEi
CIYCK B OOBIYHBIX TPAJMEHTHBIX METOIAX, TeM 00Jiee, uTO 0DOBIIEHHBIH rpa-
JeHT ¢y () HOYTH BCIOAY COBHIAIAET C rpaaumeHTOM. OJHAKO CyIIECTBEH-
HOe pa3jid4yue COCTOUT B BBIOOPE METO/a PeryaupoBKu Iara. Jleso B ToM,
970 OOBIYHO MpHUMeEHsieMble s auddepeHmupyeMbix QYHKIHAH TPUEMBbI,
Hanpumep hpi1 (zx) = h B Meroje ¢ IOCTOAHHBIM IAIOBBIM MHOMKHUTEJIEM
WM BBIOOD hj41 U3 YCIOBUS }Ilnin f(xr — hr+19f (z1)), KaK B MeTOZE HAU-
k+1

CKOPEHIIero Crycka, B CIydae MPOU3BOIBHOM BBIMYKIOH (bYHKIMM, BOOOIIE
TOBOPA, HEIPUMEHUMBI. Hp06J1eMa peryimpoBKU Miara Mmpyu UCIoJIb30BaHUN
00OOITIEHHOTO TPAIUEHTHOTO CITYCKA, TOJIPKHA, PEITaThCsl MO-IPYTOMY.

Paccmorpum mporece 060611IeHHOr0 IPAJHEHTHOTO CITYCKA, C MTOCTOSHHBIM
1I1arom, KOr/ia

h
hit1 (x) = h > 0.

gy (@)l
[Iycre Q — mEONKECTBO MUHUMYMOB byHKInm f(x), Q # 0.
B manpHeiiem 171 MpOCTOTHI M3JI0KEHUs OyIeM MTPeNoIaraTh, 9TO IS
k=0,1,2,..., g5 (xx) # 0 (ecnu gy (xx) =0, TO ), € Q).

Jlemma 1. ITycmv npu ucnoavdosaruu memods 0600wenH020 2padu-
h

enmnozo cnycka hyi1 (vg) = m

, h > 0. Tozda dars awboz0 € > 0



u x* € Q natidymea maxue k = k* u T € E,, wmo bydem 6unoasnamuca
c60UCme0

_ _ h
f(@) = f(zk+), npuuem |T —x*|| < 3 (1+¢).
doka3zaTeabcTBo. B cooTBeTcTBUM C YCIOBUSAMHI JIEMMbI

LTACT

Te+1 =Tk — 77
llgs (xx)ll
st moboro xy, € Ey,
* (12 * hgf CL’k
|zkt1 —2*7 = ||og —2" —
gy (zn)|

o =" 40 = 20 (=, A0 ) <
Tar ol

< ok — 2%|2 4+ k2 = 2hb (2, )

rme b(x*,xp) = min —x*|.
) = e f iy

Ecnu pyist Beex k=0,1,2,..., b(a*,xx) >

MID‘

(I+¢),

lrsr =" |” < llow —2"|” = eh® < Jlzo — 2" — e(k +1) A
upu k=0,1,2,.... Ho ||zgs1 —x”‘||2 > 0, 9TO TPOTUBOPEYUT IPEIbI-
JyIieMy BbLIpaXkKeHHIO. JSHAYIWT, Hafinercs takoe k* = kI (z*), uro

h
b(z*,xp) < 3 (1+¢).
Jlemma nokazana. OHa IO3BOJISET HELIOCPEICTBEHHO IIOJIY YUTh CIIE/ICTBUS,
dbopmympyeMbIe 31€Ch B BUAE TEOPEM.

Teopema 1. Jlas npoussosvrozo 6 > 0 mooicho watimu maxoe hs, 4mo npu
npumenenuu OI'C ¢ wazom hiy1 (zr) = hs/||gf (zx) || npu arbom zo € E,
aubo wnatidemesn k*, wmo xp« € , aubo marai noonocaedo6amMesbHOCTL

ki < kg <ks<...wuwmo lim f(zi,)— Iéllg f(z) <é.
1—00 T n

Teopema 2. Ecau gynkyus f(x) umeem obaacmsd munumymos §, codep-
orcawyro cepy paduyca v > h/2, mo npu ucnoavzosaruu memoda OI'C ¢

hit1 (z) = h/||gf (zr) | Hatidemea makoe k*, wmo xp- € 2.



Jlemma 1 rapaHTHPYET YMEHBIIEHUE PACCTOSHUS 0 TOYEK ODJIACTU MU-
HAMYMa, HA JTAHHOM IITare TOJBKO B CJIYYae JOCTATOYHO OOJIBIIIOrO PACCTO-
suausg or #Hee. C yMeHbIleHHEM Miara h COKpAIaercs W TO PACCTOSHHUE.
[TosToMy, 9TOOBI MOMYIUTH OOBITHBIE TEOPEMBI CXOIUMOCTH, HY?KHO, ITOODI
hi+1 (zr) — 0, HO 310 crpemiienue hyy1 () K 0 HE IOJIZKHO OCYIECTB-
JATHCS CIMIIKOM OBICTPO, YTOOBI TapaHTHPOBATH CXOIUMOCTH {Xj}po
K obmactu ).

Taxk MbI TPUXOAUM K CTABIIAM YK€ KJIACCUIECKUMU YCJIOBUSM

h o0
k .
hk+1 (xk) = —, lim h; =0, hr = +oo.
Tor @l i 2

NnmeeTcs HECKOIBKO BAPHAHTOB JOKA3ATEILCTBA TEOPEMBI O CXOIUMOCTH
merozna OT'C [5, 6, 10]. Bce oHM OCHOBaHbI Ha M3y YEeHUH OBEJEHNST TOCIIE0-

BaTEIbHOCTH {pg }72 ), TOe pi, = Ikmg |lxx — z||. Haubosee obiuii pesysbrar
€

(myst caydast BBIMYKIBIX (DYHKIWA, OMPEIETIeHHBIX B TMIBOEPTOBOM MPO-
CTPAHCTBe, KOTJa MUHUMU3AIINS TIPOM3BOANTCS TPW HAJIMYIUN OTPAHNYEHHIH )
nosnyder B. T. ITonskowm [6]. B [5] mpusoauTcs 10Ka3aTe/IbCTBO TEOPEMBI O
CXOZMMOCTH JIJIsi KOHEYHOMEPHOro ciydas. OCTaHOBHMCH Ha HEKOTOPBIX U3
5TUX PE3yJIbTATOB.

Teopema 3. [10]. ITycmo f(x) — ewnykaan pynryus, onpedesennasn 6 E,,
064aCMD MUHUMYMOE Komopoti O ozpanumena, U 300aHaA NOCALOOSAMEN-

HoCb Noaoscumesvhux wucea {hi}, k =1,2, ..., obaadarowas caedyrousu-
MU CBOUCMBAMU. klilrolo hi =0, kil hy = 0o. Tozda nocaedosameavrocmsb
{zr}, k=0,1,..., obpaszosannas no gopmyse
T
tp =4 T P41 7@; Exkill’ gr (xx) # 0,
T, gr (xx) =0,
npu npouseoavhom ro € E, zapaxmepusyemca: klijl;lo gnelgrll lzg — ]| =0 u

*

lim f(zx) = min f(x) = f*.
Jim f (ex) = min f(@) = f
Teopema 4. Ecau npu ycaosusxr meopemovl 8 mvl 06pasyem nociedosamenb-
nocmo {2} no popmyse xp11 = x—hiy1 g5 (), k=0,1,..., 2dexg € E,
(oo}
— npoussoavras mouxa, lim hy =0, Y. hy = 0o u nocaedosamervbrocmsb
k—oo
k=1
{97 (z&)} ozpanunena, mo

1_ . _ :0 1. — *.
Qg e el =0 g Fn) =S



B [6] moka3aHa aHAJIOTHYHAS TEOPEMA, COOTBETCTBYIOIIA METO/LY TIPOEK-
1uu 00OOIIEHHOTO TPAJIUEHTA, IJIS CIyYasi MUHUMU3AIUNA BBIMYKJIBIX (OYHK-
[HOHAJIOB, OMPEJENEHHBIX B I'MJIbOEPTOBOM IPOCTPAHCTBE MPU OrPAHUYE-
HHUAX JTOBOJBHO o0Iero Buaa. Ilpusemem GpOpMyIHPOBKY 3TOi TEOPEMBI C
HEOOJIBIIUMU U3MEHEHUSIMHU.

ITycry f(x) — BBIMyKIBI (DYHKIHOHAI, OMPEIETEHHBIH Ha BBITYKIOM
MHOXKecTBe () rumiasbeproBa mnpocrpanctBa FE, Q@ = @Q1[)Q2, rme
Q1 = {z: g(x) <0}, g(xz) — Bomykabii Ha E dysxuponan; (1 uMeer
BHYTpPEeHHHe TOYKH (MHOMKECTBO BHYTpPeHHHX Touek — QY); Q2 — BhImykKioe
saMKHyTOE MHOKecTBO, pmaeM QY (Q2 # 0. O6osmaunm uepes Pgp, ()
TIPOEKIINIO TOYKHU T Ha (2, T. €.

z— Po,(z)]| = inf ||z —y].
| Q. (@)l y€Q2|| yll

Meronm 000ODIIEHHOrO TPAaIUEHTHOrO CIyCKA 3aKJII0YAaeTCs B MOCTPOe-
i {2},

Thy1 = PQ, (xr + Azg) (2)
rae Axy, — NPOU3BOJILHBIN OMOPHBIH (byHKIHOHAT K MHOXKeCTBY {2 : f(2) <
< f(zk)}, ecmu xy, € Q1, K MHOKecTBY {2 : g(z) < g (xk)}, ecim x, € Q1.
(JIuneitabiit dynkuuonas ¢ nasbiBaercs onopubiM K R C E B Touke x € R,
ecn (¢, x) < (¢,y) mus Beex y € R.)

Teopema 5. Ecau f(x) moorcno nenpepuerno npodosscums na E,
oo
lim [|Azy] =0, Y [|Az]| = oo,
k—oo
k=0
mo npu awbom xo 6 memode (2) natidemcs nodnocaedosamesbHOCmb Ty,

maxas, wmo x, € Q, lim f(xg,) = f*= ingf(x). Ecau, xpome smozo,
n—oo [AS

S = {x s fx)=f* =z € Q} Henycmo u u3d ycaosus f(x) — f*, x € Q
caedyem, 4mo

plx,S) =inf ||z —y|| = 0, mo lim p(xy,S)=0.
yes k—o00
7151 yCKOpPEHUsST CXOIMMOCTH TIPH HEKOTOPBIX JIOTOJTHATETHHBIX TIPEITO-

JIO?KEHMAX MOXKHO IIPUMEHUTDH JPYIYIO PEryJIHUPOBKY IIaroBOI'O MHOXKHUTEJIS

[11]-[13].

Teopema 6. [Tycmo f(x)- ewnykaasn gynryus, onpedesennas wa E,,, u das
scex x € E,, sunosnsemca nepasencmso npu nexkomopom ¢, 0 < ¢ < /2,

(9r(a). 2 = 2" @) > cosplgs(@)] - e = " (@], 3)



2de x*(x) — MoOwKa, NPUHGOAEHCAWAA MHOHCECTNEY MUHUMYMOE BYHKUUL
f(z) u nescawan na Kpamwatiwem paccmosnuu om x. Tozda npu 3adarnnom
o, ecalu mol evibepem 8eaununy hi, Y00BAEMBOPAIOWYIO HEPABEHCMBAM

. T T

hi > |lz"(zg) — x0|| cose, 1 <p< 5 (4)
lz* (20) — 0| ™

hy > 1T %0) 7 %ol 0<p< X 5

b= 2cosyp =¥ 4 (5)

onpedeaum {hi}72 | 8 coomsememeuu ¢ pexyppenmuot Gopmysos

hk+1 = hkr(ga), k = ]., 2, ey (6)
20e
s s
(¢) sin g, 1S9<5 (7)
Me) = — 0<p< (8)
= 2cos’ SYsy

u bydem 8uUUCAAMD {Tk T2,

gf Tk
Tht1 = T — g1 7||9§ Exkill ;

mo aubo npu wexomopom k gy (:cg) = 0 u 1 npunadasesxcum obracmu mu-

HUMYMO8, aubo npu ecex k = 0,1,2,... bydym 6uINOAHAMBCA HEPABEHCTNEE
o~ )] < ! T<p<rl ©)
F ¥ = cosp’ 4=PS
™
ok — 2" (z)]| < 2cosphpia, 0<e<, (10)

Hoxka3zarenbcrBo. Paccmorpum cuavana cayvait 7/4 < ¢ < w/2. Hna
k = 0 pasencrso (9) Bbinonusiercs. [Iycrs ono cupasemuso fyd k = 1 u
g¢ (xr) # 0. JToxazkeM ero BbIIOMHeHHE st k =1 + 1

21 — 2™ ($r+1)||2 < ||zpgr — 2 (xr)”Q =

* * gf (1‘7«) 2
=z, —x (xr)2—2hr (xr—x a:r,i)—l—hr .
|| || +1 ( ) ||gf (xr)” +1



Bocmoap3oBaBimmces mocieoBaTeIbHo HepasercTBaMu (3), (9) u yuuThr-
Bas, uTo npu @, /4 < p < 7/2, 1 —2cos? ¢ > 0.

zri1 — 2" (377“+1)||2 < oy —2” (377")”2 (1 — 2cos” ‘P) + hz+1 <

h72~+1 2 sin ?
— (1-2 hZ,q = h?
cos? @ ( cos ‘P) + i 1 Cos g

IN

[Tpuanmas Bo BauManwue (6), (7), moayvaem

_ *
|Zr1 — 2" (2r41)] cos2 o’

Takum obpazom, mis 7/4 < ¢ < 7/2 TeopeMa ClpaBeJIuBa.
i
Paccemorpnm cayqaii 0 < ¢ < 1 Hasa k =0 (10) semonusierca. Ilycrs

OHO crpaBemauBo U 1y k =7, g5 (x,) # 0. JIoKazKeM ero BBIIOJHEHUE JIJIs
k=r+1.
Bocnonszosasmmcs (3), (10), (6), (8), nmeem

Tr41 — T (Tr+1 2 <z, — 2" (mr)||2_2hr+1 cos ||z, — z* (:Cr)||+h72n+1 <
[ " (@)

* 2 * 2 2
<l —a* (@) |° = Mo — 2* (@) |7 + hisy = hiy = (2cosp hyya)”

Teopema moka3zama.

3ameuanmne. I3 10Ka3aTeIHCTBA, OYE€BUIHO, 9TO JJIA CIPABEIIHBOCTH
TEOPEMBI JIOCTATOYHO BBIOIHEHUS YCIOBUs (3) JIUIIB TSt TOYEK MOCIIEI0
BATEIBLHOCTH {Z) } 72 .

Taxkum 00pa30M, €CIM yTOJI (0 3apaHee W3BECTEH, TO, PEryJIUpYs IIar 1o
dbopmyaam (6) u (7), (8), Mbl MOXKEM MOJIyYUTH CXOAUMOCTH K MUHUMYMY
CO CKOPOCTBIO T€OMETPUIECKOl MPOorpecchn u 3HameHaTeneM q = r(p).

B (3) cos¢ mOKasbIBaeT CTENEHb BBITSHYTOCTH MOBEPXHOCTEH ypPOBHS
dbyuxmpn f(x). Ecau B HeKoTOpO# OKpecTHOCTH MuUHUMYMa f () He cyIie-
CTByeT ¢ < 7/2 TaKOro, 4To JJid JIIOOOro - U3 3TOH OKPECTHOCTH BBIMOJIHS-
erca (3), To Oymem Ha3bBATH 3Ty (DYHKIMIO CYMIECTBEHHO OBpasKHOI. [Ipu
MHHUMHM3AIUE CYIIECTBEHHO OBPAaXKHBIX (DYHKIUI IPUBEJCHHBIA B TeOpeMe
croco® PeryJMpoOBKU IIANOBLIX MHOXKHTENEH HempuMeHHM. B 3ToMm cirydae
HY’KHO MCIIOJB30BATh YHUBEPCATIbHDIA METOJ BBIOOPA IMArOBbIX MHOXKHTE-
JIeii, Kak B Teopeme 4.

Cdopmymupyem TeopeMy, aHAJOTHYHYIO MPEILIIYINEH, HETOCPEICTBEeH-
HO B TEPMHHAX, XaPAKTEPU3YIOMIAX CTEIICHb «BBITAHYTOCTH» ITOBEPXHOCTEH
YPOBHH.



Teopema 7. [11]. ITycmv ewnykaaa dynryua f(x) onpedesena wa E,,
¥ — eduHCMBEHHAA MOUKE MUHUMYMAE. 360aH0 HAUAALHOE NPUOAUIICEHUE
To u wucaa o u hy, npuvem o > /2, hy > ||xg — z*|| /0.

Paccmompum muosicecmeo Y = {y : ||y — x*|| < ohy}. Ecau das m0601
napv. mouex x, z € Y u maxod, wmo f(x) = f(z) # f(x*), swunoansemca
yeaosue ||x — z*|| / ||z — z*|| < o, mo nocaedosamesvrocmo {xx )52, obpa-

308AHHAA C NOMOWDIO PEKYPPEHTIHBLL BOPMYA
Tyl = Tk — thngf @Ol

npusem hiyp1 = hivo?2 —1/0, crodumesa x * co ckopocmoro 2eomempu-

weckol npoepeccuu, ||z — z*|| < hiy10, k= 0,1,..., 3a uckarovenuem
caywan, xoeda dan nexomopoeo k =k gy (xx) =0, m. e. T =t

B [14] upeanyioxen eie onun criocob peryjiupoBKY MIArOBbIX MHOKHUTEIEl
B merome OI'C, ocHOBaHHBIN HA AMPUOPHOM 3HAHWH 3HAYEHWS (DYHKIUU B
TOYKE MUHUMYMA.

IIycrs f(x) — Boinykias dbyHkuus, oupeieientas B F,, £* — eIMHCTBEH-
Hag Touka munumyma, f (z*) = f*. Ilocrpoum urepaTuBHBINA NPOLECC BUIA

Th+1 = Tk — M gf (xk) . (].].)
lgs (e)l

Teopema 8. IIpu 0 < v < 2 npoyecc (11) cxodumes k¥ x* u3 arobozo
HAYAADHOZ0 NPUDAUHCEHUSA.

B [14] nosnyvenst rakxke ycjaoBus, npu Koropbix Meros (11) cxomures co
CKOPOCTBIO F€OMETPUYECKO TPOrPECCHH.

Teopema 9. Ilycmo  f(x) — cuavho 6wnykinl GYHKYUOHA, NPUtEM
f@) = f(z*) > m|z—2*|*> ydosaemeopaem ycaosuro Jlunwuua na
obnacmu {z : || —z*|| < ||lzo — z*||} ¢ kKonemanmot M. Tozda

lew = 2| < g flwo — 27|l

2 _ 2\ 1/2
q_<1_v( Mz)m> -1

B [15] meron OI'C obobiaercs Ha kiaace nouru-auddepeHnupyemMbix
dyukmuit. /Tokazana cieayomas Teopema.



Teopema 10. ITycmo f(x) - nowmu-dupdepenyupyemasn PGyrryua,

*

T — movwka A0KAADBHO20 MUHUMYMA amot (ﬁymcuuu maxasa, 4mo

f(@?)=min f(z), Sr={a: |lz-a"[<r}, |l2" —wof <r

u daa awoboeo €, 0 <e <r, inf (gs(z),z—x*)> 0. Toeda nocaedosa-
EdS

r €

meavrocmv {5y, 06pasosannas no dopmyaram

Tkt1, €CAU Tpy1 € Sy,

Tpy1 =
xo, ecau Tpy1 € Spy
oo
ede Tpi1 = T — hkM, npu  yeaosuaxr hy > 0, > hy = oo;
lgr (xr)ll =0
lim hi =0 crodumca x x*.

k—oo

B [7] BBeenO noHsITHE OGOBIIEHHOIO CTOXACTUYECKOIO MPAJIMEHTA, [IPE/I-
JIOXKeH U ODOCHOBAaH METOJ| CJIy4aiiHOIO IIOUCKA, SABJISIOIIANACI CTOXACTHYe-
ckuM agajiorom OI'C. B gasnbHeliem 3T0T MeTO, IIOJIy YUl CBOE PA3BUTHE B
paborax FO. M. EpmosbeBa u ero y4eHUKOB U sIBJII€TCS JOBOJBHO 3 dhek-
THUBHBIM CPEICTBOM PEIIeHMS 337a9 CTOXaCTUIECKOTO TPOTPAMMUPOBAHMUS.

U3 apyrux uccnemosanuii meroma OI'C ormerum pabory M. A. Illeru-
aosa [16], B koropoii copmyinupoBan pesysibrar 06 ero yCcroiduBOCTH K
MaJIbIM OIMNOKaM B OLIpeNeseHnun Ty U §f (Tk).

Teopema 11. Ecau gynxyus f(x) ewnykaa 6 E,, muoocecmeo
Q=A{x: f(x) ="}
HE NYCMO, Mo NPU 410007 HA¥AALHOU T( 6 T1 = Tk — N

||fk - (EkH < Ok, khm 0, =0, A >0, khm A =0,

o0 o0 o0
Z)\kék<oo, Z)\i<oo, Zx\kzoo,
k=0 k=0 k=0

cnpasedauso pagencmeo lim zp = x* € Q.
k

— 00

DTa TeopeMa BMECTE CO CIOCOOOM TPHUOJIMKEHHOTO BBIYHUCIEHUsT 0000-
IIEHHOTO TPAJMeHTa, YIOMSAHYTBIM HAMH Ha CTp. 15, 0OOCHOBBIBAET BO3-
MOXKHOCTb HOCTPOCHHS YHUBEPCAIBHOIO AJTOPHTMA, HAXOXKJICHUSA MUHUMY-
Ma BbinyKJI0# Gyukuuu f(z) (upu ycjaoBuM, 9TO Mbl UMEEM BO3MOXKHOCTH



BBIYHCIIATH 3HaYeHnst GyHKIuN f(z) B MPOU3BOJIBLHON TOYKE C JIF060M TOY-
HOCTBIO).

B [16] mosydenbl Tak»Ke HEKOTOPBIE HOBBIE TOCTATOYHbIE YCIOBHS CXO-
mumoctu OI'C, Korma MHOXKECTBO MUHUMYMOB HE SIBJISETCS OIPAHUIECHHBIM.
E. T. Tonbmureiin B [17] npemioxkuia u 060CHOBAJ arOPUTM, NEPEHOCIIHI
meroq, OT'C Ha 3a/a9m HAXOXKJIEHUS CEJIOBOM TOYKM BBIILYKJIO-BOTHYTOMN
¢dyukuuu. AHajorudHbii ajropurM 0e3 0OOCHOBaHUS CXOAMMOCTH OIIH-
can B [18].

4. Meroa rpaJueHTHOTO THUIIA
C pacTd>KeHHeM IMPOCTPAHCTBA
B HAIPABJIEHUW IMOYTH-TPAANEHTA

Awnanms meToma 0606IEHHOTrO TPAINEHTHOTO CITYCKA TTOKA3BIBALT, YTO C IO~
MOIIBIO OJHUX JIUIIH MOMBITOK PEryJIMPOBKY IMTArOBOTO MHOXKUTEJIS TPYIHO
JIOOUTHCS B JOCTATOYHO ODITIEM CIIydae 3HATUTEIHHOTO YCKOPEHHS CXOIIMMO-
cru. B camom zeste, MejieHHAST CXOAUMOCTD CBI3aHA C TEM, 9TO AHTUIDAJIN-
enr obpasyer yroui, 6uu3Kuil K 7/2, ¢ HaIPABJIEHUEM Ha TOYKY MUHUMYMA.
B rakoit curyarmu paccTosHue 10 TOYKH MUHUMYM YOBIBAET HA BEJIMUNHY,
HAMHOTO MEHBIYIO, 9eM JJINHA IMara, a 3HAYUT, U CKOPOCTb YMEHbITIEHS
11ara He MOXKET OBITH CJIMIKOM OOJIBINON, €CJIU MBI XOTUM TapaHTUPOBATH
CXOUMOCTb K MUHUMYMY.

Nmeercst mpocTast BO3MOXKHOCTh W3MEHEHHUsT YIJIOB MEXKIY T'DAIUEHTOM
¥ HAMPABJIEHWEM HA TOYKY MUHMMYMA — UCIOJIb30BAHUE JIMHEHHBIX HEOPTO-
TOHAJIBHBIX MPEoOPA30BAHUI TPOCTPAHCTBA. BO3HUKaeT ujes MOCTPOeHWs
B IPOIECCE MOCTE0BATETHLHBIX MTPUOINKEHUN JIMHEHHBIX OMEPATOPOB, W3-
MEHSIOIIUX METPUKY MPOCTPAHCTBA, W BHIOOPA HAIIPABJIEHWS CIIyCKa, CO-
OTBETCTBYIOIIErO AHTUTPAIUEHTY B MPOCTPAHCTBE C HOBON METPUKOM. DTO
HAIPaBJIEHNE MOXKET 3HAUUTETbHO OTIMYATHCS OT HAMPABJIEHWS AHTUTPA-
JIAEHTA.

Kak ke crpouth omeparops! npeobpasoBanusi? Korma paccmarpuBaercs
KJIACC ABaKIbI HEIMPEePbIBHO auddepeHupyeMbx (PyHKIHi, TO OCHOBHAS
ujes, JieKalas B MOCTPOEHUHN AJITOPUTMOB C U3MEHSIEMON METPHUKOI, COCTO-
UT B TTOJIyYEHUN TEM UJIU WHBIM CIIOCOOOM MATPHIILI, OJIM3KOM K 0OpaTHOMN
TeCCHaHy B TOYKE MUHUMYMA, T. €. (PaKTUIECKU UCIOIb3YETCs Uaesd KBAIpa-
TUYECKO AIMPOKCUMAINY MIHIMU3UPYEMOH (DYHKITUU U UMUTAIINA METOIA
Heiorona-Padcona 6e3 Bbraucienus: Bropbix npoussoiubix [19]. dus mu-
HUMUA3AIUE HerIaIKuX (DyHKIUE Tako# MOAX0/ B IPUHITUIE HEBO3MOXKEH.



Hampuwmep, mj1st 1100BIX KyCOYHO-TUHEHHBIX (DYHKIMI MeCCUaH MOYTH BE3JIe
paBer 0, u MaTpuUIbl, OOPATHON reccraHy, MPOCTO He cyIinecTByer. [losro-
My JIJIsT IIOCTPOEHHUsT AJITOPUTMOB TPAJUEHTHOrO THUIA C MPeodpa3oBaHuEM
OPOCTPAHCTBA, PACCYUTAHHBIX HA JOCTATOYHO IMUPOKUN KJIACC HErJIAJKUX
dbyHKIHi, HY?KHO HCIOJIH30BATh APYTHe WIEH.

ABTOpOM OBLIN TIPEJIOXKEHDL IBa, TUIA, AJICOPUTMa, C U3MEHSIEMOI MeT-
pukoit. Oba OHM CBA3AHBI C MUCIOJIHL30BAHUEM OTEPAIMH PACTSIYKEHUS MPO-
CTPpaHCTBa B ONPEAEJIEHHBIX HAIIPpABJIECHUAX.

PaccvoTpum anropuTMbl ¢ pacTsSKEHHEM IPOCTPAHCTBA B HAIIPABJICHHU-
AX: CHa4YaJla I'PaJUEHTa, a 3aTeM Pa3HOCTH ABYX IIOC/IeI0BATE/IbHBIX I'Da/JIu-
€HTOB.

IIycrs 3aman BekTop & € By, ||£]| = 1 u ucno o > 0. Kaxnaprit BekTOp
r € F,, oqHO3HAYHO TIPEeJICTaBUM B BHUIE

z = (x) £ + de(z), (12)
(&, de(x)) =0, (13)

IIpu sTom
Ye(x) = (2,8),  de(r) =2 — (2,8) € (14)

Omnpenenenne. Onepamopom pacmancenus npocmpancmsa E, 6 nanpas-
aenuu € ¢ Koapduyuenmom « nazosem R, (€), deticmeyrowud caedyrousum
o6pazom na eexmop x, npedcmasaennvili 6 gopme (12)—(14)

Ro (&) = ane(2) § + de(x) = 2 + (o = 1)(2,§) &, (15)

20e R, (&) — aunetinoll cummempuunnl onepamop. Jleexo sudems, wmo

Rap (§) = Ra (§) B3 (), Ra(§) Rija(§) =R1(§) =1, a>0,

2de Ry (§) — onepamop npoexmuposanus ma noONPOCMPAHCINGEO, 0PMO20-
naavroe £. Onepamop R, (§) npu n > 2 umeem déa cobemeennuxr wuc-
aa: A\ = a, Ao = 1. Ilepsomy u3 HuUT coomeemcmsyem noonpocmpat-
€MB0 COOCMBEHHBLT BEKMOPOS8, NOPodHcIenHoe exmopom &, 8mopomy — noo-
NPOCMPAHCMB0 COOCTNEEHHHLT BEKMOPOG, COCTNOAUEE U3 BEKMOPOB, 0PMO20-
HAALHOIT &.

Paccmorpum kj1ace aJirOpUTMOB MUHUMU3AINN TOYTH-Tud depeHnupye-
MbIX (DYHKIWMA, HA KaXKJIOM Iare KOTOPBIX IBUYKEHUE B HAITPABJICHUH, IPO-
THBOIIOJIO?KHOM IIOYTH-IPAJAUEHTY, OyJeT CO4eTaTbCs C Olepamnyeil pacTsazke-
HUS IPOCTPAHCTBA B TOM K€ HAIPABJICHUH.



[Iycrs f(x) — mourn-muddepennupyemas dyHkIws, ro € E, —3amanHoe
HauabHOe npubtHkenne, By = Ay' — meocobas marpuma (B wacTHOCTH,
MoxkHO 6parb By = I).

Omnpezieninm GeCKOHEYHO MAroBbIii mporece, (k4 1)-it mar KoToporo ormu-
chIBaercs crenyiomuM obpasom, k = 0,1,2, .. .. Beraucasem: gy (xy) (ecnn
g¢ (x) = 0, mporecc ocTaHABIUBAETCS)

9or (i) = Brgs (k) = G, (16)

rae ¢iu(y) = f(Biy); yk = Awar; Ar = By'; Bj — oueparop, coupsize-
HBIIT oniepaTopy By.

@opuymna (16) maer BO3MOXKHOCTH HANTH MOYTH-TPAIMEHT OT (DyHKIMH
orly) = f (A,;ly), KoTOpast mojyydaercs u3 f(x) mpu MCHONb30BAHNY JIV-
HEHHOTO MpeobpPa30BAHNS MPOCTPAHCTBA Y = AgT

§k+1 — g‘Pk (yk) —_ gk
9w )l Nlgell’
Trt1 = Tk — Br hog1 Ept1- (17)

Beipazkenue (17) mosyuaercs u3 Gbopmysibt

A Tr41 = Yk — Pt Set1, (18)

ompeesoneil mar 0000IIEeHHOr0 TPAIUEHTHOTO TPOIECcCca Ay (DYyHKIUNA
©vk(y), ¢ mocIexyONMM TpuMeHeHneM K obenm dactsm (18) oneparopa By,
JTsi OTODPAaXKeHusi B OCHOBHOE MPOCTPaHCTBO F,. 31ech hgi1 — MIArOBBIif
MHOXKHUTEJIb,

By = Al?j—l = BkRﬁk-H (£k+1) ) (19)

tie Ok+1 = 1/akt1, apr1 > 1 — koabdunneHT pacTsizkeHnst TPOCTPAHCTBA.

®@opwmysa (19) gaer BO3MOKHOCTH BBIYUCIUTEL Oneparop Byyi, obpar-
HBIH PE3yIbTUPYIOMIEMY OMepaTopy Axi1 MpeoOpa3oBaHUs MPOCTPAHCTBA,
KOTODBIii TIOJIyYAeTCsT B PE3Y/ILTATE MOCTIEI0BATEIHHOTO IPUMEHEHHST OMepa-
TOPOB PACTSKEHHUS MTPOCTPAHCTBA B HANPABIEHUHA HOPMUPOBAHHBIX [TOYTH-
rpaauentToB &1, ..., g+1 ¢ KoapdumumenTaMu o, . . ., Qgy1:

Akt1 = Ray iy (§it1) Ak,

OTKYa

Bry1 = A}y = BrRija,., (§e+1) = BiRg,,, (Srs1) -



Iepexoqum k (k + 2)-my mrary. TolbKO 9TO OMHUCAHHOE CEMEHCTBO TIPO-
neayp MunuMmuanuu Oyzem HasbiBarh PII-agropurmamu (agropurMamu ¢
pacrsxkenueMm npocrpancrsa). Konkpernas peasnusanus PIT-anropurma 3a-
Bucut ot Boibopa nocienoBaresnbuocreil {ay } u {hy}. Huxe mbl ocranoBum-
cs Ha HEKOTOPBIX CIIOCO0AX BHIOOpA ITHX MOCIEI0BATEILHOCTEH, obecredn-
BAIOIIUX MMPU OMPEIETIEHHBIX YCIOBUASIX CXOIUMOCTh K TOUYKE MUHUMYMA.

CrpaBejiuBbl CJIEIYONIHE TEOPEMBI.

Teopema 12. ITycms x* — mouka A0KkaAbHO20 Mmunumyma Pynryuy f(x)
u 8 mpoyecce peasudayuy arzopumma (16)—(18) swnoansromesn ycaosus:

1) g —2*| <d, d>0, k=1,2,..,

2) 1+ <ap <af, ar=1/Bk, 0 >0.

Tozda cywecmesyem makas nodnocaedosamervrocmo {Ty,}o2q u ¢ > 0,
Ymo

Ky —1/n
ol <e(Tlar) o o=t
j=1

Teopema 13. ITycmo f(x) — nowmu-duddepenyupyemas Gyrryua, onpede-
AEHHAA 8 HEKOMOPOT chepuneckoti oxpecmuocmu Sg MOYKY ¥ A0KAADHO20
MUHUMYMG, U 6 MeT mouwkar, 20e dynryus duddeperyupyema, ee npous-
60dHaA no nanpasseruto () = x — x* ydosaemeopaem wepasencmsy

N<%<M, M>N>0, z#zx".
Tozda, ecau 6 anzopumme (16), (17), (19) npumem
1) g € Sq,
%) hest — 2MN f(xk):f(x*)’
M+ N [l
M+ N

3) Qki == T

mo natidymea Konemanma ¢ u nodnocaedosamenvrocmo undexcos {kp o2,
kp < kpt1, maxas, wmo f (zy,) — f (z*) < cake/n,



Onucannbiii B Teopeme 13 crmocod BeOOpa K03 MUnenTa pacTaKeHus
MTArOBOTO MHOYKHUTEJIST HAXOAUT HEMOCPeICTBEHHOE TIPUMEHEHNE TIPU Perte-
HUU cucTeM HesuHeiHbix ypasuenuii f;(z) =0, ¢ = 1,...,n, uyrem csee-
HUA K 3aJa49€e min jmax | fi(x)|. TIpu sTOM, KaK 1IOKa3aHO B [8], B peryispHOM

1SN

CJydYae MPHU JTOCTATOYHO XOPOIIEM HAYAJTHHOM MPUOJINKEHNN KOHCTAHTHI M
n N MOXKHO BbIOMpATH OMU3KAME K €IUHHUIE, ITO 0OECIednBaeT OBICTPYIO
CXOIUMOCTb.

Eciu f(z) — Beimykaas dyHKIps, To N MOXKHO BCerga BHIOUPATh 60JIb-
1€ WJIM PaBHBIM equHuie. [Ipyu pelieHnn BhIoyKJIbIX 381849, MUHUMAKCHbIX U
BBIILyKJIOI'O IIPOrpaMMUpoBanus 00bl9HO f (£*) HEM3BECTHO, HOITOMY IIPEJi-
craBJisier uHTEpEeC Boupoc o noxdope f (x*) B npouecce cuera. Cupaseiba
CJIEIYIOIAS TEOPEMa.

Teopema 14. IIycmo sunykaas dynrkyua f(x) obaadaem caedyrouumu
ceoticmeamu: a) cyuecmeyem nocmoannas M > 1 maxas, wmo ecau
ola) = fl1 —a)rr + axe], 0 < a < 1 cmpozo ybueaem no o, mo
evnoanaemca nepasencmeo f . (x1) < M[f (z1) — f (22)];

6) lim f(z)= +oo. Toeda, ecau npu npumenenuu anzopumma (16),

llzll—o0
(17), (19)
M+1
g1 = ——
]
hk+1 — 2M . [f ('xk) _7]
M+1 19k
f evibpano Gosvwum usu pasHom f* = mgl f(x), mo nocaedosamenn-
zeklb,

nocmo {hy } Aeasemes ogparuvennol u dai npouseosvrozo € > 0 natdemes
k maxoe, wmo f(xz) < f + e (cuem npexpausaemca, ecau Ha HEKOMOPOM
waze f(xg) < f); ecau f evibpano menvuum f*, mo nocaedosamenrvrocms
hi ABAAEMCA HEOZPAHUUEHHOT.

DTa Teopema MO3BOJISET MOCTPOUTH AJTOPUTM MUHUMH3AIUEA (HyHKIAN
f(x), ynoBaerBopsitoiieii ycjoBuio TeopeMbl, npu HemzsecrHoM f* [20]. Dror
AJITOPUTM CBSI3aH C TIOAOOPOM f* C MCTIOIB30BAHUEM CJIEIYOIINX MTPU3HAKOB:
€CJIV TIPM HEKOTOPOM [ hj, TIPEBOCXOIUT HEKOTOPOE WHCIIO0, TO f YBEJHHIN-
Baercs; ipu npubmkerun f (1) K f — ymenbimaercs L.

HIoapo6roe omucanue i 060CHOBAHHE AMTOPUTMA CM. B [21]



5. Meroa rpaageHTHOTO THUIA C PACTA>KEHUEM
IMMPOCTPAHCTBA B HANIPABJIEHUU PAa3HOCTU
JBYX IIOCJIEIOBATEJbHBIX I'DAJIUEHTOB

Dror merox 6bul npemioker B [20]. B [22] ornenbHble MomuduKkammn ero
9KCMEPUMEHTAILHO UCCIEI0BAHBI IPUMEHUTENIBHO K 3a0a9aM MAHAMUA3AINAN
raagkux yukuuii, a B [23]-[24] kycouno-rnaakux dbynkuuii. B nacrosiee
BPEMS C €ro IOMOMIBIO PEMIEHO GOBIIOE YUCIO CIAOKHBIX MPAKTUIECKHAX 3a-
JIad W MOYXKHO C YBEPEHHOCTHIO TOBOPHTH O BHICOKOH 3(P(EKTHBHOCTH 3TOrO
MeToza, OCODEHHO I 3aJa9 MUHUMAKCHOTO THUIA, HEJIWHEHHOTO TTPOTPaM-
MHUPOBaHUSA (C UCIOJIb30BAHAEM HErJaAKuX mTpadbubix HYyHKIWA), 11 Mu-
HUMH3AIUA QYyHKIUA «OBPAsKHOTO» THIIA.

Paccmorpum  ocHOBHYIO ero MoauduKamWio — TaK Ha3bIBAEMbIH
r(a)-aJropuT™ TPUMEHUTEIBHO K MUHUMH3ANUK ModTh-TuddepeHnupye-
MbIX (DYHKIHUIA, B 9ACTHOCTH KyCOYHO-TIAIKHX.

Iycrs f(x) — nourn-guddbepennupyemast byrkuus, a > 1 § = 1/a.
7r(@)-aJIropuTMOM MUHMMU3AIMKE HA30BEM UTEPATUBHYIO TPOIEAYDY CIey-
IOIIEro THIA: HA KAXKJIO0H UTEPAIUU BBIYHCISAEM 7-MEPHbBIE BEKTOPBI Tk, Jk
u Marpuny pasmeproctua n X n By = {bi;}; xo € E,, go =0, By — enu-
HugHas marpuna. I[lycrth mpomenansr k urepanmii, BBIMUCIEHBI Ty, Jk, Bk.
Ha (k + 1)-i#t nreparnumn Haxommm:

1) g¢ () — mouru-rpanument byukimun f(r) B TOYKe Ij; €CIH OH
OIIpeJe/IAeTCa HeOMHO3HAYHO, TO 0epeM TaKOi MOYTH-IPAJUEHT, 9TO
(Bk Gk» g1 (z)) < 0;

2) gi = B} gy (vx), gj — nouru-rpasuent ynkuun o (y) = f (Bry) b
TouKe Yy = Ay Tk, TIE Ap = B,;l;

3) "k = g5 — Gk, Tk — PA3HOCTH IBYX IMOYTH-TPAINEHTOB OT (DYHKINNA
¢k (y), BBIYACIEHHBIX B TOYKAX Y = Ak Tk, Up = Ak Ti—1;

T
4) &1 = m;

5) Bit+1 = Bi Rg (€k+1), Br+1 — Marpuna, ooparaast Agi1, Agy1 — Mar-
puna npeobpasoBanus mpocrpancrsa nocie (k + 1)-ro mara, Agrq =
= R (§k+1) Ak, Ro(§) — omeparop pacTsizKeHHs! TIPOCTPAHCTBA, B Ha-
upassiernu &; ||€|| = 1, a — koaddunpenT pacrszKkenus NPOCTPAHCTBA,
0 — KO3(pPUIMEHT «CKATHUHA» IIPOCTPAHCTBA IPAIUEHTOB;



6) gr+1 = R (§k+1) 95 = Bji1 97 (Tk), Jrt1 — 3HAUEHME MOYTH-TDAIN-
enta Gywknun @p11(y) = f (Brt1 y) B TOIKe y = Apy1 Tp;

7) Tkt+1 = Tk — hi+1 Bikt1 Jk+1, v8€ hiq1 BbIOUpaETCs U3 yCJIOBUs

hit1 = arg@f (xr — h Bry1 Gr+1) (20)

(omepanusa min o3HadaeT ompeeseHne GIEKANIIEro K HY/TO JOKAb-
HOrO MUHUMYMa); TIPUMEHMM K 00euM dacTaMm 7) omeparop Agiyi
Yk+1 = Ap1 Thp1 = A1 T — N1 Gh+1 = Yh+1 — P1 G411 noay-
auM, 910 7) GAKTHYECKN DEATU3yeT Tar HAMCKOPEHTIIETO CIyCKa, 15
bynxmmn g1 (y);

8) mepexon K (k+2)-it urepaluu ¢ 3aIIOMUHAHUEM Tgt1, Jk+1, Bkt1 WK
OKOHYaHMe PabOTHI aJTOPUTMa MPHU BBLIMOJHEHUH HEKOTOPOTO KPHUTe-
PHST OCTAHOBKM.

B oramume or Apyrux rpaJUeHTHBIX METOIOB MUHWUMU3AIWKA HEerJyaj-
kux dbyskiuii: 0606mennoro rpaguenrnoro ciuycka, OI'C PII [10], [25],
r(a)-anropurM obecriednBaeT MOHOTOHHOCTD CIIYCKa OJ1aroqaps Olpe/ie/ieH-
HoMy 110 (20) cnocoby BbiOOpa mara ciycka: f (ro) > f(x1) > ... > f(xg).
OaHako OH CyIIECTBEHHO OTJIMYAETCS OT OOBIYHBIX PETAKCAIMOHHBIX Me-
TONOB cieAyionuM: ecian hy = 0, TO 3TO He 3HAYUT, YTO MPOIECC CITYCKa
npekpaiaercs. [Ipyu BBIMTOJHEHUN CEepUM UTEPAIUI ¢ HYJIEBBIM IIATOM T
CTOMT Ha MeCTe, HO u3MeHsorcs By u gr. B 310 Bpemst Kak Obl B CKPBITOM
dopme ocymiecTBageTCd TOUCK MOIXOAIIEr0 HAITPABICHUS CITyCKA.

Yrob6br m36€:KaTh B HEKOTOPOM CMBICTIE <ITATOJIOTHIECKUX» CJIyIaeB,
MIPEIOTOKIIM:

a) | lﬁm f(z) = 400, aro rapanrupyer cyuecrsopanue munumyma. f(z)
Z|—00

u MuHEMyMa B (20);

6) f(x) obuanaer cieayrompM CBOACTBOM: B JIIOOOI OrpaHndeHHOl 06J1a-
cru D ags sroboro § > 0 Hadimercs Takoe € > 0, uro ecoia x, y € D,
f(z) — fly) < € wu Ha orpe3ke mexny z u y f(x) yObiBaer, TO
|z —y|| < d (mns BeIIyKIBIX DYHKIHI 9TO CBOMCTBO ABJIAETCSA AHAIO-
IOM CHUJIBHOM BBILYKJIOCTH).

Haubosee obuimii pesysbrar 0 cxoaumMoctu 7(q)-aJropuTMoB, 10Ka3aH-
HBII K HACTOAIIEMY BpeMeHH, c(hOPMYIMPOBAH B CIELyIOINel TeopeMe.



Teopema 15. Ecau f(x) — nenpepusnas Kycouno-2aadkas Gynkyus, 0t
KOMopol 6bNOAHAIOMCA c60lcmsa a) u 6), mo nocaedosamenvrocms {xy},
2enepupyeman r(a)-arzopummom npu awbom o > 1, umeem 8 xauecmee
ceoeli npedesbnoli HEKOMOPYI MOYKY T, MHONCECTNE0 NOYMU-2ZPAOUEHITO8
Komopoti obpasyem aunetino-sasucumoe cemeticmeo eexmopos. Ilpu smom
6 CUAY MOHOTMOHHOCTIU TPOYLCCE CNYCcKa nocaedosamenvrocms f(xy) cro-
dumea % f(T).

HokazaresbcTBo cofepskurcs B [26]. Tak Kak OHO TOBOJIBHO TPOMO3JIKO,
TO MbI €r0 IIPUBOJIUTL HE 6yﬂeM, 3aME€THM TOJIbKO, YTO 3TO AJOKa3aTeJIb-
CTBO OCHOBBIBACTCA Ha U3YYCHHUN IIOBEACHNA IHNPHUHDBI BBIIIYKJ/IOIO 3aMbIKa-
HUsl MHOXKECTBA IOYTU-rpaguenTos or dbyukiwmii o (y) = f (A y) B Toukax
{yx}. 113 Teopemsl 15 BBITEKAET CIIEAYIONAS TEOPEMA.

Teopema 16. FEcau swvinoanaromca ycaosus meopemv, 15, x* — uszosupo-
BAHHAA MOUKE AOKAAGHOZ0 MUHUMYMG, To — MOKGA MOUKG, “IMO CEA3-
nas Komnonwenma mmooicecmea {x :  f(z*) < f(zx) < f(zo)}, codeporca-
waea T, To, He umeem Kpome TF Ipy2uxr mouexr z, Yy KOmopwur cemeticmeo
Gyf(z) aunetno-zasucumo, mo nocaedosamenvrocmv {x, e, 2enepupye-
maa r(a)-arzopummom, crodumes x T*.

CkopocTh cxoauMocTH c1abo m3ydeHa (Tak, B [22] omucaH pe3yabrar o
CKOPOCTH CXOIUMOCTH TIPeJIeIbHOr0 BapranTa 1 (a)-aaropurma). MHOro4mC-
JIEHHBIE BBIYUCIATE/IbHbIE IKCIIepUMeHThI (cM. [22], [23]) mokas3amm BEICOKYIO
3 deKTUBHOCTD 7((r)-aaropuT™Ma u ero MoauduKaIuii, KOTopble B OCHOBHOM
CBSI3aHBI C PA3JIMYHBIMU CIOCOGAMHU NPHUOIUKEHHOTO NOUCKA, MUHUMYMA, 10
HAMPABJICHUIO.

B [27] npensioskeHbl BUION3MEHEHHbBIE CXEMbI BBIYUCIEHHUH B METOIAX C
pacrszkenueM npocrpanctsa. CyTh MX COCTOUT B TOM, 9TOOBI BMECTO MAT-
put, By, 3aoMuHATE 1 Ipeobpa3osbiBarh Hy = By, Bf. Tak kax Hj, — cum-
MeTpUYHasA MATPHIA, TO JJIs ee 3alloMHHaHusa Tpebyerca n?/2 aueek ma-
MSATH. YMEHBIAETCS MPU ITOM TAKKE YUCJIO apupMEeTUUECKUX ONepalui,
CBSI3aHHBIX C TIPe0Opa30BaHMeM MATPWI| M BeKTOpOB. Tak, r(a)-asropurm
IO HOBOM CXeMe BBIYMCJIEHUI CBOOUTCA K CIEIYIOMEMY.

IMpunumaem Hy = I. Ha k-m mare umeem Hy, 2, gf (Tr—1).

Boraucisiem:

g1 (xk), ex = gy (xr) — g5 (Th—1);

(Hiex) (Hyer)"
(ex, Hy ex)

Thi1 =Tk —tepr; Pk = Hipp1 95 (vx);  te = arg minf (z — tp,).

Hpp1 = Hi, — (1-53)



B [28, 29] ony6irKoOBaHbI B MOXOXKKX 110 Wee AJIrOPUTMa MUHUMH3a-
MU TTPOM3BOJIBHBIX BBIMYKIbIX (yHKkmii. [1o dopme onu O6m3Km, ¢ OIHOM
CTOPOHBI, K METOJly HAUCKOPEHIIero CryCcKa PerieHns MAHUMAKCHBIX 33124
B. ®. IembanoBa, a ¢ Apyroif, — K OmHON n3 MoauduKauii MeToma co-
NPSXKEHHBIX rpaguneHToB. HacKOIbKO MOXKHO CYIUTH MO HMEPBLIM KPATKUM
MyOJIMKAIUSAM, STH AJCOPUTMBI TIPHU YIAYHOM BBIOOpE mapaMerpoB 00J1a1a-
IOT OTIPEIE/IEHHBIMU IPEUMYIIECTBAMU B CMBICIE OBICTPOTHI CXOIUMOCTH IO
CPaBHEHWIO C METOIOM ODOOINEHHOIO T'PAINEHTHOTO CIYCKa U TPEOYIOT [10-
[TOJTHUTEILHO 3AIIOMUHAHUS OJTHOTO UJIM HECKOJIbKUX BEKTOPOB Pa3MEPHOCTH
7, €CTM MUHAMHU3UpPyeMas (PYHKITH OmpeaeneHa B F,.

6. IIpumeHeHHe 0000IIEHHBIX I'PAANEHTHBIX
METOJIOB B 3aJIa¥aX MAaTeMaTHYeCKOro
MIPOrpaMMUPOBaHUS

CxeMmbl JleKoOMOO3UIUU. PaccMoTpuM cXeMy IeKOMITO3HUIIUN I 33134

BBIMTYKJIOTO TIPOrPAMMUPOBAHUS C PA30UEHNEM MHOMKECTBA MEPEMEHHBIX HA
nse vactu. Haiitu

min fo(z,y) (21)
T,y
IPH OTPaHHYICHUSX
fi(may)goa i:17"'7na (22)
e r, y — BekTopHbie mepemennbie, v = (z(), ... x®), y = (y1M) ... y™);

fo, fi — BbiOykJable (QYHKIUH TO COBOKYIHOCTH TIEPEMEHHBIX T, ¥,
1=1,...,n.
BadukcupyeMm © = T U pACCMOTPUM 33J1a4y: HAUTH

II};H fO (fv y) (23)

fi@y) <0, i=1,....n, (24)

Jnst Tex 3HAYMEHWH T, IJIT KOTOPBIX CYIIECTBYET ONTHMAJIBHOE DEITeHNe
sazaun (23)—(24), onpeneanm dyukiwo O(x)

(@) = min fold.y). (25)

rae D (T) — MHOXKeCTBO 3HaYeHHUId, yaoBaeTBopsomux (24).



Teopema 17. Ecau 3adaua (21)—(22) umeem pewenue, mo dynryua P(x)
6 coomeememeuu ¢ (25) Asasemcs 6unyksol, onpedesenHoli Ha BBNYKAOM
nodmnooscecmee W C E;. Ecau dan wexomopozo T € W ewnosmsemcs
yeaosue Caetimepa 6 3adaue (23)—(24), mo obobusernnvil epaduenm Pynryuy
®(x) 6 mouke x =T suLuucasemcs no gopmyae

9o (@) = g5, (7. (@), (26)

2de Ly(x,y)

= folz,y) + > i uwi fi(z,y);  y(T) — odno u3 onmumann-
MWL 3Havenul
(2

6 (23)-(24); u = {w;}l, — muoocumeaw Jlazpan-
orca 3adavu (23)—(24), noayuennwie 8 coomeememeuu ¢ meopemol Kyna—
Taxxepa; g7 (T,y(T)) — npoexyua marozo obobusennozo 2paduenma dymx-
yuu Ly(z) = Lu(x,y) #a nodnpocmpancmeo EF, y xomopozo npoexyus
na nodnpocmpancmeo EY, pasna nyaro (060b6uennvili epaduenm bepemcs 6

Jo
y
(2
y(

mouxe z = (T, y(T))).

CaencrBue. Ecau 6 ycaosuax npedvidyweti meopems. 00NOAHUMEABHO NO-
mpebosamo, wmobwvs fo(x,y), a=0,1,...,n, 6uau nenpepueno dugideper-
yupyemumu no y, mo gopmyasa (26) ymounsemca caedyouwum o6pasom

ga (T) = g5, (z,y (T +Zuz z) g%, (T, y (7)), (27)

2de g, (T,y (T)) — npoexyuu nPou3soALHUT 0600ULELHHBLT —2padueHmos
pynxyuu fo 6 mouxe Z = (Z,y(T)) na ET.

Beiparkenve (27) mo3BOJISIeT JETKO CTPOUTH AJTOPUTMBI DEIEHNsT 33,104
BBIMTYKJIOTO TIPOrPAMMUPOBaHUs (B YaCTHOCTH, JIMHEHHOTO) C MCIOJIh30Ba-
HUEM CXeMbl DA3JI0’KEHHUs TI0 KOOpauHaTaM. JLjist 5TOro MBI JIOJIPKHBI TIPeI-
HOJIOZKHUTH BO3MOXKHOCTD IIOJIyYE€HHs 38 KOHEYHOE 9IHC/IO MIArOB DEIIeHUs
samaqn (23)—(24), muoxureneit Jlarpamxka u = {u;}7,, a TakKe «4acT-

HBIX> ODODIIEHHBIX TPAIUEHTOB gﬁa, a=0,1,...,n. 9T0 peaauzyemo,
HanpuMmep, Koraa (23)—(24) aBisercs 3amadeil MUHEHHOrO WK KBAJAPATHY-
HOro nporpaMmupoBanusg. OCIOKHEHHS MOTYT OBITh CBS3AaHBL C TE€M, 9TO
(23)—(24) He mpu Bcex T Oyaer nmersb pernenus. CrasJapTHBIA BBIXOZ, U3
TAKOM CUTYAINH 3aKJII0UAETCS B CIIOJIB30BAHNM MeTOa «ITPadHBIX DYHK-
mit» 5 3ama4a (21)—(22) 3amensiercs ciemyroreii: HaiTn

min [ folz,y) + MZ%} (28)

v
wY i=1



pn
filx,y) —v; <0, ©v; >0, i=1,...,n, (29)

rae M — nocraTovHOo OOJIBIIOE [IOJ0XKATEIbHOE YHUCIIO.
Bamaua (23)—(24) 3amensiercss Takoii: HalTH

min [fo (T,y) + M; vi] (30)
npu
fi@y) —vi <0, v; > 0. (31)

Jlerko Buzers, 4to (23)—(24) nmeer JOIMycTHMOE pellleHne IpU JTI000M T
c BbImosiHerneM yciaosus Crefitepa.

Urak, MbI MOXKEM TIPENOI0KUTE, 9To 3aga4a (21)—(22) cBexena k Ta-
KoMy Buiy, uro dbyukuusa P (T) onpesenena g o000 T U UMEETCT BO3-
MOXKHOCTb BbIUUCJIeHUs ODOOILIEHHOrO I'pajueHTa ¢go(x) B IPOU3BOJILHOMN
touke x. Kopowue roBopsi, MOXKHO MPUMEHUTH METOJ OOODIEHHOrO T'PaIy-
€HTHOTO CITyCKa, VI METOMBI C PACTSIKEHNEM MPOCTPAHCTBA K 33/1a4e MU-
HuMu3ammy byskunn ().

Uccmenyem tenepsb cxemy pasioxkeHus mo orpanudenusM. OHa aBIgeTcs
B HEKOTOPOM CMBICTIE IBOMCTBEHHOM K CXeMaM PA3I0KEHUS IO TIEPEMEHHDIM.
[Mycrs umeercs 3a7a4a BBIMTYKJIOrO POrPAMMUPOBAHMS, MHOYKECTBO OrDa-
HUYEHUH KOTOPOii HEKOTOPBIM 00pa30oM pa3dnTO Ha ABe 9aCTH: HANTH

min fo(z), =z € Ej, (32)

npu
filx) <0, i=1,...,m, (33)
pi(x) <0, j=1,...,n. (34)

Paccmorpum 3ama4y ciaemyomero Buaa: HaiTu
L) = mi [fo ; Zuz e ] (33)

rae u = {u; }7, — m-MepHBIl BEKTOD C HEOTPULATEIbHBIMA KOMIOHEHTAMH;
D — MHOXKeCTBO, onpe/iesiseMoe orpanndenuaMu (34).

B kauectBe memocpeacTBeHHO cieAcTBud TeopeMbl Kyma—Takkepa mo-
JIydaeM yTBeprKIeHue: ecau pernenue 3agaqu (32)—(34) cyimecrsyer u orpa-
HUYEHUS ee yaoBjeTBopsaior yciaoputo Creiirepa, D — orpaHUYeHHOE MHO-
xkecTBo, T0 L(u) — BormyTas (QyHKIWs, ONpemeNeHHas s Beex u > 0,



MakcnMyM GyHKIwN L(u) CymiecTByer u JOCTHraeTcsi B TOUKE u*, MTPU STOM
u* SIBJITETCS U-KOMIOHEHTO!N CeITOBOM TOYKU (pyHKIWMY Jlarpanxka, 3a a9u
(32)-(34)

B, u,0) = folw) + Y ui fi(@) + 3 vy (o).

Oupenenenust MakcuMmymMa BOruyToil GyHkumu L(u) 1 MUHUMYMAa BBIILYKJIO#
dbyukuuu Li(u) = —L(u) — 9KBUBAJICHTHBL.

Munumym Bbinykioil dbyskuun Li(u) upu orpanuderuu v > 0 MOXKHO
HaXOJUTh, UCIOJB3ysT METOM 0OODIIEHHOr0 IPATNEHTHOrO CIYCKa C MPOeK-
TUPOBAHNEM Ha MHOYKECTBO

{u: u>0} : u,(;ll = max{0, u,(j) + hig file® (ug))}, i=1,...,m.

Omnepalyst TPOEKTUPOBAHUSA BEKTOPA HA 3TO MHOMKECTBO OYEHb IIPOCTA
U CBOAUTCHA K TOMY, 9TO TIOJIOKUTEIbHBIE U HYJIEBbIE KOODAUHATHI IIPOCKTH-
PYEMOTO BEKTOPA OCTAIOTCS HEM3MEHHBIMU, 8 OTPHIATEIHHbIE 3aMEHSIOTCS
HysieM; x* (uy) — onTuMaNbHBI TIaH (35).

Jst 9acTHOTO Caydvasi — 3aJa4du JUHEHHOTO TIPOrPaMMUPOBAHUS — MTPH-
BeJIeHHAsl CXeMa pas/loxkKeHHst moapobHo paccmorpena B [30]. KoukperHbie
IPUJIOKEHHUsl K PelieHuio 3a1a4 6osibiinoro obbema onucanbt B [1]-[4], [12],
[31], [32].

3aaat{1/1 BBIIIYKJIOTO ITIpOrpaMMHUpPOBaHUA N OGIJ.[I/Ie 3ala4Yi HeJIn-

HeliHoro nporpamMuposBanusi. Ilycrs f,(x), v = 0,...,m — BBIIYKJIbIE
dyukun, onpenenennbe Ha F,. Halinem
min fo(z) (36)

IIPY OrPAHUIEHUSIX
filz) <0, i=1,...,n. (37)
Ecau cymiectByer cenyioBasi Touka (z*, A*), A* > 0 dbynkuun Jlarpanka
m
L(z,\) = fo(z) + > A fi(z), A = (AM1,...,Am), TO, KaK HOKa3aHO B [33],
i=1

sanada (36)—(37) sksusasentna 3ajaue MunnMusaun 1o ¢ L (2, X) npu
IO6OM \ > ¥, rme

LY (z,)) = fo<x>+ZAi+(x>fi<x>;

Ai7 fl(x) > Oa

0, fz(l‘) <0.



Taxkum 0Opa30M, WMesi OIEHKW CBEpXY i MHOXKuTesei Jlarpamxka B
3a/1a49e BBIIyKJIOrO IPOrPAMMUPOBAHUS (BO MHOIMX MPAKTUYECKUX 331a9aX
TAKOr0 POJIA OLEHKHU [OBOJIBHO JIErKO I[OJIYYUTh), Mbl CBOAUM €€ K 3a/a-
9e MAUHUMHA3AIUN HErJIa KON BBIMYKJION (DYHKIWH, /11 PEIIeHus KOTOPO
MOYKHO TIPUMEHSITH JIIOOOI M3 M3TOXKEHHBIX BBINTE 00OOIEHHBIX I'PAIHEHT-
HBIX METOZIOB. IIpW 9TOM 09EeBHIHOE NPEUMYIIECTBO MO CPABHEHUIO C «TJIA]-
KUM» BapUaHTOM MeTofa mrpadubx dyuknuii (Munumuzanuu L (x,X) =

m
= fo(z) + > A (z) f3(x)) cocrout B TOM, UTO A MOTYHEHUs PemIeHHS
i=1

C BBICOKOI TOYHOCTHIO HE HYXKHO BBIOMPATH C/IMIIKOM OOJIBIIHE MITPAdHbIE
K03 DUIIUEHTH! WJIM YBEJIUNYUBATH UX B MPOIECCE CIETA, YTO OTPHUIATETHHO
BJIUSIET HA, CKOPOCTH CXOIUMOCTH.

Meron mermaakux mrpadHbIX (DYHKIUA MOXKHO C YCIEXOM HCIOIb30-
BaTh [IJIsA TOJIYIEHUs JIOKAJbHBIX SKCTPEMYMOB B ODIIUX 3aa9aX HEJIUHEH-
Horo mporpammvupoBanus. Hampumep, Takoii: HafiTh

min fo(z)
[IPY OTPAHMYCHUAX BUIA
pi(z) <0, i=1,....m, 9;(x)=0, j=1,...,L
BameHnM ee 3amadeil MUTHIMA3AIAA QyHKITAHA

m

l
Ly 1 (2) = fo(a) + DX (@) gilx) + > 7 [s(2)]
j=1

i=1

IIPH JIOCTATOIHO GoMbImix {\; }7, u {m; }é':l' HAna musnvusanun Ly - (2)
JIydIIe BCEro MCIOIb30BATh ODOOIIEHHDIN IPAAMEHTHBIH METO ¢ PACTIAZKE-
HHEM NPOCTPAHCTBA B HAIIPABJIEHHU PA3HOCTH ABYX IIOCJIEI0BATEIbHbIX IDa-
JIHEHTOB.

Hpyroii cnoco6 pemeHns COCTOMT B CBEJEHWM 33129 BBILYKJIOTO MPO-
PAMMHUPOBAHUS K CHCTEME BBIMYKJBIX HEDPABEHCTB C HEM3BECTHBIM T1apa-
MeTpOM — 3HaueHWeM (QYHKIMOHATA B TOUYKe MHHMMyMa. B camom nere,
ecan f* — MuHEMasbHas BeamduHa fo(z) B (36)—(37), To 9ra 3ama9a SKBU-
BAJIEHTHA CHCTEME HEDABEHCTB

fo(x)_f* SO;

ft(x)SO, i=1,...,m.



Jlist perreHnst 3TOi 3a4a9n HAUOOJIee TOIXOAUT BAPUAHT ODOOIIEHHOTO
TPAJMEHTHOrO METO/IA, C PACTSKEHNEM MPOCTPAHCTBA B HAIPABJIEHUN TPAIU-
€HTA C ABTOMATHYIECKUM [TOIDOPOM rmapamerpa f*, aHAJOTHIHbBIN AJITOPUTMY
MHUHUMU3ALUY C HEU3BECTHBIM 3HaYeHreM (DYHKIMYU B TOUYKe MUHIUMYyMa [21].

IIpu ucnionb30BaHME CX€M TEKOMIIO3UIUHN B IHHEHHOM U BBIIYKJIOM IIPO-
IPAMMHUPOBAHUY YACTO BOZHUKAIOT 33,aUN MUHUMU3AIUN BBIMYKJIBIX (DyHK-
it ®(z) mpu npocreiinux orpanndenusx suna x > 0. Ecim x perennio
TAKOrO PO/IA 33124 HONBITATHCS IPUMEHUTH I'PATAEHTHDBINA METO/T C PACTXKe-
HHEM IPOCTPAHCTBA, TO HYXKHO MPUMEHUTH JTUO0 MeTOos, mTPapHbIX (PYyHK-
1uii, 1uO0 HEKOTOPBIM AHAJIOr METOA MPOEKIUU IPAJUEHTa, 9TO 3aTPY/IHsi-
€TCs B CBSI3U C TPUMEHEHNEM HEOPTOTOHAJILHBIX TPEOOPA30BAHMI TPOCTPAH-
CTBA.

B [22] uccnenosan Gosiee mpocroii croco® cBeleHUsl JAHHON 3aa4du K
6€3yCIOBHOI ONTUMH3AIUE, KOTOPBIA 3aKII0YAETCA B TOM, 9TO PACCMATPH-
Baerca MunuMusanus bynakuun F(y) = ®(y1), rae KoMIOHEHTH BEKTOpa
yT paBHBI MOZYJIAIM KOMIIOHEHT BEKTOpa ¥ (CXeMa «3epKaJbHOr0 OTpaske-
HUst» ). Xorst F'(y) MHOrOIKCTpeMasbHa, HO BCE JIOKAJIbHBIE MUHUMYMbI 3TOH
dbyukuun gBasorcs riaobanbubivu. Tis muaumuzanuu F(y) mMoxuo npu-
MEHUTH OOOOIIEHHBINH IPAJUEHTHBIA METOJ, C PACTSKEHHEM MPOCTPAHCTBA
B_HAIPaBJCHUU PA3HOCTH JIBYX HOC/IeJI0BATEbHBIX IPatuenTos. OynKius
F(y) = ®({y?}) nmeer «i10KHBIE» CTAIMOHADHBIE TOYKN (Harmpuvep, y = 0)
M TI09TOMY OHa MeHee yJ00Ha.

CxeMa «3epKaJbHOTO OTPAXKEHUsT» C YCIIEXOM NPHMEHSJIACH IIPH Pere-
HUW 3329 JMHEHHOTO U BBILYKJIOIO MPOrPAMMUAPOBAHHMS C CIIOTB30BAHUEM
CXeM JEKOMIIO3HINHU; KBAJAPATHIHOrO MPOrPAMMHUPOBAHUS, KOTOPHIE, CJe-
nyst [34], cBommancs K 3a7a9aM MUHUMH3AIANA KBaIPATHIHBIX DYHKIMIT TpH
OPOCTEHINNX OrpaHUIEHUAX; 38,189 HEJIMHEHHOrO IPOrpaMMUpOBanus (B CO-
YeTaHuu ¢ MeTOJOM ITpadHbIX (QYHKIMA) /I «U3bATUA> OJHOCTOPOHHUX
M JIBYCTOPOHHUX OIPAHUYEHUI HA OTIEIBHBIE IEPEMEHHBIE.

W3 cnenpanbHBIX 33,189 MATEMATHYIECKOTO TPOrPAMMHAPOBAHAS] OTMETHM
HEJIMHEWHYO0 TPAHCIIOPTHYIO, KOTOPasi UTpaeT GOMBIIYI0 POJIb MTPU PACTETEe
M BBIOOpE OMTUMAJBHBIX MAPAMETPOB MAIPABINYECKUX cereii. Peun nmer 06
ONITUMAJIHLHOM PACIPEIEJIEHUN TTOTOKA, HA CETH TIPU 3aJaHHBIX MOIIHOCTSIX
HMCTOYHUKOB M CTOKOB B COOTBETCTBHUU C OIPEIETeHHON 1meneBoil pyHKInei,
3aBuUCAIIEll OT napamMerpoB noroka (06bIYHO cenapabesbHas QYHKIUs, all-
JATUBHBIE KOMTIOHEHTHI KOTOPOI ABIAIOTCA (DYHKIUAMA OT MOZYJIS TOTOKA,
BJIOJIb OTIpeIe/IeHHOr0 pebpa cetr). Eciu cuenarsh Ha ceTu pa3pe3bl TaKuM
00pa3zoM, 4TO0BI CeTh MPEBPATUIACH B JA€PEBO (UUC/IO STUX Pa3PE30B PABHO
YKCJLy HE3ABUCHMbBIX KOHTYDOB B CETH ), TO, 33aBas [IOTOKHU BJIOJIb PA3PE30B,
MO?KHO OJJHO3HAYHO OIPEJIEINTh, UCIOIb3ysl nepBbii 3akoH Kupxroda, mo-



TOKH BJIOJIb OCTAJILHEIX pebep. Takum 00pa3oM, HeJInHeHAS TPAHCIOPTHAA
327298 CBOJATCS K 33Ja9¢ MAHUMHU3AIUA HEKOTOPOH (DYyHKIMHA OT MMOTOKOB
BJIOJIL pa3pe3os ceru. Kak mpaBuio, 3ra (QpyHKIUS OKa3blBaeTCs HerJja,l-
KOii, a IIpU pellenuy 3a/1a4 ONTUMAIbHOIO IIPOCKTUPOBAHMIS — HEBLIITYKJIOMH.
Jljis noydeHusl JOKaJIbHBIX MUHHMYMOB 3((EeKTHBHBIM CPeJCTBOM OKa-
3aJICA TPAJMEHTHLIM METOJ, ¢ PACTIKEHUEM IPOCTPAHCTBA B HAIIPABJICHUN
Pa3HOCTH JBYX MOCJIEI0BATEIBHBIX TPAJANEHTOR [22, 23)].

O6001TeHHbIE TPATUEHTHBIE METObI 0COOEHHO (P (DEKTUBHBL TIPY PeIiie-
HWUH 33739 MUHAMA3AImn QyHKIwH Buga: o(z) = max fi(z).
1<i<m

B [23, 24] onmcan onbIT penieHrst MUHUMAKCHBIX 33/1a49 C HCIOTb30BAHN-
eM 7(o)-anropurmoB. Ipu pernennn MEHEMAKCHBIX 33/1a49 OOJIBIION pa3Mep-
HocTH (1200 mepeMeHHDIX) B [23] ycmernHo GbLT HCIIOTB30BAH METOJ, IIPOMe-
KyTounblii Mexkay OI'C u 7(a)-aaropuTMoM, B KOTOPOM BMECTO MAaTDHILHI
By, 3amoMuHaIaCh MOCIEI0OBATEILHOCTh BEKTOPOB &1, .. ., &k, U. . OBpy1r-
KHM [IPOBEJEHA CepUs YHUC/ICHHBIX IKCIEPUMEHTOB IO HPUMEHEHHIO T()-
AIrOPUTMa JJisl PelIeHrsl 333 HHTEPIPEeTAINN Pe3yabTaToB reodusnte-
CKUX U3MePEHU 0 KPUTEPUI0 MUHUMU3AINYA MAKCUMAIBHOTO OTKIOHEHUS
Pe3yIbTATOB, TTOIYYEHHBIX C MTOMOIIBIO TEOPETHIECKOH MOMIENN, OT pe3yilhb-
TATOB M3MEpeHWH. JTa 3aJaua CBOAUTCS K HAXOXKICHUIO MUHUMYMA @; (),
rue p1(x) = max |fi(z) — a;]; © — BeKTOp HEU3BECTHLIX IAPAMETPOB TEO-

peruveckoil Mozenu; f;(x) — Teopernueckoe 3HAUCHUE BEJUUUHbBL B i-if TOY-
Ke; a; — ee m3Mepennoe 3uHaueHne. OKA3aJI0Ch, 9TO PEIIeHne ITOW 3aIa49n
Tpedyer, KaK MPAaBUJIO, MEHbIIIE MAIMHHOIO BPEMEHH, Y€M PEIeHrne aHAJIO-

TUYIHON 3aJa491 MO METOJAY HANMEHBIINX KBaJAPaTOB, T. €. HAXOXKICHUE MU-
m

aumyMa po(x) = Y. [fi(z) — a;]?. DTo 0bbACHSETCS TeM, YTO BLIYHC/ICHHE
i=1

noutu-rpajmenTa byHKIuu ©1(x) Tpedyer ropasno MeHbIne apubmernde-

CKUX OTepaIyii, 9eM TPAIMEHT oo (x).

B zakmiogenue ormernm, aro B Uacruryre kubepuerukun AH YCCP pas-
pabOTaHBI TPOTPAMMBI IO ODODIIEHHBIM IPAJUEHTHBIM METOJAM C PACTAXKE-
Huem npocrpancTsa Ha a3bikax «AJIFOJI» u «®OPTPAH» mpumenuresn-
1o Kk 9BM BOCM-6 n cepun EC. C ux mOMOIIBIO penaioTcs MPakKTHIeCKue
3a/la4M OTPACJEBOrO [JIAHUPOBaHUs (B OCHOBHOM TPAHCIIOPTHO-IPOM3BO/I-
CTBEHHbIE 3312491 OOJIbIIOI PA3MEPHOCTH ), OIITUMAJIBLHOIO IPOEK TUPOBAHUS
CJIOKHBIX TEXHUYECKUX O0BLeKTOB (Hampumep, Eaunoil razocHabrkaromiei
cucrembr  CCCP), onpezenenus napaMeTpoB B HEJIMHEHHBIX MOIEIAX pe-
rpeccun u ap. s onerku 3O HEKTUBHOCTY TAKUX MPOrPAMM MTPOBEIEHBI
MHOTOYHCIIEHHBIE MOJIETIbHBIE SKCIEPUMEHTDI, PEe3YIbTAThl KOTOPHIX OIy0-
JIMKOBAHBI B [22, 23].
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Hosble HampaB/ieHus B pa3BUTHN
METO/10B HEerJIaJIKOIl ONTHMU3aIlnn

H. 3. Illop
Kubepuemuxa. — 1977. — N 6. — C. 87-91.

3a nocsieiHre ABa — TPHU rOJA B 00JIACTH HEMJIAIKON ONTUMUBAINN [TPO-
M30ILIA JOBOJBHO 3aMETHbIE W3MEHEHWSI, BhI3BAHHBIE MOBBIIIIEHHBIM WHTE-
pPecoM K Heil CO CTOPOHBI IMUPOKOTO KPYyra, «ONTHUMHU3aTOPOB» — KAK IPHU-
KJIQJHUKOB, TAK U TEOPETUKOB.

[TosiBunuch, HOBbIE HAIIPABJIEHUSI — ITO, B HEPBYIO O4YEpe/b, £-CyOrpa-
JIMEHTHBIE METO/IbI, PA3JIMIHBIM MOAM(MPUKAINAM KOTOPHIX MOCBSAIIEHO y2Ke
JIOBOJILHO MHOrO pabor (cm., nHanpumep, [2]). Ha HoBo#l uaeiinoii ocuose
BO3POIMJICS HHTEPEC K CXEMaM C MTOCJIeI0OBATEIbHBIM OTcedenneM. B 1o xe
BpeMsI HAKOMUJICS OOJTBINION SKCIIEPUMEHTAIBHBIN MaTepruaJ Mo UCIOIH30Ba~
HUIO ceMeficTBa OOODIIEHHBIX IPAIUEHTHBIX METOIOB Kak mpocreimux (Me-
10/ 0OOBILEHHOrO IPAAMEHTHOIO CIIyCKAa), TaK U METOJIOB C PaCTsKeHUeM
mpocTpaHcrBa. Bee 310 Tpebyer ompeaeIeHHOro OCMBICTHBAHIS, YTOOBI TO-
HSTh, YTO YK€ HA CAMOM Jejie JOCTUTHYTO W B KAKOM HAIMPABICHUU HAIO
JIBUTATHCA JAJIBIIIE.

HecvoTps Ha TO, 9TO TMpW MOCTPOEHUU W ODOCHOBAHWW IMPOIECCOB pPe-
JIAKCAIMOHHOrO Tuna [3, 4] upu onpeseneHHbIX [PEIIIOIOKEHUIX [JIAIKO-
CTU U PEryJaspHOCTH IOJIy9eHbl 3HAYUTEbHBIE PE3YIbTATHI, NMEETCs EIe
OOJIbIlIas IPYIINA BAXKHBIX B MPAKTHYIECKOM OTHOINEHWH 33129, KOTOPBIE C
TPYIAOM TMOIAIOTCS PEIIEHUI0 AJTOPUTMAME ITOTO THUMA. [JIaBHBIM 0Opa-
30M, 3TO 3aJa4d JIMHEHHOrO W HEJIMHEHHOrO NMpOrpaMMHUPOBAHUA BBICOKON
pa3mepraocTu. Kak moka3pIBaeT BBIYUCIAUTEIbHAS MPAKTUKA, TPUMEHEHHE
TAKOrO UCIBITAHHOIO CPEACTBA, KAK CHMILJIEKC-METO/, DU PEleHun 33129
JINHEHHOTO MTPOrPAMMUPOBAHUSA BBICOKON PAa3MEPHOCTH PEIKO HPUBOIUT K
yCIexy, 9TO CBSA3aHO C PE3KUM BO3DACTAHUEM JHCJIa UTEPAINN U HAKOILIEHHU-
eM omuboK OKpyTJieHusi. Vcmoib30BaHme KIaCCUIeCKUX METOIOB TEKOMIIO-
sunuu (Hampumep, merona Jdanmura — Bynda) okasanoch Ha NpakTUKe Ma-
no3¢ddexTuBHBIM. B TO Ke BpeMs HCIOIb30BAHUE CXEM MEKOMIIO3UIIAN JIJTs
3ama4 G6JIOYHON CTPYKTYPBHI MPUBOIUT K 33/a9aM MUHUMW3AIUU, KAK Ipa-
BUJIO, DYHKIINN C PA3PBIBHBIM TPAJUEHTOM OT CBA3BIBAIOIINX MEPEMEHHBIX
WA OT MHOXKUTEJIeH JlarpaHka, COOTBETCTBYIOINIUX CBS3BIBAIOIINM OTPAHU-
YEHUSIM.

K 3amagam Munnvusanuu QyHKIWE ¢ pA3PHIBHBIM IPAJUEHTOM CBOJIAT-
Cs MHOTHE MOJIEJIU UT'POBOrO XapaKTepa, «MHOTOKPUTEPUAJIHHBIES MOIEJIN



ONTUMAJIFHOTO TIJIAHUPOBAHUS W TTPOEKTUPOBAHMS, KOTJIA B KAYECTBE IeJTe-
BOIi (pyHKIMY BBICTyIAET PYHKIMS MAKCUMYMa, (KaK TIPABUIIO, HETJIA KA ).

Bonbmoit uaTEpec mpeacTaBiasgeT METO HerJMaaKuX MTPagdHBIX (PyHK-
mmit. leso B ToM, 9TO Hermaakue mrpadHbe PYHKIME OIPEIeIEHHOrO BH-
712, 00/1a/TaI0T HECOMHEHHBIM TPEMMYIIIECTBOM 110 CPABHEHUIO C OOBITHO MPU-
MEHSIeMBIMU TIAAKuMU (hYHKIUAMA MTpada: mpyu UCnoIb30BAHUN HETJIAI-
KuX mrpadHbIX (QYHKIHUHA, KaK IPABUAIO, HET HEOOXOANMOCTH yCTPEMIIATD
mrpadHble KOIPPUIUEHTBI K 00 U MOXKHO IOJYYATH 337ady, B TOIHO-
CTU 3KBHUBAJEHTHYIO NIEPBOHAYAJIBHON 3a/a49e HEJIMHEHHOI'O MPOrpPaMMUPO-
BAHUsI, IPU OMPEIEIEHHBIX KOHETHBIX 3HAUYECHUIX MTPadHBIX KOIDdumeH-
ToB [5, 6].

HeobxomumocTh B MUHUMH3AIMKA HEIAIKAX (PYHKIHH, COCTOSIIAX U3
ACTPOHOMHUYECKOTO 9HCJIA IVIAJIKAX «KYCKOB», BOSHUKAET U IIPHU PEIeHUN 3a-
JIad TUCKPETHOTO MPOrPAMMUPOBAHUS, KOTJIA MBI ITBITAEMCS B METOJIe BeTBeit
¥ TPAHMUIL TIOJIYYUTh OIEHKN TPAHUIL Ty TEM MEPEX0a K TBOWCTBEHHON 33,12~
4e [2]. DyHKIMU C PA3PBIBHBIM IPAJAUEHTOM MOIYT TAKZXKE HEIIOCPEJICTBEHHO
BXOJIUTH B MOJIEJIb 33/[a91 ONTUMAJIbHOIO JIAHUPOBAHUSA, ITPOEKTUPOBAHUST
WJIA UCCJIeOBAHUS OIepaluii KaK Pe3yJsibTarT KyCOYHO-IVIAIKON allpOKCHU-
MAIM¥M TEXHUKO-IKOHOMUYECKUX XAPAKTEPUCTUK PEATHHBIX O0bEKTOB.

Takum obpazom, cepa MpUMEHEHNT METOIOB HErJIAAKOW OIMTHMHU3AIII
orpomua. Cozganne 3(pPEeKTUBHBIX METOJ0B HErJIAIKON ONTHMHU3AIUN SB-
JISIeTCS KJIIOYOM K PEIIeHUI0 MHOTHX BBIYUCIUTEIbHBIX IPOOJIEM MaTeMaTu-
YECKOr0 TPOrPAMMUPOBAHUS, B OCOOEHHOCTH I 33189 BBICOKOM pa3Mep-
HOCTH.

Hwmxe npuBomurcs KpaTkuii CDABHUTENBHBIN AHAJIN3 AJITOPUTMOB pe-
IIEHUs TOCTATOYHO OOIIMX KJIACCOB 33/a9 MUHUMU3auu QyHKIui ¢ pas-
PBIBHBIM T'DAIAEHTOM, HE TPEOYIOMUX I CBOEH pean3alluu alipruOPHOTO
3aaHUs KOHKPETHOW CTPYKTYpPbl MUHUMu3upyemoit (pyukimu. [Ipegocras-
JISIETCS JIUIIb BO3MOXKHOCTDH BBIYUCJIEHVS 3HAUYeHW (DYHKIUUA U €€ TPaIu-
€HTOB (M/IM UX AHAJIOrOB B Ciydae HeauddepeHupyeMOoCTH — OIPe/IesIeH-
HBIX IpejcTaBuTesell 000DIIEHHBIX IPAJUEHTHBIX MHOXKECTB) B IPOU3BOJIb-
HOH TOYKe.

Eciu uckmounTh Takue yHUBEPCAJIBHBIE CPEICTBA, KAK METOIbI CUCTE-
MAaTHUYIECKOI'0 1mepebopa W CJIy4ailHOrO MOWCKA, TO MOXKHO BBLIEJIUTb TPU
OCHOBHBIX KJIacCa CrenuUIecKnX MeTOJ0B HEeryIaJKONH ONTUMU3AIAN, IJIs
peanu3aimu KOTOPBIX UCIOIb3yeTCsl BBIYUCIEHNEe 0000IEHHBIX IDAIHEHTOB.
HawnbGosee pa3BUTHIM M3 HAX SABJISETCS KJIACC HEMOHOTOHHBIX ODOODIIEHHBIX
TPAJMEHTHBIX METOJIOB, KOTOPhIe HaunHas ¢ 1961 roma akTMBHO pa3pabaThi-
Batorcs u uccyenytorca B Uucruryre kubepueruku AH YCCP [1]. Hau6o-
Jiee MPOCTBIM U ODIIHUM SIBJISETCS METO., 0DOOIIEHHOI0 IPATUEHTHOrO CIIyCKa,



(OT'C). Ero MOXHO MPUMEHATHh Kak JJisi MUHUMU3AIUN BBITYKJIBIX (DYHK-
nuif, TaK U JIJIA TOJIyY€HHUs JIOKAJbHBIX YKCTPEMYMOB B Ciiyuae Oojee 00-
LIEro KJacca JIOKAJIbHO JunimuneBbix (nouru-auddepennupyembix) OyHK-
uuii [7]. O He Tpebyer JOINONHUTEILHONW MAaMATH, OJHAKO HEI0CTaTKOM
€ro sBJISIeTCsl MEJJIEHHAsT CXOIUMOCTh W He BCErJa XOPOIIO KOHTPOJUPY-
eMast TOYHOCTH perteHus. V3 aJropuTMoB C PaCTSIKEHUEM MTPOCTPAHCTBA
HanbosIee XOPOIIO IKCIEPUMEHTAIHLHO UCCAEIOBAHBI METOIBI C PACTAKEHU-
€M MPOCTPAHCTBA B HAMPABJIEHUU PA3HOCTH ABYX MOCIEI0BATEIHHBIX T'Da-
nuentoB (r-aimropurmbl) [9, 10]. Ecau pasmeprocTs mpocrpancrsa, B KO-
TOpOM mpoucxoauT mMuHuMu3lanus, #e npesbimaer 200-300, mesecoobpas-
HOCTB UCTOJb30BaHus r-aJroputMoB BMecTo OI'C B OOMBIIMHCTBE CITyYaeB
He BbI3bIBAET coMueHuit. [Ipu OOIBIIMX PA3MEPHOCTSX COJNUIHAS TOJIsI BbI-
YUCIUTENBHON pabOTHI YXOAUT HA, MPEOOPA30BAHIE MATPUIIHI PACTSIKEHUS
npocrpancTBa. TPyLoeMKOCTh OJIHOM UTEPAIUE B T-aJIPOPUTME MOYKET IIpe-
BBICUTH B HECKOJIBKO Pa3 TPYI0EMKOCTh ojHoM ureparuu B Meroge OT'C, u
371eCh 1EJIeCO00PA3HOCTD IPUMEHEHUS 7'-AJITOPUTMA TeM OOJIbINe, YeM MEHb-
1I1e OTHOCUTEIHHAS JOJI BPEMEHU, UAYINEro HA Mpeodpa30BAHNE MATPUILHI,
¥ 4eM DOJIbIlas TOYHOCTh TPeOyercs OT pe3ysbTara. B KaXKaoM KOHKpeT-
HOM CIIydae Hy>KHO OIEHWTh BpeMs pelreHus. [Ipu 3TOM MOXKHO MOJIB30-
BATHCs CIEAYIONMM SMIUPUIECKUM MPABUIOM JIJIsT T-aJTOPUTMOB: OTHOCH-
TeJIbHAsg TOYHOCTH PelreHus 1m0 (PYHKIIUOHATY YBEJIUIUBACTCS HA, MOPSIIOK
yepe3 Kaxkaple n — 1,5n urepanuii (n — pasMEPHOCTb MUHUMHU3UPYEMOi
dbyukmn). Yro kacaercs meroqa OT'CPII [1], To ero, mo-BuauMomMy, CTOUT
MIPUMEHSITh, TOJILKO KOT/Ia N3BECTHO 3HaYeHNe PYHKIIUN B TOYKE MUHUMYMA.
B mporuBHOM ciiydae r-aaropurm sBisiercs 6osee 3(pHeKTHBHBIM.

st pernenust 3a1a4 CTOXaCTHIECKONO HPOTPAMMHUPOBAHUS C YCIIEXOM
IPUMEHSIIOTCSL CTOXacTHIecKkue anastoru merona OT'C [11].

B CIIIA u 3anansoii Espone rpag@eHTHBIMA METOAAMU MUHMMU3AIUN
HErVIa AKX (DYHKIUI Cephe3HO HAYAM 3aHNMAThHCS npuMepro ¢ 1973 r. cua-
4JaJjia B CBA3U C IPUIOKEHUSIMHU B 00JIACTH JUCKPETHOIO [IPOrPAMMUPOBAHUST
[12], a 3aremM — B mesIOM JJIsi pelieHust 3a7ad GosIbIol padmepHocTn [13].
06 mccienoBannn paboT MO 3TOM MpodIeMe Ha 3amaae JOCTATOTHO TOJTHOE
npezcraBiienue gaer cbopHuk crareii [2]. C rex mop WHTEpEC W KOJINYECTBO
MEYATHBIX PAbOT B 3TOM HAIPABIEHUU PACTYT JaBUHOOOpasHo. OcobeHHO
MHTEHCHBHO Pa3BUBAETCS HAIPABJIEHUE TaK HA3bIBAEMOI £-CyOrpaaueHTHON
ONITUMUBAIINH, TIO Hee OJIN3KOe, C OTHOM CTOPOHEI, K ajaroput™mam B. @. Jle-
MbSTHOBA DeIlleHNst MUHUMAaKCHBIX 3a7a49 [14], T. e. K MerozaM e-HaMCKopeii-
HIEro CITycKa, a ¢ Apyroi (0coGeHHo B (pOpMaJbHOM OTHOIIECHWH), — K aJl-
POPUTMAM METOJA COLPSKEHHbIX CPAJAUEHTOB (MM  <«JIABUIOHOBCKOIO»

tuna) [15, 16].



K macrositemy BpeMeHu pa3paboTaHbl JIUITh MOHOTOHHBIE BAPDUAHTHI &-
CyOrpaJMeHTHBIX METOJOB, KOTOPHIE MO KOJUYECTBY BBHIYUCICHUH HA OTHOMN
UTEPAIUU B KAKOU-TO CTEIEHU SIBJISIOTCS TPOMEXKYTOUHBIMU MEXKJY MEeTO-
gom OT'C u meromamu ¢ pacTszkeHueM mpocrpaHcrBa. K coxaneHuro, sru
BAPHUAHTHI €Il[e 0YeHb HEIOCTATOYHO HCCIEIOBAHBI IKCIEPUMEHTATLHO, a
TEOPETUIECKH 0O0CHOBAHHAS CKOPOCTh CXOAMMOCTH (TOYHOCTH Nopsiaka 1/k
3a k3 urepamnuii [16] ve maer ocHosanuii Kk onTumusMy. [IpoBeeHHbBIE HAMH
YHCJIEHHBIE SKCIEPUMEHTHI TOKA3a/ M 3HAYUTEILHOE TIPEUMYIIIECTBO 7-aJIro-
PUTMOB 110 CPABHEHUIO C £-CYyOrPaMEHTHBIMU METOIAMH.

U, HakoHeIl, B CBSA3U C UCCJICIOBAHUEM ONTHUMAJILHBIX aJrOPUTMOB MHU-
HUMU3AIUY BBITYKJIBIX (DYHKIUH 3aHOBO BO3POIUIICS MHTEPEC K CXEMaM IO~
CJIeJIOBATENIbHBIX OTCEYeHUil OMOPHBIMU rumnepriockoctamu. Cpeau airo-
pPUTMOB 3TOro THna 1Ba ObLIM HANOOJIEe N3BECTHBI.

1. Merog cexymmx Kesnu [17]. OcHoBan Ha KyCOYHO-IUHEHHON aIPOK-
cuMaIy rpaduKa BeIMYKIOH (DYyHKIMU C UCIIOJIH30BAHUEM OMOPHBIX CHIIED-
mrockocTeit. Ha KaxkioM mare 3Toro Meroja OPUXOIUTCS PEHIaTh 3aJady
JIMHEMHOTO MPOrpaMMUPOBAHUST, TPUYEM OT Iara K Iary 4ucjio OrpaHuYe-
HUI 3a/1a91 MOYKET BO3DACTATh.

2. Meron niearpupoBanibix cedenuit A. FO. Jlesuna. OcHoBan Ha mpoBe-
JIEHUY OMOPHBIX TUIEPILIOCKOCTEH K TTOBEPXHOCTH YPOBHSI BHIMYKJION (DyHK-
AU, TPOXOISIINAX Ye€pe3 MEHTP TIKECTH ODJIACTH JIOKAJIU3AINN ONTUMYMA,
[18]. ITocemoBaTeIbHBIE MTPOIEYPBI OTCEYEHHST B METO/IE [IEHTPUPOBAHHBIX
cedeHuil OKa3bIBAIOTC BeChbMa 3D (MEKTUBHBIMU, OJJHAKO CJIOXKHOCTD BBIYHUC-
JIEHUS TEHTPA TSXKECTH B MHOMOMEPHOM CJIydae CBOJUT HA HET MPAKTHYe-
CKYIO IIEHHOCTH MeTona (cM. [19]).

B nociieree Bpemst 0GHAPY KUITUCH OYEHb HHTEPECHBIE CBSI3U MEXK/Ty aJl-
TOPUTMAME [MOCTIEI0BATEBHBIX OTCEYEHUH U AJITOPUTMAMHE C PACTAKEHUEM
npocrpaHcTsa [19, 20]. [TpuBeneM HEKOTOPBIE JTOMOJIHUTEILHBIE PE3YIHTATHI
B 9TOM Hampasiennu. B pabore [20] mokazano, 94To omHa n3 MoqudUKammii
METO/1a 00ODIIEHHOrO TPAJUEHTHOTO CIIYCKa, ¢ PACTIKEHUEM MPOCTPAHCTBA,
B nanpasienuu rpaguenta (OT'CPII) dakruuecku peanusyer momuduim-
posauublit Meros uenrpupoBanubix cedenuii (MM IIC), paccmorpentbiii B
[19] mpuMeHHUTENBHO K 3a/a9€e BhIMYKJIOrO MPOrPAMMUPOBAHUS, U TTO3BOJISET
TOCJIEIOBATEIHHO CTPOUTD N-MepHbIe dytunconast Py, k= 0,1,2,. .., BHyT-
P KOTOPBIX JIOKAJIM30BAH OMTUMYM, TIPUYUEM O0BEMBI U, U1, - - - , Uk, - - - ITUX
SJUTUIICOUIOB TPEJICTABIISIIOT COOOH yOBIBAIOILY IO N€OMETPUIECKY IO IIPOrPEC-

CHIO CO 3HaMeHaTeJeM
n—1 n "
G =\ — | — | .
n+1 n?—1



DTOT Pe3yabTAT MOXKET 000DIIATHCS U YTOUHATHCS MO0 HECKOJIHKUM HAITPAB-
JICHUSIM.

1. VI3 anasnm3a J0Ka3aTeIbCTBA OCHOBHOM JleMMbI [20] BUIHO, 9TO B HeM,
IO CYIIECTBY, UCIOJIB3YETCS TOIBKO CIEMYIOIIee CBOUCTBO CyOrpaJneHTHOrO
1oJis HaupasjeHuit g(x):

(9(x),z —a™) = 0, (1)

rae r* — UCKOMas ONTUMAJIBLHAST TOYKA.

ITosromy Bce, 9T0 GBITIO CKa3aHo B [20] Mo MOBOMY pereHnst 3a71a49u Bbl-
IyKJIOTO MPOrPAMMHPOBAHMS, MOXKHO NEPEHEeCTH Ha Oosee oOmmil corydait
BEKTOPHOI'O 110Jisd, 0bJiaaomero csoiicrsom (1).

Urak, nycrb umerorcs BekTopHoe node ¢(x), onpexesnentuoe na K, u
touka ¥ € F,,, mexkamas Ha PACCTOsHUH, He IPeBbIIIaoneM R oT 3a1auHoit
TOYKHM I, JJIs KOTOPOIi cripaseniuBo coorHomenue (1) npu obom = € E,
(mpuaem g(z) # 0 npu x # x*).

IIpu n > 1 paccMOTpUM CJIEAYIONINil NTEPATUBHBIA AJTOPUTM.

Ilepen mepBbiM 1Tarom umeeMm xg € F,; By = I,, — eniuHUYHAS MaTPUIIA,
ho = R/(n+1). Ilycrs mpomemano k 1mIaroe u Toy4YeHO Xy € E,,
By, — marpumy pa3mepa n X n u hg.

[Tepexonum K (k + 1)-My 1mary, Ha KOTOPOM BbIYUCJISEM:

1) glow);

2) & = Biglan)/ | Big(w)l;

3) Thg1 = Tk — hpBrép;

4) By1 = Bi - Rg(&), B =+/(n—1)/(n+1); Rpg(&) — oneparop
pacrsizkenust npocrpancrsa, Rg(ép)r =+ (8 — 1)(x, )¢ [1];

5) hgr1 =hg-r, r=n/v/n?>—1.

CrupaseyinBO yTBEPKIECHHE CIIELyTOMEH TEOPEMBI.

Teopema 1. I[ocaedosamenvrocms {Tr}52,, 2enepupyemas Svuuenpuee-
JEHHBIM GAZOPUTIMOM, YOOBAEMEOPAELTN, HEPABEHCTIEAM:

|A(zr —2%)|| < hi(n+1); Ax =B

Jloka3aTennLCcTBO TeopeMbl 1 IIpakTUYecKd He OTJIMYaeTcs OT JI0Ka3a-
TEeIbCTBA OCHOBHOM JIeMMBI B [20)].

[Tpumennm Teopemy 1 K ONpenenenuio CeI0BON TOYKH BBIMTYKIO-BOTHY-
Toit pyrkimn. ITycTh 3a1aHa BBITYKJIO-BOTHYTasA (DyHKINS JBYX BEKTOPHBIX
IEPEMEHHBIX

flz,y), z€FE, ye€E, z={z,y}€E,xE,=FE,in.



IIycts z* — cemmoBasi TOUKa 3TON DYHKIWH, zo — 33IaHHOE HAYATIHHOE
NpUOINIKEHNE U AlPUOPU M3BECTHO, 4TO |20 — 2*|| < R.
Paccvorpum mceBmorpaueHTHOE MHOXKECTBO

G(Z) = ch(%‘,y) X (—G?Ji(ﬂﬁ,y)),

rie G§(z,y) — MHOXKeCTBO 9acTHBIX cybrpajmentos Gynkmun f(z,y), Koro-
past pacCMaTpUBAETCs KaK DYHKIWSA OT & pu (PUKCUPOBAHHOM ¥; —G?Ji (z,9)
— MHOKECTBO CyOrpaauedaTos or dbyskimuu — f(x,y) mo y npu GUKCUPOBAH-
Hom z. Copmupyem BeKTOpHOE 110J1e ¢(2) Cienyomum 06pa3om:

9(2) ={g7(2), —g7(2)};  g7(2) € G3(2);  g}(2) € G(2).

ITokaskeM, uro (g(z), z— z*) > 0. I3 onpeziesieHnst ceaI0BOI TOYKHU CIeIyeT
fl@,y®) 2 f(z%,y7) = f(2",y).
Hautee,
0< flz,y") = fla"y) = fz,y") = fla,y) + flz,y) — f@"y) <

< (97(2),z —2") = (95(2),y —y") = (9(2), 2 — 27).
Takum 0b6pazoM, st JTOKATU3AMNNA CEITOBOM TOUKNA 2* MOXKHO MPUMEHUTH
airopurm 1)-5).

2. Hns 3ana4m 6e3yCJOBHON MUHMMU3aUUK BbInyKaoi dyakuuu f(z),
ompeneseHHoil Ha F,, XOTeJ0Ch ObI MepeifiTi OT OIEHKW CKOPOCTH CXOIIH-
MOCTHU aJITOPUTMA, BHIPAYKEHHON B TEPMUHAX YMEHBIIEHU 00beMa, 00IaCTH
JIOKAJTA3AINN MUHUMYMa, K OIEHKEe CKOPOCTH CXOAUMOCTH 10 (DYHKITMOHAILY.
st 5TOrO JoKaXKeM caemytomuil (pakt, OTHOCAIIHUIC K KIACCY aIrOPUTMOB
C pacrszkeHreM npocrpaHcTsa B Hanpasiaenuu rpaguenta (OT'CPIT) [1].

Teopema 2. Ilycmwv 6 npouecce npumenenus aszopumma OL CPII svinos-
HAMCA CALOYIOUUE YCAOBUS:

) gl <d, k=0,1,...;

l<a=oar Br=1/o, unyemo g(z) = Big(xr), Ak = B,;l.

dv/k(a? —1) k=19

Tozda min T <———

1§r§k”gr( 7")” < —n ]

HokazareabcTBo. 3amnuiiem Marpuily Ap B BHUIe MPOW3BEIEHWUS Op-
TOrOHAJIBHOM MaTpuIlbl Of ¥ CUMMETPUYHON TOJOKUTETHHO OMPE/ICTEHHOM
marpunpl Si 0 A = Oy - Sk. Tak kak A = Ro(€k) ... Ra(£1), TO npousse-
JieHue COOCTBEHHBIX YUCEST MATPUIILI Sy PABHO

det S, = det Ay, = oF.



(k) yn
IMycrs {A,"/}7, - mocienoBaTeILHOCTH COOCTBEHHBIX HYHCET OTepaTo-

k
pa Sk, 3aUCAHHBIX B TOPsIKe HEYObIBAHUS, {eg ) 7| — COOTBETCTBYIOIAA

OPTOHOPMUPOBAHHAS CHCTEMA, COOCTBEHHBIX BEKTOPOB

n k
Skegk) = )\gk)egk); H)\gk) =af AP >qan. (2)
i=1

IMycrs Okel(. = e . Cucrema BeKTOpPOB {e 7, TaKkXe SABJIAETC Op-

TOHOPMUPOBAHHON BBUAY OpTOroHambHOCTH Oy. BanI/ImeM gr(zx) B cemy-

IOIIIEM BH/IE:
n
)= Sl 3 s

Hanee,
(k)
9;
k1 = 7= uMe® | ere pt = S
l q Z A gl

Jloka3aTenbCTBO MIPOBEIEM METOIOM OT IPOTHUBHOTO.
[Iycts nma mekoroporo k

k(a2 —1)
Vaz2k/n — 1 ’

Torpa ana r < k, 1 < i <n us (3) nonygaem:

) < Jo Ve 1
T A"a/k(@2 1)

Ucnonwp3yss 310 coorHomenue, onenum npu r, 1 < r < k — 1, pa3HocTs

vE = min ||g,|| > d -

(4)

()\%TH))Q - ()\SZT))Q ()\sf) — MaKCUMaJIbHOE COOCTBEHHOE YHUCJIO OIepaTopa

Sy). PaccMoTpuM mpon3BOIIBHBIA BeKTOD a, |al = 1:
a= Zaiegr); Za? =1; Aa= Zai/\gr)égr); (5)
i=1 i=1 i=1
AT = max [ Ar1al = me x| Ra(&ri1)Aral - (6)

Bocnosnbayemcs dopmyaioit (cm. [1]):

IRa(©)ll = /1ol + (a2 — 1)z, £)2.



[punse x = Ara, n3 (4)—(6) nomyqgaem:

n 2

2 n
M) = max Y@+ (@2 =) D) | <
=1 i=1

llall=1

2 2k 2k
- no—1) 2 an —1
< A2 (021 gt" o =) | [A(T)} -
< g | w7V o) ;“91 R - | S TR
2 2 2k
{)\g%l)} < W)} +a”7—1; <k

(k]2 2k 2k (k) k
Orcrona [)\n ] <1+ (am —1) = an.dro uporuBopedur A, > an.

Teopema nmokazana. Kak cimencrue mogydaeM CIIeAyIOMWI pe3yabTar.

Teopema 3. B npednoiostcenuas meopemovs 2 npu ucnosb306aHUU ONUCEH-
H020 Hamu aazopumma 1)-5) u ||zg — 2*|| < R

pr = min [f(e,) - fa*) < DoevE@ 1)

0<r<k /1 — 2k/n

ede d = ma |lg(a)]|

(Qn)k/na k:1727"'7

3. Tak Kak g AOCTATOYHO GOMBUIHX N gy, = 1 — 1/(2n), To Teopema 3
rapaHTUpPyeT CKOPOCTb CXOAUMOCTH «PEKOPIOB» OTKJIOHEHHI (DYyHKIMOHA-
JIOB OT ONTHUMAJIHHOTO 3HAYEHMWSI, COOTBETCTBYIOILYIO CKOPOCTH CXOIMMOCTH
reoMeTpIYecKoif Mporpeccn co 3HaMenaTenreMm s ~ 1 — 1/(2n?). B 1o xe
BpeMs, Kak [0Ka3aHo B [19], onrumasbHble ajropuTMbl JI0JKHBL Obecnedu-
BaTh TaKylO K€ CKOPOCTb CXOJMMOCTH IO (DYHKIHMOHAIY, KAK MeOMeTpuYe-
cKas porpeccus co 3HamMeHaresieM 1 — ¢/n, OIHAKO U3BECTHbIE AJIIOPUTMBI,
KOTOpBIE 06ECITEINBAIOT COOTBETCTBYIOIIYI0 CKOPOCTH CXOIUMOCTH TI0 OTHO-
IIIEHUIO K YUCJTy BBIYUCICHNH CyOrpaJHeHTOB, TPEOYIOT CIMITKOM GOJIHIITOTO
9HCsIa JIOTIOJHNUTENBFHBIX Ofepaluii Ha oxHoi urepaiun [19]. Takum obpa-
30M, II€P€e/] HAMU CTOUT BECbMa MHTEPECHAs U aKTyaJlbHas 33/ada: M0CTPO-
uTh 3PDEKTUBHBIE C BBIYUCIUTEIBHON TOUYKK 3PEHMs AJTOPUTMbI, KOTOPbIE
JIJTST TOCTATOYHO TMMPOKOTO KJIACCA BBIMYKJIBIX QYHKITUH CXOAATCS O (DYHK-
IIHOHAJIY CO CKOPOCTHIO TEOMETPHIECKOMN TPOTrPECCHN, 3HAMEHATEb KOTOPOH
MMeeT 3aBHCHMOCTH OT pasmepHocTd B dopme ¢ = 1 — ¢/n, ¢ > 0. Moxkem
HAJEATHCsI, YTO IOJ0OHBIE aJIFOPUTMbIL YAACTCS MIOJLY YUTh, KOMOMHUDYsI CXe-
MbI OTCEYEHUs C IPeoBPa30BAHUEM [IPOCTPAHCTBA.



BoabImoit naTepec npencrapiser TpobdiieMa IMOCTPOSHU HEMOHOTOHHBIX
BApPUAHTOB £-CyOrpaMEHTHBIX MPOIECCOB, 00IATAOIINX CYIIIECTBEHHO YCKO-
PeHHOI cxonuMocTbio 110 cpapaennio ¢ Merogamu OI'C u ve Tpebyromux 3Ha-
YUTEJbHON JOIMOJHUTEIbHON maMsaTu. Pemenne sTux mpobJjeM JacT J0IoJi-
HUTEJIbHBIA CTUMYJI [Jis UCIIOJIb30BAHUS METOJ0B MUHUMU3AIMA HErJIa KIX
byHKINN TpYU PENMIeHNH CIOKHBIX 33749 MATEMATHIECKOTO MTPOTPAMMUDO-
BaHMUSI.
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Metona pacTa>KeHuns IIPOCTPAHCTBA JJId
YCKOPEHNs CXOIUMOCTH B 3aJda9ax
OBPa>KHOI'0 THIIA

H. 3. Illop, B. U. Buaeuyrud
Teopusa onmumasbubvx pewenuti. — 1969. — M 2. — C. 8-16.

1. Bsexaenue

Mp&r Gyzem paccMaTpuBaTh 3aa4y MHHUMHU3AIWA BBITYKIOH dyHKImu f(x)
B N-MEPHOM eBKJIn0BOM npocrpancrse E,. Or dbysxuuu f(x) mbr ze Gy-
JeM TpebOBaTh HEIPEePbIBHOCTH IIPOM3BOAHBIX 10 HAIPABJIEHUIO, IOITOMY
BMECTO II0JIsk TPAJUEHTOB HaM IIPUIETCS PACCMATPUBATDL €0 aHAJOr — IIOJIe
0GOOIIEHHBIX TPAJNEHTOB [2], T. €. COBOKYITHOCTh BEKTOPOB § (Zq), 0biama-
IOIIAX CIIeAYIOIAM CBOHCTBOM:

f(@) = f(zo) = (9 (20) , 7 — 20).

[Tycrb equucrBennblii MunuMyM Gyukuuu f () gocruraercs B Touke * = 0
u f(z*) = 0. Ecim f(z) # 0, o nosepxuocru f(z) = ¢ > 0 apiasiorcs
3aMKHYTBIMH U BBIMTYKJIBIMEH. [Ljist siro6oro ¢ > 0 n «, |a| = 1 Haiigyrcs
TOJIOKUTEBHbIE T, W £$ Takue, 9To

fEda) = f(~tla) =c

- o
«
O6osznauum t, + 1% gepes t&.  max —tgz = k(c) Ha30BEM JOKAJbHBIM
loa|=]az|=1 Tc

K03 PUIIEHTOM OBPazKHOCTH, k = lim0 sup k(c) — koapduuuent opax-
e—=+0 c<¢

nvocru. Eciu k = 400, 10 dyukuus f(x) Ha3bIBaeTCs CyLMIECTBEHHO OBPAXK-
HOTA.

U3 paborsl [2] sicHO, 4TO CKOPOCTH CXOAUMOCTH 0BOBIIEHHOTO TPAINEHT-
HOTO CITyCKa, €CJIM BCs TPAEKTODHs CIycKa TMpoxomut B obmacru f(z) < ¢

MOKET OBITh JINHEHHOW C MOKa3aTesem \/ 1 — [sup,<.k(r)]?/sup,<. k(r),

ecim sup,.«, k(r) < co. Ecim dbyukuus f(x) sBisiercst CymecTBEHHO OBpaXK-
HOM, TO OOBITHBIIH 0DOOITEHHBIH TPAIUEHTHBIN CIIYyCK HE FapaHTUPYET IaKe
JINHEHHOM CKOPOCTH CXOAMMOCTH C [MOKA3aTeseM, MPOU3BOIHHO OJU3KUM K
eJINHUIIE.



B 10 ke Bpems CyIecTBeHHO OBpayKHbIe (DYHKIIAN HE SBIISTIOTCS B KAKOM-
TO CMBICJIE MATOJOTMYECKUMHU, TTPAKTUIECKU PEIKO BeTpedaromumucs. Oco-
OGEHHO €CTEeCTBEHHO OHW MOSBJIAIOTCS B 33/a9aX MUHMMAKCHOrO Tuna. Kak
nokaspiBaer npumep f(z) = max [mQ +y? (r —1)%+ yz], B 3THX 3aJa9aX
CYIIIECTBEHHAsI OBPAYKHOCTD SIBJISIETCS CKOPEe He MCKJIIOYeHUEM, & TTPABUIIOM.

B cBs3u ¢ 3TMM TOSTyYeHE BHICOKOM TOYHOCTH MUHUMUI3AINN B 331a9aX
MUHAMAKCHOTO THUIIA MPEJICTABISET 3HAYUTEIbHBIE TPYIHOCTH.

Meropr perneHnst 38189 OBPayKHOTO THIIA, OTIMCAHHBIE B JuTeparype [1],
OOBIYHO OCHOBBIBAIOTCS HA CIEAYIOIIEH njee: pacCMaTPUBas HEKOTOPDI OT-
PE30K MUHUMHU3UPYEMO#l OCIeI0BATEIbHOCTH, HYKHO OIPEETUTh HAIIPAB-
JIEHUE «BJ0JIb OBPAray» U B 9TOM HAIIPABJIEHUH [IBUTATHCS C OOJIBIITIM IIIATOM.

IIpenmaraembrii HEUXKe METOJ, OCHOBAH Ha APYTO# HIee, CYTh KOTOPOit
CBOIMTCSA K TOMY, 9TODBI CIE/IaTh Mpeodpa30oBaHus MpOCTPAaHCTBA, Fp,, Ha-
MTPABJIEHHBIE HA YMEHBIIEHNE JIOKAJbHBIX KOIMDDUIMEHTOB OBPAXKHOCTH.

[Tnoxast cX0AUMOCTDH IPAIUEHTHBIX METOIOB [IJIsi OBPAYKHOTO THUIIA, 00y C-
JIOBJIEHA T€M, 4TO HAllPaBJeHue rpaauenta (000BIEHHOro rpauenTa) 00bIY-

m
HO 00pa3yeT yroJ, OJIu3Kui K 5 C HAITpaBJIeHNeM «pyciay obpara. [loaTomy

MbI MPUHSIA B KAYECTBE MOAXOAAIIEH HTPOIEeayphl MpeobpazoBaHue Mpo-
crpancTBa F,,, pacTsaKeHne 3TOro MPOCTPAHCTBA B HAIPABICHUH 0DOOIIECH-
HOTro rpaauenTa GbyHKuun f(x), B3ITOr0 B pACCMaTPUBAEMOIl TOUYKE.

2. Omneparop pacTsaKeHus ITPOCTPAHCTBA

[Tycrs 3anan BekTop € € Ey, ||€|| = 1 1 gucno « > 0. Banuiiem passoxkenue
TTPOM3BOJILHOTO BeKTOpa X € F,, B ClemyromemM Buse:

X = e(a) - € + de(a),

npuiaem (€, de(z)) = 0. Torma omepaTopoM pacTsiKeHUs B HAIPABICHAH &
¢ koadduirenToM o HazoBeM oneparop R, (§), MefCcTBYONIHi coeIyonmm
obpazoMm:

Ro(§)X = aye(x)€ + de(x).
Jlerko Buzerh, 9ro Rop(§) = Ra(§)Rp(€). B wacrHOCTH,

R(y(g)Rl/a(g) = Rl(g) =F.

[Tycrs KOOpAUHATHI BEKTOpaA £ B HEKOTOPO# OPTOHOPMUPOBAHHOM CHUCTE-
M€ KOOPJIUHAT, OIIPEIETsIeMOi OPTAMH €1, . . . , €y, PABHBI &1, . .., &y, Torma B



9TOI crucTeMe KOODIMHAT Mpeobpas3oBaHuio R, (£) cOOTBETCTBYeT MaTpuUIa,
B, (&) ¢ amemenramu b;;, OIpeneIsieMbIME IO CJIELYIOMUM (hOPMyIIaM:

b (a—1)&& nna i # j;
T 1+ (a-1)E mna Q=

Bamerum, 4ro npuMeneHue Marpuilbl By (£) K IPOU3BOIBLHOMY BEKTODY
x = (x1,...,2T,) TPEOyET BCEro 3n omepanuil yMHOKEHWS U &2 3n oneparmit
CJIOYKEHUS U BBIYUTAHUSA. ¥ MHOKEHUE MATPHUILI HA MATpuIlly B, (£) Tpebyer
nopsaaKa cn’? omepayil YMHOMKEHUS, CJIOKEHUS W BLITHTAHIA.

IIycrb 3agana &byskuus f(z) u 3agaH0 JsuHeiiHoe npeobpasoBaHue
y = Az. Pacemorpum f xax dbynxmmio ot y: x = A~ ly; f(z) = f(A™y).
IIycre g(xg) — obobImenHbIi rpaauent dbyskumu f(z) B TOUKe & = Xg, T. €.

f(@) = f(wo) = (g(x0), & — o),

F(A™YY) = F(A™ o) = (9(x0), A (y — o)) = (A7) 7" (w0),y — o) -

Orciona, s ¢(y) = f(A™1y),

e(y) - e(yo) = ((A")""g(x0).y — wo) - (1)

Takum o6pazom, 06001eHH b rpajuenT K GyHKIuu ¢(y) B TOUKE Y = Yo pa-
er (A*) ' G(z0), rae xo= A" yo. opmyina (1) 1aeT HAM BO3MOKHOCTD BbI-
9UCIUTDL OOOOIEHHBIN rpaaneHT (PYHKINN, MOMYIeHHON B PE3y/IbTATE JIH-
HEHHOTO MPeodpPa30BaHNs APT'YMEHTOB, He TPe0dpa3ys BUIA UCXOIHON hyHK-
. 3amermm, aro ect A = ByBy_1... By, 10 A' = B;'... B! B, .

Taxum o6pa3om, MbI OYIEM PACCMATPUBATH KJIACC AJITOPUTMOB CJIEIyI0-
IIIEr0 BUIA!

0-ii mar. 3agaeMcs HadajbHBIM LPUOJIMKEHUEM T U MaTpuueit
Ao = Aal = E; f({E) = fo({E)

k-# mar. Beranciensr $k—17A;Z,11- Haxomum Gy, (zk—1), G, (Ak—12) =
= (A”‘),;_l1 Gy (k1) =nmi (31ecw fi (2) = f(A;',2)). Barem BbramcseMm:

& = ne/llnkll;
zp = g1 — A P
B,' = B.'(&) = Bijay, (&);

At = AL BLNE) = AL Bije, (6



hj ¥ () — TOJIOKUTEJIbHBIE KOHCTAHTHL.

Paznmuuanbie monudukaimm ajaroputMa OyIayT OTJIAYATHCSI APYT OT IPY-
ra crmocoboM BHIOOpA MOCTIEeIOBATEILHOCTH hy, 1 ar. BoOOIIE rOBOpst, MOXKHO
paccMarpuBaTh 0ojiee OOIIUil KJIacC aJIrOPUTMOB, B KOTOPOM OMEPATOP IO~
CJIETOBATEILHOCTHA Bj MOMXKET OTITHYAThCS OT OIEPATOPa PACTIKEHHS, HO B
JAHHOHA CTaThbe MBI OTPAHMYMAMCS TOJIHKO PACCMOTPEHHEM OIIEPATOPOB Pac-
TA>KEHUA.

3. Hekotopsble ycjioBUd CXOANMOCTH METO/Ia
pacTsa>KeHus MPOCTPaHCTBA

15 BBIBO/IA yCJIOBHIT CXOAMMOCTH METO/Ia PACTSKEHUsI TPOCTPAHCTBA BBE-
J€eM HEKOTODbIe OIIpe/ieIeHud.

Omnpenenenne 1. Hasosem R-onepamopom onepamop, asaa0wuiicsa npo-
u3eedenuem ONepamopos PaCMANCERUA NPOCMPAHCMEE, M. €. ONEePEMOop
caedyrousezo suda:

A= Rozm (gm) : Roém—l (fm—l) T ROél (51) .

R*-onepamop — smo R-onepamop, y xomopozo a; > 1, i =1,...,m.
R~ -onepamop — amo R-onepamop, y komopozo o; <1, i=1,... ,m.
Omupegenenne 2. Kosppuyuenmom A — pacwupenus eexmopa x 7% 0 6y-
dem Ha3bl8amsd CALIYIULLE YUCO:

Ax
s = Al

Jlemma 1. Ecau A — R*-onepamop (R~ -onepamop), mo das eécex x # 0
Ka(z) >1 (Ka(z) <1).

HoxkazareabcrsBo. Ilycts a > 1.

[ R (&) 2| \/||0N£(90)3?||2 + |lde(@)]* =

Y

\/||’Y£($)$||2 + |lde(@)]* = ll]l.

Orciona,

[ Ra () 2|
I

z|



Ecimm A — RT-oneparop, 10 A = R, () ... Ra, (£1), mpuyem a; > 1,

t=1,....,m
|| Az Ak
[l H s [Ag—1z]”
rae Ak:Rak (fk)"'Ral (fl)a k=1,...,m; Ao=F.
o o A oy (60 Al |l
(| A—1]] (| Ap—1|] ]

s R~ -omepaTopoB J0Ka3aTeIbCTBO JIEMMbI aHAJIOTTIHOE.

Jlemma 2. ITycmo A — npouseoavhoill Aunetinbil onepamop, z = ax + By,

npusem T uy — aunetino nesasucumo, ||| = |lyll =1, |a|+ |08 = 1. Tozda
42 _ VEmax(Kae). Ka(y)
52— 1—(z,y)]
Jloka3aTesabCcTBO.
[Az] = lladz + BAy| < o] Ka(@)llz] + |51Ka(y) Iyl <
< (laf +18]) max(Ka(x), Ka(y)) = max(Ka(z), Ka(y)),

121l laz + Byl = Vo2 + 32 +2a 3 (z,y).

Haiizem min(a? + 32 + 2 a8 (z,y)) npu yciosuu |of + |3] = 1. Ogesusmno,
YTO MUHUMYM OyIeT JOCTUIHYT NPU TAKUX 3HAUCHUAX (v U [3, TIPU KOTOPBIX
af(z,y) < 0. osromy myxuo Munumusuposath |o|?+ |32 =2 |a| |B] |(x,y)]

upu yciosuu |af + |G| = 1. HecnoyKan‘/’I [OZICYeT [OKA3bIBAET, YTO MU-
1 1 - [(z,9)]
HUMYM JocTuraercs npu |o| = |B] = = u paseH 5 . Orcrona,
1—|(z A K K
> YA ) L1 VEmax(a) K (1))

Il 1= [(z,y)]

Omnpegenenne 3. ITycmo 3adano muoocecmso ¥ = {A,} aunetinwz one-
pamopos. Bexkmop x # 0 nazosem X-0cobvim, ecau

sup Ky (r) < oco.

A,ex
JIemma 3. Cosoxynnocmov Y-ocobwz eexmopos u eexmop 0 obpasyrom au-
Hednoe nodnpocmparcmeo npocmparcmsa E,, komopoe mv, 6ydem 0603na-
yamdv .



JoxkazareabcTBo. O003HAYNM MHOXKECTBO X-OCOOBIX BEKTOPOB depe3 M.
Ecim x € My, Ton ax € My, (a#0). Ecmz € My ny € My uz = by
pu Jiobom b, To x + y € My, 9ro BugHO u3 jemmbl 2. Orcooga creayer
YTBEpIK/IEHHUE JIEMMBI 3.

Omnpenenenne 4. Hasosem kospduyuenmom 066emHo20 pacusuperss noo-
npocmparcmea Fy, nod deticmeuem onepamopa A ommoweHnue Heopuermu-
posannozo obsema muoocecmsa {y @ Ax = y; © € Si} x obsemy Sy, 2de
Sk — cepa edunuwHo20 paduyca, COOMBEMCMBYNULE20 TLOINPOCTPAIHCINEY.
Imom xoafpuyuenm obosnavum Vs (Ey).

Jlemma 4. Kosppuyuenm obsemnozo pacuwuperus noonpocmpancmea Ey
nod deticmeuem onepamopa Ro, (€), ||€]| = 1 pasen /1 + (a2 — 1) [[¢]|?, 2de
1 — npoexyua sexmopa £ Ha noonpocmparcmeo Ey.

Jloka3aTeanLCcTBO JIEMMBI CJIEAYET U3 OUEBHUIHBIX M€OMETPHIECKHX CO00-
paKeHuii.

Teopema 1. ITycmov ewnykasan dynkyus f(x) docmuzaem munumyma 6
mouke 0 U NPU NPUMEHEHUY  AA20PUMME  PACTANCEHUA NPOCTMPAHCMGA
(em. emp. 52) ap, > 1+¢€, k=1,2,... u nocaedosamensvrocms {xy} obaada-
em caedyrouum ceoticmeom: | Arxy| <c, k=0,1,..., ede ¢ — nexomopas
konemanma. Tozda klim f(zx) = f(0).

— 00

HoxkasaresbcrBo. 113 Toro, uro ||Agzy| < ¢ crenyer, uro ||| < c. Cre-
JIOBaTEIbHO, 3TA MOCIEI0BATEIHHOCTh UMeeT TOUKN crymennd. [Iycrs ¥ —
MHOXKecTBO oneparopoB {Ay}. Ex — MOAMPOCTPAHCTBO OCOOBIX BEKTOPOB
MHOXKecTBa Y. Koapdurumenr o0beMHOTO PACHINPEHHS TOAIPOCTPAHCTBA
Es, orpaanven. OTCona BRITEKAET B CHITy JeMMBI 4 u cBoiicTBa o > 1+ ¢,
YTO MPOEKIUST BEKTOPA & HA MOAMPOCTPAHCTBO Ay Es; CTpeMUTCA K HYIIIO,
T. €. MIPOM3BOHBIE M0 HAIPABJICHUIO, JIEXKAIIEMY B MOAIpPOCTpancTee Ag By
or dynkmn ¢ (y) = f (A™'z) crpemsaTes k mymo.

C mpyroii CTOPOHBI, BCE TOYKH CUYIIEHUS MOCIEIOBATETHLHOCTH 1T} }
JIOTZKHBI JIEZKATH B TOANPOCTPAHCTBE E;, T.K. B IPOTUBHOM CITy9Yae HE BbI-
nosusiock 6bl |Axzk|| < ¢ mag Becex xy. Ilycrs T — rouka cryiuenus, u
f(®) # £(0). {z}} — HekoTOpast MOAMIOCIEAOBATEIHHOCTD IOCIEIOBATEILHO-
crn {x}, cxomsmascs K T.

Hanee, f(z}) — f(z; —7) < ¢ - ||Z||, tne ¢} — nponssomaas B HATTPaBIE-
HUM, OIIPEAENAEMOM BEKTOPOM T B Touke I;. Ho n3 ckasanuoro Bbime, sta
npousBogHas crpemures K 0. Orciona,

f@}) < f(zi —%) +6;, rmed; — 0.



[Iepeitnem k pemeny mpu ¢ — oo. [Homyanm

lim f(z7) = f(@) < £(0), e f(@)=f(0)

11— 00

JlokazareabCTBO TEOpeMbl 1 3aBepIIeHo.

Huske MBI pacCMOTPUM CITOCOOBI PErYJTUPOBKHU ITAra, U BHIOOPA TIOCIIEI0-
BaresbHOCTH KO3 duimenra pacimpenns {ay, }, 06ecreqnBalonie yciIoBus
TeopeMbl 1 s MMPOKOro Kiacca BHIMYKIIbIX dbyukuuii f(x). IIpu 310M MBI
OyzeM mpernoaraTb, 9T0 HAM 3apaHee U3BECTHO 3HaYeHue (DYHKIIUU B TOU-
K€ MUHUMyMa T = 2* u 6e3 morepu obmHOCcTH OymeM caurarh, 9to =¥ = 0

u f(z*)=0.

Teopema 2. ITycmo ewnykaas Gynxyua f(x) docmuzaem c60e20 MuHuMY-
ma 6 mouke x =0 u f(z) = 0. Bubepem Ha%aisvHyo Mmowky To U NYcmv 6
oxpecmnocmu ||z|| < ||zol]  f(x) obradaem caedyrouum ceoticmeom:

Nf@) < |fel -zl < Mf(x), (2)

2de M, N — nexomopouie nososfcumensvhve KoRcmarnmaol, fr — 0006uernnas
npoudeodnas no wanpasienuro xr 6 mouke x. Tozda, ecau mov. 8 memode
PACTANACEHUA TPOCTPAHCMEa 6ydem 6bOUPAH® Wa2

he =~f (@e—1) /e (ze-D)Il, v =2MN/(M + N)

(M — sHauenue 0600weHH020 2PaduUEnMa 6 PACTAHYMOM NPOCMPAHCMEE), G
koapuyuenm pacmasicenus, o, = (M + N)/(M — N), mo nocaedosamens-
nocmo {ri} = {||Arxk||} Oydem eospacmarowei.

IIpumeuanue. lis 410600 6vinyksol Gynryuy N MOKHCHO 6bl0UPAML He
menvwe 1.

,Z[OKaBaTeﬂbCTBO.
|Arzr))* = || Ra (&) Ak—12k > = | Ray, (&) Ak—126-1 — Ra (&) hiei]|* =

(Arormi1,6)°
| Ag—r1x—1|
~2(Ray, (&) Ak—124—1, arhiéy) + aihi =
= [ Arrze 1P+ (0f = 1) (Ar121, &) 203 hy (A 121, &) +aihi =

= | Ar1zp P+ B (Ap1mr1, &) — ha)? — (Aprzi_1,60)° . (3)

=1+ (a; —1) [



f/, Az A 1z
Hanee, (Ag_17x5_1,E) = H i1 (Ak 1|n1;)”H | As_ 18]

3 HepaseHcrBa (2) nmeeM :

Mh Nh
£ > (Ap1mio1, &) > Tk (4)

Paccmorpum 2 ciaydas :

1) (Ak_lxk_l,gk) > hk. Toma: nu3 hk > 7 (Ak_lxk_l,fk)

M )

(Ap—12—-1,&k) ? _
M

o [(Ap—1zp-1,6) — hi)® < a? [(Ak—lxk—lafk) ~ 2

T (M-N)?

U3 (3) umeem: || Apze|® < |Ar_1zr_1]°.

9 2
ey [ - %} (Ak—1$k71,§k)2 = (Akflxkfl’gk)Q'

2) (Ar—izp—1,&) < hg.

Ag_17p—
3 mepasencrBa (4) nmeeM : hy, < 7 (Ak-1e-1, &)

N )

2 2 2 v (Ap_1zr_1,&) ] _
o [(As—12r—1,8k—1) — hi]” < o [(Ar—12p—1,&k) — N =

2 2
(M + N) [ OMN ] ) )
=—" |1l - —— | (Ap_17p = (Ap_178_ )
(- N)? M+ NN (Ap—1Tp—1,&k)" = (Ap—121-1, &)
Orciona || Apzr||® < | Ap—125-1].
AHamu3 3THX CIy4YaeB OKA3LIBAET, YTO BCErIa ||Akxk|\2 <
< ||Ak,1xk,1||2, 4TO I TPeGOBAIOCH TOKA3ATh.

4. YHwucjaeHHBIE SKCIIEPUMEHTHI

g 9BM «M-220» 6buta pazpaboTaHa UCCIeI0BATEIbCKAS IPOrPAMMA, C
MTOMOIIIBIO KOTOPOit 0TPpabATHIBAIUCH PA3TUIHBIE MOIU(PUKAIIUN METO/IA PAC-
TSIYKEHUsI TPOCTPAHCTBA.

1 moaudukanuga. hy = h = const; ap = a = const.

Ipumep 1. f(x) = 2? +4023. HauambHoe MpubIHKEHNE: mgo) =1;
o) =1 h=1.



5
a) a= 3’ 20-s1 urepanus: x(lzo) =0,0023; x(220) = 0,00026.
100
6) a= 5. 25 wrepanus: 2% = 0,000018;  2{** = 0,000026.
5
Ipumep 2. f(z) =23 + |22]3; xgo) =1; xgo) =1;, h=1, a= 3"
(40) (40)

ITocne 40 nrepanuii: z; ° = 0,0000044; x5 = 0,000127.

Ipumep 3. f(r) = max{z?+z3; 10[(x1—1)%+z3]}; mgo) =0; mgo) =1
h =1, a =2 Iocre 23 urepanuit: z\*> = 0,75986; =5**) = 0,0051986.
Ucrnnnpnit munumym: z] = 0, 7598; x5 =0.

Ipumep 4. f(z) = z? + 1022 + 3022 + 5022 + 9022 + 10023;
2= (1,1,1,1,1,1); h =1, a = 2. ITocae 100 uTeparmmit:

A0 = —1.42.1075; 209 = —2,48.106; 2{"°” =3,23.10";

JU4(1100) —2,34-1076; xgloo) = —5,8-1078; méIOO) =1,08-1076.

Ora xe PYHKIHUSA ONTUMU3UPOBATIACH TIPU TOM K€ HAYAJTLHOM MpubJIiu-
KeHnn, o = 2, HO hj BBIOHpaach mo opmyie:

_2f (xk)
k= .
(72 I

ITocne 50 ureparnuit moyInIN:
2P =1,84.107%  20Y =321.10710 20V =1,6-1071;

J34(150) —3,81-10710; méso) = 8,52 10711 J55350) = 7,87-10"1.

5
[Ipubsu3uTenbHO TaKWE )Ke Pe3yIHTATHI MOy YUIUCH TIPU (v = 3 3a 60 ure-
pauuii.
Hawnbosiee mHTEpECHBIM MIPUMEPOM 11 AITPOOHUPOBAHUS JAHHOTO METOIa,

ObLITa, CJIEIYIONAsT 3a7a4A.
Pemmmts cucremy 3-x ypaBHEHUiT ¢ 3-Ms HEM3BECTHBIMU:

Si=x1+x9+23—1=0
Sy = 0,522 + 0,223 + 0,522 — 23 +0,5=0
53:x1+x2+0,5x§—0,5:0.

Kak m3BecTHO, 3Ta 3a7a4a 3KBUBAJCHTHA TAKOH 3aJade: MUHUMHU3HPOBATD
3
bynknuio @ = >0 | S? uaum aHANIOMMYHO: MHHUMU3HUPOBATH (yHKIHIO
p=maxS? (i=1,2,3). Muaumywm 3T0ft GyHKIME CYIIECTBYET U PABHSA-
1
ercs 0. KoopauuaThl TOYKH, B KOTOPO# JIOCTUTAETCS MUHUMYM (DYHKIUA (0,
ABJIAIOTCA PEIICHUEM JAHHOH CHCTEMBL.



OyHKIWSA (¢ MUHUMU3UPOBAJIACH [TPU TIEPEMEHHOM fi, IEPEMEHHOM U TIO-

0 0 0
CTOAHHOM (¢ ¥ Ha4aJbHbBIX yCIOBUAX x(l ) = 0,2; xé ) = 0,2; xé ) = 0,5.
To4uHOCTb PE3YIHTATOB JIOCTATOYHO BBHICOKA.
[Ipennaraercs: BHUMAHUIO OJIMH U3 BAPUAHTOB cueTa Ha JBM.
— 9 2
MuHUMU3UPOBATEL @ IPU ¥ = 3,0 U o =2; ¢ = m;*_ax St.

Pe3yabraThl maHbl B MPUTOKEHUH.
Kak BUHO U3 MPUBEIEHHBIX TPUMEPOB, MPEIArAEMbINH METO/T SIBJISIETCS
3P PEKTUBHBIM I/TsT MUHUMUBAMAN (PYHKIIUH «OBPAYKHOTO» THIIA.

ITPNJIO2KEHUWE

(I)yHKL[I/ISI QO = Imax S,LQ MI/IHI/IMI/I3I/IpOBaJIaCI) opu HaYaJIbHBIX ycﬂOBI/IHX
i=1,2,3

xﬁU) =0,2,

20 =02, 2V =05

Bpems munumusanuu: t &~ 1 cex. (6e3 neyaru).

Wcruanannt muanvyMm: ] = 0,

z5=0, x3=1.

Pesynabrarsr cuera (a =2, hy=3,5" T@x) ):
|||
Ne
urepa- 1 T2 T3
o
1 —2,34196905 - 102 1,78810362 - 10+ 9,41450773 - 10™*
2 —8,16830448 - 102 8,41567071 - 102 8,83365350 - 107+
3 —3,19177314 - 10~* 1,54071584 - 10~* 9,31868333 - 10+
4 —6, 39540071 - 1072 8,71700629 - 102 9,06798667 - 10"
5 —1, 46799376 - 1072 1,01292623 - 107! 9,65876271 - 107"
6 -5, 30606773 - 1072 3, 33666809 - 102 9,79782951 - 10"
7 —2,74751833 - 1072 | —7,79663206 - 10~ 1,13537478 - 10°
8 —2,48891073 - 102 3,08417906 - 10+ 7,32521830 - 10~*
9 —3,74401296 - 102 2,73236657 - 1072 1,00958546 - 10°
10 —2,86302821 - 1072 | —6,80732447 - 1073 1,00914536 - 10°
( npodossicernue caedyem,)




( npodonsicenue)

Ne
urepa- x2 T2 z3
1
11 —2,62364389 - 1072 | —6,90444696 - 1073 1,00992183 - 10°
12 —3,08415124 - 1073 | —5,05653411 - 107> 1,00778048 - 10°
13 —3,53400917 - 1073 | —1,01101322-107° 1,00481517 - 10°
14 —4,37964526 - 1073 | —3,87906298 - 10> 1,00029942 - 10°
15 —6,69755703 - 103 1,99772981 - 102 9,86871125 - 107!
16 —2,22250175 - 1073 1,01189804 - 102 1,01241284 - 10°
17 —4,61722055 - 1073 5, 76726461 - 1073 9,98830214 - 107+
18 —4,80155521 - 103 7,05823834 - 1073 9,97758124 - 10+
19 —4,34916597 - 103 3,98878782 - 1073 1,00035068 - 10°
20 —4,02906569 - 1073 1,87312521 -1072 1,00216320 - 10°
21 4,97682155 - 10~* —2,62913445 - 103 1,00213871 - 10°
22 —1,47189105 - 1073 3,75047645 - 1073 9,97721415 - 107!
23 2, 52797550 - 1073 —4,83942860 - 107* 9,97955756 - 10!
24 —7,20102717 - 10~* 2,25606586 - 1073 9,98463367 - 10!
25 8,83980114 - 1074 —2,34598877 - 10~* 9,99349147 - 107"
26 1,16860382 - 1073 —2,43455684 - 10~* 9,99075955 - 10~
27 2,63516281 - 1074 —2,09003892 - 10~* 9,99944715 - 107"
28 —2,71840906 - 10~* | —1,86175041 - 10~* 1,00045859 - 10°
29 7,40435296 - 1074 —2,27783026 - 1074 9,99481177 - 107!
30 —1,22790770 - 10~* 4,98292871 - 1074 9,99624297 - 107+
31 —1,57573533 - 10~* 7, 54403286 - 10~* 9,99403321 - 107+
32 —4, 38755065 - 107° | —8,17559547 - 107° 1,00012563 - 10°
33 —4,86606774-107° | —4,65926937 - 107° 1,00009523 - 10°

( npodosocenue caedyem,)




( npodossicerue)

Ne
urepa- x2 p) x3

1
34 —5,01445367 - 107° | —3,56555189 - 107° 1,00008581 - 10°
35 —6,32631989 - 10~° 6,07874988 - 107" 1,00000246 - 10°
36 —7,51153687 - 10~° 1,47949611 - 10~* 9,99927172 - 107!
37 —5,65799717 - 10° 1,16541053 - 10~° 1,00004492 - 10°
38 2,31719515 - 107° —6,70734832 - 107" 1,00004390 - 10°
39 —4,58273267 - 1075 1,42374285 - 1075 1,00003159 - 10°
40 4,91778943 - 1076 —2,46727375 -107° 1,00001975 - 10°
41 5,37726374 - 107° —2,96939818 - 10° 1,00002431 - 10°
42 3,45020334 - 10~° —8,62901495 - 10~° 1,00000517 - 10°
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Ncnoab3oBaHue onepanunl pacTaKeHus
IIPOCTPAHCTBA B 3aJa9aX MUHUMU3AIIN
BBIMYKJBIX (DYHKIMIit

H. 3. Illop
Kubepuemuxa. — 1970. — M 1. — C. 87-91.

1. Bseaenue

PaccMorpuM 3a7ady MUHUMM3AINK BRIMYKIOH GyHKunm f (), onpeneneH-
HOIT Ha, BCEM N-MEPHOM €BKJIHI0BOM IpocTpancTse F,. IIpu atom or dyHK-
uuu f(z) ve Gynem TpebOBATH HELPEPBHIBHOCTH [IPOM3BOAHBIX 110 HAIIPABJIE-
HUIO. B 9THX yC/I0BUSX, KAK W3BECTHO, OOBIYHBIE TPAJUEHTHBIE METOIbI WJIN
METO/IbI TTOKOOPINHATHOIO CITyCKa He pabOTaloT, W MPUXOJAUTCS HUCIOJIb30-
BaTh MeTOJ 000DIIEHHOTO TPAIMEHTHOTO CITYCKa, [2], KOTOPBI# cXoauTCst Mpy
OIIPEeIETEHHO PEry/IMpOBKe Iara Jjis MPOU3BOIbHON BBIMYKJIONH (DYHKIAN
f(x), umeromeit Mmunumym. OnHAKO, €C/IM MCHOJIB30BATH YHUBEPCAJIbHBII
o0
crocob peryaupoBKH Imara, T. €. TpeboBaTh, 9YTo0bI » | hy = 0o u hy — 0,

k=1
rae hy — JJiMHA TPUPAINeHusl BEKTOPa-apryMenTta Ha k-oMm 1mare, TO CKO-

POCTh CXOAMMOCTH IIOJIy4aeTcs BecbMa MeayienHoit. B pabore [3] nokaszauo,
YTO [PU OIPEJEJICHHBIX OIPAHUYEHHAX, HAKJIA/IbIBaeMbIX Ha f (), upu mo-
MOIIH CIEeNHATHHOTO CIIocoba PEryIupOBKHU Iara MOYKHO JTOOUTHCS CXOMM-
MOCTH ODOOIIEHHOTO MPAUEHTHOTO CIIYCKa CO CKOPOCTHIO MeOMETPHIECKOi
nporpeccun. Todnee, ecim Buimykias Gyskiys f(z) mocTuraer cBOero Mu-
HUMYyMa B TOYKe T*, 1 MbI BLIOpAIN HAYATILHOE IPUOINKEHNE L) U HATAID-
HbLl war hy TaKEM 06pa30M, U4TO CYLIECTBYeT o > /2 Takoe, 4ro:

D) lzo —a*|| < hoo;
2) 1yis IPOM3BOJIBHOM NAPLL T,y TaKOM, 4TO
f@)=fly) # (@), e —a"|| < hoos  [ly —y7[| < hoo,

[l — =

BBITIOTHSIETCS HEPABEHCTBO < 0, TO, BBIOMpAas mar B MeToe 0600-

ly — vl
Vo2 =
o 1
IIEHHOI'O0 T'PAJMEHTHOr0 ciycka mo dopwmyne hiy) = hy———, moury-
o

YUM CXOJMILyIoCs mnocsenoBarenbHocrb {xr}, k = 0,1,2,...; upu s1om



|lzx — 2*|| < hro. Ha mpakTuke o MOMKET OKa3aThCsl IOBOJBHO GONBITAM
YWCJIOM, TIPH ITOM 3HAMEHATETH T€OMETPUIECKON TMPOTPECCHH OKA3BIBAET-
ca GIM3KMM K €IMHWIE U CKOPOCTh CXOQMMOCTH MeJeHHOi. Bosee Toro,
JUtst HeKOTOPBIX f(x) BoOBIe HEBO3MOKHO OA00PATh 0 < 00, YIOBJIETBO-
pAIOIIee BBIIE NPUBEACHHBIM ycaoBuaM. Takue pyHkuun OyaeM HA3BIBATDH
CYIIECTBEHHO OBPA’KHBIMU.

Cresryer OTMETHTD, 9TO CYIECTBEHHO OBPAKHDIE (DYHKIINN BCTPETAIOTCS
HA MPAKTUKE BEChMA 9aCTO, OCOOEHHO B HETMHEHHBIX 38/1a9aX MUHUMAKCHO-
ro tuma. Hanpumep, pyHkins

f(z1,22) = max [m% + x%, (x1 — 1)2 + :C%]

SIBJISIETCSI CYIIECTBEHHO OBPaXKHOM. I3 BBIIE CKA3aHHOIO BHIHO, KaKOe
0OJTbIITOE 3HAYEHNE UMEET YCKOPEHHe CXOINMOCTH MEeTO1a 000DIIEHHOrO rpa-
JUEHTHOT'O CHyCKa.

Hwxe Oyner u3/mokeH METON, MUHUMU3AINY BBITYKJIbIX (DYHKIWIA, TTPE/I-
CTABJISIONIV OO0 KOMOMHAIMIO MEeTO 1A OOOOITIEHHOTO I'PAINEHTHOTO CITYC-
Ka U mnpeobpas3oBaHusl IPOCTPAHCTBA apryMeHToB. Kak mokasaJu Teope-
TUYECKHEe HCCAeJOBaHHA W YHUCJICHHbIEC 3KCIEPHUMEHTbI, 3TOT METO/, JIMIIb
HE3HAYUTE/LHO OTJIMYASACh 10 CJIOKHOCTH OT ODOOIIEHHOIO paJueHTHOrO
crycka, 06J1a1aer OONbITUMEI TTPEUMYIIECTBAMY 10 CPABHEHUIO C HUM B CKO-
POCTHU CXOIUMOCTH.

2. Bpruucienme o600IIEeHHOTO TPAANEHTA
byHKIIMN NpyU JUHEHHOM ITpeodpa30BaHUN
IIPOCTPAHCTBA apryMeHTOB

O60611eHHBIM IPAJIMEHTOM BbINYKJIOH GyHkimu f(z) B TOUYKe T Ha3bIBaeT-
s BEKTOP G (o), YILOBIETBOPSIOMIMIL CIIEIYIOMEMY HEPABEBCTBY IS IIPO-
W3BOJILHOTO T € F):

f(z) = f(zo) > (gr(x0),x — 20) - (1)

ITycTs mpom3seneHo HEOCODEHHOE JTMHENHOE TTPEOOPA3OBAHNE TPOCTPAH-
crBa E,, oupenessiemoe oneparopom A:

y=Ar; xz=A"ly.

Paccmorpum yuKImio



®yukims ¢(y) sBIseTcs BHIMYKIOH. B camoM 1ere, s TPOU3BOIBHBIX
af=20, atf=1

o (ay1 + By2) = f (@A™ g + BA ) <
<af (A7) + Bf (A7 y2) = ap(yr) + Belys).

Boruuciium 06001mennbiii rpaauent dyskimn ¢(y) B TOUKe yo = Axg:
e(y) = elyo) = F (A7y) = F (A7 yo) >
> (97(w0), A7y — o)) = ((A) "¢ (20),y — v0) -

A* — oneparop, coupsikennbiii A. Takum obpasom,

p(y) = e(yo) = ((A")'gs(20),y — wo) - (2)

Cpasrmsas bopmyssr (2) u (1), nomyaaem, aro (A*)~1gs(z¢) aBnsercs
06001meHHBIM TpaaneHToM byHKIMY ¢(y) B TOUKe Yo = Axg.

Ge(o) = (A) ' Gr(wo);  x0= A"y (3)

Tax Kak 0DOOIIEHHBIH IPAIUEHT B 33TaHHON TOUKE OMPEIeIsIeTCsT HEOTHO-
3HAYHO, TO PABEHCTBO (3) Cieyer MOHMMATDH CJIELYIOIUM 00pPa30M: MEK Ly
MHOKeCTBaMU 0DODIIEHHBIX IPanueHToB { g, (Yo)} u {Gf(20)} MoxHO ycTa-
HOBUTH TAKOE B3AUMHO OJHO3HAYHOE COOTBETCTBHE, YTO OY/LYT BHIMOJHATECSA
paBeHcTBa (3). @opMyiIb (3) TO3BOJSIOT BHIYUCIATH OOOOIIEHHBI IPAIUEHT

byuxImn O(x).

3. OmnepaTopbl pacTsa>kKeHUs ITPOCTPAHCTBA

[Tycrs 3aman BekTOp & € Ey, ||€]| = 1, n uncimo a > 0. Kaxzprii BekTop
r € F, 0IHO3HAYHO MPEJICTAaBUM B CJETYIONIEM BHUJIE:
=7 (z) {4+ de(x), (€ de(x)) =0. (4)

Omnpegenenne 1. Oneparopom pacrszkenus B Harnpasjiaenuu & ¢ Koaddu-
[MEHTOM (¢ Ha30BeM oneparop R, (§), meficTByomuii cienyonmm o6pasom
HA BEKTOD &, IPEJICTaBIeHHbIi B dhopme (4):

Ro(§)z = ave(x) - § + de(2). (5)

W3 sToro omnpenesienus cpasy ciaemyer:



1) Raﬁ(f) = Ra(f) 'Rﬁ(f);

2) Ro(§)-Rija(§) = Ri(§) = E.

3ameuanue. Oneparop pacrskerus ¢ o < 1 Mbl 6y/IeM MHOTA HA3BIBATH
OTIEPATOPOM CIKATHS.

IIycTh KOOpAMHATHI BeKTOpa £ B HEKOTOPOI OPTOHOPMHUPOBAHO# CHCTEME
koopammar pasubr &) €™ Torma B 910ii cHCTEMe KOOPAMHAT MPeos-
pazoBanuio R, (§) coorsercrByer Marpuna Rq () ¢ smemenramu {r;;}, BbI-
YUCIAEMBIME TT0 CIeAYIOmuM (opmyram:

(= 1EW-€D ama i # jj ©)
T = ,
YO a=DED)2+1 amm i =

BameruM, 94TO yMHOKEHUE MATPUIBl R, (£) Ha BeKTOp TpebyeT mopsijika cn
ornepaluii YMHOXKEHUS, CJIOXKEHUs W BblYMTaHWs, a yMHOxkenue R, (£) Ha
Marpuily Tpebyer mopsanka cn’ apudMeTHUecKuX Oeparmii.

Onpepenenne 2. KoaddunrmerTom 0O6HEMHOTO paCITUPEHUsT TOMITPO-
crpancrBa R,, C F, mox Bo3xeiicreuem omeparopa A nasosem VG, rie
G — onpepenurens ['paMa, MOCTPOEHHBIN HA BEKTOPAX 071, . . . , Oy, 0; = Aey,
t=1,...,m, {e;} — opronopmupoBaHHbIil 6a3UC NOAUPOCTPAHCTBA Ry, .
9ror K03 durment Gyaem oboznadars vg,, - (A).

13 cBoiicTB onpenenurend I'pama caeayioT yTBEPKICHUSA:

1) wgr, (A142) =va,r, (A1) - VR, (A2); (7)
2) g, (Ra(§)) = a; (8)
3) R, (Ra(§) =1+ (a2 = 1)[[0[?, 9)

TJIe 1 — MPOEKIINSA BEeKTOpa & Ha, MOANPOCTPAHCTBO R, ;
4) nycrb R,,_,;, — OPTOroHAJIBHOE JOIOJIHEHUE POCTPAHCTBA R,y B Ey

TOrIA
UR,, (Ra(§)) - VR, . (Ra(§)) = o (10)

u3 (9) BBITEKAET BAXKHOE CIIEJCTBHE —

5) ecin a > 1, 10 vR,, (Ra(§)) > 1 s mpou3BoibHOTO Ry,.



4. OO0O0OIIEeHHBII rPAaANEHTHBIN CITYCK
C pacTa>kKeHUEM ITPOCTPAHCTBA

Huzke MBI paccMOTPUM KJIACC AJITOPATMOB MUHUMUBAIIAN BBITYKJIBIX (DYHK-
i, Ha KayKJOM II1are KOTOPBIX JBUKEHUE B HAIIPABJIEHUU 000DIIEHHOrO aH-
TUrPAIUEHTA OYJeT COYeTATHCS C OIEPAIInell PACTIKEHUS TPOCTPAHCTBA ap-
IYMEHTOB B HAITPABJIEHUN 0O0OIIEHHOrO MPAIHEHTa,. AJITOPUTMBI 3TOIO KJIac-
ca MbI OyJeM HA3BIBATH AJTOPUTMAMEU ODOOIIEHHOTO T'PAIUEHTHOTO CITYCKA
¢ pacrszkeauem npocrpancTsa (cokpamientao OTCPII-ajaropurMbr).

I. dns 3apannoii Beinykioii bysxiuu f () uMeeTcs aaropuTM BbIYUCIIe-
Hus §f () B IPOU3BONBHOMN TOUKe © € E,,; 3a1aHbI OlepaToOpbI BHIUUCTIECHUS
nocJie1oBaTesbHOCTel mosioKuTesbubix yncea {hx} u {ax}, k=1,2,...

II. 0-ii mar aaropuTMa.
Bribupaem HauaabHOe IpubIMKeHne © = xo U Marpuny By = Ay L= F.

ITI. (k+ 1)-it mar amropurma. k =0,1,...

Brrancasem:
D gf(xr);
2) Yo (k) = Brgr(wk). (11)

IIpumeuanue. ¢ (y) = f(Bry); yr = Axxk.

_ /g\wc (yr) .
D8 = ol (12)
4)  higas
5)  artr;
6) i1 =r — Brhiy1&ey1s (13)
7) R;:H (fk+1) = Rl/ak+1(§k+1)§
8) Bry1=A; ;=B Rija,,, (&rr1)- (14)

Paznuanbte BapuanTsr anropurmoB OI'CPII 6yayT ornuaarses apyr ot apy-
ra crnocobamu BbIYUCIEHUs HOcaegaoBaresbHocreit {ay} u {hy}.

Teopema 1. [Tycmo 6 npouecce svnoanenus OI CPII ewnoanaromes cae-
dyrowgue yeaosus das k= 0,1,2,...:

inf ||A —x")|| < 1
_inf A — 2 <7 (15)



ap > 1+e, (16)

2de T U € — HEKOTOPbLE NOAOAHCUTNEAbHVLE KOHCaHmb, M™ — MmHootcecmso
mouex munumyma f(x), xomopoe npednosazaemcs ozpanuvennvm. Tozda

klingof(xk) = f(z*), z"e M.

JlokazaTesbcTBO. [l OKA3aTEIHCTBA BBEIEM HEKOTOPHIE OMTPEIETICHHS.
[Iycrp 3amano wmHONkectBO omeparopos I = {A,}. Ilommpocrpamcrso
R,, € E, mnazoBeM O0COObIM IO OTHOIIEHHUIO K MHOX)ecTBY I, ecsnm
Sup vg,, (Ay) < oo.

B nanbueiimem mog v, (A) Mbr OyaeM nmonuMarh vg, (A), roe Ry mopox-
JeHo BeKTopoMm x # (. JlokaxkeMm jemmy.

Jlemma. Ilycmov 3adanvr 2 AUHETHO HE3ABUCUMBLT 6EKMOPE T,Y, ONEPa-

A A
mop A u xospduyuenm pacmsasicenus vy (A) = |||;”H vy(A) = H“j'

Tozda cnpasediuso ciedyruwee HEPABEHCMEO AL NPOU3EOALHOZ0 BEKMOPG
z = ar+by, z#0:

_ VEmax (va(4), vy (4))

vy (A 17
=T A et "
oka3zaTesbCcTBO.
vo(a) = Az Tl ol A=) + Pl Ayl _
llaz + 0yl = \/a?[|2][2 + 2ab(w, y) + b2[[y]1?
(18)
[zl - ol + 1] - 1yl | - max (va (4), v, (4))
~ Va?[[z]? + 2ab]af[yl] cos(@y) + b2[[y[*
Haiizem vmmmvym seipaskennsi a2 [|z]|” + 2ab [|z]| - [|y]| cos e + b2 ||y||* mo
a,b, |||, |ly|| mpu orpanmvenuu |a| - ||z|| + |b] - |ly]| = ¢, toe ¢ > 0. Jlerko
BUJIETh, YTO 3TOT MUHUMYM mocruraercs mpu |al - [|z|| = [b] - ||y|| = 5 W mpn

2
abcosp < 0 pasen %(1 — |cos ¢|). Orcroma u u3 (18) nomygaewm:

v (A) < cmax(vy (A),vy(A)) _ ﬁmax(vx(A),vy(A)).

/e — |cos(z, y
Vol VTR

Jloka3aresbCTBO JIEMMbI 3aBEPIIEHO.



Ciaencrue. COBOKYIHOCTH 0COOBIX BEKTOPOB TI0 OTHOIIIEHWIO K MHOYKECTBY
omeparopos M obpasyer moAIPOCTPAHCTBO.

JlokazaTesbcTBO. BriOepeM MakKCUMAaILHOE YUCJIO JTUHEHHO HE3ABUCUMBIX
0CO0BIX BEKTOPOB. Torma 3 mpeabIayIieii IeMMbI CIEYET, UTO ¥ TPOU3BOIIb-
Hasl JuHeiHas KOMOWHAINS 3TUX BEKTOPOB OyIeT 0COOBIM BEKTOPOM, a 3TO
3HAYUT, 9TO COBOKYITHOCTH OCODBIX BEKTOPOB 0Opa3yer MOANPOCTPAHCTBO.

Tenepnb mepeiiieM K [I0Ka3aTeIbLCTBY TeopeMbl. Tak Kak Aj sBIsieTcs
npousBenenneM oneparopos pacrsakenus (cm.(14)), To us (16), (7), (9) cie-
JIYET, 9TO MOCIIEeIOBATEILHOCTD UR, (Aj) sl TPOM3BOILHOTO MOPOCTPAH-
crBa R,, C FE, Oyaer neyboiBaiorieit o k, npudem myis Bcex k = 0,1,2, ...
VR, (Ak) Z 1.

Muoxkecro Mmunumymos M* byukiuu f(z) gBisiercs 3aMKHYTBIM, [0-
sromy B bopmysie (15) uadbumym JOCTUTAETCA B HEKOTOPOI TOUKE, KOTOPYIO
MBI Oyzem obo3HauaTh x*(xy).

Tax xak || Ap(ze — 2" (1) = vop—an(@n)(Ak) X |lzx —a(zp)]| =
Vg —a*(ap) (Ax) > 1, TO 13 (15) cnenyer:

e — 2™ (k)| < (19)

[ycth R, — TPOCTPAHCTBO OCOOBIX BEKTOPOB MO OTHONICHHIO K MHOMKECTBY
{4}, k= 0,1,..; Ry —m — OPTOrOHAJBHOE IOMOJHEHWE R, B F,. 13
(19) u orpanudgenHocT M ™ ciiemyer, 9TO HOCIEAOBATEIBHOCTD { T} UMeer
upezenbable To9ku. [lycrs T ¢ M™* — Hekoropas npejesbHas Touka, {xy, }
— HEKOTOPAas MOCIEA0BATENBLHOCTD, CXOAAMASCS K 9TOH TOUuKe. Ilokaxke,
910 T — 7% (T) € Ry

Paccmorpum paszimoxenus

T—a2"(ZT)=7y+7%; g, — " (Tk,) = Yk, + 2k;3

rae v, Yk; € Rm, z, 2k, € Rnfm-
Jlerko nokazarb, uro lim min v,(Ag) = co. B camowm zese, paccmor-
k=00 2Ry _m

o0
PUM TepecedeHre MHOKeCTB: Mg = [ {z 12 € Ry, va(Ar) < d}, rie
k=0
d > 0. Eciu 310 nepeceudenue ne mycro, To Haiinerca z # 0, z € Ry, 4TO
v, (Ag) <dpna k=0,1,2,... Ho rorna z € R,,. [lonyuniu nporusopeune.
CrenoBaresbHO,
lim min v,(Ag) = 0. (20)
k—oo »cR

n—m

Ecnu Z # 0, 70, HAYMHAS C HEKOTOPOTO i, OYJET BHIMOJIHATHCS HEPABEHCTBO

Iz, || = 8 > 0, tax xaxk lim zp, = z. Ho Torma ||Ayg, (zk, — x*(zk,))| >
71— 00



> vz (Ak,) - 0 = || Ak, yr; |- Tax xax {||Ag,yx, ||} orpammaena, To m3 (20)
nomydaeM || Ay, (xr, — z*(xk,))|| — oo mpu i — 00, HO 3TO MPOTHBOPETIUT
(15). Takum obpasom, Z =0, . e.

T —2*(T) € Ry
IIo OIIpeIeJIEHUIO Rm CyIIeCTByeT KOHEYHBIH npeaes nmocjieJ0BaTeJIbHOCTUA
'UE,I*(E)(Ak)’ k= 0,1,...

Ho Torna
i Vg—a+(z) (Akt1)
im —— 2T

=1. 21
k—oo Vg (z) (Ak) (21)

B cuny (9), (16), (21) mpoexiusi BekTOopa &), Ha Hampasienune Ay (T — x*(T))
JomkHA crpemuTcsd K 0, OTKyzma ODOOIeHHAsT MPOW3BOIHASA OT (DYHKIUU
f(z) mo mampaBnernto T — x*(T) B TOUKe x) NOMKHA cTpemurcs K 0 mpn
k — oo.

Sameuanne 1. ITox 0606uienHoit npoussoguoii or dbyukuuu f(r) no Ha-
IPABJICHHUIO 1) B 3aJAHHOH TOYKE T HOHUMAETCA HPOCKIUsA 0OOOIIEHHOrO
BEKTOpa TPAJMEHTa B 3TOM TOYKE Ha yKas3aHHOe HampasieHue. Mbl Oymem
JJIsT ODOOIIEHHOM MTPOM3BOMHON MO HAMPABJICHUIO TTPUMEHSITH 0003HAYEHNE
Jn(0). [lnst MpOM3BOMHON MO HATPABICHUIO OT BBITYKyIOH dynxmum f(z)
CIIPaBEIJIMBO HEPABEHCTBO

|foeao@)] -l = zoll = f(z) = f(z0). (22)

ITpomo/KUM TOKA3aTEIECTBO TEOPEMBL.
W3 vepasencrsa (22) momyvaem:

oo @ (@) 17 = 2" @) = f(n,) — fan, — T+ 27(2)). (23)

Ilepeitnem k mpemeny mpu ¢ — 00.
Monyaum u3 (23):
0> f(z) - f(="(2)).
Buaunr, f(T) = f(a*(T)), 7. e. T € M*.

TakuM 06pa3oM, Bee TpeIesIbHbIe TOUKH TTOCIeI0BATEIbHOCTH {X); } NpH-
Hajyiexkar obsactu MUHUMYMOB GyHKuuu f(), 9TO U JIOKA3BIBAET TEOpe-
My 1.

B Teopeme 1 MBI OCTYyIUpOBAIN OMpeaeeHHbIE CBONUCTBA, MOCIEIOBA-
renbHOCTH { Agx) }. B Teopeme 2 pu HEKOTOPBIX MPEITOIOKEHNSX, HAKIIA-
JIBIBaeMbIX Ha f(2), MbI copMynmpyem crmocob BHIOOpa MOCJIEeI0BATETEHO-
creit {hi} u {ax}, npu koropom Tpebyembie B Teopeme 1 cpoiicra { Az}
BBIIIOJIHAOTCA.



Teopema 2. [Tycmb mruoocecmeo M™* mouerx MUHUMYMG 80NYKA0T HyHK-
yuu f(z) oepanuueno, u f(x) npurnumaem na M* snauenue m*.

Beenem o6o3HaUECHUS:

_ : .
p(z) = min ||z —27[;
x*(z) — rouka, g Koropoii || — x*(z)|| = p(x). ycrs aus Beex x, yuno-

BierBopsiommx ycaosuio p(z) < ¢, x ¢ M* u z* € M* BpmonHsoTCS
CJIEAYIONMEe HEPABEHCTBA:

N{f(z) =m*] < |fi s (@)] - o = 2™ < M [f(z) —=m*],  (24)
rme  x™f — OmmKaiimmasg K ¥ TOYKAa MHHAMYyMa, JeKalmas Ha Jiyde

y=x+tlx—2z*),t>0.
Torma, ecu pu mpumenernn O CPIT

1) p(zo) < ¢ (25)
COMN [f) -]

D M = SN ool (26)

3) 1+€§ak+1§%7 (27)

10 GyayT BblnOJIHEHbI ycsoBus Teopembl 1. (Bmecy M, N, ¢, € — nosuoxu-
TeJIbHbIE KOHCTAHTHL. )

HdokazaTenabcTBo. /1 1oKa3aTeIbCTBA, JOCTATOYHO MTOKA3ATh, YTO MOCTIE-
JIOBATEIBHOCTD mi]\r}[ | A (z — *)|| sBASETCS HEBO3pACTAIOMIE.
x*eM*

Ucnonwbays (14), (13), nonyuaem :
_— 2 —
min |Ax(zi — )]

= min_ ||Ra, (&) - Ap1 (2 — 2%)|* =
sre M k , (28)

- zyellj\l/l[* ”Rak (gk) : Akfl(xkfl - LC*) - Ro‘k (fk)hkfk” =

< HR% (&) - Ap—1(xp—1 —xf_q) — Rak(fk)hkkaQ )

rie xj_, — 3HadeHue ', Ipu KOTOPOM JIOCTUTAETCS MAHIMYM B BBIPAsKeHHIH:

in ||Ag— 1 —x")]. 2
min A (@i~ 2)] (29)



Beenem obo3HaueHue:
Ap_1(Tp—1 — 1) = 2k—1. (30)
13 (28), (9) momyuaem :

Jmin [ Ag(zx = 2)[* < || Ray (66)25-1 = Ra (&) - huill” =

= ||Ra, (&) - zb-1ll” — 21 (Ra, (€)2k—1, Ray hi) + afhi =

(Zk—17§k)2 (31)

[ I Nezno1ll® = 203 hi (251, &) + aihi =
Zk—1

1+ (a2 —1)

= llanr” + of [(zn—1, k) = hl® = (21, ).
Ouennm (zi—1, &), nemonb3ys (11), (12) :

(zh-1,&) = (A1 (o1 — T5_1), &) = (T — 2fq, Af1 &) =

_ L ./q\f(xk—l) _
<£L’k1 Tr—1> H/g\wl(ykﬂ)H) (32)
oy — iy (@) - [Jze—r — 2 ||
|Gorr (g1

(3mECH MBI BOCHOJIB30BAINCH ONPEeIeHneM O0OOMIEHHONH MPOU3BOAHON 110
Hanpassenuto (cMm. 3amedanue 1)).

Paccvorpum mBa ciydast.
I (2k—1,&k) < hg; u3 (24), (26), (32) moaywaewm :

[f(zg—1) —m*] 2MN

hy = == . <
’ Hg<Pk—1(yk71)|| M+ N
O 1 L PO
) NS B A T
[Tomyaaem

ar[(zh-1,&k) — hi)? = (z-1,&r)? <

2
<a? [(zkhfk) (2h—1,&) - } (211, &)° <

(Gr3) (-

M

1] (zk-1,&)? = 0.




II. (zx—1,&k) > hi; u3 (24), (26), (32) nonyuaewm :

hk ({Ekfl) . ka*l {Ek 1H 2N =
=z zk 1= _ "g¢k 1(yk 1 H M—I—N)
2N
= (zh—1,&k) - VLN
Orciona
a? [(2h—1,8k) — hi]® — (-1, &)% <
2
< a? _
< o {(Zk 1,8k) — (26—1,&k) - +N} (21, &r)? <

2 2
G (o) ] oo

Taxum 06pa3oM, B 000UX CaydasIX:

of  [(2k-1, &) = hel” = (511, ) < 0. (33)
[Moncrasnss (33) B (31) momyqaewm :
2

*\ 12 2 .
< =
e EM (@e — ) I < llzk—1l min

Ap—1(p—1 —zi_y)||

Orcroma cpa3y cienyer Teopema 2.
Ecin dbyskuus f(r) nmeer eIWHCTBEHHBIH MHHUMYM B TOYKe Z*, TO B
KadeCcTBe CJIeJICTBUS U3 TEOPEMBI 2 MOJIydaeM TeopeMy 3.

Teopema 3. ITyembv munumym ewnykioli pynkyun f(x) docmuzaemes 6
eduncmeennott mouxe x* u f(xz*) = m*, a das ecex x, ydosiemeoparouus
yeaosuto p(x) < ¢, BBNOAHAIOMEA CACOYIOULUE HEPABEHCTEA:

N - [f(x) =m*] < |fr_ge(@)| - & — 2| < M [f(z) —m*].
Tozda, ecau npu npumenenuu OI'CPIT

(1) plzo) <c,
2MN  [f(z) —m~]

(2) hk 1= ' = )
UM AN (G )l
M+ N
(3) 1+e< a1 < VN’

mo bydym ewvinoanens, ycrosus meopemv, 1 (M, N, ¢, € — noarosrcumenvhoie
KOHCTAHMbL).



5. Ob6cyxaeHne pe3yIbTaToB
Teopewmbr 2 1 3 B coueTannu ¢ TeopeMoii 1 Jai0T HaM BO3MOYXKHOCThH CTPOUTH
cxomsimuecs: mporeaypbl OTCPII. YTto MOXKHO cka3aTh O CKOPOCTH CXOIHU-

mocru? Eciu Boimomnasiorest yciaosus teopeMst 3, 1o ||Ag(zr — 2%)|| < ¢ s
k=0,1,... B cuuny (7), (8) koaddunuenar 06beMHOr0 pacilupeHus

k
VE, (Ak) = H (078
i=1

Ecin o6o3naunTh 00beM n-meproro mapa |yl < ¢ depes v, To BEKTOD

k
xp — x* Oyner jokanm3oBaH B oobeme v./vg, (Ar) = v¢/ [] . Ecam
i=1
M+ N . *
o = VN 1 =1,2,..., To 0bbem 00JIACTH JIOKATIUBALUANA T — T

YMEHbIITaeTCsT He MeJjIeHHee, YeM TeOMeTPUUecKas MPOrpeccust co 3HaMe-
M+ N’
HeGobIuX M 5TOT 3HAMEHATEIb CYIIECTBEHHO OTJIMYeH OT 1. 3aMeTuM Tak-

HATeeM Caenyer ormerurb, 4ro B cuiy (22) N > 1, 1. e. upu

JKe, 9T0 KOHCTAaHThI M m N He CBA3aHBI HEMOCPEACTBEHHO ¢ «KodMdummen-
TOM OBpasKHOCTU» 0 (CM. § 1) ¥ MHBAPMAHTHBI [0 OTHOIIEHUIO K JIMHEHHBIM
MpeoOpPa30BAHUAM TIPOCTPAHCTBA, ), .

Ecmn f(x) = (Kz,r) — HOJI0XKUTEIHHO OLPEIEIEHHAs KBaJAPATUIHAL
dopma, o M=N=2. B 3ToMm caydae aj MOXKET OBITH CKOJIBKO YTOIHO 60JTb-
IIAM TIOJIOKATEILHBIM dncIoM. B mpemerne npu o — oo OT'CPII mepexo-
AT B OIWH W3 METOJOB OPTOTOHAJIU3AINN [IJIST PENICHUST CUCTEM JIMHEHHBIX
ypaBHeHuit [1], KOTOPbIH# CXOIUTCS 3a M IMIAroB.

Teopembr 2 1 3 MOXKHO MIPUMEHATH HEMOCPEICTBEHHO, KOT/IA 3aPAHee n3-
BecTHO 3Hadenue f(x) B roukax Munumyma (m*).

9TO mMeeT MeCcTo, €ClM HAM Hy KHO PEINATh CHCTEMY W3 PABEHCTB U
BBITYKJIBIX HEPABEHCTB:

Fi(z) = 0; i=1,...,m7;

34
Hi(2) <0 j=1,....p. (34

Pemenne 310#i CHCTEMbI MOXKHO CBECTH K 3a/1a9€ MUHUMU3AIUN
_ 2 ;
f(z) = max |0, m?xFi , mjaxHj(x) .
Ecsn pemenvie cucremsr (34) cymecrsyer, To m* = min f(z) = 0. B 06-

meM ciaydae m’* Hem3BecTHO. B HacTosIee BpeMs HAMHU UCCIEILYIOTCS afl-
TOPUTMBI, B KOTOPBIX ™M™ mombupaercs B mporecce pacaeroB. Kpowme toro,



uccrnenytorcst anroputMbl OI'CPII, B koropwix {ax} w {hx} crpositcs mo
CcXeMaM, OTJIMYHBIM OT MPUBEIEHHBIX B TAHHOM cTarhbe. B HacrosIiee Bpe-
vs B8 UK AH YCCP B.M.Busenkum pazpaborana CTaHIapTHAS MPOTPAMMA,
mitst 9BM M-220, ¢ moMoImpio KOTopoit poBeeHO GOJIBIIIOe 9UCTIO JKCITe-
pPUMEHTATBHBIX pacderos 1o pasaudabiM Mogudukanusaym QT CPIIL. Pesyib-
TaThl PACUETOB MOKA3BIBAIOT, 9TO CKOpOCTh cxoaumoctu OI'CPII mpakTude-
CKU HAMHOTO BBIIIE, YeM TPU UCIOJIH30BAHUN ODODIIEHHOrO IPAIMEHTHOTO
cycka 0e3 pacTszKeHus mpocTpaHcTBa. IlonpobHbIe JaHHBIE O PE3yIbTATAX
9KCIIEPUMEHTAJIbHbIX PACUYETOB cojepxkarcs B crarbe [4]. B 3akirouenue cie-
JLyeT OTMETHUTD, YTO OMEPAIUIO PACTIKEHIS TPOCTPAHCTBA YIOOHO COYeTaTh
C PA3JINYHBIMUA METOIAMU IPAJUEHTHOrO TUMa. MOKHO HAIeATHCs, 9TO JIJIsd
MHOTHX 3329 MPUMEHEHNE ONEPAINU PACTAXKEHUS MTPOCTPAHCTBA MTOBJIEYET
CYIIIECTBEHHOE YCKOPEHME CXOAUMOCTH MPOIECCa, MIHUMUI3AIUN.
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O ckopocTn CXOAMMOCTH METOda
0000IIIEHHOTO I'PAANEHTHOIO CIIyCKAa C
pacTsKeHneM ITPOCTPAHCTBA

H. 3. Ilop
Kubepnemuxa. — 1970. — € 2. — C. 80-85.

1. BBenenue

Mper Gyzmem paccMaTpuBaTh BBINMYKIyIO byHKIu0 f(x), ONpeNeNeHHyo Ha
BCEM €BKJIMIOBOM MTPOCTPAHCTBE F), 1 0018 TAIOILY 0 CIEIYIONINM CBOWCTBOM:
lim f(z) = +o0. (1)
ll||— o0
U3 coiicTsa (1) ciaemyer, 9T0 006J1aCTH MUHUMYMOB (DYHKIIUHU SIBJISIETCA 3a-
MKHYTBIM OTDAHWYEHHBIM BBIMTYKJIBIM MHOXKecTBOM. Ilycth dbyukums f(x)
npuwHUMaeT Ha IN* 3Havenune m*.

B [1] ana mMuHuMu3anmuu BbULYKIbIX (DYHKIMHA ObLI IPEIJIOKEH METO
0000ILEHHOrO TPAAUEHTHOO CILyCKa C PACTIXKEHUEM IPOCTPAHCTBA (COKpa-
mwenno OT'CPII). O6ocuoBanue sroro mMeroza GbLIO IIPOBEAEHO i Clie-
[IMAJIBHOTO CIIyYas PEryJupoBKH mara u ko3hduimenra pacTskKeHus mpo-
CTPAHCTBA, MPUYEM 3HAYEHUE 1M* MPEInoIaraJoCh N3BECTHBIM.

B macrosieii crarbe, HallOMHUB OCHOBHbBIE OIpPEIEIEHHs U Pe3yJibTa-
Thl [1], nepeiigem K moApoOHOMY UCCIIENOBAHUIO AJITOPUTMA, KOrja m™ 3a-
paHee HEM3BECTHO.

3areM MBI TOJIyd9uM HEKOTOPBIE oneHku ckopoctu cxogumoctu OT'CPII
¥ OCTAHOBUMMCS HA, BOITPOCAX MPAKTUIECKOTO UCIOIH30BAHUS ITOIO METO/IA.

2. OcHoBHBIE ONIpeaeIeHUd N Pe3yJIbTAThI

O60611eHHbIM MPaIMEeHTOM BbInyKJIOH DyHkuuu f(z) B TOUYKe x( OyaeMm Ha-
3BIBATL BEKTOP §f (Z0), YIOBIETBOPSIONIHI CJIEIYIOMEMY HEPABEHCTBY ISt
MTPOU3BOJILHOTO = € F)y:

f(x) = f(wo) = (gr(z0), 7 — 20). (2)

Iycrs 3anan BekTop 1 # 0. O6061menHOi npoussonuoil dbyuxiuu f(x)
B HAINDABJICHUN 1) B TOYKE To MbI Oyjiem Hasbisarh uucio fy (o), pasHoe



IPOEKIUN BEKTOPa §r (%) Ha HAPABIICHUE 7):

Fy o) = L) 3)

B3siB 1) PABHBIM 2 — T, TOAYHIM CIIEIYIOMEe HEPABEHCTRO:
Py (@0) - o = ol < f(z) — £ (20) (1)
Fia(@) - 12— 20l 2 £(2) — £ (o). (5)

[Iycts B — HEKOTOpBIH THHEHHDIH OmepaTop, onpeaeaeHubii na F,. Pac-
CMOTPHUM (DYHKITHIO

o(y) = f (By); (6)

©(y) aBasiercs Bbly Kol dbyHKIMEil, U 06061IeHHbIN rpagueHT ¢ (y) MOXKHO
BBIYMCJIATH 10 Ceayomeii popmye:

9o (yo) = B*gs (x0) , (7)
e xg = Byg, B* — oneparop, conmpsizKeHHbI# onepaTopy B.
[Tycrs 3aman vekoropsiii Bekrop &, ||£]| = 1. Oueparopom pacrsikenus

R, (§) B nanpassenuu £ ¢ ko3pdunuentom « HyaeM Ha3bIBATH JIMHENRHDI
orepaTop, AeHCTBYIONHUi CAeAYIONUM 00Pa30M Ha MPOU3BOJILHBIN BEKTOD
r € by

Ra(§)r = awe + (v — z¢) (8)

rae ze = (z,8)E.
Koaddummenrom pacrsizkennss Bekropa x # 0 mom BO3melHCTBHEM OTIe-
paropa A Gynaem Ha3bBaTh Benuuuny k, (A), onpenensgemyio 1o dopmyiie:

| Az||
ky (A) = 9)
=T
Ecin A, B — 1Ba oneparopa, TO
ky (AB) = kpy (A) ks (B). (10)

Hast oneparopa pacrsixkenusi R, (€) cnpapeinsa dbopmysia

2
ke (Ral0)) = \/1 +a2—1)- (ﬁ;ﬁl . (11)



AsnropurmMom 0600IIEHHOTO TPAJUEHTHOTO CITYCKA C PACTIKEHUEM TIPO-
crpaucrsa (cokpaienao OT' CPII-ajgropurmom) Mbl OyJeM Ha3bIBAThH aJIro-
PUATM MUHUMU3ANMKE BBIIYKILIX (DYHKIMI,OMUCAHIE KOTOPOIO CJIELYyeT HU-
XKe.

I. IIpeanocernku npumenenus aaropurma OI'CPII.

st 3anannoil BeinykiIol Gynkuuu f(r) uMeercs ajropuTM BbIYUC-
neHns gy () B IpoOU3BOJIBbHOIM TOUKe & € E,,; 3aJaHbI OIepaToOphL BBI-
YHCJIeHNUS TTOCIIeI0BATEILHOCTEH MOJIoKUTeNbHbIX unces {hy} u {ay},
k=1,2,...

IL. 0-it mrar asropurma Bribupaem HavabHOE MPUOJINKEHNE & = To U
marpuity By = Agl = FE.

ITI. (k + 1)-it mar anropurma; k = 0,1, .. .. Berauciasgem:
1) gy (wr);
2) g (yr) = Bigs (k) - (12)

IIpumeuanue. ¢;(y) = f (Bry); yr = ArTrk;

8) &1 = Gou (Wk) / 1190x (i) II; (13)
4) hpy1;

5) Qrt1;

6) zpr1 = Tk — Brhir1&pyr; (14)
7) R, (§k+1) = Rija,, (ki)

8) Bit1 = Aﬁl = BpRyjayyy (Ert1) - (15)

Paznuunste BapuanTer anropurmos OT'CPII ornugatorcs apyr or apy-
ra criocobaMu Bbraucsenus nociaenosarenbuocreit {hy} u {ax}. B [1] mbl m0-
JIPOGHO paccmoTpesu caydaii Beibopa {hy } u {ay } npu n3BecTHOM 3HAYEHNUH
byHKIMM B TOUKE MUHUMYMa U JOKA3AJIU IPU HEKOTOPBIX MPEIMTOJIOKEHN-
SIX CXOJIUMOCTB 3TOr0o MeTosa. IIpu aroMm Ay BHIOMPAIOCH IO CJteyIOIIei

dopwmye:
V1f (k) —ml

19¢r () |
Te v — HEKOTOpasl KOHCTaHTa, He MeHbIasg 1, m = m*, paBHO# 3HAYEHUIO
dbyuxmpn f(x) B Touke MuHMMyMa. Hurke MBI pacCMOTPHM TIOBEZEHUE TIO-
caenoBareabHocT {h} B TOM ciydae, eci m B (16) BHIOpAHO HEBEPHO 1
HA OCHOBE 3TOrO IOJYYMM AJropuTM MuHumusaiuu f(x), Korma m* Heus-
BECTHO.

hk+1 = ) (16)



3. AjaroputM MUHUMU3ALMUUA C
Heu3BeCTHBIM m*

Cuauasia MbI nokaxkeM, 4to ecau B ¢popmyne (16) m < m*, ro sup hy = co.
k
st 3TOro MOKaXKeM JIEMMY.

Jlemma 1. ITycmo 6 npouecce évnoanenus arzopumma OT CPII cobaroda-

tomes das ecex k =1,2,... caedyrougue ycrosua:
1) ap>1+¢g (17)
2) flan)—m' <e, (18)

266 eEuc— 3a0aH'HT)L€ NOAOHCUMENBHBLE KOHCITNAHIDL. T020a
lim Gy, (i) = 0.
k—o0

JokasareabcTBo. PaccMOTpuM 10C/I€10BATENILHOCTE oneparopos {Bj }.
13 (15) momydaem:
B = Rijay,, (Ce+1) - By (19)

13 (17) u (11) BbITEKaET, 9TO [/ IPOU3BOJIBHOIO & 7 0

ke (Rl/ak+1 (fk+1)) <1.

[Ipumenss (10), (19), momy<umrm, 9To HOCTEnOBATENbHOCTS { kg (B))} aABIsgeT-
cs HeBO3pacTamoliei mo k. 3HaduT, 1jist JTI0O0TO T CYIIECTBYET klim ks (Bj)-
—00

U3 coiicrsa (1) dyukuuii f(z) ciaemyer, 4o obiacrb
R.={z: f(z) —m" <c}

SIBJISIETCs OTPAHIYIEHHOM; CJIeJ0BATEIBHO, OrPAHIIEeHHOM saBagercs ||gf(x)||
upu x € R,.
Beenem obo3HaueHue:

o= sup |[gs(a)]. (20)
TER,

[Iycts & — BeKTOp, TaKoit, YTO

lim k, (B]) > 0.

k—o0

Torma uz (10), (11), (17) nomygaem:

lim [(§k+1, Bix)| = 0. (21)
k—o0



Pazmoxum gy (x)) mo 6a3ucy HEKOTOPOH OPTOHOPMUPOBAHHON CHCTEMBI
KOODJIMHAT €1, . .., Ex!

n
~ k
gy (k) = ZCE )ei. (22)

Pazo6wem {1,2,...,k} Ha nBa nogmuoxecrsa: I u Iz, rae Iy — nogmHO-
KECTBO WHIEKCOB, JJIT KOTOPBIX klim ke, (By) = 0, Iy — nomonHuTeIbHOE
— 00

noxmuOKecTBO. 113 (21) ciemyer, uro klim |(€k+1, Bjei)| = 0 mpu @ € I,
—00

orkyna (cum. (13))

lim (@, (i), Bie)| =0, i€ L. (23)
Hanee,
Go () = Bigr(m) =Y " Biei+ Y ¥ Bies;
i€l i€ly
G, )l = D" & (Brer, G () + > 7 (Brer, G, (i)
iely i€lsy

g vagekcos ¢ € I; cxoguMocTh wieHoB cymmbl K 0 ciemyer u3 (20)
(|c§k)| < p) W U3 TOrO, YTO klim Bfe; =0 (i € I). Ons i € I, cxoauMOCTD
— 00

k
41eHOB cyMMbI K ( Cilefyer TakxKe U3 OrPaHUYEHHOCTH |c§ )| u u3 (23).
Takum obpazowm, 1eMMa TO0KA3aHA.

Teopema 1. [Tycmov swnykaas gynkyus f(x) obaadaem caedyrouum ceot-
cmeom: cywecmeyem nocmosnnas M > 1 maxas, wmo ecau f[(1 — a)z1+
+axs] (0 < a < 1) empozo yovsaem no a, MO BLINOAHAEMCA HEPAGEHCTNEO

wi—zs (1) " [0 — m2f| < M[f(21) — f(22)]. (24)
Tozda, ecau npu npumenenuu arzopumma OT CPII ¢
M+1
= _— 2
Q41 M — 17 ( 5)
2M -
by = |/ (zx) = m] (26)

(M + 1) [[gey, (yx)ll

m 660paro 6OALWUM UAY PABHBM M, Mo nocaedosamenvrocms {hy} Ae-
AAEMCA  02PAHUMEHHOT U OAA MPOU360AbHo20 € > 0 Hatidemca k makoe,
wmo f(xy) < m + e (cuem npexpausaemca, ecau Ha HEKOTMOPOM ULa2e
flzg) < m) : ecau m swbpano menvwum m*, mo nocaedogamesvrocms
{hi} aeasemca neoepanusennod.



HoxkazareasctrBo. Eciu m < m*, To paccmorpum byHKIIAO

fm({E) — { f(x)v ecjin f(x) Z m;

m,  ecan f(x) <m.

Oyukuus fp,(x) ynosnersopsier ycioBusM reopeMbl 2 paborsl [1] ¢ N = 1.
Tax xak g1y1a fm (2) OT CPII exomures no hyHkimonaty, T0 1718 HEKOTOPOTO
kE f(xzg) <m+e. Janee,

[fm (xk) — m]

— < || Ak (zx — z3)]|
o G = ol

[Oe Zj — IPOU3BOJbHAS TOUKA, sl KOTOPOil fr,(x) = m. I3 Teopemsr 2 [1]

CIIeZyeT, 9TO &}, MOYKHO OIpeAensaTh TakuM obpasoM, uro {||Ax (xr — )|}

Gyzer HeBospacraomieit 1o k. Orciona cieayer orpaHndeHHOCTh {hy}.
Ecan m BRIOpaHO MEHBITAM ™, TO BO3MOXKHBI JBa CJIyYas:

1) sup f (zx) < oo. Torma BBITOIHSIOTCA YCIOBUS JIEMMBbI 1:
k

. flzk)—m i m* —m

lim "/ > lim ——— = o0,
k—oo (|G, (Uk)ll — k—oc (|9 (wie)l

TaK KaK

i {|g,, (yx )l = 0.
—00

2) sup f (zx) = oo.

[ (k) —m [ () —m”
S e G = o iy @l 27)

PaccMoTpuM JTyd, HCXOAAIIUHA U3 TOYKH T} U COSJMHAIONIMIA ee ¢ HEKO-
Topoii roukoil murumyma f(x). IIycrs x) — mepsast TOYKa MUHHMYMa Ha
stom jyde. [Ipumenum nepasercTso (24):

f(xg) —m* o1 Jop—ar (@) - [lar — 2| _
lgs (xe)l — M s (ex)ll
_ @y (n), o — ap) llow —2gll — (Gr (k) 26 — x3)
— St ZA = s (28)
M|z — 2| g7 (x)l g7 (x)ll

Ho soipazxenue (G¢(zx), 2x — 25)/ ||gf(2k)|| ects paccrosune or HEKOTOPOIL
TOYKU MUHUMYMa &}, JIO OLOPHO{l MMIEPILUIOCKOCTH K [OBEPXHOCTH YPOBHS



f(z) = f (xr). Tak xak f(x) ompemeseHa BO BCeM IPOCTPAHCTBE, OOJIACTD ee
MWHUMYMOB OTpaHWYeHa, a TOCIeI0BaTeIbHOCT [ (X)) HeOrpaHUYeHa, TO

-~ _ *
sup 2 (@) T —2) _

195 ()l

Orcrona u u3 (27), (28) caenyer, uro sup hy = 0o. JlokazarejbCTBO TEOPEMbI
3aBEpIIEHO.

Teopema 1 1mMO3BOJIAET HAM IIOCTPOUTH AJTOPUTM MHHHMHU3AIUK (DYHK-
mun f (), yIOBIETBOPSIOMEH yCIOBUIO STOH TEOPEMBI, IPU HEU3BECTHOM 1M*.
DToT aaropuT™M OYAET COCTOATH U3 TOC/IEI0BATEIHHOCTH STAIOB.

(1)
0

1 sran. Beibupaem x; ', koncrautel H, Ay > 0 u npumensem OT'CPII,

1
KaK OMKCAHO B YCJIOBUSX TEOPEMBI 1, MpUHUMAS M = M1 = f(a:(() )) —Aq.
B cuy Teopembr 1 Ha HEeKOTOpOM miare k = ki [TOJYKHO TPOU3OUTH XOTsT ObI
OJIHO W3 JIBYX COOBITHIA:

2) 7)) < flao) — 5

€]
6) hE1+1 > H.

. 1
amomunaem . <mkl<nE f (x,(€ )). ITycrs on pocruraercs na kj.
SRR

(r + 1)-it sran (r = 1,2,...). Ecau #a r-om srane npou3onuio cobbiTue

(r+1)
0

Ay
f(x%")) < f(;c(()r)) - 5o BLIOHpaeM =y ;5 Arp1 = Ap. Ecin na

6 6 R H
7-OM STalle 3TO COObITHUE He HpOI/ISOH_U'IO, a HpOI/I3OIJ_U[O COObITHUE E 1 > ,
.

1 A
TO BBIOHpaEM xé“‘ ) = Thr, App1 = TT B oboux cnydasx BoiOmpaem
1
m = Mpy1 = f(x(()H' )) — A,41 u npumensiem OT'CPII, kak onucano B
Teopeme 1.

Ha mekoropowm mrare k = k,1 npou3soiizer xors ObI OHO U3 ABYX COOBI-
THIi:

(r+1) (r+1)y  Argr
a) f(J?;TH ) < flxg )_Tv
6) hy,, 1 > H.

. r+1
3anoMuHaeM <£Iil%l f (at:,(C + )) u Homep k', 1, Ha KOTOPOM OH JIOCTHTAeTCS.
0<k<k;y1

IMepexonum K (r + 2)-My STaily u Jajee 10 WHIYKIWU.



Tokaxem, uto lim, o f(2\)) = m*. Tax xax f(z”) — nesospacraio-

masg ¥ OrPaHMYCHHAS CHH3Y IIOCIEIOBATENBHOCTH, TO lim, ..o f (x((f)) C

mecTByeT. 13 ommcaHmsa ajaropuTMa M OKA3aTeIbCTBA TEOPeMbI 1 CHO,
YTO MPU JOCTATOYHO MAJOM A, cjiydaii 6) MOXKET MPOM30HTH TOJIHLKO TO-
roa, xkorma m, < m*. C mpyroit CTOpOHBI, CiIydaii a) MOYKET TIPOU30UTH
nocsie ciydas 06) TOJIBKO KOHEYHOE YHCJIO pa3 noapgan. Takum obpasowm,
lim, o A, = 0. Tak KaK HauMHAS C JOCTATOYHO MAJBIX A, €CIH HA 7-OM
STare Ipou3ouIes caydai 6), f (x(()r)) — A, CIIy’KWT OIEHKOH CHU3y Ijst m*,

u lim, o f(x(()r)) =m*.

4. O ckopoctu cxoaumoctu meroma OI'CPII

Teopema 2. [Tycmwv 8 npouecce svinoanenus OT CPII cobarodaromesn cae-
dyrougue Ycaosus:

a) ap=a>1 (k=1,2,...); (29)

inf Ak T — x* <r 30

O A=) (30

(r — nosaoorcumenvuaa koncmanwma). Toeda cywecmeyem bGeckoneunasn

nodnocaedosamenvrocmos  {rg, } (ki < kix1; 4 = 1,2,...) maxas, wmo
f(zg,) —m* < C-a R/,

JokazarenbcTBo. Oneparopbl Aj MOXKHO NPEICTABHTH B BHJE IPOU3BE-
JIEHUST OPTOTOHAJILHOIO W CUMMETPUYHOIrO MOJIOKUTEIHLHO ONPEIEIEHHOTO
oneparopa [2]: Ay = O, - Sk.

CobcrBeHHbIe 9ncIa oneparopa Sy )\§k) >1,7=12,...,n. (Mbl Oygem
IPOM3BOAUTDH HYMEPALMIO CODCTBEHHBIX YUCEI B IIOPsI/IKE UX BO3PACTAHUS).
PaccMoTprM 0pTOHOPMHPOBAHHYIO CHCTEMY COOCTBEHHBIX BEKTOPOB OIEpa-

Topa S : {sgk), .. ,s%k)}, TaK 9TOo
) (k)
Sksy = /\ s; (i= Ce ).
Tax kak Ay = R, (fk) o (§k—1) ... Ro (1), npudem npowssenenne cob-
crBeHHbIX wmces omneparopa R, (§) = «a, 10 npousBeneHue COOCTBEHHBIX
k

quces ormeparopa Sy paBHO .
n
k
[T = o
Jj=1

Orcrona )\slk) < ok/n,



n
k k k k k
IIycrs )\g ) = cg )ak/n, Torna csl) >1, 0(1 ) < 1, Tak KaK Hl cg- ) = 1.
j:
k
Eciin nocnenosareibHOCTh {c; )} OTPAHMYEHA, YUCIOM Cpayx, TO BBITOJIHSECT-
k 1
cst )\( ) > cm(" ) ¥/ u nns npomssombHOro € B, m k = 1,2, ... uMeem
1
ky (Ax) > cm(ax ). ¥/ Ho rorga u3 (30) BhITEKAET, YTO
inf ||xk —t|| <r-enploahm (31)
{z*: f(z*)=
U3 Beimyksocty f(x) ciemyer paBHOMEpPHAsk OrPAHUYEHHOCTD TIPOM3BOIHBIX
O HATIPABJICHUIO B OTPAHUYIEHHON 00IACTH, OTKY/IA IOy 9aeM

flap) —m* <c-a” ™k

Takum 06pa30M, €C/IH TTOCIEI0BATEIHLHOCTE {cn )} OrpaHUYEHA, TO TEOPEMA,
HMEET MECTO.
. (k) .
Paccmorpum cayuait, korna {¢,’ } ve orpanundena. Torma naiinercs 6ec-

KOHEYHAsT MOCJIeI0OBATEILHOCTD dhceT ki < ko < ... < k; < ... TaKuX, 9TO
kit c;’“’, T. €.
ARFD S A (32)
ki
Ak s8I > g/ Al (33)
PaccMoTpuM  pasziiozKeHHe eIUHHYHOIO BEeKTopa sttt g BEKTOpaM
gk k),
T s
n n
Fi+1 ki), 2 _ 1.
I YT NS S
j=1 j=1
(ko) (ko) )
k1) ki ki ki
A = 30,80 =3 A,
j=1 j=1
Tak kak O, — OPTOTOHAJNLHBIA OMEPATOpP, TO CUCTEMa BEKTOPOB
{Okis(»ki)} ={si}, j=1,2,...,n, ABIgETCA OPTOHOPMHUPOBAHHOL.
n
Aki-‘rls%k%—i_l) = Ra (fkﬁ-l) 'Akisng1'+1) = gk +1 (Z /\ ujs )

Jj=1

2
| Arrstt +1>||—V Ak st 2 4 (02 = 1) (e, Apsi ) <



n 2
< [ A 4 (a2 - 1) (ZAgki)”J’(’fml’sg)) B

j=1
(34)
n )\(k7)M 2
; i My
=A@ =) {Z R (€k¢+17s§-)} :
i=1 An
IIycrb o — BbIpazkeHue, crosiiee B purypHoii ckobke (34):
[Agrs$ ) < AT+ (@2 - 1) <
2 2 2
—1
< /\glkaz) (1 + a_QQ) — )\slki) (1 4 (€] 92>.
2 2
2(Ya—1
IIycts ¢ = %1). Ecmm gna Bcex j =1,2,...,n
o2 _
)\slki)
|(Erirr, s5)| < e NG
J
o 0 < ¢, ||Aki+1s£1k"'+1)|| < /a\) | aro npornsopesmr (33). Buaumr,
Afgﬁ)
Hafigercs rakoe j, aro | (&g, 11,55) | > Cl}\T, T e
J
(Fq)
~ c1A ~
| (555300, )| > 25 [[3n, @00
nA;
0 (8%, 90w, (Yx,)) — 06OOIICHHAS IPOU3BOAHASL IIO HAIIPABJICHHIO S, KOTOpasd
Ho (s}, 9oy, (YK, 606 ’

HE IIPEBBIIITAET

(@) 1
Sup g5 (@ o)
rze
R, = {x : inf |lo —z*|| < r}.
{w*: f(z")=m*}
Orcrona

. . . -1
Gos, () I < sup Gr(a) - A - (A a0} =
TER,



Yto u TpeboBaIOCh JOKA3ATD.

3akKJo4eHne

Kaxk Bugno u3 reopemsr 2, ecym iporiecc OT'CPII obagaer onpenenenabiMu
CBOMCTBAMU, TO OH ODECIIEIMBAET CXOJUMOCTh K MUHUMYMY MO (DYHKITHOHA~
JIy €O CKOPOCTBIO MeOMETPUYECKOl mporpeccuu. B qacraHocT, HEOOGXOIUMBbIE
ceoiictBa mponecca OT'CPII obecmeynBaiorcs B yCa0OBUSX TEOpeMbl 1, ec-
m m = m* (cM. TeopeMsl 2 u 3 u3 craTbu [1]). m* HaM UM3BeCTHO, KOLIA
MBI CBOJMM K 3aJ/lade MWUHUMHU3AIUU 3324y PEIleHus CUCTEM ypaBHEHU
uinn HepaBeHcTB. Takum obpazom, meron OT'CPII nomxken okazarbes a¢-
(DEKTUBHBIM [PU PENICHUH CUCTEM HEJIMHEHHBIX YPABHEHUI U HEPABEHCTB.
Cy1iecTBeHHON 0COOEHHOCTHIO STOTO METO/IA SABJISIETCS TO, 9TO TapAHTUPO-

BAHHBIN 3HAMEHATEIh T€OMETPUIECKON MPOrPeccun q = T\/a HE 3aBUCUT OT
CTEeNeHN «OBPAXKHOCTH» (ByHKIWHU f(x), 9TO MO3BOMSIET C YCIIEXOM HUCIOIh-
30BATh €r0 [JIs PEIIeHNsT CUCTEM YDPaBHEHUI, OJU3KUX K BBHIPOXKIEHHBIM.

IIpu yBenuwenun n 3¢pHEKTUBHOCTH METOA, BOOOIIE TOBOPS, YMEHbIIIA~
ercst KaK B CBSI3U C TEM, 9TO ¢ CTAHOBUTCs OJU3KMM K 1, TaK U W3-3a TOrO,
910 Tpedbyercs 6ObIIass HTaMsATh s 3aMOMUHAHAS MaTpuilel By. IIpemmo-
JKEHHYIO B JAHHON CTaThe MOAUMUKAINIO aJTOPUTMA, KOTIA 171" HEM3BECT-
HO, MOXKHO TIPUMEHSITh MPU PEIeHUA MUHUMAKCHBIX 33124, TIPU PEIeHUN
o0ITIeit 3aa9u BBIMYKJIONO MPOTPAMMUPOBAHNS, CBOMISA €€ K PEIeHUI0 IO~
CJIeJIOBATEIBHOCTH CHCTEM BBITYKJIBIX HEPABEHCTB WJIH HOJIb3YsICh METOJOM
mrpadHbx HYHKIHH, TPU UCIOIL30BAHUN CXEM PA3I0KEHUs .
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HekoTopbie BOIIpOCHI CXOANMMOCTH
0000IIIEHHOTO I'PAANEHTHOIO CIIyCKa

H. 3. Illop, II. P. I'ambypd
Kubepnemuxa. — 1971. — M 6. — C. 82-84.

B pabore [1] maHo 10Ka3aTEIBCTBO TOTO, YTO METO. OOOBIIIEHHOTO TPaJIN-
€HTHOTO CITYCKa, MPU HEKOTOPBIX MPEIMOJIOKEHUSAX CXOIUTCS CO CKOPOCTHIO
PEOMETPUIECKOIl MPOrPeCcCu.

B nmamboit 3amerke maercd I0KA3aTeTbCTBO 3TOr0 (aKTa MPHU 3HAUHU-
TEJbHO OCTADJIEHHBIX OTPDAHUYEHUSX, HAKJIAJBIBAEMBIX HA (DYHKIHOHAJ.
Kpowme Toro, yrounsiercss mokasaTesb CXOAUMOCTH st (DYHKIUH cO ¢1abo
BBITSIHY THIMU JIMHUSME YpOBHsI. Teopembr 1 u 2 comeprKaTcst B IUCCEPTAINN
H. 3. ITopa [4]. Teopemsr 3, 4 momxyvenst I1. P. TamGypmom.

ITpusenem nexoropwie oupexnesnenus [1]. Ilycrs uw = f(x) — Bbinykias
dbyHKIM, OonpeneneHHas HA N-MEPHOM €BKJIMIOBOM MpocTpaHcree F,.
2 — obacTs MUHEMYMOB 9T0# dbyukImu. Bextop ¢ (x¢), ya0BIETBOpSIIONHiL
YCJIOBHIO

f(l‘) - f(xO) = (gf(l‘o),l‘ - 130), z € By, (1)

Ha3bIBaeTcsd 00001eHHbIM rpajuenToM (yukuuu f(z) B Touke zg. [Ipoue-
Jlypa MOCTPOeHUsl [OC/Ie0BaTebHoOCT {T) } BUAA

Tpy1 = T — hpy1(zx) gp(or), k=0,1,2,..., (2)

Ha3bIBAETCST METOIOM OOOOIIIEHHOrO MPAJAUEeHTHOrO criycka. Obo3HaYUM de-
pe3 z*(x) TouKy u3 {2, yIOBIETBOPSIONIYIO YCIOBUIO

— 2*(2)|| = min ||z — y| . 3
lv — 27 (@)l = min |z -y (3)

Onpenenum aBa ceMeicTBa MHOMKECTB:
Lyiwy = {y: (95(z), y —x) = 0}.
(Lg; () ompeneneno ana gg(w) #0, T e. x ¢ Q). Ilyers 2* € Q, x ¢ Q.

[IpencraBuM BEKTOp T — ™ CIEOYIONUM 00PA30M:

x—axt = agc*(at:)”gjiigg|| +72, THE  (T2,94(7)) = 0. (4)



B [1] mokazamno, 1To

g (2) = yepn lly =27 = min [ly — 27| = by (). (5)

Teopema 1. ITycmsb dasn ecex x € E,, ewnoansemcsa caedyrowee HepaseH-
cmeo:

(97(x),z — 2" (x)) = cosp||gs()|| [+ — =" ()], (6)

T
2de <p< 5 Tozda npu 360aHHOM Tg, €CAU BBLOEDEM BEAUNUHY

el

hi = [|lz"(z0) — wol| cos ¢ (7)

u onpedeaum {hi} 6 coomseemcmeuu ¢ pexyppernmuot Gopmyrot

hgy1 = hpsing, k=1,2,..., (8)
u {zx} no dopmyne
95 (k)
Try1 = Tk — M1 77—, (9)
lgs (i)l

mo aubo npu nexomopom k = k, g¢(xx) =0, aubo npu scex k =0,1,2,...
bydem 6bINOAHAMBCA HEPABEHCTNGEO

. Pgt1
o — )] < 222 (10

HoxkazarenbcrBo. g k = 0 mepasercrso (10) suimosasgerca. Ilycrs oo
BomonHsiercss 4t k = r u gg(z,) # 0. JJokaxkeM ero BLIIOJHEHHE st
k=r+1 13 (3)u(7)

||x,«+1 - x*(xr+1)||2 <

* * g x’l"
<y —a <xr>||2—2hr+1(xr—x m),Hg;E—x;H) LR ()

Bocrnonp3oBasiucs moceqoBarensHo Hepasencrsamu (6) u (10), momydaem

|21 = 2" (@)1 < Nl — 2 (2,)|* (1= 2008% @) + by <

h72"+1 2 sin ¢ ?
1-2 h2, , = h? . 12
— COS2 SO( COS QO) + r+1 r+1 Cos ( )



(3Bz1ech Mbl KCHOJIB30BAJIU TO, YTO JLJIs g < p< g, 1—-2cos’¢ > 0.)
h

N3 (8) w (12) cpa3y momydaeMm ||T,+1 — ™ (r41)|| < "2 410 1 TpeboBa-
Cos

JIOCh JIOKA3aTh.
Sameuanne. /13 joKazareibCTBa 04eBUJIHO, YTO JIJIsl CIPABEIIMBOCTU TEO-
pembl 1 10CTaTOYHO BbINOJIHEHNs yCioBus (6) JMIIb 1Jis TOYEK HOC/Ie10Ba-
TeabHOCTH {Z) )

U3 reopembl 1 HermocpecTBeHHO cieyer Teopema 2 [1].

Teopema 2. [Tycmo ewnyxasaa Pynryua f(z) onpedesena na E,, x* —
COUHCTNBEHHAA MOYKE MUHUMYMG U 360aHbL: Mmowka 2o € By, wucra o > /2

[0 — =~ ||
U2
Ecau das awbot napv. movex x,z € Y u maxot, wmo f(x) = f(z) # f(z*)
BOIMOAHACTNCA YCA0BUE

. Paccmompum mmoorcecmeo Y = {y : |ly — z*|| < ohy}.

el

13
le=al =7 "
mo nocaedosamesbHoCmMb {J)k}, 06pa306aHHaﬂ, C NOMOWDBI PERKYPPEHTHBLT

Vo2 -1
popmys xTp41 = xp — Mgt - M U hgyp = hkai, cxodumes
o

llgs (zx)ll
K T* co cropocmuvio zeomempuneckot npoepeccuu: ||xy — || < hiyio, sa

UCKAIOUEHUEM MO20 CAYYAA, Ko2da 0as nekomopoeo k =k  gy(zx) = 0,
m. e. o = x*,

dokazaTeabcTBo. JlocTaTOIHO MOKA3ATH, 9TO

* 1 *
(97 (@x)swne = 2%) 2 — llgs (@)l 2w — ™. (14)
Bocnonbzosasuucs (4) u (5), momyuaem
(97 (k) wr — %) = @~ (2) lgs (@)l = ba (1) gy (2] -

13 onpenenenus by (zy) n (13) momyaum by« (x) > % |z — x*||. Orkyna
BbITEKaeT cupaseiuBocThb (14).
3ameuanne. Benwuanna o oTpaskaer B KaKOM-TO Mepe CTEMeHb «BBITSHY-
TOCTH» MOBEPXHOCTEH ypoBHS L,. B KagecTBe mpuMepa paccMOTPUM 4YacT-
HBIH CIydail MUHUMA3AIMNA TTOJOXKUTENTLHO OMPEIEIeHHBIX KBAaIPATHIHBIX
bopm: f(z) = (Az, ).

IIycts A\, A — HamMeHbIIee 1 HAUOO/IBIIIEE COOCTBEHHBIE YMCIIA, OIIEPATO-
pa A. Oupenenuv MEUHEMATBLHOE 3HAYEHUE BETUIUHDI

(g7 (x), x) (Az, z)

= , x|l # 0.
lo; @l ~ TAel e 11




st aT0oro 3adUKCUPyeM MPOU3BOJILHBIN HECOOCTBEHHBINH BEKTOD g U PAC-
cMoTpuM neiicTBue oneparopa Py, A Ha noanpocrpancTso F(zg) pazMepHo-
CTH 2, TOPOKIAEHHOE BEeKTOpaMu o u Axg, rae P, — omeparop mpoeKkTupo-
BaHug Ha noaupocrpancTso E(xg). Jlerko ysumers, uro P, A onpenesnen-
HbIil HA noxupocrpancTse F(zg), sBASETCH MOJIO0XKUTENHHO OlPeIeJeHHbIM
OTIEPATOPOM U €ro COOCTBEHHDIE YHUCIIA A1, Ay (3AMMCAHHBIE B HEYOLIBAIOIIEM
HOPSIZIKE) YAOBJIETBOPSIOT CJEAYIOMUM HepaBeHcTBaM: A < A\ < Ag < .

Ilycts 21, x2 — OpTOHOPMHUPOBAHHAS CHUCTEMa COOCTBEHHBIX BEKTOPOB
oneparopa P, A B E(xg), u nycrsb ||zo|| = 1. IlpescraBum ¢ B BUzE
To = a1T1 + Qols, MIPUIEM a% + 04% = 1. Torga

(AJ,‘Q, JJQ) (PxOAJ?(), 130) 0&%)\1 + 04%)\2

[Azoll lzoll (1P Azoll lzoll /a3 + o33

MuHEMH3UDPYS TTPaByI0 9acTh MPH yCJIOBUU o + a3 = 1, mosydaem Hepa-

(AJ?(), JJQ) 2\/ /\1)\2

BEHCTBO > , KOTOPOE TTPEeBPAIAETCA B PABEHCTBO TTPU
[Azo| [|zoll — A1 4 Az
a2=—"2 a2=_"1_ Orciona cpasy momyuaercs, 4o
A1+ Ao A1+ Ao
. (Az,x) VA
min =2=
v B0 T Tl ~ 234 2

N A
W JOCTUTAETCS TIPU T = ,/ﬁsl + 4 /F_XSQ, rIe S1,S2 — COOCTBEHHBIE HOP-
MHPOBAaHHBIE BEKTOpA Omeparopa A, COOTBETCTBYIOIINE MUHUMAJIBLHOMY W

MaKCUMAaJIbHOMY COOCTBEHHBIM UHCJIAM.
Obparumcs renepb K Teopeme 1. [liisi HAIllero npuMepa Mbl MOYKEM IIPHU-

2/ : A=A 22\ 1
HSATh COS( = ————, [IPX ITOM Sinp = =—— u, eciiu —— < —, 0000-
A+ A A+ A A+X T V2

IEHHbIA Fpam;eHTHin/’I CIHYCK, OIMCAHHBIN B_ycnom/m 3TOU TEOpeMbl, J1aeT
MIPOIIECC, CXOAAIMUICA K TOYKe MIHAMYMAa IO HOPME CO CKOPOCTBIO TeOMeT-
A=A p-—1
= =
AN p+1
obycnosrerrocTr (p = A/A) [2], a mo dbyHKIHOEATY — O 3HAMeHATENEM ¢°.

pUY€eCKOil TPOrPeccuu CO 3HAMEHATEIEM § = Te p — 9HcyIo

3amevanue. Hamm paccyKaeHus MOYTH MOTHOCTHIO COXPAHSIOT CHITY,
ecan A — HeOTPHIATETIHHO ONpeeJeHHbIH oneparop, |A|| = 0, Toabko mog,
A HYKHO MOHUMATh HAUMEHBIIEE MOJIOKUTEIBHOE COOCTBEHHOE YUCIIO.

CornocraBuM MoJIy4YeHHBIH Bbile pe3yiabrar ¢ pedyiabrarom JI. B. Kan-
TopoBUYA [3] O CKOPOCTH CXOAMMOCTH METO/A HAMCKODEHIIero ClycKa Jjist



KBaIPATUIHBIX (DYHKIIMOHAIOB. DTOT METO/T CXOIUTCS 0 (DYHKITHOHAIY CO
CKOPOCTBIO T€OMETPHYECcKOil TIPOTPECCHH €O 3HaMeHaTeIeM 2.

Onnako cxemMa MeTOma HAUCKOPEHIEro CIycKa I KBaJAPATHIHBIX
dbyHkunoHaNOB (MK 11 PellieHrsi CUCTEM JIMHEHHbIX YPaBHEHUI C CUMMeT-
PHUYHOI [OJIOXKUTEIBHO ONPEIEJICHHON MATPHIEH) ropa3io CIIOXKHEee, 4eM
cxema, OMHMCAaHHAs B YCIOBUAX TEOPEMBI 1, TpebyeT & 3n pabovux sueeK —
B TpHU pasza 6oJIbIlle, YeM MOCJIEIHSIS CXeMa, YTO UMEeeT 3HAYMEHWE /It 33144
Gombimoro obbeMa (cM. [2], §70).

Takum obpa3om, ecsii Mbl EMEeM BO3MOXKHOCTb IOJIYYUATH JOCTATOY-
HO TOYHYIO OLEHKY CBEpXYy p IJist 9ucya OODyCJIOBJIEHHOCTH p W IIPUMEM

siny = , TO aJICOPUTM, OMUCAHHBIA B TeopeMe 1, MOXKET OKa3aTbCs

p+1
HpaKTHQé)C:H BIIOJIHE KOHKYDPEHTHO CIIOCOOHBIM IO CPABHEHWIO C METOIOM
HAUCKOPEHIIEro CIycKa.

3amernm, 9TO [7Ist KBaApaTuIHbIX dbyHkunonaios f(x) = (Az, z) Benn-
unHa 0, GUrypEpPyOmas B TeOpeMe 2, MOKeT ObITh B3fTa PABHOIL /p, IPH
3TOM MBI [TOJIyYaeM CXOIUMOCTDb CO CKOPOCTBHIO F€OMETPUICCKOI IPOrPECCHI

02 -1 /p—1
o N/

Teopema 3. IIycmov das ecex v € E, swnoansemcs ycaosue (6), ade

CO 3HaMeHaTesjaeM q =

T
0 < p < 3 Tozda npu 3a0aHHOM To, €CAU MbL BbLOEPEM BEAUNUHY

ho = [la* (z0) — o[ , (15)
wueao g < 1 u ydosaemsoparouee ycaosuto
1—2cospq <0, (16)

onpedeaum {hy} 6 coomeememsuu ¢ pexyppenmmnoti dopmyrot

hk+1 =hrg, k=0,1,2,..., (17)

a {zx} no dopmyae (9), mo aubo npu nexomopom k =k,  gr(zy) = 0,
Aub0 das ecex k =0,1,2, ... 6ydem BbNOAHAMBCA HEPABEHCTEO

lox — 2™ (xk)| < hi (18)

HoxkazarenberBo. Qg k = 0 (18) Beimosnusercs. Ilycrb oHO BbimosHseT-
ca o k = r u gf(zr) # 0. JoxaxkeMm ero BuimonHeHne nis k = r + 1.
Bocnonb3osasmmucs nocaenosarenbio (11), (6), (18), moaygaem



2741 = 2" (@) <

IA

* 2

||xr - (xr)” - 2hr+1 Cos @ ”xT - ( )H + hr+1
* 2

|z — 2% (2,)[|” = 2cos @ q |z — 2™ (z,)||* + B2, =

IN

(L =2cosq) or — 2™ (z,)I” + hipy < hiys,

(B 3aK/IIOYEHHUE MBI BOCIIOIB30BATIHCH yciaosueM (16)), T. e. To, 410 Tpebo-
BAJIOCH JIOKA3aTh.
AnasornaHo Teopeme 2 m0Ka3bIBaeTCH TEOpeMa 4.

Teopema 4. ITycmo swnykaas pynxyus f(z) onpedeaena na E,, z* -

COUHCTNBEHHAA MOUKE MUHUMYMG, 360aHE MOUWKE Lo € Ey, wucaal < o < 2
1
u q < 1 maxoe, wmo 1—2—q < 0. Ecau f(x) ydosaemeopsem ycaosuro (13),

mo nocaedosamenvrocmo {Ty}, 00Pa308AHHAA C NOMOULBIO PEKYDPEHTIHLT
popmys

_9r(@k)
Tppr = Tk — hppr lor @’ his1 =heq, k=0,1,2,...,
cxodumea K T* co ckopocmor zeomempuueckol npoezpeccuu ||z — x| <
< hg, 36  uCKAOUEHUEM MO20 CAYYAS, Koeda das Hexomopozo k = k,
gr(xzr) =0, m. e. x = x*.
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O pentenun MUTHUMAKCHBIX 33129
METOZOM ODOOIIEHHOTO I'PaaAeHTHOTO
CIIyCKa C pacTsaKeHneM ITPOCTPAHCTBA

H. 3. Illop, JI. II. Ilabawosa
Kubepnemuxa. — 1972. — N 5. — C. 54-58.

OOmMPHBIN KJIACC IPAKTUYECKH BarKHBIX 3334 U3 00JIACTH OLNTHMAJIb-
HOT'O TIJTAHUPOBAHUSA, ONTUMAJJIBLHOTO YIIPABJIEHUS U UCCJIEI0BAHUS OTIePAIIAit
CBOJIMTCH K 33Ja4€ OTHICKAHWS MUHUMAKCA U MakcuMuHa. B manuoit pabore
paccMaTpUBaIOTCA 3aJa49M CIEAYIONIEro BUIa:

HalTH
min F(z) = min  max  f;(x),
zeE, r€E, i€{1,2,....m}
rae fi(x), i =1,2,..., m — BblnyKJibie QYHKIMHU, OUPEIEIEHHbIE HA €BKJIM-

JIOBOM IpOCTpaHcTBe F,.

K Taxoit mocranoBke MOZKHO CBECTH OOIIYI0 33,Ja Ly BBIILYKJIOTO IIPOrPAM-
MUPOBAHUS, 33,184 Ie0BIIIEBCKOTO IPUOIMKEHHSI, 33, Ja i MATEMATHICCKO-
r0 IPOrpaMMUPOBAHMUS IPU HUCIOIB30BAHUE MeTOa MTPadgHBIX (DyHKINI,
3390 MUHUMU3AIUE KyCOTHO-TUHEHHbIX (DYHKIMI U Apyrue 33Jadu Ol-
THMH3ALIN.

B cBa3M ¢ BaxKHOCTBIO MUHHMAKCHBIX 337ad OOJIbIIOe BHUMAHUE B
HACTOSIIEE BpeMsl yAeasercss pa3paboTKe METOJOB HX pelleHus. Psy
TAKUX METOJOB JJIsl OLPEIECHHBIX KJIACCOB 3aJad MPEIJIOKeH B paboTax
B. ®. embsuosa, B. H. ITuennunoro, E. I. Esrymenko u ap. [4]-[7].

B npumnume 3ana4a OTBICKAHUS MHHIMAKCA MOXKET OBITH CBEIEHA K Pe-
IEHHIO CIEAYIONeil 331aX BIIYKIOrO IPOrPAMMUPOBAHN:

HaWTH min y 0pyu OrpaHMIEHHIX

file)—y <0, i=1,2,...,m.

s pertieHust 3TO 3a4a9u MOTYT OBITH WCIOJIb30BAHBI UTEPATUBHBIE Me-
TOABI BO3MOXKHBIX Hanpassenuil [8]. OpHako Takoil nyTh perieHus 3aiad
CBSA3aH C ONpeJeIeHHBIMI BbIYUCINTETBHBIMUA TPYIHOCTAMUT:

BO-TIEPBBIX, HAXOXKJIEHNE MUHUMYyMa IMPU JTAHHBIX OTPAHUYEHUAX METO-
JaMU BO3MOXKHBIX HAIPABJIEHWI CBA3AHO C HEOOXOAMMOCTHIO DEIEHUS Ha,
KazKJIO¥ uTepalnuu psd/ia BCIIOMOraTe/IbHBbIX 3a/a4 JUHEeHHOIo WiIu KBaJpa-
TUYHOI'O IPOrPAMMUPOBAHUL;



BO-BTOPBIX, [IJIsT O0ECTIEUEHNUsT CXOIUMOCTHU METOI0B BO3MOYKHBIX HATPAB-
JIEHUI HYKHO MCIOJIb30BATH MEPbhI TIPEI0CTOPOKHOCTH MTPOTUB «3UT'3Ar000-
PA3HOrO» JBUMKEHUS;

B-TPETHUX, HA KaXKJIOM IIare MeTOoa BO3MOXKHBIX HAIIPABJIEHUN HYKHO
OTIPEJIE/IATh MUHUMYM [0 HAIPABJIEHUIO — JOBOJBHO TPYJI0EMKAs MPOIe-
Jypa, TaK KaK OPUXOJUTCS OMPeesaTh MUHUMYM HEraaIkoil (DyHKIUH B
YCJIOBUSAX, KOTIA OMpeeseHre 3HaYeHnss (DYHKIUU TPEOYeT 3HAUUTEIHLHOMN
BBIUMCJIUTENHHOM paboThl. U, HAKOHEI, CKOPOCTb CXOAUMOCTH STUX METOIO0B
c1abo u3ydeHa KaK TEOPETUYECKHU, TaK U IKCIEPUMEHTATHHO.

Bosee npocTbiM ¢ BRIYUCIATETHHON TOYKA 3PEHUST SIBIAETCA METO T 0000~
IIEHHOTO I'PAIUEHTHOrO CITyCKa, KOTOPBIM B MPUWHIIUIE MMO3BOJISET PEIraTh
BBIMTYKJIbIE MHHHUMAaKCHbIe 3370a49u [1]. OIHaKO CKOPOCTh CXOIMMOCTH 3TO-
0 METO/Ia HEeIOCTATOYHO BHICOKA, OCOOEHHO MPH PEIIeHNH 3a/1a9 OBParKHO-
T0 THUIA, KOTOPHIE XapPAKTEPHBI MPU OTHICKAHUU MUHUMAKCOB. B 3ToMm ciry-
Yae MUHUMYM JIOCTHIAeTCS [IPU PABEHCTBE 3HAYEHUM HECKOIBKUX (DyHKIMIH,
pUYeM YUCIIO TaKUX (DYHKIUN B PErYJISPHOM CIIy4ae OIpeeser pazMep-
HOCTh OBpara (pa3mMepHoCTb oBpara pasua (n —mjq + 1), rue my — yucio
dbyuknuii, Ha KOTOPHIX JOCTUrAETCs MUHUMAKCHOE 3HAYECHUE).

YcKopeHne CXOUMOCTH METO/1a 0OOOIIIEHHOTO IPAIMEHTHOrO CITyCKa MO-
JKEeT OBITH JTOCTUTHYTO 3a CYET PACTSKEHUsT TPOCTPAHCTBA B HAMPABJICHUH
0OODIIEHHOr0 T'PAJUEHTa WM B HAMPABIEHHH PA3HOCTH OOOOIEHHBIX I'pa-
JIMEHTOB, BBIYHCICHHBIX B JIByX [OC/IEN0BaTeNbHbIX To4kax [2], [3]. Ilpu
HCIOJIB30BAHUU OOODIIEHHOrO TPAJMEHTHOrO CIYCKA C PACTSIKEHUEM IIPO-
CTPAHCTBA OIpe/ejieHre MUHUMI3NPYIOIIEH TTOCIeI0BATEIHLHOCTH CBABAHO C
BBIUHCIIeHNEM 060BIIEHHOTo rpaaienTa dbyHkmmn F(z) B Kask 10l Touke mo-
CJIeIOBATEIBHOCTH U MPUMEHEHUEM OIePATOPA PACTIKEHUS TPOCTPAHCTBA.

O600611eHHbIii rpajuenT g (x), BBIYUCJIEHHBIA B TOUKE T(, JOJXKEH yI0-
BJIETBOPATH YCJIOBUIO

F(x) = F(zo) > (9r(20),z — x0)

g aoboro x € E,. B ciayyae MuHUMaKCHBIX 33124 ¢gp (o) MOXKHO OGparhb
paBHBIM ¢f,. (T0), THe fi+ — onHa u3 HYHKIUI, Ha KOTOPOil JOCTUrAeTCS MAK-
cumym. Omeparop pacrskenus npocrpancTsa R, (€) meiicrByer Ha mpous-
BOJIbHBIN BEKTOp x € F),, peacTaBIeHHBII B BUIe

& = e(2)€ + de(2),

npu yenosun (€, de(x)) =0, ||£]] = 1, Takum obpas3om:

Ra(§z = ave(2)€ + de(2),



rae £ — BeKTOP €IUHUYIHON JJINHBI, B HAMIPABIEHUN KOTOPOTO TTPOU3BOIUTCS
pacTsakKeHne TPOCTPAHCTBA, (@ — KOI(DMUIINEHT PACTIKEHNS MTPOCTPAHCTBA
(a >0).

B pabore paccmarpuBaercsa mpuMeHeHne OOODITIEHHOrO TPaIUEHTHOrO
CILyCKa C PACTs’KEHUEM POCTPAHCTBA B HAIIPABJIEHUU PA3HOCTH 0DODIIEH-
HBIX TPAJMEHTOB B JIBYX TOCIEI0OBATEBHBIX TOYKAX MUHUMU3UPYIOMIEH MO~
CJIeIOBATEILHOCTH K PEITIEHNI0 MUHUMAKCHBIX 339 U HAXOXKICHUIO MITH-
MyMa HErJIaaKuxX (DYHKINH «OBPAKHOTO» Twma. OMUCHIBAIOTCA IBE MOIH-
duKaIuE MeTonA.

1. IlepsBrlii ajgropurm

JBrKenne HauMHAEM U3 TPOU3BOJIbHON TOUkY g € F),. Ilpu sTom nosraraem
do = (0,0,...,0) € E, u By = I, rue I, — equauyHas Marpuia pa3MepHo-
cru n X n. (CMbIca BeKTOpa § U Marpuibl B Gyner pacKpbiT HUKE. )
[Ipenmosioxkum, uTo BeInoHEHO k urepanuii (k = 1,2,...), B pe3yabrare
YEro OMpPeNesIeHbl TOUKU T, L2, . .., Tk, & TAKKE BEKTOD g W MaTpuia Bj.
st onpeiesieHust TOYKU Tj41 TPOU3BOIUM CJIEYIONIUE JeHCTBH.
1. Onpenensiem 3naqvenve pyHKIUU B k-0t TOYKE TTOCIEI0BATETLHOCTH:

F(rg) = max }fi (zx) = fir (21).

i={1,2,....m
2. Boruucssiem 06001mentbiii rpaguent dyukiuuun F(x) B Touke T):

gr (zr) = gy, (k) -

3. Haxomnm 0600ImeHHbIi rpaguenT g, GbyHKIm ¢(y) B TOUKE yj B IMpe-
0Opa30BAHHOM MIPOCTPAHCTBE MO (POpMyIIe

Tk = 9oi (Yk) = Brgr (z1),

KOTOPAas TOJIy9aeTCs TPU PACTAXKEHUH MPOCTPAHCTBA F), myTeM JuHEHHOTO
npeobpa3oBaHus BUIA i = ApXp ¥ UCXOIST U3 YCIOBUS

er(y) = F(z) = F (A 'y) = F (Byy),

rae Ay — oneparop nmpeodpa3oBaHus MPOCTPAHCTBA; By — omeparop, obpar-
HEBIIT ortepaTopy Ay; Bj — omepaTop, COMpsKeHHEI omepaTropy By.
4. OnpenensieM pa3HOCTh OOOOIEHHBIX IPAINEHTOB

Tk = G — Jk-



5. Haxoaum OTHOIIEHUE IJINH BEKTOPOB T U (k'

Tk
5o Il
5]

KOTOPOE XapaKTepu3yeT W3MEHEHNE HAPABJIeHUs 0O0OIIEHHOrO IPaINeHTa,
B TOUKE Tj_1, OTHOCUTEIHLHO HAIIPABJIEHUsS OO0OIIEHHOr0 TPAINEHTa B TOYKE
T} B PACTSIHYTOM MPOCTPAHCTBE.

6. CpaBaHuBaeM [ C 3aJaHHON BEJIUYUHON ¢1:

a)ecau Oy < ¢1, TO OLpPeIeIIsieM CJIEAYIONIYI0 TOYKY MUHUMU3UPYIOLIEH
IIOCJIEIOBATEILHOCTH
G
lgxll”
COOTBETCTBYIOILYIO [IEPEMEIIEHUIO B PACTIHYTOM IIPOCTPAHCTBE TOYKH ¥ B
TOM K€ HAIIPAB/IEHUHU W C TOH »Ke BeIWYINHON 1mara hy, 9ro u Ha k-oif ure-
paluu, MocJie Yero mepexoauM K BhImosiHeHuio (k + 2)-oi nreparmu;

6) eciu By > ¢1, T- €. IPU 3HAUYUTEIHHOM U3MEHEHUN HAIIPABJICHUA 0000-
IIIEHHOTO IPAIUEHTa, MEPEXOIUM K BBITOJIHEHUIO TOCIEIYIONIUX STAIOB.

7. Oupenernsiem BeKTOp Ek41, B HAIPABJIEHUU KOTOPOrO OYIET MPOU3BO-
JMTHCS PACTS2KEHNE IIPOCTPAHCTBA.

Tht1 = Tk — hy By

Tk
Skl =
Irell”

8. Haxomuwm oneparop By1, obparHbiit oneparopy A1 mo dpopmyste

Biy1 = Br - Ry (&ry1),

KOTOpast SIBJITETCS CJIEACTBUEM IOCJIEI0BATEILHOTO MIPUMEHEHUS OIepaTo-
POB pACTsi?KeHHUsl IPOCTPAHCTBA HA KAXKION UTEPAIUU B HAIPABICHUNA HOP-
MUPOBAHHBIX BEKTOPOB &1,&2, . ..,&k+1 C KOIDMUIMEHTOM DACTIHKEHUS v,
T. €.

Apy1 = Ro (§rr1) - Ra (&) - - - Ra (&1) I

Orcrona cienyer

B = Al = A Ry (§ea1) = B Ry (r) -

9. OmpezensieM 0600IIEHHBIH TpagneHT GYHKINT ©(Y) B TOYKE i, COOTBET-
crBylouiell Touke Tk, ¢ yaerom (k + 1) omeparopa pacrsiKeHus IPOCTPaH-
cTBa:

Gk+1 = Bi19F (z1) 5
B HAIIPABJICHAU AHTUTPAIUCHTA OCYIIECTBIACTCA JBUKEHIE Ha, TAHHON nTe-
paruu.



Tabsmua 1.

Ne yreparun | (V) (2 z(3) ) z(®) F(x)
Hynesoe

upubsimkenue | 0 0 0 0 1 80
1 0,1119585 | 0,223917 | 0,1119585 | 0,1119585 | 1,111958 | 63,0894
6 1,097278 | 0,788586 | 0,871869 | 0,2815889 | 0,8040123 | 34,399
11 1,069281 | 0,7126785 | 0,8504548 | 0,8685811 | 1,102541 | 25,83837
16 1,063638 | 0,9135513 | 1,160926 | 1,101065 | 1,073642 | 24,69413
21 1,076656 | 0,9905223 | 1,366388 | 0,910783 | 1,116449 | 22,78248
26 1,129564 | 0,980844 | 1,46487 0,936742 | 1,115325 | 22,6504
31 1,13501 0,9733332 | 1,469467 | 0,9394724 | 1,11657 22,609
36 1,11975 0,9814588 | 1,475895 | 0,9139938 | 1,126114 | 22,60392
41 1,128545 | 0,978718 | 1,482843 | 0,9253958 | 1,123494 | 22,60168
46 1,122855 | 0,9793679 | 1,474063 | 0,919058 | 1,124103 | 22,60064
51 1,124632 | 0,9793914 | 1,477879 | 0,9206665 | 1,124184 | 22,60023




10. U3mensiem mguny mara: hi1 = hi - g2, toe 0 < go < 1.
11. OnpenensieM 0YepeHYI0 TOYKY MUHUMHU3UPYIOMIEH MOCIEI0BATE b~
HOCTH:

Jk+1
Tp+1 = Tk — hk+1Bk+1m,
k+1
KOTOpasd COOTBETCTBYET TOYKE MNepPEeMEIIeHUd B PACTAHYTOM IIPOCTPAHCTBE
Jk+1

B HAIIpAB/ICHUH — Ha BenuduHy hpy1 w3 Touku y; = Apxy. [Hocre

[ gx41
5TOTO MepexoauM K BhimosHenuio (k + 2)-oit nreparmn (k= 1,2,...).

Jlms uccmemoBanus 3(pOEKTUBHOCTH OMUCAHHOTO AJTOPUTMA OBLIH CO-
CTABJIEHBI CTAHJIAPTHBIE ABTOKOMOBbIE mporpaMmbl 1isd 9BM «Munck-22»
¥ IPOBEJIEHBI MHOTOYHCJIEHHBIE PACYETHI IO PEIIEHNI0 MUHIMAKCHBIX 33/1a4.
s MpOBeIeHNS YUCIEHHBIX SKCIIEPUMEHTOB ObLIN B3SITHI 33Ia49U CJIEIYIO-
Iero BUIa: HaAUTH

Jnin F(z),
S ‘ 2
rue F(z) = MaX;e(1,2,....,m} fi(x), upu fi(z) = A ijl (x(J) — aij) , TIe
z={z® . 2™} {AD} - m-mepubrit BekTOP; {a;;} — MaTpuma m X n.

B kagecTBe nmpumepa mpuBeseM pe3y/IbTAThl PACIETOB KOHKPETHOM 3a1a4n:
n=>5 m=10; {AD}={1;5;10;2; 4; 3; 1.7; 2.5; 6; 3.5}.
Benuuuner a;; 3a7ai0Tca ceLyomeit MaTpureii:

0 21 1 3 01101
01 2 4 2 2 1 001
01 1111112 2
01 12 0 01 210
0 3 21111100
Samada permajiach MpHU CAEAYIONNX 3HAYEHWSX MApaMETPOB: o = 3;

g =0,9; g2 =0,95; hg = 1. B xagecrBe Ha9aILHOrO PUOIMAKEHUS ObLIA
B3gara Touka g = (0,0,0,0,1), upu srom F () = 80. 3navyeHus MUHUMU-
BUPYIOLIEH 10CIIeI0BATEIbHOCTH U 3HaYeHus GyHkuuu F () B 3TUX TOYKAX
Ha COOTBETCTBYIOIIUX UTEPAIUAX MpuBeIeHbl B Taba. 1. Tounoe 3naueHme
T*, IpU KOTOPOM JIOCTUTAETCA MUHUMYM

F(z) = 16{111,1?},{10} fi(),

paBHO:

ot =1,12434; x} =0,97945; 2% = 1,47770;2% = 0,92023; % = 1,12429.



[Ipu sTom
F(z*) = min max f;(x)=22,60016.
zeE, 1<i<10
Kak Bugno u3 rabu. 1, 3a 51 ureparuio nosrydeHo npubiinKeHne, y KOTOporo
BEpHBI TMecTh 3HakoB ayisa F(z) u 3,5 3makos s ). Dror pesymbrar
CJIeAyeT MPU3HATH XOPOIIUM, €CJTU YIeCTh, 9TO (DYHKIWA UMEJIA IBY MEPHbBIH
oBpar.

N3ydenne BEIMUCTUTETHHONR CXEMBI JAHHOTO aJTOPUTMA U TIPAKTUKA BbI-
YUCJIEHUI IOKA3AIH, YTO JAHHBIN aJIrOPUTM BIIOJIHE IPUTOIEH JIJTsl PEIeHUsT
MUHUMAKCHBIX 33139, C TOYKY 3PEHUS YUCICHHON PeaJn3alii OH SABJISETCS
MTPOCTHIM U 0DECTIeYMBAET BIIOJIHE TOCTATOYHYIO CKOPOCTH cxomumocTu. Kak
TOKA3aJIA YKCIEPUMEHTHI, CKOPOCTh CXOIWMOCTH W BPEMsS DEIeHUs 3329
3aBHUCAT OT BBIOOpA MapaMeTpoB & U ¢o. Kodddumument pacraKenus mpo-
CTPAHCTBA B MPUHIUIIE MOXKET ObITh JIOObIM, OombIne equauibl. OgHAKO,
€CITA (v CJTAIIKOM OJTM3KO K eTuHUIE, TO 3P (PEKT pacTsKeHns cIabo CKa3bl-
BAETCs, YTO MPUBOIUT K MEIJIEHHON CXOTUMOCTH, OCOOEHHO jisi (bYyHKI[HA
¢ MHOTOMEpHBIM OBparom. Haobopor, mpu O60IBIINX (v TPOUCXOIUT OBICTPOE
yObIBaHME HOPMBI MATPUIIBI ¥, KAK CIEJICTBHE, OBICTPOE yMEHbIIIEHUE JTHHDI
Imara B OCHOBHOM TIPOCTPAHCTBE, YTO MPUBOJUT K YBETUIEHUIO YUCJIA I1a-
roB 6e3 pacTsizKeHUsI IPOCTPAHCTBA, ITO TAKIKE YMEHbBIIAET CKOPOCTh CXO-
JAMOCTH. UMCIeHHBIN 9KCIIEPUMEHT MOKa3aJI, YTO Hanboee IeaIecoodpa3Ho
3HAUYEHNE (v BHIOWpATh B mpeaenax ot 2 1o 4. [lapamerp ¢o, B TpUHIHIIE,
MOXKHO Oparh paBHbM 1. Ecaun Mbr BoiOMpaem gz < 1, TO 3TO MPUBOIUT K
YMEHbIIIEHUIO JJIMHBI [Iara PABHOMEPHO 110 BCEM HAllpaBJieHusM (B TO BpeMsi
KaK MaTPHUIA HEPABHOMEPHO yMEHbIAET IIar M0 PA3TUIHBIM HAIPABICHHU-
am). Eciu ¢o cmmmkom oruden ot 1, TO yBEINUUBAETCS IUCTIO «XOJOCTHIX>
maroB (6e3 pacTsiyKeHus MPOCTPAHCTBA), YTO IPUBOIAUT K 3aMEJJICHUIO CXO-
gumoctu. C Ipyroit CTOPOHBI, [IJIsT MHOMOMEDHBIX 33129 BO MHOTHX CJTIyYasix
1e7ec006pa3HO BHIOMPATh g2 < 1, TaK KaK «CPEJHUIT» MOKAa3aTelh yMEHb-

YVa

OOJILIIAX N MOYKET OKA3aThCs CIUIIKOM Osim3kuM K 1. ve
Brrmeonucanublit YUCIEHHBIN IPUMED PEIIAJICT TIPU PA3JTUIHBIX 2 110
MOJIyYeHUs] MUHUMAJBHOTO 3Hadenwns F(x) = 22,60016 mpu mOCTOSTHHBIX
napamerpax a = 3; ¢ = 0,9. Ilpu g2 = 1 6bL10 3aTpadeno 69 urepanmii,

LIeHud I1ara 3a c4eT yMEHbIIEeHWA HOPMBI MaTPHUIbI DaBeH U Ipu

W3 HUX C PACTSKEHWEM MPOCTPAHCTBA — D2, OTHOIIEHUE 59 ~ 0,75. IIpn
g2 = 0,95 ObIIIO 3aTpadeHo 57 UTepalnii, U3 HUX C PACTIKEHHEM ITPOCTPAH-
1
crBa — 41, 57 ~ 0,72. Ilpu g2 = 0,9 66110 3aTpaveno 112 urepanuii, u3 HAX
39

C pacTsaKeHueM ITPOCTPAHCTBA — 39, 112 ~ 0, 35. JlanbHeiilee yMeHbIIEHUE



@2 OKa3aJIOCh SIBHO HEIEeCOOOPA3HBIM. JTHU IKCIEPUMEHTHI TOKA3BIBAIOT,
9TO, TTO-BUIUMOMY, IJIST KayK/I0H KOHKPETHOM 334891 CYIIECTBYET aCUMIITO-
TUYECKU «ONTUMAJIbHOE» ¢o. MOXKHO CTPOUTH AJITOPUTMBbI, KOTOPHIE aBTO-
MAaTHUYIECKN HACTPAMBAIOTCA HA ITO ¢o. st 3TOr0 MOXKHO aHAIM3UPOBATH
OTHOIIIEHUE YHCJIa UTEPAIUil C PACTsIKEeHHEeM ITPOCTPAHCTBA K 0DIeMy duc-
JIy UTepalnii, U eCJu 3TO OTHOITIEHNE CTAHOBUTCS MEHBITIE OMPEIEIEHHOTO
YUCIIA, TO YBEJIUIUBATDH @2, U HA0OOPOT, €CJIU OHO CJUIITKOM OJIM3KO K 1, TO
YMEHBIATD 2. AHAJIOTUYHO MOYXKHO PEryJupoBaTh U Mapamerp .

[Tapamerp q; pexkomenmyem BbiOupars B npeaenax 0,9-1.

[Ipumenenne npeyIO2KEHHOTO AJITOPUTMA [IE€IECO00PA3HO IPHU PEIIeHUun
3a/a4, rae TpeOyeTcs BBICOKAsi TOYHOCTh. [Ipu 3TOM B OmMepaTuBHON mamsi-
™ 9BM mHeobxogumo xpauuth Marpuily B pasmepuoctu n X n. [losromy
B CUJIy OFPAHMYEHHOCTH O0bEeMa MAMSATH AJTOPUTM MOXKET MPUMEHATHCS
JIsE HAXO0K/I€HUsI MUHAMAKCa (DYHKINNA OT CPDABHUTEIHHO HEOOJIBIIIOrO YuC-
J1a IIepeMeHHbIX (TaK, Haupumep, oneparuBhas namarb B9 CM-6 nossosser
pemaTh 3a1a4u pa3mepHocru 10 150).

IIpu perenun 33129 BHICOKO PA3MEPHOCTH BO3HUKAIOT TPYIHOCTU 3a-
momMuHaHUs Marpunbl B. B Takux 3a7auax 00OBIYHO MUHUMYM IOCTUTAETCS
[IPY PABEHCTBE 3HAYEHUN HECKOIbKUX (DYHKIINI, 9UCIIO KOTOPBIX 7] HAMHO-
IO MEHBIIIE N — PA3MEePHOCTH 337a49d. B CBA3W C 3TMM MpeJiaraercs BTO-
Poit aropuT™, MO3BOJIAIONIUI N30e2KATh 3AMIOMUHAHNST MATPHUIL U COKPATUTD
BpeMs CUeTa.

Jaanm ommcanne BTOPOTO aJTOPUTMA.

2.  Bropoii anropurm

Kak v B mepBOM ajropurMe, IBAYKEHUE HAYUHAEM W3 MPOU3BOIHHON TOUKH
xg € E,, nonaras go = (0,0, ....0) € E,,. IIpeanosoxum, 4o cuenano k ure-

pamuii (k =1,2,...), B pe3ysibrare 4ero OlPeNesIeHbl TOUYKU L1, L2, . .., Tk,
BEKTOD ) U IOCJIEJ0BATEIHLHOCTh BEKTOPOB &1,&s,...,&k, tae &, € E,,
(v =1,2,...,k), nocienoBarebHOCTh BEKTOPOB €IUHUYHON JJIMHBI, B Ha-

IIPABJICHAN KOTOPBIX IPOU3BOIUTCA HA KazKI0H HTEPAIA PACTAKCHUE IIPO-
crpaucrsa F,.

Il onpeie/IeHnst TOYKH X1 HEOOXOIUMO CAEIATH CJSLYIOMINE BHITAC-
JIeHUs.

1. F(zx) = maxi<i<m fi (Tr) — MakcEMasibHOE 3HaUeHHE (DYHKINH B
TOYKE Tj.

2. gr (z1) — obobImenHbIH rpaauenT byHKuu F () B TOYKE Tj:

g5 (@) = g7, (w); (P (wr) = fir (00))-



3.9, = Rl/a (gk) Rl/a (fk—l) R Rl/a (fl) gr (z) — 00OOIIEHHBIH Tpa-
JueHT (DYHKIUE B Mpeobpa30BAHHOM MPOCTPAHCTBE. B JaHHOM ajropuTt-
Me BMECTO MATpHIbl B 3allOMUHAETCS TIOC/IEI0BATETLHOCT HOPMUPOBAH-
HBIX BEKTODPOB &1,&s,. .., k. OOOOIIEHHDII IDAIUEHT §j,, BBIUACICHHBIA B
TOUKE Y = ATk, MOJIYIAETCA BCIEACTBUE MOCIEIOBATEIHLHOIO MPUMEHE-
HUSI OTIePATOPOB PACTAYKEHWA MPOCTPAHCTBa Iy /4 (§1) cHawala K BEKTO-

py gr (2x), 3aTem omeparop pacrszkenusa IRy, (§2) Jeficrsyer na BEeKTOp
Ri/a (1) gF (zx) m T.11. M, HAKOHEII, OMEPATOP PACTAKEHHS TPOCTPAHCTBA C
K03 PUIUEHTOM PACTSAKEHNA (' U B HAIPABICHAN BEKTOPA &) (Rl Ja (fk))
JIEACTBYET Ha BEKTOP, KOTOPBIi TOIYYUICA B PE3YILTATE TTOCIEI0BATEIHHO-
IO JIeMCTBUSA OMEPATOPOB PACTSKEHUS B HampaBjaeHuu 1,0, ..., E.

Bripaxkenue 11 OnpeneieHusd g, IHOJIydaeTcsa U3 OIpefesieHusa 0000-
IIEHHOT'O IPAJMEHTa IPY PACTS2KEHUU POCTpaHcTBa E,, myrem nocienosa-
TETHHOrO IPUMEHEHHs OIEPATOPOB PACTSKEHNsI B HAIIPABJIEHUN BEKTOPOB
51752; .- '7519:

Yk = Ro (&) Ra (§k-1) - - - Ra (1) T

U U3 yCIOBUSA G, = Jy (Yk), TAE @ (Yr) = F (A,;lyk):
o (yk) = F (R1ja (&) - Rija (&2) .- Rija (&) yi) -

4. 1, = G, — gk — PA3HOCTH OOOOUIEHHBIX TPAIUEHTOB.

Tk
5. 5, = I7ell
19l
6. CpaBauBaeM (3 C 33JAHHON BEJIUIMHON ¢ :
Gk
a) ecmu B < q1, 10 Tpy1 = T —hipRyjq (§1)-Rija (§2) - Rija (&) Hg—kH’

T. €. JBHKECHHE IPOM3BOJUTCSA B TOM K€ HAIIPABJICHHU K C TOM 2Ke JJTh-
HOM Imara, 9ro u Ha k-0#f HTepanuu, moCIe Yero NepexoadM K BbIIOJ-
uennio (k + 2)-oii nrepanumu;

6) ecau By > q1, TO NEPEXOAUM K BbIIOJHEHUIO CJIELYIOIIEro IeiiCTBUS.

Tk
7. &py1 = m, BEeKTOD &j+1 3AMOMUHAETCH.

8. Gkt1 = Rija (§k+1) - Rija (&) - - Rija (§1) g (#%). YauTbisas bipa-
JKeHHe 71 TOJTy IeHIs 00OBIIEHHOTO TPATIEHTA §y,, MOy IaeM OKOHIATE b=
HO

Gr+1 = Rija (k1) Gps

r1e gg+1 — OOOOIIEHHBIH rpajuenT MYHKIUKE Yk11(Y) B TOUKE Yk, COOTBET-
crByMomel Touke zj ¢ yderoMm Ha (k + 1)-oii uTepanum pacTsixKeHWs Mpo-
CTPAHCTBA C IIOMOINBIO OIEPATOPA PACTIKEHHS B HAIPABJIEHUN BEKTOPA
€k+1 ¢ ko3 dumeHTOM paCTIKEHUST (V.



9. hiy1 = hrqa, tme 0 < g2 < 1.

10. OnipesienisieM OYepeHYIO TOUKY Tk41 UTEPAITHOHHOM MOCTEI0BATE -
HOCTH, KOTOPAas MOJIy4aeTCA B PE3YJIbTATE IEPEMEICHAS B PACTIHYTOM IIPO-
CTPAHCTBE B HAIIPABJIEHUU — ()11 U3 TOYKH

Yk = Ra (&) - Ra (&k—1) - .- Ra (&1) Tk

B TOYKY
Gh+1
Y+l = Yk — D10
[ gk-+1]
Kak yka3piBasioch BbIIIIe,

Uk+1 = Ra (§pt1) -+ Ra (§1) Tag1,

OTKyZa
Try1 = Rijo (§1) - Rija (§2) - Rija (&) Yrr1-

M3 3Ttx cooTHOMIEHMIH BBIBOAUTCA BhIDazKEHUE JIJIA TTOJTYyI€HUA TOIKU
Th+1-

Tpp1 = Tk — P Ryjo (§1) - Rija (§2) -+ Rija (Ekt1) Il
l[Gr+l

Tlepexoaum K BBITIOJTHEHUIO AEHCTBUIN Ha, (k + 2)—01'/’1 urepannu. Tak Kak
MaMaTh JJIs 3aMOMUHAHUS BEKTOPOB &1,&s, ..., &k, ... OPPDAHUYEHA, TTPUXO-
JIMTCS OIMCAHHBIN BBIIIE IPOIECC OOPHIBATH IOCJE OMPEIEIEHHOTrO JHCJIa
maroB r (r < n). Ilocne storo marpuna B BOCCTaHABINBAECTCH, 3HAYE-
HU€ T; IPUHAMAETCH 33 HAYAJIHbHOE 3HAYEHHUE JJIs HOBOIO BHY TPEHHErO K-
Jla, TIPU 9TOM HAYAJIBHBIN Tar 6epercd B 2—3 pa3a MEHbINe, YeM B HAYaje
MPEIBIAYINEro MuKa. [Ipomecc mpogoKaercs 10 TeX mop, MOKa, He OyayT
JIOCTUTHYTHI TIPUEMJIeMble 3HAYEHUsT MUHUMU3UPYEMOil (DYHKIUU WJIH ITOKA
npupaiienre (pyHKIUU, MOJyIYeHHOE B PEe3yJIbTaTe IPOBEIeHNsT O9ePETHOTO
[MKJIA BBIYHUCJIEHUH, HE CTAHET [OCTATOYHO MaJibiM. Takum obpa3om, BTO-
POii aJITOPUTM SIBJISIETCST IPOMEKY TOUHBIM MEXKY OOBITHBIMU AJITOPUTMOM
00OOITIEHHOT0 TPAJUEHTHOTO CIYCKA W AJITOPUTMOM C PACTSXKEHUEM IIPO-
CTPAHCTBA.

DTOT AJrOPUTM NMPUMEHSIICA ISl PEIIeHns Psia 33/a4, CBA3aHHBIX C
pobIeMoit TOCTPOEHUS ONTUMAJBHBIX 3Taa0HOB. [locranoBka 3ama4u, uc-
XO/IHBIE TAHHBIE, TIOIITPOTPAMMBI BBIYUC/ICHUs (DYHKIIWH U 'PAIUEHTOB ObLIN
mo6e3H0 mpenocTtasienbl B. A. KoBajieBCKUM U COTPYIHUKAMU PYKOBOIHU-
moro uMm oraena MK AH YCCP njs npoBeneHus YUC/ICHHBIX SKCIEPUMEH-
ToB. Pemanach ciioxkuasi MAaKCUMUHHAS 33129, 9UCI0 epemennbix — 1200,
qucso BYHKIWA, yIACTBYIOIMMX B OMEPAIMK B3ATHS MUHAMYyMa, — 1536.



OTa 3a7a4a, 1 cpaBHEeHUs 3P PEKTUBHOCTH aJITOPUTMOB PEIajach TaK-
7K€ OOBIYHBIM METOIOM 0DODIIEHHOTO IPAIUEHTHOTO CITyCKA 063 PaCTsIKeHs
[IPOCTPAHCTBA C UCIIOJIb30BAHIEM Pa3/JIMIHBbIX METOAUK PErYIUPOBKY JIJIMHbI
miara:

gr (zk)
1) h =h-0,95 = DL Nl
) hii1 kU, u Tp4+1 = Tk + Nt lgr @)l
2) hk+1 = hk . 0, 95 n Th+1 — Tk + hk+1 gF (xk),
F(z*) = F (z) gr (Tx)
3) hgp1 = ——————-, Tyl =T + P10,
) e = e Gl + gr @l

rae F (x*) — npeanonaraemMoe 3HadeHne B TOYKe Makcumyma. Ilpu sToM Han-
6oJiee XOPOIIKe Pe3yIbTATHI PEIICHUs 33/1a91 ObLIN MOy YeHbl IPU HEePBOM
crmocobe perynnpoBKH mara. B Tabs. 2 mpuBeaeHbl pe3yabTaThbl CUeTa, II0-
JIydeHHBbIe TTPU TaKOM METOIUKE BLIOOpA Iara.

s pereHus 3aa9u C MOMOIIBIO OMMMCAHHOTO 3€Ch BTOPOrO AJITOPHUT-
Ma, MPUMEHEHNE KOTOPOrO OOYCJIOBJIEHO 3HAYUTETHHONW Pa3MEPHOCTHIO 3a-
nauu (n = 1200), 6bw1a cocraBiena nporpamma na s3vike DOPTPAH. Pe-
menve npoBoauaock Ha IBM «BOCM-6», mpu sroM mosraraiocs o = 3.

Ananu3 pe3ynbTaToB perieHus 3a/1a49u, MOy YeHHbIX ODOMME MEeTOJAMU
U TIPUBEEHHBIX B TabJ. 2, MOKA3LIBAET, YTO IJIs JOCTUMKEHUS TPUMEPHO
OIIHUX U TEX Ke 3HAYEHUH ONTUMUZUPYEMON (DYHKINN BOJU3U TOYKU MaK-
CUMyMa IIPU KCIOJIb30BAHUU BTOPOTO aJrOpUTMa TPeOyeTcs 3HAYUTEHHO
MEHbIIIee YUCJIO UTEPAIUIl U MEHbIIee KOJUIECTBO MAIIUHHOIO BPEMEHH,
9eM IPU KMCIOJb30BAHUU METOa ODOOIEHHOr0 IPAaIHeHTHOrO CIycKa 0e3
pPaCTsKEHUsT MPOCTPAHCTBA. Tak, HAMPUMED, MPUEMJIEMOe 3HAYEHNE OITHU-
Mu3upyeMmoit pyHkImu, paBaoe 3,88, OBLIO TOJYyYeHO 0OOOIIEHHBIM DA~
E€HTHBIM METOJIOM 0€3 PaCTsi?KeHWsl MPOCTPAHCTBA HA, 71-0i wrepanuu, npu
MCIOJIB30BAHUY KE BTOPOH MOAM(MHUKAINN aJITOPUTMA yKe HA 25-0if urepa-
uuu GbLIO osTyveHo 3uavenue F'(x), pasHoe 3,96.

Kpowme Toro, mpuMeneHne BTOPOro aJIrOPUTMa, IIO3BOJIIIO MOy YU Th 3HA-
yenne MakcuMusupyemoit dyakmuu (5,07 Ha 39 ureparuu), ¢ Xopoieil Tou-
HOCTBIO COBIIQIAIOIIEE C TEOPETUIECKUM MAKCHMYMOM, KOTOPYIO TPHU WHC-
MOJIb30BAHUU ODODIIEHHOrO I'PAJUEHTHOrO CIIyCKa JOCTUYDb HE YIAJI0Ch, TaK
KaK 9T0 TPEOOBAJIO CIUIMIKOM OOJIBIIOTO YUCIA UTEPAIUH U TIPOJIOTKUTE b=
HOIO BPEMEHH CYeTa.

B zaknrodyenne aBTOphI BBIpAXKAIOT OJArOZapHOCTH coTpymuukam WK
AH YCCP M. 1. Illne3unrepy u JI. C. KOpoBAKUHOII 32 MOMOIIL B MTPOBE-
JIEHUY YUCJIEHHBIX SKCIEPUMEHTOR.



Tabanra 2.

Suadenne OITUMU3HUPYe- 3HaveHre ONTUMU3N-
MOit  YHKIHH, [TOIyYEeHHOE pyemoit byukIm,
O0OOIIEHHBIM — TPAJHEHTHBIM MOIy9eHHOE C  II0-
Ne METOIOM C IIOMOINBIO IIEPBOiL MOIIBIO BTOPOTrO
HTEepAIHH Pery/upoBKH mIara AJIrOpuUTMa
1 —30,92 —30,92
) —17,009 —11,26
10 —4,548 —8,703
15 —0,3739 1,143
20 1,456 2,785
25 1,911 3,965
30 1,911 4,551
35 2,315 4,870
40 3,350 5,010
45 3,403 5,197
50 3,826 9,277
95 3,779 5,312
60 4,025 9,333
65 3,732 5,347
71 3,882
JIureparypa
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M., 1969. — Bwm. 3. — C. 578-585.
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O kaacce nmoutu-auddepeHnmpyeMbIX
byHKIMiT 1 OAHOM MeTOoJIe
MUHIMI3anun PyHKINIT 3TOTo KJjacca

H. 3. Illop
Kubepremuxa. — 1972. — M 4. — C. 65-70.

1. Bsexgenue

B GonbimumcTBEe pabOT, MOCBSIIEHHBIX HUCCIEIOBAHUIO METOIOB I'DAIHEHT-
HOIO THUIIA, TPU 0DOCHOBAHWK CXOJIUMOCTH TIPE/INOJATAETCS HEMPEPHIBHOCTD
rpaguenta [2], [3] win BeimyKIOCT, MUHUMA3UpyeMoi dyuknun [4]-[7]. Ho
9aCTO B MPUKJIAIHBIX 330a9aX HEJb3s MOCTYIUPOBATEH IJIAIKOCTh MUHUMU-
3upyemMoil (PYHKIIUHU UJIN €€ BBIMYKJIOCThH, HanmpuMep, B MpaKkTHUKE TLIaHUPO-
BAHUS U MPOEKTUPOBAHUS JIEMEHTHI (DYHKIIUU 3aTPAT OOBIYHO 3aJAI0TCA B
BH/JIE KyCOYHO-TJIAJIKUX He 00S3aTeIbHO BBITYKJIbIX (DYHKIUI OT mapamMerpa,
XapaKTepU3yoLIEro IIPOU3BOAUTENHLHOCTD ([IPOILYCKHYIO CIOCOOHOCTD) TOrO
ui UHOTO ycTpoiicTBa. OTCYyTCTBYUE CBONCTB BBHIMYKJIOCTH U TJIAIKOCTH Xa-
PAKTEPHO [JIs IMUPOKOr0 KPyra MUHUMAKCHBIX (OJHOITAITHBIX U MHOTOITAII-
HBIX) 3a7a4.

Bce 310 mobyauno Hac paccMoTperh Kirace (pyHKIH, TOCTATOTHO MIHPO-
KHif, 9T00BI OXBATUTH KyCOYHO-TVIaAKME (PYHKIUU U (PYHKIUN, BCTPEIATO-
IIrecs B MUHUMAKCHBIX 3a/1a9aX, U B TO YK€ BPEMsI HACTOJIBKO Y3KUil, 4TOOBI
JUIst 3TUX (DYHKITUI MOYXKHO OBLJIO ONPEIeINTh HEKOTOPDIN aHAJIOr TPAIUEH-
Ta ¥ UMETHh BO3MOXKHOCTH HCIOJIb30BATH METOMBI TPAJUEHTHOTO THUIA, JJIs
HAXOXKJIEHUsl JIOKAJTHHBIX MUHAMYMOB.

Oror knacc QYHKIWA MbI Ha30BeM o4YTH-TUdOdGEpeHIupyeMbiMu
(IO-byaxmuamu). TlocTyaupyss BO3MOKHOCTh BBIYUCJIEHUS TOUTU-IPAJIU-
€HTa, PACCMOTPHUM 3aTeM METO[ MUHUMW3AINU, AHAJIOTUIHbII METOILy 0000~
LIEHHOI'O I'PAJMEHTHOrO CIIyCKa C pacTsiKeHueM npocrpadcrsa [6], [7], ko-
TOPBIH ObLT pa3paboTa Jjis MUHUMHU3AIMA BbINYKJIbIX QyHKImiA. Onuriem
BO3MOKHOCTH MIPUMEHEHUsI TOMO METO/Ia K PEIIEHUI0 CHCTEM HEeJTHHEHHBIX
ypaBHEHUH U 33129 HEJIMHENHOrO TPOrpaMMUPOBAHMS.

2. IMourm-nuddepenimpyembie (pyHKITAN

Ounpenenenne 1. Henpepoisuyio dyukuuo f(z), 3a4aHHYI0 B OTKPLITOI
obnactu S n-MEpHOro eBKJINA0BA TpocTpaHcTBa F,, HazoBeM nouru-aud-



dbepeniupyemoii, eciu: a) B 11000 OrpaHUYEHHO 06IACTH OHA, YIOBJIETBO-
pser ycnosuto Jlunmmuna; 6) sra dynkuusa nouru Besae quddepeHnupyema,;
B) rpajuentT HenpepbiBen Ha MHOxkecTtBe M C S, rie OH onpeesieH.

Onpegenenune 2. Iourn-rpaguentom (II/-rpamuentom) byukuun f(x)
B TOYKE & Mbl HA30BEM BEKTOpD, ABJAIOUIMACA NPEAEJIbHOU TOYKOU HEKO-
Topoit nociemosarensuocra rpaguentos g(z(M), g(z?), ... g(z®), .., oae
{z® }:;1 — [OCJIEeIOBATEIBHOCTD TOUEK, CXOSIIASCS K &, ¥ TAKasl, 9TO BO
BCEX TOUYKaX 3TOi mocaenosarensrocth Gyukus f(z) muddepennupyema.

Teopema 1. Muoocecmeo G(x) nowmu-zpaduenmos 6 41060l mouke T
nouwmu-ougppepenuupyemots GYHKUUY ABAAELMCA HENYCMBLM, 02PAHUGEH-
HOLM U 3AMEHYMBLM.

Hoxka3zaresberBo. 13 cBoiicTBa &) CleayeT OrpaHUYeHHOCTD MOC/IEI0BA~
remsroctn {g(z®))}, a orcioma — memycrora mmoxkecTsa G(x) U ero orpa-
HUYEHHOCTh. 3AMKHYTOCTb SBJISACTCA CJCICTBHEM ONPEIEICHUS MOYTH-IPa-
JIEHTOB, KAK MPeIeTbHbIX Touek. B camom aere, mycrs {g *) (x)}p2, — mo-
CJIEIOBATEILHOCTD MOYTH-TPAJUEHTOB, cxodamasica Kk ¢*. Torma mia kax-

noro k maiinercs ¢(*) takoe, aro ||z — 2| < 7 5" (z) — (=) < s
npuaenm B Touke z(F) f(x) muddepermmpyema;
lg* = 9@l < Nlg* =g P (@) + 13" (@) - g™ <

* -~ 1 -
lg” = 5P @) + 7.

IN

lim || g* — g(=®)|| = 0, orkyma caeayer, 9T0 ¢* ABIACTCSH HOYTH-IPATHEHTOM
f(x) B TOUKE T.

Teopema 2. [Ipouseosvras swnykasas dynryua f(z), onpedesennasn 6 E,,
asafaemcs  nowmu-odugdepenyupyemoti, 6 ee A000U nOUMU-2padueHm 6
mouwke T CONAIGEM ¢ HEKOMOPbLM 000OULLHHBIM 2PAJUEHMOM.

Hoxka3zaresnberBo. B cuiy teopemsr Pajemeiicrepa [1] npousBosibuas Bbl-
nykaas QYHKIWs, onpeaenennas B F,, modaru Be3e HenpepbiBHO audde-
penmupyema. V13 001X CBONCTB BBIMYKJION (DYHKITNU U3BECTHO, 9TO €€ MPO-
M3BOJIHBIE 110 HAIIPABJIEHUIO B OO0 OMPAHUYIEHHON 00JIACTH PABHOMEDPHO
orpanuvenbl. Takum o6pazom, f(x) — nouru-guddepenuupyemas QyHKIU.

[Iycrp mouru-rpaguent §5(T) = khlg) g¢(xx), rme {g¢(zx)} — rpammenTsI

B TOYKaX Tk, klim x) = T. VI3 cBoiicTBa BhIMyKIoCTH f () BBITEKAET IJIst
— 00

Beex x € F,:

() = f(zr) > (97 (), T — x1)-



YerpemuB k K 00 TIOTy4daeM:

f@) = f(@) = (95(), 2 — T),

T. e. §f(T) saBAsteTcs 000OMIEHHBIM rpanuenToM GyHKIuu f(z) B ToUke 2.
Teopema mokazama.

Teopema 3. Ecau dse gynryuu f1(z) u fa(x) noumu-dudpeperyupyemot,
mo f3(z) = f1(x) + f2(2); fa(z) = fi(z) - f2(x) makoice nowmu-dudpepen-
YUPYEMbL.

HoxkazareascTBo. Paccmorpum N3 — o0benuuenue maoxects N1 u No, B
KoTopbix dyHKIWN f1(z) u fo(x) e quddepennmpyemsr. Mepa N3 paBHa 0.
B ocranbubIx TOUKax f3(x), fa(x) nuddepeHINpyeMbl i HX TPAJUEHTH T/
CUMTHIBAIOTCA 110 npaBuiaM JudHepeHnupoBaHnAst CyMMbI U TPOU3BEIEHAS
nByx dyakmmii. OTcroa cnemyer yrBepKIeHne TEOPEMBI.

Teopema 4. Ecau fi(z) u fa(z) — nowmu-dupdepenyupyemv,, mo
f(x) = max(f1(z), f2(x)) — maxoce noumu-duddepenyupyema.

lokazaTeabcTBo. Beemem obo3nadenme:

Torma
f(@) = fil@) + [fale) = fi(e)] "

U3 reopemsl 2 cieayer, uro fo(x)— f1(x) nouru-guddepenuupyema. Jasee,
B cuity HenpepbiBHOCTH f1(2) n fo(z) MHOXKeCTBO

My ={x: fi(z) > fo(x)}

SIBJISIETCS  OTKDBITBIM, H modToMy dyHkims f(z) Oymer muddepen-
oEpyeMa BO BCEX TOYKAX 5TOr0 MHOXKECTBa, B KOTOPbIX auddepen-
mppyema bynkupsa  f1(z). AHAIOrMYHOE YTBEPXKIEHHE MOXKHO CIEJIATh
st MHOXKRecrBa Moy = {x: f1(z) < fa(z)}. YUro Kacaercs MHOXKecTBa
Mo ={z: fi(z) = fo(z) = f(z)}, TO Mepa TpaHUILI HTOrO MHOXKECTBA PAB-
Ha 0, a 115 BCeX BHYTPEHHHWX TOYeK JndbEpeHImpyeMocTh BHITEKAET U3
muaddepernupyemocru B coorsercrByiomeii Touke fi(x). Orcrona BhITEKA-
€T yTBEPKJECHHUE TEOPEMBI.



3. OO0 omHOM MeTOde HAXO0XKIEeHUS JIOKAJIbHBIX
MuHUMYMOB 11/I-pyaKimit

Mpsbr pacemorpum meron, muHuMwu3anmu 11/1-pyHKINA, COOTBETCTBYIOITI
merony OT'CPII ans Beinykibix dbyHkiumil, paccMoTpeHHOMY B paborax [6],
[7], ¢ Tem u3menenuem, 4TO POJib OGOOIIEHHOrO IpajueHTa Oyler Urparb
[Id-rpaguent.

IIycrs f(x) — IO-dbyukius, onpenenerHas B E,. Mbl Gynem mpeano-
JIAPATh, 9TO UMEETCST AJITOPUTM, TTO3BOJISIIONININ C IPOU3BOIBLHON TOYHOCTHIO
BBIMMCINTS HekoTopblit IT/I-rpanuent gy (x) dyuxuun f(2) B mponsBonbHOM
Touke & € F,,, 33JJaHbI AJITOPATMbI BBIYUCJIEHAS JIBYX IIOCJIEI0BATEHHOCTEH
nosoxuTeabHbix uncen {hi} u {fx}, k = 1,2,..., KOTOpbIe HAM B JaJIb-
HeifieM moHAIOOATCS, a TakyKe HavYaIhbHOE MPUOINKEHNe Ty U HAYAJIbHAS
marpuna By = I (I — exuHUYHAs MaTpHIa) Pa3MEPHOCTH N X 1.

[Ipu sTux ycmoBuax ompeaenum OeckoHedHO-Iaroserit mpomecc ITIPII,
(k+ 1)-it mar koroporo onuceiBaercs ciaeayoum obpasom (k= 0,1,2,...):
BBIYHC/IAEM

1) g¢(zx) (ecmu gy (xx) = 0, mporECC OCTAHABINBACTCS);

2) gk = B} - G(xx) (By — MaTpuIa, TpAHCIOHUPOBAHHAS By);

3) Ehr1 = T

(1|

4) xp1 = ok — By - hgy1 - Sy

5) Bry1 = Bi - Rp,,,(§k+1), tme Rp(§) — omepaTop pacTsarKeHus Ipo-
crpaucTBa B Hamnpasjenuu ¢ ¢ kKoaddunuentom pacrsxenus (. (Omnpeme-
JIEHHE 3TOTO ONEPATOPA, & TAKKE KOMMEHTAPUHU K AHAJOTHIHON CXeMe MMe-
orcs B [6]).

JokaxkeM Teopemy, aHAJOTHYHYIO Teopeme 2 u3 [7].

Teopema 5. Ilycmo =* — mouka aokaavnozo murnumyma pynxyuy f(zx)
u 6 mpouecce peasudayuu aszopummae ILIPII ewnosnaromes caedyrousue
YCAOBUA:

1) | Ag(zs — )| <7, 2de Ay = B, ', 7>0;

1
Q) l<ap<a*; ap=-—; k=12,...
Bre
Tozda cywecmeyem maras noodnocaedo8aMertHOCTVD Tk, Thy, - - -, Tk, - - -

umo

kp —1/n
< e(Tles) o p=voee
Jj=1



Joka3zareascTBo. [loBTOpsieM paccyKIeHus, KOTOPBIE MbI TTPOBOIUIN
[IPH JI0KA3aTEILCTBE TeopeMbl 2 [7] ¢ 3aMeHoil 000BIIEHHOrO IpaIieHTa Ha
I[Id-rpaguent.

Teopema 6. Ecau npu npeinososicenuas meopemv. 5 00NOAHUMEABHO NO-
mpebosams, 4mobvl CYULLCTNEOBANL TOAOHCUMEALHAA HeYOLLEaIouLas (K-
yua 6(e) daa scex 0 < € < r maxas, ¥mo

inf gr(x),x —2%) > 6(e) - ||lo — 2™, 1
{x:eﬂ\wm*ng}(gf( ) )=6(e) | [ (1)

L — xonemanma Junwuya f(x) das {z: ||z — z*|| < r}, mo cywecmsyem
o)

nodnocaedosamenbHoCmb {J)kp p=1’ maxas 4¥mo

Fla,) — f") < L sa((lk‘[ ) />

j=1
20e p(q) — Kopenv ypasnenus z0(z) = q.

3ameuanue. Yciaosue tuna (1) npemmoxkumn ucnosszosars JI. I Bake-
HOB [10].
HoxkazarenabcTBo. Vcnonb3ysa TeopeMy 5, MOIydaeM:

N Tk, — " . A, (T, — 2"
(w(%% T4 . ) = (kagf(a?kp)7| ky (2 ) )Z

(@, =) | A, (2, =)

. Akpmp—x*)) G ( )/
- < <ec- . .
(gkw | Ak, (zx, —2)|| )~ g || < e jl;[l%
Ho
(a (21, ), ke ) (||, — ") - llaw, — 27|
T Ao, —o0) = T A, el

(llzw, — 2*[I) - ok, — 2"

r

Taxum obpaszom,

=) b=l (

Ky

—1/n
[les)
1

j=

r



kp —1/n
o)1) < Lo, ~o°| < Lop(ve(TTes) )
j=1

rae ¢(q) — KopeHb ypaBHeHus z - 0(z) = q.

Teopema 7. ITycmo f(x) — noumu-duddeperyupyeman Pyrryua, onpede-
AEHHAA 8 HEKOMOPOTL chHepuseckot oKpecmHocmuy S, MowKy T* A0KAADHO20

munumyma (S = {x: ||z — 2% <r}), u 6 mex moukax x, 2de Pynryua
*

Juppepenyupyema, ee npouseodnvie no nanpasseruto p(x) = ydo-

[l — a*|
BALMBOPAINM, CALOYOUEMY HEPABEHCMBY:

N(f(@) = f(2") < fuw) (@) -z = 2" < M (f(z) = f(z7)),  (2)

20e 0 < N < M.
Tozda, ecau mo. 6 ITJ[PII-arzopumme npumem

(1) J"O E ST‘;
_ 2MN  f(zx) — f(27)
@ e = KT Tl
M+ N

R

. - (o)
Mo HaGdYmea KOHCMAaRmMa € U noonocaedosamesbHOCmb UHIeKcos {kp}pz1
maKaa, 4mo

flxy,) — f(z*) <@ aqkw/n

HoxkazaresberBo. [louru noBTopsis g0Ka3aTesibCcTBO TeopeMbl 2 u3 [6], mo-
aydaeM, uro mis Beex k|| Ag(zr — 2*)|| < r. IIpu srom Hepasencrsa (2)
B TeX TOYKaX, rae (yHKIwmsa HeauddepeHnupyeMa, 3aMeHsII0TCI HePABEH-
CTBAMHU:

N(f(x) = f(2")) < (g5(2), () 2 — ™| < M(f(z) = f(27)).

3ameuanue. B tekcre [6] (crp. 10-11) nmerorcst onedaTKu: IPU PACCMOT-
pennu ciy4daes [ u Il ayxmo M u N OMEHSTH MECTaMH.
ITocse 3TOrO MpUMEHsIEM TEOPEMY 5, yUUTbIBas, 9TO oy = a. Umeem:

N(f(zr,) = f(27)) < (Gr(2n, ), 2x, — 27) = (AR, Gk, Tk, — 27) =

= (@1, An, (@, —27) < ||Gi || -7 < re- a7/,



rc
zﬂx%)_fﬂﬁ)§iﬁa7%ﬂ1:5.a*mha

9T0 U TPebOBAIOCH MOKA3ATh.
Teopema 7 MOXKeT OBITH yTOYHEHA.

Teopema 8. Ilycmo cobardarwmes ycaosus meopemos 7. Tozda das npous-
60abH020 0, 0 < 6 < 1, natidemea cs maxoe, wmo das ecex k =1,2,. ..
—K(1-8)/n

: N ¥ < s
Orgnilélk[f(xl) m*] <c5-a

—1
Hoxkazarenbcrpo. [Ipencrasum A, = B, B BUJe MpousBeleHUsS OPTOTO-

HaJIBHOT'O 1 CUMMETPUYHOI'O IMOJIO?KUTEJILHO OIIPEACJIEHHOTO OIIepaTopa:
A = Oy - Sk,

i mycrs M%) — MakcumanbrOe coberBennOe GmCIo omeparopa Sy. IIpeamo-

JIOX)KUB, 4TO
)‘(k—H) ! !
Z__ >
NG >1+40", & >0, (3)
MBI TaK ke, KaK IPU JI0Ka3aTe/IbCTBE TEOPEMBI 2 U3 [7], IIOJIY YUM:

~ c

< -
rme  c(d') = /28 /(a? —1). Ilycrb ¢ mOCTATOYHO MAJIO, BO BCSIKOM
ciaydae, MeHbie, deM {/a — 1, m Ha (k+ 1),...,(k + p)-it wrepamusx He

BoimosHsercs (3). Iomyuanm Torma
AE+P) < \(R) (14 0")".
Tak kax A#+P) > (1/a)F*P, 1o ancio p yaoBrerBopsieT HepaBeHCTBY:

pIn(1 +5’) FIn Ak — W >0,
n

In AF) — klno
pL—
lna —In(1 + ¢")

n

IIycrs
5 In(1+46")n

Ina



Torma

< nInA® — klna 5)
P="0 %) ma

Temepb paccCMOTPUM CHTYAITHIO:

A (i+1)

A
I. / .: J—
A(k*1)21+5’ BYOR <1+¢ ngmi=k,...,k+m-—1.

U3 nepasencrsa (5) nmeem miast ¢ < m — 1:

lnA(k)quna(l—Tf)—f—k‘lnaZ (q—i—k)-lr;la-(l—é)' (©)

Hasee mosrygaem, ucrnoan3yst (4):

. ~ ~ as’ — ’
N < Teqll < —2— , = ,
oduin 1] < 5e-all < sp=s ve as =2/e(d)
as! aag! _ _
< < qas - o~ @Hk)(A=08)/n ’ .
Ho D) S () S dya . Tak kax ¢’ onHO3HAYHO OIpese

JsieTcst §, TO, 0003HAYUB (as = Cg, MOJydIaeM: Ijs Beex k, k= 1,2, ...,

o 170 < & . k=8)/n
Oglnggzll <¢-a

Hauee, ucnonn3ys (2),

min [f(z;) — f(z")] < min [§i] - = < c5- a0/

0<i<k  0<i<k N
~ T
TIe cs = C§ * —-
N

CiaencrBue. Tak Kak § MOXKeT OBITH CKOJIb YTOJHO MAJIBIM, TO U3 TPEIbI-
JLyIed TeopeMbl MOJIydaeM CJIELy TNy 0 ACUMITOTHIECKYIO OIEHKY:

Jim 4 min, [F (@) = f@)] < 7=,

T. €. METOJ CXOAUTCs 10 (DYHKIUOHAIY ACHMITOTUIECKH CO CKOPOCTHIO I'eo-

Ve

METPUYECKON IPOrPECCHH CO 3HAMEHATEIEM



4. IIpumeHeHmWE K PENIEHUIO CUCTEM
HEJIMHENHBIX yPAaBHEHUN U 333249
HEJIMHEIHOT0 IMTPOrpaMMUPOBAaHUA

Jnst mpuMeHeHns TeopeMbl 8 HY)KHO 3HATH Npu BeIOOpe {hi} W « 3Hade-

uue f(x*) u ymerbp onenuBarh Koucrautbl M u N. Haubosee npocro 310

[TOJIy9aeTCS [IPU PeIeHnN «IOJHbIX» CHCTEM HEJIMHEHHBIX YPaBHEHUN.
IIycrs umeercs cucremMa HETMHEHHBIX YPaBHEHHIA:

pi(r) =0; ze€kE,; i=1,...,n. (7)

rae ;(x) — nouru-guddepennupyembie Gynkuuu. Pemenue s1oii cucrembl
MOKHO PA3HBIMH CIIOCODAMU CBECTH K PEIIEHUIO 331291 6e3yCIOBHON MUHM-
MU3AIUH.

B wactHOCTH, TIOMYyYaIOTCS CIEAYIONTNE 3aIAH:

MUHUMU3UPOBATH
Yi(@) = max |oi(z)];
MHUHUMHU3UPOBATDH
n
a(2) =) lei()];
i=1
MUHUMU3UPOBATH

dale) = Y- o).

Jlerko, yBumerb (cM. Teopembr 3, 4), uro byukuum ¢ (z), a(z), s(x)
Takke OyayT mouru-muddepennupyemMbiMu. JIOKAJbHBIA MUHUMYM 3THUX
dbyukuuit z*, coorBercrByromnmil pemennto cucremst (7), naer ¢;(z*) = 0;
j=1,23.

Hac 6yzner unrepecosars mosenenne GbyHkimit ¢ (x*) B OKPECTHOCTH Ta-
KWX JIOKAJIbHBIX MUHUMYMOB. Tak Kak @;(x) — [IJI-dyHKImn, TO THITHIHOMK
CJIeIyeT CINTATh CATYAIluio, KOTIa B TOUKe £ 3Tn pyHKIHu quddepeniim-
PYyeMbl U 3HAYEHUE SKOOUAHA

det I(z*) = det {%(gg*)}n £ 0.

Ly ij=1

HazoBem Takoii ciy4ait peayasapnovim. JJokazkem Teopemy.



Teopema 9. B pezyaaprom cayuae watidemcsa das awb6ozo0 6 > 0 maxas
oOKpeCHOCMY S5 MOYKY MUHUMYME T, wmo npu T € S

(1 =0)Yj(x) < (Gy, (x), z — 2*) < (1 + ) (x)
ona j=1,2,3.

HokaszaresbcTBo. JI0Ka3aTe/bCTBO IPOBEIEM I Caydasd j = 1, Tak Kak
B ciaydae j = 2,3 oHo TpuBHasibHO. Tak Kak B Touke z* @;(z), i =1,...,n,
b depeHIEpyembl, To TIPOM3BOIHBIE T10 JI0OOMY HampasieHuo 7, ||n|| = 1,
YZOBJIETBOPSAIOT COOTHOIIEHUSM:

Pin(2*) = (9. ("), m);
P, (x*) = max |(gy, (), n)| -

s moboro 7, [[n| = 1, 1, () > 0. B camom nemne, ecu 1715 HEKOTOPOTO
n Y1,(x*) = 0, 1o (g4, (z%),m) = 0, i =1,...,n, vHo Torma det I(z*) = 0,
YTO IPOTHBOPEYUT PETYISPHOCTH PEIeHnst T*.

Tak KaK MpOU3BOJHDIE [0 HAIPABJIEHUIO B TOUKE L™ TPEJICTABJIAIOT 3HA~
YEeHUs HENPEPLIBHON (DYHKIUY, OMPEIEICHHON Ha KOMIAKTHOM MHOYKECTBE
— emuHUIHON cepe, TO MHOXKECTBO 3HAUEHU T OrpanrndeHo u 3aMkuyTo. Crie-
TOBATeNbHO, Hafijerca Takoe a > 0, aro 91, (%) > a ana seex 0, [0 = 1.
st mo6oro € > 0 BeibepeM Takyio OKpecTHOCTh O TOYKHU T, 9T0 JIJTst BCEX
x ¢ O, B KOTOPHIX ©;(x) muddepeHnupyembl, BBITOTHSIOTCS CIEIyOIINe
HEPABEHCTBA:

19i(T) = (9. (27), T — 2™)| < e|[T — 275
”94.01:(5)_9%(1‘*)” <eg i=1,...,n

(8)

BbIneanM MHIEKCHI ¢, 4% TaKne, u9To:

W@ =le@ V@ = [ @
rz—T"

/ k) __ {* _ |- T) = ———.
V@) = e @) 1@ = ==

[Ipunumas Bo BHUMaHuE (8), moaydaeM:

@ = e@| < (I +e) IF -2 <
< (¢ @)+ 2¢) 7 2°]1:

61(7) 2 (16, @) = ) 17 = 2" = (I}, @) — 22 ) I7 = 27



2 o) < 0@
e UL R i s S
IIM(E) ) llp,(i) (T)

Vipm) (@) 2> Y1,m (@) —e >a—e.

Tak kKak € MOXKeT ObITb CKOJIb YIOJHO MAJBIM, TO JJIs JIIOOOr0 § MOYKHO
HANTH TAKOEe £, 9TO OYAYT BBIMOIHATHCS YCAOBUS:

(1 =81 (@) < (G (@), T—2") < (140" (@); 0, 8" <6,

9T0 U TPebOBAIOCH MOKA3ATh.

N3 noka3aHHON TEOPEMBI CIe/IyeT, 9TO B PEryJIsiPHOM CJIy9ae, HAXO/ACh B
JOCTATOYHO MaJoi oKpecTHOCTH TOUKHM x* u mpumenss IIJIPII-amropurM,
MBI MOXK€M paboTarh B COOTBETCTBHU C TEOPEMOH 7 ¢ OOMbIIUM v U

2M N
M+ N’

TO, IPUHAB (@ =

O6mm3kumu K 1. B camom gene, eciu N > 1—6; M <149,

M+ N 1 2MN

TN Ty
M —N ) M+ N
o — 00. Ecim Mbr mmeem 331249y HETUHEHHOTO IPOrPAMMUDOBAHUS:

’y:

~ 1, MbI noxyuum tpu § — 0

Haiitu min f(x)
[PU OTPAHWYIEHUSIX
wiz) <0; i=1,....k ¢jx)=0; j=k+1,....k+m,

TO B YCJIOBHSIX, KOT/Ia CIIPABEIIMBO 0DODIIEHHOE MPABUIIO MHOKHUTE e Jlarpan-
ka [11], MbI MOXKEM [OUCK JIOKAJbHOIO MHUHUMYMa JTOW 3aJadd CBECTH,
ucnoab3ys mero mrpadubix Gyukuuu [8], K 3aa4de 6e3ycaI0BHON OnTUME-
zanuu QyHKIUH

k k+m
L(z) = f(z) + Y _ Si(x)pi(x) + > S lp;(@),
i=1 j=kt1
0; SO’L(‘,E) < Oa

rae Si(x) = S — mocTaTodHo 6OJIBIIOE IUCTIO [§].

Sv SD’L(‘,E) > Oa
HononHnrenbHas TPYIHOCTE OyIeT coCTOATh B ToM, 4To L(z*) Hen3BecT-
#0. OIHAKO MBI MOXKEM TOCTPOUTH AJTOPUTM C MOCJIEIOBATEIBHBIM MOI00-
pom L(z*) momobro amropurmy, nsmoxeHuomy B [7] (cTp. 83).
B nammoit crarbe MbI TOKa3a1u BO3MOXKHOCTh IPUMEHEHUsT METOIO0B rpa-
JMEHTHOIO THIIA C PACTIKEHUEM IPOCTPAHCTBA K 3a1a9aM MUHUMUASAIIH



noutu-aud depennupyembrx dbynrnuii. [IpuMeHUTEIHBHO K IPYyrOoMy KJjac-
cy dyukumit (Tak HazpBaembix T-auddepennupyembix Gyuknuii) 6amuskue
pesynbrarel umerorcsd B [9]. Ipyroit meron munumusanuu nodru-auddepen-
uupyembix yHknuii onucan B [10].
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06 oxmoit moguduKamum aJropuTMOB

MUHUMUI3AIAN TPAJUEHTHOTO THUIIA
C pacTd>Ke€eHHeM IMPOCTPAHCTBA AJisd
periieHus 3ajia4 00JIbINOI pa3MepHOCTHN

H. 3. Illop, B. U. I'epwosuy
Kubepnemuxa. — 1981. — M 5. — C. 67-70.

1. IIna pemienus 3azadu Ge3ycioBHoil MuHuMuzauuu Gyskimu f(z),
OIIPEeIEIEHHOl B N-MEPHOM €BKJINI0BOM IpocTpaHcTBe E™ m obmagarorieit
nouru-rpaguenrom [1] g(z) (ecau f(z) nuddepennupyema, g(x) conamaer
C OOBIYHBIM TPAJUEHTOM), PACCMOTPUM CJIEAYIONLYIO OOIIYI0 CXeMY HUTepa-
TUBHOTO aJITOPUTMA.

Bribupaem Ha9aIbHYIO TOUKY Tog € E™, BEKTOp gy U CHMMETPUYECKYIO
marpuity Hy nopsimka n X n. I[Momaraem 1 = xg.

Ha k-it urepanuu (k= 1,2,...), umes x € E™, BEKTOD gk—1 U MATPUILY
Hj,_1 mopsimka n X m, TIOTAITHO BBIYUCIISIEM:

1) mouru-rpasuent gr = g(xy);

2) Bexropol di = D'(zo,21,...,%k, 90,91s---,9ks Ho,Hi,..., Hi—1),
t=1,T;

T
3) marpuny Hy = H_1 + Y &Ldl(d})*, tne &, — ckanspsr,
t=1

4) wanpasyenue py = —Hygy;

5) HOBYIO TOYKY Tk41 = Tk + SkPk, TAE S — CKAJIAPHBIA IMTAaroBbIi MHO-
KHATEITD.

MHorue coBpeMeHHbIE ATTOPUTMbI MUHUMU3AIUHA MOTYT ObITH MOJTY YeHbI
HCXOJIS U3 OMICAHHON CXeMBbI TPH HaIIesKalieM BEIbope BeKTop-pyrakmuit D
¥ IIPOLIE/YP, MOPOXKJAIONMX YUCIOBbIe mocienoBarenbrocta {&f} u {sk}.
K Takum ajaroputMam OTHOCATCS MPOEKTUBHBIN BAPUAHT METO/IA COMPSIIKEH-
HBIX IPAIUEHTOB, HEKOTOPHIE MOAUMUKAINYA KBA3UHBIOTOHOBCKUX METOIOB
¥ METOJIOB C TIePEMEHHON MeTPUKOil. B 0CHOBe IepevncIeHHbIX METOIOB, IO
CYIIECTBY, JIEXKUT WJIes KBAJAPATHIHON AMMPOKCAMAIINA MUHUMHU3UPYEMO



byHKIINN, MOITOMY MPU UX MPUMEHEHUU OOBIYHO TPENOJIATAIOTCS OIpe-
JIeJIEHHBbIE CBOMCTBA raakocTu. [IpuMedarenbHO, YTO UCXOIs U3 ITOU CXe-
MBI MOI'YT OBITH IOJIYYEHbI U METOAbI OO0OIIEHHOr0 IPAJUEeHTHOrO CIIyCKa C
pacrskenueMm npocrpancTsa [1], ocHoBaHHbIe HA MIEdX, OTJIMYHBIX OT All-
[IPOKCHMAIUU IeCCUaHa. DTU METO/bI IPUMEHUMBL ¥ B CJIy4ae MUHUMU3ALMAN
mermaakux GyHknmii. B Hanbosiee 9acTo ucnoab3yemoit ux Mogudukanumn
— r-asropurme [1] — Ha sTamax 2, 3 obmel cXeMbl BBIYUCIEHHUS TPOBOSATCS
COOTBETCTBEHHO MO (POPMYIIaM:

di, = Ve Hp—1€5—1,

2 -2 -1
rae 77 = (1 — ;%) (er—1, Hr—1€5-1) ", €h—1 = gk — Gr—1, Qi > 1 — KO-
PUIHMEHT paCTSIyKEHNsT TTPOCTPAHCTBA,

Hy = Hy_y — did}.

2. HampagsiieHnne nBUKEeHWS, BBIIUCIAsgeMOe 1m0 dopmyne pr = —Hygg,
MOXKHO PACCMaTPUBATh KAK PE3YJIbTAT MPUMEHEHNS K AHTUTPAJUEHTY JIH-
HEHHOTO TTpeobpa3oBanus, 33 aBaeMoro marpureit Hy. EcrectBenno mocra-
BUTb 3324y O HAXOXKJIEHUU CTPYKTYPbI (COBOKYITHOCTH COOCTBEHHBIX 3HAYE-
HUii 1 COOCTBEHHBIX BEKTOPOB) npeobpasosanus Hy. B ciaydae npoussosb-
HOM MaTpuibl Hjp 3Ta 3ajada JI0CTATOYHO CIOXKHA, HO OHA CYyIIECTBEHHO
YTIPOIIIAETCsI, €CIN W3BECTHA CTPYKTypa marpuibl Hy_1 [2]. Ee perenne
OCHOBBIBAETCST Ha, CTIEIYIONIEM Pe3yJIbTaTe.

Jemma. ITycmo a',a?,...,a" — opmonopmuposannas cucmema u3 cob-
CMBERHBLT BEKMOPOE CUMMEMPUNECKOT mampuybl A, coomeememeyowus
n
cobemeennvm snauenuam it p?, ..o p. Hyems d = > da?.
Jj=1

Ilonooicum B = A — dd*. Toeda:

a) ecau 0as nexomopoeo j d° =0, mo A = p? — cobemeennoe 3nauenue
ora B u coomeememsyruwuli cobcmeennuiti sexmop b = a’;

n 7)2 n )
6) D(A) = det(B — A\I) = {1 - > (f—)/\} x [T (@? — ) (3amemum,
j=1 K = j=1
uwmo D(\) onpedeaen npu \ = ji);

8) ecau D(X) = 0, m. e. A\ — cobecmeennoe 3navenue mampuys, B, u

A # i (j = 1,n), mo coomeememeyrowuti cobemeennvlii 6exmop
n dj .

b= > ——a’.
=i = A



HokasarenbcrBo. Marpura npeobpasosannst (B — AI) B 0Ga3mce

a',a’,...,a"™ umeer Bug
(/.tl—dldl—/\) _d1d2 _dldn
_d2d1 (MQ_deQ_)‘) _den
—dnd! —d"d? ce (u = drdn = N)

Iopcuer ee onpenenuress gaer yreepxienue . 6) semmbl. Cupasegimu-
BOCTb IIll. &) U B) [POBEPSIETCS HEIIOCPEICTBEHHO.

[IpuMeHnM 3TOT PE3YNbTAT [JI W3y9E€HUS CTPYKTY PhI TIOCIEIOBATEIHHO-
CTW CUMMETPUIECKAX MATPHII, TOPOXKIAEMBIX T-AJITOPATMOM TI0 (hOpMyTIam:

Ho=1, Hy=H1—dpdi, k=12,...

IIpu Bcex k Hj uMmeeT n BEIIECTBEHHBIX COOCTBEHHDBIX 3HAUEHUN U MOJIHYIO
OPTOHOPMUPOBAHHYIO CACTEMY M3 COOCTBEHHBIX BEKTOPOB. 13 reomerpude-
CKOro CMbICia oneparopoB Hj (KaxKplil U3 HUX €CThb KOMIIO3MIUS Olepa-
TopoB cxKarus [1]) sficHO, 4TO BCe MX CODCTBEHHBIE 3HAYEHUSs JIOKAJIU30BA~
ubl B unrepsadie (0, 1]. lycrb mus Hy_1 usBecTHBI COOCTBEHHBIE 3HAYEHUS
0 < /\,1€_1 < )\i_l < ... < A, £ 1 7 coOTBETCTBYIOMAA OPTOHOPMHU-
pOBaHHasl CHCTEMa W3 COGCTBEHHBIX BEKTOPOB b, b7 ,,...,b% . Ilycrs

n . .

di = Y diby_,. Tonoxum A = 0. HerocpecTBeHHO U3 JIEMMBL Cllejlyer
=1

TeopeMa.

Teopema. Bepuui caedyrousue ymeaepicienus:

a) ecau das nekomopoeo j di, =0, mo X = X],_| — cobecmeennoe 3nauenue
ona Hy, u coomsemcemeyrougutd cobcmeennvili exmop b= b]_;

J R o S _ yJtr—1
0) ecau Aeeq = A = ... = A1), M. e. coOCMBENHOMY 3HAUEHUIO
J
Xj._, coomeemcmeyem unsapuarmmoe nodnpocmpancmeo M pasmep-
’ o S }
wocmu r > 1, u (dl)? + (P2 + .+ (@2 >0, mo A= N,
— cobemeennoe 3nauenue daa Hyp u emy coomeememsyem uneapu-

anmuoe nodnpocmpancmeo L pasmeprocmu (r—1); npu smom L C M
u lek,‘

. . .
8) ecau dan mexkomopozo j < n X, _; < Af;:l, mo Hj, umeem cobcmeen-
Hoe 3navenue A, cosnadaruwee ¢ eOUHCMEBEHHbLM KOPHEM YPABHEHUA



oy (@)

, -
> =0 6 unmepeaae (\,_,, Xi'|); npu smom coomeem-
=1 Ap_q — A

cmeyrowul cobcmeernvil sexmop b= jik
=1 Ap_q — A
HEKONOPASL HOPMUPOBOUHAS TOCTNOAHHAL).

b£71 (3decv B —

OrMernm, 910 TEOPEMa MOJHOCTHIO PENIAET BOMPOC O CTPYKTYPE Mpeod-
pasoBanusi Hj npu 3aJaHHBIX CTPYKType npeobpasoBanus Hy_1 1 BeKTOpE
dj;. DTO MO3BOJAET PEATU30BATDH T-aJIrOPUTM, paboras ¢ npeobpa3oBaHUEM
Hy (k=0,1,...) He B 06br4HO# MaTpu9HOil (hopMe, a 3a1aBasi €ro COBOKYII-
HOCTHIO COOCTBEHHBIX 3HAYEHUN U BEKTOPOB.

3. Buanue crpykrypbl marpun, Hy (k= 0,1,...) N0J1€3HO C HECKOJIbKHUX
TOYeK 3penus. Tak, B METOIAX DVIAJKON ONTUMU3AINN KBA3UHBIOTOHOBCKO-
IO THIA, UCIOJb3YIOMNUX KBAJAPATHIHYIO AMTPOKCUMAIIHIO, TOSABJISETCS BO3-
MOKHOCTh paboTaTh OJHOBPEMEHHO C MPHUOIUKEHUSMHU K TECCUAHY U €ro
0OpaTHOMY, TIOJyYaTh HAMPABJIEHUS <«OTPHUIATEIHLHON KPUBU3HLI> U T. II.
3/1ech OCTAHOBUMCS HA BO3MOYKHOCTSX, MOSBJISIONIAXCA IPH PEIIEHUH C [0~
MOIIBIO T-AJITOPUTMA, 331249 OOJIBINON PA3ZMEPHOCTH.

ITycrh cpeny COOCTBEHHBIX 3HAYEHUH MAaTPUILI Hy, JUIIL M TePBBIX OT-
JINYHBI OT €IWHUIIBL:

0<AM <A <. . <AP < AP = X2 = =\ = 1.

Toraa JJIdA TIPOU3BOJIBHOT'O BEKTOPa U CIIpaBEIJINBO:
Hio = 3" N0, o)t = v = (1= M) (0, BB
j=1 j=1

Takum obpaszom, eciu npeobpasosanue Hj «ueiictByers (T. €. OTJIMYHO OT
TOXKJIECTBEHHOI'0) B IIOJIIPOCTPAHCTBE PA3MEPHOCTH M, JJisd €ro 3aJaHus
BMECTO MATPUIILI TMOPSAIKA 7 X 1 MOYKHO 3alIOMUHATE JIUIIH 170 N-MEPHBIX
BEKTOPOB. DTO CYIIECTBEHHO, HAMPUMED, B CUTYAIIUU, KOTIA 3HAYNTEIHLHAS
CJIOYKHOCTH TOJIydeHus NHGMOPMAIU O MUHUMU3UPYEMON (DYHKIINU TO3BO-
JISIET PACCUUTHIBATH TOJIBKO Ha HEGOJIbINOE (110 CPDABHEHHUIO C 1) KOJIUIECTBO
IIIArOB UTEPATUBHOTO MPOIECcCca.

[Iyctes Hj neficTByeT B MOAIPOCTPAHCTBE PA3MEPHOCTH M W 3aA€TCS
m BekTopamu. TOrma pa3MepHOCTh TMPOCTPAHCTBA, B KOTOPOM IeHCTBYeT
Hj.11 ue npeBocxomur (m + 1) (HEMOCPEICTBEHHOE CJIEICTBUE TEOPEMBI) U
nns 3ananus Hyy1 Moxer nonanoburbes yxke (m + 1) sekrop. Ilycrs nmo
KaKUM-JIN00 MIPUIMHAM HA BCEX TOCJEIYTONINX IaraX HeXKeJIaTebHO JIaIb-



Hejfrree yBeJIMdYeHne KoJnvdecTBa 3anomMuuaemMoit nudopmarun. Torma, aTo-
ObI ClIeTIaTh BOBMOKHBIM TTepexon K H.11, AeHCTBYIOIIEMY B m-MEePHOM O~
MIPOCTPAHCTBE, HEOOXOINUMO «CKaThy HWHMOpMAIUo 00 Hj Ha OauH BEKTOD,
COXpaHWB HamboJee «CyIIEeCTBEHHYIO» ee dacTh. llpu 3ajaHuu omeparopa
Hj; COBOKYIHOCTBIO €ro COOCTBEHHBIX 3HAYEHUl U BEKTOPOB (B OT/IHYME OT
apyrux [1], [3] cmocoboB 3amannst) Takoe «CKATHE» IPOBOJUTCS IPOCTO H
€CTEeCTBEHHO: O0TOpAaChIBaeTCsd MHGOPMANKA O COOCTBEHHOM BEKTOPE, COOT-
BETCTBYIONIEM COOCTBEHHOMY 3HAIeHHIO A}’ (Hambosiee OIM3KOMY K €IHHE-
ue). Takum obpazom, Hy 3aMeHsieTcs CBOMM IIPOEKTOPOM Ha HOAIPOCTPAH-
CTBO, ONpe/eNIseMoe BeKTopaMu by, b%, ey bZ“l.

Ilepeitnem K onucaHuio aaropuTMa MUHAMA3AINNA. B ero ¢popMmymuposke
CTPYKTYPBI JIMHEHHBIX MPEOOPA30BAHUN 3aIAI0TCS 3AIMCAME BUIA

AL A2 o™
H = {bl b2 pm (0
b, b? bm — 0-
osHagaomuMu, 9ro bl b?, . . ., OPTOHOPMUPOBAHHAA CHCTEMA, U3 11 CO

CTBEHHBIX BEKTOPOB NMpeobpa3osanus H, COOTBETCTBYIOIINAX COOCTBEHHBIM
aucaam AL AZ LA™ rakmu, umo 0 < A < A2 <L <A™ <1 (m < n);
JlIsl IIPOU3BOJILHOIO BekTopa v Hu =v — > (1 — X)) (v, b7)b7.
i=1
Badukcupyem narypasubuoe m, semecrsennbie R € (0, 1] u Q > 1 rakue,
arom <nwu RQ < 1.

Bribupaem HavaabHyI0 TOUKY g € E”, BekTOp g9 = 0 1 mpeobpa3oBanue

11 ... 1
H fr—
0 {b}) o bg”}’
rie bé — j-# cronbern egunnanoi Marpuinl. [Tomaraem x1 = xg.
Ilepen k-it ureparueit umeem xp € E™, BEKTOD gi—1 1 npeoOpa3oBaHme

A A AR
M=

k-s urepanus (k= 1,2,...) COCTOUT U3 HECKOJILKUX JTAIOB:

1) BbrumcssieM noYTU-rpaguedtT gx = g(xy);

2) dopmupyem unbopMalnio, HEOOXOAUMYIO [IJ1s OYEPETHOrO [Iepecyera
CTPYKTYPBI IPEODPA3OBAHUST; €CIIH T, = 1, IEPEXOJUM K 1I. 2 B;



a) samensieM Hj_1 ero mpoekTopom, mojaras

1 2 m—1
Apl1 Al o-e A

Hyp 1= . ) L (
e
by, b, ... b5

6) ecmn A" ! < R, momaraem N, | = QN |, j=1,(m - 1);

B) BBIYMCHsieM BeKTOD di = YeHi—1ex—1 = Vi Hi—1(9kx — gk—1), TOe
2 = (1 - o) (er—1,Hp—1ex-1)"Y i > 1 — xoscbdurment
PACTAYKEHUsS TPOCTPAHCTBA;

) BBIYUCTIAEM di = (dk,biil), j=1,(m—1); ectu m = n, 10

BorauciseM dj = (dg, b)) U mepexonuM K 3TaIly 3; BEIIHUCISEM

| I m—1 . .
dp = =" dlb]_ | mmerop b, = ('S dlb]_)/dy
i= i=

1) [OJIaraem
Mo N oAt

1 2 m—1 m
bk*l bk*l te bk—l k—1

3) HaxomuM CTPYKTypy mpeobpasosanust Hy = Hy_1 — did}, T. e. momy-

qJaeMm:

1 2 m

AAZ N

Hy = L s ;
m
b, by ... b}
4) BbluucisieM Hanpasjienue p, = —Hygy;

5) BBIUUCIAAEM HOBYIO TOYKY Tk41 = Tk + SkPk, DM€ S — CKaJAPHBIN

OIarOBBIII MHOXKUTEb.

3aMeTuM, 94TO B CIydae m = n peajm3yercs CXema, IKBUBAJCHTHAS CXe-
me r-ajropurma. [pu 1 < m < n noaydaeMm ajroputm (Ha30BEM €ro 7T,-
AJIrOPUTMOM ), 3aHUMAIOIIKI poMexyTounoe nosoxkenue mexay OLC [1]
U 7-aJTOPUTMOM U B HEKOTOPOM CMBICTIE ANMIPOKCAMUPYIONIAHN MOCTETHAN.
B oramume or r-ajaropmrma, pabOTAIONMIEro, BOOOIIE TOBOPS, C JIMHEHHBIM
npeobpasoBanneM Bcero E™, r,,-alroputM paboTaeTr ¢ JIUHEHHBIM Ipeod-
pPa30BaHUEM, KOTOPOE JEHCTBYET B M3MEHSIOIMIEMCST B TIPOIECCe CUYeTa MOJI-
upocrpascrse pasmepHocru m < n. IIpu srom (eciu He yuuTbBaTH MOJI-
cyer FpaﬂI/IeHTa) OCHOBHbBIE€ BBIYHUC/IMTEJIbHbIEC 3aTPaTbl Ha OJHOM IIare B



T-aJTOPUTME CBSA3AHBI C YMHOYKEHUEM MATPHUIIBI HA, BEKTOP W €€ TIEPECIeTOM
u umeror mopsaok O (n?) omepammii, a B 7,,-adTOPUTME — C BLIMHUCTCHU-
€M C OIPAHUYEHHON TOYHOCTHIO KOPHEH XapaKTePUCTUYECKOrO ypaBHEHUS
((O(mn)) u nepecaerom cucrembr cobeTBeHnbIX BekTopos (O(m?n)).

g pemenus 3amad GOIBIIONH PA3MEPHOCTH ONMCAHHBIA MOIXOJ IPeI-
CTaBJISETCS MEPCIEKTUBHBIM TT0 CIIEIYIONM COOOpaskeHusIM. BhICOKast KO-
POCThb CXOIMMOCTH, KOTOPYIO TPAKTHYECKU 00ECTIEINBAET T-aJTOPATM, 00y-
CJIOBJIEHA, €r0 CIOCOOHOCTHIO OCIADJIATH OBPAYKHOCTDH, «PACTATHBAA> Kap-
THHY IIOBEPXHOCTEl ypOBHA MUHMMHU3UDPYeMOil (byHKIMH. B IpUKIaIHBIX
3a1a9ax GONBINON PA3MEPHOCTH (MMEMOINX, KAK IPABIIO, OBPAsKHBIH Xa-
pPaKTep) PasMEPHOCTH OBpara OOBIYHO HEBEJIUKA 10 CPABHEHUIO C 1, IO3TO-
My OCJIa0WTh OBPasKHOCTh MOXKET W aJrOPUTM, KOTOPHIA paboraer ¢ Jn-
HEHHBIM TPEOOpPA30BAHUEM, AEHCTBYIOIIMM B MOIMPOCTPAHCTBE PA3MEPHO-
ctu menbine n. Ocrabienne OBPakKHOCTH CBS3aHO C yMEHBIIEHHEM YIJIOB
MEXK/ly AHTUTPAJIMEHTAMA W HAIPABJICHUSMA HA TOUKH MuanMyMma. Cremno-
BaTEIbHO, IIPUMEHEHHE OIIMCAHHON METOJUKN B aJTOPUTMAX IPAJACHTHOIO
THUMA, YMEHBIIAOMINX Al CO CKOPOCThIO TEOMETPHYECKOi mporpeccun [1],
JIOJDKHO TIPUBECTH K 3HAYUTEIHHOMY YIIyYIIEHWI0 TOYHOCTH PENeHUst TPH
3aJaHHOM KOJIMYECTBE IIArOB MTEPATHBHOIO IpoImecca. s 3KCIepruMeH-
TaJbHON MPOBEPKH HPEJIOKEHHOIO AJIrOPATMa MUHUMHU3HPOBAIACH ILIOXO

20
obycmosnennas dynxmusa f(z) = S (2 — 1)?/2'. Ucnoms3osamucs: OT'C
i=1
(mar ymeHbInajcs reoMerpudecku co 3uamenaresnem 0,99); r,-aaropurm (c
m =5, 10, 15, 20; @ = 1,1; R = 1/Q); r-amropur™m. B r,,- u r-asropurmax
noaraan KodpPUIHeHT pacTsKeHus o, = 3. Bo Bcex ciiydasx B KadecTse
HauaTLHOl BLIGHpAach Touka zo = {a\) = 0, i = 1,20}. Iomyuennsre
pe3yabTaThl TpUBEIeHbI B TabJ1. 1. YuC/IeHHbBIE SKCIIEPUMEHTHI TOKA3BIBAIOT,
YTO MPH YBEJIUIEHUHN 11 (BETUYUHDI UCIIOIB3YEMON TAMSITH) B Ty, -AJITOPUTME
TOYHOCTb DEIlIeHUs yJydimaercd (IpU 3aJaHHOM KOJIMYECTBE UTEPALIMii).
[Ipu sTOM He yBeIMYIMBAETCA UHMCIO OOpAIleHnit K WH(MOPMAIUA O MUHH-
MU3UPYEMOil (DYHKIIMH, YTO YKA3BIBAET HA MPEUMYIIECTBA T,-aJITOPUTMA
mo cpasaernio ¢ OI'C, koropbie 6yayT 0COOEHHO CYIECTBEHHBIMU MPU De-
MIIEHUN 337039 OOJIBITION PA3MEPHOCTH.
B macrosiiiiee BpeMs HCCTEMLYIOTCS MPOIEAYPbI PECYIUPOBKHU IIATOBBIX
MHOYXKHUTEJEH B 'y, -AJICOPUTME B MEJAX HNOJydeHUs TPAKTUIECKH Haubosee
a¢dpderTuBHOrO anropurma. Pe3ymabrarsr OyayT OmyOMMKOBAHbI O3/ IHEE.



Ajropurm YHucno YHucno BeI- | HocTurayroe
MUHAMU- | UTEpanmii | <ucaeHuit 3HAYTEHUE lzx — ™|
3aun k rpaJiueHTa byuKIIN
orc 100 100 0,5 x 1072 3,1
orc 150 150 0,1x1072 3,0
s 100 147 0,5x107* 2,2
T10 100 149 0,1x107° 0,8
r15 100 136 0,1 x1071° | 0,4x 1073
20 100 129 0,5x 107" | 0,3 x 10™*
r 100 135 0,2x107" | 0,4 x 107"
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O meTome moJryvdeHns OMEeHOK B
KBaAPAaTUYIHBIX 3KCTPEMAaJJbHBIX
3aJlavax ¢ OyJIeBLIMU MepeMeHHBIMU

H. 3. Illop, A. C. /[aswvidos
Kubepnemuxa. — 1985. — M 2. — C. 48-54.

PaccMaTpuBaercs Kjace sKcTpeMaJbHbIX 3a/a4 Cllejlyionero Buia:
min fo(z), z={z1,...,2,} (1)
IpY OrpaHMYEHUAX

filz) <0; i€l fi(x)=0; i€l
Itur={1,...,m},

z; €{0,1}, j=1,...,n, (3)
rae  fu(z) — KBajparuuHble OYHKIUK OT TEPEMEHHBIX X1,...,Tn,

v=0,1,...,m.
VYenoBue (3) MOXKHO 3aMEHUTH KBAIPATUYHBIMY DABEHCTBAMU:

2 _ s I

r;—x;=0, j=1,...,n (3"

Bamernm, uro Graromaps (3') 6e3 orpaHUUeHUsT OOUHOCTH MOXKHO CYUHU-
rarb, 4ro f,(z), v =0,...,m, He COIEPKAT JIMHEIHBIX YJIEHOB.

IIycts f* — onruMaibHOE — 3HAYEHHWE IeJieBoil (PYHKLUKM B 3a-

nage (1)—(3). YenoBumest, uro f* = +oo, ecnu 3amaga (1)-(3) He umeer
JOIyCTUMBIX PELIeHU.

Ucnonb3yem cranpaprubiii meros muoxkureseil Jlarpaunxka [3] s noosy-
geHus OneHoK cHu3y st f*. [lomydaem cienyromnyo dyrkmmo Jlarpanxka

m

L) = fole) + 3 usfile) + 3. y(a% — ).

i=1

Baech u = {u1,...,Um; U1 ..., Uy} — (M~+n)-MepHBIIT BEKTOP MHOXKHUTEJIE}
Jlarpamxa.



ITycrs U — mogMHOXKeCTBO (1 4 m)-MepHOro JIMHEHHOro MPOCTPAHCTBA
MHOXKUTeneil Jlarpam:ka, BbIpe3aeMoe orpanudeHuamu u; > 0 maad Tex i,
y KOTOpBIX B (2) crout 302K «< » (i € [T). Paccmorpum

U(u) = irxlf L(z,u). (4)

ITpn v € U ayst mo6oro morycrumoro x Lz, u) < fo(z). Cnemosarenn-

Ho, U(u) < f*, Vu € U. Orcioga ¥* = sup ¥(u) < f*.
uelU
Ipu sobom uw € U L(x,u) — kBagparudnas QyHKIMs, KOTOPYIO MOXKHO

3alucaTb B BUIe

L(z,u) = (K(u)z, z) + (2, u),

rae K (u) — cumMerpudnas Marpuna nxn, [(x, u) — auHeliHas 10 x QyHKIU.
3ameTnM, 4TO IeMeHTH MATpHIBL K (U ) {kij(u )}” | JIMHEHHO 3aBUCAT
oT u.

Iycrs UT — nopmuoxkecrso U 3Havenuii u, npu Koropbix K (u) sBis-

eTcs TIOMOXKATEIBHO onpesenentoit marpuneit, U = = {u|u € U, K (u)

HeoTpULATEIbHO—ONpeienenHoil marpuueii }. [pu u € U 3aia4a (4) nmeer
€IMHCTBEHHBINH MUHUMYM (U), KOTOPDIH TOJYyYaeTCs TyTeM PEIeHnst COOT-
BETCTBYIOIIEl CHCTEMBI JIMHERHBIX ypaBHeHuii. [Ipn u ¢ T" marpuna K (u)
UMeeT OTpHIATeIbHBIEe cOOCTBeHHbIE uncia u W (u) = —oo. Takum obpasom,

=+
mouCK sup, oy ¥(u) ciemyer orpaHu<InTh MOIMHOMKECTBOM U
Jlemma. Ut a6aaemes ne nycmom SunyKAbM MHOHCECTNEOM.

JlokazaTesqbcTBO. 3a(pUKCUPYeM TPOW3BOJbHBIE IOMYyCTHMBIC 3HAYCHUS
Ul,...,Un. JICTKO BHIETh, YTO 34 CYET BLIOOPA JTOCTATOYHO OOJILIIIX
Uy, Uz, ..., Uy AAATOHAJIHHBIE JIEMEHTHI MATPHUIBI K (u) MO2KHO CO€JIaTh
CKOJIb yTOJIHO GOJILIIMMM, OCTaB/lsdsl 03 U3MEHEeHH: OCTAIbHbIC 3JIeMEeHThL.
9TO MOKA3BIBAET CYMECTBOBAHUE 3HAYEHWUI U, TIPA KOTOPLIX Marpura K (u)
ABJIAETCS TIOJIOXKUTEILHO OMpeIesenHoi, T. e. UT # ().

Jokaxem Bomykaocts UT. Iyers u, u® e Ut, ay, as >0;
a1 + as = 1. Pacemorpum T = ajuV + asu®. Tak kak smemen-
Tl Marpuiel K (u) ABASIOTCS  TWHEHHbIME  (DYHKIMAMH OT U, TO
K@) = a1 K (uV) + ao K (u®). Dz moboro z #0 (K(uM)z,z) >0,
(K (u®)z,2) >0. Orcrona

(K (@)z,z) = a1 (K (uM)z, 2) + ag (K (u®)z, z) > 0,

YTO JOKA3bIBAET [IOJIOKUTEJbHYIO onpeesenHocTb K (T) u, cieoBaTesibHO,
BBIITYKJIOCTh MHOKecTBa U ™. JleMma noka3ama.



®yukuusa ¥(u), Kak uHGUMYM 110 & JTUHEHHBIX [0 U DYHKIWUI, ABJIseTcs
BoruyToit Ha U™T. TakuM 06pa3oM, 3a7a4a, OIpe/Ie/IeHIsa

U* = sup ¥(u)=— inf (—T(u)) (5)

wel + uwel *

CBOJUTCS K 3aJ1a9€ BBIMYKJIOrO MPOrPAMMUPOBAHUSA. 3aMETHM, YTO MHOYKE-
crBo U™ sBiIiercss OTKPbITBIM, MO3TOMY 3KcTpemyM B (5), eciiu oH cylie-
CTByeT, MOKeT JOCTHIaThCd U Ha MPaHuie MHOKecTBa UT |, T. e. BO MHOXKe-

—=+
ctee U .

Mycrs —¥(u) = p(u), ¢(u) — Boinykaasa yukuus. Byaem pemars 3a-
Jlady OomnpezeneHnss o = min+ ©(u) B NPEJIIOIOKEHUH, YTO MUHUMYM CYy-
uelU

IIIeCTByeT. ILJIH penieHna 3TOM 3312491 MOXKHO BOCHOJIB30BAaTHCA METOJaMU

" =+
e GepeHnupyeMoil ONTUMA3AIME. 3aMeTUM, 910 yejaoBue u € U - co-
JIEPKUT JIBA, TUTIA OTPAHUIEHUIA:

1) u; > 0mnpui € IT, tne I — MOAMHOMKECTBO UHIEKCOB OTpaHWYeHm
(2), koropsie 3amucanbl B dopme (<);

2) K(u) — HEOTPUIATEILHO-ONPEIEICHHAS MATPUIA, YTO IKBUBAJICHTHO
OECKOHEYHOI CHCTEeME JTMHEHHBIX 110 U HEPABEHCTB

n

i,j=1
KOTOPYIO MOXKHO mepenucaTb B KOMITaAKTHOM BHUJIE:

n

AMu) = Hrrlllin1 kij(w)yiy; > 0, (6)
yll=1 ~
4,j=1

rae A(u) — MuHUMasIbHOE cobeTBeHHOe uncsio Marpunpl K (u), Boruy-
Tasg (PyHKIHSS OT .

Taxum obpazom, mosydaeM 33139y
minp(u) [u; >0, i€lt; Au) >0. (7)

Tak Kak yHKIMS ©(u) W ee cyOrpaJuieHT He ONMpPEeeIeHbl 3a MPee-
JIaMU O6J'[3.CTI/I U+, HeJIb34d BOCIIOJIb30BaTbCd METOJOM HEIJIaJKHNX TOYHbIX
BHeImHUX MmMTpadHLIX (GyHrmuit. [Ipuxoaurcs npuMeHATh I MOy IeHUA



npUOINKEHHOTO pernenusi 6aphepHbie mrpaduble GyHKIMH [6], HATPHUMED,
B dopme

Seolw) =p(u) + Y —+——

re € m § — JOCTATOYHO MAJBIE MMOJOKUTENbHbIE 9nucia. Jis MuHUMHA3a-
1 Se 5 () MOXKHO HCIIOJIB30BATH OJMH U3 O000IIEHHBIX IPAJIHEHTHBIX METO-
noB Heauddepermpyemoit onTuMu3anun (MeTOAbl MUHUMUA3AIUYI TIATKUAX
dbyHKIUI B JAaHHOM CJIydae He IPUTOAHBI, TaK Kak Se 5(u) — Henubdepen-
uupyemas (yukuus). OcranoBuMcs Ha cocobe BbIYUCIeHUs 0O0DIIEHHBIX
rpaguentos g, (u), gr(u) dbysknumit ¢(u) n A(u) mpu v € U, Tak xax
p(u) = —Y(u), go(u) = —gy(u). B cooTBeTCTBHU C H3BECTHBIME Pe3yIIb-
TaTaMH BBIIYKJIOrO aHAIu3a [3], gy (u) MOIydaercss Kak BEKTOP HEBSI30K B
orpanniennsx (2) npu z = z(u), T. e. gy(u) = { fi(z(u))}-,

B coorsercreun ¢ dpopmymnoit (6) nyist A(u) 06obmeHHbIi rpaguenT OyHK-
mun A(u) B TOYKE U4 = U BBIYUC/IAETCS CJISLYIOMIUM 00Pa30M:

a) HaXOAMTCS MUHUMAJbHOE coOcTBeHHOe Yncyio A(u) marpurpl K () n
COOTBETCTBYIOINIMI eMy cobcTBeHHBIH BeKTOp (W), ||y(@)| = 1 (ecnm A()
— KpaTHOoe COBCTBEHHOE YHCJI0, TO B KadecTBe Y(U) MOXKHO BbIOpATh [IPOM3-
BOJIbHBI HOPMUPOBAHHBI COOCTBEHHBIN BEKTOP, COOTBETCTBYIOWMA A(T);
B 9TOM ciy4ae B Touke U A(u) He siBasercs nuddepeHuupyemoii);

6) B kauecrBe g)(u) Gepercs rpaJueHT K JUHEHHON 10 u dyHKIMN

n

e(u) = Y yi@)y; (@hki;(u).

,j=1

Bnas crmocobbr Beraucienns gy(u) u g, (u), Jerko MOCTPOUTH aJIrOPUTM
BBIYHC/ICHUS cyOrpaquenta GpyHkuun S, 5(u) 1 IPEMEHATD [IsI €6 MUHIMI-
3aMU OJUH U3 M3BECTHBIX CyOrPaJIMEeHTHBIX METOJOB ¢ PACTSKEHHEM IIPO-
crpancrBa (Hanpumep, r-ajropurm [3]). 3amerum, 4TO IpPU ONpPeEEIeHUN
[IAroB [0 HAIIPABJIECHUIO B 7-aJIFOPUTME HYZKHO II03a00THTHCSA O TOM, 9TOOBI
He MepexoquTh rpanuily obaactu UT.

Hpyroit cnocob perenus 3anauu (7) CBA3aH ¢ BO3MOXKHOCTbIO IPUMEHe-
HusT MeTona dutnconaos ([1, 4]) umu ero moqudukaruit [2].

CyTh MeTo[a 3JUIUINCOUIOB TIPU PEIeHUH 33029 BBIMYKJIONO MPOrpaM-
MHUPOBAHUS COCTOUT B CJIEAYIOIIEM: TIepe] HAYAJIOM OYEPETHON MTepaluu
OIITUMYM JIOKAJIM30BAH B HEKOTOPOM 3JIJTUIICOMIE; OEPETCs TOYKA T — HEHTP
sumaIcon1a. Ecam 3ra TouKa ABIeTcs JOIMyCTHMOM, TO ¢ HCHOIb30BAHUEM
cyOrpaauenTa neeBoil (PYHKIUHA CTPOUTCH OTCEKAIOIIAs TUIIEPILIOCKOCTD



M BOKPYT OCTABIIEHCS YACTH SJIAMICOVIA OMUCHIBACTCS JITUTICOU, IO BO3-
MOYKHOCTU MEHBIIEro 00beMa (eciu T He sBJIAeTCs JIOMYCTUMOI, TO JIJIs 10~
CTPOEHUS OTCEKAIOIIEH THIEPILTIOCKOCTH UCIOIb3yeTcs CyOrpauenT K orpa-
HUYEHUIO, KOTOPOE B JIAHHOM TOYKE HE BbIIOJIHSIETCS).

Takum obpasom, mocje 3aBEPIIeHUs O9ePETHON UTEPANNH MOTYyIaeM B
Ka4yecTBe 0OJIACTU JIOKAJIU3AIAN OMTUMYMa, OMSITh JITUIICOUT, HO MEHBIIIE-
ro obbema. Moaudukaim MeToa JIIUIICONI0B MPEJTIOKEHbI JJIs yCKOpe-
HUSI CXOIUMOCTH 3TOTO METOJA M COCTOSIT B TOM, UTO MOTPYIKEeHUEe 00JIaCTh
JIOKAJIM3AINN ONTUMYMa B JUIAIICOU]] MPOUCXOIUT TMOCTE ABYX WA GOJIb-
mero duciaa orcedenuii. QOTMeruM, 9TO METOJ| JLIUICOUIOB MOXKET OBbITh
peann3oBaH B Gpopme 00OOIIEHHOr0 IPaJUeHTHON0 METOIA C PACTIKEeHUEeM
mpocrpaHcTsa [1].

Kaxk cienyer u3 cka3aHHOrO, /IJIsT PEATH3AIMN METOIA IJLIUICOUIOB 1
ero Mopudukalmii npu perrerud 3a1a4u (7) HEOOXOAUMO yMETh HAXOAUTh
go(u) nnsg uw € UT mnm gy (u) nnst w ¢ UT. Ha cnocobax BbIMUCIEHUS 9TUX
O0OODIIEHHBIX MPATUEHTOB OCTAHABINBAJIICE BBIIIE.

[Tpouenypa Bbraucaenus gx(u) OCHOBAHA HA DEIIEHUM 3a/1a49U HAXOXK-
JIeHUsT COOCTBEHHBIX YHMCEJ ¥ BEKTOPOB CHMMETPUYHBIX MATPHUIL, KOTOPAas
SIBJISIETCST JIOBOJIBHO TPYIOEMKO#, eciii Tpebyercs BbICOKAs TOYHOCTH Pe-
3YJBTATOB.

Bocnosnb3ayemcs criocobom, npeioxentbiM B [5]. OH 1mo3Bosisger crpouThb
OTCeKaloIIe TUIePIIOCKOCTH, KOTOphIe OTIEIAI0T JaHHyI0 Touky U & U™
ot obact Ut 6e3 1CIo/Ib30BaHIs aJTOPUTMA, HAXOKICHH MIHAMAJILHOTO
CODOCTBEHHOTO YHCJIA U COOTBETCTBYIONIETO MY COOCTBEHHOTO BEKTODA.

[Iycrs w ¢ U . 910 30auuT, uro Marpuna K (U) He ABIAETCS MOTOKH-

resibHO onpenesennoit. Ilycrs My (), Ma(q), . .., M, (4) — nociaenosaresb-
HOCTh TJIABHBIX MWHODOB 3TO# Marpuipl. IIo kpurepuio CuibBectpa Haii-
nercst Takoii Homep t, 1 <t < n, uro d; = det M;(uw) > 0,i=1,...,t -1,

dt = det Mt(ﬂ) S 0.

Ipu t =1 k1(7) < 0, n Tak kax upu u € UT kyy(u) > 0 u ki1(u)
ABJIsieTCs JIMHeHol DyHKuuell oT u, To runepiuiockoers ki1 (u) = 0 orceuer
TOYKY U OoT MHOKecTBa U™,

[ycrs t > 1. Paccmorpum noamatpurist M) (W), KOTOpBIe TOTYyHaroTCs
[PU BBIYEPKUBAHUY ¢-TO CTONONA ¥ -# cTpoku u3 Marpunbl M (). Iycrs

& (—=1)" det M (u), i=1,...,t,
& = detMy_y-(—1)"#0, &={&}_,,

e = Y hes = 36 (ks ®)
Jj=1 1

ij=1 j i—



lpu u € UT rg(u) > 0, Tak kak M;(u) sIBISETCSA TOTOKUTETHHO OTPE/Ie-
JIEHHOI MaTpuneii.

t
IIycrs u = u. . k;j (W)€ B cuiay ompeeneHnss BEKTOpa & ¢ TOUHOCTBIO
i=1

J0 3HaKa COBIIAJIAET C ONpeJesuTe/IeM MaTPHUIbl, MOJyYalomeics u3 Mar-

punet M; () 3amenoii t—ro cronbia Ha i—ii. Eciu ¢ # 4, T0 moaydaiomasacs

MATPUIIA UMEET JBa OJWHAKOBBLIX CTOJIONA W €€ ONpeneauTenb paser 0.
Takum obpazowm,

t

ra(@) = Y ki (@& = & - (—1)'dy = dy_1d; <0, )

ij=1

Bamerum, uro rz(u) — nunedtnas mo u dyukmua. Ypasuenue rgz(u) = 0
3a[[aeT TUIEPIIOCKOCTD, KOTOPAsi OTCEKAET COMIACHO (9) TOUKY W OT MHO-
xecrsa U™ . HeoGxommmbrii 11 onpesienienns 74(1) BeKTOp & BBIYUCTACTCS
C HCIOTb30BAHNEM METOOB JUHEHHON anredpol.

Tenepb MOKHO OIUCATH ATTOPUTM, OCHOBAHHBIN HA METOAE HJLIUIICOUIOB
[1, 4] nyst perenns 3ama4y MOIydYeHus oneHKH (7): min p(u) npu orpaHu-
yenusx u; > 0, i € I'T; Au) > 0.

Hauansaas nadgopmanusi. ITycrs mam anpruopn n3sectabr Toura u(”)
u qucio Ry > 0 rakoe, 4ro onruMasibHOe penienue 3anaun (7) u* ymoie-
TBOPSAET COOTHOIIEHUIO Hu* —u(® H < Rp.

Bagana Takxke mMarpuiia npeobpasoBanus npocrpancrsa By = I (exu-
wuuHag (m + n) X (m + n) marpuna).

(k + 1)—i1 war agropurma. k = 0,1,2, ... Ilepex naganom sroro nia-
ra umeem touky u®), ancno Ry — paamyc obGIacTH JTOKAIA3AIAE ONTHMY-
Ma u MaTpuily B npeobpa3oBanus mpocTpaHcTsa. IIpoBepsiem HepaBeHCTBA
u; > 0,7 € I'". Ecom pyist mexoroporo ¢ € I uz < 0, To GepeM B KadecTse
g(u®)) BexTOp, ¥ KOTOPOTO BCe KOOPAMHATHI PaBHBI (), KPOMe KOODIMHATHT
i, paBHOiT —1. B IPOTHBHOM CJIyuae BLIMHUCIAEM, KAK OIICAHO BBIIIE, BeJIH-
annbt dy,dy, ..., dy, tae d; = det M;(u®)). Eciu d; < 0, 10 Gepem g(u®))
paBubiM anTurpaguenty byukuuu ki1(uw). Ecom dy,...,d;—1 > 0, a d; <0,
1 <t < n, To bopMupyeM, Kax yiKe ykazano, byHKImo r,, o (u) u 3a g(u)
MPUHAMAEM AHTHTPAIWEHT 3TOH (DYHKIWN.

Ecm d; > 0,7 =1,...,n, . e. u € U™, 10, perras OTHOCUTEIHHO T
CACTeMYy JIMHEHHBIX ypaBHEHUI

OL(x,u®) 0. i1
—a. = J=4...,n,



nomyaem x(u™) n popmupyem kommomenTsr BexTopa g(u®)) cremyrommm
obpazom:

gi(u®) = —fi(x(®)), i=1,...,m,
gmai(W®) = =22 (™) + z;(u®), j=1,...,n.

Mosyaus g(u®)), ucnonpsyem ero crangapTHBIM CIIOCOBOM B METOJIE 3/TTHII-
cousios [1]. Haxomum:

cw — Big®)
[BEgu®™)]’
D = (k) thké(k)7
+n—1
B = B.- (k) _ /mrn—2
k+1 k Rﬁ(f )a 6 m+n+17
Ry m+n
h = _ R = R . =
k m+n—1 " Bt (m+mn)?—1

u nepexoaum K (k + 2)—-my wmary.

YYuThIBasg, YTO METOI, SJTUMCOUIOB CXOIUTCS TOBOJHHO MEJIEHHO, Ha,
MPAaKTHUKE [EIeCO00PA3HO UCIOIH30BATH €0 YCKOPEHHBIE MOIMMDUKAIINN, HA~
IpUMeED, OIMCAHHBIE B [2], IpM 5TOM €MOCO6 MOCTPOEHMST OTCEKAOIINX TH-
TMEPIIJIOCKOCTEN OCTAETCS MPEKHUM.

KBagparudanbie sKkcTpeMaIbHbIE 337491 C Oy/IE€BBIMU [TEPEMEHHBIMA Ta-
CTO BCTPEYAIOTCs B MPWIOKEHUAX (KBaJApaTudHas 3aa4a O HA3HAUYCHUSX,
337a9a O HaWIydIlell anmpOKCHUMAIlM B €BKJIWJOBOM MeTpHUKe 33JJaHHON
TOYKY JIMHEHHOM IIeJIOYNCIEHHON KOMOMHAIINEH BEKTOPOB U3 33IaHHOTO Ce-
MeiicTBa U ap.).

OnHAaKO BaxKHO OTMETHTb, YTO MHOIME 33/a4M, KOTOPbIe, KaK IIPaBH-
710, GOPMYTUPYIOTCA KAaK 330a49nd Oy/TeBa JMHEHHOrO MPOrPaMMUPOBAHMULA,
MOTYT OBITH mepedOPMyIHPOBAHBI KAK KBAIPATUIHBIE 331a49u C Oy/I€BBIMU
TEPEMEHHBIME, IIPU STOM MPEIAraeMbie B TAHHONW CTAThE OMEHKN (hyHKITH-
OHAJIOB MOTYT OKA3aThCsi 00JIEe TOYHBIMU, UY€M COOTBETCTBYIOIIUE OIEHKU
JimHeiinoro nporpaMMupoBanus. OCODEHHO 3TO XapaKTEePHO Jist MOJIEJE,
OTPAKAIOIIUX Te MM UHbIE YCJIOBUs HECOBMECTHOCTH (3212491 O MAKCUMAJIb-
HOM BHYTDEHHE YCTOWYMBOM MHOMKECTBE, O packpacke rpados u jp.). Taxk,
ecin OyJIeBBI TIepeMeHHbIe T; U T He MOTYT OIHOBPEMEeHHO TIPUHNMATh 3Ha-
YeHNs 1, TO 9TO yCIOBME MOYKHO 3amucarh B Buze z;z; = 0, ™. e. B bopme
(2) (cpaBuuTe C mHHEHHBIM OrpaHndeHueM &; +2; < 1). B Tex cayuasx, xo-
IJa MOJy9eHre OIEHOK JUHEHHOrO MPOrpaMMHUPOBAHUS TPeOyeT OObITIX



3arpar Bpemeru 9BM, 6ojiee TOUHBIE OIEHKH, MOJIyYaeMble U3 KBAIPATUY-
HBIX MOJEJIel, MOTYT OKa3aThCsA MpakTudecku Oosiee 3PHEKTUBHBIMU TIpH
peau3aly MeTO/Ia BeTBel ¥ IPAHMUIIL.

Ormernm, 91O BOHPOC YacTHOrO citydas 3amaqdn (1)—(3) (orpanudenus
(2) orcyTcTByIOT) O 1OJIyYeHUM OLEHOK paccMoTpeH B pabore [7].
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KBajgparuunble onTUMUI3aIIIOHHbIE
3a Q9N

H. 3. Ilop
Hssecmua AH CCCP. Texnuueckasn xubepHemuka. —
1987. — M 1. - C. 128-139.

1. ITocranoBka 3aga4un

ITox kBampaTUIHON ONTUMHU3AIMOHHON 33 axeit (K3) OyaeM MOHHMATh 3a-
Ja9y KBaJIPATUYHOTO MPOrPAMMUPOBAHUS CIIEAYIONIETO BAA:
OITpeJIeTUTh
K* =inf Ko(z), =€ M CE"™ (1.1)

NIPU OTPAHUIEHUAX
Ki(r) <0, iel; Kix)=0; jeJ; INnJ=0, (1.2)

rne K,(z) = (Avz, ) + (I, ) + ¢, — KBagparnguble HYHKINH, OMPEIe-
JIEHHBIE HA 7-MEPHOM €BKJUIOBOM mpocTpancTtse E", A, — cMMMeTpU9HbBIE
MATPHUIBI PA3SMEPHOCTH 7. X M, |, — N-MEpPHBbIE BEKTOPBI, ¢, — KOHCTAH-
mor, v € {0} UTUJ, I,J — Henepecekamuecs KOHEUHbIE HOJIMHOKECTBA
HaTypaJbHBIX dncen. M aubo coBmagaer ¢ E™, mub0 ABISIETCS BBITYKJIBIM
3aMKHYTHIM MHOTOTDAHHBIM TTOIMHOKECTBOM E™.

Ecnu 3amaua (1.1), (1.2) aBiagerca HeCOBMECTHOI, OyaeM CIUTATDH, YTO
K* = +00. K.3. aBsiercs mameko waymuM 00O0IIEHreM BBIMTYKJIOH 3a1a49u
KBaJIPATHYIHOTO MMPOrPAMMHUPOBAHWS, METOIAM PEIIeHUsT KOTOPOil TIOCBSIIE-
Ha orpomHas Jureparypa (cm., naupumep, [1, 2, 19]). Cpeau K.3. MOKHO
BBIJEJIUTD JIOCTATOYHO MHTEPECHBIE YACTHBIE CITYIaM:

a) BBIIYKJBE K.3. (B.K.3.), Korma J = (), A, sSBISIOTCS HEOTPUNATENTHHO-
onpenenerubivMu s v € {0} U T;

6) K.3. ¢ JUHEHHbIMA oOrpaHudeHusaMn (K.3.1.0.), Korga A, =0 nna
v € IUJ. Ecim Ay — HeOTpUIIATEIHLHO-ONIPEIeIeHHAS MaTPUIA, TO
MOJIyYaeM BBIMYKIYIO 33/1a49y KBAJIPATHYHOTO POrPAMMHUPOBAHMS; B
obImeM cirydae K.3.J1.0. — MHOTOIKCTPeMaJIbHAs 33/Jada W MPUHAJIe-
KHAT K Kiaaccy NP-TpyQsbIX 3a7ad; B 9aCTHOCTH, K 9TOMY KJIACCY
OTHOCSITCH 33/J[a9d BOTHYTOI'O KBaIPATUYHOIO POrPAMMHUPOBAHHUS;



B) KBAJpaTUYHbBIE ONITUMUAIMOHHbIE 331449 C OYIEBBIMU TIEPEMEHHBIME
(6.x.3.), KOrJIa HA KOMIIOHEHTHI BEKTOPA & HAKJAIbIBAIOTCS YCJIOBUS

xzr € {0;1}, k = 1,...,n. DTu yCciIOBUSA SKBUBAJIEHTHBI KBaJIPaTHY-
HBIM PAaBEHCTBAM xi -2 =0, k=1,...,n, . e. 6.K.3. MOXKHO pac-
CMATPHUBATL KAK YACTHBIA CIydail KBaJIPATHIHBIX ONTUMHA3AIUOHHBIX
3a71a4.

Ormernm, 910 JTIO0YI0 33729y HETUHEHHOrO TPOrPAMMUPOBAHUS C TIOJTUHO-
MHUAJBHBIMU TIEJIeBOM (QYHKIMEH U OrpaHUYeHUsSMUA MOYKHO CBECTH K K.3.,
BBO/IsI HOBBIE TIEPEMEHHBIE ¥ KBAAPATUIHBIE MOJCTAHOBKU CJICIYIONIETO BHU-
na: T;xj = z1 MO0 T? = 25 W T. II., HOHMIKAIOIINE MOPSIOK TIOJTHHOMOB 10
KBaIPaTUIHOTO.

K.3. umeroT o4eHb mMupoOKyo0 00JacTh MpuaoKeHnit. Tak cpenu X.3.71.0.
OTMETHM 329U MPOEKTUPOBAHUSI U PA3MEIIEHNs YUIOB, 3a/a9u JIHHEH-
HOIl nonosinurensuocru [18]; cpeau 6.K.3. — KBaJAPATUYHYIO 3324y O Ha-
3HAYEHUAX, IKCTPEMAJIbHBIE 3312491 Ha rpadax (MaKCUMAJIbHOE BHYTPEHHE
YCTONUMBOE MHOXKECTBO, 33Ja9i PACKPACKHU U pa3pe3anus rpadoB u Ip.),
urpaorye 6oJIbITYI0 POJIb MPU PEIIEHNH 331849 ONTUMAJIBHOTO MTPOEKTUPO-
BaHUs: Pa3MeEIeHUsI, KOMIOHOBKH, pa30ueHus Ha OJIOKU JEMEHTOB CIOK-
HBIX YCTPOMCTB; 3a/1a491 BbIOOPA, YIAKOBKH H JP.

ITo MHOTO9KCTPEMAJILHBIM K.3. B JIOCTATOYHO OOIIeH MOCTAHOBKE WMe-
ercst HeGoabImoe yncao mybaukammit ([9], [16]). B obmem caydae, BBHIY
CJIOXKHOCTH TIPODJIEMBI, TIPH PEIIeHnH K.3. He n30erkKarh mepedopa, MO3TO-
My EeCTECTBEHHO IPUMEHSTh CXeMy MeTOJa <«BerBeil u rpanwiy. s pe-
AJTM3AIMH 9TOH CXEMBbI ClieyeT pas3padoTarh 3MPEKTUBHBINA W TOCTATOTHO
o0IIMii METO/, [TOJTy YeHHsT ONEHOK CHU3Y JIJIst eJIeBOrO (hbyHKIMOHATIA B 3313~
ge (1.1), (1.2). B nanHoii crarbe Gyner UccaeIO0BaH NBOACTBEHHBIN MOIXO
K TIOJIyYEHUIO HUYKHUX OIEHOK, OCHOBAHHBINA HA UCTOIL30BAHUY (DYHKIUN
Jlarpanzka. Takoii nogxox Buepsbie onucas B [9]. On npuBoaut K Heobxou-
MOCTH PeNIeHNs CIEUATbHBIX 33189 BBIMYKJIOrO MPOrPAMMUPOBAHUS: 3a-
JIAHO HEKOTOPOE NapaMeTPUYIECKOe CeMEHCTBO CUMMETPUIHBIX MATPHIL, CPe-
M MHOKECTBA 3HAUEHUI MapamMerpoB, MPU KOTOPBIX MATPHUIILI SBJISIOTCS
HEOTPUIATEIHLHO-OMPEICJICHHBIMU, HEOOXOAMMO HAWTH 3HAYEHUE, HA KOTO-
pOM HeKOTOpas (PYHKIUS OT MapaMeTpoB J0CTUrAeT MakcuMmyMa. OKa3biBa-
eTcst, 9TO ITH 339N MOXKHO JOCTATOIHO P PHEKTUBHO PEIIATh, UCIOIb3Y s
METO/IbI Hermaakoi onrumu3anuu. OTMeTHM, 9T0 IKCTPeMabHbIe 331291 Ha,
KJIACCE HEOTPHUIATEIHLHO-OMPEIEJIEHHBIX MATPUI], TOSBJISIOTCS B MHOTOYNC-
JIEHHBIX TTPUJIOKEHUSIX, HE CBA3AHHBIX HEMOCPEICTBEHHO C K.3.; pa3paboTKa
3¢ PEKTUBHBIX AJTOPUTMOB WX DPEIIEHUs HATAJKUBAETCI HA 3HAYUTEIHHBIE
rpyauocru (cm. [14], [15]). Tosromy pasuesn, cBs3aHHbI C IOCTPOEHUEM AJI-
TOPUTMOB HErJIAIKON ONTUMU3AIUY [IJIsl PEIIeHNsT YKCTPEMATbHBIX 331449 Ha



KJTACCE HEOTPHUIATETbHO-OMPEIETIEHHBIX MATPHUIL, TPEICTABJISET U CAMOCTO-
ATEJIbHBII WHTEPEC.

Hanee B pabore Oojee meTaabHO OYAyT PACCMOTPEHBI 3a7a49H C JIH-
HEWHBIMU OTPAHUYECHUSAMHU W Oy/eBbI KBaJpaTUYIHbIE 33madu. Pazzen, or-
HOCsImmica K 6.K.3., OCHOBaH Ha coBMecTHBIX paborax C. M. Cremnenko n
asTopa [4], [8], [20].

2. AnropuTMbl TIOJIyY€HUS HUXKHUX OIEHOK
dyHKIIMOHAJJIa B KBAJIPATUIHBIX ONMTUMU3a-
IIMOHHBIX 3a/ia9aXx

Paccmorpum kBagparudnyio onrumusanuonnyo 3azady (1.1), (1.2). ITycrs
|I| = ma; |J| = ma; N = mi + ma, A= {)‘la"'7)\m1; >\m1+17"'7)\N} B
BeKTOp MHOXKHUTeneil Jlarpan:ka, y KOTOPOro MepBbIe 1] KOMIOHEHT COOT-
BETCTBYIOT OTpaHWYEHUSAM B (DOPME HEPABEHCTB, 4 OCTAJIBHBIE — OTPAHAYE-
Husam B dpopme pasercts B (1.2), AT — mogmHOKecTBO N-MEpHOTrO TPOCTPaH-
crea BV, cocrosmiee u3 HPOM3BOJILHLIX BEKTOPOB, B KOTOPBIX IIEPBLIE 11
KOMIIOHEHT Heorpunaresibbl. Beegem dynkuuio Jlarpamxka k.3. (1.1), (2.2)
L(z,)), oupesenennyio Ha npsiMom npoussesenun M x A1) cienytouero
BUIA

N
L(l‘, /\) = K()(J?) =+ Z /\szL(J))

IIycrs T — muOXkKecTBO momycruMbix penrenuii 3azaqu (1.1), (1.2). Ecau
TeT, AeAt,ro NKi(T) <0 mua {i:1<i<m}; LMK;(T) =0
s i = my + 1,...,N. Taxum obpasom, eciu T € T, A € AT, To
L(Z, \) < Ko(T), orciona

T(A) = nf L (z,A) < inf L (z,X) < inf Ko(x) = K~

mpu mobom \ € AT. Buaunr,

T(A\) = ;szw Lz, \)

CIIYKUT OleHKoil cumsy naa K* mpu A € AT. Jlnsa momydenns nambosee
TOYHON OIIEHKHU TAKOTO THUIA HYYKHO PEINUTH 3329y HAXOXKIEHUS

U* = sup U(A).
AeEAT



®ynukims Jlarpanxka L(z, \) npencrasuMa B caenyromem suge L(z, \) =
= (AN)z, ) + (L), ) + ¢(N), rme

N N N
AN = Ao+ D NAi, 1N =lo+ D Aili, N =co+ Y Nics.
i=1 i=1

i=1

3amernm, uro anementst Marpunbl A(A) = {a;; (A)};l,jzl JINHEIHO 3aBUCAT
ot . Ilycte D(D) — nomvuoskectsa B | cocrosmue n3 taxux A, ato A(\)
SIBJISIETCS [10JIOXKUTEIIbHO-OIIPEIIEHHON (COOTBETCTBEHHO — HEOTPUIATE b
HO-OIIPejie/TeHHoi) Marpuueil. Jlerko nokasarb, uro D u D — BbIIyK/IbIe
MHOZKECTBA, €Cjli OHH He IIyCTbI, IPH 3TOM D) sBjgeTcs 3aMbikamueM D.
Ha muox)kecrse D dbyHurips ¥(\) IpHHIMaeT KOHEYHbIe 3HAYEHWS U SIBJIs-
eTcst BOTHYTOMH. B 0606IEeHHOM CMbICIe OHa, ABIAETCA BOPHYTOM 1 Ha, D.
Eciu A € D, To 3313493 HAXOZKIEHUS
TU(\) = Iléljt\; Lz, \)
SIBJISIETCS 331249l BBIMYKJIOrO KBAAPATHTHOTO TPOTPAMMHUPOBAHMUS U MOXKET
OBbITH peIlleHa TPAKTUYIECKN JOCTATOYHO 3P HEKTUBHO KOHEIHO-TTATOBBIM
anropurvom. Eciir A ¢ D, To 3a1aua maxoxaernss W(\) aasgercs, Boobme
TOBOPsi, MHOTOIKCTPEMATIBHON 1 TPYAHO pa3pentnmoii. IlosTomy BMecTO

U* = sup U())
AEAt
MBI OyZeM paccMaTpUBaTh OoJiee CIabyI0 OIEHKY
U*= sup Y\ <T"
AEDNA+

Ectu M = E™, topu A ¢ D, ¥(A\) = —oc. [TosTOMy B 3TOM BazKHOM
caygae U* = U* Humxe mis opocToTsl 6ygeM paccMaTPHBATDH CIIydail
M = E"™. Ilpu A € D marpuna A(\) HEBbIPOXKIEHA, U Ui HAXOXKIECHUS
U()\) HYKHO peImuTh cucreMy JuHeHHbIX ypaBHeHuit 2A(N)z(\) + I[(A) =0,

orkyzna x(\) = —%A’l()\) (N,
T(A) = —= (A7) L), I(N)) + ¢(N). (2.1)

B o6sactu DN AT W(\) siBiisierca BorayToil HenpepbisHO Juddepenupy-
€MOii, TPy 3TOM €€ TPATUEHT eCTh

gu(N) = {K(z(\) Ly (2.2)



3a1a9a HAXOXK ICHUS
U= sup ¥(N) (2.3)
AeDNA+
SIBJIAETCS 33J1a49€l BBIMYKJIOrO NPOrpaMMUPOBAaHUs. PaccMOTpUM BO3MOXK-
HBIE AJITOPUTMBI €€ PEIICHHS.

a) Merog saummncounos ([5, 11]). CyTs Merona 3JUIMIICOWIOB MPH
peIlleHny  3aJad  BBIMYKJIOro mporpamMmupoBanus min fo(A) | fi(A) < 0,
¢ =1,...,m, COCTOUT B CJEIyIONIeM: Iepell HadaJIoM OdYepeaHOi uTepaumn
OIITHMYM JIOKATH30BAH B HEKOTOPOM 3JLIHIICOU/IE; OEPETCH TOUKA A — HEHTP
sammnconaa. Eciu 9Ta TOUKa SBISeTcs AOIyCTHMOM, TO C UCIIOIb30BAHIEM
cyOrpaauenTa, IeaeBoil (byHKIUU CTPOUTCS OTCEKAIOIIAS THTIEPILIIOCKOCTD, W
BOKDYT OCTABIIEACS 9aCTW SJLIATICOMIA OMUCHIBACTCSA HOBBIN SJLIATICOMI, IO
BO3MOKHOCTH MEHBIITEro oobema. Ecin \ He sBIIsleTcst 0y CTHMOiL, TO CTPO-
UTCS THIEPILIOCKOCTD, OTAEIAOMAsS \ OT OBIACTH JOIYCTUMBIX 3HAMCHHIT
A, ¥ BOKPYT YaCTH 3JUIHIICOU/IA, COAEPIKAIIEH MOMYyCTUMBIE TOYKH, OIHCHI-
BaeTCd HOBBII dmnmcon. B KkadecTBe TaKO#M OTHESIONIE THIEPILIOCKOCTH
MOKHO OpaTh, B 9aCTHOCTH, THIEPINIOCKOCTH, MPOXOIAIILYIO0 9e€pe3 TOUKY
A OPTOrOHATILHO K CyOrpaMeHTy OrpaHWYeHns, KOTOPOe B JAHHOH TOUKE
e ppmosaserca [11]. B oboux cayuasx (A — J0IyCTHMAs WM HEIOMyCTH-
Masl TOYKA) [OCJIe 3aBEPILEHUsI OUE€PEIHON UTEPALIUH [I0JYYAEM B KA4ecTBe
ob1acTH JIOKAJIU3AIAN ONITUMYMa, OIISATh 3JIJIUIICOU, HO MEHbIIEro obbema.
Momndukanum MeToma SIIUINCOUIOB, MPEIJIOKEHHBIE IJIsT YCKOPEHUST ero
CXOIMMOCTH, COCTOSIT B TOM, 9TO TIOTPY KEHNE O0JIACTH JIOKAJIU3AIAN OTITH-
MyMa B HOBBIH 3JIUTICOM, MMPOUCXOANT TIOCJE IBYX WJIMA OOJBIIErO YHCIa
orcegennii. OTMETHM, YTO METOJ 3JUIMIICOMIOB MOXKET OBbITh PEATN30BaH
B ¢dopme MeToma 06OBIIEHHOrO IPAJINEHTHOTO CIIyCKa C PACTAXKEHUEM IIPO-
crpaHcTBa [5]. Kak ciefyer n3 cka3aHHOTO BHIINE, IS DEAH3AINN METO/A
SJUIUIICOUIOB U €ro MojaudukaImii npu perreand 3a1a49u (2.3) HeoOGX0IUMO
yMeTh HaxomuTh gy (M) ama A € D N A' (sro moxuo menars no ¢gopmy-
ne (2.2)) u cybrpajuent K dpyHKiuu-orpanudenuto, eciu NeD NAT. (Ecin
A npuHajgiexkur rpaauie obnacru D, 1o gy () Heobs3aTenbHO OnpeeieH,
[IO9TOMY B 3TOM CJIydae TaKzKe OyZieM HCIIONb30BaTh CyOrpPaJMeHT K Orpa-
HUYEHHSIM. )

Yemosne A € D N AT comepskuT apa THma orpaHUUeHmMii:

a) \y >0 s i€ I

6) A()\) — HOJIOXKUTENHHO-OLPE/EIEHHAs MATPUIA, YTO SKBUBAJIEHTHO
GECKOHETHOI CHCTeMe JIMHEHHBIX MO A HEPABEHCTB

Z a;ij(Nziz; >0, VeeEY, z={zi,...,z,}, x#0,
i,5=0



KOTOPYIO MOXKHO TepenmucaTb B KOMIIaKTHOM BUIE

n

() - ‘I”ml‘n_ N > aij(Naia; > 0, (2.4)

=1
rae u(A) — MEHEMAJIbHOE COOCTBEHHOE YKCIIO MaTpulpl A(N).

Bameuanme. U3 Beipaxkenus (2.4) odeBugHO, 9T0 ((A) — BOTHYyTast
dbyukuus A. B kadecrse cymeprpanuenta dysknun p(A) B Touke A g, ()
MOYKHO B3SITb I'PDAIMEHT K JTMHEHHON Mo A yHKIUN

n
Ux(N) = Y ai;(Ny(Ny; V), (2.5)
i,j=1
rme y;(A), i = 1,...,n, — KOMIOHEHTH HOPMHPOBAHHOIO COBCTBEHHOIO

BeKTopa MaTpuibl A(A), COOTBETCTBYIONIErO MUHIMAIHLHOMY COOCTBEHHOMY
wncty p(A). () — Hermagkas byHKIHA, ee CyOrpaIenT TepIuT Pa3phib
B TeX TOYKaX A, B KOTOPHIX Marpuia A(\) mMeer KpaTHoe MUHHMAJBHOE
cOOCTBEHHOE YHCJIO.

JIjist IpOBEPKH NpUHATesKHOCTH A MHOKecTBy D N AT paccmarpusaem
cHadasa ycaosue a). Ecam mra mekortoporo i = i* € I; A« < 0, Torma
B Ka4yeCTBe OTCEKAOIIeHi TUIEPIIIIOCKOCTH B METOJE SJIJIMICOUIOB MOXKHO
B3ATH A« = 0.

Eciu ycosue a) pbinosiasercs, T. e. A € AT, 1o nposepsem yciosue 6).
Tzt sToro onpegensem /() 1 COOTBETCTBY MK COBCTBEHHbII BEKTOP MAT-
putst A(X). Ecmr p()\) < 0, To B KadecTse OTCeKaromieil THIEPIIOCKOCTH
MOYKHO B34ThH caeayiontyio (g,(A), A\ —X) = 0, re g,(\) copnazmaer c rpa-
muentom dynxmun Wy(A) (cm. (2.5)). Omucannas BbIIe IpoNELypa mPo-
BEPKH YCJIOBHUS 0) W TOCTPOECHUS OTCEKAONEH IMIEPINIOCKOCTH B METOJE
SJITMTICOUIOB, €CITH ITO yCIOBUE HE BBITIOIHIETCS, CBI3aHA C HAXOKICHUEM
MUHHMAJIBHOTO COOCTBEHHOTO YUCIa MaTpunbl A()\), 9TO mpakTHUecKn K-
BUBAJIEHTHO M0 CJIOKHOCTH PEITIEHHIO 331a4¥ Ha COOCTBEHHBIE 3HAYEHMUST JIJIST
marpuipl A(N). Pemmenue 9T0# 381291 ¢ BBICOKOH TOYHOCTHIO TPEOYeT mpu
GOJILIIOM 77 3HAMUTEILHOIO BpeMeHH cuera. B [13] B amasorn4auoit curyanuu
NPEJIIATAETCS APYTOH COCO0 MOCTPOEHUs] OTCEKAOMIEH MMIEPIIIOCKOCTH B
METOJIE SJTAICOUIOB. PaccMOTPUM ero NpUMEHnUTETHHO K HAIEH 3a1ade.

ITycrs p(A) < 0. Dro 3Ha4mt, uyro Marpurna A(\) He sBIseTCS TOJO-
xuTepHO-onpeaenentoi. Iycts Ri(\),..., R,(\) — nociemoBaTebHOCTS
[JIABHBIX MUHODPOB 3T0i Marpuilsl. [To kpurepuio CusbBecrpa Haiijercs Ta-
koit nomep t, 1 <t < mn,urod; = det R;(A\) >0 mmai=1,...,t—1;
di = det Ry(\) < 0. Ecu t = 1, dy = a;1(\) <0, u tak kax npu A € D



a11(N\) > 0m a11 () sgBasercs nuneiiHOM dyHKIHEH OT A, TO THIEPTIIIOCKOCTH
a11(\) = 0 orceuer Touky \ or muoxkectsa D. ITycrs ¢ > 1. PaccmoTpum
noamarpuripl Ri(N), KOTOpbIe IOy JaroTcs BbI9epPKUBAHIEM 1-TO CTOIONA I
i-it crpoku (i < t) w3 marpunst Ry (). Ilycrs

G =(-1)"detRi(N), i=1,....t, &={&}_,.

Beenem dyukmmoo, TUHEHHYO IO A

t

peN) =Y a;(N& & = Zfi Zaimfi

ij=1

Ecmm A € D, pe(A) > 0, . k. marpuna a;;(\) ABIgETCA TOTOKUTETHHO-
ompenenennoit. Ilpu A = A

t
S = a(Né
=1

B CHJTY OIpEeIe/eHnsa BEKTOPa & ¢ TOYHOCTHIO 0 3HAKA COBIAJAET C OIpeIe-
JIEHHEeM MATPHUIIBI, TIOIY 9a0IeHcsT U3 MATPUIBL Ry (X) 3aMeHOi1 t-T0 cToabIa
Ha j-it. Eciam ¢t # j, 70 3Ta MaTpuna OyaeT uMeTh IBa OQWHAKOBBIX CTOJIONA,
T. e. §; = 0. Takum obpazom,

t
PE(X) =& Zait(x)ft = ft(—l)tdt =d;—1d; <0.
i=1

3HAYUT, TUIEPITIOCKOCTE pe(A) = 0 OTesIseT TOUKy X ot obimactu D. Omn-
CaHHBII CIIOCOD MOCTPOEHUS OTAESIOMEH MAIEPIIOCKOCTH TP PATUOHAb-
HOM A\ H PAIMOHATBHBIX KO3bMUIHEHTAX KBAIPATHIHBIX (POPM B 3amatde
(1.1), (1.2) Tpebyer moanHOMHUAIBLHOTO Yncsa onepanuii. Hemocrarkom sTo-
T0 CIT0C00a, SABJISIIOTCS CJIMINTKOM BBICOKME TpeOOBaHUs K pa3psaaHocTu DBM,
HA& KOTOPO#H TPOBOATCS BBIYUCTICHHS.

JIJIst IPOBEPKH MOJIOKUTETLHOM Ompe ie/lenHoCTH MaTpuisl A(\) He 06s-
3aTEJBHO MCIOML30BaThH MPaBuaI0 CUIbBECTPA, MOKHO MCIOIB30BATH IIPO-
HEAyPY BBIIENEHMs MOJHBIX KBAJIPATOB, COOTBETCTBYIOILYIO CIEIyOMeMy
paznoskermio marpurpr: A(N) = BRBT, rne B(BT) - tpeyrommubie maTpu-
eI, R — nuaronambHasi Marpura. [Ipormecc BbIeIeHNs MOMHBIX KBAJIPATOB
BEJIEM JI0 TeX IMOp, TIOKA BCE JUArOHAJIbHBIE 3JIEMEHTHI HEPA3JI0KEHHON Ja-
CTH MATPHUIIBI OCTAIOTCS HOJOKATETBHBIMEA. ECIM Ipomece pasmozKeHus mpo-
XOIHUT 710 KOHI@, T0 A(\) — I0JI0KUTEIbHO-OIpPe/Ie/IeHHAs MATPHUIA. 11ycTh



TIPOIIECC pa3JIOKeHus 3akanunBaerca Ha k-om mare, 0 < k < n. Torma kBa-
parudHas GOpMA C TOYHOCTHIO /10 HyMEPAINY TIEPEMEHHBIX MMPEICTABUMA, B
CJeLyIoleM BUJe:

E 2

(AN, 2) = ru(V) <$z‘+ > bz‘j@\)%‘) +O5(Th+1,- -, Tn), (2.6)
=1 {j:i<j<n}

e rii(A\) >0, i=1,...,k &+ - kBaJparuyHag QYHKIH, Y KOTOPOH

k03 dunuent npu x% 1 He mpesbimraer 0. Pacemorpum cucremy ypasaenuit

C TPeyroJabHON MaTpuIei

i+ > by(Na; =0y i=1,...k (2.7)
{j:i<i<n}
Th+1 = ].; LTh42 = Tk43 — ... = Tp = 0, (28)

u mycts y(\) # 0 — pemenme 310t cuctembr. B mpocrpanctse EY BekTopos
A pacCMOTPHUM THIIEPILTOCKOCTH

(ANy(N), y(V) = 0. (2.9)

(Bamernm, 9ro A(\) uHEHO 3aBUCUT OT A, T. €. BbIpakenue (2.9) neiicrBu-
TETHHO 33/1a€T THIEPILIOCKOCTh.) U3 Bhipaskenus (2.6) u onpeenenns y(\)
(em. (2.7), (2.8)) craenyer, uro (A(N)y(N), y(N)) < 0; ¢ ApyToit cTOpOHDI, A5
A€ D (AN)y(N), y(\)) > 0. Taxkum obpasom, rumeprIockocTs (2.9) ote-
JIIeT TOYKy A oT obsactu D, T. e. ee MOKHO HCIIOTb30BaTh KaK OTCEKAIOIILY O
B METOJIe JLIMICOMA0B. Ha BO3MOXKHOCTH TAKOro Crocoda moCTPOEHHs OT-
cekaolei runepriockoctu ykasana apropy A. C. Hemuporckuii. Xorst 10T
crocob 1o dopme oramyaercst or npenpiaymiero ([13]), Ho, mo-BuaMMOMY,
CBfA3aH C OJIU3KUMHU BBIYUCIUTELHBIME IPOOJEMAMHU HEYCTONYUBOCTH aJl-
rOPUTMA BBIJEJIEHNs IOJHBIX KBAJIPATOB, KOTJA MUHAMAJILHOE COOCTBEHHOE
YUCJIO WJIA HECKOJIBKO COOCTBEHHBIX ymces Omu3ku K 0.

6) Meron mirpadubix dyakouit. Pyuxius ¥(A) 3a npegesamu 06-
nacti D B 06brdHOM cMbicTe He ompenesnena: W(A\) = —oo, ecim A ¢ D.
[Mostomy i perrenus 3aga4u (2.3) HENb3s MPUMEHUTH METOJ] BHEITHUX
mrpadubx GyHKiwi. OIHAKO 0CTAETCS BO3MOXKHOCTH IPUMEHEHUsT bapbep-
HbIX mMTpadgHbIX GYyHKIUA, HATPUMED, CIEAYOIETO BAIA:

S0 Si

W)

SO\, s) = T(\) —



rae S = {so;8i, ¢ € I} — BEKTODP € JOCTATOYHO GOJBITMMHE MMOJIOKUTEIBHBI-
vu Kommonertamu. S(\, s) — BorayTast byHknus A BHyTpu obmactu DNAT.
B mo6oit BryTpenneit Touxke A obmactu D N AT S(),s) < ¥(\) < V. To-
9TOMY B KadecTBe HUKHel onenku (yHnkuuonasa 3aga4u (1.1), (1.2) moxHO
6parb
sup  S(\,s).
AeDNA+

Tak Kak p(A) — vermagkas dyHakmms, To S(A, s) — Takxke HeraaKast HyHK-
1yst, CTPEMsIIAsicsa K —00 IIPU TI0JIX0/e K rpanuie muoxecrsa D N AT no
BHYTpeHHUM TO4kaMm. [[09TOMy Jyis HAXOXK IeHUsT

sup S(A,S)
AEDNA+

HY2KHO HaQYMHATh U3 HEKOTOPOW JOMyCTUMON BHYTPEHHEA TOYKH AO) g ye-
MTOJIH30BATH OJMH W3 MOHOTOHHBIX METO/IOB HErJIa KON ONTHMHU3AINH, 0030D
KOTOPBIX comepxurcs B [6], [21].

ot perenns 3azaqu (2.3) MOXKHO IPUMEHSTH TAKXKe UTEPATUBHBIN
[IPOIECC TUIA METONA <«IEHTPOBy», pelnas Ha k-ii uTepanuum Ipu 3aJaHHON
BHyTpeHHel Touke momycrumoii obmactn AF~1) crenyromyro 3anaay

max [min [xm) —OAEDY u(A); N, i€ IH (2.10)

B xauecrse A% s ciepyromeil urepanuu HyKHO Gparh MPUOIHIKEHHOE
perenne 3aga4u (2.10), Makcumusanuio B (2.10) MOXKHO OCYIIECTBIIATD IPO-
MU3BOJIBHBIM METOIOM HerJyiaaKoil ontumu3anuu. CrenuaabHbIil BApUAHT Me-
TOZA <IIEHTPOB» OIMCAH TakXke B [21].

B) CneumanbHasi ¢popma r-anaropurma. [Ipusenenubie Bbiie MeTo-
JIbl [IOJIyYEHUs] HUKHHUX OLEHOK IieseBoro (yHnkuuonasna B 3azade (1.1),
(1.2) memocrarouno sddexkruBubl. Meronsr ssmuncongos mpu N > § cxo-
JIATCST MeJIJIEHHO, MEeTOIbI DapbepHBIX (DYHKIWN U «IIEHTPOB» TPEOYIOT BbI-
YHUCJIeHUs] MUHUMAJIBHBIX COOCTBEHHBIX yncea marpuibl A(A). ITosromy B
Ka4ecTBe OCHOBHOTO METOA, [IJIs TIOJMyYeHUs OIEHOK HAMU ObLIT BBIOPAH MO-
JTADUITIPOBAHHDIN METO, OOOOIIMEHHBIX I'PATUEHTOB C PACTIXKEHUEM IIPO-
CTPAHCTBA B HAIMPABJIEHUN PA3HOCTHU JBYX MOCIEIOBATEIHHBIX TPAJNEHTOB
(r-anropurm). Hanomuum, uro B obmactu D N AT nyskHo Haiitu cynmpemym
BOTHYTO# hyHKINN



npudeM A BxoauT B Marpuny A(M), Bekrop [(A\) B ¢(A) muneiino. Orpaun-
geame A € AT JIeTKO yUHTBIBAETCSA IMyTeM BBEIEHUS HeryIaaKoil (byHKINH
mrpada BuIa

r(h) =" 5M),

i€l

v 5/\1'7 /\7;<0;

rae

§ — J0CTATOMHO OOMBIIOE MOTOKUTEIbHOE Juco. Takum obpasom, Oyzem
paccmarpuBarh 3ajady Haxoxaenus sup U(A), coe U(A) = U(A) +r(N) =
AeD
1
= —Z(A*I()\)l(/\), I(\)4c(N)+r(N). Tonycram, wro M) — maambmas Tou-
ka obmacti D. sup W(\) moxer mocTurathes ubo B obmactu D(\* € D),
AeD
b0 Ha rpanuiie 31oit obuactu (A* € D\ D), upuuem BTOpPOIi cirydaii npax-
TUYECKU BCTPEUAETCs Haubojee 4acTo. [103ToMy UMeeT CMBICI PACCMOTPETh
noeegenvie dbyuxupn WU(\) Boan3n rpanuisr obmacrn D. @yukuus ¢(A) nu-
Hefina, a r(\) — KycoqHO-THHeiHa, TOSTOMY B JF000i OrpaHIIeHHol 061acTH
onu orpanuyenbl. Ocobennocru Gyukuuu ¥ Ha maoxkecrse D\ D Bo3Hukaor
B CBA3M C moBezenneM Heyuneiioro spipazenns (A~ (A)I(A),1(A)). ycrs
A € D\D. Marpuna A()) Boipoxgena. O603HaYMM Pa3MEPHOCTb WHBAPHU-

aHTHOTO MOANpOCTpancTBa Fo(\) Marpunsr A(A), COOTBETCTBYIONTErO HyJle-

BOMY cODCTBEHHOMY 3HaueHu:o, yepe3 m(\), m(A) > 1. Ecan mpoexitust [(A)

Ha Eo(A\) ormmana or 0, To

lim _(A7Y AN, IN) =400, Te. UA) = lim T()=—oo.
AEDA—A AEDA—A

ITycrs S:(A\) — e-okpecrHoCTh TOukM A. Torma, [jist TOro, 9To6Ok!

TH(\) =lim sup P(A\) > —o0,
=0 prs.(v)

HeoOXxoanuMo, 9Tobb! [(A) O6bLIO OpTOroHATBHO Fo(A). DTO yCIOBHE SKBUBA-
JIEHTHO Pa3pEeNIUMOCTH YpaBHEHUS

ANz +1(N) = 0. (2.11)

IIycrs @@ — mogmuo)kecTBo cummerpudnbix Mmarpun, A(A), A € D\D,
¢ — PA3MEPHOCTH 3TOr0 MHOYXKECTBA, PACCMATPHBAEMOrO KAK MHOIM0O0Opa3He



B IPOCTPAHCTBE CHMMETPUYIHBIX MaTpHIl pazmeproctu n(n + 1)/2. Yerosue
paspemuMocTi ypasuenus (2.11) MoKeT ObITh BBIPAXKEHO B BHIE OIHOTO
IIM HECKOJIBKUX AIre0pPamdecKux ypPaBHEHHH OTHOCHTEIBHO \, H, BOODIIE
TOBOPS, IIOHUKAET PA3MEPHOCTL. TakuM 00pa3oM, pa3MepHOCTb MHOTOOOpa-
sus marpun, A()), npunaiexkamux @, ais koropsix W (\) > —oo MenbIe
q ipu ¢ > 1. DTO O3HAYAET, YTO MPU ABUKEHUU U3 00aacTH [ IO HEKOTOPO-
MY HaIIpaBJIEHHIO, BYIIEMY B IDAHHYHYIO TOUKY A € D\ D, «BePOATHOCTD >
Toro, uro ¢dbyukmusa ¥(\) Oymer MOHOTOHHO BO3PACTATH HA OTKPBITOM HH-
TepBaJie, 3aKAHIUBAIOMEMCH TOYKO# \, paBHa 0.

Oyukima ¥(\) Kak 6bI «CAMOIKPAHUPYETCs» OT BHIXOJIA 34 IPEIE/Tb 06-
JIACTH CBOErO ONPEJEJICHUs DU UCIOJIH30BAHUK AJITOPUTMOB MOHOTOHHOTO
TOTHEMA, T. €., KAK ITPABUJIO, OTIIAIAET HEOOXOAUMOCTD B UCIIOIb30BAHUH Oa-
pbepubix mrpadHbx GyHKImi. [losBIsgeTCS BO3MOXKHOCTD UCIOIb30BAHUS
MOHOTOHHBIX BapHaHTOB r-aiaroputMa [6], [10]. Berxon 3a npemens obmactn
D KOHTPOJIUPYETCsl TMyTeM MPUMEHEHHUs MPOIEAYPbl TPEYrOJbHOTO PA3JIo-
xkenust Marputpl A(N). Eciau Ha nanHOoM miare mpousoliesn BbIXOJ 3a Ipe-
Jesibr obstactu D, TO tmar apoOuTcs 40 TeX TMOp, MOKA He OyIAeT MOJIydeHO
JomycruMoe 3Hadenre. Ha ocHOBE yKa3aHHON MOAUMUKAIUN 7-AJITOPUTMA,
C. . Crerenko pa3paboTa MporpaMMy JIjisi PEIIeHNsT HEKOTOPBIX OyJIeBBIX
KBaPATUYIHBIX 33129 U HPOBEJI YCIEIIHbIE BEIYUCIUTETHLHBIE IKCIIEPUMEH-
Tel. Bosee moapobHO 00 3TOM roBOpHUTCS B pa3m. 4.

3. KBagparndabie 3kcTpeMaJIbHbIE 33JIa9U C
JIMHENHBIMY OTPAHUYEHUAMU

Bamady MEUHUMA3ZAIAA KBAIPATHYIHON (DYHKINU TIPA JIMHEHAHBIX OTpaHude-
HUAX (K.3.J1.0.) 3AIUIIEM B CIEAYIONIEM BHIE:
HalTH

inf Ko(z), Ko(x) = (Aoz, z) + (b, x) (3.1)

TIPY CJICAYIOMIAX OrPAHAYEHUSIX
Li(z) =(j,2) +¢; <0; z={z1,...,2,} € E", (3.2)

l; = {151), e ,l§-")} € E", ¢; — koucraursl, j = 1,...,m. Hesblnykible 3a-
JTa9U KBAIPATAIHOTO MPOrPAMMAPOBAHAS BOSHUKAIOT B PSAIIE TIPUIOKEHWIA.
B wacTHOCTH, K HUM CBOIATCS TPOBIEMBI JIMHEHHON TOTIOJIHATEIHHOCTH, UT-
palomue GOJIBIIYIO0 POJIb B aHAIN3E MAKPOIKOHOMUYECKUX MOJIEJEH, 3a1a9u
NPOEKTUPOBAHUS SJTEKTPOHHBIX MOJYJIEH (IUIMOB) HA MHTErPATTBHBIX CXEMAX
u apyrue. B amreparype onmuMcaHbI HECKOIBKO HOAXOJ0B K PEIICHAI0 TAKOrO



poJa 3aJatd, B YaCTHOCTHU, CBA3AHHBIE C TIPOIEAypoil oTceuenuss bemmepca
(cMm. [18]), uccaeoBaHus B paMKax OBIIMX CXEM PeITIeHNsT MHOTO9KCTPEMAJThb-
HBIX 33/]a9 WJIM CXeM BOTHYTOI'O IpOorpaMMmupoBanus. B omnHoil u3 nemas-
Hux pabor [18] B ocHOBE aJropuTMa JIEXKUT [IPEJCTABJICHUE KBAAPATUIHON
¢dopMBbI B BHIe CYMMBI BBIMYKJIOW W BOTHYTON KBAJAPATUYHBIX (PYHKIUN ©
MeTo, BeTBeil u rpanuil. s moIydeHust HUXKHUAX OIEHOK IeIeBO# (hyHK-
I BOTHYTasd 49aCTh AlNIPOKCUMUPYETCA JUHEWHHON NI KyCOYHO-JIMHEHHON!
dyuknueit. B nocieanem caydae 3a/1a49a OIEHKN OKA3bIBACTCS 331a49€il CMe-
IIAHHOI'O THIA: C HENPEPBIBHbIMKA U OysieBbiMu mnepemenubivu. Hecmorps
Ha mcnonb3osanme MomHoir IBM Cray 1S ( ~ 10% omepammit B cekyn-
Zy), pemenue 3a1a4 cpejauei pazmepHoctd (300 BBIMTYKJIBIX T€PEMEHHBIX,
30 BoruyThIX, 50 OrpaHUYEHUIl) HATAJIKUBAETCA HA CEPHLE3HBIE TPYIHOCTH.
Taxk, mocTurayTas 3a caernoe Bpems 1500 ¢ TogHOCTHIO Beero mopsaka 3%.
[TosTomy akTyasbHBIM OCTAETCsi BOIPOC O Pa3pabOTKe HOBBIX HPAKTHIECKH
3P PEKTUBHBIX ATTOPUTMOB.

Hemnocpencreentnoe mpuMeHeHWE MMPEIIOKEHHONO HAME BBINIE TBOM-
CTBEHHOT'O TIOXO0/a K MOJIYUEHUIO HIKHUX OIIEHOK Ie1eBOi (byHKIMM B 00-
IEM CJIy4dae K.3.J.0. HU9Yero He JaeT, TaK KaK [P U3MEHEHWH MHOXKHUTE-
steit Jlarpamka MeHsIeTcs JIUIb IUHeHHad 10 T 9acTh GpyHknuu Jlarpanxa,
KBaJ[paTU9IHas 9aCTh ocraercs 6e3 mamenenwuii. [losromy, ecnmu Ag He saBiis-
eTCs HEOTPUIATETHLHO-OMPEIEIEHHON, TO TPU JIFOOBIX MHOYXKUTE/ISX JlarpaH-
JKa OyJeM MMeTh TPUBHAJBHYIO OleHKY: W(\) = —oo.

OaHAaKO MbI MOXKEM HCIOJIb30BATh JIMHElHbIe orpanuyenus (3.2) mis
obpa30oBaHus U3 HUX KBAJAPATHIHBIX CJIEICTBUI

Kpi(z) = —l,(2)lj(x) <0; p,j=1,...,m. (3.3)

Paccmorpum k.3. (3.1)—(3.3). Dra 3amaua sxsusasenTHa 3agaqe (3.1),
(3.2), omHako GOPMATHLHO CONEPKUT IOMOJHUTEBHBIE OTPAHUIEHNUST, KOTO-
pBIe TTO3BOJISIIOT BO3/IEHCTBOBATH HA KBAAPATHIHYIO YacTh dbyHKIuM JlarpaH-
xka. O6o3HaIMM MHOKHUTETH JIarpaH&Ka, COOTBETCTBYOIIAE OTPAHMIEHHSIM
(3.2), wepe3 Ap; (p, j =1,...,m). [lokaxkem, ITO IpPH TOCTATOUHO OOILIUX
yenosusx MHOKecTBo D N AT 3amaun (3.1)—(3.3) me Gyzer mycThiu.

Teopema. Ecau svnyraas oborouka sexmopos lj, 7 =1,...,m, 6 ozparu-
wenusax (3.2) codeporcum 6 kavecmee snympenned mowky 0, mo natidemcs
. . m
neompuyamenrvrwili 6exmop mmodxcumeneti Jlazparsca {Np; 11, npu xo-
mopom mampuya A(N) cmano8uUmMces noA0HCUMELLHO-0NPEJeAEHHOT.

JokazareabcTBo. 113 ycioBusi TeOpeMbl CJIe/Iyer, 9T0 MPOU3BOIbHbBIN BEK-
Top ¥y € E™ moxker ObITh IpeACTAB/IEH B BU/E JIMHEHHOW KOMOWHAIMH C



HeOTpUIATETHHBIMI KO3 duImenTaMn BeKTopos [;, j =1,...,m. IIycTs e;
— OpT ¢-if KoopamHaThl, ¢ = 1,...,n. Torma cymecTByeTr mpecTaBaeHne

m m
e; = Zu§;)lp; —e; = Zu%(‘q_)lq’ (3.4)
p=1 q=1

rie ug;), ugq_) — HEOTpHUIATe/IbHbIE Yncaa, p, ¢ =1,...,m; t=1,...,n
U3 (3.4) nonydaeM COOTHOIICHNUS
m m
N, . N, 0 -
T = E U, (lpy )y~ = E ui, (lg,x), i=1,...,n.
p=1 q=1
3anumem ToXKIeCTBa,
m
2 _ ), )7 _
x; = E Uiy Ui K pg (), i=1,...,n,
p,q=1
rne Kpq(z) = —(l,,2)(lg, ) u ornuaaercst or K,q(x) mumb guHeHHBIMI
wrenamu (p,q = 1,...,m). B3sas BekTop MHOXKHUTeNei Jlarpanka
n m
m L (), ()
{)\pq}p,qZI = { E Tillyy " Uy )
— p,q=1
i=1
rne 7, > 0,7 = 1,...,n, MBI YBEJIMYUM JIUATOHAJBHBIN 3JEMEHT MaTPHUIIHI

Apal; ma r;, oCTaBIA HeMATOHATBHbIE 3TIEMEHTEI 663 n3Merenns. [Ipm 10-
CTATOYHO OOJIBINKX 7"; MaTPpUIa QYHKIMH JIarpanKa CTaHeT MOJI0KUTETbHO-
onpeeseHHO.

CaenctBue. Ecau mmozozpannoe muootcecmeo W, obpasosarmoe ozparu-

weHUAMY (3.2), HENYCO U 02PAHUMERO, MO HATUOYIMCA HEOTNPUUATNEALHIE
m

mnoorcumenu Jlazpanoica {\pg } 7' —1, npu Komopuir dynkyua Jlazpandica by-

dem HeoOmPUYAMEAbHO-0NpedeseHHol no .

Hoxka3zarenbcrBo. Paccmorpum npoussosibhbiii BekTop s € E™, ||s|| = 1
U JOIYCTHMYIO TOUKY To. Torma max (s, ;) > 0, rak KaKk B IPOTHBHOM
1<j<m
cayyae Bech jiyd x(t) = T + st, t > 0, cocrosist Obl U3 JOIYCTUMBIX TOYEK,

9r0 mpoTtuBopeunt orpanudeHuHoctu W. OTcioma ciaemyer, 9To

min  max (s,l;) >0
{s,||s||=1}1§j§m( 1) >0,



HO 9TO yCJIOBHE BhIpaskaeT TOT (baKT, 9To BhITyKTas obomouka {/;}7, co-
nepkuT () B KA9eCTBE CBOECH BHYTDEHHEH TOYKH, T. €. YCJIOBHE TEOPEMBI BbI-
OJTHSAETCS.

Takum 06pa30M, MCKYCCTBEHHBIN TIPUEM, CBA3AHHBIN ¢ BBEJEHHEM Orpa-
arveHuii (3.3), HO3BOMAET NMPUMEHUTH DA3PabOTAHHYIO METOHKY IIOJLY e~
HUS HIPKHUX OTEHOK W K 337a9aM C JIUHEHHBIMA OTPAHWICHAAMY.

4. DBy’eBbl KBaJIpaTUYHbIE 33134

Cpean ontumu3annoHHbX 3amad suga (1.1), (1.2) Gynessl KBagpaTHIHbIE
3amaun (6.K.3.) BBIIEISAIOTCS HAJIW4IWeM B 4ucye orpanuuenuii (1.2) cre-
[AATbHBIX OyJIEBBIX OUDAHUYEHUI BHUIA :c? —x; = 0; j = 1,...,n. Beo-
JisE 9TH OrPAaHUYEHHs! C IIPOM3BOJILHBIME MHOMKHUTEIAME Jlarpamxka B Ie-
7eBy10 (DYHKIMIO, MOKHO IIPOM3BOJIBHBIM 00PAa30M MEHSATH JHArOHAIbHBIE
syieMeHThl MaTpunbl A(\), He M3MeHsisT HeINArOHAJIbHBIE dJIEMEHTHI. JIerko
nono6paTh MHOKUTENN Jlarpamxa Tak, ITo0bl A(\) cTaja MOI0KUTEIHHO-
OIIPEJIeNIeHHO; 3HAYNT, MHOXKeCcTBO D B 3a7a4ax 6. K. 3. HEMyCTO.

TunuansiM npuMepoM 0. K. 3. SBISIOTCS 33Ja9i HAXOXK/ICHHS MaKCU-
MaJIbHOTO B3BEIIEHHOIO BHYTPEHHE YCTOHYMBOrO MHOXKecTBa rpados, T. e.
COBOKYITHOCTH BepIuH rpada, MONapHO He CBS3aHHBIX pebpaMiu, ¢ MaKCH-
MaJIbHBIM CyMMAapHBIM BECOM.

IMycrs 3aman rpad G(V, E), rae V — MHOKecTBO BepiinH, E — MHOXKECTBO
pebep; V = {1,...,n}; pebpa, coeauusitomue Bepuuubl i, j € V, bysem
oboznauars (i, j). Comocrasum Kax 10l Bepiiune ¢ € V ByseBy 1epeMenHy o
x; u Bec ¢; > 0. Torma 3amada HAXOXKIEHNS MaKCHMAJIBHOTO B3BEIIEHHOTO
BHyTpeHHe ycroifunsoro MuO:kectBa (MB BYM) cocronT B HAXOXKIeHUH

ac(G) = maxz CiT; (4.1)
i=1
TIPU OTPAHUIEHUSIX
TiT; = 0; V(Z, j) e FE; (42)
2l —x;=0; i=1,...,n. (4.3)

Bamaga MB BYM wurpaer 0oibInyi0 pojib B MHOTOYHUC/IEHHBIX MTPUJIOXKE-
HUSX: Teopusi WHMOPMANYA U KOIUPOBAHNE, TPOEKTUPOBAHNE PABTUIHBIX
YCTPOHMCTB MPU ONPE/ITEHHBIX YCIOBUIX HECOBMECTHOCTH; OHA TECHO CBs-
3aHA C M3BECTHBIMH 33JIa9aMU BbIOOPa, pa3OUeHusi MHOXKECTB, PACKPACKH



rpadoB U APYruMu KOMOWHATOPHBIMU 33/Ia9aMU, UMEIOIUMHI, B CBOIO OUe-
penb, maccy mpuioxkennii. C Ipyroil CTOPOHBI, OHA MPUHAJIEKAT K KJIacC-
cy N P-nonubix 33124 (IIpU 1eI09UCIEHHBIX Becax BepiiuH). O ciioHoCTH
3TOU 3a/a9u TOBOPUT TO, UTO JaKe B YaCTHOM CJIydae, KOrjaa Bce ¢; = 1,
i=1,...,n, He HAWAEH TOJHHOMHUATHHBIN ATTOPUTM, KOTOPbIH ObI rapaHTH-
poBaJl (CKOJIb-YTOIHO GOJIBINYI0) (PUKCHPOBAHHYIO OTHOCUTEIBHYIO TIOTPEIll-
HOCTB perternst mo GbyHKIHOHAIY st joboro rpada D(V, E).

O06branO 171 pernenns 3ama4 HaxoxaeHus MB BYM ucmons3yrorces me-
TOIBI «BETBEH U IPAHUILY, MPAKTUIECKAst 3P MOEKTUBHOCTH KOTOPBIX BO MHO-
TOM OIIPeJIeJIsieTCs aJrOPUTMAMH OJIyY€HUs OIEHOK IeIeBOi (pyHKIUH.

g 3amaan MB BYM B cBs3u ¢ ncciie1oBaHUsIMA 110 TEOPUH KOIUPO-
Banus B [12, 13], [17] Obuar npesmoKeHbl HECKOIBKO SKBHBAJIEHTHDBIX OIle-
nok. Hanmpumep, crnemyomas: mycrb Mg — KJIACC HEOTPUIATENTBHO-OMPe-
JIeJIGHHBIX MaTpul, B = {bij}'?,jzla IIe KOTOpBIX b;; = 0, ecn i # j;

n
(i,7) € E; > by < 1; ocTajbHbIe 3IEMEHTHI TIPOM3BOJIbHBIE.
i=1

Torma

n
V(@) = max 3 \EEby > adG). (4.4)
Bemg i1

B [4] MOKa3aHO, YTO ONMUCAHHBIN B JAHHOU CTAThe JBONCTBEHHBINA TOIX0M K
HOJIyYEeHUIO OEHOK B K.3. Jaer Jyuid 3anauu (4.1)—(4.3) ouenky, coBnagaio-
utyto no Besmuure ¢ ¥(G). Asrop coBmecrro ¢ C. U. Creuenko paspaboras
AJITOPUTM, OCHOBAHHBINA HA METOZE <«BETBEH W IPAHUI», B KOTOPOM B Kade-
CTBE OIEHOK UCIIO/IL3YIOTCSA OMUCAHHbIE B IAHHOM cTaThe OleHKy Buaa (2.3),
W TIPOBEJIN BBIYUCIUTEIbHBIE SKCIIEpUMeHTR. Haxoxk 1erne oleHoK pon3Bo-
JIATIOCH C TOMOIIBIO CIIENUATBHON MOIU(DUKAIIMA METOAA CyOrpaJIueHTHOro
TUIA C PACTSKEHUEM MPOCTPAHCTBA — T-ajropurma (cM. pasm. 3). dkcie-
pUMeHTHI pOM3BOAMINCh HA rpadax ¢ yucsiaom Bepuiuda or 30 g0 60 mpwu
cpeameii crenenu BepruH 4, pebpa reHepUpOBAIUCH CIYYadHBIM 06pa30M,
Beca, MPEICTABISIN CO0O CIIydaiiHbIe Iesble Yucia, Oonbinue 20 U MeHb-
mue 40. Kak Bugno u3 [4], pasmepHocTs 3a1aun mo x pasua |V| — unciy
BepIuH, a Mo A — uucay pedbep. Bo Bcex sxcmepuMeHTax OBLIO IOy YIEHO
ONTHMAJILHOE PEIIEHNE, TPUIEM TIEPBAasi OIEHKA, OTJUYAIACH OT ONTHMAJIb-
HOrO 3Ha4YeHus He Oosiee ueMm Ha 5%, Grarofaps Yemy KOJUUECTBO BEPIIUH
B JiepeBe BeTBIIeHuii Obuto HebombiuM (ot 3 — 5 mpu |V| = 30 1o Heckob-
kux fecarkos npu |V| = 60). Bpems cuera ma EC-1060 mensmocs or 1,5
— 2 mun. npu |V] = 30 no 1 gaca upu |V| = 60. kcrnepuMeHTbI OKA3AIN
yCTOWUIMBYIO paboTy AJropuTMa ONEHKH W XOPOIIee KAYEeCTBO OIEHOK.



5. JKCcTpeMaJibHbIE 339l Ha KJIACCE
HEOTPUIATETbHO-OITPeJeJJ€eHHBIX MATPUIL

[Monyyenue onenoxk B K.3. (1.1), (1.2) npuBOAUT K ClIEUHUAJIBHBIM IKCTPE-
MaJIBLHBIM 33]a9aM Ha KJIACCE MOJIOKHATETLHO-ONPEIeeHHbIX MaTpul. K ra-
KOI'O K€ THUIIA 33a49aM [IPUBOAUT BbluucieHue onenku Jlosaca (4.4), craru-
cTHYecKUe 3a71a9n 00paboTKM pe3ynbTaToB SK3aMeHoB [14, 15] u psazn mpy-
IUX 3a/a49 06paboOTKY PE3yIbTaTOB HAOTIOJEHNU , CBI3aHHBIX C KOPPEJISIH-
OHHBIMK MaTpunaMu. Tak Kak MHOKECTBO HEOTPUIATETHHO-OMPEeIETeHHBIX
MAaTPHIL IIPEJCTABIISIET COOOM BBIMTYK/IO€ MHOYKECTBO C HETJIAIKO IpaHUIei,
IIPU PEmIeHUur TAKOrO POfa 3a7a9 IO CyMECTBY OKA3BIBAIOTCS IOJE3HBIMU
Meronbl HemuddepeHtpyemMoit onTuMusaiyy. [IonbITKY permenns STux 3a-
JTad KJIACCHIECKUMU METOIAMY HEJTMHENHOTO TTPOrPAMMUPOBAHNS HATAIKHI-
BAIOTCSI Ha cepbe3uble Tpyanocru [14], [15], [13].

Hamu HakomaeHn omeIT pemeHust psja SKCTPEMAaJbHBIX 33,89 Ha KJac-
ce HEOTPHUIATETHHO-OMPEIETIEHHBIX MATPUIL B CBSI3W C MPOOJIEMaMU OIEHKH
XPOMATHIECKOTO Kjacca rpadoB W XpOMATHIECKOrO YnCya TpadOB Ciemny-
azproro Buma ([3], [8], [20]). BeruucanrenbHble KCIEPUMEHTHI TTOKA3AJIM,
YTO 7-AJNTOPATM B COYETAHWU C METOAOM TOYHBIX HETTAJKHX INTPagHBIX
byHKIWMIA, ecn neneBas PYHKIMS ONPEJEIEHa HA BCEM IPOCTPAHCTBE, siB-
JISeTCS JTOCTATOYHO HATEIKHBIM U dPGHEKTUBHBIM CPEICTBOM DEITeHUsT Ta-
KOTO POJIa 3a71a9.

Takum obpasom, HemuddepeHnupyeMass ONTUMHU3AINNT OTKPBIBAET XO-
POIIKE NEePCIIEKTUBLI PEIIEHHS IMPOKOTO KPYTa MPAKTHIECKH BAKHBIX IKC-
TpeMaJIbHBIX 33729 Ha, KJIACCe HEOTPUIATETHLHO-OMPEIETeHHBIX MATPHIIL.
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006 omgHOM MOAXOE K MOJIYy9€HUIO
IJI00AJIbHBIX 3KCTPEMYMOB B
MMOJIMHOMMAJbHBIX 3aJIadaXx

MaTeMaTHYeCKOro IIporpaMMuPOBaHNS

H. 3. Ilop
Kubepnemuxa. — 1987. — M 5. — C. 102-106.

Paccmorpum eBkiinzoBo npocrpanctso E™ ¢ Bekropamu z = {21, 21, .., Zn |-
[Tox, moMMHOMHANBLHON 33a9€il MATeMATHYECKOTO IPOrPaMMHUPOBAHUA Oy-
JIEM TIOHUMATh 33129y CIEAYIOIIETrO BAA: HANTH

inf Py(z) (1)
IPY OTPAHUYEHUSAX
Pi(z)=0, i=1,...,m, (2)
rae Po(z), Pi(z), i =1,...,m — noanHOMAaIbHBIE (DYHKIMH OT 2.

To, uro orpanudenus (2) 3a7aHbl B GOPME PABEHCTB, CYIIECTBEHHO HE
OIPaHMYMBAET OOIIHOCTH 3aJa4M, TaK Kak JI000e IIOJUHOMUAIBHOE Hepa-
BeHCTBO Buma R(z) < 0 MOXKHO CBECTH K TIOJMHOMHAIBHOMY DABEHCTBY
R(z) +t? = 0, re t — MOMOTHATETBHAS TEPEMEHHAS.

BBo/1s1 HOBBIE TIEPEMEHHBIE 1 UCIIO/Ib3Ysl KBAAPATUIHBIE OJICTAHOBKY BU-
na z2 =Y, Zjk = 2jZk, Y2 = v; N T. ., MO’KHO CHU3UTD CTENeHb MOJHHOMOB
B (1), (2) mo KBagpaTUYHO, pacCMATPUBasd UX Kak (DYHKIUHU OT PACITUDPEH-
HOT'O MHOKECTBA, [IEPEMEHHBIX , [IPX 3TOM MOABJIAIOTCA HOBBIE KBAIPATHIHbIC
PABEHCTBA, COOTBETCTBYIOIIUE YKA3AHHBIM BBIIIE HOJACTAHOBKaM. TaKuM 00-
pasoM, obyio 3amady Buaa (1)—(2) MOXKHO CBECTM K KBaJPATHYHON IKC-
TpeMaJIbHOU 3aj1a4de: HAlTh

iI;f Ko(x), € E™ n>n, (3)

MIPY OTPAHWYEHUSIX:
Ki(z)=0, i=1,....,m; m>m. (4)
rne K,(z), v =0,1,...,m — xBaaparnunse Gyukunn. B pabore [1] mus

TTOJTy Y€HUST OIEHOK CHU3Y ONTHUMAJILHOTO 3HAYEHUS [EIeBOM (DYHKINY TTPE/I-
JIO2KEH METOJI, KOTOPbIii Oy/ieM HA3bIBaTh JABOMCTBEHHBIM, TAK KAK OH HC-
oIb3yeT MHOXKHUTE I Jlarpamxka.



Paccmorpum dbysknuio Jlarpanxka: L(z,u) = Ko(z) + Y wKi(z) =
i=1

= (A(u)z,z) + (l(u),z) + c(u). 3mecs A(u) — cHMMeTpUYHBIE MATPUIIBI
N X T, [(u) — BEKTOPbI pa3MePHOCTH T, ¢(U) — KOHCTAHTbI, 3aBUCHIIUE OT BEK-
Topa muoxuTeneii Jlarpamxa u = {u1, . .., Um}. lycrs Q () — MEOKeCTBO
rakux 3HadeHnit u = {ui,...,Um}, TPH KOTOpHIX Marpuma A(u) mo-
JIOXKUTEJIHO Olpeeentas (HeOTpuIaTebHo onpeaenenaas). [pu u €
mmin L(z,u) = t(u) nocruraercsi B HEKOTOPOii TOUKe (), SABISIONIENCs pe-

[IEeHueM JIMHEeNHON cucTeMbl ypaBHEHU
2A(u)z + l(u) = 0. (5)

Omnpegenum Y(u) = L(zx(u),w) upu u € Q. Tnsg moboro momycTuMoro T

L(ZT,u) = Ko(T), mosromy (u) < Ko(z) mrs npoussoabraoro u. Orciona

Y* = sup Y(u) < Ko(T) 115 mpon3BONBLHOTO JOMYyCTUMOTO T, T. €. ¢* < f*,
u€f)

rae f* — ourmmanbHOe 3HadeHHe IeseBoil dyHKImU B 3amade (3)—(4)
(ecau cucrema ypasuenuii (4) necopmecrna, Oynem caurarb, 9ro f* = 400),
1 (u) — BorHyTas dbyHkuus Ha ), ) — BBINYKJIOE, MO0 TyCTOE MHOXKECTBO.

B nmocnennem ciaydae Oymem cauTarh, 9TO ¥ = —00.
Bagaua HaxoxkaeHus ¢* = sup ¢ (u) OTHOCUTCS K BBITYKJIOMY TPOrPaM-
ue

MupoBauuio. s Hee paspaboTaHbl H0BOIBHO () dEKTUBHBIE aJTOPUTMBI,
B YACTHOCTH, XOPOIIHEe MPAKTHIECKNE PE3YIbTAThI IAJl T-aJTOPUTM CO CIie-
[UAIBHON PeryIupoBKoil marosoro Muoxurens [2]. Sagaaun suga (1)—(2) u
coorsercrByomiie uM (3)—(4) MOryT GbITH HEBBILYKJIBIME U MHOTOIKCTDE-
MaabHBIMA. 1l09TOMY Henb3s B OOIIEM CIydae rapaHTHPOBATL DPABEHCTBO
Y* = f*. OmHUM U3 TTOJIXO/I0B K TTOIYY€HHIO T7I00AIBLHOTO ONITHMYMa MOYKET
OBbITH METOJT BETBEl M TPAHWIL C WCIOJH30BAHNEM YKA3aHHBIX BBIINIE JIBOII-
CTBEHHBIX OIEHOK. IIpmMepoM Takoro moaxoma MOXKeT CIyKUTh AJITOPUTM
HAXOXKJIEHUS MAaKCHMAJIBHOTO B3BEIIEHHOTO HE3ABHCHMOTO MHOMKECTBA BED-
s rpada, onucanubiii B [3]. OgHako MeTo/ BeTBel U IPAHUILL HE [1J1s BCeX
3as1a4 goctaTodHo 3dderTuBeH. MIHTepecHo uccaes0BaTh TaKue KIacChl 1Mo-
JIMHOMMAJIBHBIX HEBBIMYKJIBIX 3334, IS KOTOPhIX ¥* = f*. OrMmernm, 910
TIPH TIEPEXO0/IE OT TIOJTMHOMHUAIIBHBIX 33184 K KBAIPATHIHBIM MOYKHO HCITOJIb-
30BaTh PA3IMYHBIE KBAJIPATHIHBIE MTOJCTAHOBKY U B 3aBUCHMOCTH OT ITOTO
Oymer MeHaTbcsa YP*. Kpome Toro, MOXKHO reHepHpPOBATH HOBBIE OI'PAHHYE-
HUsI, KOTOPBIE SBJSIOTCS aJIreOpanvyecKuMy CIeICTBUSAMHI PEKHUX, OCTAB-
Jisist 00JIaCTh JIOMYCTUMBIX perriennii 6e3 n3menenus. IIpu srom nBoiicTBEH-
HbIE OIEHKW He YOBIBAIOT, & B HEKOTOPBIX CJIYYasiX BO3PACTAIOT, M YBEJIUIH-
BAIOTCs IIAHCHI COBHaaeHus Y™ u f*.
JIerko MOKa3bIBaeTCs CIEAYIOMAs TEOPEMA.



Teopema 1. Ecau ¢* = sup(u) docmuzaemca wna muoorcecmse S,
ueQ
mo Y* = f*.

HoxkazarenberBo. ['paguent dyukiuuu ¢ (u) upu u € () coBrasaer ¢ Bek-

TOPOM HEBAZ0K .
gy (u) = {Ki(x(u)}", .

Ecnu makcumym p(u) gocruraercss B HeKoTOpoit Touke u* € ), TO
Ki(z(u*)) =0,¢=1,...,m, r e. z(u*) — gomycrumas TOYKa, IPU ITOM
f* < Ko(z(u*)) = ¢ (u*) = o*. Ho ¢* — mmkuss ouenka jyst f*. Orciona
caemyer, 9o f* = 1)*, 9TO U TPEOOBAIOCH TOKA3ATH.

Takum obpa3zom, ecan Y* < f*, To cynpemym t)(u) JocTUraeTcs Ha Tpa-
mure obnacta Q. [Tycrs u* — Touka na 0\ 2, B M0G0 OKPECTHOCTH KOTOPOf
IPY 3aJIaHHOM ITPOU3BOJIBHO € > 0 HalayTcs ToOYkm u € ), AyIsi KOTOPBIX
cupaseminBo ¥* — ¢ (u) < €. Ilpu srom panr marpuipt A(u*) nosmxen cos-
majaTh ¢ paHroM mpucoeanHerHoi marpunbt (A(u*)|l(u*)), T e. cucrema (5)
JIOJKHA, UMETh NMpH u = u* pemenne. [IosSCHIM CKa3aHHOe Ha, MpUMepax.

I. Haiiru min[(Az, z) + (¢,z)] upu orpanmuenusx (z,z) —1 =0,
xz e E™

[Mpusenem marpumy A K IMArOHAIBLHOMY BH/Y ITyTEM OPTOTOHAJBHOTO
npeobpaszopannust. [Togydaem B HOBBIX MEPEMEHHBIX Y = {y1,...,Yn} CIEIY-
I0IY10 3a1a4y: Haitu min Ko(y), rie

Ko(y) =Y _ Nl + Y aii, (6)
i=1 i=1

[IPU OT'PAHUYEHUAX
Ki(y) =) 4 -1=0. (7)
i=1

I[Iycts  A1,..., A, — cobcTBeHHBIE dYwmcaa MaTpuibl A, 3amucaHHbE B
HEYOBIBAIOIIEM TIOPSIKE C Yy9€TOM WX KPATHOCTH, U MUHHUMAJIBHOE COO-
CTBEHHOE Yucjao mMmeer KparHocTh 1. Paccmorpum dymkmuio Jlarpamxa

sagauu (6)—(7):
L(y,u) = Ko(y) + uKi(y).

IMpu v > —A1 L(y,u) sBigercd noJoKUTENbHO onpezneneHHoii. L(y,w)
MOXKHO HEPENuCaTh B CICAYIONEM BHIE:

L(y,u):Z(/\i—l-u) (yﬁ-ﬁ) —Zm—u.

n
i=1 i=1



IIpu u+ Ay >0

2
)

n
. 1 a
Y(u) = min L(z,u) = —— E —u
i=1
Ecnu a1 # 0, o upu u > —A1, u — —A1, ¥(u) — —o0, upu u — +00,
Y(u) — —oo. Takum obpaszom, max ¥ (u) mocruraercd B 00JIACTH HOJIOXKU-
TEJILHOM OmpeneneHHocTn: —A; < u* < 400, ¥ eMy COOTBETCTBYET IJIO-
GasbHbIH sKkcTpeMyM 3azadn (6)—(7). Ecam a3 = 0, o max(u) Moxer
u
JIOCTHTAThC KaK Ha TPAHUIE ODJIACTH TMOJIOKHUTEIHHON OIpeIeIeHHOCTH
(u 4+ A1 = 0), Tak u BHyTpH, npHu 3TOM * = f*. AHaJOTUYHBIE PACCYK-
JIEHUST [IPOXOJISAT U B CJIy4ae KPATHBIX COOCTBEHHBIX YUCENT MATPUIIBL A.
I1. Paccmorpum 3a1a9y MEHUMHABAIAN IOJUHOMA 4-i CTEeHn OT OIHOI
nepeMeHHON

min(z* + az? + bx).
[pousseaem noactanosky: z2 —y = 0. Ilomygaem ciaemyontyro KBaapaTud-
HYIO 337124y
min(y? + ay + bx)
npu orpanudenun r2 —y = 0. Oynxuus Jlarpanka uMeeT cjieayiomuii Bu
(mpm uw > 0):
L(z,y,u) = y*+ay+be+ul@®—y)=

+a—u 2+ +i 2_ a—1u Q_E
vy Y\ o 2 i

IIpu w > 0 (B 06JsIACTH HOJIOKUTEIHHOMN OIPENEJIEHHOCTH N0 Y, T (DYHKIUK
2 2
a—u
Jlarpamxka) ¥ (u) = — 5 ~ Ipu b # 0, u — +0, P(u) — —oc.
U

IIpu u — 400, P(u) — —oo. 3nauur, maécw(u) JIOCTUTAeTCs B TOYKE U™,
u>

0 < u* < +o0 obmactu 2 : v > 0 u emy OyIeT COOTBETCTBOBATH €IMHCTBEH-

HBIH TJI00AJIBHBIN ONTUMYM T = o IIpu b =0, a > 0, umeem u* = a,
u
Y(u*) =0, 2 =0.TIpu b =0, a < 0, sup®(u) gocruraercs B TOYKE HA
u>0
2
* * %2 a * a
rpanaune {2, u* = 0, mpu srom y* = ¥ = 5 P* = —» ITO COOTEeT-

[ a
CTBYET JBYM PAa3IUIHBIM ITOOATBHBIM MUHHEMyMaMm: r° = =+ —5 Takum

o6pa3oM, BO BCex ciaydasx sup ¢ (u) = * = f*.
u>0



Oxka3bIBaeTCs, 9TO PE3YJIbTAT, IOy YEHHBIH /1JI MHOTOYJIEHOB 4~ creme-
HA MOYKHO 00ODIINATEH HA MHOTOUJIEHBI OT OIHON MepeMeHHON MPOn3BOILHOMN
9eTHOM cremeHu. PaccMOTpuM MHOTOYIEH YETHOH cTermeHw 2n, n > 1, or
MIepEMEHHOM T1, Y KOTOPOro KO3 (PHUIIMEHT MPHU CTapIieil CTeneHn paBeH 1:

2n
2 2n—k
PQn(xl) = xln + g A2n—kTq . (8)
k=1
Bsenem obo3nauenus: x = m’f ; k=0,1,...,n. B atux obo3uauenusx (3a-

MeTHM, 9TO Zo = 1) 3a7a4a MUHUMU3AIME Po, (1) mpeBpaimaercs B KBaI-
PATHYHYIO 3KCTPEMAJIbHYIO 3aJa4y CJICIYIOIEro BULA:
HalTU MUHUMYM

n—1 n
K2n(x) = Z‘% + Z A2n—kTnTn—k + Z Qp—iTp—q (9)
k=1 =0

PY OTPaHUYCHUAX:
Tplqg—Trts =0, p+qg=r+s<2n—-2, p>gq, p>r>s, (10)

rue p, ¢, T, § — HEOTPHUIATEIbLHBIC IeIble YNCIa. BhIpaskeHne, crodiiee B
neBoit wacru paercts Buzaa (10), oboznaunm R(p, g; r, S), MHOXKECTBO pa3-
JIMYHBIX JOIyCTUMbIX 4eTBepoK (p, ¢; 7, s) B (10) oboznauum Qay,.

Sameuanne. OueBuaHO, 4TO cpeau paseHcTs Bua (10) gacTb aBisercs aj-
re6pandecKn M30BITOYHBIMI, HEKOTOPHIE PABEHCTBA, ABJIAIOTCS TarKe JHHeH-
HBIMU CJIEJICTBUSIMU JIPYTUX, MMEHHO WX MOYKHO OTOPOCUTH 6e3 yIepba i
JaIbHEAIX paccyKaeHnii. Mbl CO3HATEIHHO COXPAHSAEM BCE MHOMKECTBO
Bbipazkenuii R(p, q; 1, s) miid yupolienus 0003HAYeHU U JOKa3aTeIbCTB.

Kaxnomy pasencrBy suma R(p,q; r,s) = 0 comocraBuM MHOXKUTEINb
Jlarpamxka A(p, q; r, s). CoBokymHOCTh MHOXKHUTesell Jlarpanxka obpa3syer
BEKTOD A.

Mycts x = (21,...,2y), To = 1.

Obpasyem dyukuuio Jlarpanxka ksaaparuduoii 3agaau (9)—(10):

L(z,\) = Kon(@)+ > Ap,g; 7 5)R(p,¢; 7,5).
(P,q;7,8)EQ2n

Mycrs Q(Poy) (2(P2n)) — MHOXKECTBO TAKMX BEKTOPOB A, [PHU KOTOPBIX

kBaaparuduasd 10 ¢ ¢yukuusa L(x,\) dgBisercd nosoxurenabHo (Heor-

punaTenbuo) onpesenennoii. @yuknus ¥(A) = min L(z, \) ompezaenena
x



mpu A € Q(Ps,). Ecin cynpemym ¥(X\) mpu A € Q(P»,) comaznaer c
f* = min P(x1), To Gyaem roBoputh, 9ro Ps, obnanaer w-ceoiicrBoM. Ec-
T1

J 3ToT cyupemyM gocruraercd Ha A* € Q(Pay,), To 6yaeM roBOpuTb, YTO
noJMHOM Py, 00/13JaeT CUJIbHBIM W-CBOWCTBOM, TIpA 3TOM (CcM. Teopemy 1)
P(A*) conamaer ¢ f*, T. e. Py, ob1amaer w-cBONCTBOM.

ITokazkem, 9TO W-CBOWCTBO COXPAHAETCS IIPU CABHATE HAYAIA KOOPJIMHAT.
Urak, cipaBeqinsa

Teopema 2. (O cdsuze). Ecau P(x1) obaadaem w-ceoticmeom, mo u noau-
Hom P(x1) = P(x1 + a) obaadaem w-c80Gcmeom npu npoussosbHom a.

Hoxka3zarenbcrBo. Beenem nepemennyio Ty = z1 — a. Torna P(T1) =
= P(x1). Takum obpaszom, nepexoz, or nonunomMa P k P cBomurcsd K noj-
crafoske: 11 = T1 + a B P(z1). Ecim ompenenurs Ty, = 715, k=1,...,n,

TO OJIA T TOJIYYUM CJICOYIOMINE BbIPDazKEeHUA:
k
Tr = (f1 + a)k = Z C,’casz,i. (].].)

JI1sT TpOIOIIKEHNS T0KA3aTEIHLCTBA HAM TIOHAIO0ATCS IBE JIEMMBI.

Jlemma 1. ITycmo 3adana cucmema pasencms suda

k
Tozda a0basa sunetinas gopma l(y) = Z ciyi npu yeaosuu Y ¢; = 0 wmo-

=1
orcem Gbimb 3aNUCAHG 8 6ude mmemwu KOMOUHAUUL ACBUT wacmel pa-
sencme (12).

HoxkazareabctBo. IIpu £ = 1 nemma tpusnasnbua. Husg k > 1 jgerko ee
JIOKA3aTh WHAYKIMEH OT 1 K 1 + 1, UCTOIb3ys MPOCTOE TOXKIECTBO

n+1
Z CiYi = Z CYi + Cn + Cn+1)yn + Cn+1(yn+1 - yn)

Jlemma 2. Jloboe evpasicenue 6uda T5Tg — TpZr; S+q=D+T, 2de 5, ¢,
D, T — Ueable HeOMPUYATEAbHBIE YUCAL, NPU nodcmanoskaer euda (11) ne-
PET00AM 8 BHIPANCEHUS O NEPEMEHHBIL T, T1,. .., LTy, NPEIcMasiAtOULUE
€000l AUHETHYI KOMOUHGUUIO 8biPpadcerull 8uda TsTq—Tp Ty, S+q = p+r;
S, q, P, T — Ueavle HEOMPUUAMENDHBLE YUCAQ.



HokasaresberBo. Vcnons3yem pasencrea (11):

NE

5
— i Yok
T5hg — Tply = E a'CiTs_y a’CeTq—; | —
=0

Jj=0

P 7

_ T Ji= | —
E a'CyTp—i E @ CiTrj | =
i=0 §=0

547
. o S
= a Z CClTs i Tgj — Z CrClTp_iTrj | .
+7

t=0 i,jritgi=t i,jritj=t
Kak cienyer 3 OMHOMUAIBHBIX TOXK/IECTB W PABEHCTBA S +§ = P
i i ot ot
Y cici- Y Cici=Ct,-Ch=0.
i,jri+j=t i,jti+j=t

Ucnonwp3ys temMmy 1 MHOTOKDPATHO TIPY PA3IUYHBIX ¢, MOJYyIaEM, UYTO BhIpa-
JKEeHWE T5Tq— TpZy TPEICTABIMO B BU/IE INHEHON KOMOMHATINT BIPAYKEeHNIT
BUIA TsTq — TpTy, S+q =p+7T, S, ¢, p, T — [EJIble HEOTPUIATEIHLHBIE
qucia. JlemMa JoKa3aHa.

[IpomosizkuM J0Ka3aTeIbCTBO TEOPEMbI.

IMonmuom P(x1) 0b1amaer w-CBORCTBOM. DTO 3HAYUT, YTO HANIETCS BEK-
Top MHOXKHTesei Jlarpamka A* Takoit, yro dynkmua Jlarpamxka L(z, A)
kBagpaTndHoit 3amaun (9)—(10) mpuw A = A* sBasieTcs HEOTPHUIATEIHHO
ompeneseHHoit mo x u Y(A*) = f* roe f* = n;inP(xl). IMomcraBum B

1

L(z, \*) BMECTO KOMIIOHEHT BeKTOpa = Bbipaykenus u3 (11). (®opmysnsr (11)
MO?KHO PaCCMaTPHUBATh KaK MEPEXO, OT OJHON CHCTeMBI KOOPAWHAT K IIPY-
roit.) Tlomyamu KBagpaTHIHYI0 OTHOCUTETbHO T byrKmmo L(T, \*), n Tak
KAaK MOJIOKUTENTLHO (HEOTPUIATEIBHO) OMPEIENTEeHHAS KBAIPATUIHAA (DYHK-
A IIPY HEOCOOBIX JIMHEHHBIX MPeoOpa3s0BaHUAX KOOPIAMHAT MEPEXOIUT B
TOJIO’KUTETEHO (HEOTPHUITATeThHO) OompeieenHyio byHkmmo, To L(T, \*)
OyIeT HEOTPHIATEIHLHO ONPENEIEHHONH. 3aMeTHM, 9TO OOJACTW 3HAYEHMI
L(z,\*) m L(T, \*) cosmamaior, otkyaa ¢* = min L(Z, \*) = f*. C apy-
roif CTOPOHBI, UCIOJB3YS JIEMMY 2, IPUXOIAUM KIBbIBO,ILy, YTO BBIPAYKCHUE
L(Z, \*) Moxer 6BITH 3amicano B dopme dbyrkmym Jlarpamska KBaIpaTmd-
HO# 38,1, COOTBETCTBYIOMeil Haxox Aernio min P(Z7):



min K () (13)
IIPU OrPAHAICHUIX
Tplqg — Trls = 0, (pv q; T, S) € Q2n; (14)

ryie K (T) — pesysbrar nojcTaHoBKE B Ko, (1) (9) BMECTO KOMIIOHEHT BEKTO-
pa x BbIpakeruii (11); mpw 9TOM COOTBETCTBYIOIINE MHOKHTEH Jlarpamxa
JIMHEHHO BBIPAXKAIOTCS Yepe3 KOMIMOHEHThI \*. Takum obpa3om, IjIst 33 a9u
(13), (14) cymiecTByeT BeKTOp MHOXKHUTeIeH Jlarpamska \*, Ipu KOTOPOM CO-
OTBETCTBYIONIAs KBApaTudHas (DYHKINS OT T HEOTPUIATEIHHO ONpeiese-
Ha ¥ ee MUHAMYM COBHAJAET ¢ f* 3HAYeHHeM MUHAMYyMa IOJHHOMOB P(21)
u P(7T;). Bwaunt, nomuaom P takxke obmasaer w-ceoiicteoM. Teopema 2 o
CIBHTE JIOKA3aHA.
ITepeiinem K TOKa3aTEIHCTBY OCHOBHOIO PE3YJIbTATA.

Teopema 3. /10601 nosunom Poy (21) 6uda (8) wemnoti cmenenu obaadaem
w-c60UCMEOM.

HoxkazarenbcrBo. [Ing n = 2 w-cBOHCTBO moKa3aHo (cM. mpumep 2).
[IpoBesmem mokazarenbcTBO Teopembl mHIyKImeid mo n. Ilycrs w-coiicTBO
CHpaBeIMBO Ui IIOJMHOMOB BuJa (8) cremnenu 2n. [JokaxkeM ero cripa-
BEJIJIMBOCTh [JIsi TTOJMHOMOB crenenn 2(n+ 1). ITo reopeme 2 (o capure)
W-CBOMCTBO COXPAHSETCS TPYW CIABUTE apPTyMEHTa, MO3TOMY MOXKHO IPEI-
MTOJIOKUTH, HE YMEHbINass OOIIHOCTH, dYTO TIOOAJIHHBIN MUHHMYM Ha-
xogurcst B 0 u 3nadenne nonuHoma B 0 pasuo 0. Orcrooma Oyzer ciemo-
BaTb, 4TO y pACCMATPUBAeMOro mnosmHoMa P9 ,(z1) KosbduuuenTst
Py MJTAJIIIAX CTeneHsX ag = a1 = 0 u ag > 0, T. €. OH IPeICTaBUM B BHUJE
]320nJr2 (1) = 2% - Pay,(21), npudem nomuaoM Py, (71) NIpUHAMaET HEOTpPHITA-
TesbHbIe 3HAYEeHNs Ha Beeii ocu. 110 MpenonosKeHnio WHIy K 1i1st Py, (1)
BBIIIOJIHAETCA W-CBOUCTBO, T. €. JJId COOTBETCTBYOIIECH KBaAPATUIHON 3a/1a-
gy Haligercs BekTOp mHOXKuTeneil Jlarpamxka \*, mpu koropom dyHKIMS
Jlarpanxka Lo, (2, \*) Oyaer nupuHuMaTh HEOTPULIATENbHBIE 3HAYEHUS IPU

n
M06OM T, T. €. MO¥KeT ObITh 3anucana B suge L3 (v) = Y. ;(x) + r?, rae
i=1

l;(z) — muneitable byakmmn ot (1, . . ., 2, ), 7> — HEOTPHUIATETHHAA KOHCTAH-
Ta.
Paccmorpum Bbipaxkenne x5 L5, (x). EMy cooTBercTByer KpaapaTnaHas

dopma

n
=2
L§n+2(j) = E li (j) + ,er%,
i=1



rae 1;(T) — nvHeitHast (YHKIUS OT TEPEMEHHBIX L1, ...,Tn,Ln1t1, CIIE-
n

IgyromuM 00pa3oM mosydaomiasics u3 i ecan li(x) = . iz + Lo, TO
i=1

n
1;(Z) = Y lijwj41. Jerko sugers, aro L3, o (T) nomyuaerca n3 ynxiun

j=0
.Harpamjxa KBaJPATUIHON 331441, COOTBETCTBYIOIIEH MUHUMU3AIIAN TTOJIHU-
noma Pj,  o(z1) npw Tex xe 3Hauennsx MuokuTenei Jlarpamka, KOTOpbIe
00pa3yoT BEKTOP A*, OHAKO 3TH 3HAYEHUsS] OTHOCITCS K «IPeoOpa30BaH-
HBIM» OIDAHUYEHMsIM: OFPAHUYEHUSIM BUAA TpLy — TrZs = 0, OTHOCSIINIM-
cd K 3ajade MuHuMu3anuu Po, (21), OyIyT COOTBETCTBOBATH OIPAHUYEHUS
Tpi1Tqi1 — Tr1Ts41 = 0 B 3amade murmvmsanmy Py, o (21). Muanvais-
Hoe 3uauenne L3, ,(T) nocturaercs npu T = 0 u pasno 0. Takum oGpazowm,
TIPU ONPEIEJIeHHBIX 3HAYEHNSAX MHOXKUTesei Jlarpamika KBaJapaTUIHON 3a-
JIa€H, COOTBETCTBYIONIeH MUHUMU3AIME ToTHHOMa Py 4o(z1), nonyyaercsa
TOYHAs OLEHKA, T. €. noauHoM P35 (21) obnansaer w-coiicrsom. ITo Teope-
Me O CIBUTE STUM Ke CBOWCTBOM OyJerT 06J1aaTh TPOU3BOILHBIN TTOTHHOM
Pypta(z1) cremenun 2n + 2 ¢ koadbduipenToM, paBHbIM 1, mpu crapiiem
asrene. Teopema 3 nokazaHa.

CrenaemM HECKOJIHKO 3aMevaHMi.

1. Crenenve 3amaun MuHHM#3aIUU Po,(71) K KBaJpaTW4HON 3a1adue
HEOJHO3HATHO, 3TO CBA3AHO C HEOJHO3HAYHOCTBLIO NpeCTaBIeHus Tt Ha-
HIpUMep, T = T1T4 = ToT3 = T W T. 1. B 3aBUCHMOCTH OT HMPUHATOTO
MpeICTaBIeHNsT U3MEHSIIOTCA ONTUMAJbHBIE MHOXKUTEN Jlarpamxka, OTHAKO
w-CBOMCTBO OT KOHKPETHOTO TIPE/ICTABJIEHUS HE 3aBHUCHUT.

2. MuHUMAJIBPHOE YHUCJIO OTPAHUYEHUN, KOTOPBIE HYKHO YIUTHIBATH MTPU
bOpMyIUPOBKE SKBUBAJIEHTHON KBAAPATAYIHON 3329 MPU MUHUMU3BAIUN
Py, (x1), paBro (n—1), Tak KaK Hy?KHO OLPEIEIUTb IEPEMEHHBIE T, . . ., Ty
OcranbHble orpaHudeHus W30BITOYHBI, T. €. UX JODABIEHUE HE CyXKaeT 00-
JIACTH JIONYCTUMBIX perennii. Poib W30bITOYHBIX OrPDAHUYEHHH COCTOUT B
PACIIMPEHUN YUCJIa JIBOWCTBEHHBIX MepeMeHHbIX dbyHKIuu Jlarpamka, 9To
MIPUBOIUT, BOOOIIE TOBOpsi, K DOJiee TOYHBIM OIeHKaM. JlobaBeHue orpa-
HUYEHUsT, KOTOPOE SBJISETCS JIMHEHHON KOMOMHAIIME UMEIOIIUXCs, He OTPa-
JKAETCS Ha, TOYHOCTH JBOMCTBEHHBIX OIEHOK, TaK KAK «BKJA» ITOrO Orpa-
Hudenusi B GyHKIHO JlarpaHKa SKBUBAJEHTEH OIPEIEIeHHOMY U3MEHEHUIO
MHOXKUTeIeH JlarpaH:ka mpu MMEROIINXCsT OrPDAHUIEHUSIX.

3. 30bITOYHOCTD YUC/Ia OTPAHWYEHUN MPUBOINT, KAK MPABUIIO, K HEOJI-
HO3HAYHOCTH BEKTOPA ONTHMAJbHBIX MHOXKuTemei Jlarpamka A*. ITo reo-
METPHUYECKOMY CMBICIY ONTHMAJIbHBIX MHOKUTeJel JlarpamHxka — 3TO KO-
3¢ GUIMEHTHI PA3IOKEHUsI 110 IPAJUEHTAM OIPAHUYEHUN OPTOrOHATBLHOIO
K MHOrOOOpa3uio, BHIPE3aeMOro OTPDAHUYEHUSMU, AHTUTPATUEHT, [ETeBOH



dbyHKINY B ONTUMAJIBHOM TOUYKE. [Ipr HEOTHOBHATHOCTH PA3JIOKEHUS COBO-
KYITHOCTH JOMYCTUMBIX BEKTOPOB K0P DUITNEHTOB 00pa3yer JIMHEHHOe MHO-
roobpasue. Ilepecedenne sroro Muoroobpasus ¢ (P) u jaeT MHOXKECTBO
ONTUMATBHBIX BEKTOPOB Jlarpamxka.

Becbma mpaBaomno1o00HbIM KaXKeTCst MPEANOI0KEHNe, YTO TPU MUHUMU-
3aIUd TIOJIMHOMUAIBHON (DYHKIMU MHOIMX MepeMeHHbIX P(x1,...,%,) moy-
TeM TOCTPOEHWS SKBUBAJEHTHONW KBAIPATHUIHON 3a1a49M TPU KCIOJIH30Ba-
Hur (BUKCUPOBAHHOTO MHOXKECTBA, M30BITOYHBIX OTPAHUYEHWH MOJIYyJIAeTCS
TOYHAs IBOWCTBEHHAs OLIEHKA 3HAYEHUs [JIODAJILHOIO MUHUMyMa (aHajor
reopembl 3). Ecau 310 npennosioxkenue yaacres 10Ka3arb, TO B apceHaJe
METO/IOB HAXOXKIEHUS TJI00AIHLHOTO MUHUMYMA TIOJTHHOMUAJIBHBIX (DYHKIIHI
OT HECKOJIbKUX TIEPEMEHHBIX MOSBUTCSA METOJI, OCHOBAHHBIN HA JTBOWCTBEH-
HBIX OIEHKAX. JTOT METOJ, MOYKHO B Pa3JIUYHBIX (pOpMax KOMOMHHPOBATH
C METOJIOM BETBeil W I'PAHUI] U METOJOM pejakcamuu orpanuyeHuii. Fiie
OOJIBIIINI WHTEPEeC MPeaCTaBIgeT 0000IeHrne HAMeIeHHON B TAHHON cTaThe
Teopur Ha OOMIMI KJIACC MOJMHOMUAIBHBIX 33/1a9 C OPPAHUYCHUSMU BUA
(1), (2). MoxHo s B 06IeM ciiydae JaTh crnocobd reHepanny W3OBITOIHOMN
CUCTEMBI OTPAHUYEHUH, YTOOBI rapaHTUPOBATH, YTO JBONCTBEHHAS OIEHKA
oKaxkeTcs TO9HO? B HacTosiee BpeMs UAET IKCIEPUMEHTATBHOE HCCIeI0-
BaHue 3G HEKTUBHOCTH MPE/TIOKEHHON METOIUKY JBOWCTBEHHBIX OIEHOK HA
psijie KJTACCOB SKCTPEMAJIBHBIX 33/1a9 TeOPUH rpad OB U HEBBITYKJIBIX KBaJl-
PATUYHBIX 33189 C JIMHEHHBIMU OrDaHWYeHusIMA [3].
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O6 ogHOM KJjIacce OII€HOK TIJI00aJIbHOIO
MUHIMYMAa TTOJNHOMUAJbHBIX (DYHKIMit

H. 3. Illop
Kubepnemuxa. — 1987. — M 6. — C. 9-11.

[Iycts E™ — n-MepHOE €BKJINA0BO HIPOCTPAHCTBO, HA KOTOPOM OIIPEIEIe-

HA IOJIMHOMUAJIbHAs BelecrBennas byukuus P(z) = P(xq,...,z,). Pac-

CMOTPHUM 337a49y HAXOXKjeHus f* = inbf P(z1,...,2,). Ecm f* > —o0,
weEn

T. e. P(x) orpanuvena cuuzy, to nazosem ee OC-dyukuueii. Tak kak
HOJIMHOM HEYeTHOU CTeleHW OT OJHOI IlepeMeHHOIl MOXKeT IIPUHUMAThb
CKOJIb yTOAHO OOJibIivie 1O abCOIIOTHON BEIUYWHE IOJIOKUTETHHBIE
U OTpHIATENbHBIE 3HAYeHusi, TO Jyist Toro, urobel P(z) 6eia OC-dyHK-
npei, HeoOXOMUMO, dYTOOBI JJIs JII0O0ro ¢ < m  CTapiine CTENeHu S; Tie-
PEMEHHBIX T; OBLIH 9eTHBIMMA, a 3HAYeHHS KOI(PMUIMEHTOB MIpPH HUX
pu JIIOOBIX 3HAYEHUSAX OCTAJIHHBIX [MEPEMEHHBIX MNPUHUMAJINA HEOTPUIA-
renbuble  3HadeHuss. QOC-QYHKIUAME TOMKHBI TAKXKE SBIATbCS (DyHKIAN
P (z; x; = ¢) or (n — 1)-mepemenHoii, KoTOpKIe mosydatorcs u3 P(x), ec-
JIM TIPUJIATH TIPOU3BOJILHON TlepeMenHoit x; (i < n) OnpeneeHHOe 3HAYEHIE
x; = c. IlpoBepka Toro, 4ro JaHHas nojuHOMuaidbuasd Gyukuus P(x) sas-
asiercst O C-dyHKImeld, — 1aIeKo He TPUBUAIbHAS 32294,

IIycts s; = 2l;; ¢ = 1,...,n. PaccMoTpuM 1emoYncieHHbIE BEKTOPHI
a={ai,...,a,} C HEOTPUIATETHLHBIMHU JIEMEHTAMH W OJHOUJIEHHbIE BHIPA-
JKeHUsT BUJIA,

Rla] =z .. ap™, tme 0<a;<l; i=1,...,n. (1)

n

Nmeem cucreMy TO2KAECTBEHHBIX COOTHOIIIEHU

R[agl), . ,asll)]R[a(IZ), Y )

—Rla\¥, .. a®R[eY, . oW =0 (2)
(um RlaW]R[a®] - R[a®]|R[a®] = 0) npu ol +a/? = o/ +a < s,
i =1,...,n. JIroboit momunom P(x) = P(z1,...,Z,) CO CTAPIIUMHU CTEIe-
HSIMU TIPU X;, PABHBIMU S; = 2[;, ¢ = 1,... n, MOXKeT ObITh HEOTHO3HAYHO,
BOOOIIE TOBOPS, 3AIIUCAH B BHJE KBAJIPATUIHOW (PYyHKIUE OT HMEPEMEHHBIX
R[a™)] (cm. (1)) crepyiomero Buja:



P(z) = K(R,\) =Y _ci;Rla™|R[aD)]+

J
+ Z Ak, Lm,n (R[a(k)]R[a(l)] - R[a(m)]R[a(”)]> 7
(k,l;m,n)

e RV R[aV)] - mekoTopoe mpecTasienue omHOwIeHa ToTHHOMa P(1) B
BHJIe TIPOU3BEIEHHsI OAHOUIeHOB Bua (1); ¢;; — coorBercTByIomue Kodddu-
IUEHTBI; Ak l:m,n — IPOU3BOJIbHBIE MHOXKUTE/N IIPH JIEBBIX YacTAX TOXKIe-
crBennbix coorHorenuii (2). C apyroit cropounbt, K (R, \) MoxHO paccmar-
puBaTh Kak (yHkimio Jlarpamxka KBaJIpATUIHON SKCTPEMAJIbHON 3a1a9u:
MUHHUMU3UPOBATH

K(R) = Z cijRlaP|R[aV]

[pU OrpaHuYeHusX (2), IPU 9TOM Aj j:m,n MOTYT HHTEPIPETHPOBATHCS KaK
vuoxkutem Jlarpanxka. Takum obpa3om, 3ama4da 0e3yCIOBHON MUHUMWU3A-
MU TIOJIMHOMA, CBEJIEHA K 3a/a9e€ MUHUMHU3AIUU KBAIPATUYIHON (DyHKIMN
K (R) npu KBaJpaTU9IHBIX OTPAHNIEHUSAX (2).

ITycrs mHOXKecTBO TeX A = {Agim.n}, JI KOTOPBIX KBaJpPAaTHIHAS
dbyukuus K (R, \) siBisiercs HEOTPULATEILHO OlIpeiesieHHol 1o R, He mycro.
O6o3raumM ero AT, BHyTpeHHIOI 9acTh 3TOTO MHOYkKeCTBa (COBOKYITHOCTH
Tex A, mpu KoTopeix K (R, \) MONOKUTEILHO onpeenena) obosaaunm A,
BameTnm, uto mpm A € AT infg K (R, \) mocTuraercst B HEKOTOPO#l TOUYKE
R*(\). Jlerko Buzners, uro AT (AT) — Bemykabie muoskecrsa. Ilycrn

Y(N) = inf K(R\). (3)

Tak kak K(R,\) nuneiiHa no A, 1o 1(\) B 061acTH CBOEro CyIIeCcTBOBa-
nus (B yacrnocru, Ha AT) — pornyras gynxuusa. Tak Kak npu jo6om A u
jomycrumoMm Bekrope R K (R, \) = K(R), To

$(\) = inf K(R,\) < . (4)

Ecmu P(x) ne snnserca OC-bynkmueit, o AT mycro. Mycts f = sup (N).
AEAT
U3 (4) crenyer, uto f < f*.

Eciu maiinerca \* € AT takoii, uro (\*) = f = f* > —o0, 10 Gyaem
FOBOPUTH, 9TO P(Z) M COOTBETCTBYIOIIAs KBaJApATHUIHAS 3a1a4a Buga (3),
(2) obnamaer w-CBOWCTBOM.

Ecan nonmuom P(x) obiamaer w-cBORCTBOM, TO Jisi TTOJIYYEHUs OLEH-
KU CHH3Y JJI f* ¢ NPOM3BOJLHOM TOYHOCTHIO HY?KHO PElaTh 3334y BbI-
IYKJTOTO TIPOTPAMMHPOBaHusA: HAUTH Sup, it Y(A) = —infy 51 (—=¥(N)).



B [1, 2] noka3zano, 4To IS peNieHus 33Ja9M TAKOTO THIIA, MOYKHO MpPHMe-
HSATH METOJ, JUIMICOUIOB. [IpaKTUYIeCKn XOPOIo pabOTAIOT TPU PEIIeHNN
MTOAOOHBIX 334 APYyrre MeToAbl HeanddepeHInpyeMoil ONMTHMI3AINN, Ha-
puMep, ONpeIeIeHHbIE MOAUMDUKAINN T-AJITOPUTMA.

Taxum obpazom, 115 MOTMHOMHUATBHBIX (DYHKIHI, 001 AIOMIHNX W-CBO-
CTBOM, TIOJIy9aeM HernepebOPHbBIH AJITOPUTM OIEHKH IIOOATHHOIO SKCTPEMY-
ma. OT™MeTHM TakiKe, 9TO ecim sup, x4+ Y(A) gocruraercs ma \* € AT, To
rpaguenT GyHKIEH 1(A) B 9TO# TOYKe, PABHBIN BEKTODY HEBS30K B Orpa-
Hudenus (2), npu R = R(A*) pasen 0, 1. e. Bce orpannveHus (2) BBIIOIHA-
torca. Ho s1o smaunt, uro K(R(A\*),\*) = K(R(\*)) = f*, re. f = f*u
W-CBOMCTBO BBIMOIHSAETCH. TakuM 00pa3oM, ecii w-CBOWCTBO HE BBIMOJIHS-
ercs, TO sup, g+ ¥(\) JOKeH MOCTHraThCs Ha TPaHUTe 00JacTH HEOTpH-
[ATEJILHON ONPEeIeIeHHOCTH.

Oxka3zaJyoch, 9TO BOMPOC O TOM, ODJIAJAET JU JAHHAS TMOJUHOMUAJIHHAS
OC-dyHKIHSA W-CBOWCTBOM, TECHO CBI3aH C BO3MOXKHOCTBIO €€ MPEeICTaBIIe-
HUs B BAJIE CYMMBbI KBaJIPATOB MOJUHOMOB. JIOKazKeM CJIEYIOIYI0 TEOPEMY.

Teopema 1. J[aa mozo, wmobv noaurom P(x) = P(xy,...,z,), npunuma-
rowuti Munumarvroe suavenue 6 mowke 0 u pasnuti npu smom 0, obaradan
w-ceoticmeom, HeobTodumo u docmamouno, wmobv. on ObiA NPedcmasum 6
sude cymmovl K6a0PAMOE NOAUHOMOS.

HoxkazareascrBo. 1. Heobxomumocts. IlycTs moauHOM 00/1812€T W-CBOM-
crsom. Torna maiizerca \* € AT, npu koropom K (R, \*) HeorpuuaresHo
onpeenena kax ynkmnus or R u K (0, \*) = 0. Ho mobyio neorpunarein-
HO OIpeeeHHy0 (DYHKIINIO MOXKHO MIPEJICTABUTH B BUIE CYyMMBbI KBaIPATOB
muweitnbrx bynkmmii. Hoacrasus B dbyrkmmo K (R, \*), IpeacTaBIeHnayo B
bopme cymMMBI KBaIpaToB, BMecTo TepeMeHHBIX R[aY)] ux BhIpaskenus B
dbopme ogHOUWIEHOB, NOTyYrM ucKoMoe npeacrasienne P(x) B dopme cym-
MbI KBaJ[PATOB ITOJIMHOMOB.

2. Hocrarounocrs. [Iycrs P(z) npeicraBum B BUIE CyMMbl KBAJAPATOB
nosmaOMOB Py (), .., Py (2):

IMommuomer Py(x), k = 1,...,m, He JONKHBI CONEPKATH CBOOOIHBIX e~
HoB, nHade P(0) > 0, a sro nporueopeunt P(0) = 0. IToxcraBus Bme-
CTO KaXKJOT0 OJHOYIIEHA B TIoMMHOMAaX Py (x) coorBercrByiomiee ¢, R[a], mo-
JIy9UM OZIHOPOJHYIO HEOTPHIATEIHLHO ONPeneeHHY 0 (OPMY OTHOCHTEIBHO
R, vunumym koropoit npu R = 0 pasen 0. CpaBauB KO3 DUIMEHTHI TPU



R[aW]R[aY)]  npencrasaennn P(z) B dopme cymmbr kpaapatos K (R)
¢ xkoacpdpmmmentom mpu Rl + o] B mpencrapnemim P(z) = K(R) =
= K(R,0), naiinem A, npu xoropom K(R) = K(R,\). Takum obpasom,
Haiizerca \ Takoit, aro P(\) = m}%n K(R,\) = K(0,\) = 0. 3uaunr,
W-CBOWCTBO BBITIOJTHAETCS.

Teopema mokazaHa.

ITycrs min P(x1,...,z,) = f* u mocturaercs npu « = *.

Paccmorpum nosmunom Py(z) = P(x — 2*) — f*. Py(z) upunumaer csoe
MHUHHMaJIbHOE 3HaueHne B Touke 0 1 3T0 3Ha4UeHne paBHO 0.

Ipaduku nonmunomos Py(xz) u P(x) coBnagaioT mpu COOTBETCTBYIOLIEM
CIBHUrE B TIPOCTPAHCTBE = U 1O f. JIErKO moKa3arh, YTO CABUTY B IPOCTPAH-
CTBE KOOPJWHAT X COOTBETCTBYET JIMHEIHOE HEBBIPOXKIEHHOE MPeobpa3oBa-
Hue B npocrpancrse Koopaunar R[al]. Tak Kak npu Takux npeobpa3soBaHusix
COXpaHsercs HeoTpulaTe/bHas (II0JI0KUTEJIbHAS ) OLPEEJEHHOCTb KBaIpa-
THYHBIX (DYHKIUI, TO U COXPAHSETCS w-CBOWCTBO, & TAKIKE BO3MOXKHOCTD
npeacraaeHns GyHKIu B hopMe CyMMbI KBaApaToB. Takum obpa3oMm, u3
Teopembl 1 BeITEKaeT Hojiee odIIas.

Teopema 2. JTas mozo, wmobv, ozparusernvili crudy nosunom P(x) obra-
das w-ceoticmeom, HeobToduMmo u docmamowro, wmobse noaurom P(x) — f*
bvLa npedecmasum 6 sude cymmos K6aOPamMOE NoAUHOMOS.

K coxasienuio, He BcsiKasi MOJUHOMHUAIbHAS (DYHKIUS, TPUHAMAOIIA
HEOTPUIATE/IbHbIE 3HAYEHUsI, IPEJICTABUMA B BUJE CyMMbI KB3/IPATOB IIO-
JITHOMOB. DTOT BOIPOC paccMarpuBaljics emle B 1888 romy MOJIOABIM B TO
Bpemsi 1. T'misbeprom [3]. On m3ywan mpeacraBuMocTb B (GoOpMe CyMMBI
KBAIPATOB OJHOPOIHBIX MOJUHOMOB (pOpM) UETHON CTEMeHU M C YUCIOM
[epeMEeHHBIX 7 (M — MaKCUMaJibHAas CyMMa CTeleHeil epeMeHHBIX, BXO/s-
IUX B OAHOYJIEH JAHHOIO MOJMHOMA; JJIs OJHOPOIHBIX [TOJIMHOMOB CyMMAa
crerneHeil epeMeHHbIX, BXOASIIMX B IPOU3BOJIbHBIA OJHOYJIEH, DABHA 1M).

lunasbepr mokaszam, aro npu n=3, m > 6 u n > 4, m > 4 HalgyT-
Cs1 HEOTPUIATEbHBIE (DOPMBI, HE MPEICTABUMBIE B BHIE CyMMBbI KBaIPATOB
dopwm.

JIuib 111 HEKOTOPBIX O0IMMX KIaccoB (hOPM, & UMEHHO:

1) m = 2, n — upousBoabHOE YKUCIO (KBaAPATUIHbIE (DOPMBI);

2) n = 2; m — YeTHOE MPOM3BOJILHOE, T. €. IPOU3BOJIbHBIE (POPMBI OT
JIBYyX MEPEMEHHBIX (MM COOTBETCTBYIOT MPOU3BOJILHBIE TIOJUHOMBI OT OIHOM
EePeMEeHHOI ) ;

3) m =4, n =3, 1. e. npousBoJbHbIE OUKBaApaTHbIE (GOPMBI C TPEMSs
nepeMeHHbIMU (MM COOTBETCTBYIOT IPOU3BOJIbHbIE OJIMHOMBI 4-ii CTereHu ¢



JIByMsI IEPEMEHHBIMHU) — BOIPOC O MPEJICTABUMOCTH B BUJE CYMMbI KBaJIpa-
TOB HEOTPHUIATEIHHBIX (hDOPM PEIIAeTCs MOJIOKUTEIBHO.

Orcrona BO3HUKIIA CJeaylolias 3a1ada, U3BeCTHas Kak 17-s mpobsema
Cunbbepra [4]. PaccmarpuBaercs mnosie panuonaibHbix GyHKIuil oT Belie-
CTBEHHBIX TIepeMeHHbIX. Ecin pamuoHasbHas (GyHKIMS B 00JaCTH CBOErO
OTIpeIe/IEHNsT HEOTPHUIIATEIHbHA, TO BCET/IA JIU OHA MPE/ICTABUMA, B BUIE CyM-
MBI KBaJIPATOB pAIMOHAIBHBIX (byHKIUH? OKOHYATETBHBINA MOJIOXKUTEIh-
HbBI OTBET Ha TOT BOUPOC ObuI nan B pabore D. Apruna B 1927 r. [5].

Juist HeoTpuLATEIBHBIX TOJMHOMUAIBHBIX (bopM P(x) 310 03Ha4Yaer, 4To
BCErJIa MOXKHO HANTH TAKyIO MPEICTABUMYIO B BUIE CYMMbI KBAIPATOB HEOT-
punarenbuyo dbopmy Po(z), uro Py(z) P(x) mpeacraBuM B BHIE CyMMBI
KBapaTOB MNOJUHOMOB. VIHTEpECHBIM OCTaeTcs BOIPOC O KOHCTPYKTHBHOM
crocobe Boibopa Py (z).

[Toce KpaTKOro OTCTYILIEHWsS BEPHEMCS K PACCMOTPEHHUIO HEKOTOPHIX
BAyKHBIX YACTHBIX CJIYYAEB IKCTPEMAJIBHBIX MOJTUHOMUAIBHBIX 33a¢, JIJId
KOTOPBIX W-CBONCTBO CITPABEJINBO.

CucreMbl MOJUHOMHUAJIIbHBIX ypaBHeHuii. [lycrs 3amaHa cucrema
ypaBHEHU

Pi(z) = Pi(x1,...,2,)=0; i=1,...,m. (5)

Paccvorpum P(z) = Y. P?(x).
i=1

Ecnu cucrema (5) coBmecrra, To f* = min P(z) = 0; P(z) — f* = P(z)
NPEICTABAM B BUJIE CyMMBI KBAJPATOB, T. €. P(z) 0b6mamgaer w-CBOHCTBOM.
MHuozkecTBO pemienuii cucreMbl (5) B Caydae ee HeJIMHEHHOCTH MOXKET ObITh
MYCTHIM, KOHTUHYAJIbHBIM UJIN JUCKPETHBIM. JIUIb B UCKIIIOUATEILHBIX CJIY-
YasixX peleHne eJuHCTBeHHo. ITosTomy npn MuHnMu3anun P(x) myTem cBe-
JIeHUs K KBaJIPATUYHON 3aJade ONTUMAJbHAs ONEeHKa OyJeT JOCTHIaTbCA,
Kak IIpaBWjio, Ha rpanune A" Ipu BLIPOXKICHHOI MATPHUIE KBAAPATHIHON
opMBI, 9TO HE HO3BOJUT HENOCPEACTBEHHO IOy IATh XOTs ObI OHO U3 pe-
meruii. I mOJIy9eHusi KOHKPETHOTO PENIeHUs HYYKHO HCIOJIb30BaTh J10-
MOJIHUTE/ILHBIE CPEJICTBA, JIJIS OTJE/ICHUs KOPHEH (HapuMep, JTOMOTHATE b-
HbIE HEPABEHCTBA HA NIEPEMEHHBIE, UCIIOIb30BAHNUE £-BO3MYIIEHH KOI(DDH-
upuenToB GyHkuuu P(x) s nosydenus npubiiuzkeHus K PEIIeHuo U T. 11.).

NurepecHbM ABJISIETCA BOIPOC — BCErVIA JIU B CAy4ae HECOBMECTHOCTH
cucreMbl (5) TIpH MUHUMU3ALANA

P(r)= Y P2a)  sup w(3) > 07
i=1



Bamaua o guHelHON HonosHUTENbHOCTH. [laHHas 3ama4da [6] cra-
BUTCS CJIEAYIOMNM 00pA30M: ONpPEJESIUTh BEKTOp & = {I1,...,Zn} € E",
yZoBJerBopsitomuii cucreme nepaseucrs x > 0; Az +b > 0 (A — marpuna
n X n, b — n-mepHbIii BeKTOpP), U Takoii, yro (x, Az + b) = 0. Iycrs a;,

i =1,...,n, — crpoku marpunsl A. Beenem momosHuUTEIBHBIE MEPEMEHHBIE
Vi, ¢ =1,...,n, 1 paCCMOTPUAM 33Ja49y: HAUTH
n n
« . 2
= xz{g}fzo{ E [(ai, x) +b; — ’Ui] +c E mivi}, (6)
i=1 =1
roe v = {v1,...,v,}, ¢ > 0. Jlerko Bumers, uro f* > 0 u pasuo 0 To-
I'Ia U TOJIBKO TOTIA, KOTIa COOTBETCTBYIOMAA 3aJa49a O JTUHEHHON ITOIOJ-
HUTEIHLHOCTH MMeeT pertenne. 3anada (6) myTem NOACTAHOBOK T; = Y2;
v; = wf, i = 1,...,n, cBoguTCd K 337a4e 0e3yCJIOBHON MUHUMU3BAIUN

dbyuxmpn Py, w), ABAAONERcs MOJMHOMOM 4-if CTEleHNn 0T KOMITOHEHT Y,
W ¥ MOPeICTaBAMON B BHIE CyMMBbI KBaJAparoB. Takwm oOpa3oM, eciu 3a-
Jlava, JIMHEHHO JIONOJHUTEIbHOCTH uMeeT pemienue, o P(y, w) obiaajaer
W-CBOMCTBOM. 3aJa4a O JIMHEMHON JOMOIHUTEILHOCTU SIBJISAETCS YACTHBIM
CyYaeM 3aJa90 MUHIMU3AINAN TTPOU3BOJIBHON KBAIPATHIHOM (DYHKITUN TpH
JIMHEHHBIX OTpaHuYeHUAX. Ecau 9mi orpanndenuns umeior ¢opmy x > 0, To
MOXKHO JT00aBUTh KB3IPATHIHBIE OIPaHUdeHud ;- x; > 0, 1,5 = 1,...,n,
SABJIAIONINECS CIeACTBUEM OorpaHndenuit © > (), IPUMEHUTHh K PACIITPEHHON
3asade Meron, MHO)kuTeseil JlarpaHka u MOCTPOUTH JBONCTBEHHDBIE OIEH-
KW, CJTeJys OMMUCAHHON B CTaThe MeTOAWKe. XOTs 3TU OIEHKW He BCEra
SIBITFOTCS TOYHBIMU, OJHAKO OHU OOBIYHO OKA3BIBAIOTCHA 0OJIEE TOYHBIMM,
4eM OIIeHKHU, IIOJIyYeHHbIe IIyTeM JIMHeapU3allui BOHYTBHIX COCTAaBJIAIONINX
KBaapaTu4IHOii dbyHKimuu [7].

YacTHbIi caydait TeopeMbl 2 [JIst TOJTHHOMOB OT OHO IMepeMeHHO Ipu-
BozuTCs B [8].
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Ncnosb3oBanne TOYHBIX MITPadOB Npu
IIOCTPOEHUN OIMCAHHBIX SJIJIMIICOUI0B
MUHNUMAJIHPHOTO 00beMa

H. 3. Illop, C. U. Cmeuenro
Kubepnemuxa. — 1989. — €M 2. — (. 117-119.

Bagada annpoxcumanyy obJiacTeil JOCTHKUMOCTU WU IIPOU3BOJIbHBIX
COBOKYIIHOCTEH TOYEK JIIMICOMJIAMU IIMPOKO HCIIOJIb3YETCS B OINTUMAJIb-
HOM yIIPABJIEHUH, UI'DOBBIX 3a/1a49ax U Apyrux npuioxenusx [1]. Mccaemy-
€M 33129y HAXO0XK IEHU JJJIUIICONIA MUHUMAIHLHOTO 00beMa, BKIIOYAIOIIErO
3aJaHHBI HAOOp TOYEK T1,...,T,, OpocTpancrea R". dumuncons £ B R™
MOYKHO 33JaTh HEPABEHCTBOM

(K(x —a),z—a) <1, (1)

rae K — cuMmMerpudHas, OJI0KUATEIHHO OIpeesieHHad Marpuna, K € R™X",
a = (a',...,a") — weurp smmuncouma, x = (x!,...,2") — mou-
ka umunconsa. O6beM 3jIunconaa, 3aJaHHoro HepasencTsom (1), pasen
V = wy - (det K)~'/2, rie w, — 06beM N-MEPHOro eIUHEYHOIO MAPa, KOH-
cranta npu (HUKCHPOBAHHOM N. YCJIOBUE MPUHAJIEKHOCTH HAOOpa TOYeK

X1, .., Ty douuncouny E Buma (1) MOXKHO 3anmcarb Kak CUCTEMY HEpa-
BEHCTB

(K(zj—a),z;—a)<1, j=1,...,m. (2)

ITpeamosoxum, 4TO paHr CUCTEMbBI BEKTOPOB {Z3 — X1, ..., Tm — L1} Pa-

BEH 7, B IPOTUBHOM CJIy9ae MaTPUIA ONTUMAJIBHOTO OMUCAHHOTO 3JITATICOU-
112 O6yIeT BBIPOXKIEHHOMN, U /1 PEIIeHIs NCXOTHON 3aa49u HY2KHO OyIer 1me-

peiitu k mpocrpanctBy RY, t < mn, rae t = rang{xs — r1,...,Tm — 71 }. 3a-
JIady MOCTPOEHUS 3IIUICON 1A MUHUMAIBHOTO 00beMa, BKIIOYAIOMIEro TOY-
KU T1,...,T, € R™, MOXKHO 3alicaTb B BUJE
max(In det K), (3)
K,a
(K(zj —a),z;—a)<1l, j=1,...,m, (4)

K 0, (5)



rae K = (ki)' ;= — cumverpuaias matpuma nxn, ; € R*, j=1,...,m,
a € R", rang{ze —x1,...,Zm —x1} = n, K > 0 03HAYAET TPUHAIJIEK-
HOCTh K KJIacCy HOIOKHTEIBHO OIPEICTCHHBIX MATPHIIL,

B [2] ara 3anaua (6e3 norapudma B uesnesoil dbynkuuu) Obuia cBeie-
HA K MAKCHMHU3AIUHA CTPOrO KBA3HBOTHYTOH (DYHKIMM HA BBLIIYKJOM MHO-
JKECTBE U JJIs €€ PElIeHus MPEJIarajoch UCIOIb30BATH METO, 3JIIUICOU-
J0B [3]. YunTsiBast, 970 CKOPOCTH CXOJMMOCTH METOJ[A SJIJUICOUIOB PE3KO
naJaer Opu yBeJIUYeHUN Pa3MEPHOCTH 33/1a491 p (3HAMEHATE]Ib reOMeTpUYe-
CKOI1 IIPOIPECCUH, OIIPEIENAIONMIA CKOPOCTh CXOAUMOCTH 10 (DyHKIHOHAITY,
q~1—1/2p?), nenecoobpasHo UCCIETOBATL APYTHE MPOIELY Pl HAXOMKIe-
HUST ONTUMAJIBHBIX OMUCAHHBIX JITATICOUIOB.

O6ozwasnm y = (k11,. .., kin, k22, ..., kony oo knnyat, ..., a"). Pa3zuep-
HOCTh BeKTopa y pasHa p = n(n + 3)/2. O6o3naunm fy(y) = —Indet K,
fily)=(K(zj —a),z;—a)—1,j=1,....m, M* = {y : K > 0}. Bagaay
(3)—(5) MOXKHO mepenucars B BALE

V) =min {fo(y): i) <0, j=1...m yeM'}. (0

Ucnonb3yewm jgisi yuera orpanudenus (4) Heryiaakyio mrpaduyo GyHKIUIO.
[Tomoxum

Fy) = max{0, fi(y),---. fm()}, (7)

On(y) = foly) +N-F(y). (8)

st ouenku mapamerpa N Bocmosab3dyemcs teopemoit 2.14 uz [4]. Ilycrs

fo, f1,..., fm — HeunpepbiBHble pyHKIMKE, M — HeKoTOpoe MHOXKecTBO. Io-
JIOYKAM

V(z):irylf{fo(y):fj(y)gzj, j=1,...,m; yGM}. (9)

A1) —
Teopema 2.14. [4] IIycmo )i\m;w =—-L>—-oc0ouN > L.
>

Tozda mouku munumyma 3adawy P(0) u s3adawu inf {Pn(y) :y € M} cos-
y
nadarom.
3aecy P(0) — 301898 MUHEMA3ALMY, CTOSAINAA B IIPABON 9aCTH COOTHOIIE-
uus (9) npu z = (0_, 0,...,0), ®n(y) crpourcs no dbyuxiuam fo, f1,..., fm
cormacro (7), (8); 1 =(1,1,...,1).
Yenosue (K (z; —a), ; —a) — 1 < \ 9KBUBAJIEHTHO yCJIOBHIO

K
(o5 @2 —a) <1 mm (KON (@ —a).2; —a) < 1,



1 .
YTO COOTBETCTBYET [OICTAHOBKE k;j — k;gj) /(14 )\) B mepBOHATAIBHOIM 3372
4ge. YauTbiBast, 9T0 det K sBjseTcs 0aIHOPOIHON (DYHKITHEH CTETIEHN 71 CBOUX

9JE€MEHTOB, nosydaem, 4ro npu A > —1 V(A -1) — V(0) = —In(1 + \)",
OTKYya

g YO DZVO) o y0A+N o

A>0 A A>0 A

Taxum obpa3oMm, CrIpaBeqInBa CAeAyIOMAas TeEMMA.

Jlemma. IlIpu N > n mouku wmunumyma 3adewu (6) u 3adavu
inf, {Pn(y) : y € M}, 2de Pn(y) onpedenena coenacno (7), (8),
cosnadarom.

B [2] nokazano, 9ro ecim HavdambHAas TOUKa () JIEKUT BHYTPH SJIIHI-
couga F, 1. e. (Ka,a) < 1, nepaBeHcro (1) MOXKHO Iiepenucarb B BHJE
(Bx,z) 4+ 2(b,z) < 1, rme

B=K/(1-(Ka,a)), b=—ak/(1— (Ka,a)). (10)

B srom ciydae obbem sammnconna E pasen Vo= w, - (p(B,b))"/ 2 rue

T
©(B,b) = (det B)"*!/(—detC)", C' = (f El)’ a HepaBeHCTBa (2) npwu-
MYT BUJL
hj(B,b) = (Bzj,z;) +2(b,z;) -1 <0, j=1,...,m. (11)

B mameit 3aga4ue qa BeimosHenus ycsoBus 0 € E MOXHO, HaIpUMED,
repeHecTu Hadasio koopauHat 0 B TOUKY, SABJISIONIYIOCH CpeaHuM apudmer-
YEeCKHM TOYEK T, ..., Ly, A IIEPECINTATHL KOOPDANHATHI TOUYEK B CMEIIECHHOM
6asuce. ITosromy, He ymeHbIas obmHocTH, 330249y (3)—(5) MOXKHO mepenu-
CaTh B 9KBHUBaJICHTHOM BH/IE

max In [(det By / (- det (f ﬁ)ﬂ , (12)

(ij,xj)+2(b,a:j)§1, j=1,...,m, (13)

B+ 0, (14)



WJIA, C YIETOM MPUHSATHIX 0003HAUEHUIH,

V(o):{min[—lw(B,b)]: hi(B,b) <0, j=1,....m B>O}.

s

Orpanuyenus (13), (14) 0o6pa3yior BbINYKJIOE MHOXKECTBO [POCTPAH-
crea R". Kak nokazano B [2|, byukuus ¢(B,b) sBisiercs crporo KBasu-
BOruyTo# npu B > 0. AHAJIOTMYHBIM CBONCTBOM, KaK JIETKO MOKA3aTh, 0y-
ner obagars hyukmusa In (B, b). CrenoBarensHo, 3ama4a (12)—(14) umeer
€/IMHCTBEHHOE PEIIeHUe. Y UUThIBASA, YTO

(Kxjvxj) 2(Ka7xj)) _1:| <

(1= (Ka,a)) {1 — (Ka,a) 1—(Ka,a

fiy)

< (ij,xj)—l—Z(b,xj) -1

mpu 0 < (Ka,a) < 1, BMecto mrrpadHoii dyukimn Py (y) MOKHO 3amucarh
mrpadHy0 OYHKIITIO

Dy (B,b) = —1n<p(B,b)+N-maX{O, (1—(Ka, a))h;(B, b); j = 1,...,m},

KoTOopasg coorsercrByer 3agade (3)—(5) mpum 3amene mepemenzbix (10).
[Irpaduas nobaska vy (B, b) mpu 3amene kommonent (1 — (Ka, a))h;(B,b)
ua hj (B,b) npu ycnosun 0 < (Ka,a) < 1 MOXKeT JMIIb yBEJINIUThCS, MO-
sromy B mrpadHOit DyHKIIN

¥ (B,b) = —1n<p(B,b)+N-max{o, hi(B,b), ..., hm(B,b)}, (15)

KOTOpPas COOTBETCTBYeT KBa3uBOrHyTol 3amade (12)—(14), MOXKHO BOCHOJIb-
30BaThCsA T€M Ke MTPadHLIM MHOKHATEIEM, 9YTO U B mTpadHOi HyHKINN
nng 3anaan (3)—(5). B cuny semmbl ippy N > n €JUHCTBEHHOE DEIeHUE,
coenazaroree ¢ V(0), Gymer nmers 3ama4a

%%?{Q/JN(B,I)) B~ 0}. (16)

Oyukuus ¥y (B, b) Hernajakas, 1jisi €6 MUHUMU3ALUHA MOXKHO KUCIIOJIb30-
Barb r-ajropurMm [3], upu srom cybrpaguentsl ¥y (B, b) BbruucasoTcs 00

dopmymam
Gij = 0UN(B,b)/0bij = 2(—=(n+ 1)bj;' +nc;;' + Najal), 1 <i<j<n,

Gii = OUN(B,b)/0by; = —(n + )b;" +ne;;t + N(2zL)?, i=1,...,n,



Gi = OYN(B,b)/Ob" =2 (nc;\ , + Nal), i=1,...,n,

71)n+1

rme B! = (lfl)z’-fj:1 — Marpuna, obparnas Kk B, C~! = (ci; )=t

j

T
Marpuia, ooparas Kk C = (f El)’

_ N, ecmu h.(B,b) = max h;(B,b) >0,
N = 1<j<m

0 B OPOTUBHOM CJydae .

ITpu ucnonb30BaHUKM MOHOTOHHBIX BAPUAHTOB r-ajropurMma (16) MoxKHO
peInarh Kak 3a7a49y 0e3yCJI0BHON MUHIMU3AIUN. BhINoTHEHNE OrpaHuIeHU T
B > 0 B mporiecce MOWCKA PENieHusi TApAHTUPYETCA TEM, 9TO MPU JIBUXKE-
HUM MaTpunbl B u3HyTpu Jomycrumoii obiacru K ee rpanune ¢(B,b) — 0,
In p(B,b) — —o0, a3Hauut, Yy (B,b) — co. Takum obpazom, Hasu4Iue ora-
pudma B 1e1eBoit GYHKINN IPEICTABIIET eCTECTBEHHBIN «0apbepy, He M03-
BOJISTIONIM TTpy MuHUMu3anmy ¢y (B, b) BeiiiTy 3a npenens obaactu B > 0.

Broixon 3a rpanuily 001aCTH B MPOIECCE TTPUMEHEHUS 7"-aJITOPUTMA, BO3-
MOXKEH 13-33 OOJIBITIOrO 3HAYEHWS IIIATOBOTO MHOXKHUTEJIsA. Jisi TOrO, 9T0ObBI
9TOr0 HE MPOU3OIILIO, MPEJIAraeTcs UCIOJb30BATH B 7-AJITOPUTME CJIE/Ty-
IOIIYI0 PEryJupoBKY MIAroBoro muoxkwurens. lIpemmosmoxum, By > 0. Ha
(k 4+ 1)-m mare BbrancasieM By = By + higr. IIpoBepsiem, siisiercst Jin
Marpuna Bjy1 TONOXKNTEILHO OINpeNeseHHON, HAIPUMED, TIyTeM ee Tpe-
yroapuoi# dakTopusaimu. Ecin Byi1 He SBJIsSeTCsS TOJIOKHUTEIHHO OIpe-

JeJeHHO, TO mar hjy aenuTcsa mnomoaam 1,2,...,S8 pa3 [0 Tex Iop, IIOoKa
, hi
marpuna By = By + 98 g He OyzIer MOJIOYKUTEIHHO OIpeesIeHa.

IIpeamaraeMblit METOJT, TOCTPOEHUS ONTUMAJIBHOTO OMTUCAHHOTO SJITUIICO-
713, BKJIIOYAOMIEro 33 JaHHBIH HAOOP TOYEK, OBLT MCIIOIb30BAH I pelre-
Huga 60s1ee CI0XKHON 33291 — MTOCTPOEHUS SJITUIICOUIA MEHAMATLHOTO 00b-
eMa BOKDPYT TIEPecevYeHus KOHETHOTO YHMCIa 33JaHHBIX dJmurnconioB. [Ipu-
OJIMKEHHDBIN WTEPATUBHBIA AJTOPUTM PEIIeHNusT TaKON 3aJa9M MOCJIeI0Ba~
TeJIbHO TeHepupyeT TOYKHW U3 MepecedeHus 3JIIUTICOUI0B U CTPOUT MO HUM
SJIIUIICON/T, TPUOIMKAOMMICA K onTuMaabHoMy. [Ipum mpoBemenwm wmc-
JIEHHBIX JKCIIEPUMEHTOB MHOTOKPATHO PEMIaINCh 33Ia4N ITIOCTPOEHUS ONTH-
MaJIbHBIX 3JLIAIICOMI0B, BKAYAOMNX 3aJaHHbIH Habop ToyeK. OnucaHHbIH
BBIIIE METOJ, OKA3AJICA TOCTATOYHO dDMEKTUBHBIM U HAJEIKHBIM HA MPAK-
THUKE.
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AJTropuTMBI HOCTPOEHNS ONTUMAJIbHBIX
OIIMCAHHBIX 3JIJINIICOMJIOB HA OCHOBE
METOJIOB HerJIaJaKoil ONTUMI3aIun

H. 3. Illop, A. C. /laswdos, C. H. Cmeuyenko
Memodv peuwserusn SKCMPEMAALHOLT 30064 U CMEHCHBLE BONPOCHL.
- 1989. - C. 25-30.

Onucan npubIMKEHHBIA aJrOPUTM OCTPOEHUS SJITUICOUIA MU-
HI MQJIBHOTO 00beMa, BKJIIOUAIONIEro IMepecedeHne 3a/JaHHbIX JIIUII-
couioB. AJIrOpUTM OCHOBAH Ha METOJE HAXOXKJEHUs OINTUMAILHOTO
OMMCAHHOTO JJIIUIICOUIA IO 33JAHHOMY HA0OPY TOUEK, T/ie OIITUMATIb-
HOCTH MMOHUMAETCS B CMBIC/IE MUHUMYMa, 00'heMa, 3JIJIMIICOU/IA.

ITocTpoenne sJ/uIMIIcCOMAa MHUHHMAJILHOrO 00beMa, BKJIIOYAIO-
Iero 3aJJaHHbI Habop TodeK. lccremyem 3amady HAXOXKIEHUST DJITHAII-
COMZa MWHHUMAJIBLHONO 00bEeMa, BKJIIOYAIONIEr0 3aJaHHBIA HAOOp TOYEK
T1i,...,T, TpocTpancTBa R™. YpaBHenue sanunconsa F B R"™ M0oXHO 3a-
JaTh HEPaBEHCTBOM

(r—a)Ale — )T <1, 1)

rae A — cumMmerpudHast, MOJOXKUTEILHO OnpeesieHHas MaTpuna; A € R™*™;
a € R™ — menrp smaunconna; © € R™ — mouka smmnconga. Oobem 31-
sumcon A, 3aJaHHoro HepasencTsoM (1), pasen w, - (det A)~1/2, tae w, —
KOHCTAHTa MPU (PUKCUPOBAHHOM 7 . 339y MOCTPOCHUST SJIIUTICOU A, MUHM-
MaJIbHOTO 00'be€Ma, BKIIOYAIOMIEr0 TOYKHA L1, . . . , Ly € R, MOXKHO 3ammcaTh
B BHJE

rrflxax{lndetA:(xj—a)A(xj—a)Tgl, j=1,...,m; A»O}, (2)

rae A = 0 03Ha9aeT IPHHAITEXKHOCTD A KIAcCy HOMOXKHATETHHO ONpeeIeH-
HBIX MATPHII,

B [1] mokazano, 4To, ecin HavaabHast TOUKa () JIEKUT BHYTPH 3JLTHIICO-
uga E, wepasenctso (1) moxkno mepermcath B ume wBxl + 2bxT < 1,
e B = A/(1 — aAa”); b = —aA/(1 — aAaT). B srom ciydae 06b-
em ssumuncona Quy, - (p(B,b))~ Y2, tue ¢(B,b) = (det B)"+!/(—det C),



b, —1
SJIJINTICOUTLY E MOZKHO 3alUCaTh KaK CUCTEMYy HEPABEHCTB

B, b7
C = ( ’ , & YCJIOBHE TIPUHAIJIE’KHOCTH HAOOPA TOYEK L1, . . ., Ty

hj(B,b) = x;Bx] +2bx] —1<0, j=1,...,m.

s emosnaenus yciaopus 0 € E MOXKHO, HAIIPUMED, MEPEHECTH HAYAO
koopaunar 0 B TouKy (21 + 22)/2 u nepecaurarh KOOPAMHATHI BCero Habopa
Touek B cMmeleHHOM Dasuce. Ilosromy, He ymenbinas obuHoCcTH, 33129y (2)
MOKHO TIEPENUCATh B IKBUBAJICHTHOM BUJIE

@*:néag({lngo(B,b): hij(B,b) <0, j=1,...,m; B>0}. (3)

B [1] nokazano, uro dbyukuus ¢(B,b) crporo kBasusoruyTa npu B = 0.
Herpynso moka3arh, 9T0 aHAJIOTHYIHBIM CBOMCTBOM Oymer 001a1aTh PyHK-
st In (B, b). IToaromy (3) Kak 3aJaua MAKCHMH3AIUW CTPOTO KBA3WBO-
rHyTOH (DYHKIMU HA BBITYKJIOM MHOXKECTBE OyIeT MMeTh eINHCTBEHHOE pe-
TIIeHNe.

Hnst yaera orpanmdennit hj(B,b) < 0, j = 1,...,m, BOCIOIb3yeMCs
MEeTOIOM Hernmaakux mrpadHbix Gyuknnii. [Tomoxnm

F(B,b) = max {0, hy(B,b), ..., hm(B,b)}.

O603HaUIM

Oy(B,b) = —Ing(B,b) + N - F(B,b).

B [2] nokazaHo, uro npu N > n eQMHCTBEHHOE PElIeHKE, COBIAJAIOIIEE C
p*, Oymer uMeTh 330394

min {@x(B.b) : B~ 0} (4)

Oyukuus Py (B,b) Hernaikas, i ee MUHUMU3ALUUKA MOXKHO UCIIOJb-
30BaTh T-aJTOPUTM, IMPU 3TOM cybrpaaueHTsl @y (B, b) BBIUUCIAIOTCS 1O
dopmymam:

Gij = 0PN (B, b)/0bi; = 2(—(n+ 1)b;;' +nc;;' + Najxl), 1<i<j<n,
Gii = 0PN (B,b)/0b; = —(n+ 1)b;;* +ne;;' + N(2L)%i=1,...,n,

§i = 0@ (B,b)/0b; = 2(nc;,l, + Nab), i=1,...,n,



rne B~ = (b;;')7,_, — marpnma, obparmas k B; Ot = (c;")I /L, -
Marpwuiia, ooparaas K C

N, ecmu h,(B,b) = max h;(B,b) >0,
N = 1<j<m

0 B IPOTUBHOM CJIy4ae.

IIpu ucnonb30BaHUM MOHOTOHHBIX BAPMAHTOB T-aJjropurma (4) MOXKHO pe-
IaTh Kak 3aja4y 6e3yC/JIOBHON MUHMMU3AIMKU. BLIIOJHEHHE OrpaHudYeHuUs
B = 0 B nporiecce IOUCKa pPelIeHus FapaHTUPYeTCs TeM, YTO IpU IpubimzxKe-
HUM MaTpUIbl B K rpaHuie gomycrumoit obiacru (u3uyrpu ee) ¢(B,b) — 0,
In p(B,b) — —o0, a 3uauur, DN (B,b) — co. Takum obpaszom, HaIHIKE JIO-
rapudMa B Ie1eBoil (DYyHKIUN MpPeacTaB/sieT «bapbeps, He MO3BOJISIONIII
upu mMunumusanuu O (B,b) Boiiitu 3a npeznessl obiaactu B > 0 upu cue-
LIMAIbLHOM PeryJIupoBKe IIaroBOro MHOXKUTEJIS 7'-aJIlOPUTMA.

ITocTpoenne sJuIMIICOMAAa MHUHMMAJILHOTO 06beMa, BKJIIOYAO-
IIero nepeceveHre 3aJaHHbIX JLJIATICOUAOB. IIycTh 3a0aHbr b J1mmr-
counoB E; = (Aj,a;), j=1,...,k (k> 2). Tpebyercs HOCTPOUTD HJIIAIN-

.
* * * .
coup E* = (A", a") MunnmambHOrO obbema, Brmoatommii (;_; Ej. Omn-
IIeM KOHCTPYKTUBHBII AJIrOPUTM MPUOIMKEHHOTO PENTeHnst JAHHOH 3a5a490.

AnropurMm uTepaTUBHBIHA, Ha KaKJOH MTEpaldd CTPOUTCH SJLIAICOMI

MUHHAMAJILHOIO 06'beMa, BKII0YAIOIIUil HEKOTOPOe CreHepUPOBAHHOE MHOKe-
k k

CTBO TOUeK u3 [ ;—1 Ej, M HAXOOUTCS MOIMHOKECTBO TOHEK M3 N i1 Ej, me

MPUHAJIEKAIAX TTOCTPOEHHOMY 37mnconay. OObeIuHeHne 3TOro MOIMHO-

JKECTBA W MMEIOIIErOCsT MHOYXKECTBA, TOYEK SBJISETCA GA30BBIM JIJIST TIOCTPO-

€HHUA SJIUICOUAA Ha ciemylomeil urepamuu. OmuimeM OCHOBHBIE IIyHKTHI

aJIrOPUTMA.

. k
ITounck HaganbHOM TOoYKM. [IpoBosuTCH MOUCK TOUKHU T € () i1 E;.
Jljist 3TOTO permaeTcs HErIaaKass 33Ja49a BBITYKJIOTO MTPOTPAMMUDPOBAHUS

f*:mxinmax{(x—aj)Aj(x—aj)T—1, j=1,...,k}. (5)

k
Ecmu f* > 0, T0 ﬂj:l E; = () u anropurM OCTaHABINBACTCS.

Tenepaliua HavaIbHOT0O 6a30BOT0 MHOYKecTBa TodeK. Heobxoanmo
Cre€HEepUPOBATH HEKOTOPOE MHOYXKECTBO TOYEK TPAHUIIBI ﬂ?:1 E;. Ons s10-
rO W3 TOYKHU Ty TPOBEIEM CEKYIIHE JI0 MEPECEUeHNs] C SJLIUTICONIAMU, TTPU
9TOM HAIPABJIEHAS CEKYIIWX 3aJaJAM W30TPONHBIMA BEKTOPAMH C Hada-
JoM B xg. Hanmomuum, 910 ciryvaiinbiii BEKTOp S = (81, ..., S, ) HA3BIBAETCH
U30TPOIHBIM, €CJIM TOYKA S/|s| pacupe/enena paBHOMEPHO Ha IOBEPXHOCTU



cdepsr |s| = 1. YpaBHenue cexyineil nmpeicraBuMm B Buze x(z) = xg + z8.
st Toro, 4T06bI HANTH TOYKY IepecedeHust x(z) ¢ UHMICOnIoM Ej, HyXK-

HO PeIIUTh KBaJpaTHOe ypasHeHue c1z2 + 2cpz + c3 = 0, re ¢ = sAjsT,

— oA (o —a T _ Ca NA (e — a T 1,2
co = sAj(xo —az)", c3 = (xo —a;)Aj(wo —a;)" . ObosHaunm z; u z; KOpHH
KBaJPaTHOTO YpaBHEHUS (2]1 >0, ZJQ < 0). HaiineM Z — MUHUMAJIBHBIN 1€~
MEHT MHOXKECTBA {z{,...,2}} U Z — MakcHMasbHbI smement {27,..., 27 }.
Herpynso mpoBepuTh, 9TO TOYKH X1 = To + 2S U Lo = Tg + ZS NPHUHA-
k
JIezKaT TPAHUIE ﬂj:l E;. Ilposona Ny CeKymmx U3 TOYKH Tg, MOIYTHM

k
2Ny ToYeK rpaHullb | ) =1 E;. Obo3nauum HadabHOe 6A30BOE MHOXKECTBO

Xy, |X1| = 2Ny = M.

ITocTpoeHne ommcaHHOrO 3JLIAIIcOnAa. Tpedyercs HOCTPOUTH 3Ji-
JIUICONT MEHEMATbLHOTO obbema E! = (a', AY), BmoUaromuii Bee TOUKH
u3 X;, | X;| = M;. Meroq u ajqroputM Takoro MOCTPOEHWsI OMUCAHBI BBIIIIE.
151 3amucu ypaBHEHUsI TIOJIyYEHHOTO JITUTICOUIA, HEOOXOIUMO TTPOU3BECTH
Takue npeobpazosanus: a = bB~1, A= B/(1 - bB~1bT).

[Tocite mocTpoeHwsT OMUCAHHOTO JLIUIICONUIA ITPOBOAUTCS CyKATHE 6A30BO-
ro MEO’KecTBa Todek X;. Hazosem semmanny ¢ (z) = 1— (2 —a’) Al (z —a®)T
OTKJIOHeHHeM TOUKH % or diaiumnconna E'. Ilpu cxxkarmu B MHOKecTBe X;
OCTaBJIEM TOYKHM, OTKJIOHEHHUSI KOTOPBIX OT 3JIINTICONIa ¢ MeHbIne 3a1aH-
HOIl BEJIMUMHBI, T. €. TOYKM, JiexKalpe BOJN3u rpanunsl £ O603HaunM
CKATOE MHOXKECTBO X

o k
Tenepanust HOBoro nogMHo>kectBa To4ek. Haiizem Touku | ) =1 K,

KOTOpbIe He npuHaamexar E', B asa npuema. CHadana U3 TOYKH a’ MpO-
BegeM N ceKymux 10 mepecedenus ¢ Fj, j=1,..., k. Haxoxaeane Togexk

N
nepeceveHus cekyuux ¢ rpanuuedt (), E; onucano sbuue. Touku ¢ maxcu-
MAaJIbHBIMU IIOJIOZKUTE/IbHBIME OTKJIOHEHUSAMHE OT IIOCTPOEHHOI'O SJIIAIICOUIA
E* (1x MHO)KeCTBO 0603HAINM X ;) IPHCOEJWHAM K MHOKECTBY X ..

. k
3areMm perruM 337a9y: HANTH TOUKY T € ﬂj:1 E;, MmakcuMasbHO yoa-
nennyo ot F'. Ee MOXKHO 3amucaTh B BUIE

mﬁx{[(x —a)A(z —a)" 1] 1 () <0, j=1,....k}, (6)

re ;(z) = (x —aj)Aj(z —a;)T — 1. Vicnomb3ys METOZ TOIHBIX HEMTTAIKUX
mrpadubx Gyaknuii, nepenuem 3agady (6) B Bume

k
max{[(z —a")A'(z —a')" —1] — s > max{0, ;(x)}}, (7)

=1



rae § — J0CTaTO9YHO 6OMbINoN mrpadHoil MHOXKUTENL. Tak Kak 3aga4u (6)
U, COOTBETCTBEHHO, (7) MHOTOIKCTPEMAJIbHbIE, 33aBasd B KAYECTBE HAYA b
HBIX NPUOINKEHWI TOYKU U3 Xi0 U X;, IOJIydnuM, peLus (7), nokanbHbIE
MarcuMyMbl 3aga49u (6). OG03HAYMM MHOXKECTBO IOy 9a€MbIX JIOKATbHBIX
MaKCUMYMOB, OTKJIOHEHHEe KOTOPBIX OT sjuncouia B Gombiie & (e — 3a-
JlaHHAs TOYHOCTHh HOCTPOEHUSI OLMCAHHOIO SJLIUIICOUIA), )A(:z

Cdopmupyem 6a30B0€ MHOMKECTBO IJIs CAEAYIOMIEH UTEPAIINN:

Xip = XPUX,UX;, [ Xiga| = Migq.

IIpeob6pasoBanue pocTpaHcTBa. [locie mocTpoeHust HOBOrO ONMCAH-
woro samanconga B = (A, a') nposenem numHeitHoe mpeobpasoBaHue MPo-
CTPaHCTBA, B PE3yJILTATE KOTOPOTO 3JIUTICON, TPEOOPa3yeTcs B e UMHITHBI
map. Tak Kak CeKylmme W3 HMEHTpa SJIIUICOUIA MPOBOIATCS Hepe3 TOYUKH,
PABHOMEPHO PACIpeIeIeHHbIE Ha MTOBEPXHOCTH C(ephl, TO B CIydae CHILHO
BBITSHYTOTrO 10 KAKMM-TO HAIPABJIEHUSAM 3JUIAIICOMIA TOYKH MEPECEUEHUs]
CeKyIUX C JUIUICOUJOM Oy/yT HEPABHOMEDHO DPACIPEIETEeHBbI HA €ro Mo-
BEPXHOCTH. YKa3aHHOE IIPEOOPA30BAHNE TPOCTPAHCTBA BHIPABHUBAET ILJIOT-
HOCTB PACTPEIETICHUST STHX TOYEK.

Marpuny A' moxuo npeacrasursb B Buge A' = RART, rae A — nuaro-
HAJIbHAA MATPHIA COOBCTBEHHBIX uncesn Al; R — cOOTBETCTBYIOMAs MATPHUIA

— -2
cobersennbIx BekTopos. O6ozmaunm v = RA, rone A~ = A. Torga A! = vv™.

CrenaeM 3aMeHy HepeMeHHBIX Y = xv. YpasHenue sjamncousa E' B mo-
BBIX TIEPEMEHHBIX PEBPATUTCS B yPABHEHUE EIUHUYHOrO I1apa ¢ HEHTPOM
B TOUKe a'v. YpasHenue sumunconsa E; nepenuieM B BUIe

(y—ajv) vt A (0N (y —aju)t <1, j=1,....k

g BO3Bpara K HMCXOAHBIM TIEPEMEHHBIM HEOOXOAWMO CIAEIaTh 3aMEHY
1

r=v Y.
Kpurepuii ocranoBa ajropurMa. AJIropuTM OCTAHABINBAETCSH, KO-
rJ1a He yJIAeTCd 3a OIPENEeIeHHOE IHUCIO MOMNBITOK CTeHEPUPOBATH HU OJHOMI
k .
TOYKH [ =1 E;, ne npunaJjexaleit IOCTPOCHHOMY 3JIATICOMLY.

Peanusanust anropurma. OnucaHHbI aJroput™ TpeGyer pereHust
TPEX HErIaKUX 3329 MATEMATHIECKOTO IPOrPAMMUDPOBAHMS:

(5) — moMcK HaYAJILHOI TOYKH;

(4) — nocTPOEHNE ONTUMATIBLHOTO OIMUCAHHOTO SJITUICOUAR MO TOUKAM;

(7) — MOMCK MAKCUMAJIBHO yAAJIEHHON OT JIMIICONA TOYKH U3 ﬂ?zl E;.
OTH 3212891 MOXKHO YCIIEIHO PENIUTH C MOMOUIBIO 7-aJIFOPHTMA.



[Tpu pemenun (4) UCIONB3YETCA ClIENUAIbHAS PETYJIUPOBKA, IAra, r-aj-
ropuT™Ma. BbIXOm 3a TpaHuIy OBJIACTH MOJOKUTEIHHONW OTNpEeIeIeHHOCTH
MaTpullbl B BO3MOXKEH u3-3a OO0JIbIION0 3HAYEHUs HIAIOBOIO MHOMKHUTEI.
[Ipenunonoxum, B, > 0. Ha (r + 1)-m ware Bbraucasem By11 = By + hy.g;.
®@akTopu3yd MaTpuly B,i1, IPOBEPUM, ABISCTCA JH OHA IOJOKHTETIHHO
onpesenentoii. Ecin ycnoBue B,41 > 0 He BbIMOJHSIETCs, TO mar h,, ae-

sures norosiam 1, 2, ..., § pa3 10 Tex nop, noka marpuna B,11 = B+ 2—2@
He OYIeT MOOKUTETHFHO ONPEeIeTIeHHOMH.

AnropuTMm peanm3oBaH s CIydas MEPECedeHusi TBYX SJIIUICOUIOB.
[Mporpamva nanucana Ha g3pike POPTPAH, na CM 1420 6bu1 npocauTas
PST TECTOBBIX MPUMEPOB JIJ1sT TPOCTPAHCTBA PA3MEPHOCTBIO N = 2 + 5.

YucneHHbIe 9KCOEPUMEHTBI TOKA3AA XOPOIILYI0 TOYHOCTb BLIYUCICHUS

IapaMeTpPOB OIITUMAJBHOIO OIMUCAHHOT'O 3JIJIUIICOUIA.
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Ncnoab3oBaHue ajropuTMma
cyOrpaI[ueHTHOTO THUIIA C PACTIAKEHIEM
ITPOCTPAHCTBA JIJIFd MOCTPOEHMS
JLJIUTNCONIa MAKCUMAJILHOTO 00beMa,
BIIICAHHOTO B MHOTOT'PAHHUK

H. 3. Illop, O. A. Bepesoscxuii
Kubepnemuxa. — 1989. — M 6. — C. 119-120.

BaxkHOCTB 3a7a97 TIOCTPOEHUST N-MEPHOTO SJLIANCONAA Fjy MaKCHMAIbHO-
ro o0beMa, BIHCAHHOTO B 3aJAaHHBIA n-MepHbIH MHOTOrpanuuk M C R",
ompesiesisiercst TeM, 9To 1eHTp a(Fjs) Takoro snannconsa 6IM30K MO CBOUM
coiictBam neHtpy Tsixkectu Cpy tena M. B wacTHOCTH, TONMOXKEHNE NEH-
rpa ssmunconna a(Eyr) Tak ke, Kak u Chy, MHBAPUAHTHO 110 OTHOIIEHUIO
K JIMHEHOMY TipeobpasoBaHmio KoopauHar. Jlasee, Kak mokasaHo B [1], mpu
npoBesieHnn Yepe3 TouKy a(F)s) TPOM3BOIBLHON OTCEKAOIIEH THITEPIIOCKO-
CTH 00HEM SILIUIICONIA, BIMCAHHOTO B HOBBII MHOTOTDAHHUK, HE TPEBBIIAET
0,843 obbéma Epy (ananormusas xkoncranra s Cpy pasaa 1/e [2]). D10
JIA€T BO3MOKHOCTH CTPOHMTH AJTOPUTMBI MHUHUMH3AIUN ONPEJIETEHHBIX HA
MHOTOrpanHuKe M BBIMYKIbIX (DYHKIMA, OCHOBAHHBIE HA METOJIE MOCTIEI0-
BaTEJILHBIX OTCeueHwuit, mpoxomanmx depe3 toukn a(Fyy, ), roe {Mp}2, -
MOCTIEI0BATEIHHOCTD JIOKAIW3YIOMAX TOYKY MWUHAMYMa MHOTONPAHHUKOB,
M, =M [1].

Haxoxnerne nearpa tsizkectu Cpy Tpebyer ¢ BO3paCTaHUEM Pa3MEPHO-
CTH N U YUCJIA OTCEKAIONIMX IIOCKOCTel (rpaHeil) m 9KCIIOHEHIMAIbHO Pac-
Tymero oobeMa BhrYuCaeHnii. [IpakTuaeckn, yxke Tpu n = 4 HAXOXKICHHUE
Cjp; Tpu IOCTATOYHO OOJIBITOM M TPEACTABISAET C BBIYUCIUTEILHON TOU-
KU 3DEHUs] BECbMa TsKeIyI0 3amady. Tem Gosbiiiee 3Hadenne mpuobperaer
npobIeMa MOCTPOEHN ST MAKCHMAJIBHOTO 10 00bEMY BIIMCAHHOTO 3JIJTUIICON/IA.
B nociennue roapr 3ra 3ama4da Oblia paccMoTpena B psae pabor [1, 3.

ITycth mHOTOrpanHUK M 3a7a€TCS CHCTEMON JIMHEHHBIX HEPABEHCTB

(bll’) <1, ¢=1,...k, b x € R". (].)
YpaBHenue saaunconna Fy, 3anuiiemM B BUe

(K(x_a)vx_a)é]-a (2)



rae K = {kij}}'j_; — CHMMeTpHYHAsA TIOTOKUTETHHO OTpE/IeTeHHas MaT-
pUIla C HEW3BECTHBIMH KOMTOHeHTaMu ki;, 4, j = 1,...,n, ki = kj;,
a=1{ay,...,a,} — HEU3BECTHBII LEHTD JmuIconIa Eyy.

Hamee mokaykeM, Kak 331298 HAXOXKIEHUS MAKCUMAJIBLHOTO BIIMCAHHOTO
sanunconma Fyy MoxkeT ObITh CBEJEHA K 33/1a9e BBITYKJIOT0 MTPOrPaMMUPO-
BaHWs, a 3aTeM, C UCIOJIH30BAHUEM TOYHON Heraako# dyHkiuu mrpada,
K 3a/a4e 0e3yC/IOBHOM MUHUMHU3AIMH HETTaIKOM BBIMYKI0M dyHKimn. i
pelieHus MOCTeHeH 3a/a9u OIPUMEHsIIACh  CHenuaibHas MOAuUKAISs
r-ajgroputMa, [4], peasn3yromero MeTo| cyorpaJineHTHOrO THITA C PACTSIIKe-
HHUEM TIPOCTPAHCTBA B HATPABJIEHUH PA3HOCTH JIBYX TTOCIEIOBATETHHBIX CY0O-
IPaIuEeHTOB.

VYenosue Toro, uro ssmuncoun Eyy (2) conep:kurcsa B MHOrorpannuke M,
MOKHO 3alMCaTh B BUJIE

m}\;{l(K(x—a),x—a)Zl, M; ={z:(bj,x)>1}, i=1,...k. (3)
xreM;

O6mwem smmmmconga Ey; nporoprmonaten (det K)~!, mostomy 3amaua,
HOJIY4YEeHHS MAKCHMAJIBHOTO II0 OObLEMY BIIMCAHHOIO 3JUIAIICOUAA MOMKET
6biTh chopmysupoBana B caemytoiieii dpopme: min(lndet K) npu yciosun
(3), K € QF, QF — knacc noioKUTEIHLKO ONPe/IeTeHHbIX MATPHIIL

Yenosue (3) MOKHO BBIPA3UTD B IBHOM BUJIE, UCMIONB3YS METOM, MHOMKH-
Teseli Jlarpanzka ¢ y9eTOM TOTO, 9TO 33,1891 BEIA (3) IPENCTABAIIOT COBOI
3a/1a49M BBLIIYKJIOro IporpamMuposanud npu K € Q.

IIycrs

Li(z,\) = (K(z —a),x —a) + M1 — (b;, x)).

Pemtenue i-it 3aa4uu Buga (3) CBOAUTCH K PELICHUIO CHCTEMbI yDABHEHU

L;

0 :2Ka:—2Ka—/\bi=0,
ox
oL;
= = (b;,z) —1=0.
2 (bi,x) 0

Orcrona numeeM

r=a+ K 'b(1— (a,b))/(K by, b)), i=1,... k. (4)

U3 (3), (4), yuursiBas, 9o (b;,a) < 1, momydaem

(K*lbi,bi)+(bi,a)—1§0, i=1,... k. (5)



Iycts K1 =Q = {qij}Zj:D TOI/Ia, 38444 MOCTPOCHUS MAKCUMAJILHO-
ro mo o0beMy BIUCAHHOTO 3JLIUTICOMIA MOKET OBITH MPEICTABICHA CIIEILy-
omuM 00pa3oM: HaiTH

Vo =inf{foly) - fily) <0, i=1,....k ye Q}, (6)

rie
y = {{aij}ij=1, {ai}izi ), foy) = —Indet Q,
fi: (Qbi,bi)—i-(bi,a)—l, iZl,...,k‘, ﬁ:{yQGQJ"}

Ucnonb3yem mist yuera orpanudenuii B (6) Hersiagkyio mrpadayo dyHK-
nuto B popme DYHKIUH MAKCUMYMa:

SN (y) = foly) + N - F(y),
F(y) = max{0, fi(y),..., fu(y)}.

B monorpadun B. H. Ilmennanoro [5] mpuBoanTcs ciaeaymomas TeopemMa.
IIycrs

(7)

V(z) = inf{fo(y) Cfily) <z oi=1,...k ye€ M}v

rne fi(y), ¢ = 0,...,k, — HenpepwiBHbIe bynkuun, M C R™ — HeKoTOpOE
MHOKECTBO, I — BEKTOp, BCE KOMIOHEHTBI KOTOPOrO PABHbI ¢IMHHUIIE.

V(M) — V(0)
)

mouku munumyma 3aday V(0) u inf ®n(y), 2de Pn(y) onpedeasemca no
y

Teopema. Ilycmo )i\nt:) =—-L>—-00 u N > L, moeda
>

popmyae (7), coenadarom.

[Tpumenum chOpMyTHPOBAHHYIO TEOPEMY JJIs OTIpeiesieHust nrpadHOro
ko3 punmenta N B 3a7a49e OIMpeeTeHnsT MAaKCUMATbHOTO 0 00beMy BIIHU-
caHHOrO /utunconga. yeaosue +/(Qbi, b;) + (b, a) — 1 < X sKBHBaIEHTHO

(Qbi, b;) n (bi, a)

YCJIOBHIO 1+ 0?2 Ton 1 <0, KOTOPOMY COOTBETCTBYET HEPABEH-
~ _ ~ Q _ a
CTBO (sz,bt)—i-(b“a)—l SO, rie Q: m, a = m

YuaurbiBasi, aro det Q) aBasieTcs OMHOPOAHOM (DyHKIMEN creneHu n, mo-
Jiydaem, 9To mpu A > —1

VIAN)=V(0) = —In(1+N)>"=—-2nln(1+ ),



Tabmanma 1.

n k t m § x 108
2 4 104 | 50 0,3
3 6 2,69 77 0,5
4 8 6,50 94 1,5
) 10 20,16 129 0,7
10 20 308,19 251 0,3
o e = g T = o

Taxum obpa3om, ClpaBeInBa CAeAYIONAs TeOPEMa.

Teopema 1. IIpu N > 2n mouku munumyma 3adavwu (6) u 3adavwu: naimu
inf ®x(y) npu y ¢ Q, cosnadarom.

[Iycts Q = P2, P = {pij}1 j—1— MOMOKHUTETHLHO OMIPesIe/IeHHas MaTPUIIA.

ITpu sToM 3amada (6) mpuHUMaer caexyrommit Bua: Haiitn inf(—21n det P)
p,a

npu orpammuenusx ||Pb;|| + (bj,a) —1<0,i=1,....,k, P € Q". B cu-
Jy TeopeMbl 1 OHa CBOIUTCA K 3aJa4e MUHAMH3AIMU TOYHON mTpadHOI
dyHKIIN:

O (P,a) = —2Indet P + N max{0, max (||Pb;|| + (b;,a) —1)}

npu ycaosuu, uto P € QF mpumaiiexur Kiaccy MOJO0KHTETLHO OMpee-
neHHpIx Marpun 1 N > 2n. Tax xak 07 — BBIIyK/I0€ MHOMXKECTBO B IIPO-
CTPAHCTBE CHMMETPUYHBIX MaTpull pasmepuoctu n, ®y(P,a) — BblIyK/ias
GbyHKIHS, TO COOTBETCTBYOIIAS 3a1a49a SBJISIETCS 3a/1a49eil BBITYKIOrO Mpo-
IPaMMIPOBaHUA. Yder orpanmdenus P € T obmerdaerca Tem, 4To mpu
npubmkenny K rpanune Q1 det P crpemurea k 0, T. e. —2Indet P — 400,
9TO CO3/IaeT €CTEeCTBEHHBIN «Daphep» OT BBIXOMA MATPHUILI P 3a mpemest
06/1aCTH IIPH HCIIOIb30BAHMI MOHOTOHHOIO MeTosia Munnvusaiuu @y (P, a),
HAa4YMHAs OT HEKOTOPOii jonycrumoit Touku (Py,ag), Py € QF.

Taxk xax ®n(P,a) — BemykTaa Hemuddepenmupyemas GYHKIHS, TO
JJIsT ee MUHUMUW3AIWNA €CTECTBEHHO MPUMEHATH OIUH u3 3(P(MEKTUBHBIX Me-
TOHOB cyOrpamuenTtaoro tumna. Cpean Takux MeTOI0B OBICTPOIl MpakTHde-
cKOIl cxomumocTbio obaanaer r-aiaropurm [4]. Ha ero ocxose asropamu mo-
crpoen ajaropurm MuauMu3anun @ (P, a). Dra MoauduKamsa r-aaropurMa



YUIUTBIBAET HEKOTOPHIE OCOOEHHOCTH 33aJa4H, ITO JOCTUTAETCS PEeryJInpOoB-
koit mara. Kaxkjas urepanus BKIIOYaeT TPoOBepKy yciosuit P € QT u
(biya) < 1, i = 1,...,k. B ciyuae ux Hapymienusi mar IpobuTcs, Mo-
ka {P,a} He Bo3Bparurcd B Jonycrumyio obsactb. Kpome Toro, Tak Kak
P ¢ QT \ QF, aia siydmieil cXoJMMOCTH BIYUCIUTENBHOIO Tipotecca P ue
JomycKaeTcst K rpanutie (2T, uTo mocTuraeTca ApobieHreM Mara B CIydae,
[lndet P,,|

[In det P41
HexkoTopsrie pe3ysbrarsr 9ucaeHHbIX KcmepuMenToB Ha EC 9BM mpuso-
JATCs B TabJI. 1, T/Ie B TIepBOil CTPOKe yKa3bIBACTCS PA3MEPHOCTh MPOCTPaH-
CTBA N, BO BTOPOH — KOJHUYIECTBO HCXOIHBIX OTPAHUYEHHU k, B TpeTbeil —

> ¢, TIe ¢ — HEKOTOPas KOHCTAHTA, 1M — HOMED UTepPaluu.

BpeMs cuera t B CeK, 33 KOTOPOE MOJy4eH Pe3yIbTAT C TOYHOCTHIO

132
maxw<10_12 j=1....n
j (mel) ? ) ) )
3J

B 4ETBEPTOH — KOJIMYECTBO UTEPALMA M, B HATOH — 0,

la™ — a(Enm)

ma 1 — x|
xhngH 1— 22|

5:

Ormernym, a0 B [1], [3] m1s HAXOXKIEHHS BIMCAHHOIO MAKCHMAJILHOTO
o 00beMy situnconna Eyy mpenaraercs NCIOIb30BATH METO, HJUIHIICON-
JIoB [4], KoTophIii, 0aHAKO, 06/IAIAeT MeJIEHHOH CXOIUMOCTHIO.
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AJaropuTM mocJie1I0BaTeIbHOTO CXKATUS
IIPOCTPAHCTBA JIJi MOCTPOEHMUS
OIIMCAHHOI'0 3JIJINIICON A MUHUMAJJIBLHOTO
obbeMa

H. 3. Illop, C. H. Cmeuenro
Ucceaedosarue memodos pewenus sxcmpemarvhvx 3aday. — 1990.
- C. 25-29.

B ocnoBe asropurma — mocemoBaTeIbHBIE CXKATUS IPOCTPAHCTBA
110 MAKCUMAJIbHOMY BEKTOPY. AJICOPUTM IIPOTECTUPOBAH HA GOJIHIIOM
qucse 3a70a4.

PaccMoTpuM 3amady MOCTPOEHMs 3JUIATICOMIA MUHAMAJILHOTO 00heMa,
BKJIIOUAIOINIEro Habop royek X = {x1,..., %y } npocTpaHcTBa R™. dmuanm-
coun E = (A, a) B R™ npescrapisiercst HepaseHcTBoM (A(x —a),x —a) <1,
rae A — cuMMeTpuYHAas MOJ0KUTETHLHO OllpejieieHHas Marpura; A € R™*™;
a = (al, e a") — IEHTP JIMICOUIA; & = (xl, .. ,:c") — TOYKAa JJLITUIICOU-
na. ITokaszano [1], 9ro 3Ty 3a7a4y MOXKHO 3aIMCaTh B BUJIE

mgxlndet A, (1)
(A(xj—a),xj—a)gl, j:]-a"'vmv (2)
A0, (3)

rae A > 0 — yc/IOBHe TOJIOKUTENLHON onpeesieHHocTn Marpunbl A. Pas-
MEpHOCTh BEKTOpa repeMeHHbIx (A, a) pasua n(n + 3)/2.

Hns permenns 3ana4au (1)—(3) npemoxen [1] METOL TOYHBIX HEMTIAIKHX
mrpadabx GYHKIW, HAlIeHa OIEHKa BeIMIAHBI MTPagHOrO MHOKUTEIIS.
JLst MaKCUMM3aIny HETIaaKoi (hyHKImn mrpada UCIoab30BaH METOJ, IPa-
JIMEHTHOTO THUTIA C PACTSXKEHWEM MPOCTPAHCTBA — r-aJaropuT™m [2] co crerp-
AJIbHOM PEryaupoBKO# MaroBoro Muoxkurens. Quepanuu ¢ MaTpurei pac-
TsiKenus npocrpancrsa tpedyior O (n?) omepanuit Ha Kaxmoil mTEpaiun
AJTOPUTMA.

Onwmmem Apyroii NOAXOM K PEIIEHNIO YKA3AHHOM 3a1a49u. BMecTo HaxoxK-
JIEHHS SJLIUIICON/IA C HEU3BECTHBIM NEHTPOM B R™ OymemM MCKaTh SJLTAICOM,T



B (n+1)-Meprom mpocrpanctee R 1! ¢ nentpom B Hauae koopaunaat. [lepe-

BEJIeM TOUKH X1, T3, . . . , Ty B IpocTpancTBo R, 3aduxcuposan x?“ =1,
i=1,...,m. HoBaga 3ama1a mpumer Buf,
max In det B, (4)
B
(Efj,fj) <1, j=1,...,m, (5)
B0, (6)
e T; = (v;,1), j=1,...,m, B — cuMMerpuyHas MOJOKHTEILHO OMpe-

nenenHas Marpuna, B € RHDx(nt1),

Pemus 3asaqay (4)—(6), naiizem onruManbubrl smmancons E B (n + 1)-
MepHOM mpocTpascTse ¢ neaTpoM B O. OnrmManbubii smmancons E € R
TOJTyINTCA B CedeHuH 3Aamnconaa F rumepmiockoctsio "t = 1. Iyers

_ — B b’ .
Marpuria B nmeer Bun B = L rme B — rmaBHBI MHHOP MAaT-
punel B pa3MepHOCTBIO . X 15 b = (5n+1,1, e ,5n+1,n), b= bpirinil-

Torma onTuMasibHOe pemmenue 3ana4n (1)—(3) maxomurcs o dopmynam
a=-B7', A=B/(1-b+ (B"'bb)). (7)

®ynxnus Indet B ¢cTporo BOrHyTa B 06JACTH MOJOXKHATETIHHON OMpeie-
merrocTn Marpun, B. Tak kKak orpanmdenus (5) JMHHEHHDLI, a yCIOBHE MO-
JIO’KUTETLHON ONPEIETIEHHOCTH MATPUIIBI — BBIMYKJIOE HEPABEHCTBO, 33/1a-
ya (4)—(6) aBisierca 3agadeil BBILYKJIONO [IPOrpAMMUPOBaHus. B ciydae,
KOTJ/Ia PAHT COBOKYITHOCTH TOYEK {Z2 — Z1,...,Tym — L1} COBMATAET C Pa3-
MEPHOCTBIO TIPOCTPAHCTBA N, 333494, (4)—(6) uMeeT eMHCTBEHHOE PeIleHue.

Onumem anropurm petenus 3agaqn (4)—(6). Maesa anropurma cocro-
ur B caemyiomeM. Ilycrs W — Boimykioe 3aMbIKaune T049eK O, T, ..., Tm.
Hyzxuo nocrpours smmumncons E ¢ nearpom B O, conepxxammuii W, Takoi,
9T106BI OTHOITIEHNE 00beMoB V (E) /V (W) 6buto MuanManbabiM. OTHOIIEHHE
00bEMOB HE MEHSIETCSl TIPU HEBBIPOXKIECHHBIX JIMHEHHBIX MPeobpPa30BAHUIX
mpocTpaHcTBa. Beerma Haiizercs takoe mpeobpa30BaHue, 9TO ONTHMATIHHBIN
SJIIAIICOU, CTaHeT cepoii. Bynem npubamKaTbCsa K ONTUMATEHOMY DJITHAII-
COUJIy IyTeM MOCTPOEHUs MOCJIEIOBATEIbHOCTH OMUCAHHBIX Cep B MpPeod-
PA30BAaHHBIX MPOCTPAHCTBAX.

Omnmiiem Bokpyr W cdepy MUHHMATBLHOTO paJINyCca, KOTOPBIH COOTBET-
CTBYeT HOpMe MAKCHMAJbLHOIO BEKTOpA. JlOMmycTHM, 9TO Takoil BEKTOD &;
enuHCTBeHHBIN. Torma, ecim IpoBecTH CXKaTue BIOIb Z; ¢ KoaddunuenTom
g <1, ro obbem W ymenbmmrea B ¢ pa3. Ecim mpu sTom o6pas T; B HOBOM



MPOCTPAHCTBE OKAYKETCsl ONATH MAKCAMAJbHBIM MO HOpME, TO 06beM cde-
pBI yMeHBIIHTCH B ¢" pa3, T. e. OTHOIIEeHNEe 06HEMOB YMEHBIIUTCA B ¢
pa3. Ha camom zesie TeMIr n3MeHeHHs 3TOr0 OTHOIICHH OYIeT MEeHbIIE IIpU
HOSABJICHUN <«KOHKYDPHUPYIOIHMX» TO4eK. Vaes CKaThA 110 MAKCHMAJIbLHOMY
BEKTOPY NPUBOJUT K UTEPAIMOHHOMY IIPOLECCY, Ha KazKIOM IIare KOTOpOro
UIIETCA MAKCUMAJIbHBIA BEKTOD, MPOBOIUTCS CKATUE MPOCTPAHCTBA BIOJb
9TOr0 BEKTOPA U BLIUUC/ISIETCS MATPUIA MPeoOPA30BAHUA UCXOJHOIO PO-
CTPAHCTBA.

[Iycre 3a k maros mosydensr: X — MATPHUIA, COCTABICHHAS U3 BEKTOP-
cTon6bmos xf, ..., zk — obpasos Towex z1,...,z,, B TPeOGPAZOBAHHOM TIPO-
crpaucrBe; Ay — MaTpHIE NPEOdPA30BAHUSA TPOCTPAHCTBA.

Ha (k 4 1)-m mware Boraucssiem

e = max flof] = 2],
Ehr1 = xf/fo )

Xet1 = Rayy (Skt1) X
Ap+1 = Rayyy (Skv1) Ak

3aecs Ry, (£) — oneparop c:kaTusi NPOCTPAHCTBA B HANPAB/IEHUH & C KO-
sbdunmentom o, a < 1 [2]. Koabdunnenrst oy, = 1 — 55, Bibupatorcs u3
YCTIOBUSA

B >0, Y Br=+00, B 20 (8)
k=1

Marpuna 37IMmCconIa, sBISIONErocss mTpoobpa3oM chepbl paamyca T
MPeodpPa30BAHHOTO TTPOCTPAHCTBA B MCXOIHOM IPOCTPAHCTBE, BBHIUUCISETCS
o gopmyne By, = Ay AL / 72. Tpya0eMKoCTb O/IHOH UTepPAIUH [Ipe/|Iarae-
moro anropurma pasaa O(n(n 4+ m)).

Jloka3areabCTBO CXOMUMOCTH K ONTHMAJIBHOMY 3JITUIICOUIY TIPOBEIEM

aas crydag m = n. I[lyerb x1,..., T, — JUHEHHO HE3ABHCHUMBIE BEKTOPDI,
||z:]] = 1, ¢ = 1,...,n. [IpoBeuem cxKaTue HPOCTPAHCTBA B HALIPABICHUU
OJTHOTO U3 BEKTOPOB HabOpa x;, j € {1, e ,n} ¢ koaddurumenrom 1 — .

[Monyuwm HAGOP BEKTOPOB

xgj) (B)=Ri—p(zj)z; =2 — Bz, z5)z;, 1=1,...,n

Mycrs X (XY (B)) — MmaTpumet, cocTaBienmbre 03 BEKTOP-CTOIONOB {2; } 1,
({xgj)(ﬂ)}?zl) coorercreento, T. e. XU (8) = Ri_g(z;) X, orkyma



det XU (8) = (1 — ) det X. Onpenemnv xKo3bdburmenT obycIoOBIeHHOCTH
n-mMarpuipt A co cronbuamu {a;} ; caexyonmmM o6pa3oM:

a(A) = y/det (AT A) / ﬁ il -
i=1

YdauThIBasg, 9TO

e (B) |12 = 1 — 28 (5, 2;)° + B2 (wi27)" = 1 — 28 (x5,2;)" + O (5%,

det ([X0) (3)]" X0 (9)
A (B)falX) = o )__
et (XTX 0= DTy i)

= 148 Y (e’ (9)

i=1,i#]
Ucnonb3ys (9), nokaxeM cielyioliue yTBEePK IeHUs.

Jlemma 1. B pesyavmame ucnoab308aHUA ONEPAUUY CHCAMUA NPOCTIPAH-
cmea no eexkmopy x; ¢ xoapdpuyuenmom 1 — 3 obycroesernocms cucmemdvt
YBEAUNUBLEMCA NG BEAUNUNY Nopadka (3. it (2, 25)2.

—

JIemma 2. ITpu ycaosuaz (8) o (Xy) . 1, ede X, — nocaedosamenn-
—00

HOCTD MAMPUY, NOAYYLEMBLT 6 AA20PUMME.

Teopema. Ecaum =n, {x;}1, — aunedno ne3asucumss, mo

R R T
o o] =0 2 i 7 Be= B

B* — mampuya onmumasbio20 344uncouda.

TecTupoBanue ajropuTMa MPOBOAWIOCH Cleayiommm obpaszom. C momo-
IBI0 JATYUKA CJHYyIafHBbIX YUCET MeHEPUPOBAIUCH TOYKKM HA MOBEPXHOCTH
cepsr emuHIaHOrO pammyca ¢ nearpom B 1 = (1,1,...,1) mpocrpancrsa
R™ n=2,3,...,10. ITo 5TuM TOYKaM CTPOUJICS SJLIUTICOUT MUHUMAJIHHOTO
obbema. CHavaIa MPOBOIUIOCH CAKATHE MPOCTPAHCTBA, C MOCTOSTHHBIM KO-
dunuentom o = 1 — G, rme = 0.2. Korga ymeHbIienne JjIuH MaKCAMAJTb-
HBIX BEKTOPOB 3aM€/1JIsL/IOCh, KO3 (pulmeHT cxkaTus Bpioupasics ai = 1— Gy,

roe B, =1/k, k=1,2,....



Pe3ynbrarhl YUCIEHHBIX IKCIEPUMEHTOB MPUBEIEHBI B TadmIe. [Ipuns-
THI TAKUE YCJIOBHBIE OOO3HAYEHUS: N — PA3MEPHOCTH MPOCTPAHCTBA; 1M — MHU-
HUMAJIBHOE YHCJIO TOYEK, M0 KOTOPBIM YIABAJIOCH BOCCTAHOBUTH HUCXOJI-
uyio cdepy c togroctbio 0.01 mo merepMHHAHTY W KOODAMHATAM MEHTPA;
€ — To4HOCTh penrenus 3axa4uu (4)—(6) no dynkuuonasy; k — 4ucio ure-
panuii; ¢ — BpeMsI pelieHus B CeKyHIaX. DKCIEPUMEHTDHI MPOBOIUIINCH HA,
9BM IBM PC AT c¢ opauHapHOii TOYHOCTHIO.

n 2 3 4 5 6 7 8 9 10
m | 30 50 70 70 90 100 | 110 | 120 | 130

e | 0.001 | 0.001 | 0.001 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01

k | 200 |300 |300 |400 |400 | 500 | 600 | 700 | 700

t |17 |35 62 91 | 127 | 203 | 280 | 348 | 383
JImreparypa
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ITocTpoenne aJanncona
MaKCHUMAaJIbHOTO 00beMa, BIIMCAHHOTO B
MHOTOT'PAHHUK, C NCIOJbh30BaHIEM
IMOCJIeIOBATEJIbHOTO PACTIXKEHUSI
ITPOCTPAHCTBA

H. 3. Illop, O. A. Bepesoscrui
Kubepremuka u evuucaumesvhas mexnuka. — 1992. — Bun. 93. — C. 1-6.

IIpennmaraercsa ajropuTM IOCTPOEHUS SJIIUIICOMIA MAKCUMAJIBHO-
ro ob6beMa, BIMCAHHOTO B MHOTOIDAHHUK, C HCIOJb30BAHNEM ITOCITE-
JoBaTeabHOCTH TpeobpazoBanuil mpocrpancTsa. C mOMOMBIO JAHHOTO
QJITOPUTMA PeAIU3yeTcs MeTOJ BIIMCAHHBIX JJIJIUIICOUIOB IjId MUHU-
MU3AIUA BBITYKIBIX (DYHKITHIA.

Qumunconn E = (K, a) B mpocrpancTBe R™ 3a1aeTCs HEPABEHCTBOM
(K(w—a)z—a) <1,

rme K — cuMMeTpudHAasi MOJIOXKUTEIHHO OIpeaeeHHas 7 X . MaTPHILA;
@ — M-MEPHBIA BEKTOD IEHTPA JLUIATICOUIA; T — TOYKA JUINICOUIA, £ € R™.
B pabore [1] aBTOpBI yrKe 0OpAIIAINCH K 33/1a9e TOCTPOEHHS ONITHMAJTb-
HO BrmcaHHOro B MHOrorpaHuwk M = {z: (¢, z) <1, i=1,...,m} sa-
JIUTICOMIA, TIe OHA PACCMATPHUBAIACH B CIEIYIONEH TOCTAHOBKE:

min(In det K)
OpH yCIOBUH

max(c;,x) <1, i=1,...,m, upu orpanudennu (K(z —a),z —a) < 1;
T

K € QF — ycjoBue HOJIOKHUTETLHON OMpeIe/IeHHOCTH MaTpunbl. JlanHas
pobiieMa CBOIMIACH K 33/1a9€ MUHUMU3AIMH BbITYKJION HErIa Kol mrrpad-
Ho#t bynknuu npu yciosuun K € Q7 u omenke mTpadpHOr0 MHOMKHTEIS.
B mporpamMHOit peanu3aryy mpeajIoKeHHOr0 aJITOPUTMA PEITeHUsT pACCMaT-
pUBaEMO#l 334891 UCTIOIb30BAJICA METOJI, CYOTPAIUEHTHOTO TUTIA C PACTAKE-
HIEeM TPOCTPAHCTBA — MOTUMUKAIMS r-aaroputMa, [2], Tpebyromas Ha Kax-
noit ureparun O(n*) onepanuii. B [3] mpeiozken MeTos BHyTPEHHHX TOYEK
JITsI TIOCTPOEHUST ONMTUMAJBHBIX BIMCAHHBIX SJLIAIICOUIOB.



Huxe paccmarpuBaeTcs Apyroii moaXo/I K PENIeHUIO 33/1a91 MOCTPOSHUST
OTITMAJILHO BIIMCAHHOTO JIJIUTICOUIA, Uest KOTOPOTO aHAJIOTHYHA Uee ajl-
POPUTMA, IPEJIOKEHHOIO B [4] /11 IOCTPOEHUST FJIITUIICOU 1A MUHUMAJIBHOIO
00beMa, OMMUCAHHOIO BOKPYT 33JaHHOTrO Habopa Todek. Tpebyercs mocTpo-
uTh dmuncous ¥, BoucaHHbI B MHOrOrpaHHUK M Tak, 4TOOBI OTHOIIE-
Hre obbemos V(M) /V(E*) 6buio MuanManbHO. st sToro 6yaeM MCKaTh
JIMHEHHO TTPEeodPA30BAHHOE MPOCTPAHCTBO, B KOTOPOM HMCKOMBIN 3JIITHIICO-
U mpecTaBaser coboii cdepy. Pesynbrar mocruraercs myTeM mOCTPOEHUs
[TOCJIeIOBATEIbHOCTY BIMCAHHBIX chep B COOTBETCTBYOMUM 0Opa30M Iipe-
00pa30BaHHBIX TPOCTPAHCTBAX.

Brumem B muororpaunuauk M cdepy MaKCHMATHLHOTO 00bEMAa C IIEHTPOM
B 33/IaHHOIT TOUKe a. JlomycTuM, 9T0 OHA KACAETCs TOMBKO OTHOM j-if rumep-
mtockocTu. Torma, ecn MpOBECTH PACTAXKEHNE TTPOCTPAHCTBA ¢ KOIh UIH-
€HTOM (v BJIOJIb BEKTOpa § = ¢;/ ||¢;j|| 1 cMeCcTHTD IeHTp ¢ BAOIb BeKTOpa —¢,
1O oObeMm M yBenwmumBaercs B « pa3. Ecau e mpu 3TOM B TPeoOpa30BaH-
HOM MPOCTPAHCTBE AKTUBHBIM OISATH OKAXKETCs j-€ OrPAHWYeHue, TO 00beM
cdepbl yBemIuTCsS HE MEHee YeM B " pas, T. €. OTHOIIeHre 0O'bEeMOB B 3TOM
CAydae YMeHBIITUTCH B ! pa3, 9To BepHO U JJIS IPOOOPA30B MHOTOIPAH-
HUKA U CHephbl B UCXOIHOM MTPOCTPAHCTBE, MOCKOIbKY OTHOIIEHNE 00beMOB
HE MEHSIeTCS MIPU HEBBIPOK IEHHBIX JIMHEHHBIX TTPEO00PA30BAHNSAX TPOCTPAH-
crBa. B meficTBuTeIbHOCTH TEMI U3MEHEHUS STOT0 OTHOIIEHUs OyIeT MeHb-
1€ [IPY MOSIBJIEHUN «KOHKYPHUPYIOIINX» OIPAHUYEHUM.

Omnurrem 0OBIMYIO0 CXEMY aJIrOpUTMA.

Bamamb:: marpuna Cp, COCTaBleHHA# W3 BEKTOPOB CTOJONOB  CJ,
i = 1,...,m, W mM-MepHBIA BEKTOp b, KOTOpPBIE 33aAI0T MHOTOIDPAH-
mk M = {x:(c, z)+b'<0,i=1,....,m; v € R"}. Beibupaem Heoco-
Gernyo n X n marpuiy Py (B obmem ciaydae Py = I, — equaudyHas Mar-
PHIIA) U TOYKY (o HAYAJIHHOIO NPUOJIMKEHUS EHTPA SJLIUICOua, ag € M.
[TycTh B pe3ysibrare BHIYUCIEHUIT MOCTE k TIIATOB UMEEM MATPHUILY Tpeodpa-
30BaHusA pOCTpancrsa Py, odepennoe npubinkeHune a; HEHTPA UCKOMOTO
SJUTUIICOMIA B 9TOM MpeobpaszoBanHOM mpoctpanctBe u marpuiy Cj obpa-
30B BEKTOPOB cf), i =1,...,m, B 3TOM MpeoObpPa30BaAHHOM TPOCTPAHCTRE.
Torma (k + 1)-ii mar onuceiBaeTcsa ciaeayomuM obpa3oM. Beraucsiem:

D) rn = min gy = gl me gy = (<0 — (cha)/ || - pac-

CTOSHIE OT TOYKHU ) 10 -l TUIEPILIOCKOCTH;
2) 7k+1 *rkJrl/karla 1= 17"',m,

3) Zk+1 = 2724»10;‘{;’ I:{ZP)/]ngrl 2’7*a i:]-?"'vm}a
el



4) aj, = ar + (ap+1 — Drig12zi1 / |zegall;
&1 = /l;

5) art1 = Rijay,, (Epr1)ag;
Cry1 = Ry (r41)Ch;
Piy1 = PrRoy,, (Ery1)-

Baecs R, (€) — oneparop pacrszkeHusi IPOCTPAHCTBA B HAIPABJIEHUH &
¢ ko dunuenTom pacrszkenus «, « > 1 [2]. Koadduuuenror ap = 1 — G
BBIOMPAIOTCS U3 YCIOBUS

B >0, Y fr=+00, B 2.0 (1)
k=1

Marpuria u IeHTpP UCKOMOTO JIIAMCOUIA, KOTOPBIM ABJISETCs TPoodpa-
30M cdepbl paanyca T IpPeodpPa30BAHHOIO MPOCTPAHCTBA B UCXOIHOM IIPO-
CTPAHCTBE, BBHIYUCIAIOTC 110 (DOpMYyIaM

(Kp)™" = PPt
a;; = Pkak.

ITokaskeM, 9TO JAHHBIA TPOLIECC MOYKHO WHTEPIPETHPOBATH KAK METO.
CcyOrpaIueHTHOTO CIIyCKa C U3MEHSIEeMON MEeTPHUKOI.

B pabore [1] yka3zano, 4o, eciu BCe IIpaBble YacTH OrPaHUYEHui, onpe-
JIETSAIONIAX MHOTOIPAHHUK, PABHBI 1, 3a/1a49a MOCTPOEHHS] ONTHMAJIBHOTO
BITMCAHHOTO SJIIUICONIA CBOINTCA K MAHUMM3AIWA MTpadHON DyHKIAN

S(P,a) = —Indet P + nmax (|| Pc;| + (¢i,a) — 1). (2)

Boruucium cybrpaauent sroii dbyukiuu B Touke {I,,a}:

oS chcT
22 (Paa) = P 00
op | Pesll
rze j — MHZEKC, Ha KOTOPOM JOCTUTAETCS MaKCUMyM B (2).
Orcrona
a8 cjel
—(I,,a) = —I,+n—L,
op ! "o



ﬁ(In,E) = nej.

da

Paccmorpum miar cyGrpaguenTHOro ciycka us touku {1, a}:

P, = I,, ay=a,
oS
P = Py—h—=,,a),
1 0 5‘P( a)
oS
aq = E—h%(In,a),
rae h > 0 — HEeKOTOPBIH MTArOBbIil MHOKHUTETb.
el oy ese?
Po=I,—h|-L,+n’%| = (1+h) (L - N 9% ) =
" ( " gl TR el
= (L4 h)Rg, (&),
. h ,
rne; = C—j, Go=1-— " fles . R3(&) — omeparop pacTsiKeHus IPOCTPAH-
llesl 1+

crsa B Hanpassenun £ ¢ koadduruenrom pacraxkenus 3; a1 = a — hnc;.
Crenaem 3aMeHy MmepeMeHHBIX:

_Rl/ﬁo (EJ) .

(14 )Ry, ()P =P, P=P—20 (3)

Torma

— PR e
S(P,a) = —Indet P+In[Bo(1+h)]+n max{”ll/i_% + (¢i,a) — 1} .
O6o3manmm ¢; = Ry /5, (§5) ci/ (1 + h).
Torma

S(P,a) = —Indet P+ In[By(1 + h)]+

+nmiax{|\?a-|| + (€, Rg, (§5)a(l + h)) — 1}.

[ocne 3amensr mepeMenHbIx P; coorBercrByer Py = I, T. e. B mpeoGpa-
30BAHHOM MPOCTPAHCTBE MBI OMAThH HAXOAUMCS B TOYKE [, ¥ HOBBIA IUKJI
BBIYMCJIEHUH, CBI3aHHBIN C MaroM CyOrpaJueHTHOrO CIyCKa B Mpeobpa3o-
BAHHOM MPOCTPAHCTBE, HE OYIeT OTINYATHCA OT MPEIBIIYIIEro.
Onucanubiii Bl aaropuT™M (DAKTUYECKH peasndyer CyorpaaueHTHbIi
MeTo/] ¢ ipeobpaszoBanueM npocrpascrsa no ¢popmyqe (3). Yeaosue G — 0



COOTBETCTBYET yCaoBuio hy — 0 B cyOrpammenTaom mporecce. Kpome Toro,
TEMII W3MEHEHHUsI METPUKHU MPOCTPAHCTBA C yBejwdenueM k crpemurcsd K 0,
T. €. pu OOJIBIIKUX Kk ONUCAHHBINA BBIIIE AJITOPUTM MPAKTUIECKA HE OT/IMYa-
ercs OT CyOrpaJieHTHOrO IPOIECCa.

Hokazana cienyromas Teopema: npu ycaosuu (1) onucaHHbIi BbIie aj-
TOPUTM BBIZAET nocienoBarenabuoctu { Py, 7k, a } Takue, 910

P.Pl'r? — (K*)7', Prax — a*.

Ormerum, 94TO B OTJIMYME OT AJrOpUTMa, omucanHoro B [1], paccmor-
PEHHBIN BbINe TpebyeT Ha Kaxkoil wreparun Bcero O(n(n + m)) onepa-
nwii. [Ipu TecTupoBanum, KOTOPOE MOKA3AJIO YIOBIETBOPUTEIbLHBIE PE3YIIhb-
TaThl, 7* npucBauBasock 3aadenue 0,99, a mociemoBareabHOCTH Of BBIOH-
pasiach CIeayIOmuM 0Opa30M: CHaYasa PACTIKEHHE MPOCTPAHCTBA MPOBO-
JIUJIOCH € HOCTOAHHBIM KO3 duuuenrom (Hanpumep, Fp = 0,2), a 3areM,
xorma det K mepecTraBasl yMEHbBIIATHCs, KOIDMUIIUEHT pACTIKEHUsT BHIOU-

pamca o =1 — By, [r = Pt k=1,2,....

[TocTpoenwne 3IHICON A, MAKCUMAIBHOTO 00bEMa, BIIMCAHHOTO B MHOTO-
TPAHHWK, CBSI3aHO C MUPOKUM KPYTOM MPUJIOXKEHUH, HATPUMED, TAKUX, KaK
ANMmpOKCUMAIIHsT 00JIaCTell TOCTUKUMOCTH B Teopun yrpasjienus u audde-
PEHIUANBHBIX UIPaX, JIOKaJIu3anus obacreil BO3MOXKHBIX 3HAYEHUI mapa-
MeTPOB JMHAMHYECKUX CUCTeM [5], B CTaTuCTHKe, IIAHUPOBAHUYU KCIIEPU-
MEHTOB, TTPU PEIeHNN 33139 BBIMYKJIOIO TPOrPAMMUPOBAHNS, TTIOUCKA CEI-
JIOBBIX TOYEK W Jp. B 9acTHOCTH, OHO MCMOJIB3YETCss B METOME BIUCAHHBIX
SJIIMNCOUIOB [6], SIBJISIONMMCS METOIOM OTCEYEHUsI JJisi DEIeHns 33349
BBIILYKJIOIO IporpaMmMupoBanus. OCHOBHas Uest 3TOr0 METO/1a 3aKJII04aeT-
cd B caenyromeM. Tpebyercss MUHUMU3UPOBATH BbINYKIy0 dbyHkiuio f(z)
Ha BbIIyKJI0M MHOXKecTBe Gg C R™. B coorBercrBuu c oOIeil cxeMmoil Me-
TOZOB OTCeYeHUil Ha k-ii UTEepanuu CTPOUM BNUCAHHBIN B Gj_1 JIATICOUT,
Ei = (K, ar) MAaKCUMAJIBHOTO O6bEMa W ONpeesIsieM TeKYIUi JIOKAIN3a-
TOp pelleHus 3303491

Gr ={z:z € Gy, (gradf(a;), x —a;) <0, i=1,...,k}.
[Ipu 3TOM OTHOIIEHWE 0OBHLEMOB
V(Ek+41)/V(Ek) < 0,843. (4)

YauThIBasA, 9TO OTHOMEHNE OOHEMOB ONTHMAJIBHBIX OMACAHHBIX BOKPYT
BBITIYKJIOTO Testa G ¥ BIMCAHHBIX B HETO SJIIWICOUIOB HE TIPEBBINAET N,
nocrenoBaTenbHocTs {V(Gy)}P2, MazKOPHPYeTCs CBEPXy IeOMEeTPHIECKON
nporpeccueit co 3namenarenem (0,843,



Hepagencrso (4) momyckaer cieayroiiee 0000MIEHIe B CIydae, CIU MaK-
CUMAJILHDIH SJUIMIICOU, B IEHTPE KOTOPOro paccekaercs Gy, HaXOMUTCS
upubIIMZKEHHO € OTHOCUTENIbHON HOrpenHocTbio no oobemy 1 € (0, 1]:

V(Bri1) / V(Er) < 0,843 2,

oTKya npu dpukcupoBanuom 1), nanpumep n = 0,99, BriTekaeT rapaHTHpPO-
BaHHAs OIEHKA

1
N(e) <6,64nln B (5)

qucsa urepanuii N (&), ZOCTATOYHBIX /il JIOCTUZKEHUs OTHOCUTEJIbHON TOY-
Hocru MunuMuzanuu € [6]. Takum o6pa3om, KaK U U3BECTHbIH METOJ LEH-
TPOB Ts’KECTeH, METO/T BIUCAHHBIX JJIIUTICOUIOB SIBISETCS OMNTUMAJIBHBIM
IO MOPSAKY YUCIA WTEPAIUl METOIOM BBIMYKJIOTO MPOrPDAMMHUPOBAHUS B
KJTACCE METOOB, UCIOIb3YIOIIIX JIUIIh JIOKAJbHY 0 WH(MOPMAIIUIO O TIOBEIe-
HUU MUHUMU3UPYEMO (DYHKIUH B OKPECTHOCTAX TOYEK-TPUOTUKEHUI.

Hwuxe mpenjiaraercss aaroputT™, peaJu3yIONIUil METOM, BIMCAHHBIX 3JI-
unconsioB [6] ¢ MCMONb30BaHMEM PACCMOTPEHHOTO B 9Toi pafore mpubIn-
JKEHHOT'O MMOCTPOEHHUsT ONMTHMAJIHLHOINO BIMCAHHOTO dJjaurcouaa. Heobxomm-
MO 0CODO TIOJYEPKHYTh, UTO MPU MEPEXO/IE K CIAEAYIONeH HTepaiuu Meroa
MIPOCTPAHCTBO HE BOCCTAHABJIMBAETCS, T. €. IOCTPOCHUE CIIEYIOIIEr0 T
COUJIA HAYMHAETCS B TOM JKe MpeoOpa3zoBaHHOM MPOCTPAHCTBE, B KOTOPOM
TMPEIbIAYINUN SJITAIICON T, TIPEACTABIT U3 cebs cdepy. Braromaps stomy
WCKJIIOYAETCS CUJIbHAS «BBITSHYTOCTh» IOMYCTUMON OOJIACTH, UTO TMO3BO-
JIsieT YMEHBIMUTh KOJTUIEeCTBO UTepAlyii /Il pelleHnsl BHYTPeHHed 3a1a9u
MMOCTPOEHUST ONTUMAIBHOTO SJUIMIICOUIA, YIIPOIIAET BBIOOD MOCIEI0BATE b
Hocti {3y }po; U CHOCOOCTBYET yilydIIeHHIO PAGOTBL ATTOPUTMA.

Ob6mmas cxema aJrOpUTMAa BBITJISIUT CJIEIYIOMIM 00pa30M. 3a/IaHbl: MaT-
puria Cjy, cocTaBlIeHHAsT U3 BEKTOPOB CTOJIOIOB cf), ¢ =1,...,m, u BEKTOp
b, b € R™, KOTOpbIE 334AI0T AOMyCTUMYIO 0DJIACTh B BUIE MHOTOIDAHHUKA
M ={x:(ch,z)+b <0, i=1,...,m}, muanmusupyemas bynxmus f(z),
BEKTOD aKTHUBHOCTHU Orpanuuenuii so = 0, Heocobennas marpura Py = I, n
Touka all maTasLHOTO MPUOIMYKEHNS TIEHTpA, TUTICON TA Ha, TTIEPBOit HTepa-
i MeTona, all € M. Tlocse k ureparuii mMeeM MATPUILy TTpeo6pa3oBaHusa
Py (PIEH = Py), marpuny Cj u BeKTOD b, 331a1011€ MUIIEPILIIOCKOCTU OrPa-
HAYEHUN B 9TOM MTPe0OPA30BAHHOM TTPOCTPAHCTBE, TOUKY akHJrl HAYaJILHOTO
upubizkenus neHTpa smnconsa Ha (k + 1)-it urepanuu B npeobpa3oBaH-
HOM TIPOCTPAHCTBE,

(Peafl)) € My = {z: 2 € M, (gradf(Pa;), = — Pia;) <0, i=1,...,k},



¥ BEKTOpP AKTHBHOCTH OTDAHMYEHHUIl sj (Si PABHO KOMMYECTBY uTepanmii,
Ha, TIPOTSI’KEHNN KOTOPBIX i-€ OTPaHWYeHNe He yYacTBOBAJO B TTOCTPOEHUH
OUTUMAIBHBIX JIHICOMIOB).

Omnumewm (k + 1)-it mar agropurMa:

1)

CTPOUM ONMTUMAJBHO BIUCAHHBIN B M), 3JIATICOUT

Er+1 = (Kgt1, Poy1ag+1) s

[PU 9TOM MPOBEPss AKTUBHOCTH OTPAHUYEHUii (€C/id XOTh pa3 pacTs-
JKEHHUe [MPOCTPAHCTBA MPOMCXOIUIO IO HAPABJIEHUIO HAIPABJISIONIEH
s i i i .
i-# rumepmiockocry, s;,; = 0, B mpoTUBHOM Ciydae sy, = S + 1);
Py, 11 — marpuiia npeobpa30BaHus TPOCTPAHCTBA, B KOTOPOM 3JIITUIICO-
nn Fj41 npenacrasiaser coboii cdepy paamyca 1;

NpPOBepsieM aKTHBHOCTDH OTPAHMIEHUH: ECIH Si | > Smax, TO i-€ Orpa-
HUY€eHne BbIOPACHIBAETCS;

onpeieisieM OTCeKAIONLyIo rumepriockocTs (¢, ) +bm i+l <0
B TPe06GPa30BAHHOM TTPOCTPAHCTRE

m-+k+1

ettt = P grad f(Pryiagsa), bR = — (!

T apy);

BBIYMCJIIEM HAYAJIbHOE MPUOJINKEHNE [IEHTPA, SJITUTICOUIA, /I CJIETY-
IOleld uTepanun

m+k+1/||cm+k+1 ”
)

H _ —
ak+2 = Ak4+1 — (5rk+1ck+1 k+1 Tk+1 = 1.

[Ipu TecTupoBanuM BBIOUPAIOCH Spmax = 8, 0 = 0,5 u 1 BHyTpeH-
Heill 3a1a4u nocrpoenus uncouna B = 1/(1 + k). B kauecrse TecToBbIx
MTPUMEPOB UCITOIL30BAINCH OMHO- U MHOTOMEDPHBIE «OBPasKHBIE> (DYHKIUN B
MIPOCTPAHCTBE pa3MepHOCcThIO 10 10. KommaecTBo ureparnii, HEOOXOIMMBIX
JII TOCTUKEHUST OTHOCUTEIBHON TOYHOCTH €, COOTBETCTBOBAJIO OneHKe (5).
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New algorithms for constructing
optimal circumscribed and inscribed
ellipsoids

NAUM Z. SHOR and O. A. BEREZOVSKI !
Optimization Methods and Software. — 1992. — 1. — P.283-299.

This paper is an overview of some methods used to solve the prob-
lem of constructing an ellipsoid of minimal volume containing a set
of m points and the problem of constructing an ellipsoid of maximal
volume inscribed in a polyhedron defined by a system of m linear in-
equalities in n-dimensional Euclidean space (using nonsmooth convex
penalty functions and successive space transformation). The type 1
algorithms require O(n®) or O(m?) arithmetical operations per itera-
tion (depending on whether the prime or dual algorithm is conside-
red); the type 2 algorithms require O(nm) arithmetical operations
per iteration.

1. Introduction

The solution of problems of constructing optimal with respect to volume
circumscribed and inscribed ellipsoids is of great interest due to the broad
range of their applications. Primarily, these problems can be used to define
the <upper> and <lowers approximations of complex sets, for example, the
regions of attainability in the theory of control and differential games; to
refine the regions of localization of probable values of dynamic system pa-
rameters using a priori information and results of measurements [1]; then in
statistics, in planning of experiments to determine parameters of regression
models [3], in numerical mathematics to describe sets of possible solutions
of linear and nonlinear equations with perturbed coefficients etc.

In recent years, interest in the problems of constructing inscribed and
circumscribed ellipsoids has increased considerably owing to their possible
applications in mathematical programming for approximating regions of lo-
calization of optimal points in extremal problems. Thus, the widespread

IThe authors are grateful to the referees for useful comments.



<ellipsoid method> and its modifications are based on constructing ellip-
soids of minimal volume, circumscribed around regions of optimum localiza-
tion; the centres of optimal inscribed ellipsoids were used in [4] to construct
fast converging cutting plane algorithms for finding the minimum of a convex
function on a polyhedron. Geometrical ideas linked with the approximation
of regions of localization of extremums by ellipsoids are used in the <interior
points»> methods [5]. Based on these methods, polynomial algorithms are
built for solving important classes of convex programming problems.

Consider the problems of constructing in a sense optimal inscribed
and circumscribed ellipsoids. Let W,, be a set of convex compact bodies
of n-dimensional Euclidean space IR™ including interior points. For each
M € W, let O1(M) be a set of ellipsoids circumscribed around M (in-
cluding M) and O2(M) be a set of n-dimensional ellipsoids inscribed in M
(included in M); V(M) is an n-dimensional volume of compact M C IR".
Let E*(M) € O1(M) be a circumscribed ellipsoid of minimal volume, and
E.(M) € Oz(M), an inscribed ellipsoid of maximal volume for a convex
body M. The existence and uniqueness of E,(M) and E*(M) were first
justified by Lewner in an oral presentation, so these ellipsoids are some-
times called «Lewner’s> ellipsoids. Behrend [10] for n = 2 and John [11]
for arbitrary n substantiated the existence and the uniqueness of optimal
circumscribed and inscribed ellipsoids for any M € W,,. John proved also
that for each M € W,, the pair of homotetic ellipsoids ET (M) (circum-
scribed) and E4 (M) (inscribed) with a common centre and coefficient of
gomotety 1/n exists. Examples of such pairs can be:

(a) ellipsoid E*(M) and ellipsoid E% (M) with the coefficient of homotety
1/n homotetic to it with respect to the centre of E*(M);

(b) ellipsoid E, (M) and ellipsoid E7 (M) with the coefficient of homotety
n homotetic to it with respect to the centre of E,(M).

If set M is a central-symmetric body then the constant n in John’s theorem
can be replaced by n'/? [11].

It should be noted that the problems connected with inscribed
and circumscribed ellipsoids are closely linked and are in a sense
equivalent. This follows from the properties of the so-called polar transfor-
mation poM = {y : (z,y) <1, z € M} introduced by Minkovski for the
set M € W,,0¢€ int M :

po(poM) = M;

po (ML, M;) = conv (U2, poM;);

if My C M5 then poMy C poMy;



if M is an ellipsoid then poM is an ellipsoid too;

if M= (K,0) is an ellipsoid with centre at the point 0 then
poM = (K~*,0) and V(M) - V(poM) = w? where wy, is the volume of the
sphere {z : ||z| <1}

if E* is an ellipsoid of minimal volume, circumscribed around M (the
ellipsoid centre is fixed at the origin), then poE* is the ellipsoid of maximal
volume inscribed in poM (with the same centre).

The transition from the algorithms for solving problems of constructing
ellipsoids with fixed ellipsoid centres to solving problems with any centres
is based on the next lemma.

Lemma 1. Let the (n + 1)-dimensional ellipsoid E, 1 be intersected by
hyperplane P and this hyperplane does not contain the centre of E,11. Let
E,, be an n-dimensional ellipsoid defined by E,, = E,, 11 (| P. Then the ratio
of volumes

v (En) Wy (1 - hQ/hz)n/Q

Vv (EnJrl) Wn+1 h* ’

where h, is the distance from the centre of E,41 to the hyperplane tangent
to the ellipsoid E,11 and parallel to P; and h is the distance from the centre
Of En+1 to P.

Corollary 1. To solve the problem of constructing ellipsoid E,, = (K,b.) €
€ IR™ optimal with respect to wolume for the set M, it is sufficient
to find the solution of the problem of constructing an optimal ellipsoid
E,.1 = (K,0) € R"" provided:

(a) condition E, C M, (or E, O M,) for sets from IR™ is transferred to
the respective sets of the hyperplane x,11 = h;

(b) hyperplane x,1 = hy is tangential to Eni1, he > h.
And
b = —hK 'r (1)
K = K/(1—kh+h>rtK'r), (2)

where I?, r, vt and k are corresponding blocks of

F—[fﬁ H (3)



A reduction of the general extremal ellipsoid problem to the case of a
fixed centre was obtained by Titterington [14].

Now one knows the polynomial-time solvability algorithms for construct-
ing an optimal circumscribed ellipsoid ([5, 13, 15]). The algorithms consid-
ered below are simpler than these algorithms and can be competitive at large
n and m when great accuracy of defining the parameters of the extremal
ellipsoids is not required.

Consider the mathematical models of the problems of constructing in-
scribed and circumscribed ellipsoids optimal with respect to volume.

2.  Solutions of the problems
of finding extremal ellipsoids
using the penalty function

2.1. The problem of constructing an ellipsoid
of maximal volume inscribed in a polyhedron

Consider an ellipsoid represented as follows:
E=(Kb={zx: (x—b) K(x—b,)<1}

(K = {kij}'j—1 is a symmetric positive definite n x n matrix, b, is an
n-dimensional vector of the ellipsoid centre) the volume of which is
V(E) = vo(det K)~'/2, where v is the volume of an n-dimensional unit
sphere. The problem of finding E.(M) where M is defined by a finite
system of linear inequalities (without loss of generality if 0 € M then one

may write this system of inequalities as (¢;, ) < 1, ¢ = 1,...,k) may be
represented as follows ([4, 5, 13]):
find
V=min{fo(y) | fily) <0, i=1,....k yeQ}, (4)
where

fO(y) = —Indet@, K '= Q= {%’j}?}j:1
y = {{aij}ij=1, {01},
fily) = e K7tei+ (ciyby) — 1,

2l
Il

{y : Qe Q')



To take into account the restrictions in (4) we use a penalty function in
the maximum form. To define penalty coefficient N the following theorem
is used [9].

Let fi(x), i =1,...,m, be continuous functions and M C IR".

Define

where V(0) corresponds to the initial problem,

On(z) = folz) + NF(x), (6)

F(z) = max{0, fi(x),..., fm(z)}. (7)

Further we need

— V() =—L > —0co0 and N > L. Then the

solution of the problem of finding inf @ (x) is equal to the solution of the
problem V (0).

Theorem 1. Let infy~g

Remark 1. Since V() is a decreasing function on A (the lower bound is
higher in a narrower region than in a wider region) then L > 0.

Remark 2. If fi(z), ¢ = 1,...,m are convex functions and the Slaiter
conditions are fulfilled then L = """, u} where u is the vector component
of optimal Lagrange multipliers obtained from the Kuhn-Tucker theorem.
If fo(x) is strictly convex then N can be equal to L.

The inequality /¢! Qc; + (¢, b)) —1 < A, is equivalent to \/cit@\ci—i—
+ (ci,g*) —1<0, where Q = Q/(1+A)2, b, =b,/(1+A). Then for A > —1

V(A) = V(0) = —In(1+\)?" = —2n1In(1 + \),

pf YO =VO) _ <_QHM) _ o> —co.
A>0 A A>0 A

Thus we have proved

Theorem 2. If N > 2n then the solution of the problem of finding
inf{®x(y) : ye€Q}

is the solution of problem (4).



Finally, using Theorem 2 and variable substitution P = {p;;}7';_;,
Q = P!'P, problem (4) is reduced to the problem of minimization of the
nonsmooth penalty function

Y (P,b,) = —2Indet P + N max{0, max(|| Pe;|| + (¢, bs) — 1)} (8)

under the conditions P € QF and N > 2n. Note that N can equal 2n as it
follows from remark 2.

2.2. The problem of constructing an ellipsoid of
minimal volume containing a finite set of points

Let M be a convex polyhedron represented as the convex hull of a finite
number of points {b;}!"  in the space IR™. Then the problem of constructing
E* may be modified to

min{ fo(y) : E € O1(M)}, 9)
where
foly) = —Indet K,
Y= {{kijv b*}ijlv b*} (9,)
E € O1(M) is expressed by a system of inequalities
(bi—b) K (b —b,) <1, i=1,...,m.

_ Consider the problem of finding an optimal (n + 1)-dimensional ellipsoid
E = (K , 0) (the ellipsoid centre is fixed at the origin) containing a set of

points {b1,...,b,} where Eit = (b, 1) and b; € M :
V:mln{fO(y)|fl(y) SO; i:]-v"'7m7 y€§}7 (10)

where

foly) = —ndet &,

N

fily) =b; Kb, — 1,
y={{ki;}7 2} K= {kiy} 12

4,j=1 4,j=1

O={y: Ke'.



Using the solution of problem (10) one may easily calculate the parameters
of the n-dimensional elllipsoid EF* = (K, b,) from problem (9), (9’) by for-
mulas (1), (2). This is possible because E* is obtained by the intersection
of E and the hyperplane x, 11 = 1 (Corollary 1 of Lemma 1 for h = 1).

To solve problem (10) one uses the penalty function in maximum form
(6), (7) and defines the penalty coefficient N by using Theorem 1. Similarly
to Theorem 2 we prove

Theorem 3. If N > n + 1 then the solution of the problem of finding
inf{®n(y) : y € N} is equal to the solution of problem (10).

So the problem of constructing a minimal ellipsoid containing a finite
set of points is reduced to that of minimization of the nonsmooth penalty
function

5;,(?) = —Indet K + N max{0, miax(l_)itfgi -1} (11)

provided K € Ot and N > n + 1.

As Q7 is a convex set and @}, (P, b,) and ®3,(K) are convex nonsmooth
functions, (8) and (11) are convex programming problems. Taking into
account the constraints of type Z € QF (Z = P for (8) and Z = K for (11))
is essentially facilitated due to —Indet Z — +o0o when Z approaches the
boundary of QF. The above feature creates a natural <barriers to prevent
the exit of matrix Z out of the region when the monotonic minimization
method is used.

The dimension of problem (11) of finding the minimal ellipsoid is a
function of the space dimension (n + 1)(n + 2)/2. When the quantity m of
constraints is less than this value it is expedient to use another problem,
the solution of which is the solution of problem (9), (9') and which is the
problem of minimization of a nonsmooth function of m variables.

Theorem 4. The solution of the problem of finding the minimal ellipsoid
(K,0) containing the set {b;, i =1,...,m} with a fized centre at the origin
is equal to the solution of the following problem:

f(ps) =min{f(p) : pe P}, (12)
where f(p) = —Indet (BWB!), B is an n xm matriz the columns of which
are vectors b; € R™, i =1,...,m, W = diag [p| is a diagonal matriz with

wi; =pi, i=1,...om, P={p : p>0, Y7", pi =1} C R™. Under this
K = (BW.B" " /n.



Proof. When b, = 0, the Lagrange function of problem (9), (9') is

m
L(K,u) = —1ndetK+Zui (bEKbi _ 1) )
i=1
OL(K. u)/oky; = —qu+ D wibfb] =0, (K" = {ai,}{=0).
i=1
Therefore,
K_l = B U Bt, Where U = dlag [U] (13)

Moreover, from Remark 2 of theorem 1 we have

Zui =n. (14)

Since (9), (9') is a convex programming problem, its solution is equal to
the solution of a dual problem which may be written considering (13), (14)
and a complementary condition as follows:

m
max{lndet(B UB') : U=diaglu), > ui=n, u>0, ue B”}.
u
i=1
By substituting variables p = u/n we obtain problem (12). The theorem is

proved.

Theorem 5. The solution of problem (9), (9') is equal to the solution of
the problem

fo(p) = min{ fo(p) | p € P}, (15)

where
fo(p) = —Indet(BWB; ),
Fit = (1%,|BY), B is a matriz composed of the vectors b; as columns,
W = diag[p],

m
P={p|p=>0, lez':l, p€ R™}
1=

And b, = Bp., K = (E*WE*)’l/n, where B is an n X m matriz composed
of vectors (b; — by) as columns, W, = diag[p.].



Proof. As mentioned above, for solving problem (9), (9') it is sufficient to
solve problem (10) and calculate the parameters of the desirable ellipsoid
by formulas (1), (2). By Theorem 4 the solutions of problems (10) and (15)
coincide and

m
BWBt pibi
K'=(m+1)BWB =mn+1)| —m =1 (16)
> pib} 1
=1

Using formulas (1), (2) for transforming £ = (K,0) € R""' to
E = (K,b,) € IR™ itis easy to receive from (16):

K™' = n(BWB'-b.bl) =nBWB,

i=1

The theorem is proved.
To solve problem (16), we use the penalty function in form (6), (7). We
also take into account that the solution of problem (16) does not change
m m
if one takes the restriction _ p; = 1 in the form ) p; < 1. Similarly to

i=1 =1
Theorem 2 we can prove

Theorem 6. If N > n+1 then the solution of the problem of finding @ n(p)
at p > 0 is equal to the solution of problem (15).

Thus we have obtained another problem the solution of which allows
us to readily calculate (by formulas (1), (2)) the parameters of the mini-
mal circumscribed ellipsoid. The latter problem is one of minimizing the
nonsmooth convex penalty function

3 (p) = — 1ndet(§W§t) + N max{0, ipi -1} (17)

i=1

provided p >0 and N > n + 1.

To minimize the functions of type (8), (11), (17) we used modifications
of an r-algorithm which are monotonic and rapidly converge [12]. The re-
alization of one iteration of these algorithms requires O (n3) or O (m3)
arithmetical operations (depending on whether the prime or dual algorithm
is used) [16]. Below we propose another approach to construct optimal with



respect to volume ellipsoids using successive space transformations. Itera-
tive algorithms realizing the idea of this approach are convenient when high
accuracy for defining the parameters of extremal ellipsoids is not necessary.
They require only O (nm) arithmetical operations per iteration.

3. ”Simple” algorithms for constructing
optimal with respect to volume ellipsoids

3.1. The problem of constructing an ellipsoid of
minimal volume containing a finite set of points

Consider the problem of minimizing the penalty function
f(K) = —Indet K + nmax{(Ka;,a;) — 1} (18)
K]

to which the original problem of constructing an optimal with respect to
volume ellipsoid containing the set of points {a;}"; with centre fixed at
point 0 is reduced. Let B be a non-degenerate n x n matrix. By substituting
a; = Baj, i =1,...,m, we obtain:

f(K) = —lndetK+nmaX{(KBa§7Ba§) - 1} =

1)

—Indet K’ + C(B) + nmax[(K'a< al) — 1} :

where

K'=B'KB, C(B)=-2IndetB, a,= B ‘'a;,
(19)

(2

(K" = f(K) — C(B) = —Indet K’ + nmgx[(K'a/, al) — 1]

Thus, the problem of minimization (18) is reduced to that of minimizing
f'(K'), which differs from the former only by the values of {a;}" ;.

Let Ko = dyl,, dop > 0. Carry out one step of a subgradient descent for
function (18) from point Kj. Calculate the subgradient:

g (Ko) = g5 (doln) = —1I,/do + nai*ai*, Qi = argm?XHaiH .
Let hg > 0 be a step multiplier. Then

K1 = Ko — hogf ((Eo) = doIn — ho (In/do + nai*af*) =



(di + ho/do) [In ~nho|

§/ (do +ho/do)| =

- lelfu (50) )

where & = ai+/|lair||, d1 = (do+ho)/do, w1 = nho ||a12* /dq;
R, () is the operator of space dilation in the direction £ with the dilation

coefficient « [12].

Let 1 = 1 — T— 1, BY = Ry_p, (&), K = diI,. Use of the
substitution BMa; = a(l), i =1,...,m, results in a new family of points

{a(l ™ . When this substitution takes place, (18) reduces to the problem
of minimizing the function

fOE) = —Indet K + nmzaxKFaE ) (1)) 1} (20)

) 7,

and the approximation K for (18) passes to the approximation K for (20).
Herewith, the following correlation takes place:

K = B () gt

Let N iterations similar to the iterations of the subgradient descent be
made but each time for a new function

fO(K)=—Indet K + nmgx[(mﬁ“% “z(‘r)) B 1}’

where agr) =Ri_g, (&-1) agrfl),

ET 77,(7"1)/‘

Br is a positive constant, [, < 1; the step of the subgradient descent is
carried out from the point K, = d, I, d, = d._1 4+ hy_1 / dr—1, hy—1 >0
is a step multiplier, r = 1,..., N. After N steps we have:

(r—1)
a’i*(r—l)

(r=1)
@ (r=1)1|°

J— N)ym m
Ky = dnyln, {az(‘ )}i=1 = {B(N)ai}izv
By = Ri—gy (§n-1)--- Ri-p, (§0)-

As
K — B () @t (21)

Ky =dyly corresponds to the point Ky = dNBNBfV of the original space.



Lemma 2. Let Kn(d) =dBnBY. Then mingso f(Kn(d)) is obtained at
d =1/l I, i*(N) = argmin, [|a{™]].

i*(N)
Proof.
N
f(En(d) =—nln(d) —2> In(1-5)+ nmax{d | Byai|® = 1}.
=1

This function is convex and reaches its minimum at the stationary point:
N
—n/d+nmax||Bya;|* =0, d=1/|Bya|*=1/[a!"|.

The lemma is proved.

Based on the above considerations, it is natural to use the following
modification of the subgradient process with a variable metric to minimize
the penalty function f(K) [7]. In general, the problem of constructing
an optimal with respect to volume ellipsoid containing the set of points
S = {a;}]2, € IE™ with tne centre fixed at point 0 is represented as fol-
lows: a sphere Sy of minimal radius is chosen with its centre at point 0 and
including S as the initial approximation. Then the space IE™ is pressed in
the direction of the maximal norm point from .S; in the transformed space,
the set S corresponds to the set S and one chooses sphere S; of the
minimal radius with the centre 0 and including S, etc. The sequence of
spheres in the transformed spaces corresponds to the sequence of ellipsoids
Ey, Fy,...,EN,... containing S in the origin space. Under certain condi-
tions the sequence Fn converges to the optimal circumscribed ellipsoid.

Formally the algorithm from [7] is written as follows:

0-step.

By = I, (unit matrix n x n), {ago)}i’il ={a;}",, 7o =max]|a.

3

After N iterations we have the resultant matrix By of the space trans-

formation, {a{™}7, = {Bya}, and ry = maxal™ | = [la® .
1
(N+41)-step. Calculate:
N N
oM = R (enp) N, i=1,. m (23)
Byy1 = Rip(Envy1)Bn. (24)
N N+1

2. ryer = max [oNV) = [l . (25)

i=1,m



Theorem 7. Let Ky = B4 Bn /7%, and conv{0, {ai};} be a convex body
of dimension n. If:

(1) 0<pBny<1l, N=12,....
oo

(2) ZﬁNZ‘FOO, Oy — 0 when N — 400,
N=1

then limy_, 100 Ky = K*, where K* is the matriz of a unique optimal
ellipsoid corresponding to the minimum of the penalty function f(K) (18).

Divide the proof into stages. First, consider the lemma proving the
boundedness of the sequence {Kn}¥_-

Lemma 3. The sequence {cn}_, of the ratios of large azis lengths to
small axis lengths for the ellipsoids

En = {J) e E" ||BN.23|| < 1}
is limited.

Proof. By can be represented as By = SyOpn where Sy is the sym-

metric positive definite matrix, Oy is the orthogonal matrix; )\gN), cee )\%N)
are the eigenvalues of matrix Sy which are written in non-increasing order

with regard to the multiplicity, egN), ey e%N) are eigenvectors corresponding

to them which form the orthonormal system: I/j(-N) =0e¢j;, j=1,...,n.
The lemma statement means the boundedness of the sequence

{en)%o = Y A%,

that is equivalent to the boundedness of the sequence ratios
n ) 1/n
= {(I1N") /a0 )
j=1

Note that By1 = Ri—g, (€n) By, ie. [[ ANV = T AN (1 - gy).
i=1 j=1
The proof of the lemma is reduced to the proof of the following statement:

if )\gN)/)\slN) is sufficiently large then )\%NH) > )\;N) (1—61\7)1/", i.e.
dN+1 < gN.



Consider the decomposition of vectors a;, i = 1,...,m, by the eigenvec-
tors of matrix Sy:

n
ai:E aie;, 1=1,...,m,
j=1

n
§ 2 2
OK,L] S R07
j=1

5 agN) = BNai = E )\§N+1)Ozij V](»N).
j=1

Consider the vector z : ||z|| = Ry, 2z = E?Zl Bje;, Z;LZI 37 = Rg.
Bnz=37, )\jﬁjV](N). If 2= Roe, then ||Bz||=ARy for any z,

where Ry = max ||a;|| = ||a;-
(2

lsl = Ro, Bzl > AXVRo. 2 = {z: 2]l = Ro, ||Bz] <
< MV Ry(1+¢), >0}
Let max |a;1] = @. Since conv{0, {e;}7,} has interior points, @ > 0,
7
||a§N)|| > )\EN)a, from which max; ||a§N)|| = ||a£iv)|| > )\(IN)G. Let z € ZN)

, L n AN g (N

and its decomposition is 2 = >77_, Bje;. Then Byz = > A Biv; .
=1

From this

)25 < () R3(L 4 ) )

j=1
Let J={j : )\g-N)/)\slN) >2, j=1,...,n}. Rewrite (26) in the form of

n

> {(&-N))Q - (AW)Q} 82 < (WM’ R2e(2 +¢).

Jj=1

Hence

ST 3/4) (M) 82 < 2+ ) (AN RE,
jeJ

S8 < (4/3)e(2+ ) A)* RE,

jeJ



Estimate |cos(041(.£\8\,)7 Bz)| when z € 7z,

|COSQ(O‘££\8\/)’B2)} < ‘Z /\jai*(N))\jBA / (/\1 |6| )\nRO) <

< (|Z/\j04i*(N))\ij|+ |Z/\j04i*(N))\ij|> / (A1 [a@l A Ro) < (27)
jedJ ig¢J
< MYV RAM\/(4/3)e(2 + €)Ro + 4NN R2 <
< avE+ (MM,
Letz € B".  [|Ri_p(@)|” = ||zl|> - (26 - 6%)(x.€)%,
(1R —s(@)[/ll2])* = 1= (28 — 52) cos? (x,£). (28)

Let )\%N'H) be the minimal eigenvalue of matrix Syy; provided that
Sn 41 satisfies the condition By 1 = Sy4+10n+1 where On 41 is an orthog-
onal matrix.

Byi1=Ri g, (&5) By, &n=aly [ ailly) (29)

By virtue of ratio (29) min ||Byy12] is obtained at vector y which sat-

isfles By y € Zgl\v[). In the estimation (29) take S = e. In view of (28) the
following estimate is valid:

n (V1) 1/n
+ (N+1) _
(TTA ) e -
j=1
n

=(1- ﬁN)l/” H A§N) / (A%N) [1-(28-5° COSQ(aZ(.fv)BN y)})

Jj=1

Taking into account (27) it is easy to see that the expression in square

brackets becomes larger than (1 — ﬁN)l/" provided that By and /\%N)/)\gN)
are sufficiently small, i.e.

LD /e < [ /0
Jj=1 j=1

n
Thus, the sequence { 11 /\;N) }Jovozl cannot unlimitedly increase, which com-
j=1
pletes the proof.



Note that the sequence of small axes of ellipsoids generated via (22)—(25)
Enx = {z : (Kyz,z) < 1} is upper bounded, because at least one point
of the family {a;}, is on the ellipsoid surface. It follows from the proved
lemma that the sequence of volumes {V(Ex)}¥_; is upper bounded.

Now to proceed to the proof of the theorem.

The proof will be fulfilled by means of contradiction. As the sequences
of matrices { Kn}%5_, and {Ky'}3_, are bounded they have cluster points.
In the case of convergence of the whole process to the solution Ky — K*,
Kyt — (K*)~'. If it is not so, then fix some cluster point K # K*. For
any 0 > 0 and 3 > 0 one can choose sufficiently large N in the sequence
{Kn}J_; so that

a) Bv<pB when N >N (as [y —0);

— (30)
b) Ky - R <6
By substitution:
K = ByRBL (31)
one obtains the following problem for matrix variables R
min f(R) where f(R)= —IndetR+n mﬁ{ (RaEN), al(.N)) - 1}.
R>0 icl,m

Mark: Ry = I, {b;}7; = {a™N}, B, = Brin, k = 1,2,.... Use
the above subgradient process with variable metric to minimize f(R). Step
multipliers are chosen such that the approximation R, on the k-step is
multiple of the matrix R(l—Bk)z (&k)-

Let n§k> be the direction of subgradient descent at the point Ry and

nék) be the direction of the movement corresponding to subgradient descent
at a respective point of the space with the variable metric at the linear
transformation

Ry, = BrRyB,, (32)
where Ek = }_%gk (Ek) .. .}_%[31 (Ek)
Let Q1 =ITizy Rip, (&).det Q= [Ti_; (1 — 8;) and as Amay (Q1) < 1:
P(Q) = Anin (Q0) [Amax Q) > [T, (1-8) > 1=, 8.

The following inequalities are correct for symmetric positive definite ma-
trices A [11]:

cos(Az,z) = (Az,z)/ | Az| [lz] = 2v/p(A)/(1+p(A))  (33)



sin(Az,z) < (1—p(A))/(1+ p(A)). (34)

Use the formula for calculating a subgradient when linear transformations
of arguments take place [11]. Then

Sm(n%l)v Uél))_ Sin{nil), Qi Ql U(Z)Ql Ql}<

S SNPIRRIES SCA L) e e

i=1 i=1

when Zizl B, sufficiently small.

Further consider the following construction in the space of variables R.
Let R be the point corresponding to the cluster point K in the space K,
R* = argmingso f(R). Let S(a,r) be a sphere of the radius r with centre
a in the space R. Consider

So =5 (In, In — B[ /2),
R(l)=arg  min  f(R),
RO\ =1 =N, +AR(1), 0<A<1.

Let  f(Ro) — R*) 2A > 0. As the function f(R) is convex

f(
F(R(0)) = F(R(N)
Consider P(\) = M,\ ﬂ Sx, where

My={R : f(R) < f(Ro)— AN/2},
Sx = S(R(N), )\||R (0) — R(D)|));
g)\ = S( A)\/ 20 ),

where ¢ = max ||g;(R)||; R € S(R( ||R R(0) H) It is easy to see that
Sy C P()\),and if R€ Sy and R ¢ P( ) then

cos (g5 (R), R = R(\) = A\ / [2¢[|R(0) = R(N)[[] = 2t >0, (36)

where ¢ is a positive constant independent of A.

By virtue of estimation (35), one can choose the constant L > 0 such
that if 22:1 B; < L then the angle between the direction of the anti-
subgradient at points R;, ¢ = 1,...,[, and the direction of movement by
algorithm (22)—(25) is not larger than the value ¢(L) dependent only on L.
And when L — 0 (L) — 0. By virtue of inequalities (36), if points



Ry, ..., R; belong to Sy and do not belong to Py then when L is sufficiently
small

COS(RH_l—Ri, Rz—R(/\)) Zt, izl,...,l—l. (37)
Let R; € Sy, R; ¢ P()\) and (37) are correct. Then

[Riv1 — ROIP = |Ri — R\) + (Rig1 — Ri)|* <

< ||Ri = RV = | Riza — Rill (2t |R; — ROV)|| = | Ri — Riga ).
If  ||Ri— Riqa]* <t||Ri — R(\)|  then
[Ris1 = RO < [[Ri = ROV|® = t|Ri — Risa || | R — ROV)-
Let for i=1,...,1, R;¢& S(\). Then
0 < [|Rit1 — RO|? < N[ K(0) — K (1)]*~

l

—[tAN(20)] ) |Ris1 — Ril =

i=1

l

= AQAIRO) = RO = [tA/(20)] Y [ Riss = Ri))-

i=1

When L is fixed and A is sufficiently small the latter expression is negative.
This contradiction is due to the supposition that all R;, ¢ =1,...,[, belong
to Sx. Thus one can find (when 3 and X are sufficiently small) i < [ such
that R; ¢ S(\), ie. f(R) < f(Ro) — AA/2. As K can be close to the
cluster point K as possible (at definite N) we showed that if K # K* then
there are cluster points with a significantly smaller value of the penalty func-
tion f, i.e. there is a subsequence {Kpy,}$2,, Nit1 > Ny, that converges
to K*. On the other hand as 3, — 0 then it is easy to prove that although
the sequence {f(Kn)}3_, is not monotonic in general

sup[f (K ) = f (K)] 2= 0.

The consequence of this is the convergence f (Ky) — f (K*) and, as K* is
unique, that Ky — K*. The theorem is proved.



3.2. The problem of constructing an ellipsoid
of the maximal volume inscribed in a polyhedron

Let polyhedron M, be defined by the finite system of linear inequalities
which, without loss of generality, if 0 € intM,,, are represented as (¢;, ) < 1,
i =1,...,m, € IR". Similar to the case of constructing an optimal
circumscribed ellipsoid, consider the problem in the (n + 1)-dimensional
space (Corollary 1 of Lemma 1):

a) the condition F,, C M, represents the intersection of the hyperplane
(¢o,z) <1 where ¢ = (0, : 1) (0, € IR,,) and of
My ={z : (¢G,z) <1, ¢ =(¢;,0), i=1,m, v € R},

b) define the hyperplane (d, x) < 1, where d = h.¢y (hs € R', h, > 1)
that puts upper bounds to the optimal ellipsoid.

The proposed algorithm is analogous to the above ”simple” algorithm.
_ 0)ym  _ gmm
0-step. Py = Iy, {ci }i=0 = {Ci}izo'
Let after k steps we have matrix P, which is inverse to the matrix of
space transformation, {c(k)}
(k 4+ 1 )-step. Calculate:

LA) = (), ) — (e, )2
A) = (P —e® ey / Ao(i),
A2l = (=) ] ant

ri, = min,_q Tm(A1(i) + A2(i)) = A1(i") + A2(i*) (the square of the
minimal distance from the point 0,41 € IR™"! to the intersection of the
hyperplane (c(() ), x) < 1 and the body M,(ﬁ_)l)

2. 241 = Alcgf) + Agc(k)
3 B = (mena) /().
04§c+1 _ (Tk+1 ) 1/2(h2 / (cok),c(()k)) o B)_l,
G = & [ 1e”l-
3. P, = PkR1/0¢k+1 (&ks1)s
C;(k—H) = Rl/ak+1(£k+1) (k)a i=1,m,

lechl = Rak+1(§k+1)zk+1~



Transform the space so that the sphere (In41/(2,415 254 1): Ony1) (Ing1isa
unit matrix (n41) x (n+1)) of maximal volume tangents to the hyperplane

(Cg(kﬂ), 2”) =1 in the new space.
4. Skl = Zhp / 12541l
k+1 k .
4" c1(; * ) = Rl/ak+1(§k+l)cg( +1), 1= O,m,

Piyi = P Rijo,, (§kr)-
The following theorem is true. Its proof is similar to those of Theorem 7.

Theorem 8. Let K, ' = PP}t ||z,’€||2 and conv{0, {ci}2,} be a convex body
of dimension n. If:

(1) 0<Br<l1, k=12,...,.

(2) Zﬁk =400, Br—0 when k — 4oo,

j=1

where B, = ap — 1 then limg_ 1o K = K*, where K* is the matriz of
unique optimal ellipsoid in the space IR"*'. Further the parameters of the
desirable ellipsoid in IR™ are calculated by formulas (1), (2).

In practice, it is more advantageous to use another algorithm that is
based on the same ideas but considers the problem in the space R™ and
does not require the ellipsoid tangents of the limiting hyperplane.

O0-step. Py=1),, aecint M, M={z: (¢,z)<1,i=1,m}
(for example ag = 0), {CEO)}I-’; = {c}",.

Let after k steps we have matrix Py, which is inverse to the matrix of
space transformation, {cgk) mo k.

=1

(k 4+ 1)-step. Calculate:

1. rk—',—l = _mlln p§k+1) = p§f+1), p§k+1) = (—1 — Cgk), Clk) / ||C§k)||
9. %(kﬂ) R /p§k+1)
3. ey = Z%(k+1)0§k);
iel
I = {i: 'yi(kH) >v%, i=1m}, A" <1 (vF=0.99);

ap = ap+ (1 — Drgrzi / 2zl



4 &1 o= /I

4. a1 = Rijay, (Gee1) aps
CEkJrl) - Rl/ak+1 (fk-i-l) Cgk)7 t=1,m;
Peyi = PuRija,,, (k1)

The following theorem is true which is also proved similarly to Theorem 7.

Theorem 9. Let Kk_1 = PkPlzriH, ar = Prap and com;{O, {ai}g’il} be a
convex body of dimension n. If:

(1) 0<Br<l1, k=12....

(2) Zﬁk =400, [Br—0 when k— +oo,
k=1

where B, = ai — 1 then limy_, 1o K = K* and limy_, oo ax, = a*, where
(K*,a*) is the desirable optimal ellipsoid in the space IR™.

To test algorithm (22)—(25) problems were generated by using special
stochastic procedures. The algorithm parameters were regulated in the fol-
lowing way; in kg initial iterations the space was pressed at a fixed coefficient
a=1-—70, 8 =0.2 and, starting from the kg + 1 iteration, o was chosen as
kot = 1 = Brotks Brotk = 1/(20+ k), k=1,2,.... Some results of these
computational tests are given in Table 1, where n is the dimension of the
space, m is the number of points, ¢ is the relative precision on the criterion
function, and k is the number of iterations [7].

Table 1.

m 30 50 70 70 90 100 | 110 | 120 | 130

er | 0.001 | 0.001 | 0.001 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01

k 200 300 300 | 400 | 400 | 500 | 600 | 700 | 700




The above proposed algorithms for constructing optimal ellipsoids may
be used successfully for the approximation of convex sets when the in-
formation is not known fully a priori and can be added during the process
of optimization. In particular, this takes place in the method of ”inscribed
ellipsoid” for minimizing convex functions [4]. ”Simple” algorithms for
constructing an optimal ellipsoid inscribed in a polyhedron were tested and
gave good results for finding cuts in this method. Note that in the ”in-
scribed ellipsoid” method a relative precision on the order of 0.01 for a
volume does not influence virtually the efficiency of the algorithms on the
whole [8]. Therefore, we used only 100 iterations in the interior problem
for approximation of the optimal inscribed ellipsoid (n < 10). It should be
very interesting to compare the efficiency of the proposed algorithms and
the polynomial-time algorithms.
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AJropuT™MBbI TOCTPOEHNS
VMHBAPUAHTHOTO 3JLJIMIICONUIA
MUHIMAJBHOTO 00beMa AJIs yCTOMIMBOIA

JMHAMAIYECKOI CUCTEMBI

H. 3. Illop, O. A. Bepesoscruii
Kubeprnemuka u cucmemmniti anarud. — 1995. — W 3. — C. 130-137.

B nmocennave roabr HabIIIOIAICS OMPEISIeHHBIN HHTEPEC K 3aJa9aM IM0-
CTPOEHUS ONTUMAJIBHBIX 10 O0bEMY BIHCAHHBIX U OMUCAHHBIX JJIAIICOUIOB
[1]-[3], KOTOPBIiT ABH/ICS HPEIBECTHUKOM CErOAHSIIHEN aK THBU3AINN HCCIIe-
JIOBATEIbCKOM JesATeIbHOCTH BOKPYT 33/ad MATPUYHOI onrumusanuu (3a-
JIAYW MaTEMATHIECKOTO MPOrPAMMUPOBAHUS, IEJIEBYIO (DYHKITNIO min BhyHK-
MY OTPAHUYEHWIH KOTOPBIX MOXKHO C(HOPMYIUPOBATH B TEPMUHAX MATPUU-
HOro wucuucjienus). [IpUIuHON TOBBIIEHHOrO K HUM BHUMAHWS SABJISETCS
IMUPOKas OBJACTH TPUIIOKEHUsI. DKCTPEMATBHDBIE JLTUICOUIBI UCIOIb3Y-
IOTCsl [IJTsi AIPOKCUMAIINY «CBEPXY» U «CHHU3Y» CJIOXKHBIX MHOXKECTB, Ha-
npuMep 06JacTedl JOCTHKUMOCTH B TEOPHWH yIpaBieHus u guddepentm-
AJIbHBIX WIpaX, W [ JIOKAJU3AIUK 00JIacTell BO3MOYKHBIX 3HAYEHUN ITa-
PaMEeTpPOB IWHAMUYECKUX CHCTEM [0 AMPUOPHBIM TAHHBIM W DPE3YIbTATaM
usmepenuii [1]. OHu TakKe HAXOAAT NPUMEHEHUE B CTATUCTHUKE, IJIAHUPO-
BAHUU SKCIEPUMEHTOB I ONPE/IEIEHUs [1aPaAMeTPOB PErPeCCHOHHBIX MO-
nesieii [4], B BbIYUCIUTENHLHON MATEMATUKE [IPU OIKUCAHUU MHOYKECTB BO3-
MOXKHBIX PEIIeHNil JIMHEHHbIX U HeJIMHEeWHBIX YPAaBHEHUN C BO3MYIIEHHBIMUI
WJIA HETOYHO 33JaHHBIMY TTAPAMETPAMY, B MATEMATHIECKOM IIPOTPAMMUIPO-
BAHUU JJIsI AIIITPOKCUMAIY 00/1aCTel, IOKAJIU3YIONUX ONTUMAIBHYIO TOUKY
9KCTpeMasbHOil 3aga4u [5]-[7], u T. 1.

Janmas paboTa sBISeTCS MPOIOIKeHNEM UCCIeIOBAHUI aBTOPOB B 00-
JIACTH MOCTPOEHUS SKCTPEMAJIbHBIX JLIUIICOUIOB (CM., HanmpuMep, [8]) u mo-
CBAIIEHA CJIEAYIONIEH 3a,/1a49€e, CBI3aHHOM C N3ydeHneM mpobeM uaeHTudu-
KaIiK, YCTONYUBOCTY U YIPABICHUS IUHAMUYECKUMU CACTEMAMHU.

[IycTp 3amana HEKOTOpasi HMHAMUYECKAsS CHCTEMA, IBUKEHHE KOTOPOI
OIUCHIBAETCS YCTONIMBOM JTUHEHHON cucTeMoil nuddepeHnaabHbIX ypaB-
HEHU

&t=Ax, xe€kE". (1)

Qmmancoun, E ¢ nearpom B Touke 0 HA3BIBAETCA WHBAPUAHTHBIM JIJIsSt
ycroituusoil cucrembt Buga (1), ecau npu yciaosuu, uro x(tyg) € E, umeer



mecro z(t) € F nast Becex t > to. Bynem paccmarpusars ssumuncons E € E™
3aJaHHBIM B BHJIE

E=(K0) ={z:2"Kz <1},

roe K = {kij}zjzl — CHMMEeTPHUYHAS TOJIOKUTETHHO ONPEJIIEHHAS MATPH-
na n X n; npu 3rom obbem tuncona E pasen V(e) = Vo(det K)~1/2,
rae Vo — 00beM equHUYIHOrO N-MepHOro mapa. 1ormga ycjoBre WHBAPUAHT-
noctu smmunconna FE = (K, 0) moxuo samucars Tak: AT K + KA <0 (nmox
BeipaxkenneM D < 0 (D =< 0) GyJgeM MOHMMATH OTPHUIATEIbHYIO (HEOJIO-
JKATEIBHYI0) OHpeIeIeHHOCTs Marpuipsl D) [9].

Cdopmynupyem ucciemyeMyio 3agady: TpeOyercss MOCTPOUTH WHBADU-
AHTHBIN JITUIICONT MUHIMAILHOTO O0bEeMa, JJTsT yCTOMYINBON IMHAMUIECKOIT
CHUCTEMbI, ONUCAHHO ypaBHerueM (1), Mpu 3aJaHHOM KOHEIHOM HAbOpe Co-
crostumii M = {b;}, C E™ B MOMeHT BpeMeHH tg. Eil MOXKHO mocTaBuUThH B
COOTBETCTBHE 334y MaTeMaTHIECKOrO NPOrPaMMUPOBAHHS

min{ fo(K): M C E"}, (2)

rue fo(K) = —Indet K, a ycaosuto M C E, xoropoe ompejeisier MHO-
JKECTBO WHBAPUAHTHBIX JUTHICOMIOB 1yisi cuctembr (1), comepxkammx M,
COOTBETCTBYET CHCTEMa HEPABEHCTB

UKD <1, i=1,...,m, (3)

Amax(W) <0, W=ATK + KA (4)

(Amax (W) — MakcumabHOE COOCTBEHHOE Yucio Marpuiibl W).

Kak Bugum, 3anaua (2)—(4) orauyaercs or oOLIEM3BECTHON 3aJa49u Ha-
XOXKJIEHUST 3JUTANICOM/IA MUHAMAJIBHOTO 00beMa ¢ IEeHTPoM B Touke 0, omm-
CaHHOTO BOKDYT KOHEYHOro Habopa Toduek (Hampumep, [3]), Hammunem J10-
MOJIHUTE/ILHOTO OrpaHuyenus (4) Ha OTPUIATENIbHYIO OMPEIeIeHHOCTh MAT-
punpl JIanyHosa (dusudeckuii cmbics orpanudenus (4) CBOAUTCS K TOMY,
9TO W3 JIIOO0i TOYKK /LTUICOUTA F TPpaeKTOpUs NBUKEHUA TOJKHA OBITDH
HAIPABJIEHA BHYTPb 3TOI0 JIJIUIICOUIA).

st yaera orpannyenwuii (3) u (4) paccMaTpuBaeMoii 33/Ja9H1 MCIOIb3yeM
Hermaakyio mrpadayo GYHKIHO B popMe PYHKIUT MAKCUMyMa. B mpuH-
IUIIE €6 MOXKHO BBOJIUTH OTIENBHO /ISt KaxKJ0ro Tuia orpannyennii. Onpa-
KO, €CJIM HECKOJIbKO YCUJIUTh Orpanudenue (4), mpeicTaBuB ero B BUJIE

(1/e) Amax(W) < —1, (5)



[JIe € — HEKOTOPOE HOJIOXKHUTEIHHOE THCIIO0, OIM3KOE K HYIIIO, MOSIBIISIETCS BO3-
MOKHOCTB WMCIOJIh30BaTh OJHY mTpaduyo dyuknuo F(K) Kak 1js ydera
orpanudenuii (3), Tak n orpanudexus (5):

F(K) = max {O, miax(szKbi —1), (1/e)Amax(W) + 1} ) (6)

OpUYeM B 9TOM CJIydae JIerko OneHnTh mrpadHoii MHOKUTeNb. BunHo, 9To
[PY N3MEHEeHHH [IPABOil YacTu orpaHudeHnii (3) u orpanudenus (5) Ha HEKO-
Topoe §, onTUMaIbHOE 3HaYeHUe LeseBoil pyHKuuu Mensiercs Ha nd + o(0).
Orcioma Beirekaer (cM. [10]) cremyiomias reopema.

Teopema 1. ITpu N > n mouku munumyma sadawu (2), (3), (5) u sadauu:
Hatimu

inf ®(K), (7)

2de
1
P(K)=—Indet K + Nmax{O, max (b Kb; — 1), g)\max(W) + 1} , (8)

cosnadaiom.

Tak KakK KJIaCC MOJIOKUTEILHO OMPEIEIEHHBIX MATPHUIL 00PA3YeT BBIMYK-
noe MHOX)ecTBO U dyHkims P(K) (8) NMpUHALIEKUT KIACCY BBITYKJIIBIX
uenuddepennupyeMbix GbyHKIMi, 3a1a4a (7) ABIETCs 3a1a49ei BBILYKJIOrO
nporpamMmMupoBatus. OTMmerumM, 9o yuer orpanudenus K >~ 0 cymecTBeHHO
obrerdaercs 6arogaps caeayiomneMy GakTy: Ipu IPUOINKEHNN K TPAHAIIE
MTOJTOXKUTETBHO# onpenenerHocTr — In det K crpeMuTes K +00, 9TO CO31a€T
€CTECTBEHHBIN «0aphep» [JIsT BBIXOA MATPUILLI K 33 MpeIesbl JOMyCTUMOM
00JTACTH MPU UCIOJIH30BAHUN MOHOTOHHOTO METOIa MUHUMI3AIINH.

Takum 06pa3om, 3a7a49a OIpeIeseHnsT HHBAPUAHTHOTO SJLIUIICOUIA MU-
HUMAJIBHOrO 00beMa i 33 aHHOH YCTOWYMBON JTHMHEHHON cucTeMbl aud-
depeHuaIbHBIX YPABHEHUI IIPU OMPEIEIEHHOM HAOOPe HAYAIbHBIX yCJIO-
BUI CBOAWTCA K 33Ja4Y€ MUHUMW3AIUU BBINYKJIOH HErJaJKo#l mTpadHOii
dbyukmu pazmeprocrn n(n + 1)/2 (BeKTOp MepeMeHHbIX 331891 COCTABIIS-
IOT TOJIBKO 3JIEMEHTBI BEPXHETO TPEYrOJbHUKA CHMMETPUYIHOMH MaTpuIls K).
st ee perienns npejiaraercs UCIOIb30BATh T-aJropuTM [7] Kak obiianato-
Mni OBICTPOI MPAKTHUIECKON CXOTUMOCTBIO M XOPOIIO 3aPEKOMEHTOBABIIIHIT
cebst [IJTsT Perenust 33049 BhIMTYKJIOH Herma Kol ontuMu3anun. Ha kakmoii
[-it wreparuu 3TOT AATOPUTM Tpedyer 3HAUYEHWE CyOrpaaImeHTa, KOTOPBIi
BBIYUCJIAETCS 10 (POPMYIIe

gl:Klil"‘N'Vzv



re
0, ecn F(K;) =0,
V= bjby ecmu F(K;) = bj Kib; — 1,
Aun® + (Auu™)T ) ecn F(K)) = (1/2) Amax(W)) + 1.

Bnech j = argmaxb! K;b;, u — cobcTBenHBI BeKTOp MaTpunbr W,
1

COOTBETCTBYIOMUH Amax(W)). g ynobcrBa cyOrpajuenT 3anucaH B BU-
JIe MaTPUILI N X N IJIs 332491, KOTJa MUHUMHU3AIWSA TPOBOIUTCS 0 BCEM
aeMeHTaM MaTpuilbl K 6e3 ydera ee cuMmMmerpudHOCTH. Ha mpakTuke mpu
nepexozie K 3agade pasmepHocru n(n + 1)/2 njs nuaroHaJbHbIX JEMeH-
TOB (DOPMYJIa OCTAETCS B CHUJIE, & JIJIsi SJIEMEHTOB BEPXHEro0 TPeyrobHUKA
YMHOXKAETCS Ha IBA.

Hwxe mpemraraercs Apyroil mOAXOM, /I PEIeHnsT TePBOHAYAIBHON 3a-
JIa9 MMOCTPOEHUST MUHUMAJILHOTO MO O00beMY WHBAPUAHTHOTO JJLIAMICOWIA
s ycroituusoit cucrembl (1), ucnosnb3yiomuii nocjienoBaTeabHOe 1peod-
pa3oBaHue MPOCTPAHCTBA U PACHIMPSIONIAN KIACC TAK HA3BIBAEMbIX «IIPO-
crbix»  anroputmon ([8, 11]). MrepalioHHbIe AJINOPUTMBI, PEATU3YIOIIHEe
MUIE€H DTOTO MOIX0A, YA0OHO WMCIOJIH30BATH, KOTIA HET HEOOXOJMMOCTH B
CJIUTITKOM OOJIBITION TOYHOCTH OMPEIe/IeHNs TTAPAMETPOB IKCTPEMAJIHHBIX JJI-
JIUIICOUIOB JInDO Korja wHMOPMAIUs He 33aHa CPa3y MOTHOCTHIO, a KOp-
PEKTUPYETCsT B MPOIECCe CYera.

Paccmorpum 3amaay Mmunumusanuu mrpaduoii byuaxuuu f(P):

f(P) = —2Indet P + N max {m;&X(HPbiHQ —1), (1/8)Amax(W) + 1} , (9)

rne W = ATPTP + PTPA, x xoTopoii comuTes mexonnas 3aaada (oHa,
nomyuaercs w3 3amauan (7) myrem 3amennl mepemennbix K = PTP). Cy6-
rpaguent ynknnn f(P) serancasercs mo dbopumyre g(P) = —2P 1 +2NV,
rie

Ph;bT, ecm [|Pb;[|* > (1/€)Amax(W) + 2,

PAvu® + P(Auu™)T B nporusHOM ciyuae.

. 2 .
Baecy j = argmax || Pb;||” — coberBennbiii BekTop Marpuipl W, coorser-
1

CTBYIOIIHH Amax ().

IIycts B — HeBbIpOXK AeHHAS MaTpuIa n X n. [IpoBemem mpeobpasoBanue
(a30BOrO MPOCTPAHCTBA, 33MaHHOe MaTpuieil B: x = B~ 'a’. Torma dynk-
must f(P) B moBoM mpocrpancrse npumer sug f'(P') = —21Indet P'+D(B)+



+ N max{max(|P'b}||> = 1), (1/&)Amax(W') +1}, tae D(B) = 2Indet B,

P'=PB™', b, =Bb, W =ATPTP +PTP'A, A =BAB™' (10)

(mockombKy @ = Az mepexomut B i’ = BAB~'a').

Takum o6pa3zom, 3amada munumusanuu Gyakuuu f(P) (9) ceenach
samade muanmmsanun f’'(P’), KoTopas OTIUYAeTCa OT NPEembIIyIel JTHuIb
3HAUEHHUSIMI MHOMKECTBA BEKTOPOB {b; }/" | u 91eMeHTOB MaTpursl W.

Paccmorpum mporece cybrpaueHTHOro ciycka, ajid hyskimn (9), Kax-
JBIA IIIar KOTOPOTO MPOBOIUTCSA B Mpeobpa30BaHHOM (a30BOM MTPOCTPAH-
CTBE, B KOTOPOM TEKYIIEe MPUOTMKEHNE HCKOMOI MATPUIBI IPUHUMAET BUT
eqMHUYHON MaTpunbl. [TycTh mocse k maros Takoro npomnecca uMeem HEKO-
Topoe (Ha30BOE IPOCTPAHCTBO, MEPEXO/L K KOTOPOMY OT HCXOIHOIO IPOCTPAH-
CTBa 33/JaeTca MaTpureil mpeobpasosamud By, : © = B Lyt st 3TOTO TIPO-
CTPaHCTBA WMEEM TPEOOpPA30BAHHBIE CEMEHCTBO HAYAIBHBIX (Pa30BBIX CO-
CTOSAHMIA {bgk)}i"il u marpuiy Ay (mepexos onpenessercs COOTHONIEHU MU
(10)). Ormacmrabupyem Tekylee mpOCTPAHCTBO Tak, 4To0bl cdepa MuHuU-
MaJILHOTO 00bEMa, ONMMCAHHAST BOKPYT MHOMXKECTBA {bgk) m ., ObblIa eguHITY-
HOTO paJnyca. DTa MpOoIeaypa CBOIATCS K ONEPAIAsIM:

gk:Akv Ek:Bk/Tk, ggk) :bgk)/rkv Z':]-?"'vmv

= bF|. 1 k i 6 -
rae m, = max ||b;"||. Urak, mocne k wrepamuit mMeeM NpUOIMKEHHE MaT
3
pHUIbI TepeMeHHbIX P = By, KoTopas B TeKyiieM (Da30BOM ITPOCTPAHCTBE
T N |
pPaBHA EIUHUYIHOM e = 1. Ilposenem mna dysxmun (9) omun mar
E
cyOrpaIMeHTHOTO CIIyCKa M3 TOYKU P,i ) B 3rOM mpocTpaHcTBe. Borancanm

cybrpaaneHntT B P,Ek) :

gf(Pék)) =gr(In) = —In + NV,

rae
y DR et (6712 = 12 (1/e)Amax(Wi) + 2,
k=9 - ~
Aguu® + (Aguu™)T B mporusHOM Crydae.
Bmecs j = argmax; ||b§k)||, % — CODCTBEHHBIN BEKTOP MATDPHUIIBI

Wy = gz + Zk, COOTBETCTBYIOMIUH Amax (W ).

IIycteb hy > 0 — maroBeiit MHOKATETH. TOrma



P8 =P —higp(PM) = Iy — (I + NV;) =
= (1 + hk) [In - Nthk] = (1 + hk)X

{ L — N 007 /(1 + hy,), ecnt — 1> (1/2) Amax (W),
>< ~ ~
I, — Nhp(Aguu® + (Aguu®)T) /(1 + hy) B nporusHOM cayuae,

Rl—ﬁk (gk)7 ecm — 12> (1/5))\max(Wk)a
= (1 + hk) ~ _
I, — Br(Apuu® + (Apuu™)T) B mpotusHOM Crywae,

rae & = b; (HAIOMHHM, 9TO IPOCTPAHCTBO OTMACIITAOHMPOBAHO TAK, UTO
161l =1, Brx = Nhi/(14hi), a Ra(§) — onepaTop pacTsizKeHns IPOCTPAH-
crBa B Hanpasienuu & ¢ koadduuuenTom pacrskenus « [7]).
k
BHast HOBOe MPUOIMKEHNE MATPUIILI TEPEMEHHBIX P,E +)1 B IPOCTPAHCTBE,

Tepexo1, K KOTOPOMY 3a/1aeTcs Marpurieit By, mepeiieM OT HEro K HOBOMY
MTPOCTPAHCTBY C TIOMOIIBIO TPEOOPA3OBAHNST, 38 JAHHOTO MATPUIIEH

Rl*ﬁk (fk)v ecmm — 1 > (l/g)AmaX(W)a

Sk = ~ ~
I, — Be(Apuu® + (Aguu™)T) B mpoTusHOM Crydae.

(OHO COOTBETCTBYET OmEPaTOpy MPEOOPA30OBAHUSA UCXOIHOTO MPOCTPAHCTBA
By1+1 = SiBy). B stom npocrpascrse Agy; = SkaSk*l, Biy1 = Skék,
bgkﬂ) = Skggk), i=1,....,m, W= Z{ —l—ﬁk. IIposenst omeparmio Mac-
TabuPOBAHMS, MOJYy9aeM CHOBA IIPOCTPAHCTBO, B KOTOPOM Pjyi = EkJrl
NPUHAMAET BUJ, EJMHUIHON MATPUIBI U MOXKHO MPOJEIATH HIAT CyOrpasim-
€HTHOTO CITyCKa MO TOW YK€ CXeMe, YTO U Ha, k-M Iare.

Bce atu paccykaeHusi aHAJIOTUYHBI T€M, KOTOPbIe TPUBEICHBI B padoTe
[8] mpu paccMOTpeHMHM 3aadM MOCTPOEHWs! ONTUMAJBHOTO MO 00beMY 3JI-
JIUTICOMIA, OIMCAHHOIO BOKPYT KOHEYHOTO HABOPa TOYEK, OJHAKO ISl JTaH-
HOH 3372491 IPeOOPA30BAHME IPOCTPAHCTBA 33/IA€TCSA HE TOJBKO OIEPATO-
POM PACTSIYKEHUsI, HO ¥ MaTPUIEH BUIA [I — y(AuuT + (AuuT)T)}.

DOpMAJILHO AJINOPUTM 3AMUCHIBACTCS CIIEAYIOMMM 00Pa30M:

0-it miar. Marpuna Ag = A, By = I,, (n-MepHasa eluHUYIHAS MATPUIIA),
by, = (b,

Ilocne k maros umeem Bj — pe3yabTUPYIONIYI0O MATPHUILY IPeoOpa3oBa-
HUs IPOCTPaHCTBA, U Aj.



(k + 1)-it mmar.

Ly = max [ = 5]

2. Macmrabuposanue: A = Ag, By, = By /7K, ggk) = bgk)/rk,
1=1,...,m.

3. ¢ = (1/)dmax(Wi), Wi = AL + A,

4. Ecm —1 > ¢, 10 &) :BEN% A1 = Ri_p, (Ges1) ArRi_1 /5, (Eri1),
Bis1 = Ri_p (§e41)Be, "V =Ry (60, i=1,...,m.

B mporusHOM ciiygae

~ ~ T ~
Ak+1 = |:In — ﬂk (Akuguk + (Aguguk) >:| Apx
-1

e T AT T T
X [In — B (Akuk uy, + (Ak ug, uk) )} ,
T o7 . r. \'\| »
Byy1 = |:In — B (Akuk Uk + (Ak Uuj, Uk) ﬂ By,
_ - ™7~
040 = 1= o (A (A ufon) ) [59, i =1,em.

Onucanue aaropuTMa 3aBEPIICHO.

AnasoruyHo Teopeme O CXOIUMOCTH <«IIPOCTOrO» AJTOPUTMA HOCTPOe-
HUSI MUHMMAJILHOIO 110 00'beMy 3JLIUIICOU/A, OIKUCAHHOIO BOKPYT 3a/1aHHOI0
KOHEYHOro Habopa Touek (cM. [8]), MOXKHO TOKa3aTh CXOANMOCTH IPUBEIEH-
HOTO aJITOPUTMA, TPU ONTPEIETICHHBIX yCIOBUSIX.

Teopema 2. Ilycmv Py, = By /ry, u conv{0,{b;}]~,} npedcmasasem cobot
n-meproe evnykaoe meao. Toeda ecau:

) 0<Be<l, k=1,2,...,

2) 3 Bk =400, Br—0mnpuk— +oo, mo lim P, = P*,
k=1 k—+o00

2de K* = P*T . P* — mampuuya sKCmpemasbHozo sAauncouda, coomeem-
cmeywezo munumymy wmpagrot gynryuu f(P) (7).



Urak, mjis NOCTPOEHUS IKCTPEMAJHLHOIO WHBAPUAHTHOIO 3JLIUTICOUIA
MPEJIOKEHBI AJITOPUTMBI JBYX THUIIOB, MEPBbIH U3 KOTOPHIX UCIOIL3YeT He-
rIagkyio mrpadHyio QyHKIAO, & BTOPOil — MOCIemoBaTeabHOe mpeobpa-
30BaHKMe OPOCTPAHCTBA (KAK M s SKCTPEMAJIbHBIX JIJIUICOUIOB B pabo-
re [8]). OnHako mist JaHHOI 3a7a4M, B OMJIMYHE OT PACCMOTPEHHBIX B [8],
AJITOPUTM BTOPOT'O THUIA HE JAET CYIIECTBEHHOrO YNPOINEHUS BHIYUC/ICHU
HA OJIHOI UTEPAIMK IO OTHOIIEHWIO K AJrOPUTMY MEPBOTO THUMA. PaccMoT-
pernbie B [8] aaropurMer mepsoro tuma Tpebosamm O(n* + mn) (O(m?)
IIJISI ABOIICTBEHHOM 3anaq1/1) apudMeTHIeCKHX OIepalnii Ha KarxKI0i ure-
paiuu, a Broporo — O(nm) apudmerndeckux onepauuii (cjaemyer oroBo-
PHUTHCS, 9TO HEOOXOAUMOE JJI JOCTUKEHUS OMPEIE/IEHHON TOUHOCTH pe-
HIeHUs KOJIMYECTBO UTEPAIMIA JIJIs aJrOPUTMOB BTOPOIO THUIA 3HAYUTE]Ib-
HO 0oJibllle, YeM Jjis mepBoro). J[ljs paccMarpuBaeMoil B CTaThe — 3a-
naun umeem  O(n* + nm) u O(n® + nm) apubmernyeckux oneparumit
COOTBETCTBEHHO (CYMTaeM, YTO BBIYUC/IEHUE MAKCUMAJIBHOIO CODCTBEH-
HOrO YHMCJa [POU3BOIMTCA C 3aJAHHON TOYHOCTHIO OTHOCHTEIBHO CJIEIA
marpuipl). KoHedHo, Beraucierne 06paTHON MATPUIBI CIEIUAILHOTO BAIA,
(I, — y(Auvu® + (Auu™)T) Tpebyer ma mopsanoK MeHbIe uTepamuii, ecaum
BOCIIOJIb30BATBLCS U3BECTHBIM yTBepaaenueM — xorga D = C + ab’, 10
Dl =C7t —(C7tabTC71)/(1 + bTC~1a), O Tpymoemkas oneparus Ha-
XOXKJIEHUST MAKCUMAJIBHOTO COOCTBEHHOIO YHC/IA M COOTBETCTBYIOMIErO €My
COOCTBEHHOI'O BEKTOPA MPUCYTCTBYET KAK B aJrOPUTME MEPBOTO THUIA, TAK
u Broporo. QOIHAKO UCIOIb30BAHUE HA MPAKTUKE UJIEH MOC/IEI0BATEIHLHOTO
npeobpa30BaHus IPOCTPAHCTBA JIJIs PEIICHNsT UCCIEAYeMOi 3a1a49u Helb3s
6e30r0BOPOYHO OTOpACKIBATL. IIOATBEPKAEHUEM ITOMY SIBISETCS IIPEITO-
JKEHHBIH HUKE AJTOPUTM.

Wcxonmast 3ama9a COCTOUT B TOM, YTOOBI TTOCTPOUTH SJLIUIICOW, MIHU-
MaJIbHOrO 00beMa, ¢ IIEHTPOM B TouKe (), COMeprKAIINi BCe TPACKTOPUN IBH-
JKEHUsI, BBIXOSIINE U3 TOYeK MHOXKecTBa M st > to u OmMCaHHbBIE yCTOM-
quBoii cucremoii (1). Eciau anupokcumMupoBarb KaxK/Iylo U3 TUX TPAEKTO-
puii KOHETHOH TOCTIeI0BATETHHOCTHIO TOYEK, TO MOJIYIUM 3379y MTOCTpOe-
HUSA 3JIIMTICONIA, MUHUMAJIHLHOTO 00beMa ¢ IeHTPpOM B TO4YKe (), OTTUCAHHOTO
BOKDPYT 33JaHHOTO Habopa ToueK. C0KHOCTH MPU TAKOM IMOAXOIE COCTOUT
B CYIIECTBEHHOM YBEJIMYEHUN TPYIO0EMKOCTH 33138491 (Pa3MEPHOCTH aIllPOK-
CUMHUPYEMOT'O 3JUIAIICOUIOM MHOXKECTBA TOYEK) [IJisi HAXOXKIEHUS WHBAPU-
QHTHOT'O 3JITATICOUA C TPUEeMJIeMON TOTYHOCTHIO.

Hwuke mpenmaraercs peagusyroniuil 3TOT MOIXOJ aJTOPUTM, KOTOPBIH
MTO3BOJISET PACCMATPUBATH TOJBKO YaCTh TOYEK TPAEKTOPHUl, UTO IEIAeT
€ro I0CTaTOYHO PabOTOCIIOCOOHBIM. B OCHOBE 3TOTr0 airopuTMa JIEKHUT «IIPO-
CTOM» MEeTOJ, MOCTPOEHUSI OIIMCAHHOTO BOKPYT 33/IaHON COBOKYITHOCTH TOYEK



SY € E™ smummnconna MuHRMAIbHOTO o6bema [11], KoTopsIil 3akmodaercs
B MOCJIETOBATEIHHOM CXKATWH TPOCTPAHCTBA B HATPABIEHUH MAKCUMAJb-
HO yJAJIEHHON OT Hadajia KOODJIWHAT TOYKHU AIMMPOKCUMHUPYEMOTO MHOXKEe-
crea S° B TeKyleM Ipeobpa3zOBaHHOM MPOCTPAHCTBE. BHemne 10T MeTos
BBITVISLIUT CIAeIyIonuM oopa3oM. B kadecTBe HATAILHOIO TPUOTNKEHNS BbI-

6upaercsa cdepa FO MHHUMAJIBHOTO PaJuyca ¢ IHeHTPOM B TOouke 0, BKJIIO-
vaomas S°. 3arem npocrpancTBo E™ C:KUMAeTCA B HAIIPABICHHH AKTUB-
HOM TOYKH, T. €. TOYKH, IIPUHAJIEKAINEH MHOXKECTBY SO u nexxameit na
sroit cdepe. B mpeobpazosanHOM TpocTpaHcTBe MHOKecTBy SU cooTmer-
ctByer S', g KOTOpOro omaThL cTpomTcs cdepa MEHIMAILHOTO PaId-

yca gl, srmouaromas S, u 1. 1. Iocaesosarensuoctu cdep B mpeobpa-
30BAHHBIX MPOCTPAHCTBAX COOTBETCTBYET IMOC/IEIOBATEILHOCTD OMUCAHHBIX
Bokpyr S° samuncounos Ey, E1,. .., E); B IepBOHAYAILHOM IPOCTPAHCTEE.
IIpu onpejesieHHBIX YCIOBUSX, KAK JOKa3aHO B [8], upenesom mocienoBa-
TebHOCTH Fj; sBJISeTCsl ONTHUMAJIBHBIN Onucanubiil samuncous. 1lpu pea-
JIN3ANMUK ITOIO METO/Ia He 00g43aTebHO MPOCMATPUBATH BCE TOYKHU HA BCEX
marax — HeOOXOIMMO JIUIIh, YTOOBI KazKIasd TOUKA MOTJIa OBITh ITPOCMOTPEHA
HEOTPAHUYEHHOE YUCJIO Pa3.

Ucmonp3yem BO3MOKHOCTB ITOIO METO/A B MPOIECCE ero pabOThI KOP-
PEKTUPOBATH AIIPOKCUMUPYEMOE MHOKEeCTBO To4YeK. OCHOBHAsS ujies peji-
JlaraeMoro aJropuTMa MOCTPOEHUs] WHBAPUAHTHOTO JUIUIICOMIA COCTOWUT B
TOM, 9TOGBI, HaumHas ¢ ucxonnoro MY = M (MHOMXKeCTBa TOUEK B MOMEHT
BpeMeHH (), Ha KAXKJIOW MOCJIEAYIOIIEeil NTepaluu JOMOJHATh 3T0 MHOYKE-
CTBO TOJILKO TEMU TOYKAMHU TPACKTOPUA, KOTOPBIE JIEIKAT PSIIOM C aKTUBHOM
TOYKOW HA JAHHON UTEPAIUHA U MOTYT MMOBJIAATH HA BUJL SKCTPEMAJIBHOTO dJI-
JIATICOUTA.

[Tepeiinem HEMOCPEACTBEHHO K OMKUCAHUIO AJITOPUTMA.

0-it war. By = I, (By — Marpuna JuHefHOr0 nNpeobpa30BaHus, COOT-
BETCTBYIOIIAS MEPEXOIY OT HAYAJIBHOIO MPOCTPAHCTBA, K TEKyIeMy Ha k-M
miare ajJropuTMa; Ha HYJIEBOM WTepanuy paBHA N-MEPHOU eJIMHUYHON MaT-
pure); M0 = {M?}Zil, rme M? = {b;} (M} npencrasaser coboit Habop
TOYEK TPAEKTOPUU, BBIXOAAIIEH U3 TOYKHU b;, B TEKYIIEM IPOCTPAHCTBE; HA
HYJIEBOM ITIare 3TO MHOXKECTBO COCTOUT TOJBKO M3 HAYAJIBHON TOYKH B MO-
MeHT Bpement tg), m(0) =M% =m, ro= max; i 161

[Tocne k maros umeem By — pe3ynbTHUPYIOIIYI0 MATPUILy Mpeobpa3oBa-

m k k
nusi npocrpancrsa, M» = {MF}~ ||b§ )|| = ||b§)(k)||,

_ k (k) (k)
m(k) = (M, b8 e P

e )



(k +1)—i1 mmar.
k k
L Erpr = b3, /1000, -

2. bV = Ri_p, (60", j =T,m(k), Brs1 = Ri—p, (Ers1)Br, tae
Ro (&) = I, + (a — 1)é€T — onepartop pacTsiskKeHnsi MPOCTPAHCTBA, B
Hanpasyenun Bekropa & ¢ koadduimentom « [7].

3. HobaBisisi HOBbIE TOUKHU K Mi’i(k) (Vi #i*(k) M} = MF), crponm

muozkectBo M* 1L, JIist aToro ocymiecTsisiemM CiieLyionye Omepanun:

a) HaxoAuM OJinzKaiiiiue PeIecTBY L0 | IIOCAELYIOILYIO [0 BpeMe-
HU K b;.]f)(k) Toukw 3 M i’i(k) (MHOXKECTBA TOYEK TPACKTOPUHU, BBHIXOIS-
meit U3 TOYKH b« () B TEKyIIEM TMPOCTPAHCTBE TocTe k [I1aroB); 9TU
TOYKHU XapPaKTePU3YIOTCS MOMEHTAMU BPeMeHHU 11,%a U T+ () COOTBET-
CTBEHHO;

6) BbluuciseM TOUKM by = x ((t1 + tj*(k)) /2) uby =z ((tg + tj*(k)) /2)
(mampuMep, Mo Pa3HOCTHO#H cXeme); TIPH ¢« () = to TO4YKa b He cTpo-
uTcA, m ect (- ()) ABIAETCS MOCTeIHEH O BPEMEeHN TOYKONH MHO-
JKECTBA Mﬁ(k), 10 by = 2(t;+ (k) + T), TA€ T — HEKOTOPBII MOCTOSHHBIIT
mar (manpumep, 7 = 0,01);

B) MEpPEeBOJUM MOJIy9YeHHbIE TOYKHU by, be B TEKyIlee MPOCTPAHCTBO U JI0-
k. oask _ k
GaBiideM UX K Mz‘*(k) : Mi*(k+1) = {Mi*(k)7 Byb1, Byba}.

IIocsie BbIOSIHEHMS II. 3 UMEEM

MET =M}y U ME gy, mlk +1) = [MMH,
4. 41 = max pEFD| = |b(.lf+1) .
w= e [ = |

Onucanue ajJropuTMa 3aBEpPILIEHO.

Y066l MOKA3aTh CXOAUMOCTH JAHHOIO AJTOPUTMA, HMPUBEIEM CJedyIo-
e paccykaenns. PaccMoTpuM ajaropuT™, KOTOPBIA oTimdaercsa OT ¢Ghop-
MaJIbHO 3AIMCAHHOTO BBINIE TOJBKO T. 3 (CIOCOGOM MOCTPOEHUS MHOYKE-
crBa M*+1). Tlycrs, maumnas ¢ mexommoro M = M (MHOXecTBa Touek
B MOMEHT BPEMEHU to), Ha KaxKJIOH IOCJaeAyIoUeld UTepaluu 3TO MHOXKe-
CTBO JOMOJHAETCA HEKOTOPHIM KOHEYHBIM TTOIMHOYKECTBOM M* Togex Tpa-
€KTOpUl, BBIXOJANMX U3 BCEX HAYAIBHBIX COCTOSHUIA MO IMHAMAIECKOI
cucrembr — MFHL = MF + M* |M¥| < +o0. Torma npu ycioBun, 910



C yBeJII/IquI/IeM KOJIn4YeCTBa I1aroB k UTEPAMUOHHOT'O aJITOPUTMa UMEET Me-
cro Goltee TouHas anmpokcumarys Muoxkecrsom MF Beex | MO| rpaexropnit
(T. €. MAKCIMAJTIBHOE PACCTOSHUE MEXKTy COCETHUMU TOUKAMU JJIS KAZKIOMH
TPAEKTOPUH CTPEMUTCS K HYJTIO IPA kK — +00), CIPABEIJINBO Y TBEPIKICHAE:
ecm

o< pfe<l, k=1,...,
2) > fBr=+00, Pr—0 mupn k— +oo,
k=1

o lim Kj = K*, e Ky = Bl By/r?, a K* — MaTpuna WHBAPHAHTHOTO
k——+o0

snavunconsa E* MUHUMAIbHOTO oO0beMa JJIs THHAMUYecKoi cucreMbl (1).
OaHako MOHSATHO, YTO /JIst TIOCTPOEHUS dJuInuIconsa E* nocrarouno nmeTn
TOJILKO T€ TOYKH TpaekTopuii M™*, KoTopble jeKaT Ha moBepxHocTH F* n
HEIOCPEICTBEHHO BJIMSIIOT HA BHUJ, JUTUICOUAA. A 3HAYUT, U [T CXOIAUMO-
CTH AJITOPUTMOB, PEATUIYIOIIUX ITOT MOIXOJ, JOCTATOYHO, YTOObI, HATHHAS
C HeKOTOpOTro KoHewHoro N B MOCIeI0OBATEIBHOCTH MHOXKecTs MF,
k=N,N+1,N+2, ... MOXHO ObLIO BBIIEIUTH TOCJIEI0BATEILHOCTD MO
MHOKECTB, KOTopasi crpemurcsa K M™* npu k — +oo. PopMaTbHO OMUCAH-
HBII BBIIIE AJITOPUTM ITOMY YCJIOBHUIO Y/IOBJIETBOPSIET.

Paccmorpennble B cTaThe aJropuTMbI OBLIA MTPOCPAMMHO PEATN30BAHbI
¥ TPOBEPEHbI HA PsAJIe YNCIEHHBIX IKCIEPUMEHTOB, KOTOPhIE TMTOKA3a/IN UX
pPaboOTOCIIOCOOHOCTD.
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